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Abstract

A novel framework for solvingvariationalproblemsandpartialdif-
ferentialequationgor scalarandvectorvalueddatadefinedon sur
facesis introducedin this paper Thekey ideais to implicitly rep-
resenthe surfaceasthelevel setof a higherdimensionafunction,
andsolve the surfaceequationsn afixed Cartesiarcoordinatesys-
tem using this nev embeddingunction. This therebyeliminates
theneedor performingcomplicatecandnot-accurateomputations
on triangulatedsurfaces,asit is commonlydonein the graphics
andnumericalanalysisliterature. We describethe framevork and
presentexamplesin texture synthesisflow field visualization,as
well asimageandvectorfield regularizationfor datadefinedon 3D
surfaces.

CR Categories: 1.3.6 [ComputerGraphics]: Methodologyand
Techniques—;G.1.8 [Numerical Analysis]: Partial Differential
Equations—j.4.10[ImageProcessingndComputeiVision]: Im-
agerepresentation—;

Keywords: Partialdifferentialequationsimplicit surfacespattern
formation,naturalphenomend|ow visualizationjmageandvector
field regularization.

1 Introduction

In a numberof computergraphicsapplications variational prob-
lems and partial differential equationgPDE’s) needto be solved
for datadefinedon arbitrarymanifolds,threedimensionakurfaces
in particular Example<of this aretexturesynthesig37, 41], vector
field visualization[10], andweathering11]. In addition,datade-
finedonsurfacesoftenneedgo beregularizede.g.,aspartof avec-
tor field computatioror interpolationprocesq28, 38|, for inverse
problemg[15], or for surfaceparameterizatiofil2]. Theselastex-
amplescanbe addressedby solving a variationalproblemon the
surface,or its correspondingradient-descerftow on the surface,
usingfor examplethetheoryof harmonicmaps[14], which hasre-
centlybeendemonstratetb be of usefor computemgraphicsappli-
cationsaswell, e.g.,[12, 32,43]. All theseequationsaregenerally
solvedon triangulatedor polygonalsurfaces.Thatis, the surfaceis
givenin polygonal(triangulatedform, andthedatais discretelyde-
finedonit. Thisinvolvesthenon-trivial discretizatiorof theequa-
tionsin generalpolygonalgrids, aswell asthe difficult numerical
computatiorof otherquantitiedik e projectionsontothediscretized
surface (when computinggradientsand Laplaciansfor example).
Although the useof triangulatedsurfacesis extremely popularin
computergraphics,thereis still not a widely acceptedechnique
to computedifferential characteristicsuch as tangents,normals,
principaldirections andcurvatures;seefor example[9, 23, 34 for
afew of the approache this direction. On the otherhand, it is
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widely acceptedhat computingtheseobjectsfor iso-surbices(im-
plicit representationsy straightforvard and much more accurate
androbust. This problemin triangulatedsuriacesbecomesven
biggerwhenwe not only have to computethesefirst and second
orderdifferentialcharacteristicef the surface,but alsohave to use
themto solve variationalproblemsand PDE’s for datadefinedon
the surface. Moreover, virtually no analysisexists on numerical
PDE’s on non-uniformgridsin the generalityneededor computer
graphicsmakingit difficult to understandhe behaior of the nu-
mericalimplementatiorandits proximity (or lack thereof)to the
continuousnodel.

In this paperwe presenta new framework to solve variational
problemsand PDE’s for scalarandvectorvalueddatadefinedon
surfaces. We use,insteadof a triangulated/polygonalepresenta-
tion, animplicit representationour surfacewill be the zero-level
setof a higherdimensionakmbeddindunction(i.e.,a 3D volume
with real values,positive outsidethe surface and negative inside
it). Implicit surfaceshave beenwidely usedin computergraph-
ics,e.g.,[3, 16, 40], asanalternatve representatioto triangulated
surfaces We smoothlyextendtheoriginal (scalaror vectorvalued)
datalying onthesurfaceto the3D volume,adaptour PDE’saccord-
ingly, andthenperformall the computationsn the Cartesiargrid
correspondingo the embeddindunction. Thesecomputationsre
neverthelessntrinsic to the surface. The advantagesf usingthe
Cartesiargrid insteadof atriangulatednesharemary: we canuse
well studiednumericaltechniqueswith accurateerror measures;
the topology of the underlyingsurfaceit is not anissue;andwe
canderive simple, accurate robust and eleggantimplementations.
If the original surfaceis not alreadyin implicit form, andit is for
exampletriangulatedwe canuseary of a numberof implicitation
algorithmsthatachieve this representatiogiven a triangulatedn-
put,e.g.,[13, 20, 33,42]. For example thepublic domainsoftware
[21] canbeused.If thedatais justdefinedonthesurface,anexten-
sionof it to thewholevolumeis alsoeasilyachieved usinga PDE,
aswe will see.Thereforethe methodhereproposedvorksaswell
for non-implicitsurfacesafterthe preprocessing performed.This
preprocessing quite simpleandno complicatedregriddingneeds
to be doneto go from one surfacerepresentationo another(see
belaw). Finally, we will solve the variationalproblemor PDEonly
in a bandsurroundingthe zerolevel set(a classicalapproachsee
[26]). Thereforealthoughwe will beincreasingy onethedimen-
sionof the spacethe computationsemainof the samecomplexity,
while theaccurag andsimplicity aresignificantlyimproved.

1.1 Our contrib ution

Representindeformingsurfacesaslevel setsof higherdimensional
functionswas introducedin [24] asa very efficient techniquefor
numericallystudyingthe deformation(seealso[40] for studieson
the deformationand manipulationof implicit surfacesfor graph-
ics applications).Theideais to representhe surfacedeformation
via the embeddingunctiondeformationwhich addsaccurag, ro-
bustnessand, asexpected topologicalliberty. Whenthe velocity
of the deformationis given by the minimizationof an enengy, the
authorsin [44] proposeda “variationallevel set” method,where



they extendedheenegy (originally definedonly onthe surface)to
the whole space. This allows for the implementatiorto be in the
Cartesiargrid. The key of this approachs to go from a “surface
enegy” to a“volumeenegy” by usingaDirac’s deltafunctionthat
concentratethe penalizatioron thegivensurface.

Wewill follow thisgeneradirectionwith ourfixed,nondeform-
ing surfaces. In our case whatis being“deformed”is the (scalar
or vectorvalued)dataon the surface. If this deformationis given
by anenegy-minimizationproblem(asis the casein datasmooth-
ing applications)we will extendthedefinitionof theenegy to the
whole3D spaceandits minimizationwill beachiezedwith a PDE,
which despiteits beingintrinsicto theunderlyingsurface,it is also
definedin the whole space.Therefore,it is easilyimplementable.
This is straightforvard, asopposedo approachesvhereonemaps
the surface dataonto the plane, performsthe requiredoperations
thereand then mapsthe resultsback onto the triangulatedrepre-
sentationof the surface; or approacheshat attemptto solve the
problemdirectly ona polygonalsurface.

Veryinterestinglythenew framevork proposedherealsotellsus
how to translatento surfacetermsPDE’s thatwe know thatwork
ontheplanebut which do notnecessarilyninimizeanenepy (e.g.,
texture synthesisr flow visualizationPDE’s). Insteadof running
thesePDE’s on the planeanthenmappingthe resultsonto a trian-
gulatedrepresentationf the surface,or runningthemdirectly on
thetriangulateddomain,we obtaina 3D straightforvard Cartesian
grid realizationthat implementsthe equationintrinsically on the
surfaceandwhoseaccurag dependnly on the degreeof spatial
resolution.

Moreover, we considerthat for computingdifferential charac-
teristicsandsolving PDE’s evenfor triangulatedsurfaces,t might
be appropriateo run animplicitation algorithmasary of theones
usedfor the examplesin this paperandthenwork on the implicit
representation.Currentalgorithmsfor doing this, someof them
publically available[21], areextremelyaccurateandefficient.

The contrikution of this paperis thena new techniqueto effi-
ciently solve acommonproblemin mary computergraphicsappli-
cations:theimplementatiorof PDE’'son 3D surfaces.In particular
we shav how to transformary intrinsicvariationalor PDEequation
intoits correspondingnefor implicit surfaces In thispapemwe are
thenproposinga nen framevork to bettersolve existentproblems
andto helpin building up the solutionsfor newv ones.To exemplify
the techniqueandits generality we implementand extend popu-
lar equationgpreviously reportedin the literature. Here we solve
themwith our framework, while in the literaturewere solved with
elaboratedliscretization®n triangulatedepresentations.

2 The general framework

As mentionecbefore,our approactrequiresusto have animplicit
representationf the given fixed surface,andthe datamustbe de-
fined in a bandsurroundingit and not just on the surface. The
implicit surfacesusedin this paperhave beenderived from public-
domaintriangulatedsurfacesvia thecomputatiorof a (signed)dis-
tancefunction ) (z, y, z) to the surface S. Arriving at an im-
plicit representatiofrom a triangulatedoneis not anissue,there
arepublicly availablealgorithmsthatachieve it in a very efficient
fashion. To exemplify this, in our paperwe have usedseveral of
thesetechniquesFor somesurfacesthe classicaHamilton-Jacobi
equation|| V¢ ||= 1 wassolved on a pre-definedgrid enclos-
ing the givensurfacevia the computationallyoptimalapproachde-
visedin [35]. Accurateimplicit surfacesfrom triangulationsof the
orderof onemillion trianglesare obtainedin lessthantwo min-
utesof CPU-timewith this technique. Alternatively we usedthe
implementationof the ClosestPoint Transformavailablein [21].
Theteapotandknot surlaceswereobtainedrom unolganizeddata
points using the techniquedevisedin [45]. We thereforeassume

from now on that the three dimensionalsurface S of interestis

given in implicit form, asthe zero level setof a given function
4 : IR* — IR. Thisfunctionis negative insidethe closedbounded
region definedby &S, positive outside, Lipschitz continuousa.e.,
with S = {z € R® : y(z) = 0}. To ensurethatthe data,which

needsotto bedefinedoutsideof the surfaceoriginally, is now de-
finedin thewholeband,onesimplepossibilityis to extendthis data
u definedon S (i.e the zerolevel setof +) in suchaform thatit is

constaninormalto eachlevel setof ). This meansthe extension
satisfiesVu - V¢ = 0. (For simplicity, we assumenow « to be
ascalarfunction, althoughwe will alsoaddressn this paperprob-
lemswherethe datadefinedon S is vectorvalued. This is solved
in ananalogougashion.) To solve this we numericallysearchfor

the steadystatesolutionof the CartesiarPDE

ou .
B | sign(y)(vu- i) =0.

This techniquewasfirst proposedand usedin [7]. Note thatthis
keepsthegivendatau onthezerolevel setof ¢ (thegivensurface)
unchanged.

Both the implicitation and dataextension(if requiredat all by
thegivendata),needto bedoneonly onceoff line. Moreover, they
will remainfor all applicationghatneedthis typeof data.

We will exemplify our framevork with the simplestcase,the
heatflow or Laplaceequationfor scalardatadefinedon a surface.
For scalardatau definedon the plane thatis, u(z,y) : R*> - R
it is well known thatthe heatflow

whereA := %’g + % is the Laplacian,is the gradientdescent

flow of the Dirichlet integral

1
3 / | Vu||* dady, ®)
R2

whereV is thegradient.

Eq. (1) performssmoothingpf thescalamdataw, andthissmooth-
ing procesrogressiely decreasethe enegy definedin eq. (2).
If we now wantto smoothscalardatau definedon asurfaceS, we
mustfind theminimizerof theenegy givenby

1
5/ I Vsul®ds, 3)
S
Theequatiorthatminimizesthisenegy is its gradientdescenflow:
ou
i Asu. 4)

HereV s is theintrinsicgradientand A s theintrinsic Laplacianor
Laplace-Beltrambperator Theseare classicalconceptsn differ-
ential geometry and basicallymeanthe naturalextensionsof the
gradientandLaplacianrespectiely, consideringall derivativesin-
trinsic to the surface. For instancethe intrinsic gradientis justthe
projectionontoS of theregular3D gradient.

Classically bothin the computergraphicsandnumericalanaly-
sis communities,eq. (4) would be implementedn a triangulated
surface, giving placeto sophisticatedand elaboratedalgorithms
even for suchsimple flows. We now shav how to simplify this
whenconsideringmplicit representations.

Recallthat S is given asthe zero level setof a function :
R® = IR, v is negative insidethe region boundedby S, positive
outsidewith S = {x € R® : ¢(z) = 0}. We proceednow to
redefinethe abore enegy andcomputeits correspondingyradient
descenflow. Let ¥ be a genericthreedimensionalector and P;



theoperatotthatprojectsa giventhreedimensionalectorontothe
planeorthogonato ¥:
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It is theneasyto shav thattheharmonicenepy (3) is equivalent
to (seefor example[30])

1
3 [ 1 Pevul? as, ©
S

where N is the normalto the surfaceS. In otherwords,Vsu =

Py Vu. Thatis, thegradientntrinsicto thesurface(V.s) is justthe
projectionontothe surfaceof the 3D Cartesiar{classical)gradient
V. We now embedthisin thefunctionq):

/||V.su I dS:%/ | PV | dS
S S

/ | PoyVu |2 58) || Vi | de,
QelR3

=

=

whered(-) standsfor the deltaof Dirac, and all the expressions
above are consideredn the senseof distributions. Note that first

we got rid of intrinsic deriatives by replacingVs by PgzVu (or

Py yVu) andthenreplacedheintrinsicintegration(fs dS) by the

explicit one(fﬂems dzx) usingthe deltafunction. Intuitively, al-

thoughthe enegy livesin the full spacethe deltafunctionforces
the penaltyto be effective only onthelevel setof interest.Thelast
equalityincludesthe embeddingandit is basedon the following

simplefacts:

1. V¢ || N.

2. [L0@) || V¥ || de = [, dS = surfacearea.

In AppendixA we shav thatthe gradientdescenbf this enegy
is givenby

ou 1

In otherwords, this equationcorrespondso the intrinsic heat
flow for dataon animplicit surface. But all the gradientsin this
PDE are definedin the threedimensionalCartesiarspace,notin
the surfaceS (this is why we needthe datato be definedat least
on a bandaroundthe surface). The numericalimplementations
thenstraightforvard. Thisis thebeautyof theapproachBasically
for this equationwe usea classicalschemeof forward differences
in time and a successiomf forward and backward differencesn
spacegseeAppendixB for details). The otherequationsn this pa-
peraresimilarly implementedThis follows techniquessthosein
[29]. Onceagain,dueto theimplicit representatiorglassicnumer
ics are used,avoiding elaborateprojectionsonto discretesurfaces
anddiscretizatioron generameshese.qg.,[9, 17].

It is easyto shav a numberof importantpropertiesof this equa-
tion:

1. For ary seconcembeddindunctiong = ¢(), with ¢’ # 0,
we obtainthesamegradientdescenflow. Sinceboth) and¢
have to sharethe zerolevel set,andwe areonly interestedn
theflow aroundthis zerolevel set,this meanghatthe flow is
(locally) independenof theembeddindunction?

1we thankF. Mémolifor helpingwith thisfact.

2. If 9 is the signeddistancefunction, a very popularimplicit
representationf surfaceqobtainedfor examplefrom theim-
plicitation algorithmspreviously mentioned)thegradientde-
scentsimplifiesto

‘;—1; =V (PyyVu). 8)

We notethatwe couldalsohave derived eq.(7) directly from the

harmonicmapsflow

i Asu,
via the simple geometryexerciseof computingAsu for § in im-
plicit form. This lastpropertyis of particularsignificance.lt basi-
cally shavs how to solve generalPDE’s, not necessarilygradient-
descenflows, for datadefinedon implicit surfaces. All thatwe
needto do is to recomputehe component®f the PDE for implicit
representationsf the surface. Note thatin this way, conceptually
we canre-defineclassicalplanarPDE’s on implicit surfaces mak-
ing thembothintrinsicto theunderlyingsurfaceanddefinedon the
wholespace.

Fromthisvery simpleexamplewe have seerthekey pointof our
approachlf theprocesghatwe wantto implementtomesrom the
minimization of an enegy, we derive a PDE for the whole space
by computingthegradient-descermtf thewhole-space»densionof
thatenegy. OtherwisegivenaplanarPDEwe recomputets com-
ponentsfor animplicit representatioof the surface. For instance,
anisotropidiffusioncanbe performedon the planeby

ou Vu
ot V- (m) ) )

which minimizesthe enegy 5 [, || Vu || dzdy (see[29)). If
we now wantto performanisotropicdiffusion of scalardataon a
surfaceS, we can eitherrecomputethe gradient-descerftow for
an extensionof the enepgy or just substitutein eg. (9) the corre-
spondingexpressions.Either way, we obtainthe sameresult, the
following PDE,whichis valid in the Euclideanspace:

a_u _ 1 V ( Pvﬂ,VU
ot || Vy | PoyVu ||

In thefollowing sectionmoreequationswill be presented.

I Vi |I> - (10)

3 Experimental examples

We now exemplify the framework just introducedfor a numberof

importantcases.The numericalimplementatiorusedis quite sim-

ple,andrequiresafew linesof C++ code.The CPUtime required
for the diffusion examplesis of a few secondson a PC (512Mb
RAM, 1GHz)underLinux. For thetexture synthesisxamplesthe
CPU time rangesfrom a few minutesto one hour, dependingon

the patternand parameterghosen. All the volumesusedcontain
roughly 1282 voxels. Note onceagainthat dueto the useof only

anarrav bandsurroundinghezerolevel set,theorderof thealgo-

rithmic compleity remainghe same Ontheotherhand the useof

straightforvard Cartesiamumericsreduceghe overall algorithmic
compleity, improving accurag andsimplifying the implementa-
tion.

3.1 Diffusion of scalar images on surfaces

The useof PDE’s for imageenhancemerttasbecomeone of the
mostactive researchareasin imageprocessing6]. In particular
diffusion equationsare commonlyusedfor imageregularization,



denoising,and multiscalerepresentationgepresentinghe image
simultaneouslatseveralscalesor levelsof resolution).Thisstarted
with theworksin [19, 39], wherethe authorssuggestedhe useof
the linear heatflow (1) for this task,wherew representsheimage
grayvalues(the original imageis usedasinitial condition). As we
have seenthisisthegradient-descemf (2), andthegeneralizations
of theseequationdor dataon the surfacearegiven by (4) and(3)
respectrely. In implicit form, the heatflow on surfacesis given
by (7). Figurel shawvs a simpleexampleof imagediffusionon a
surface. Pleasenote that this is not equivalentto performing3D
smoothingof the dataandthenlooking to seewhat happenedn
S. Ourflow, thoughusingextended3D data,performssmoothing
directly on the surface, it is anintrinsic heatflow. The complete
detailsof the numericalimplementatiorof this flow aregiven in
AppendixB (this will onceagainshav how theimplementations
significantlysimplifiedwith the framework heredescribed).

We shouldnotebeforeproceedinghat[18] alsoshavedhow to
regularizeimagesdefinedon a surface. The authors approachs
limited to graphg(notgenericsurfacesyandonly appliesto level set
basedmotions. The approachs simply to projectthe deformation
of thedataon the surfaceontoadeformationon the plane.

3.2 Diffusion of directional data on surfaces

A particularlyinterestingexampleis obtainedwhenwe have unit
vectorsdefinedon the surface. Thatis, we have dataof the form
u:8 — 8" 1. Whenn = 3 our unit vectorslie on the sphere.
Particularexamplesof this are principal directions(or generaldi-
rectionalfields on 3D surfaces)andchromaticityvectors(normal-
ized RGB vectors). This is alsoone of the moststudiedcasesof
the theory of harmonicmapsdueto its physicalrelationshipwith
liquid crystals,andit wasintroducedin [32] for the regularization
of directionaldata,unit vectors,on the plane. This framevork of
harmonicmapswasusedin computemgraphicgfor texturemapping
andsurfaceparameterizatiorgspointedout earlier
We still wantto minimizeanenengy of theform

/ | Vsu | ds,
S

thoughin this caseV s is the vectorialgradientandthe minimizer
is restrictedto be a unit vector It is easyto shaw, e.g.,[4, 31], that
the gradientdescenbf this enegy is given by the coupledsystem
of PDE’s

Ou;
ot

Thisflow guaranteethattheinitial unitvectoru(z, y, 2z, 0) remains
a unit vectoru(z, y, 2, t) all the time, therebyproviding an equa-
tion for isotropic(p = 2) andanisotropic(p = 1) diffusionand
regularizationof unit vectorson a surface.

We cannow proceedhsbefore,andembedhesurfacesS into the
zerolevel-setof ¢, obtainingthefollowing gradientdescentlows:

=divs (|| Vsu |7 Vsui) +ui || Vsu |[?, 1<i<n.

% _ 1 ( Py yVu;
ot VY| | PoyVu ||>~?

(11)
Note onceagainthat althoughthe regularizationis doneintrinsi-
cally on the surface, this equationonly containsCartesiangradi-
ents.An exampleof this flow for anisotropiadiffusion of principal
directionvectorsis givenin Figure2. Ontheleft, we seethe sur
faceof a bunry with its correspondentector field for the major
principaldirection. Any irregularity on the surfaceproducesa no-
ticeablealterationof thisfield, ascanbeseenn thedetailsa andb.
In thedetailsa’ andb’, we seetheresultof applyingtheflow (11).
Onceagain,the implementatiorof this flow with our framewvork

Il Ve II) +ui || PoyVu || .

is straightforvard, while it would requirevery sophisticatedech-
niguesontriangulatedsurfaceqtechniqueshat,in addition,arenot
supportedy theoreticaresults).

Following also the work [32] for color imagesdefinedon the
plane,we shaw in Figure3 how to denoisea colorimagepainted
on an implicit surface. The basicideais to normalizethe RGB
vector(athreedimensionalector)to a unit vectorrepresentinghe
chroma,anddiffusethis unit vectorwith the harmonicmapsflow
(11)2 The correspondingnagnitude representinghe brightness,
is smoothedeparatelyia scalardiffusionflows asthosepresented
before(e.qg.,theintrinsic heatflow or theintrinsic anisotropicheat
flow). Thatis, we have to regularizea maponto S? (the chroma)
andanotheroneonto IR (thebrightness).

3.3 Pattern formation on surfaces via reaction-
diffusion flows

The use of reaction-difusion equationsfor texture synthesisbe-
camevery popularin computergraphicsfollowing the works of
Turk [37] andWitkin andKass[41]. Theseworks follow original
ideasby Turing[36], who shavedhow reactiondiffusionequations
canbeusedto generatgatterns.The basicideain thesemodelsis
to have a numberof “chemicals”that diffuseat differentratesand
thatreactwith eachother The patternis thensynthesizedy as-
signinga brightneswalueto the concentratiorof oneof thechemi-
cals.Theauthordn [37,41] usedtheirequationgor planartextures
andtexturesontriangulatedsurfaces By usingtheframevork here
describedwe cansimply createtextureson (implicit/implicitized)
surfasces,without the elaboratedschemeslevelopedin thosepa-
pers:

Assuminga simpleisotropicmodelwith just two chemicalsu
andus, we have

% = F(U1,U2) + D1 Aua,
% = G(ul,uZ) + D2Auq,

whereD; andD, aretwo constantsepresentinghediffusionrates
andF and@G arethefunctionsthatmodelthereaction.

Introducingour framework, if u1 andu. aredefinedonasurface
S implicitly representedsthezerolevel setof ¢ we have

(91“ _ 1 .
%2 _ Glur,us) + DoV (PoyVua || Vi [}). (13)
A RS AT |

For simpleisotropicpatterns;Turk [37] selected
F(u1,u2) = s(16 — uruz),

G(u1,u2) = s(uruz — u2 — B),

wheres is a constantand 3 is a randomfunction representingr-
regularitiesin the chemicalconcentration. Examplesof this, for
implicit surfaces,aregivenin Figure4 (the coupledPDE’s shavn
abore arerununtil steadystateis achieved). To simulateanisotropic
textures,insteadof usingadditionalchemicalsasin [37], we use

2We re-normalizeat every discretestepof the numericalevolution to
addressleviationsfrom theunit normdueto numericalerrors[8]. We could
alsoextendtheframework in [1] andapplyit to our equations.

3Note that this is not the schemeproposedn [25], wherethe texture
is createdin the full 3D space. Here, the texture is createdvia reaction-
diffusion flows intrinsic to the surface, just the implementationis on the
embeddin@®D space.



anisotropicdiffusion, as suggestedn [41]. For this purposewe
replaceeq.(12) with:

Out 1
ou Wv.((ﬁ - PoyVu)d | W}(B,)

Where7 is a vectorfield tangentto the surface,e.g.,the field of
themajorprincipaldirection(whichfor ourexampleshasbeenalso
accuratelycomputedlirectly ontheimplicit surface usingthetech-
nique proposedn [22]). Note how this particularselectionof the
anisotropiaeaction-difusionflow directionprovidesatexturethat
helpsontheshapeperceptiorof theobject. Additional patternscan
be obtainedwith differentcombinationof the reactionand diffu-
sionpartsof theflow.

= F(u1,u2) + D1

3.4 Flow visualization on 3D surfaces

Inspiredby the work on line integral convolution [5] andthat on
anisotropicdiffusion [27], the authorsof [10] suggestedo use
anisotropicdiffusion to visualizeflows in 2D and 3D. The basic
ideais, startingfrom a randomimage,anisotropicallydiffuseit in

thedirectionsdictatedby theflow field. Theauthorgpresentedery
niceresultsbothin 2D (flows onthe plane)and3D (flows onasur

face),but onceagainusingtriangulatedsurfaceswhich introduce
mary computationabifficulties. In a straightforvard fashionwe
can computetheseanisotropicdiffusion equationson the implicit

surfaceswith the framework hereintroduced andsomeresultsare
presentedh Figure5. Notethecomplicatedopologyandhow both
theinsideandoutsidepartsof the surfacesareeasilyhandledwith

our implicit approach.Also notethat, whenwe choosethe vector
field to be thatof oneof the principaldirections the resultempha-
sizesthesurfaceshape.

4 Concluding remarks

In this paper we have introduceda novel framework for solving
variationalproblemsand PDE’s for datadefinedon surfaces. The
techniqueborrovs ideasfrom the level settheory andthe theory
of harmonicmaps. The surfaceis embeddedn a higherdimen-
sionalfunction, andthe EulerLagrangeflow or PDE is solved in

the Cartesiarcoordinatesystemof this embeddingunction. The
equationsareintrinsic to the implicit surface, following the gen-
eral formulationsin harmonicmaptheory With this framevork
we enjoy accurag, robustnessandsimplicity, asexpectedrom the
computatiorof differentialcharacteristiceniso-surbices(implicit

surfaces).In additionto presentinghe generalapproachwe have
exemplifiedit with equationsarisingin imageprocessingandcom-
putergraphics.We arecurrentlyinvestigatingotherapplicationof

thisframework, e.g,imageinpaintingon surfaceg?2], inverseprob-
lems asthosein [15], andtexture mappingfor implicit surfaces
following [12].
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Appendix A: Heat flow on implicit surfaces
Considering

Blw)i= [ PosTul ) | Ve I de
Q€eR3

andy aperturbatiorof u,

4 o B(u+tp) = / (Poy V- PoyVu)i(y) || Vo | da

Q
_ (o, Y- u
_ / (Pw,w (w ”W”ﬂw»é(w I V4 || da
- / (PeyVu- V)a() || V9 || do
Q
_ oy Y a
[ oo 17w as

- / (P Vo) | Vo | d
- - / V- (PoyVus(y) || V4 [ude
- - / V- (PeuVu || Vi 1)6(6)pda
- [ ey v @) | 90 )
- - / V- (PoyVu | V9 )6
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Sincetheabore hasto bezerofor all 4, we concludethatatthezero
level setof v,

1
—— V- (PyvyVu| VY ) =0,
oy PoeVull Vi 1)
andwe male a naturalextensionto thewholedomainS2 by consid-

eringthis to hold oniit.* We thenobtainthatthe gradientdescent
for the“implicit harmonicenegy” is givenby

ou 1

5 = Togy Y Peevul Vo ). (15)

Appendix B: Numerical implementation of
the heat flow on implicit surfaces

We now provide detailson the numericalimplementationof the
intrinsic heatflow on implicit surfaces. All other equationsre-
portedin this paperare similarly implemented. Recall that all
equationsare on Cartesiangrids, thereby permitting the use of
classicalnumerics. We work on a cubic grid (Az = Ay =
Az = 1), usingan explicit schemewherewe computethe value
ofui; ,, = u(iAz, jAy, kAz, nAt) basednlyin previousvalues
(t = (n — 1)At) of its neighborsj.e., forwardtime differences.

4We have assumedhat|| V4 ||# 0, atleaston a bandsurroundinghe
zerolevel set. This assumptions valid sincewe canmake the embedding
functionto be a distancefunction (|| V¢ ||= 1), or simply multiply 4 by
anotherfunction that guaranteeshat the zero-level setS is presered and
thatthegradientof the new embeddindunctionis notzero.



Firstly, we computethe 3D gradientof « usingforward differ-
ences:

Tiik = Vg“ﬁi,k = (uaje = Uik Uijeie —
Us 5,0 Ui g k41 — Ug,j5.k)

We computethevectorﬁ(z’, j, k), which givesthe directionof

the (outward) normalto theisosurficeof v atthepoint (4, 5, k):
ik = Vige = 3(@itiie — Yiotgks Yijtie —
Vi -1,k Vi 5 k41 — Vijk—1)-

Here we have usedcentral differences. Note that, since is
fixed,ﬁ(i, j, k) doesnotchangen time andwe needonly to com-
puteit once. Its normis: || ﬁ”k |I= (23 :l(Ni’j’k[m])2)%.
Thesquarebracletsdenotethe componentsﬁheveetor Thenwe
computetheintrinsic gradient,i.e., we project Vu onto the plane
normalto N: .

PO) =00 — Loy ik
( N) ),],k JJ.k ( I i,j,)c”z ) s5J»

Finally, we usea backward-diferencesimplementationof the
divergence:

Vo, = wijk[l] —wic 1,5,k [1]+ws e [2] — wij—1,6[2] +
w5k [3] — wijk-1[3]-

With forwardtime differencesthe numericalimplementatiorof

theheatflow onimplicit surfaces(eq. (7)) is then: 3
ntl _an LAt 1 V. ((P=7)7.: i .
Ui ik = Uit (m (P ?)iw I Nigr 1))
If theembeddindunctionis a signeddistanceunction, obtain-
ing eq. (8), this expressionfor the numericalimplementationof
theintrinsic heatflow is simplifiedevenfurther makingit virtually
trivial.

N; i klm]vi j xlm]
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Figure3: Intrinsic vectorfield regularization.Left: original colorimage.Middle: heary noisehasbeenaddedo the 3 color channelsRight:
colorimagereconstructedfter 20 stepsof anisotropidiffusionof the chromavectors.

Figure 4: Texture synthesisvia intrinsic reaction-difusion flows on implicit surfaces. Left: isotropic. Right: anisotropic. Pseudo-color
representationf scalardatais used. The numericalvaluesusedin the computationsvere D; = 1.0, D> = 0.0625,s = 0.025,8 =
12.0 £ 0.1, u1(0) = u2(0) = 4.0.

Figure5: Flow visualizationon implicit 3D surfacesvia intrinsic anisotropicdiffusion flows. Left: flow alignedwith the major principal
directionof the surface. Right: flow alignedwith the minor principal directionof the surface. Pseudo-colorepresentationf scalardatais
used.



