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Abstract

Wepresenttwofastandsimplealgorithmsfor approximatingthedistancefunction

for given isolatedpointson uniform grids. Thealgorithmsarethengeneralizedto

computethedistanceto piecewiselinearobjects.By incorporatingthegeometryof

Huygen’s principle in thereverseorderwith theclassicalviscositysolutiontheory

for theeikonalequation
� ���������
	

thealgorithmsbecomealmostpurelyalgebraic

andyield very accurateapproximations.Thegeneralizedclosestpoint formulation

usedin thesecondalgorithmprovidesaframework for furtherextensionto compute

the distanceaccuratelyto smoothgeometricobjectson differentgrid geometries,

without the constructionof the Voronoi diagrams. This methodprovides a fast

and simple translatorof datacommonlygiven in computationalgeometryto the

volumetricrepresentationusedin level setmethods.

1. INTRODUCTION

Givena compactset � in space,thedistancefunction for � at a point � is definedto
bethesmallestEuclideandistanceof � to thepointsin ��
 Fastandaccuratecomputation
of thedistancefunction is an importantstepin many applications.For example,level set
methods[14] rely heavily on it to representan interface,and, in particularto keepthe
level setfunctionwell behavedduring time evolution. In thesurfaceinterpolationmodel
of [28], a surfaceinterpolatinga givenpointsset � is constructedby first computingthe
distancefunctionto � . In theIslandDynamicsmodelof [6] in materialsscience,oneneeds
thedistancefunctionto helpunderstandtheaggregationof atomsinto islands.Generally,
applicationsin physics,chemistry, molecularbiology, andeven urbanplanningthat use
point patternanalysisrequireconstructionof the distancefunction or (at least)Voronoi
diagrams[12] [5]. Furthermore,in applicationssuchasray tracingandsurfacerendering
whereoneneedsinformationaboutthenormalsorothergeometricquantitiesof thesurfaces
of thegivenobjects,thedistancefunctionis essential.
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In computationalgeometry, theextractionof distanceinformationis dealtwith through
theconstructionof theVoronoi diagram. Thereisanabundanceof literatureabout thistopic.
For isolatedpoints,thosealgorithmsusuallystartout usinggeometricproperties(usually
Euclideandistancebetweenpoints and somead hoc observations)and intricate sorting
algorithmsto constructa representation(e.g. the “winged-edge”datastructures[12]) of
the Voronoi diagramthat is optimally linear in the numberof datapoints [24][1]. For
configurationsof slightly moregeneralgeometricobjectssuchasisolatedpointsandlinear
segments(trianglesin the planes),thereare ��������������� algorithmsfor its construction
andpoint location [27], where � is the numberof segments. However, if we needto
evaluatethedistanceatall thegrid points,westill haveto gothroughthedatastructureson
eachgrid point to computetheinformation.Theoverallcomplexity is at least����� � where� is thenumberof grid points. We would like to emphasizethata lot of applicationscan
besolvedmoreefficiently, bothin termsof developmenttimeandcomputationtime, if we
accepttheuseof grids. Onereasonis thattheseapplicationsareformulatedandsolvedon
thegridsandrequireonly thedistancevaluesonthegridnodes.In [22], theauthorproposed
a fasttree-basedmethodthat efficiently usesa fastconstructionof Voronoi diagramsfor
accuratedistancecomputation.Anotherefficient approachthatusesVoronoidiagramfor
distancecomputationonthegridsis reportedin [11], in whichtheauthorconsideredmainly
a singletriangulatedobject.

Thuswewanttoprovideaframework thatcanbegeneralizedto computethedistancesto
avarietyof interfacesoftenencounteredin thePDE-level setformulationsof theproblems.
Fromtheperspectiveof thegrid-basednumericalmethodsfor PDEs,our methodcanthus
beadoptedalmosteffortlessly. Of coursemany PDEbasedapplicationsarediscretizedon
grids,e.g. thesurfaceinterpolationof [28]. Evenproblemsinvolving thesolutionof PDEs
onsurfacescanusethelevel setformulation[3][10]. In thesecases,ouralgorithmsprovide
fast and simple proceduresto accomplishthe task of generatingthe distancefunction.
With our algorithms,the useronly hasto visit eachgrid point andperformsomesimple
calculations.Thecomplexity is linearin thenumerof grid pointsin thegrid thatresolves
the interface. Only the datastructuresvery similar or identicalto the original onesused
in the original applicationsare required. One can also think of our approachas a fast
volumetricpreprocessingof thedistance.

We alsonotethatoncewe have a secondor higherorderapproximatedistancefunction! �#"�$� , we can easily find the Voronoi generator "��% of any given point "� by "�$%�&'"�)(! �#"�$�+* ! �,"���,- which requires���/.
� operations.

Therestof thispaperis organizedasfollows: Webegin by presentingthestandardPDE
approximationmethodsfor finding thedistancefunctionwith aniterativescheme[23] and
theDijkstra like fastmarchingmethod[26]. Next we give motivationfor thenew method
basedon the geometricconsiderationof the reverseHuygen’s principle. We employ a
specialsweepingstrategy similar to theonesusedin [4][8][25] to updateeachgrid point.
We thenreformulatethecomputationof thedistancefunctionby storingtheclosestpoints
on the interfaceon eachgrid point. Finally, we generalizethe closestpoint algorithmto
computethedistanceaccuratelyto triangulatedsurfacescommonlyusedin computational
geometry. This providesa fasttranslatorportingdatausedin computationalgeometryto
theembeddedsurfaceformulationusedby thelevel setmethods.

For simplicity, we will first discussthe problemandsetupin 0213
 This canbe directly
extendedto 0546
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2. THE PROBLEM

Let 7 bea compactconnectedsubsetof 051 and 8:9;7 closed.Thedistancefunction< �#"�3� to 8 is definedby < �#"���=& dist �#"�2->8?��@A&�BDC�EFHGJILK "�L(NM K
asadeterministicoptimizationproblem.However, it canalsobeformulatedastheviscosity
solutionof theEikonalequation

K * < K (O.�&�P with < �#"���=&:P for "�RQR8TS (1)

i.e. < @U7OVW0 is continuous, < �,"�3�=&X�YC�BZ�[]\ < Z �#"���
where< Z solvestheparabolicequations

K * < Z K (_^a` < Z &�.b��^dceP��,

The existenceand uniquenessof such viscosity solution < �#"�$� is well known, seee.g
[2]. Additionally, from classicalPDE theory, it follows that < is increasingalong the
characteristicsin regions wherethe characteristicsdo not cross. This is crucial to the
approximationproceduresdescribedlaterin thispaper.

Beforedescribingour algorithms,we presentsomenotationwhich shallbeusedlater.f]gUh�ikjlikm6ion�jqplrosUr
Given tuQR7 and 8v9:7 compact,wedefine

source��tw�T&;xHyXQz8_@ dist��t{->8?�|& K t}(qy KA~ 

Clearly, if t is in theinteriorof aVoronoiregion,source��tw� containsonly auniquepoint,
andwe shall call this point t�%J
 If t is on the Voronoi boundaries,we shall chooseone
elementin source��tw�,- andalsocall thispredeterminedpoint t�% for convenience.Sincewe
areconcernedwith thedistance,any such t�% works. We will alsoadopttheconventional
termusedin computationalgeometrywith t�% beingcalleda Voronoigenerator [12].

We consider7�9;051 a rectangularregion and 7�� its discretizationwith uniform grid
size � in boththe � - and � - directions. <���� � refersto < ������-����3�#
f]gUh�ikjlikm6ion�j�plr�plr

(neighbors)Let �u&���� � ->� � ��Q�7���
 We say t is a neighborof � ift�Q x���� � -+� ���?� �#-���� �k�?� -+� � � ~ 
f]gUh�ikjlikm6ion�j�plrA�lr
( � ��� neighbors)We say y is a � �J� neighborof � if y�QxU��� �k�?� -+� ���2� � ~ 


3. APPROXIMA TION OF THE DISCRETIZED EQUATION — GODUNOV’S
HAMIL TONIAN

To put our proposedmethodsinto context, we review briefly the distancecomputation
from thenumericalPDEpointof view. Thisprovidesthemotivationandthefoundationof
ouralgorithms.
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Let < ���3� be the viscositysolutionof �/.
�,
 RouyandTourin[18] provedconvergenceto
theviscositysolutionof aniterative methodsolvingthesteadystateequation(1) with the
Godunov HamiltonianapproximatingK * < K :��� ��M��|-�Ml �->¡J�=->¡� T�=& ¢ B¤£H¥�x>M   � -�M �  ~ 1=¦ B¤£H¥�x
¡  � ->¡ �  ~ 1 (2)

where M � &¨§L©� < ��� � -l¡ � &ª§L«� < ��� � -3§L©� < ��� � &­¬D� < �k�?�#� � ( < ��� � �>®�� andaccordingly
for §L«� <���� � 
 Here <���� � is the approximationto the exact solution,and �   &�B¤£H¥$���?->PU�#-� � &�(zB�C�E����?->P��,
 The Godunov Hamiltonianyields a convergentmethodthat is first
orderaccuratein grid size.

Osher[13] provedthatthe ¯ -level setof < ���3� is thezerolevel setof theviscositysolution
of theevolutionequationat time ¯ °l±

& K *
°
K (3)

with appropriateinitial conditions.Soonecantry to solve thetime-dependentequationby
thelevel setformulation[16] with aconsistent,monotoneHamiltonian[17]. Crandalland
Lionsprovedthatthediscretesolutionobtainedthiswayconvergesto thedesiredviscosity
solution[7].

Later, Tsitsiklis [26] combinedthe heapsortingprocedurewith a variantof Dijkstra’s
algorithmto solve thesteadystateequationof themoregeneralproblem

K *
°
K (_²D�,"���T&}P for ²��#"���{ceP6
 (4)

This was later rederived in [20] and in [9] andhasbecomeknown as the fastmarching
method.Its complexity is �L���;�Y���l���)�+� , where � is thenumberof grid points.

Later, Osherand Helmsengave a criterion on generalHamiltoniansso that the fast
marchingalgorithmis applicable,andextendedthe fastmarchingmethodsto thesemore
generalproblems[15].

In [4], BouéandDupuissuggesta“sweeping”approachtosolvethesteadystateequation,
which, in ourexperience,resultsin a �L��� � algorithmfor thesimpleproblemathand.We
point out herethat this strategy whenappliedto computethedistanceto a setof isolated
pointsis very similar to thatdescribedin an orginal andquite early paperof Danielsson
[8]. However, theauthorin [8] consideredonly pointslying onthegrid anddid notprovide
extensionto thethreedimensionalcase.This iterativeapproachhasbeenusedsuccessfully
in [25] in both2Dand3D.Weshallincorporateit intoouralgorithms.Usingthis“sweeping”
approach,thecomplexity of our algorithmsdropsto �����)� from �L���;�Y���=� � in the fast
marchingcaseandtheimplementationof thealgorithmsbecomesa bit easierthanthefast
marchingmethodthatrequiresheapsort. (Sweepingis notrecommendedfor general²D�,"���
in equation[4])

Sincethe fastmarchingmethodis, by now, well known, we will not give muchdetail
on its implementationin this paper. In general,this involvesa sortingprocedureandthe
solutionof � � ��§ © � < ��� � -�§ ©  < ��� � -�§L«� < ��� � ->§�«  < ��� � �T&X. (5)

for <3�A� in termsof its four neighboringvalues.
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FIG. 1. Godunov solver treatseverythingasaplanewave
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FIG. 2. Theisosurface ³>´�µ·¶
¸º¹�» computedby thesolutionof theGodunov Hamiltonian

It is important to note that this methodyields the exact distanceof a point inside
the Voronoi regions inducedby lines in 2D and planesin 3D. The normal ¼T���?-+�½�R&* < ����->�¾��® K * < K of thedistanceto thelinesis constant.Soany consistentdivideddifference
of < givesanexactevaluationof its derivatives.

However, this methodis inconsistentfor computingthe distanceto isolatedpoints.
For instance,if <3¿ � À &ÁP6- then the computed<l¿   �a� À & <3¿ � À   � &¨��- and <3¿   �#� À   � &�/. ¦ .Â®�� �J�>� , which is the distancebetween< ¿   �#� À   � to the line joining < ¿   �#� À and<3¿ � À   � plus ��
 Thatis, theGodunov solver treatsthevalues<3¿   �#� À and <3¿ � À   � asthough
they comefrom a planewave, resultingin anearlyarrival time (figure1). The level sets
of thesolutionlook like diamondshapedpolyhedra,asseenin figure2, insteadof perfect
circles/spheres.This leadsus to take morespecificconsiderationof the geometryof the
problem.

4. APPROXIMA TION BY GEOMETRIC CONSIDERATIONS

Sincein our algorithmsthetwo dimensionalproblemis only a specialcaseof thethree
dimensionalcase,we will now discussouralgorithmsin thethreedimensionalsetting.To
facilitateour discussion,we first introducesomemorenotation.
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ÃÄn�m�Å�mlion�j)Æ�ros�r
Let t­Q�7u9;0516- and < ��tw� be the valueof theviscositysolutionof

(1). We usethefollowing notationfor brevityÇ�È @A&�x6"�RQR7�@ K "�L(_t K & < ��tw� ~ -
which is the circle with radius < ��tw� centered at t{
 In É�§R- we will use Ê È to denotethe
spherecenteredat t with radius < ��tw�#
ÃÄn�m�Å�mlion�j)Æ�r�plr

Let �¨Q_7 berepresentedby ���a-Ë��-aÌ½��Qv7 � Qv0546
 Dependingon the
situation,wewill use< ����� and < ���a-���-aÌ½� interchangeablyto representthevalueof < at �¤

f]gUh�ikjlikm6ion�jzÆ�ros�r

(Sweepingdirectionsin 3D)Wedefinethefollowing iterationsgoing
throughtheuniformgrids �+.Í@��R�L(O.�-�.Ä@��R��(O.�-�.Ä@���ÎÍ(O.
�#


(x+,y+,z+)sweeping:Ï�Ð�Ñ�Ò¾Ó$Ô�Õ�Ö�×½Ø3ÔÏ¾Ð�ÑÚÙ�Ó¾Û=Õ�Ö�Ü½Ø3ÔÏ¾Ð�ÑXÝHÓ�Û=Õ�Ö�Þ
-1ß�à½á¾â�ã½ä < ��� ��� å

(z-,y-,x-) sweeping:Ï�Ð�ÑXÝHÓUÖ�Þ6ØlÔ�ÕæÔÏ¾Ð�ÑÚÙ�ÓUÖ�Ü6Ø3Ô�ÕæÔÏ¾Ð�Ñ�Ò¾Ó�Ö¾×½Ø3Ô�Õ,Ôß�à½á¾â�ã½ä <���� ��� å
Following the above examples,we candefinethe restof the 6 iterations: (y+,x+,z-),

(y-,x-,z+),(x-,y+,z+),(z-,y-,x+),(x+, y-, z+), and(z-, y+, x-).

4.1. Moti vation and algorithm
We returnbriefly to two dimensionsfor simplicity for thispartof theexposition.Let us

first considera singleVoronoigenerator�ç% whoselocationis not explicitly known at the
startof thealgorithm.Supposeè È and è�é arethedistancesof two distinctpoints t and y
to 8T- respectively: i.e. < ��tw�T&�è È - < ��yw�T&:è
éê
 Let �X&X����->�¾� beapointof interestwith

K�K �;(v� % K�K¾ë B¤£J¥3x < ��tw�#- < ��yw� ~ (6)

a priori. Consider
Ç È

and
Ç é asin thedefinition:

Ç È
is thecircle of radius è È centered

at t and
Ç é of radiusè é centeredat y . Theintersectionsof

Ç�È
and
Ç é arethesolutions

of a quadraticequation.Denotethetwo intersectionsby ì and í . It is theneasyto see
thateither ì or í is � % 
 Fromthehypothesisthat � is fartherfrom � % than t or y is,
we deducethat < �����T&�B�£J¥lx KYK �Ú(_í K�K - K�K �;(qì K�Kº~ 


Thus,by enforcingthissortof upwindingdecisionin selectingintersectionsto maintain
monotonicityof thesolution“from” 8 , we areableto approximatethedistancefunction.
In fact, this is the key propertyfor the successof the aforementionedfastmarchingand
sweepingmethods.

Now we cangeneralizeto a full 3D algorithmfor distanceapproximationof a givenset
of isolatedpoints.
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îÄïJð n�ñ6ikm6ò�óôszõ+ö¾÷�òlg�ñ6ioø6Å ï ikj3m6g�ñlù,g�ø6m6ion�j_ù,n ï/ú g�ñ3û�r
1. Initialize: give theexactdistanceto < at grid pointsthatare� � -neighborsof 8;9ª7 � 
 Mark themso they will not be updated. Mark all othergrid

valuesas ü�

2. Iteratethrougheachgrid point � with index (i,j,k) in eachsweepingdirection or

accordingto thefastmarchingheapsort;ý Selectstencils:At eachgrid point (i,j,k), find its neighborst � -�t 1 - and t 4 in � -, � -,
and Î -directionrespectively suchthat < ��t � �êþ < ����¬�.�-���-aÌ½�#- < ��t 1 �{þ < ���a-��Ä¬}.�-�Ì6�#- and< ��t 4 �{þ < ����-Ë��-�ÌÍ¬:.Â�#
 Let ��ÿç§ª&;xÂt � ->t 1 ->t 4 ~ 


– Discardfrom ��ÿç§ theelement(s)on which < is ü�-
– If ��ÿç§�&��¾
 Goto3.

– Otherwise,let yôQ���ÿ�§ suchthat < ��yw�=&}B�C�E�x < ��tw��@UtôQ���ÿç§ ~ 
 Discard
from � ÿ�§ thoset ¿ thataretoo large: < ��t ¿ �5( < ��y��=c K�K t ¿ (_y K�K .ý If all t � -�t 1 - and t 4 remainin ��ÿç§­@

– If Ê È�� -�Ê È�� - andÊ È�� intersect:Let ì andí bethetwopointsof theirintersection,
andset < �����T&bB¤£J¥�x KYK �Ú(_ì KYK - K�K �;(qí K�Kº~ 
� If the monotonerequirement< ���ç� ë < ��t � �,-z�ê& .�-��½->É is satisfied,skip to
step3. � Otherwisethe intersectionscontainfalseinformation. Treatas if Ê È � -lÊ È � -
and Ê È � do not intersect.

– If Ê È�� -JÊ È�� - and Ê È�� donot intersect:Discardtheelementfrom ��ÿ�§ on which< hasthegreatestvalue,i.e. discardfrom ��ÿ�§ the t with < ��tw��& B¤£H¥ F
	�G��
��� < ��t ¿ �#

Goto thenext case.ý If thereareonly two t��¿�� remainingin ��ÿç§ (assumingthey are t 1 , t 4 without
lossof generality):

– If the circles
Ç È �

and
Ç È �

lying on the � - Î planeintersect,let ì and í be
the intersections.Set < �����ç&ÁB¤£H¥�x K�K �;(qì K�K - KYK �;(qí KYKA~ 
 Checkif the monotonicity
requirement< ����� ë < ��t 1 �,- < ��t 4 � is satisfied. If yes,go to step3, otherwise,treatasifÇ�È��

and
Ç�È��

do
not intersect.

– If
Ç|È��

and
Ç�È��

do not intersect: discard from ��ÿ�§ the t with < ��tw� &B¤£H¥�x < ��t � �,- < ��t 1 � ~ 
ý If thereis only one t ¿ remaining,simply set < �����T& < ��t ¿ � ¦ ��

3. Go to step2.

Notethatin theupdatingprocedure,weneverupdatetheboundaryof 7 � whichis initially
setto ü:
 This is dueto thefact that thecharacteristicsonly flow towardstheboundaries,
thereforetheupwindingstencilsnevercontainthegrid pointson theboundaries.

4.2. Relation to “r eversing” Huygen’sprinciple and the computation of envelopes
In the above algorithms,we determinethe locationof oneVoronoi generatorin 8 by

finding the intersectionsof two circlesin 2D andthreespheresin 3D. In the2D case,we
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FIG. 3. A consistency checkfor planewave
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areaskingbasically“where is the point whosedistancesto the stencilst � and t 1 areas
prescribedby < ��t � � and < ��t 1 � ?” If we considerthepointsin a neighborhoodof � in the
continuouscase,weknow that �ç% hasto betheintersectionof all thecorrespondingcircles
centeredat theneighboringpoints. More precisely, onecanconsider8 astheenvelopeof
thecirclescenteredat eachpoint in spacewith radiusprescribedby thedistancefunction
evaluatedatthatpoint. Thiscanbeviewedassendingcircularwavesfrom eachpoint in the
neighborhoodof � attimesprescribedby thedistancefunction,andaskingfor theenvelope
of thewavesat a certaintime. It is asif we arerunningHuygen’sprinciple“backwards.”
Thisconceptcancertainlybeextendedto general8 suchascurvesandsurfaces.

4.3. A hybrid algorithm
As notedabove,solvingtheGodunov Hamiltonianwill givetheexactdistanceto hyper-

planesin theirVoronoiregions.Ontheotherhand,ourmethodsgivetheexactdistancefor
somesimplepoint configurationsandat leastfirst orderapproximationin certaincircum-
stances(pleaseseethesectionabouttheerroranalysis).We would like to createa method
thatmakesuseof theadvantagesof bothapproaches.

The idea is to adopta consistency checkof the solution obtainedfrom the spherical
method.At gridpointswheretheresultof thecheckimpliesaninconsistency of thedistance
information,we returnto solvingGodunov’sHamiltonian ����� . Here,theinconsistency of
the distanceinformationmeanseitheran ambiguity(definedbelow) or the disagreement
in the intersectioncomputedfrom usinganothersetof neighboringgrid pointsasstencil.
Figure 3 delineateswhat disagreementmeans: let Ê be the � � -neighborwith < ��ÊT��&B�CYE�x < �����·@�� is a � � neighborof � ~ - and t and y be the stencilsselectedfrom the
regularneighborsof � by thesphericalsolver. If thethreecircles

Ç�� - Ç È - and
Ç é do not

intersect,weswitchto theGodunov method.f]gUh�ikjlikm6ion�j)Æ3r�plr
Wesaywehaveambiguitywhenany of thefollowing caseshappen:

1.
Ç � and

Ç 1 do not intersect.
2. < �����=&bB¤£J¥3x K �;(qí K - K �Ú(qì KA~�� B�CYE�x < ��tw�,- < ��yw� ~
3. < �����=& < ��tw�T& < ��yw�,

îÄïJð n�ñ6ikm6ò�ó�p)õ î pUf ò����½ñli! �ùæn ï/ú g�ñ3û�r
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1. Initialize: Set < �A��" ü for ���a-�����®Q 8T
 For each#_Q�8T- set < �$#��|&ÚP . For ÎNQ�8 not
in 7���- computetheexactsolutionat theverticesof thegrid cell in which Îl
 lies.

2. For eachsweepdirectionin x (x+,y+), (y-,x-), (x+,y-), (x-,y+) ~ , iteratethrougheach
grid point accordingeachof thesweepdirectionsor accordingto the fastmarchingheap
sort.

3. At eachgrid � with index (i,j)ý if all theneighborsareinfinity, skipý if thereis at leastonenon-infinityneighborin boththe� - and � - direction,

let P andQ bethesmallestonein eachdirection.

Without lossof generality, assume< ��tw��c < ��yw� . Discard t if< ��tw�2( < ��yw��c K�K t}(qy K�K .ý if thereis only onefinite neighbor %Î , set < �����T& < �&%ÎU� ¦ ��
ý if both t and y remain,find thepointsof intersectionof

circles
Ç�È

and
Ç é 


– If ambiguous,solveequation(5) for < ���ç� instead.

– If not ambiguous,find the smallestneighbor Ê from the � �J� neighborsx
�2¬.�-Ë��¬e. ~ - andfind thepointsof intersectionof thecircle
Ç��

and
Ç È

or
Ç é�
 If thereareno

commonpointsof intersection,solveequation(5) for < ����� instead.

– Otherwise,set < �����ç&�B¤£H¥�x KYK �u(bí KYK - K�K ��(bì K�Kº~ - where í and ì arethe
intersects.

Weemphasizeherethatif thenormalsof theline segmentsin 8 donothaveslopeswhich
areintegermultiplesof '?®)(6- weneedto adoptthe � � -neighborsof agivengrid pointasthe
regularstencils.Otherwise,thesweepingmethodwould simply fail becauseduringeach
iteration,wecannotcomputeandpropagatetheexactdistanceawayfrom 8T
 However, this
problemmay be resolved if we adopta “generalization”of the closestpoint formulation
(which is a currentresearchdirection,andshallbementionedat theendof this paper).

4.4. The closestpoint formulation
We seethat the above algorithm tries to determinethe closestpoint �ç% of eachgrid

point �L
 So if we storethe generatorof eachgrid point andpropagatethis closestpoint
information somewhat “along” the characteristics,the computationof the intersections
of spheresat eachgrid point becomesunnecessary. All we have to do is to maintainthe
monotonicityof thesolution.Thisformulationismotivatedby theworkof SeanMauch[11]
andtheDynamicSurfaceExtensionMethodof Steinhoff et al.[21][19].f]gUh�ikjlikm6ion�jvÆ�rA�lr

Given 8T- aclosestpoint functionfor 8 is ìô@�054DVW054 suchthat

ìL���ç�=&:� %
for �ç% predeterminedasdescribedin definition1.

We thusarriveat thefollowing algorithm:
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Let < be the distancefunction on the grids, and ì be the correspondingclosestpoint
function.îÄïJð n�ñ6ikm6ò�ó;�võ+*dòlgRø ï n$ù,g�ù,m ÷¾n�ikjlmvù,n ï/ú g�ñ3û�r
1. Initialize: give theexactdistanceto < - andtheexactclosestpointsto ì atgrid points

near 8T
 Mark themsothey will not beupdated.Mark all othergrid valuesas ü:

2. Iterate througheachgrid point E with index (i,j,k) in eachsweepingdirection or

accordingto thefastmarchingheapsort.
3. For eachneighbort ¿ of �¤- compute<

± À F¿ & K�K �;(_t�%¿ KYK 1J

4. If K�K ��(�t�%¿ K�K 1 � B�C�E ¿ < ��t ¿ �#- set <

± À F¿ &uü�
 This is to enforcethemonotonicityof
thesolution.
5. Set < �����T&:B�C�E ¿ <

± À F¿ & <
± À F, and ì������=&}t %, 


4.5. A generalizedclosestpoint formulation
In thespirit of Steinhoff ’sDynamicSurfaceExtension,wecandefinefunctionsthatmap

eachpoint in 054 to thespaceof representationsof surfaces.Givena properinitialization
of this “generalized”closestfunction,we canthencomputethevaluesof thefunctionon
thewholecomputationaldomainusingthe“sweeping”approachmentionedabove.

In computationalgeometryandrelatedfieldssuchascomputergraphicsandcomputer
vision,surfacesareoftentriangulatedandstoredasasetof trianglesin 3D. Thismotivates
ournext generalizationof theclosestpointalgorithm.

Given a triangle � (or line segment Ê ) in 024 anda point t , the following algorithm
exploresthe fact thatwe caneasilycomputetheexactdistancefrom t to � (or Ê ) using
elementaryEuclideangeometry.f]gUh�ikjlikm6ion�jvÆ�rºÆ3r

(Piecewiselinearsurfaceelement)
Wedefineapiecewiselinearsurfaceelement- to beasetof threeorderedpointsin 0546-

andinterpretthe threepointsasthe threeverticesof a triangle. In casewheretwo of the
threepointsareidentical,wesaythat - is a line segment.In thedegeneratecasewherethe
threepointsareidentical,we saythat - is apoint in 0 4 


We canfurtherdefinethedistancefunctionof a point t andasurfaceelement- asthe
minimumdistancebetweent andthepointson thetrianglerepresentedby -d


dist��t{-.-��ê@º&:BDC�E« G�/ ��t{-+�½�
where � is the triangle definedby -d
 Notice that this definition is valid even for the
degeneratecaseswhen - is a line segmentor a point.f]gUh�ikjlikm6ion�jvÆ�r106r

(Generalizedclosestpoint function)
We say í is ageneralizedclosestpoint functionif

í�@�0 4 V x thespaceof piecewiselinearsurfaceelements~ 

Let 8 be representedby a set of piecewise linear surfaceelementsin 0543
 Let < be

thedistancefunctionon the grids,and í be thecorrespondinggeneralizedclosestpoint
function.
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îÄïJð n�ñ6ikm6ò�óÚÆ_õ+*dòlg ð g�j3gUñlÅ ï i$2Âg� �ø ï n$ù,g�ù,m ÷¾n�ikjlmvù,n ï/ú g�ñ3û�r
1. Initialize: give the exact distanceto < - andthe exactsurfaceelementsto í at grid

pointsnear8=
 Mark themsothey will not beupdated. Mark all othergrid valuesas ü:

2. Iterate througheachgrid point E with index (i,j,k) in eachsweepingdirection or

accordingto thefastmarchingheapsort.
3. For eachneighbort ¿ of �¤- compute<

± À F¿ & dist���¤-�í ��t ¿ �>�
4. If dist���¤-aí ��t ¿ �+� � BDC�E ¿ < ��t ¿ �#- set <

± À F¿ &;ü�
 This is to enforcethemonotonicity
of thesolution.
5. Set < �����T&:B�C�E ¿ <

± À F¿ & <
± À F, and í �����=& í ��t , �,


We show theresultsat theendof thispaper. Seefigure11 andfigure12.

4.6. Analysis of the algorithms
Our experienceshows thata satisfactoryapproximationcanbereachedafteronesetof

sweepingiterations.Wehavenotyetbeenableto proveconvergence.However, wedosee
thelimits to grid basedcomputationof distancefunctions.

Both thesphericalintersectionmethodandtheclosestpoint approachdescribedabove
are in essencetrying to determinethe closestpoint of � using the closestpointsof the
neighborsof � . In orderto get the exact solution( < ���ç� or �D% ), we needthe following
property: � % Q)x
t %� @�t � theneighborsof E ~ 

However, this is not alwayspossible.In fact,neartheVoronoiboundary, we might reach
thelimits of our methodsusingthestandard4-pointstencil.Seefigure4.

Considerthe following situation: Suppose�ç% falls into the first quadrant(I). Let t
be the grid suchthat dist��t{->�D%�� � dist���¤-��ç%
�#
 We form a circle

Ç�3
centeredat � ,

passingthrough �ç%J- and
Ç È

centeredat t{- alsopassingthrough �ç%J
 Let § 3 -�§ È bethe
correspondingdisks. Thenif 4X&Ú865Lx
§ È87 § 3 ~:9&;�¾- then t�% hasto bein it; because
any point in 4 satisfiesthe propertythat it is closerto t than �ç% is. Similarly, we can
constructthesamescenariofor y�


As illustratedin figure4, � is theonly point in theneighborhoodthat is in theVoronoi
regiongeneratedby � % S i.e. � % ®Qvx
t % -ay % -���t � � % -
��y � � % ~ 
 Hence,ourupdatingprocedure
will not computetheexactdistanceat � in this case.

Local Err or Analysis
Let è 3 @º&=<,�Ú(_�ç%�< and %è 3 @A&><æ�Ú(vt�%�<2
 Wewantto know whatthemaximumerror? @º&@%è 3 (Oè 3 can be, given exact valuesof < and ì at the neighborsof �¤
 From the

illustrationabove,wecaneasilyseethat B�£J¥A%è 3 � B¤£H¥�<#�ç%�(vtB< ¦ ��- and

B¤£J¥�<#� % (_tB< � ¢ è 13 ¦ � 1 &�è 3 ¦ � 1 .�Hè 3 ¦ ������CÂ�,

Thus, Pçþ>%è 3 (vè 3 � ��
 Sothelocalerror is �����3�#


The selectionof stencils
In thealgorithmsdescribedabove,wehavesomecriteriawhicheliminateinvalidstencils.

In the casewherethevalueon a grid point is still infinity, we know automaticallythat it
cannotlie in a valid stencil. In thecasewherethegrid point carries“obviously incorrect”
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FIG. 4. An exampleof thelimit of grid baseddistanceapproximation
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distanceinformation,wemaymakeuseof theobservationof theconstanttravel timeof the
eikonalequations:if thetwo neighboringgrid pointscarryfinite valuesandthedifference
of the valuesof the distancefunction on them is too large, we have an incompatibility.
Sincewe wantto enforcetheupwindingstencilselection,we favor thegrid point with the
smallervalue.Therefore,we have thefollowing propositions:

F=ñ½n�÷¾n$ù#ikm6ion�j_Æ�ros�r
Let t � and t 1 be two neighbors of � , and < ��t 1 �d( < ��t � � cK�K t 1 (_t � KYK 
 Thent�%� 9&}t�%1 


Proof. Assumeon the contrarythat t %� & t %1 & t % - and < ��t 1 �Nc < ��t � �,
 Let y
be a point on t % t 1 such that K�K y�(}t�% KYK & < ��t � �#
 Let ² be a point on t � t 1 such
that G·t 1 yÍ² is a right triangle with hypotenuse²]t 1 . Then KYK t 1 (:t � KYK & K t � t 1 K�ëK ²Ät 1 K¾ë;K yÍt 1 K & < ��t 1 �J( < ��t � �#
 Thuswehaveacontradiction.Theproofiscomplete.

P* P2

R

Q

P1

This propositionshows thatif t %� is correctand < ��t 1 � ( < ��t � �{c K�K t 1 (_t � KYK - thenthe
informationwehold on t 1 is not correct.

5. RESULTS

We first run our algorithmsto approximatethe distancefunction of a single Voronoi
generatorat thecenterof a .�.�H_.�.�H_.�. grid. As shown in table1, thesphericalmethod
givesan almostexact resultwith error closeto machinezero. The closestpoint method
givesthe exactsolution. Sincewe needto take a squareroot repeatedlyin the first case,
we expectto losesomeaccuracy. However, asdemonstratedby thenumericalresults,the
wholeprocessof thesphericalmethodappearsto bestable.

TABLE 1

A comparisonof testcaseresults

11x11x11(h=0.1) maxerror I � error

Godunov method 0.114 0.091
Sphericalmethod 1.53e-15 2.99e-16
Closestpointmethod 0 0

We then testedour generalizedclosestpoint solver in both 2D and 3D with several
differentconfigurations.In thetestcasesourgeneralizedclosestpointalgorithmis exactto
machineprecision.Wewill describeourtestcasesin moredetailin afollowing subsection.

In thefollowing sections,we will “visualize” thedistancefunctionsby their level sets.
In 2D, weplot thecontourlines,andin 3D, we plot theisosurfaces.
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FIG. 5. A comparisonof resultsby Godunov methodandsphericalintersectionmethodin 2D.
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FIG. 6. A comparisonof resultsby Godunov methodandsphericalintersectionmethodin 2D.
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5.1. A comparisonof resultsin 2D
The following two setsof figures,figure5 andfigure6, arecomputedin thesweeping

fashion. We canclearly seethat the hybrid algorithmgivesstraightcontourlines in the
Voronoi regionsgeneratedby straightline segments. In otherregions, the contourlines
haveanicecircularshape.
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5.2. A comparisonof results
We run theGodunov methodandourmethodsto approximatethedistancefunctionto a

setof 10 randomlyselectedisolatedpoints. Fromtable3-4, we canseethat thespherical
methodconvergesnumericallywith asecondorderratewhile theclosestpointsolvergives
theexactdistancefunction. Thereis a lossof accuracy in thesolutionobtainedby using
the sphericalmethod. The error comesfrom two major sources. Within eachVoronoi
region, thecomputedsolutionlosesaccuracy from solving thequadraticequations.Near
the Voronoi boundaries,it is not always true that the grid valuewe areupdatinghasto
be greaterthanor equalto the valuesof the stencils. By enforcingmonotonicityof our
solutionneartheVoronoiboundaries,we maythereforecreatea slight perturbationto the
truesolution. This perturbationpropagatesoutwardsfrom theVoronoiboundariesduring
later updatingiterations. In the closestpoint algorithmfor isolatedpoints,we enforcea
slightly relaxedmonotonicity(step4 and5) onsolution.Unlessthesituationmentionedin
previousanalysisoccurs,we will obtaintheexactdistancefunction.

TABLE 2

Godunov method

Grid maxerror convergencerate I � error convergencerate

10x10x10(h=0.01) 0.008555 5.223e-6
20x20x20 0.005723 0.58 3.343e-6 0.64
40x40x40 0.003656 0.65 2.059e-6 0.70
80x80x80 0.002311 0.66 1.248e-6 0.72

In figures7-10weshow thecomparisonof theisosurfacescomputedfrom thesolutions
of the Godunov solver andour methods. We have a 50x50x50grid with uniform grid
size �Ú& P6
 P6.�- and 20 randomlyselectedisolatedpoints. We can clearly seethat the
sphericalintersectionmethodgives much better resultsboth in termsof J � error and
“visual” examinationof theisosurfaces.

TABLE 3

Spherical method

Grid maxerror convergencerate I � error convergencerate

10x10x10(h=0.01) 0.006869 1.500e-6
20x20x20 0.002855 1.3 0.201e-6 2.9
40x40x40 0.001355 1.1 0.041e-6 2.3
80x80x80 0.000674 1.0 0.011e-6 1.9

TABLE 4

Closestpoint method

Grid maxerror convergencerate I � error convergencerate

10x10x10(h=0.01) 0 0
20x20x20 0 K 0 K
40x40x40 0 K 0 K
80x80x80 0 K 0 K
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FIG. 7. Isosurfacescomputedby theGodunov solver

FIG. 8. Isosurfacescomputedby thesphericalintersectionmethod
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FIG. 9. Isosurfacescomputedby theGodunov solver

FIG. 10. Isosurfacescomputedby thesphericalintersectionmethod
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TABLE 5

The generalizedclosestpoint method

Grid maxerror convergencerate I � error convergencerate

50x50(h=0.02) 0 0
100x100 0 K 0 K
200x200 0 K 0 K

FIG. 11. Contourlinesfor thedistanceto apiecewise linearobjects
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5.3. Resultsof the generalizedclosestpoint sweeping
Figure11 shows thecontourlinesof thecomputeddistancefunctionto a setof a closed

polygon, two line segmentsand two isolatedpoints. Table 5 shows, in turn, that the
generalizedclosestpoint algorithm computesthe distanceto this set of objectsto the
machineprecisionafteronesweepingiteration. Figure12 shows theisosurfacesrendered
from thecomputeddistancefunctionto asetof two polyhedra,threeline segmentsandtwo
isolatedpoints.

6. CONCLUSION

In this paper, we have introducedtwo grid basedalgorithmsfor computingthedistance
functionto agivenconfigurationof isolatedpoints,whicharethengeneralizedto compute
thedistancefunctionto piecewiselinearobjects.They prove to beaccurate,fast( ����� � )
andeasyto implement.Thekey to the algorithmsis thecombinationof “sweeping,”the
upwinding-basedstencilselection,andsmartergeometricinterpretation.Puttingthemall
togetherleadsto accurateandviscosity-solution-compliantapproximations.Thegeneral-
izedclosestpointsolverprovidesaquicktranslatorof thetriangulateddatacommonlyused
in computationalgeometryto the level set formulation. It alsosuggestsa moregeneral
framework for thedistancecomputationto moregeneralsurfaces.
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FIG. 12. Isosurfacesof thedistanceto triangulatedsurfacesandisolatedpoints
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FIG. 13. The level contoursof the distancefunction to a smoothparametrizedcurve constrcutedusing
Newton’s methodandsweeping
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7. FUTURE WORK

Our first remarkis that our algorithms(both sphericalintersectionand (generalized)
closestpoint sweeping)caneasilybe generalizedto othergrid geometriessincewe are
not approximatingpartialderivativeson thestencil. This topic will beinvestigatedby the
author.

Furthermore,from theadaptationof theclosestpoint formulation,we have recognized
thepotentialof computingthedistancefunctionto moregeneralgeometricalobjects.We
arecurrentlyseekinga generalizedclosestpoint formulationfor computingmoregeneral
surfacesin 3D. As indicatedin the previous section,insteadof storingonly the closest
point,we canalsostorea representationof thesurfaceelement;

ìL���ç�=V ��� % - surfaceelement�#

The ’surfaceelement’canbe for examplethe curvature,or a NURB descriptionof the
surface. The challengeis to computethe exact distanceto a given surfaceelementand
to derive the“upwinding” criteria for propagatingthesurfaceinformationthroughoutthe
grids. A preliminaryresultof onemethodusinga conbinationof Newton’s methodand
sweepingiterationson asmoothparametrizedcurvesegmentif show in figure13.
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4. MichelleBouéandPaulDupuis.Markov chainapproximationsfor deterministiccontrolproblemswith affine
dynamicsandquadraticcostin thecontrol. SIAMJ. Numer. Anal., 36(3):667–695(electronic),1999.

5. Withold Brostow, Jean-PierreDussault,andBennettL. Fox. Constructionof Voronoi polyhedra.Journal of
ComputationalPhysics, 29:81–92,1978.

6. SusanChen,Berry Merriman,MyungjooKang,RusselE. Caflisch,ChristianRatsch,Li-Tien Cheng,Mark
Gyure,RonaldP. Fedkiw, andStanley Osher. Level setmethodfor thin film epitaxialgrowth. J. Comput.
Phys., 167(2):475–500,2001.



RAPID AND ACCURATE COMPUTATION OFTHE DISTANCE FUNCTIONUSINGGRIDS 21

7. M.G. CrandallandP.L. Lions. Two approximationsof solutionsof Hamilton-Jacobiequations.Mathematics
of Computation, 43:1–19,1984.

8. Per-Erik Danielsson.Euclideandistancemapping.ComputerGraphicsandImage Processing, 14:227–248,
1980.

9. J.Helmsen,E. Puckett,P. Colella,andM. Dorr. Two new methodsfor simulatingphotolithographydevelop-
mentin 3d. In SPIE2726, pages253–261,1996.

10. Hailin Jin,Anthony Yezzi,andStefanoSoatto.Stereoscopicshading:Integatingmulti-frameshapecuesin a
variationalframework. In Preparation.

11. SeanMauch.Theclosestpoint transform.In Preparation,seehttp://www.its.caltech.edu/ sean.

12. Atsuyuki Okabe,Barry Boots,andKokichi Sugihara. SpatialTessellationsConceptsand Applicationsof
VoronoiDiagrams. Wiley, 1992.

13. Stanley Osher. A level setformulationfor thesolutionof theDirichletproblemfor Hamilton-Jacobiequations.
SIAMJ MathAnal, 24(5):1145–1152,1993.

14. Stanley OsherandRonaldP. Fedkiw. Level setmethods:anoverview andsomerecentresults. To appear,
Journal of ComputationalPhysics, 2001.

15. Stanley OsherandJ.Helmsen.A generalizedfastalgorithmwith applicationsto ion etching.In Preparation.

16. Stanley OsherandJamesA. Sethian.Frontspropagatingwith curvature-dependentspeed:algorithmsbased
onHamilton-Jacobiformulations.J. Comput.Phys., 79(1):12–49,1988.

17. Stanley OsherandChi-WangShu. High-orderessentiallynonoscillatoryschemesfor Hamilton-Jacobiequa-
tions. SIAMJ. Numer. Anal., 28(4):907–922,1991.

18. ElisabethRouyandAgnésTourin. A viscositysolutionsapproachto shape-from-shading.SIAMJ NumAnal,
29(3):867–884,1992.

19. Steven J. Ruuth, Barry Merriman, and Stanley Osher. A fixed grid methodfor capturingthe motion of
self-intersectinginterfacesandrelatedpdes.Journal of ComputationalPhysics, 163:1–21,2000.

20. J.A. Sethian.Fastmarchinglevel setmethodsfor threedimensionalphotolithographydevelopment.In SPIE
2726, pages261–272,1996.

21. JSteinhoff andM Fan.Euleriancomputationof evolving surfaces,curvesanddiscontinuousfields.Technical
Report,University of TennesseeSpaceInstitute, (37388),1998.

22. JohnStrain.Fasttree-basedredistancingfor level setcomputations.J. Comput.Phys., 152(2):664–686,1999.

23. M. Sussman,P. Smereka,and S. Osher. A level set methodfor computingsolutionsto incompressible
two-phaseflow. Journal of ComputationalPhysics, 114:146–159,1994.

24. MasaharuTanemura,Tohru Ogawa, andNaofumi Ogita. A new algorithmfor three-dimensionalVoronoi
tessellation.Journal of ComputationalPhysics, 51:191–207,1983.

25. RichardTsai,Hong-KaiZhao,andStanley Osher. Fastsweepingalgorithmsfor a classof Hamilton-Jacobi
equations.In Preparation.

26. JohnTsitsiklis. Efficient algorithmsfor globally optimal trajectories. IEEE Transactionson Automatic
Control, 40(9):1528–1538,1995.

27. Chee-K.Yap. An L�M!NPORQTSUNWV algorithmfor theVoronŏı diagramof asetof simplecurve segments.Discrete
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