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Abstract

We presentwo fastandsimplealgorithmsfor approximatinghedistancdunction
for givenisolatedpointson uniform grids. The algorithmsarethengeneralizedo
computethedistanceo piecavise linearobjects.By incorporatingthe geometryof
Huygens principlein the reverseorderwith the classicalviscosity solutiontheory
for the eikonal equation|Vu| = 1, thealgorithmsbecomealmostpurely algebraic
andyield very accurateapproximations.The generalizedtlosestpoint formulation
usedin thesecondalgorithmprovidesaframework for furtherextensionto compute
the distanceaccuratelyto smoothgeometricobjectson differentgrid geometries,
without the constructionof the Voronoi diagrams. This methodprovides a fast
and simple translatorof datacommonlygiven in computationalgeometryto the
volumetricrepresentationsedin level setmethods.

1. INTRODUCTION

Givena compactset K in spacethe distancefunctionfor K ata point z is definedto
be the smallestEuclideandistanceof z to the pointsin K. Fastandaccuratecomputation
of the distancefunctionis animportantstepin mary applications.For example,level set
methods[14] rely heavily on it to represen@n interface,and, in particularto keepthe
level setfunctionwell behared during time evolution. In the surfaceinterpolationmodel
of [28], a surfaceinterpolatinga given pointsset K is constructedy first computingthe
distancdunctionto K. In thelslandDynamicanodelof [6] in materialssciencepneneeds
thedistancefunctionto help understandhe aggreyationof atomsinto islands. Generally
applicationsin physics,chemistry molecularbiology, and even urbanplanningthat use
point patternanalysisrequire constructionof the distancefunction or (at least)Voronoi
diagramq12] [5]. Furthermoreijn applicationssuchasray tracingandsurfacerendering
whereoneneedsnformationaboutthenormalsor othergeometriqquantitiesof thesurfaces
of thegivenaobjects thedistancegunctionis essential.
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In computationabeometrythe extractionof distanceinformationis dealtwith through
theconstructiorof theVoromoi diagram Thereis anabundancef literature about thistopic.
For isolatedpoints, thosealgorithmsusually startout usinggeometricpropertiequsually
Euclideandistancebetweenpoints and somead hoc obsenations)and intricate sorting
algorithmsto constructa representatioife.g. the “winged-edge”datastructureq12]) of
the Voronoi diagramthat is optimally linear in the numberof datapoints[24][1]. For
configuration®f slightly moregeneralgeometricobjectssuchasisolatedpointsandlinear
segments(trianglesin the planes)thereare O(M log M) algorithmsfor its construction
and point location [27], where M is the numberof segments. However, if we needto
evaluatethedistanceatall thegrid points,we still have to gothroughthe datastructureon
eachgrid pointto computetheinformation. Theoverallcompleity is atleastO (V) where
N is the numberof grid points. We would like to emphasizehatalot of applicationscan
be solvedmoreefficiently, bothin termsof developmentime andcomputatiortime, if we
acceptheuseof grids. Onereasoris thattheseapplicationsareformulatedandsolvedon
thegridsandrequireonly thedistancesaluesonthegrid nodes.In [22], theauthomproposed
a fasttree-basednethodthat efficiently usesa fastconstructionof Voronoi diagramsfor
accuratedistancecomputation.Anotherefficient approachtthat usesvVoronoi diagramfor
distancecomputatioronthegridsis reportedn [11], in whichtheauthorconsiderednainly
asingletriangulatedbject.

Thuswewantto provide aframavork thatcanbegeneralizedo computehedistanceso
avarietyof interfacesftenencountereth the PDE-level setformulationsof theproblems.
Fromthe perspeciie of the grid-basechumericalmethodsor PDEs,our methodcanthus
be adoptedalmosteffortlessly Of coursemary PDEbasedapplicationsarediscretizecdon
grids,e.g. thesurfaceinterpolationof [28]. Evenproblemsnvolving thesolutionof PDEs
onsurfacesxcanusethelevel setformulation[3][10]. In thesecasespuralgorithmsprovide
fastand simple procedurego accomplishthe task of generatingthe distancefunction.
With our algorithms,the useronly hasto visit eachgrid point and perform somesimple
calculations.The compleity is linearin the numerof grid pointsin the grid thatresohes
the interface. Only the datastructuresvery similar or identicalto the original onesused
in the original applicationsare required. One canalso think of our approachas a fast
volumetricpreprocessingf thedistance.

We alsonotethatoncewe have a secondor higherorderapproximatedistanceunction
d(z), we can easily find the Voronoi generatorz* of ary givenpoint z by z* = z —
d(z)Vd(z), whichrequiresO(1) operations.

Therestof this paperis organizedasfollows: We begin by presentinghe standard®DE
approximatiormethoddor finding the distancdunctionwith aniteratve schemg23] and
the Dijkstra like fastmarchingmethod[26]. Next we give motivationfor the newv method
basedon the geometricconsideratiorof the reverseHuygens principle. We employ a
specialsweepingstratgy similar to the onesusedin [4][8][25] to updateeachgrid point.
We thenreformulatethe computatiorof the distancefunction by storingthe closestpoints
on the interfaceon eachgrid point. Finally, we generalizethe closestpoint algorithmto
computethedistanceaccuratelyto triangulatedsurfacescommonlyusedin computational
geometry This providesa fasttranslatomporting datausedin computationajeometryto
theembeddedurfaceformulationusedby the level setmethods.

For simplicity, we will first discussthe problemandsetupin R?. This canbe directly
extendedo R®.
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2. THE PROBLEM

Let Q be a compactconnectedsubsetof R andT' C Q closed. The distancefunction
u(z) to I is definedby

u(z) = dist(z,T) := min |Z — p|

asadeterministioptimizationproblem.However, it canalsobeformulatedastheviscosity
solutionof the Eikonalequation

|Vu| — 1 =0 with u(z) =0 for z € T (1)
i.e.u:  — Riscontinuous,
w(Z) = lim u®(Z)
e—0
whereu¢ solvesthe parabolicequations
[Vu| —eAu =1 (e > 0).

The existenceand uniquenes®f such viscosity solution u(z) is well known, seee.g
[2]. Additionally, from classicalPDE theory it follows that » is increasingalong the
characteristicsn regions wherethe characteristicglo not cross. This is crucial to the
approximatiorproceduresiescribedaterin this paper

Beforedescribingour algorithms we presensomenotationwhich shallbe usediater.

DErFINITION 2.1. GivenP € Q andI’ C Q compactwe define
sourcgP) = {Q € ' : dist(P,T") = |P — Q|[}.

Clearly, if P isin theinteriorof aVoronoiregion,sourcé P) containsonly auniquepoint,
andwe shall call this point P*. If P is on the Voronoiboundarieswe shall chooseone
elemenin sourc€P), andalsocall this predetermineg@oint P* for corvenience Sincewe
areconcernedvith the distanceary suchP* works. We will alsoadoptthe corventional
termusedin computationaeometrywith P* beingcalleda Voronoi geneitor [12].

We considerf) C R? arectangularegion and{) its discretizationwith uniform grid
sizeh in boththez- andy- directions.u; ; refersto u(ih, jh).

DEFINITION 2.2. (neighbors)et E = (z;,y;) € 4. We say P is aneighborof E if
P e {(zi,yj+1), (wiz1,95)}-

DEFINITION 2.3.  (v/2h neighbors)We say Q is a v/2h neighborof E if Q €
{(ziz1,y5+1)}

3. APPROXIMA TION OF THE DISCRETIZED EQUATION — GODUNOV'S
HAMIL TONIAN
To put our proposedmethodsinto context, we review briefly the distancecomputation
from thenumericalPDE point of view. This providesthe motivationandthe foundationof
ouralgorithms.
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Let u(x) betheviscositysolutionof (1). Rouy and Tourin[1§ proved corvergenceto
theviscositysolutionof aniteratve methodsolving the steadystateequation(1) with the
Goduna Hamiltonianapproximating Vu|:

Ho(p-p+,q-,04) = \/ma»X{pf,pI}2 +max{g’, ¢y }? 2

wherepy = D%w;j, ¢+ = D4u,j, Diu;; = £(uis1,; — wi,;)/h andaccordingly
for D4 u; ;. Herew; ; is the approximationto the exact solution,andz* = max(z, 0),
z~ = —min(z,0). The Godunw Hamiltonianyields a corvergentmethodthat is first
orderaccuraten grid size.

Osher[13 provedthatthet-level setof u(z) is thezerolevel setof theviscositysolution
of theevolution equationattime ¢

¢ = |Vl (3)

with appropriatenitial conditions.Soonecantry to solve thetime-dependergquatiorby
thelevel setformulation[16] with a consistentmonotoneHamiltonian[17]. Crandalland
Lions provedthatthediscretesolutionobtainedhis way cornvergesto thedesiredviscosity
solution[7].

Later, Tsitsiklis [26] combinedthe heapsorting procedurewith a variantof Dijkstra’s
algorithmto solve the steadystateequationof the moregeneralproblem

|[V¢| — R(z) =0 for R(z) > 0. 4)

This waslater rederivedin [20] andin [9] and hasbecomeknown asthe fastmarching
method.lts compleity is O(N log(N)), whereN is thenumberof grid points.

Later, Osherand Helmsengave a criterion on generalHamiltoniansso that the fast
marchingalgorithmis applicable andextendedthe fastmarchingmethodsto thesemore
generaproblemg15].

In [4], BoueandDupuissuggesa“sweeping approachio solvethesteadystateequation,
which, in our experienceresultsin a O(N) algorithmfor thesimpleproblemathand. We
point out herethat this strateyy whenappliedto computethe distanceto a setof isolated
pointsis very similar to that describedn an orginal and quite early paperof Danielsson
[8]. However, theauthorin [8] considereanly pointslying onthegrid anddid notprovide
extensionto thethreedimensionatase.Thisiterative approacthasbeenusedsuccessfully
in [25] in both2D and3D. Weshallincorporateit into our algaithms. Usingthis“sweeping”
approachthe complexity of our algorithmsdropsto O(N) from O(N log N) in thefast
marchingcaseandtheimplementatiorof the algorithmsbecomes bit easiethanthefast
marchingmethodthatrequiresheapsort. (Sweepings notrecommendetbr generalR(z)
in equation(4])

Sincethe fastmarchingmethodis, by now, well known, we will not give muchdetail
on its implementatiorin this paper In general this involvesa sortingprocedureandthe
solutionof

Hg(DZuij, D{uij, DY u;j, Dju;;) =1 (5)

for u;; in termsof its four neighboringvalues.
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FIG. 1. Godunw solertreatseverythingasa planewave
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FIG. 2. Theisosurbce{u = 0.1} computecby thesolutionof the Goduna Hamiltonian

It is importantto note that this methodyields the exact distanceof a point inside
the Voronoi regions inducedby lines in 2D and planesin 3D. The normaln(z,y) =
Vu(z,y)/|Vul of thedistanceo thelinesis constant.Soary consistentlivideddifference
of u givesanexactevaluationof its derivatives.

However, this methodis inconsistentfor computingthe distanceto isolated points.
For instance,if u;, = 0, thenthe computedu;y1,;m = Ui,mt1 = h, aNduj41,m41 =
(1 4+ 1/+/2)h, which is the distancebetweenu; 1 ,,+1 to the line joining w41, and
Uy, m+1 Plush. Thatis, the Godunw solvertreatsthe valuesu; 1, anduw; 41 asthough
they comefrom a planewave, resultingin an early arrival time (figure 1). Thelevel sets
of the solutionlook like diamondshapedolyhedraasseenin figure 2, insteadof perfect

circles/spheresThis leadsus to take more specificconsideratiorof the geometryof the
problem.

4. APPROXIMATION BY GEOMETRIC CONSIDERATIONS

Sincein our algorithmsthe two dimensionaproblemis only a specialcaseof the three
dimensionatasewe will now discussour algorithmsin the threedimensionabetting. To
facilitateour discussionwe first introducesomemorenotation.
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NoTaTION 4.1. LetP € Q C R?, andu(P) bethe valueof the viscositysolutionof
(1). We usethefollowing notationfor brevity

Cp:={Z€Q:|Z—P|=u(P)},

which is the circle with radiusu(P) centeedat P. In 3D, wewill useSp to denotethe
sphee centeedat P with radiusu(P).

NotaTION 4.2. LetE € Q berepresentedy (i, j, k) € Q4 € R3. Dependingon the
situation,wewill useu(E) andu(i, j, k) interchangeablyto representhevalueof u at E.

DEFINITION 4.1. (Sweepinglirectionsin 3D) We definethefollowing iterationsgoing
throughtheuniformgrids(1: Nz —1,1: Ny —1,1: Nz —1).
(x+,y+,z+)sweeping:
for k=1:Nz-1
for j=0:Ny-1
for i=0:Nx-1
update wu; j k
(z-,y-,x-) sweeping:
for i=Nx-1:1
for j=Ny-1:1
for k=Nz-1:1
update u;;
Following the above examples,we candefinethe restof the 6 iterations: (y+,x+,z-),
(Y-1X-,2+), (X-y+,2+),(Z-.y-x+), (X+, y-, z+), and(z-, y+, X-).

4.1. Motivation and algorithm
We returnbriefly to two dimensiondor simplicity for this partof theexposition. Let us
first considera single VoronoigeneratotE* whoselocationis not explicitly known at the
startof thealgorithm. Suppose p andrg arethedistance®f two distinctpoints P and@
to T, respectiely: i.e. u(P) = rp, u(Q) = rg. Let E = (z,y) beapointof interestwith

|E = E7|| 2 max{u(P),u(Q)} (6)

apriori. ConsiderC'p andCg asin thedefinition: Cp is thecircle of radiusrp centered
at P andCg of radiusrg centeredat ). Theintersection®f Cp andCg arethesolutions
of a quadraticequation. Denotethe two intersectiondy V' andW. It is theneasyto see
thateitherV or W is E*. Fromthe hypothesighat E is fartherfrom E* thanP or @ is,

we deducehatu(E) = max{||E — W||, ||E — V||}-

Thus,by enforcingthis sortof upwindingdecisionin selectingntersectiongo maintain
monotonicityof the solution“from” T', we areableto approximatethe distancefunction.
In fact, this is the key propertyfor the succes®f the aforementionedastmarchingand
sweepingnethods.

Now we cangeneralizeo afull 3D algorithmfor distanceapproximatiorof agivenset
of isolatedpoints.
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ALGORITHM 1 (SPHERICAL INTERSECTION SOLVER).

1. Initialize: givethe exactdistanceto u atgrid pointsthatare

v/2-neighborsof T' ¢ Q4. Mark themso they will not be updated. Mark all othergrid
valuesasoo.

2. Iteratethrougheachgrid point £ with index (i,j,k) in eachsweepingdirection or
accordingto thefastmarchingheapsort;

e Selectstencils:At eachgrid point(i,j,k), find its neighborsP; , P, and P; in -, y-,
andz-directionrespectiely suchthatu(Py) < u(i £ 1,j,k), u(P2) < u(i,j £1,k), and
u(Ps) <u(i,j,k+1). Let NBD = {Py, P>, P5}.

— Discardfrom N BD theelement(spnwhichu is oo,

—If NBD = (. Goto3.

— Otherwiselet Q € NBD suchthatu(Q) = min{u(P) : P € NBD}. Discard
from N BD thoseP, thataretoolarge: u(FP;) — u(Q) > || P — Q|-

e If all Py, P>, andP; remainin NBD :

— If Sp,, Sp,,andSp, intersect:LetV andW bethetwo pointsof theirintersection,
andsetu(E) = max {||E - V||, ||E —= W||}.
x If the monotonerequiremenu(E) > u(P;), ¢ = 1,2,3 is satisfied skip to
step3.

* Otherwisethe intersectionsontainfalseinformation. Treatasif Sp,, Sp,,
andSp, donotintersect.

— If Sp,, Sp,, andSp,donotintersect:Discardthe elementrom N BD onwhich
u hasthe greateswalue,i.e. discardfrom NBD the P with u(P) = maxp,enpp u(F).
Goto thenext case.

o If thereareonly two P/s remainingin N BD (assuminghey are P, P; without
lossof generality):

— If the circlesCp, and Cp, lying on the y-z planeintersect,let V' and W be
the intersections. Setu(E) = max {||E — V||, ||E — W]||}. Checkif the monotonicity
requirement(E) > u(P),u(Ps) is satisfied. If yes,goto step3, otherwise treatasif
Cp, andCp,do
notintersect.

— If Cp, and Cp,do not intersect: discardfrom NBD the P with u(P) =
max{u(Py),u(P)}.

o If thereis only one P, remaining simply setu(E) = u(P;) + h.
3. Goto step2.

Notethatin theupdatingorocedurewe neverupdategheboundaryof ©2; whichisinitially
setto oo. Thisis dueto the factthatthe characteristicenly flow towardsthe boundaries,
thereforethe upwindingstencilsnever containthe grid pointson theboundaries.

4.2. Relationto “r eversing” Huygen’s principle and the computation of envelopes
In the above algorithms,we determinethe location of one Voronoi generatoiin T' by
finding the intersectionf two circlesin 2D andthreespheresn 3D. In the 2D casewe
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FIG. 3. A consisteng checkfor planewave
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areaskingbasically“where s the point whosedistancego the stencilsP; and P, areas
prescribedy u(P;) andu(P»)?” If we considerthe pointsin aneighborhoof E in the
continuouscasewe know that E* hasto betheintersectiorof all thecorrespondingircles
centerecht the neighboringpoints. More precisely onecanconside” asthe ernvelopeof
the circlescenteredht eachpointin spacewith radiusprescribedyy the distancefunction
evaluatedatthatpoint. This canbeviewedassendingeircularwavesfrom eachpointin the
neighborhooaf E attimesprescribedy thedistancdunction,andaskingfor theenvelope
of thewavesat a certaintime. It is asif we arerunningHuygens principle “backwards.”
This conceptcancertainlybe extendedto generall’ suchascurvesandsurfaces.

4.3. A hybrid algorithm

As notedabore, solvingthe Godunas Hamiltonianwill give theexactdistanceo hyper
planesn their Voronoiregions. Ontheotherhand,our methodgive the exactdistanceor
somesimplepoint configurationsandat leastfirst orderapproximationin certaincircum-
stancegpleaseseethe sectionaboutthe erroranalysis).We would lik e to createa method
thatmakesuseof the advantage®f bothapproaches.

The ideais to adopta consisteng checkof the solution obtainedfrom the spherical
method.At grid pointswheretheresultof thecheckimpliesaninconsisteng of thedistance
information,we returnto solving Goduna’s Hamiltonian(2). Here,theinconsisteng of
the distanceinformation meanseitheran ambiguity (definedbelow) or the disagreement
in the intersectioncomputedrom usinganothersetof neighboringgrid pointsasstencil.
Figure 3 delineateswhat disagreementmeans: let S be the v/2-neighborwith «(S) =
min{u(T) : T isa+/2 neighborof E}, and P and @ be the stencilsselectedfrom the
regularneighborsof E by thesphericakolver. If thethreecirclesCs, Cp, andCg donot
intersectwe switchto the Godunw method.

DerFINITION 4.2. We saywe have ambiguitywhenary of thefollowing caseshappen:

1. C7 andCs donotintersect.
2. w(E) =max{|E - W|,|E - V|} < min{u(P),u(Q)}
3. u(E) = u(P) = u(Q).

ALGORITHM 2 (A 2D HYBRID SOLVER).
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1. Initialize: Setu;; = oo for (i, 5) ¢ . Foreachy € T, setu(y) = 0. For z € T not
in 4, computethe exactsolutionatthe verticesof thegrid cell in which z. lies.

2. For eachsweepdirectionin {(x+,y+), (y-,x-), (x+,y-), (x-,y+)}, iteratethrougheach
grid point accordingeachof the sweepdirectionsor accordingto the fastmarchingheap
sort.

3. At eachgrid E with index (i,))

o if all theneighborsareinfinity, skip

o if thereis atleastonenon-infinity neighborin boththe
x- andy- direction,
let PandQ bethesmallestonein eachdirection.
Withoutlossof generalityassumes(P) > u(Q). DiscardP if
u(P) —u(Q) > [P = Q|-
o if thereis only onefinite neighborz, setu(E) = u(z) + h.

o if both P and@ remain,find the pointsof intersectiorof
circlesCp andCyg.

— If ambiguoussolve equation(5) for u(E) instead.

— If not ambiguousf{ind the smallestneighborS from the v/2h neighbors{i +
1,7 £ 1}, andfind the pointsof intersectiorof thecircle Cs andCp or Cg. If thereareno
commonpointsof intersectionsolve equation(5) for «(E) instead.

— Otherwise,setu(E) = max{||E — W||,||E — V||}, whereW andV arethe
intersects.

We emphasizérerethatif thenormalsof theline segmentsn I donothave slopeswhich
areintegermultiplesof /4, we needto adoptthe/2-neighborsof agivengrid pointasthe
regular stencils. Otherwise the sweepingmethodwould simply fail becausealuring each
iteration,we cannotcomputeandpropagatéheexactdistanceaway from I'. However, this
problemmay be resohedif we adopta “generalization”of the closestpoint formulation
(whichis acurrentresearchdirection,andshallbe mentionedatthe endof this paper).

4.4. The closestpoint formulation
We seethat the above algorithmtries to determinethe closestpoint E* of eachgrid
point E. Soif we storethe generatonf eachgrid point and propagatehis closestpoint
information someavhat “along” the characteristicsthe computationof the intersections
of spheresat eachgrid point becomeaunnecessaryAll we have to dois to maintainthe
monotonicityof thesolution. Thisformulationis motivatedby thework of SearMauch[1]
andthe DynamicSurfaceExtensionMethodof Steinhof etal.[21][19].

DrrFINITION 4.3. GivenT, aclosestpointfunctionfor T'isV : R® — R? suchthat
V(E) = E*

for E* predeterminedsdescribedn definition1.

We thusarrive atthefollowing algorithm:
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Let u bethe distancefunction on the grids, and V' be the correspondinglosestpoint
function.

ALGORITHM 3 (THE CLOSEST POINT SOLVER).

1. Initialize: givetheexactdistanceo u, andthe exactclosestpointsto V' atgrid points
nearl". Mark themsothey will notbeupdatedMark all othergrid valuesasco.

2. Iteratethrougheachgrid point E with index (i,j,k) in eachsweepingdirection or
accordingto thefastmarchingheapsort.

3. ForeachneighborP, of E, computeu;™ = ||E — P}||.

4. If ||E — P?|)? < min; u(P,), setu}™ = co. Thisis to enforcethe monotonicityof
the solution.

5. Setu(E) = minyu;™" = u{" andV (E) = P;.

4.5. A generalizedclosestpoint formulation

In thespirit of Steinhof’s DynamicSurfaceExtensionwe candefinefunctionsthatmap
eachpointin R? to the spaceof representationsf surfaces. Givena properinitialization
of this “generalized’closestfunction, we canthencomputethe valuesof the functionon
thewhole computationalomainusingthe “sweeping”approachmentionedabove.

In computationaeometryandrelatedfields suchascomputergraphicsandcomputer
vision, surfacesareoftentriangulatecandstoredasa setof trianglesin 3D. This motivates
our next generalizatiorof the closestpointalgorithm.

GivenatriangleT (or line sggmentS) in R* anda point P, the following algorithm
exploresthe factthatwe caneasilycomputethe exactdistancefrom P to T (or S) using
elementanEuclideangeometry

DEeFINITION 4.4. (Piecaviselinearsurfaceelement)

We definea piecaviselinearsurfaceelementS to beasetof threeorderedpointsin R?,
andinterpretthe threepointsasthe threeverticesof atriangle. In casewheretwo of the
threepointsareidentical,we saythatS is aline sgment.In thedegenerateasewherethe
threepointsareidentical,we saythats is apointin R3.

We canfurtherdefinethe distancgunctionof a point P anda surfaceelementS asthe
minimumdistancebetweenP andthe pointsonthetrianglerepresentedly S.

dist(P, S) := min(P,
(P, 8) = min(P,y)
whereT is the triangle definedby S. Notice that this definition is valid even for the
degenerateasesvhens is aline sggmentor a point.

DEerINITION 4.5. (Generalizeatlosestpointfunction)
We sayW is ageneralizealosesipoint functionif

W : R* — {thespaceof piecaviselinearsurfaceelements}.

Let T' be representedby a setof piecavise linear surfaceelementsin R3. Let u be
the distancefunction on the grids,andW be the correspondingieneralizedtlosestpoint
function.
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ALGORITHM 4 (THE GENERALIZED CLOSEST POINT SOLVER).

1. Initialize: give the exactdistanceto u, andthe exactsurfaceelementgo W at grid
pointsnearl’. Mark themsothey will notbeupdated. Mark all othergrid valuesasoo.

2. Iteratethrougheachgrid point E with index (i,j,k) in eachsweepingdirection or
accordingto thefastmarchingheapsort.

3. ForeachneighborP, of E, computeu;™ = dist E, W (P,))

4. If dist E, W (P,)) < min; u(P,), setu}™ = co. Thisis to enforcethe monotonicity
of the solution.

5. Setu(E) = minyu;"" = u{"" andW (E) = W (Py).

We shaw theresultsat the endof this paper Seefigure 11 andfigure12.

4.6. Analysis of the algorithms
Our experienceshavs thata satishctoryapproximationcanbe reachedafter onesetof
sweepingterations.We have notyet beenableto prove corvergence However, we do see
thelimits to grid basedcomputatiorof distancefunctions.
Both the sphericalintersectiormethodandthe closestpoint approactdescribedabove
arein essencdrying to determinethe closestpoint of £ usingthe closestpoints of the
neighborsof E. In orderto getthe exactsolution (u(E) or E*), we needthe following

property:
E* € {P} : P;theneighborofE }.

However, this is not alwayspossible.In fact,nearthe Voronoiboundarywe might reach
thelimits of our methodsusingthe standardi-pointstencil. Seefigure 4.

Considerthe following situation: SupposeE* falls into the first quadrant(l). Let P
be the grid suchthat dist(P, E*) < dist(E, E*). We form a circle Cg centeredat E,
passinghroughE*, andCp centerecht P, alsopassinghroughE*. Let Dg, Dp bethe
correspondinglisks. Thenif Y =T ("{Dp \ Dr} # 0, then P* hasto bein it; because
ary pointin T satisfiesthe propertythatit is closerto P than E* is. Similarly, we can
constructhe samescenaridor Q.

As illustratedin figure 4, E is the only pointin the neighborhoodhatis in the Voronoi
regiongeneratedy E*; i.e. E* ¢ {P*,Q*, (P')*, (Q")*}. Henceourupdatingorocedure
will notcomputethe exactdistanceat E in this case.

Local Err or Analysis
Letrg := |E — E*|| and7g := ||E — P*|| . Wewantto know whatthe maximumerror
e := g — rg canbe, given exact valuesof v and V' at the neighborsof E. From the
illustrationabove, we caneasilyseethatmax 7i < max ||E* — P|| + h, and

, 1
max ||[E* — P|| < /3 +h2 =rp + hzy + O(hY).
E

Thus,0 < #g —rg < h. Sothelocal erroris O(h).

The selectionof stencils
Inthealgorithmsdescribedbove,we have somecriteriawhicheliminateinvalid stencils.
In the casewherethe value on a grid pointis still infinity, we know automaticallythat it
cannotlie in avalid stencil. In the casewherethe grid point carries“obviously incorrect”
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FIG. 4. An exampleof thelimit of grid baseddistanceapproximation
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distancanformation,we maymake useof the obsenationof theconstantravel time of the
eikonalequationsif thetwo neighboringgrid pointscarryfinite valuesandthedifference
of the valuesof the distancefunction on themis too large, we have an incompatibility.

Sincewe wantto enforcethe upwindingstencilselectionwe favor the grid point with the
smallervalue. Thereforewe have thefollowing propositions:

ProrosITION 4.1. Let P, and P, be two neighbos of E, and u(P,) — u(Py) >
||Py — P,||. ThenP} # P;.

Proof. Assumeon the contrarythat P = Py = P* andu(P) > u(Py). Let Q
be a point on P*P, suchthat ||Q — P*|| = w(P1). Let R be a point on P; P, such
that AP,QR is aright triangle with hypotenuseRP.. Then||P, — Pi|| = |PiP| >
|RPy| > |QP2| = u(Py)—wu(Py). Thuswehaveacontradiction. Theproofis complete. B

P1 R

p* Q P2

This propositionshavsthatif P;* is correctandu(P;) — u(P;) > ||P» — Py ||, thenthe
informationwe hold on P, is not correct.

5. RESULTS
We first run our algorithmsto approximatethe distancefunction of a single Voronoi
generatomtthe centerof a1l x 11 x 11 grid. As shavn in table1, the sphericaimethod
givesan almostexact resultwith error closeto machinezero. The closestpoint method
givesthe exact solution. Sincewe needto take a squareroot repeatedlyin the first case,
we expectto losesomeaccuray. However, asdemonstratetby the numericalresults the
whole procesf the sphericaimethodappeardo be stable.

TABLE 1
A comparisonof testcaseresults

11x11x11(h=0.1) maxerror  Lj error

Godun@ method 0.114 0.091
Sphericaimethod 1.53e-15 2.99e-16
Closestpointmethod 0 0

We then testedour generalizedclosestpoint solver in both 2D and 3D with several
differentconfigurationsin thetestcasesurgeneralizealosesipointalgorithmis exactto
machineprecision.Wewill describeourtestcasesn moredetailin afollowing subsection.

In thefollowing sectionswe will “visualize” the distancefunctionsby their level sets.
In 2D, we plot the contourlines,andin 3D, we plot theisosurfices.
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FIG. 5. A comparisorof resultsby Godunw methodandsphericaintersectiormethodin 2D.

level sets obtained from the Godunov solver.

level sets obtained from the combined method.
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FIG. 6. A comparisorof resultsby Godune methodandsphericaintersectiormethodin 2D.
level sets obtained from the Godunov solver. level sets obtained from the combined method.
=
i
90

5.1. A comparisonof resultsin 2D

The following two setsof figures,figure 5 andfigure 6, arecomputedn the sweeping
fashion. We canclearly seethat the hybrid algorithm gives straightcontourlines in the
Voronoi regionsgeneratedy straightline segments. In otherregions, the contourlines
have anicecircularshape.
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5.2. A comparisonof results

We runthe Goduna methodandour methodgo approximatehedistancefunctionto a
setof 10 randomlyselectedsolatedpoints. Fromtable 3-4, we canseethatthe spherical
methodcorvergesnumericallywith asecondrderratewhile theclosespoint solver gives
the exactdistancefunction. Thereis alossof accurag in the solutionobtainedby using
the sphericalmethod. The error comesfrom two major sources. Within eachVoronoi
region, the computedsolutionlosesaccurag from solving the quadraticequations.Near
the Voronoi boundariesit is not always true that the grid value we are updatinghasto
be greaterthanor equalto the valuesof the stencils. By enforcingmonotonicityof our
solutionnearthe Voronoiboundariesywe may thereforecreatea slight perturbatiorto the
true solution. This perturbatiorpropagatesutwardsfrom the Voronoiboundariesluring
later updatingiterations. In the closestpoint algorithmfor isolatedpoints, we enforcea
slightly relaxedmonotonicity(step4 and5) on solution. Unlessthe situationmentionedn
previousanalysisoccurswe will obtainthe exactdistancefunction.

TABLE 2
Godunov method
Grid maxerror  corvergencerate L error  corvergencerate
10x10x10(h=0.01) 0.008555 5.223e-6
20x20x20 0.005723 0.58 3.343e-6 0.64
40x40x40 0.003656 0.65 2.059e-6 0.70
80x80x80 0.002311 0.66 1.248e-6 0.72

In figures7-10we show the comparisorof theisosurbcescomputedrom the solutions
of the Godunw solver and our methods. We have a 50x50x50grid with uniform grid
sizeh = 0.01, and 20 randomly selectedisolatedpoints. We can clearly seethat the
sphericalintersectionmethodgives much betterresultsboth in termsof L, error and
“visual” examinationof theisosurkces.

TABLE 3
Spherical method

Grid maxerror corvergencerate  Lp error  convergencerate
10x10x10(h=0.01) 0.006869 1.500e-6
20x20x20 0.002855 1.3 0.201e-6 2.9
40x40x40 0.001355 11 0.041e-6 2.3
80x80x80 0.000674 1.0 0.011e-6 1.9

TABLE 4

Closestpoint method

Grid maxerror  corvergencerate Lj error  corvergencerate
10x10x10(h=0.01) 0 0
20x20x20 0 00 0 00
40x40x40 0 o0 0 00
80x80x80 0 00 0 00
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FIG. 7. Isosurhcescomputeddy the Goduna solver

FIG. 8. Isosurhcescomputedby the sphericaintersectiormethod
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FIG. 9. Isosurhcescomputedby the Goduna solver

FIG. 10. Isosurhcescomputeddy thesphericalintersectiormethod
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TABLE 5
The generalizedclosestpoint method
Grid maxerror corvergencerate Lj error  convergencerate
50x50(h=0.02) 0 0
100x100 0 00 0 00
200x200 0 [ 0 9]

FIG. 11. Contourlinesfor thedistanceo a piecavise linearobjects

5.3. Resultsof the generalizedclosestpoint sweeping
Figure1l shavsthe contourlines of the computeddistancegunctionto a setof a closed
polygon, two line sgmentsand two isolatedpoints. Table 5 shaws, in turn, that the
generalizedclosestpoint algorithm computesthe distanceto this set of objectsto the
machineprecisionafteronesweepingteration. Figure12 shavs theisosurbicesrendered
from thecomputedlistanceunctionto a setof two polyhedrathreeline sggmentsaandtwo
isolatedpoints.

6. CONCLUSION

In this paper we have introducedwo grid basedalgorithmsfor computingthe distance
functionto a givenconfiguratiorof isolatedpoints,which arethengeneralizedo compute
the distancefunctionto pieceviselinear objects. They prove to beaccuratefast(O(N) )
andeasyto implement. The key to the algorithmsis the combinationof “sweeping,”the
upwinding-basedtencilselection andsmartergeometricinterpretation.Puttingthemall
togethereadsto accurateandviscosity-solution-compliarépproximations.The general-
izedclosespointsolverprovidesaquicktranslatoiof thetriangulatediatacommonlyused
in computationageometryto the level setformulation. It alsosuggestsa moregeneral
frameawork for thedistancecomputatiorto moregenerakurfaces.
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FIG. 12. Isosurhcesof thedistanceo triangulatedsurfacesandisolatedpoints
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FIG. 13.  Thelevel contoursof the distancefunction to a smoothparametrizedcurve constrcutedusing
Newton’s methodandsweeping

10 20 30 4 5 60 70 8 90 100

7. FUTURE WORK

Our first remarkis that our algorithms(both sphericalintersectionand (generalized)
closestpoint sweeping)can easily be generalizedo othergrid geometriesincewe are
not approximatingpartial derivativeson the stencil. This topic will beinvestigatedy the
author

Furthermorefrom the adaptatiorof the closestpoint formulation,we have recognized
the potentialof computingthe distancefunctionto moregeneralgeometricabbjects. We
arecurrentlyseekinga generalizedtlosestpoint formulationfor computingmoregeneral
surfacesin 3D. As indicatedin the previous section,insteadof storingonly the closest
point, we canalsostorea representationf the surfaceelement;

V(E) — (E*, surfaceelement).

The 'surfaceelement’can be for examplethe curvature,or a NURB descriptionof the
surface. The challengeis to computethe exact distanceto a given surface elementand
to derive the “upwinding” criteriafor propagatinghe surfaceinformationthroughoutthe
grids. A preliminaryresultof one methodusinga conbinationof Newton’s methodand
sweepingterationson a smoothparametrizedurve sggmentif show in figure 13.
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