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IMMERSED INTERFACE METHODS FOR STOKES FLOW
WITH ELASTIC BOUNDARIES OR SURFACE TENSION *

RANDALL J. LEVEQUE! AND ZHILIN LI }

Abstract. A second order accurate interface tracking method for the solution of incompressible Stokes
fiow problems with moving interfaces on a uniform Cartesian grid is presented. The interface may consist
of an elastic boundary immersed in the fluid or an interface between two different fluids. The interface
is represented by a cubic spline along which the singularly supported elastic or surface tension force can
be computed. The Stokes equations are then discretized using the second order accurate finite difference
methods for elliptic equations with singular sources developed in a previous paper (SIAM J. Numer. Anal.,
31(1994), pp. 1619-1044). The resulting velocities are interpolated to the interface to determine the motion
of the interface. An implicit quasi-Newton method s developed that allows reasonable time steps to be used.

Key words. Stokes flow, creeping flow, interface tracking, discontinuous coefficients, immersed interface
methods, Cartesian grids, bubbles.

AMS subject classifications. 76M20, 65M0§, 76D07

1. Introduction. In this paper we develop an interface tracking method for the solu-
tion of incompressible Stokes flow problems with moving interfaces on a uniform Cartesian
grid. The interface may consist of an elastic boundary immersed in the fluid, as in the
model problem of Tu and Peskin[49}, or an interface between two different fluids, as in the
study of bubbles or free surfaces.

The method we use is based on the Immersed Interface Method (IIM) for elliptic prob-
lems developed in our previous paper [22] and the second author’s thesis[26]. This is a
second order accurate Cartesian grid method for solving elliptic equations whose solutions
are not smooth across some interface, due to discontinuous coefficients or singular source
terms in the equation. The main idea is to incorporate the known jumps in the solution or
its derivatives into the finite difference scheme, obtaining a modified scheme whose solution
is second order accurate at all points on the uniform grid even for quite arbitrary interfaces.
This approach has also been applied to parabolic equations[28], [30] and hyperbolic wave
equations with discontinuous coefficients[23], [24].

Similar ideas have been used in the context of domain embedding, where an irregular
region is embedded into a larger rectangular domain on which a Cartesian grid is used.
Methods of this type include the method of fictitious domains[2], [8], [16], [29], capacitance
matrix methods[9], [43], and Mayo’s method[32], [33].

A variety of Cartesian grid methods have been proposed for fluid dynamics problems
with arbitrary boundaries and/or moving interfaces, e.g., [1], [4], [11], {12}, [17], [21], [31},
[37], [44], [45], [51], [50], [52] and other references below. Such methods are becoming
increasingly popular for problems with very complex geometries or moving interfaces where
more standard “body-fitted” or unstructured grid approaches can run into difficulties.
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Grant DE-FG06-93ER25181 and URI Grant N00014092-J-1890.

! Departments of Mathematics and Applied Mathematics, University of Washington, Seattle, WA 98195,
(rjl@amath.washington.edu).
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Our motivation for the present work was the goal of ultimately developing a second
order accurate version of Peskin’s Immersed Boundary Method, a very robust algorithm
for solving the full incompressible Navier-Stokes equations with moving boundaries. This
method was originally developed for studying blood flow in a beating heart[38], [39], [40],
but has also been used in a wide variety of other problems (e.g., [6], [13], {14], {51]) par-
ticularly in biomechanics since these problems often involve complex geometries and are
difficult to model with more standard approaches. The physical domain is embedded in
a rectangular region and the Navier-Stokes equations are solved on a uniform Cartesian
grid. The boundary is modeled by a singular forcing term which, computationally, is then
approximated by a set of discrete delta functions which spread the force from the boundary
to the nearby Cartesian grid points. This is described further in the context of Stokes flow
in [49]. See [39] for complete details. The spreading of forces via discrete delta functions
appears to limit Peskin’s method to first order accuracy. Qur approach will, we hope, lead
to second order accurate methods for the Navier-Stokes equations.

In this paper we consider the simpler Stokes equations which are still of physical interest
in many applications. The Stokes equations model the creeping flow of a highly viscous fiuid,
in the limit where the Reynolds number goes to zero and both the inertial acceleration and
convection terms are dropped from the Navier-Stokes equations. We will concentrate on
describing the algorithms in two space dimensions. In Section 11 we briefly discuss what is
involved in extending them to three space dimensions.

In two dimensions the Stokes equations take the form

(113’) pﬁ-‘(m?yit) = ﬂ(’[ﬂwa;(il?,y,t)"l’ ”yy(wayat))‘l‘ F1(GC, y)t)
(1.1p) py(2,9,1) = p(Vea(z, ¥, 1)+ vyy(z, 9, 1)) + Fa(z,9,7)
(1.1¢) ug(, ¥, t) + vy, 4, 1) 0

Here i = (u,v) is the velocity vector, p is the pressure,  is the viscosity, and F = (I, Fy)
is the external force. We also use the notation & = (z,y) below. See, for example, [3], [10],
[19], [20], [42] for general discussions of Stokes flow.

The equations (1.1) can be solved as a coupled system (as is done in [49]) or alternatively
reduced to a sequence of three Poisson problems, one for each variable. Differentiating (1.1a)}
with respect to x, (1.1b) with respect to y, and adding the equations together gives

(1.2) Vip=V-F

where V2 is the Laplacian. Since the right hand side is known, this is a Poisson problem
for the pressure. Once p is known, the equations (1.1a) and (1.1b) are independent Poisson
problems for u and v respectively.

Note that the time evolution of the flow is governed entirely by the time-dependence
of the forces F. If F is known at a given instant in time, then the system (1.1) is elliptic
and the solution (u,v,p) is determined independently of the past history of the flow. This
is a reflection of the fact that there is no inertia in the system, i.e., the convective and
time-derivative acceleration terms have been dropped from the momentum equations. This
allows us to use the techniques developed in [22] directly, once we have determined the
appropriate jump conditions on the solutions. We assume that the reader is familiar with
that paper.

The jumps in the solution result from the fact that the force F is singular and is
supported only along the interface (resulting from the elastic force or surface tension). This
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singular force in (1.1a) and (1.1b) leads to jumps in the first derivatives of v and v across
the interface. Since the Poisson problem (1.2) for p involves derivatives of F, and hence a
dipole source, the pressure will be discontinuous, along with its derivatives.

The singular force can be written as

- Lo -
(13) F@n = [ flo, 08 - X, ds,

where X (s,t) gives the location of the interface at time t, parameterized by s for 0 < s < Lo,
f(s,1) is the force strength at this point, and 6 is the two-dimensional delta function. This
singular force is best viewed as a distribution whose action on any smooth test function

H(T) is
Lo -
(14) (Bd) = [ Flot) #K(s, 1) ds

In practice we eliminate the singular source term from the right hand side of (1.2) and
instead solve

(1.5) Vip=20

together with specified jump conditions across the interface, using the techniques of [22].
This is described in more detail in Section 4.

We first consider the model problem used by Tu and Peskin[49], an immersed elastic
band in a fuid with the same fluid properties on each side. In Section 10 we extend our
approach to study an interface between two different fluids, with surface tension providing
the force at the interface rather than an elastic band.

The elastic band problem is the two-dimensional analog of an elastic balloon in a highly
viscous fluid (with the same fluid inside and out). In equilibrium, an ideal balloon would
have a spherical shape, with zero velocity everywhere and uniform pressure both inside
and out, but with a jump in pressure across the elastic membrane. The magnitude of this
jump depends on how far the membrane is stretched from its resting configuration. In two
space dimensions the analog is an elastic band, or more physically the cross section of an
impermeable cylindrical elastic tube, which contains an incompressible fluid and is stretched
to a diameter greater than its resting diameter. The equilibrium configuration is a circle
with a jump in pressure that balances the elastic force exerted by the stretched membrane
in a manner made clear in Section 3.

Note that we make an important distinction between the equilibrium configuration and
the resting configuration. By the eguilibrium configuration we always mean the steady
state solution with a given quantity of fluid inside the elastic band, which will typically be
stretched like an inflated balloon since the fluid cannot escape. By the resting configuration
we mean the shape that would ultimately be obtained if a small leak were introduced,
allowing the band to deflate until there is no force exerted by the elastic membrane and no
pressure difference across it. The length of the elastic band in this unstretched state will
be called the resting length, Lo, and the radius of the corresponding circle will be denoted
by ro = Lo/27. An inflated band, at equilibrinm, will have some equilibrinm length L. and
radius 7, = L./27 which depend solely on how much fluid is trapped inside.

If we perturb an inflated band from its equilibrium position, analogous to squeezing
an inflated balloon, it will return to an equilibriam circular shape. Our goal is to simulate
this motion. We specify an initial position of the boundary (some simple closed curve) and
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simulate its motion to a circle. The area A enclosed by the band must be invariant with
time and the equilibrium radius must be r, = A/

We will parametrize the location of the band at any time ¢ by X(s,t) = (X(s,1), Y(s,1)),
where s is arclength along the unstretched band, 0 < s < Lo, measured from some arbitrary
but fixed origin. The material particle at (X (s,t), ¥ (s,1)) is the same particle that would
lie a distance s from the origin if the band were cut at the origin and allowed to relax. The
force exerted by the band at X(s,?) is given by (1.3) with strength

(1.6 Flo.t) = (T (s, )7(5,)

)

and 7(s,t) is the tangent vector to the band at this point,

(1.8) F@ﬂx%g/

Note that in the relaxed state |§X /8s| = 1 since s is the arclength. The single scalar To
describes the elastic properties of the band, which are assumed to be uniform along its
length, though this is not necessary. The larger T, the stiffer the elastic band and the
greater the force induced by a stretching of the band. The tension given by (1.7) is a linear
Hooke’s law relation, which could easily be replaced by a more general nonlinear relation
in our algorithm.

The force density can be computed directly from the location of the interface X at time
. We will see in Section 3 that it is possible to determine the jump conditions for #, v and
p directly from f (s,t). This in turn allows us to apply the immersed interface method to
solve for 1, v and p at all points on a uniform Cartesian grid at time .

The interface at each time is represented by a cubic spline passing through a given set
of control points along the interface, as described in the next section, and hence the location
of the interface is completely determined by the location of the control points, Taking a
time step requires also moving the interface, which is accomplished by moving the control
points using the additional constraint that the interface must move with the fluid. The
velocity @ will be continuous across the interface and we have the differential equation

where T'(s,t) is the tension at this point, given by

oX

ds

(L.7) T@ﬂ:%(

ox
Js

%X(s,t) = @(X(s,1), t).

The velocities computed on the Cartesian grid are interpolated to the control points, which
are then moved with this velocity over a time step of length Af. In practice an implicit
method must be used in order to take reasonable time steps, and a quasi-Newton method
has been developed to accomplish this in an efficient manner, as described in Section 7.

This completes an overview of our method. Fach of these steps will be described in
greater detail in the remainder of the paper.

Our approach differs from that of Tu and Peskin in several ways. The fundamental
difference is our use of jump conditions to derive second order accurate finite difference
schemes, rather than using discrete delta functions (which appear to limit the accuracy to
first order). But there are other differences as well.
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Using a relatively small number of control points to specify the interface rather than
the denser set typically used with the Immersed Boundary Method has great advantages
in solving the implicit system of equations. This approach could be carried over to the
Immersed Boundary Method too, as described in Section 8.

- We also use a sequence of three Poisson problems as described above, whereas Tu and
Peskin discretize the Stokes equations (1.1) directly as a coupled system, which is necessary
in using the Immersed Boundary Method since the right hand side of (1.1) involves delta
function forces, whereas the right hand side of (1.2) has dipoles, which are even more difficult
to discretize accurately. Our approach, on the other hand, could also be applied to the
coupled system directly, incorporating the jump conditions for u, v, and p simultaneously.
This has also been implemented and details are presented in [26]. We have found, however,
that the approach presented here gives slightly better results. It also yields the pressure p
at all grid points, which may be of interest, whereas discretizing the coupled system and
solving by fast Fourier transforms, as done in [49], does not yield p due to zero divisors in the
transformed equations. Finally, the approach based on three Poisson problems allows the
direct use of software already developed for the general Poisson problem with jumps across
an interface, a problem that also arises in many other contexts. However, decoupling the
problem into three Poisson problems depends on the fact that periodic boundary conditions
are used. Some comments are made in Section 11 on handling other boundary conditions.

Another approach to solving Stokes flow problems is to solve a biharmonic equation
for the stream function instead of the three Poisson problems used here. Mayo[31] has
developed a method based on this approach and techniques from [32] that is similar in
spirit to our method.

Boundary integral methods are also very popular for Stokes flow, since this linear prob-
lem can be reduced to an integral equation along the interface, reducing the dimensionality
of the problem. For a description of this approach and some references, see e.g., f42]. This
approach does not appear to extend to nonlinear problems such as the full Navier-5tokes
equations, however, whereas the Immersed Boundary Method does. We expect that our
method can also be extended, and work is now underway to do so.

2. Representation of the interface and forces. The location of the interface at
time t, is represented by a finite set of control points (Xp,Yp)yfor k=0, 1, ,..., Ni.
Since the boundary is always a simple closed curve in the model problem, we assume
(X5, Y3 = (XR,,Y#). The kth control point gives an approximation to (X(sx,tn),
Y(sk,1s)), where sg = kLo/Ny. Based on these control points, we determine a continu-
ous curve (X™(s), Y*(s)) by computing some interpolants X "(s) through the points X7
and Y"(s) through the points Y;7.

The computations presented here were all computed using periodic cubic splines for
X"(s) and Y™(s). The force exerted by the elastic interface, given by (1.6), can also be
represented by cubic splines. From the splines (X *(s}, Y™(s)) we can compute 89X /8s and
hence the tension T'(s, t,). Multiplying by the tangent vector and differentiating again gives
an approximation to (1.6). We now evaluate this function at each of the control points to
obtain values f;”j and then interpolate these values by a new cubic spline f™(s) to abtain
the representation of the force all along the interface. The reason for introducing a new
cubic spline at this point is that the jump conditions discussed in the next section depend
on further derivatives of the force along the interface.

Other representations of the interface are possible. We have also experimented with
using a Fourier series representation, which is quite convenient for the smooth closed curves
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considered here since X and Y are both periodic in s. With this approach it is easy
to compute the necessary derivatives and also apply filtering to remove high frequency
oscillations of the interface. In some problems this has been found to improve stability
properties.

A level set representation (e.g., [36], [47]) could also be considered. In this approach
the interface is Tepresented by the ¢(z,y,f) = 0 contour of some smooth function ¢ that
advects with the fluid velocity. For the surface tension problems discussed in Section 10,
this could be used since the surface tension force depends only on the curvature of the
interface, which can be determined directly from $. However, for the elastic band problem
the foree depends on the manner in which the band is stretched and not just its location,
and hence it seems necessary to explicitly track control points on the interface,

3. Jump conditions across the interface. In order to use the Immersed Interface
Method, we need to know the jump conditions for each of the three Poisson problems (for
p, u, and v). We need to know both the jump in the function and the jump in its normal
derivative at each point along the interface. (See [22] for details on how the jump conditions
are used to derive second order accurate difference formulas.)

The velocity components u and v are both continuous across the interface. Certainly
the normal velocity must be continuous and a discontinuity in the tangential velocity is also
ruled out by the presence of viscosity and a no-slip boundary condition between the elastic
band and the fluid on cach side. The normal derivative of all three variables will, however,
be discontinuous in general, as will the pressure itself.

The jump conditions are easiest to write in terms of normal and tangential components
of the force f(s,t). We decompose the force as

Ry — fHils, 1) | _ fl(s, t)cos 8 — fz(s,t) sin @
(3.10) f(s,t) = [ fals, 1) } B [ Fi(s,8)sin 6 + fals, ) cosB

where @ is the angle between the z-axis and the normal direction pointing cutward from the
interface at X(s,1), and fi, f2 are the normal and tangential force strengths, respectively,
defined as

(3.11) fils,t) = fi(s,t)cosb + fas,t)sinb,
fz(s,t) = —fi(s,t)sin8 + fa(s,t)cosd.

The jump conditions are then given by

(3.12a) [pl(s) = fulst)

(3.12b) polle) = o fus,)
(3.120) unl(s) = fa(o,t)sind,
(3.12d) [pva)(s) = —fa(s,t)cosd.

These are derived in the Appendix.

Note that in the equilibrium case we expect there to be no tangential component to
the force, ie., f2 = 0, since in equilibrium the tension T(s,t) will be constant in s and so
f(s, t) will be the derivative of a constant-length tangent vector, and hence will point in the
normal direction. The only nonzero jump will then be that given by (3.12a), as we expect
since # = v = 0 and p is piecewise constant in this case.
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The jump conditions can be determined at any point on the interface by applying (3.12)
to the cubic spline Tunction f™(s) representing the force. Alternatively, we could calculate
the jump conditions at each control point and then interpolate these by cubic splines.

4. Solving the Poisson problem for p. Civen the location of the interface at time
t,, and the jump conditions for p across it from (3.12a) and (3.12b), we wish to solve the
Poisson problem (1.5) with these specified jump conditions. We solve a difference equation

of the form
1
(4.13) - 3(Pits + Pieng P PG - 4pi;) = Cij

on a uniform Cartesian grid, where the right hand side Cj; is determined using the techniques
of [22] based on the jump conditions. The value Cj; will be nonzero only at “irregular” grid
points, those for which the 5-point stencil includes points from both sides of the interface.
These values can be thought of as giving a spreading of the dipole source in (1.2) from the
interface to the nearby grid points, in the spirit of Peskin’s Immersed Boundary Method.
However, they are determined from the jump conditions rather than the dipole in such a
way that the computed values p;; are second order accurate af all points (provided only
that the interface is smooth).

For the model problem of Tu and Peskin, we have periodic boundary conditions, and
so we know that a solution exists only if the C; satisfy

Z Ciy; =0,
i

Unfortunately, since the method of [22] is based on requiring only that the local truncation
error be O(h) at irregular points, the values of Cj; will have O(h) errors which, when
summed over the O(1/h) irregular points, will give an O(1) result for 37 Ci; = C. However,
if we perturb each Cj; to

é,'j = C.ij - C-'/NZ,
we obtain a solvable perturbed system
1 -
(4.14) “ﬁ'é”(Pi-]—l,j + pim1j t Pig+ T Pij-1 — dpi;) = Cyj

whose solution is the least squares solution to the unperturbed equation (see [48]). Notice
that C/N? is of order h%. This means the order of the local truncation errors, which are
O(h?) away from the interface and O(/) near the interface, have not been changed. We
expect the solution to the perturbed equation (4.14) will approximate the true solution of
the Poisson equation to second order accuracy. We use the Fourier method described in
[48] to solve the perturbed equation (4.14) and set pop = 0 to get a particular solution.

5. Solving for v and v. Next we need to solve the Poisson problems (1.1a) and (1.1b)
for u and . These are essentially identical and we will explain the procedure for the sclution
of (1.1a) to obtain u. The forcing term Fj is singular along the interface, but is a delta
function singularity rather than a dipole, leading to a jump in the normal derivative of u
but not in w itself. Also note that, since p is discontinuous across the interface, py will
contain a delta function singularity. The strength of the jump in the normal derivative u,
depends on both these effects, and is given by {3.12c). As in our solution of the Poisson
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problem for p, we do not attempt to model these singular terms directly, but instead drop
them from the equation and solve the Poisson problem

1
Viu=—p,
M

away from the interface, where p is smooth, coupled with the jump conditions [u] = 0 and
(3.12c) across the interface. Using the IIM, this gives the discrete system

1 1
(5.15) (i + Bimtg F i+ i1~ dug) = i Dy

where 7;; & py(zi,y;) and the correction terms Dyj, resulting from the jump conditions,
are nonzero only at the irregular grid points. These are again derived following [22]. Note
that if  is discontinuous across the interface then the elliptic equations for u and » have
discontinuous coefficients and the techniques of [22] can be used to derive a 6-point stencil
that yields second order accuracy. This is used in Section 10.

At regular grid points we can approximate pg by the standard central difference,

1
mij = o (i — Pi-1,5)-

At irregular grid points we normally use one-sided differences to obtain first order accurate
approximations. Alternatively one could use the known jump conditions for p and p; to
correct the centered formula, but this also gives only a first order accurate formula unless
higher order jump conditions are derived and used. Fortunately, first order local accuracy
at these points is sufficient to maintain second order accuracy globally[22].

There is one situation where a one-sided approximation cannot be used, if both the
points (i — 1,7) and (i +1,7) lie on the opposite side of the interface from (z,7)}. This could
happen, for example, at the top or bottom of a circular interface. In this case we interpolate
Pi—1,j, Pij and piy1,j to get (Pe);; to first order by using the known jump conditions [p], [pz],
and [p,]} from (3.12a) and the relations

(5.16) [pz] = [pa)cosé —[p;)siné,
(5.17) [p,] = {pn]sin@+ [ps]cosd.

We know the jump [p,} already from (3.12b), and

opt Gp~ 0
(5.18) [ps] - 83 - BS - “5; ]!
i.e., [ps] is the derivative of jump of pressure p along the interface. So we find
_ af; dfr .
[pz] = -wgs—cosﬁ—— ~3—Ssmﬂ,
L df
py] = 5a on f + s 00 6.

Let (Xj,Y:) be the control point closest to (zi,y;), and @, ({ =i+ 1, ori— 1) be
the one of #; and z;.1 which is closer to Xj. Then we can use the following interpolation
formula:

(5.19) ot = P PuF[IF ipxl( fz_ —;)q- ) ol (45 = Vi)
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where the sign in the expression depends on which side of the interface the point (4,7) is
on, and [p], [ps] and [p,] are calculated at (X, Yi). In [26] it is shown that (5.19) gives a
first order accurate approximation to pg.

Solving the system (5.15) gives velocities uj; that are second order accurate at all grid
points. An analogous procedure on (1.1h) gives the y-velocities v;j.

6. Moving the interface — an explicit method. The interface should move at
the local fluid velocity, which can be accomplished by moving each control point (X7, Y
at velocity (U2, Vi), determined by interpolating the velocity fields ui; and v;; to the kth
control point. This interpolation is complicated by the fact that u and v are not smooth
across the interface, and so the known jumps in their normal derivatives must be used in
the interpolation formulas. There are various ways in which this can be done. Here we give
one example based on using 3 nearby points to perform linear interpolation, modified teo
incorporate the jump conditions at the interface.

Dropping superscripts and subscripts for simplicity, let (X,Y) be an arbitrary point
on the interface and consider the prablem of interpolating from the u;; to obtain the z-
component U of the velocity at (X,Y).

First we choose the first three grid points (zi1,¥51)s (%iz, ¥j2)s and (z3,¥;3) closest
to (X,Y). Then we form a linear combination of the grid values at these points plus a
correction term to approximate U

(6.20) U = 71 1,51 + 72 tizj2 + Vs iz — C

We use Taylor expansion about {X,Y) to get the equations for the coefficients 7’s so that
we have a second order approximation:

U = mulzi,yn)+ veu(@a, i) + 1su(zi, ys) — €
= ayu” + agut 4 azu; + aqu) + ast, + aﬁug -C+ O(hz)
= (a1 +az)u” + (a3 + aq)uy + (as + ae)uy + az[u]
+ aq[uz) + agley] = C + O(R?).

Here the a; are linear combinations of the 4’s as in equation (3.26) of [22], obtained from
the Taylor series expansion of each (z;,y;) about (X,Y). We then desire

ata; = 1,
aztay = 0O
as +ag = 0.

This gives a linear system of equations for the v's which can be solved to yield

(yi — Y) (i3 — wax) — (@1 — X) (3 — yin )
(zi2 — 1) (W53 — Y1) — (@i — @ia) (952 — ¥1)’

2 =

(6.21) vy = (yi1 — 951) (@i = X) — (@2 — war) (Ui — V)
(212 — zi1) (Y33 — ¥j1) — (®is — wi2) (w2 — Y1)’
o= ~(rtr).

Once we get the coefficients 1, 72, and s, we are able to compute the correction term C
as

C = —(aalu] + aalus] + asfuy]).
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We can use the same coefficients 4; and a new correction term based on the jumps in v to
find the y-component V of the velocity at (X,Y). These velocities (U, V) can then be used
to move the interface at the contrel point (X,Y).

Applying this procedure at each control point (XE,Y}) gives the velocities (Uf, Vi),
The simplest explicit method is forward Fuler, in which we move the interface by shifting
each contral point according to

xptt X+ AU
Y o= YR 4 AV

This completes the description of an explicit immersed interface method for the Stokes
equations. In the next time step the whole process is repeated. To review, the process
consists oft

1. Use the location of the interface, as determined by the control points, to determine
the forces and jump conditions.

9.-Solve three Poisson problems, using these jump conditions, to determine uf; and
% on the uniform grid.

3. Interpolate to determine U} and V! at the control points.

4. Move the control points at these velocities for time At.

There are two obvious difficulties. One is that Euler’s method is only first order accurate
in time. A more serious difficulty is that the system is very stiff (for reasonable values of Tp),
and very small time steps must be taken to maintain stability, time steps over which there
is barely any discernable motion of the interface. The problem is that small perturbations
in the smoothness of the interface can lead to large forces, resulting in large transient
velocities that amplify the perturbations catastrophically if used over too large a time step.
This difficulty is discussed in detail by Tu and Peskin[49]. (See also [18], [34].}) In order
to take reasonable time steps, we must use an implicit method, as described in the next
section.

7. Moving the interface — an implicit method. Steps 1 through 3 of the proce-
dure described in the previous section can be used to define an operator U that maps a set of
control points X = (X'l, Xa vens XN;,) to the resulting velocities U= ((71, Uay ...y ﬁNb)
at the control points. We write

—

7 =ux).

Applying U to X requires computing forces and jumps along the interface, solving three
Poisson problems, and interpolating the resulting velocities back to the control points. The
Forward Euler method of the previous section can now be written succinctly as

TH = Fn 4 AtU(R™).
Instead we wish to use an implicit method, such as the Trapezoidal method
. | . .
Xrtl = X 4 50 U(X™) +UX™).

This means that the distance each control point moves should be determined by the average
of its velocity based on the old interface location and its velocity based on the new interface
location. This is second order accurate and also eliminates most stability problems, but of
course it is much more difficult to apply. At time &y, X" is known and so U™ = U(ff ™)
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can be computed as before. But then X7 must be determined from the implicit system
g(X™1) = 0, where

- — 1 — — ]_ —
g X)=X — AtU(X) - (X” + —At U"\ .
2 RN < /.
Normally a Newton-like method must be used with the Trapezoidal method in order to
obtain convergence of the iteration with reasonable size time steps. Newton’s method
requires the Jacobian mafrix

(7.22) I(R) = ¢(X) = 1 - gD,

Unfortunately the matrix U’(ff ) is impossible to calculate exactly, and even obtaining a
finite difference approximation would be prohibitively expensive. To see this, recall that X
represents the positions of all the control points (a vector with 2Ny entries for N} control
points}, while I ()? ) represents the 2Np-vector of resulting velocities. Hence U’ (f )is a
2N, x 2N, matrix and its approXimation by finite differences would require evaluating U
2N, times. Since each evaluation of I requires solving three Poisson problems (plus other
work), this is out of the question.

Instead we use a quasi-Newton method, in which we maintain an approximation to the
Jacobian matrix J that is modified in each iteration by a low-rank update. The update
is based on information obtained in each step about the directional derivative of I/ in the
direction moved in this iteration. A wide variety of quasi-Newton methods are available,
see e.g., [15]. In practice one wants to avoid factoring the new matrix J in each iteration,
and so either the LU factorization is updated directly or else the inverse matrix B=J"1is
updated. We have implemented the BFGS (Broyden—FIef,cher—Goldfal‘b—Shanno) method
with updates to B and have found this to be quite effective.

The efficiency of this method is enhanced by the fact that we have a very similar system
to solve in each time step. Since the interface moves only a small amount from one time
step to the next, the approximate Jacobian from one time step is still a good approximation
in the next time step. In each time step we begin with the final approximate B from the
previous time step as our initial B. Of course we also have a good initial guess for the
solution X™*1 to the system g()"f ) = 0. We can use X" as our initial guess, or even an
extrapolated value such as o¥n _ X711, We find that we need only 2 or 3 iterations of the
quasi-Newton method to converge to Xn+1,

The above comments are valid once the process is going. In the very first time step,
from X° to X 1. we do not yet have a previous approximation to the Jacobian. In the first
step we initialize B to the identity matrix, which is reasonable since from (7.22) we see that
J = I + O(At). (This seems to work in spite of the fact that, in the stiff case, we want to
take At for which AA? may be large for some eigenvalures A of U'.) In the first few time
steps, hefore a good approximate J acobian has been built up, more iterations are required
than indicated above (5 or 6, typically).

8. Comparison with the Immersed Boundary Method. The original Immersed
Boundary Method can also be applied to Stokes flow, as has been done by Tu and Peskin[49].
We have already explained the primary differences between the two algorithms and, in
particular, how we expect to achieve second order accuracy rather than first order accuracy
by using jump conditions rather than discrete delta functions. These expectations are
confirmed in the numerical results presented in the next section.
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There is another fundamental difference in approach that is worth discussing further
since we believe it could also be used to good effect in connection with the standard Im-
mersed Boundary Method. In Peskin’s approach the Lagrangian points defining the bound-
ary are also the points where the discrete delta functions are centered in the process of
transfering the singular sources from the interface to the neighboring grid points. Since
the diameter of the support of these delta functions is O(h}), where h is the uniform grid
spacing, this requires a fairly dense set of points along the interface. Typically the distance
between marker points on the interface is roughly h. With an implicit method, this can
give a very large system of equations to solve for the new position of the interface in each
time step.

By contrast, we use a much smaller set of control points to mark the interface, and
interpolate by cubic splines to determine intermediate locations or forces. If the interface is
smooth it is possible for the distance between these control points to be quite large relative
to h with no effect on the accuracy. This leads to a much smaller system of equations to
solve and allows us to use a fully implicit method quite efficiently.

Presumably improvements could be made to a code based on Peskin’s approach by using
a hybrid method, in which the boundary is represented by a smaller set of control points
for the purpose of identifying its location (and hence in the implicit system to be solved).
One could then use cubie splines to interpolate forces to a denser set of points along the
interface where the discrete delta functions are applied for the purpose of spreading forces
and interpolating velocities. In essence this is what we do, since we also need to know the
forces and jump conditions at a denser set of points in the process of caleulating the Cj; in
the systems (4.13) and (5.15).

There are other advantages to solving for a smaller set of control points besides the
obvious efficiency gained by having a smaller system of equations. Reducing the number of
degrees of freedom in the interface position also leads to a much better conditioned system
in many cases. Beyer{5],[6] used the Immersed Boundary Method to model the motion of
the bagilar membrane in the inner ear and implemented an implicit method to deal with
the rigid walls of the cochlea. He found that the system of equations was extremely ill-
conditioned and had to resort to a singular value decomposition to obtain good results, at
considerable expense. We suspect that using a much smaller set of control points would
eliminate the bulk of this ill-conditioning and lead to a much more efficient method for
handling rigid walls, Similar issues are also discussed in {18}.

9. Numerical results. In this section we present the results {from some sample calcu-
lations on the Stokes equations with immersed elastic boundaries. We compare with results
obtained using the Immersed Boundary Method where the equations (1.1) are discretized
directly using a discrete delta function for the singular forces. This is the method used by
Tu and Peskin[49] and we have attempted to implement the method exactly as described in
that paper. For brevity we refer to that method as the IBM and to our Immersed Interface
Method as the TIM.

The main interest in [49] was in studying the issue of explicit versus implicit methods
for moving the interface in the context of a relatively simple test problem. While their
emphasis was not on obtaining optimal accuracy for this particular problem, we feel that
the comparison is appropriate since we hope to extend our method to the full incompressible
Navier-Stokes equations. Tt is important to verify that at least on this special case we are
able to obtain better results than the existing Immersed Boundary Method.

Ezample 9.1. This example is taken from Tr and Peskin [49]. The initial interface (the
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solid line in Fig. 1} is an ellipse with major and minor axes a = 0.75,b = 0.5, respectively.
The unstretched interface (the dash-dot line in Fig. 1) is a circle with radius ro = 0.5. Due
to the restoring force, the ellipse will converge to an equilibrium circle (the dashed line
in Fig. 1) with radius 7. = Vab ~ 0.61237; this is larger than the unstretched interface
because of the incompressibility of the enclosed fluid. So the interface is still stretched at
the equilibrium state, and the non-zero boundary force is balanced by a nonzero jump in
the pressure (Fig. 2(b)).

We begin by computing the velocities and pressure at time ¢t = 0 based on the initial
elliptical interface, before the interface has moved at all. Figure 2 shows u and p over the
uniform grid. As expected, p is discontinuous across the interface while u is continuous but
not smooth. Figure 3 shows this more clearly, displaying cross sections of # and p along
the line y = —0.4. In Figure 3(b) we see that the discontinuity in pressutre is captured very
sharply by the immersed interface approach.

In Figure 3(a) we have also plotted the cross section of the velocity u that was computed
using our implementation of the IBM on the same grid. This gives a similar result except
near the interface, where it is quite smeared out with the sharp peak in velocity being lost.
Since it is the veloeity right at the interface that is used to move the interface, this can be
expected to have a substantial impact on the overall performance of the algorithm. (We
cannot directly compare the accuracy of the pressure from the two algorithms, since this is
not available from Tu and Peskin’s method.)

Table 1 shows the results of a grid refinement study on the IIM where the values on
three different N x N grids with N = 40, 80, 160 are compared to a fine grid solution
with N = 320. The errors in p, u, and v are measured in the max-norm over all N? grid
points and displayed along with the ratios of successive errors. Since we are comparing to
a computed solution on a grid that is not very much finer, we do not expect the standard
error ratios of 2 for a first order method or 4 for a second order method. In particular, when
going from N = 80 to N = 160 we expect a gth order accurate method to produce a ratio

lpse — pazell ~ C{(1/80)7 — C(1/320)7 _ 47 = 1
[p1e0 — pazoll  C(1/160)2 — C(1/320)7 — 29 -1

rather than the ratio 2¢. For ¢ = 1 this ratio is 3 while for ¢ = 211t is 5. Table 1 shows the
final Tatio to be betwen 5 and 6 for all three variables, indicating second order accuracy.

Table 2 shows results for the IBM, for the velocity components only. Now the final
ratios are roughly 3, indicating the expected first order accuracy.

We now consider the error at later times, after the interface has moved. Comparing the
solution at all the uniform grid points is difficult, since the interface may lie to one side of a
given point in one calculation, but slightly to the other side in a different calculation. Instead
we will focus on the interface location as a measure of the accuracy, which is appropriate
since this is often what we are most interested in.

One simple and effective measure is to study the values rpin and Timaz, defined as

noo 3 /f vny2 ny2 o f{ ¥ ny2 ny2,
Frin ISI%ESI}% (Xk) + (Yk ) H Tmaz lg}c?){\’b (Xk + (Yk )

These measure the smallest and greatest distance from the origin to the interface. Note that
since we expect the interface to converge to a circle centered at the origin (by symimetry
and the positioning of the original ellipse), we expect that ro;, — 7e and 7%, — Te a8
n - 00.
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FIG. 1. The interface at different states: The initial interface is the solid ellipse with a = 0.75, b=0.5.
The equilibrium position is the dashed circle with 1o = ab =~ 0.6123-.-, The resting circle, shown as ¢
dash-dot line, has radius ro = 0.5,
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Fia. 2. (a) The z-component of velocity v in the Stokes flow at t = 0. It is continuous but not smooth
across the interface, (b) The compuled pressure distribution of the Stokes flow at t = 0. The pressure is
discontinuous.

Figure 4(a) shows how Trin and Tmae behave computationally over a short time scale.
The solid line is from our IIM with N = N = 160 and the dotted line is using the
IBM on the same grid. To plotting resolution these are indistingnishable on this scale.
Figure 4(b) shows what happens over a longer time scale, blown up near the true equilibrium
position 7, ~ 0.61237. With our method, a numerical equilibrium is reached that agrees
well with the true equilibrium, and this equilibrium is then maintained. At ¢ = 2000 we
have T = 0.61232 and 75,5 = 0.61248 and this is maintained at later times. With the
Immersed Boundary Method, some leaking is apparent which causes the circle to shrink.
This continues over longer times as well. At t = 20,000 the circle has shrunk to a radius
7 = 0.57 (not shown) and it still appears to be shrinking linearly with time. This problem is
also mentioned by Tu and Peskin[49]. Peskin and Printz[41] have suggested a modification
to fix the leaking problem, but we have not tried to implement this modification.

We can compare the accuracy over shorter times by again comparing the computed
solutions to a fine grid solution. The results for rmag are shown in Figure 5 at two different
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FiG. 3. (a) A slice of u, the z-component of wvelocily in the Stokes flow at t = 0 and y = —~0.4. It
is continuous but u. should be discontinuous across the interface. Solid line: IIM results, dot-dashed line:
IBM results. (b} A slice of pressure att =0 andy = 0. The points and solid line both show the computed
results with the IIM at the grid points. (Pressure is not available with the IBM.) Note that the large jump

in pressure across the interface i computed with no smearing.

TaBLE 1
The errors in the computed p, u, and v at t = 0 using the JIM method via three Poisson equations.

Second order accuracy can be observed.

N | llpw — pazoll,, | Tatio - [lun ~ uaoll,, | TBtIO [foj — vaoll., | Tatio
40 | 1.9730 x 102 2.6739 x 1073 5.0411 x 103
80 | 15416 x 10— | 12.7986 | 6.3611 x 10~* | 4.2035 | 5.5415 X 10~* | 9.0969
160 | 2.6087 x 10-% | 5.9094 | 1.1161 x 107 | 5.6996 | 1.0713 x 10~ | 5.1729

TABLE 2
The errors in the computed v and v at t = 0 using the IBM. First order accuracy can be observed.
N [ [Juw — uspoll,, | ratio || {lun — vasoll,, | ratio
40 |[ 1.0176 x 1072 5.0540 x 1073

80 || 4.4694 x 103 | 2.2755 || 2.0512x 107° | 2.4639
160 || 1.5012 x 1073 | 2.9773 || 7.4032 x 10~* | 2.7707

times, t = 0.1 and ¢ = 1.0. At the smaller time we see a clear improvement with our method.
At the later time our method still gives smoothly decreasing errors with a good rate. The
Immersed Boundary Method gives more chaotic results which look better on coarser grids
but poorer on fine grids. (The results seen are quite sensitive to the particular time chosen.)

Above we have considered the errors in Tpq.. We could also look at some norm of the
error along the entire interface, for example the 2-norm. Let us take N* = Ny as the finest
grid. For the coarser grid with N X N, we take N} = N*/l, where | = int(N*/N}). In
this way we are guaranteed that each control point (mgN),yt{N)), i=1,2,---, Ny on the
interface is also a control point for the finest grid N* x N* and Ny. Then it is possible to
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FIG. 4. Plot of Tmas (upper curve) and rmin (lower curve) showing the distance from the origin to the
interface as a function of time t on 4 160 x 160 grid with Ny = 160 on the boundary. Solid line: IIM results.
Dotied line: 1BM results. (a) To plotting accuracy the behavior is identical over the time period 0 <1 < 150,
during which convergence to a near-circle i3 apparent. (8) Over g longer time seale, it is seen that the IBM
suffers leaking and the circle shrinks. Here the vertical scale is also ezpanded, showing that the numerical
equilibrium is not exactly circular in either case.
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Fia. 5. Grid refinement studies of the error in rmaz on 6 log-log scale. The solid line and the stars (x):
TIM results. The dash-dot line and ‘o’; IBM results. (a) Ati=1001. (b)) Aft=1.

compute the error

1 Ny N N+ 2 N N\ 2
09 o = 35 (0 o) (7 - )
Our test results show that the error defined above is indeed a monotone decreasing function
as N increases. In Fig. 6, we plot the global error at ¢ = 1 with the finest grid being
N* = 320, and N and N; being the pairs of (40,40), (50, 40), (60,40), (70,40), (80,80),
(90,80),: -+, (150,80), (160,160). Note that the number of control points Nj does not
decrease smoothly with N. We do this so that Ny always divides 320, allowing direct
comparison at control points with the fine grid solution, as required in (9.23).
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Fig. 6 shows that our method converges with a smaller error and a faster convergence
rate than the IBM. (Again the slope is greater than we would expect if we had the exact
solution to compare with, rather than a fine grid solution.)
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F1G. 6. The error in the interface location at t = 1 as measured in the norm (9.23). Solid line and the
star (¥): IIM results. Dash-dot line and the 'o’s: IBM results.

Another interesting phenomena we can observe from Fig. 6 is that the number of control
points Ny on the interface plays an important role in the IBM. When we refine the uniform
grid but keep the number of control points N, on the interface fixed, the errors obtained
with their approach gradually cease to decline even as we refine the grid because the error in
expressing the interface will dominate. Then a refinement of the interface grid will lead to
a relatively large fall in the error as we can see in Fig. 6. There is a sharp drop in the error
with the IBM when N; changes from 40 to 80 and from 80 to 160. As expected, we must
refine the grid for the domain and the interface simultaneously with this approach. In our
approach, as we mentioned in Section 2, we can take fewer control points on the interface
with little effect on the accuracy with our method, as we can see from Fig. 6, where we
have the same sequence of grids. The jumps in the error when Ny is increased are much
less pronounced.

Ezample 9.2. We now change the example slightly and perturb a circular interface
that is initially the resting circle, with r, = ro. There is still a restoring force that should
bring the interface back to a circular shape, but this force now vanishes as the equilibrium
(= resting) state is reached. Asymptotically there is no force exerted by the interface and
no jump in pressure. With both methods, the interface will stop moving before an exact
circle is reached, once the error in the discretization dominates the force. The deviation
from circularity of the final numerical equilibrium gives an indication of the accuracy of
the method. In Fig. 7 we have again plotted 7Tmin and Tyae, the minimum and maximum
distance from the origin to the interface, for both methods on a sequence of grids. It is clear
that our method is more accurate and it has been confirmed that ryee — Tmin = O(h?) for
large t, whereas with the Immersed Boundary Method, Tyaz — Tmin = O(h) asymptotically.

Ezample 9.3. This example shows that we can handle more complicated regions. The
initial interface in polar coordinates is p = 0.6 +0.3 sin 86. The unstretched interface is the
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circle with the radius ro = 0.3. We present resulis only for N = 160 and Ny = 160. The
problem is very stiff and we need to take a fairly small time step even with the implicit
method. We started with At = O(h%), but could increase the time step at later times. A
comparison with the IBM reveals a similar behavior as in Example 9.1. We will not give
detailed numerical results but instead present only the location of the interface at several

times in Fig. 8.
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10. Multi-fluid flows and surface tension. The method developed in the previous
section can be easily adapted for the interface between two different fluids, with surface
tension providing the singular force rather than an elastic membrane.

The force strength f(s, t) is now given by

— 2 —
(10.24) f(sit) = vc%aX(s,t)

where the constant ¥ depends on physical properties of the two fluids, and s is arclength
along the interface. The vector 82X /8s® is normal to the interface with magnitude equal
to the curvature.

The main new feature that we need to include is the effect of gravity, which is important
in most applications since the two fluids may have different densities. If gravity is directed
in the negative y direction, we need only modify equation (1.1b) to read

(10.25) py = (Vg + Vyy )+ Fo — gp

where g is the gravitational constant and p is the density, which we assume has the constant
value p; in one fluid and pz in the other. The Poisson problem for p then becomes

Pm-i-pyyzv-ﬁ—-gpy.

Since p is piecewise constant, the term gp, gives only an additional delta function source
along the interface, which contributes to the jump in the normal derivative p, across the
interface. In fact this is the only contribution to this jump, since the force (10.24) is normal
to the interface and so fo(s,t) = 0 in (3.12). So we have

[px](s) = gle]sind,

where the sin ¢ term arises from the fact that the delta function source is directed vertically,
and hence at angle 8 to the interface. The jump conditions for p, Uy, and v, are still given
by (3.12) with fi = fand f2 = 0. Note that the velocity is now continuously differentiable
across the interface, simplifying the procedure for interpolation to the interface that was
presented in Section G.

Even if py = pg, the addition of gravity will induce a hydrostatic pressure gradient
that is linear in y. This means that periodic boundary conditions are no longer reasonable.
However, if we are computing on the rectangle = [a, b] X [e, d} and we set

po = m//gp(w,y)dmdy,

then we can write p as

oz, y,t) = gpold — ) + B2, 9, )

where § is the deviation from the linear profile obtained from the average density po. If the

boundaries are well away from the interface, then we expect p to be roughly constant along

the entire boundary of 842, so the periodic boundary conditions are physically reasonable.
In terms of the pressure deviation f, equation (10.25) becomes

Py = H{(Vax + vyy )} + F2 — 9(p — Po)-
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Ezample 10.1. We consider a rising bubble of fluid with density p; = 1 inside the
bubble and density p; = 2 outside. We fake the same viscosity in both fluids, u1 = g2 = 1,
though this is not necessary (see Example 10.2 below). Figure 9 shows experiments with
4 different values of the surface tension coefficient v = 10, 1, 0.5, and 0. In each case the
bubble was initialized to an elliptical shape, X = 0.5 cos(f), ¥ = 0.3sin(6) — 2.2.

When 7 is large, the surface tension is sufliciently strong to bring the bubble back to a
nearly circular shape even as it rises. For smaller values of 7, the bubble is distorted. For
sufficiently small values, the bubble would eventually split into pieces. Our current code
cannot handle this change in topology. (See, e.g., [47] for such a calculation.)

This behavior agrees qualitatively with the known behavior of axisymmetric three-
dimensional bubbles, the case most frequently treated in the literature. (See for example
[3, 10, 46].) Our computations, however, are purely two-dimensional, which corresponds
to the cross-section of a cylindrical bubble in three dimensions. The additional curvature
effects in the more realistic axisymmetric case are known to have an effect on the shape of
bubbles (e.g., [35]) and so a direct comparison is not possible.

We also note that if we start with a circular bubble, rather than an ellipse, the bubble
remains circular (to reasonable accuracy) for all values of . This also agrees with expected
behavior{10].

Ezample 10.2. The next example shows that discontinuities in viscosity p can also
be incorporated. In this case the Poisson problems to be solved for the velocities u and v
have discontinuous coefficients and are solved using the techniques of [22]. The velocities are
continuous but now have jumps in their normal derivatives arising from the jump conditions

[hun] = [on] = 0.

Figure 10 shows the results with g = 2 outside and p = 1 inside, and for comparison also
the computation with y = 1 everywhere. As expected, the bubble moves more stowly in the
more viscous fluid. Tn this example we have also changed the boundary condition relative
to the previous example, and impose u = v = 0 at the top and bottom, due to limifations in
our current code for the discontinuous coefficient Poisson problem. This explains why the
bubble with 2 = 1 everywhere rises more slowly than the corresponding bubble in Figure 9.

These examples demonstrate that our technique is capable of dealing with discontinu-
ities in density and viscosity as well as singular forces at the interface. The ability to handle
discontinuous coeflicients as well as singular forces is another advantage of our approach
over the standard Immersed Boundary Method, with which the discontinuities are typically
smeared over some tegion of width O(h), e.g., [47], [51].

11. Extensions. Although we have presented our method in the context of two-
dimensional flows, the ideas extend quite simply to three space dimensions. The Immersed
Interface Poisson solver for three-dimensional problems is described by Li[25},{26] and can
be used directly. The main difficulty is in representing the interface, which is now a surface,
by a finite set of control points. Various techniques are currently under consideration and
we hope to develop a three-dimensional code in the future.

The special case of axisymmetric flow can be solved as a two-dimensional problem, if
the Laplacian operator is suitably modified. In (r,y) coordinates, the Laplacian is V2 =
O + -}BT + 8yy and this must be used in each of the three Poisson problems solved with our
approach. The jump conditions must also be modified to incorporate the three-dimensional
curvature effects.
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F1a. 9. Bubble computations with different values of the surface tension parameter -y. In these computa-
tions p = 2 outside and p = 1 inside the bubble and g =1 everywhere., The computations are on a 160 x 160
grid with Ny = 80 points on the boundary. The computation with no surface tension (v = 0) breaks down
before t = 2 when the bubble splits into pieces.

As noted in the introduction, decoupling the problem into three Poisson problems
depends on the fact that periodic boundary conditions are used. With other boundary
conditions, e.g., no-slip conditions at solid walls, we would know u and v but not p along
the boundary, and hence would not have a boundary condition for the Poisson problem
for pressure. If arbitrary boundary conditions are specified for p and the three Poisson
problems solved as described above, then the divergence will satisfy Laplace’s equation

Vi(ugz + vy) = 0,

but this guarantees that v, +v, = 0 only if we also impose the boundary condition u;+vy =
0 along the boundary. This is the correct additional boundary condition which must be used
to uniquely define the pressure. This creates a troublesome coupling between the Poisson
problems.

One possibility is to introduce the values of p along the boundary as another set of
unknowns, with a discrete form of the divergence boundary condition as another set of
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FiG. 10. Bubble computations with discontinuous viscosity. On the left p =2 outside and p = 1 inside.
On the right, p = 1 everywhere. The surface tension parameter ¥ = 1 in both cases,

equations to be solved via the quasi-Newton procedure along with the new locations of
the control points. This would give a much larger nonlinear system. Another possibility
is to revert to solving the coupled system of equations (1.1) directly as done by Tu and
Peskin. Results reported in [26] indicate that other aspects of the immersed interface
method presented here can be carried over directly to solving the coupled system.

In this paper we have considered only Stokes flow in the zero Reynolds number limit
of creeping flow, where the inertial time derivatives of the velocity can be neglected. We
are currently working on a version that includes these inertial terms in the momentum
equations (1.1a} and (1.1b). The techniques presented here can be used to compute the
time derivative of the velocities at both time #,, and {,+1, and then a Crank-Nicolson time
differencing can be used to achieve a second order accurate method in time. Again the
quasi-Newton method can be used to solve for the new interface location as part of this
updating process. The primary new difficulty arises from the fact that the time derivative
will not be smooth in time at any Cartesian grid point crossed by the interface during the
time step. This can be accounted for by including additional terms in the Crank-Nicolson
algorithm to correct for these jumps. Such techniques have been successfully used for one-
dimensional problems in [7], [27] and should carry over to multi-dimensional problems. This
work will be reported on elsewhere.

12. Appendix — Derivation of jump conditions. Here we present a brief deriva-
tion of the jump conditions (3.12). We let §(Z) be the two-dimensional delta function as
defined in (1.3) and (1.4), and let $(z,y) be an arbitrary twice continuously differentiable
test function defined on an appropriate region 2.

For a vector function G = [G1(z,y), Ga(z,y) ]T, by using Green’s integral theorem, we
know that

/fn(v'é)d)dmdy:fag(é'ﬁ)ﬁde—f/Qé-qudmdy.

We can use this to generalize the one dimensional result

f §'(x — a)d(z) da = — /()
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Fig. 11. Diagram used for the derivation of jump relations

to two dimensions, where V - F now behaves like the derivative of a delta function in the
direction normal to the interface. Multiplying by ¢ and integrating gives

/fn(v.ﬁ)qﬁ(m,y)dmdyszﬂ {frv.f’(s,t)a(a:f—f(s,t)) ds} 9o, y) dady
(226 = = [ (560 220XV + o) 5o (X, ¥(5)) .

Referring to Fig. 11, we take a belt domain (2. which encloses the interface T. Let T'f
and I'~ be the outer and inner boundary of 2, respectively. Here € is some measure of the
distance from T' to I'* and I'".

From the Poisson equation (1.2) for pressure we have

/fnc(vzp)qbdmdy = //m(ﬁv-ﬁdmdy
(12.27) = - /F (fI%-Jr f %5;1) ds.

Referring to Fig. 11, let us handle the left hand side of (12.27) first by using Green’s theorem
repeatedly

[ (7 e dy

frj(VP""ﬁ)edefrc_(Vp" -(—ﬁ))¢ds—/LeVp-v¢dxdy
fripiqﬁds—frngqﬁds—/I::r(vqg.ﬁ)p%hds
—/r: (Vg (—ii)) p~ ds+foEp(V2¢) de dy,

where the superscripts + and — indicate the values taken from outside and inside of the
interface I' respectively. Notice that ¢ is twice continuously differentiable and p is bounded
and discontinuous only along the interface. So as € approaches zero, we have

/] p(V2)dedy — O as €= 0
e

(12.28) f /Q (V) gdudy — ]r (po] 6 ds — fr (W] dnds  as €= 0.
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To deal with the right hand side of (12.27), we express d¢/dz and 8¢/dy in terms of normal
and tangential derivatives along the interface

(12.29) by = V- -it= %ﬁ cos # + g('b sin 8,
Y T "

(12.30) ¢s = Vo F=-— 5, S0 g+ By cos 6.

After solving the linear equations above for 8¢/dz and ¢ /0y, we get

(12.31) -g—f = ¢pcos8— pysind,

(12.32) %E = ¢ysinf + ¢;cosd.

Using these two equations in (12.27) and collecting terms, we have

f(f1%+f2 gi)dq = fr((fl0059+f251ﬂ9)g§+(f260s9—f1sin8)g—f)d.s
= [ (Ao + Futs) ds.

Integrating by parts in the second term and noting that T is closed, we may rewrite the

equation above as
[(n5t+ng)as - j(fmn —‘?ﬁqb) ds.

Comparing this with (12.28) and using the fact that ¢ is arbitrary, we must have

[P] - fls
_ b
[pa] = ds

To get the jump for u,, we multiply by ¢(z,y) on both sides of (1.1a) and integrate

(12.33) ffm (Vi) ¢ dz dy — f/ﬂ( py dzdy = —/Ffl(s)qﬁ ds.

The first term of the left hand side of (12.33) is
/f Vi) pdady = f [.L+’t.b;|;¢ds—/ ,u_u;qbds—/j p(Vu-Vé)dz dy
Qe Tt Ly Qe
(12.34) — f[,wu,n] P ds, as ¢ — 0.
r

The second term of the left hand side of (12.33) is

[ pesiwiy = [[ 49 [ }dwdy
/rj‘j’ (p*, 0F - ) ds—/ﬁﬁ (1o, O - ) ds

VACEEHEE

(12.35) — /gb[p] cosfds, as e — 0,
r

il

!
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where 7 = [ cos 8, sin 8 }7. Since ¢ is arbitrary, from (3.11) and (12.35), we must have

un] = [Pl cost—fy
cosf (ficos8 + fasin®) — fi
sin@ (—f1 sin @ + f cosb)
fg sin 4.

l3

Similarly, for v we can get

[»U"U'n] = {p] sinf — fo
= cosB (fy sind — f; cosf)
= —fz cosf.

This completes the derivation of (3.12).
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