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Abstract

A novel framework for solvingvariationalproblemsandpartialdif-
ferentialequationsfor scalarandvector-valueddatadefinedonsur-
facesis introducedin this paper. Thekey ideais to implicitly rep-
resentthesurfaceasthelevel setof a higherdimensionalfunction,
andsolve thesurfaceequationsin afixedCartesiancoordinatesys-
tem usingthis new embeddingfunction. This therebyeliminates
theneedfor performingcomplicatedandnot-accuratecomputations
on triangulatedsurfaces,as it is commonlydonein the graphics
andnumericalanalysisliterature. We describethe framework and
presentexamplesin texture synthesis,flow field visualization,as
well asimageandvectorfield regularizationfor datadefinedon3D
surfaces.

CR Categories: I.3.6 [ComputerGraphics]: Methodologyand
Techniques—;G.1.8 [Numerical Analysis]: Partial Differential
Equations—;I.4.10[ImageProcessingandComputerVision]: Im-
agerepresentation—;

Keywords: Partialdifferentialequations,implicit surfaces,pattern
formation,naturalphenomena,flow visualization,imageandvector
field regularization.

1 Intr oduction

In a numberof computergraphicsapplications,variationalprob-
lemsandpartial differentialequations(PDE’s) needto be solved
for datadefinedon arbitrarymanifolds,threedimensionalsurfaces
in particular. Examplesof thisaretexturesynthesis[37, 41], vector
field visualization[10], andweathering[11]. In addition,datade-
finedonsurfacesoftenneedsto beregularized,e.g.,aspartof avec-
tor field computationor interpolationprocess[28, 38], for inverse
problems[15], or for surfaceparameterization[12]. Theselastex-
amplescanbe addressedby solving a variationalproblemon the
surface,or its correspondinggradient-descentflow on thesurface,
usingfor examplethetheoryof harmonicmaps[14], whichhasre-
centlybeendemonstratedto beof usefor computergraphicsappli-
cationsaswell, e.g.,[12, 32,43]. All theseequationsaregenerally
solvedon triangulatedor polygonalsurfaces.Thatis, thesurfaceis
givenin polygonal(triangulated)form,andthedatais discretelyde-
finedon it. This involvesthenon-trivial discretizationof theequa-
tions in generalpolygonalgrids,aswell asthe difficult numerical
computationof otherquantitieslikeprojectionsontothediscretized
surface(whencomputinggradientsandLaplaciansfor example).
Although the useof triangulatedsurfacesis extremelypopularin
computergraphics,thereis still not a widely acceptedtechnique
to computedifferential characteristicssuchas tangents,normals,
principaldirections,andcurvatures;seefor example[9, 23,34] for
a few of the approachesin this direction. On the otherhand,it is�
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widely acceptedthatcomputingtheseobjectsfor iso-surfaces(im-
plicit representations)is straightforward andmuchmoreaccurate
and robust. This problemin triangulatedsurfacesbecomeseven
biggerwhenwe not only have to computethesefirst andsecond
orderdifferentialcharacteristicsof thesurface,but alsohave to use
themto solve variationalproblemsandPDE’s for datadefinedon
the surface. Moreover, virtually no analysisexists on numerical
PDE’son non-uniformgridsin thegeneralityneededfor computer
graphics,makingit difficult to understandthe behavior of the nu-
merical implementationand its proximity (or lack thereof)to the
continuousmodel.

In this paperwe presenta new framework to solve variational
problemsandPDE’s for scalarandvector-valueddatadefinedon
surfaces. We use,insteadof a triangulated/polygonalrepresenta-
tion, an implicit representation:our surfacewill be the zero-level
setof a higherdimensionalembeddingfunction(i.e., a 3D volume
with real values,positive outsidethe surfaceand negative inside
it). Implicit surfaceshave beenwidely usedin computergraph-
ics,e.g.,[3, 16, 40], asanalternative representationto triangulated
surfaces.Wesmoothlyextendtheoriginal (scalaror vector-valued)
datalying onthesurfaceto the3D volume,adaptourPDE’saccord-
ingly, andthenperformall thecomputationson theCartesiangrid
correspondingto theembeddingfunction. Thesecomputationsare
neverthelessintrinsic to the surface. The advantagesof usingthe
Cartesiangrid insteadof a triangulatedmesharemany: wecanuse
well studiednumericaltechniques,with accurateerror measures;
the topologyof the underlyingsurfaceit is not an issue;andwe
can derive simple, accurate,robust and elegant implementations.
If the original surfaceis not alreadyin implicit form, andit is for
exampletriangulated,we canuseany of a numberof implicitation
algorithmsthatachieve this representationgivena triangulatedin-
put,e.g.,[13, 20, 33,42]. For example,thepublicdomainsoftware
[21] canbeused.If thedatais justdefinedonthesurface,anexten-
sionof it to thewholevolumeis alsoeasilyachievedusinga PDE,
aswewill see.Therefore,themethodhereproposedworksaswell
for non-implicitsurfacesafterthepreprocessingis performed.This
preprocessingis quitesimpleandno complicatedregriddingneeds
to be doneto go from onesurfacerepresentationto another(see
below). Finally, wewill solve thevariationalproblemor PDEonly
in a bandsurroundingthezerolevel set(a classicalapproach;see
[26]). Therefore,althoughwewill beincreasingby onethedimen-
sionof thespace,thecomputationsremainof thesamecomplexity,
while theaccuracy andsimplicity aresignificantlyimproved.

1.1 Our contrib ution

Representingdeformingsurfacesaslevel setsof higherdimensional
functionswas introducedin [24] asa very efficient techniquefor
numericallystudyingthedeformation(seealso[40] for studieson
the deformationand manipulationof implicit surfacesfor graph-
ics applications).The ideais to representthesurfacedeformation
via theembeddingfunctiondeformation,which addsaccuracy, ro-
bustness,and,asexpected,topologicalliberty. Whenthevelocity
of the deformationis given by the minimizationof an energy, the
authorsin [44] proposeda “variationallevel set” method,where
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they extendedtheenergy (originally definedonly onthesurface)to
the whole� space.This allows for the implementationto be in the
Cartesiangrid. The key of this approachis to go from a “surface
energy” to a“volumeenergy” by usingaDirac’sdeltafunctionthat
concentratesthepenalizationon thegivensurface.

Wewill follow thisgeneraldirectionwith ourfixed,nondeform-
ing surfaces. In our case,what is being“deformed” is the (scalar
or vector-valued)dataon the surface. If this deformationis given
by anenergy-minimizationproblem(asis thecasein datasmooth-
ing applications),wewill extendthedefinitionof theenergy to the
whole3D space,andits minimizationwill beachievedwith aPDE,
whichdespiteits beingintrinsic to theunderlyingsurface,it is also
definedin the wholespace.Therefore,it is easilyimplementable.
This is straightforward,asopposedto approacheswhereonemaps
the surfacedataonto the plane,performsthe requiredoperations
thereand thenmapsthe resultsbackonto the triangulatedrepre-
sentationof the surface; or approachesthat attemptto solve the
problemdirectlyonapolygonalsurface.

Veryinterestingly, thenew framework proposedherealsotellsus
how to translateinto surfacetermsPDE’s thatwe know thatwork
ontheplanebut whichdonotnecessarilyminimizeanenergy (e.g.,
texturesynthesisor flow visualizationPDE’s). Insteadof running
thesePDE’s on theplaneanthenmappingtheresultsontoa trian-
gulatedrepresentationof the surface,or runningthemdirectly on
thetriangulateddomain,we obtaina 3D straightforwardCartesian
grid realizationthat implementsthe equationintrinsically on the
surfaceandwhoseaccuracy dependsonly on thedegreeof spatial
resolution.

Moreover, we considerthat for computingdifferential charac-
teristicsandsolvingPDE’s evenfor triangulatedsurfaces,it might
beappropriateto run animplicitation algorithmasany of theones
usedfor the examplesin this paperandthenwork on the implicit
representation.Currentalgorithmsfor doing this, someof them
publicallyavailable[21], areextremelyaccurateandefficient.

The contribution of this paperis thena new techniqueto effi-
cientlysolveacommonproblemin many computergraphicsappli-
cations:theimplementationof PDE’son3D surfaces.In particular,
weshow how to transformany intrinsicvariationalor PDEequation
into its correspondingonefor implicit surfaces.In thispaperweare
thenproposinga new framework to bettersolve existentproblems
andto helpin building up thesolutionsfor new ones.To exemplify
the techniqueand its generality, we implementandextendpopu-
lar equationspreviously reportedin the literature. Herewe solve
themwith our framework, while in the literatureweresolvedwith
elaborateddiscretizationson triangulatedrepresentations.

2 The general frame work

As mentionedbefore,our approachrequiresusto have animplicit
representationof thegivenfixedsurface,andthedatamustbede-
fined in a bandsurroundingit and not just on the surface. The
implicit surfacesusedin thispaperhave beenderivedfrom public-
domaintriangulatedsurfacesvia thecomputationof a (signed)dis-
tancefunction ���	��
��
���� to the surface � . Arriving at an im-
plicit representationfrom a triangulatedoneis not an issue,there
arepublicly availablealgorithmsthatachieve it in a very efficient
fashion. To exemplify this, in our paperwe have usedseveral of
thesetechniques.For somesurfacestheclassicalHamilton-Jacobi
equation ����������� was solved on a pre-definedgrid enclos-
ing thegivensurfacevia thecomputationallyoptimalapproachde-
visedin [35]. Accurateimplicit surfacesfrom triangulationsof the
orderof onemillion trianglesare obtainedin lessthan two min-
utesof CPU-timewith this technique.Alternatively we usedthe
implementationof the ClosestPoint Transformavailable in [21].
Theteapotandknotsurfaceswereobtainedfrom unorganizeddata
pointsusing the techniquedevised in [45]. We thereforeassume

from now on that the threedimensionalsurface � of interestis
given in implicit form, as the zero level set of a given function�����  "!"#$�  . This functionis negative insidetheclosedbounded
region definedby � , positive outside,Lipschitz continuousa.e.,
with �&%(')��*+�  ! ���"�	�,�-�/.�0 . To ensurethat thedata,which
needsnot to bedefinedoutsideof thesurfaceoriginally, is now de-
finedin thewholeband,onesimplepossibilityis to extendthisdata1 definedon � (i.e thezerolevel setof � ) in sucha form that it is
constantnormalto eachlevel setof � . This meansthe extension
satisfies� 132 ���4�5. . (For simplicity, we assumenow 1 to be
a scalarfunction,althoughwe will alsoaddressin this paperprob-
lemswherethedatadefinedon � is vector-valued. This is solved
in ananalogousfashion.)To solve this we numericallysearchfor
thesteadystatesolutionof theCartesianPDE6 1687:9 sign�	�;���<� 1=2 ���;�>�?.A@
This techniquewasfirst proposedandusedin [7]. Note that this
keepsthegivendata1 on thezerolevel setof � (thegivensurface)
unchanged.

Both the implicitation anddataextension(if requiredat all by
thegivendata),needto bedoneonly onceoff line. Moreover, they
will remainfor all applicationsthatneedthis typeof data.

We will exemplify our framework with the simplestcase,the
heatflow or Laplaceequationfor scalardatadefinedon a surface.
For scalardata 1 definedon theplane,that is, 1 �	��
�B�-�B�  DCD#E�  
it is well known thattheheatflow6 1687 �GF 1 (1)

where F$� �IHKJMLHKN J 9 HKJ�LHKO J is the Laplacian,is the gradientdescent
flow of theDirichlet integral�P Q8R S J �-� 1 � C;T � T ��
 (2)

where� is thegradient.
Eq. (1)performssmoothingof thescalardata1 , andthissmooth-

ing processprogressively decreasesthe energy definedin eq. (2).
If wenow wantto smoothscalardata1 definedon asurface � , we
mustfind theminimizerof theenergy givenby�P QBU �;� U 1 � C T �"
 (3)

Theequationthatminimizesthisenergy is its gradientdescentflow:6 1687 �VF U 1 @ (4)

Here � U is theintrinsicgradientand F U theintrinsicLaplacianor
Laplace-Beltramioperator. Theseareclassicalconceptsin differ-
ential geometry, andbasicallymeanthe naturalextensionsof the
gradientandLaplacianrespectively, consideringall derivativesin-
trinsic to thesurface.For instance,theintrinsic gradientis just the
projectiononto � of theregular3D gradient.

Classically, both in thecomputergraphicsandnumericalanaly-
sis communities,eq. (4) would be implementedin a triangulated
surface, giving place to sophisticatedand elaboratedalgorithms
even for suchsimple flows. We now show how to simplify this
whenconsideringimplicit representations.

Recall that � is given as the zero level set of a function �I��  ! #W�  , � is negative insidethe region boundedby � , positive
outsidewith �4%X')�&*G�  D!Y�Z�"�	���[�\.�0 . We proceednow to
redefinetheabove energy andcomputeits correspondinggradient
descentflow. Let ]^ bea genericthreedimensionalvector, and _;`a
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theoperatorthatprojectsagiventhreedimensionalvectorontothe
planeb orthogonalto ]^ : _-`a � ���dc ]^"e ]^��]^ � C (5)

It is theneasyto show thattheharmonicenergy (3) is equivalent
to (seefor example[30])�P Q U �f_g`h � 1 � C T �"
 (6)

where ]i is the normalto the surface � . In otherwords, � U 1 �_g`h � 1 . Thatis, thegradientintrinsicto thesurface( � U ) is just the
projectionontothesurfaceof the3D Cartesian(classical)gradient� . Wenow embedthis in thefunction � :jC Q U �-� U 1 � C T ��� �P Q U �k_3`h � 1 � C T �� jC Q,l�m R S�n �f_popq�� 1 � Cfr �	�f�-�-�d�?� T ��

where r � 2 � standsfor the delta of Dirac, and all the expressions
above areconsideredin the senseof distributions. Note that first
we got rid of intrinsic derivativesby replacing � U by _g`h � 1 (or_ opq � 1 ) andthenreplacedtheintrinsic integration( s U T � ) by the
explicit one ( s l�m R S n T � ) using the delta function. Intuitively, al-
thoughtheenergy livesin the full space,thedeltafunction forces
thepenaltyto beeffective only on thelevel setof interest.Thelast
equalityincludesthe embedding,andit is basedon the following
simplefacts:

1. ���?� ]i .

2. s l r �	�f�f�-���?� T �:�Vs U T �t� surfacearea.

In AppendixA we show thatthegradientdescentof thisenergy
is givenby 6 1687 � ��-���?� � 2 �u_popq�� 1 �-�d�?�v�w@ (7)

In other words, this equationcorrespondsto the intrinsic heat
flow for dataon an implicit surface. But all the gradientsin this
PDE aredefinedin the threedimensionalCartesianspace,not in
the surface � (this is why we needthe datato be definedat least
on a bandaroundthe surface). The numericalimplementationis
thenstraightforward.This is thebeautyof theapproach!Basically,
for this equationwe usea classicalschemeof forwarddifferences
in time anda successionof forward andbackward differencesin
space(seeAppendixB for details).Theotherequationsin this pa-
peraresimilarly implemented.This follows techniquesasthosein
[29]. Onceagain,dueto theimplicit representation,classicnumer-
ics areused,avoiding elaborateprojectionsonto discretesurfaces
anddiscretizationongeneralmeshes,e.g.,[9, 17].

It is easyto show anumberof importantpropertiesof thisequa-
tion:

1. For any secondembeddingfunction xy�zxp�	�f� , with x�{;|�&. ,
weobtainthesamegradientdescentflow. Sinceboth � and x
have to sharethezerolevel set,andwe areonly interestedin
theflow aroundthis zerolevel set,this meansthattheflow is
(locally) independentof theembeddingfunction.1

1WethankF. Mémoli for helpingwith this fact.

2. If � is the signeddistancefunction, a very popularimplicit
representationof surfaces(obtainedfor examplefrom theim-
plicitationalgorithmspreviouslymentioned),thegradientde-
scentsimplifiesto 6 1687 �G� 2 �u_ opq � 1 �w@ (8)

Wenotethatwecouldalsohavederivedeq.(7) directlyfrom the
harmonicmapsflow 6 1687 �VF U 1 

via the simplegeometryexerciseof computingF U 1 for � in im-
plicit form. This lastpropertyis of particularsignificance.It basi-
cally shows how to solve generalPDE’s, not necessarilygradient-
descentflows, for datadefinedon implicit surfaces. All that we
needto do is to recomputethecomponentsof thePDEfor implicit
representationsof thesurface.Notethat in this way, conceptually,
we canre-defineclassicalplanarPDE’s on implicit surfaces,mak-
ing thembothintrinsicto theunderlyingsurfaceanddefinedon the
wholespace.

Fromthisverysimpleexamplewehaveseenthekey pointof our
approach.If theprocessthatwewantto implementcomesfrom the
minimizationof an energy, we derive a PDE for the whole space
by computingthegradient-descentof thewhole-space-extensionof
thatenergy. Otherwise,givenaplanarPDEwerecomputeits com-
ponentsfor an implicit representationof thesurface.For instance,
anisotropicdiffusioncanbeperformedon theplaneby6 1687 �G� 2p} � 1�-� 1 �A~ 
 (9)

which minimizesthe energy
jC s R S J �g� 1 � T � T � (see[29]). If

we now want to performanisotropicdiffusion of scalardataon a
surface � , we caneitherrecomputethe gradient-descentflow for
an extensionof the energy or just substitutein eq. (9) the corre-
spondingexpressions.Either way, we obtainthe sameresult, the
following PDE,which is valid in theEuclideanspace:6 1687 � ��-�d�?� � 2p} _popq�� 1�;_popq�� 1 � �-���?� ~ @ (10)

In thefollowing sectionmoreequationswill bepresented.

3 Experimental examples

We now exemplify theframework just introducedfor a numberof
importantcases.Thenumericalimplementationusedis quitesim-
ple,andrequiresa few linesof � ++ code.TheCPUtime required
for the diffusion examplesis of a few secondson a PC (512Mb
RAM, 1GHz)underLinux. For thetexturesynthesisexamples,the
CPU time rangesfrom a few minutesto onehour, dependingon
the patternandparameterschosen.All the volumesusedcontain
roughly � PK� ! voxels. Note onceagainthat dueto theuseof only
anarrow bandsurroundingthezerolevel set,theorderof thealgo-
rithmic complexity remainsthesame.Ontheotherhand,theuseof
straightforwardCartesiannumericsreducestheoverall algorithmic
complexity, improving accuracy andsimplifying the implementa-
tion.

3.1 Diffusion of scalar images on surfaces

The useof PDE’s for imageenhancementhasbecomeoneof the
mostactive researchareasin imageprocessing[6]. In particular,
diffusion equationsare commonlyusedfor imageregularization,
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denoising,andmultiscalerepresentations(representingthe image
simultaneously� atseveralscalesor levelsof resolution).Thisstarted
with theworks in [19, 39], wheretheauthorssuggestedtheuseof
the linearheatflow (1) for this task,where 1 representsthe image
grayvalues(theoriginal imageis usedasinitial condition).As we
haveseen,thisis thegradient-descentof (2),andthegeneralizations
of theseequationsfor dataon thesurfacearegiven by (4) and(3)
respectively. In implicit form, the heatflow on surfacesis given
by (7). Figure1 shows a simpleexampleof imagediffusion on a
surface. Pleasenote that this is not equivalent to performing3D
smoothingof the dataandthenlooking to seewhat happenedon� . Our flow, thoughusingextended3D data,performssmoothing
directly on the surface,it is an intrinsic heatflow. The complete
detailsof the numericalimplementationof this flow aregiven in
AppendixB (this will onceagainshow how theimplementationis
significantlysimplifiedwith theframework heredescribed).

We shouldnotebeforeproceedingthat[18] alsoshowedhow to
regularizeimagesdefinedon a surface. The author’s approachis
limited to graphs(notgenericsurfaces)andonly appliesto level set
basedmotions.Theapproachis simply to projectthedeformation
of thedataon thesurfaceontoadeformationon theplane.

3.2 Diffusion of directional data on surfaces

A particularlyinterestingexampleis obtainedwhenwe have unit
vectorsdefinedon the surface. That is, we have dataof the form1 �,�/#��p�A� j . When ����� our unit vectorslie on the sphere.
Particularexamplesof this areprincipal directions(or generaldi-
rectionalfieldson 3D surfaces)andchromaticityvectors(normal-
ized RGB vectors). This is alsooneof the moststudiedcasesof
the theoryof harmonicmapsdueto its physicalrelationshipwith
liquid crystals,andit wasintroducedin [32] for the regularization
of directionaldata,unit vectors,on the plane. This framework of
harmonicmapswasusedin computergraphicsfor texturemapping
andsurfaceparameterization,aspointedout earlier.

Westill wantto minimizeanenergy of theformQ8U �;� U 1 ��� T �"

thoughin this case� U is thevectorialgradientandtheminimizer
is restrictedto bea unit vector. It is easyto show, e.g.,[4, 31], that
thegradientdescentof this energy is givenby thecoupledsystem
of PDE’s6 1��687 � div

Ug� �-� U 1 ��� ��C � U 1��<� 9 1�� �-� U 1 ����
Y�����>���p@
Thisflow guaranteesthattheinitial unit vector1 �	��
���
��A
�.�� remains
a unit vector 1 �	��
���
��A
 7 � all the time, therebyproviding an equa-
tion for isotropic(�G� P ) andanisotropic(�G��� ) diffusion and
regularizationof unit vectorsonasurface.

Wecannow proceedasbefore,andembedthesurface� into the
zerolevel-setof � , obtainingthefollowing gradientdescentflows:6 1 �687 � ��f���G� � 2w} _popq�� 1 ��;_ opq � 1 � Cw� � �-���?� ~ 9 1 � �f_ opq � 1 � � @

(11)
Note onceagainthat althoughthe regularizationis doneintrinsi-
cally on the surface,this equationonly containsCartesiangradi-
ents.An exampleof this flow for anisotropicdiffusionof principal
directionvectorsis given in Figure2. On the left, we seethesur-
faceof a bunny with its correspondentvector field for the major
principaldirection. Any irregularity on thesurfaceproducesa no-
ticeablealterationof thisfield, ascanbeseenin thedetailsa andb.
In thedetailsa’ andb’, we seetheresultof applyingtheflow (11).
Onceagain,the implementationof this flow with our framework

is straightforward, while it would requirevery sophisticatedtech-
niquesontriangulatedsurfaces(techniquesthat,in addition,arenot
supportedby theoreticalresults).

Following also the work [32] for color imagesdefinedon the
plane,we show in Figure3 how to denoisea color imagepainted
on an implicit surface. The basicidea is to normalizethe RGB
vector(a threedimensionalvector)to aunit vectorrepresentingthe
chroma,anddiffusethis unit vectorwith the harmonicmapsflow
(11).2 The correspondingmagnitude,representingthe brightness,
is smoothedseparatelyvia scalardiffusionflowsasthosepresented
before(e.g.,theintrinsic heatflow or theintrinsic anisotropicheat
flow). That is, we have to regularizea maponto � C (thechroma)
andanotheroneonto �  (thebrightness).

3.3 Pattern formation on surfaces via reaction-
diffusion flo ws

The useof reaction-diffusion equationsfor texture synthesisbe-
camevery popular in computergraphicsfollowing the works of
Turk [37] andWitkin andKass[41]. Theseworks follow original
ideasby Turing[36], whoshowedhow reactiondiffusionequations
canbeusedto generatepatterns.Thebasicideain thesemodelsis
to have a numberof “chemicals”thatdiffuseat differentratesand
that reactwith eachother. The patternis thensynthesizedby as-
signingabrightnessvalueto theconcentrationof oneof thechemi-
cals.Theauthorsin [37,41] usedtheirequationsfor planartextures
andtextureson triangulatedsurfaces.By usingtheframework here
described,we cansimply createtextureson (implicit/implicitized)
surfaces,without the elaboratedschemesdevelopedin thosepa-
pers.3

Assuminga simpleisotropicmodelwith just two chemicals1 j
and 1 C , wehave 6 1 j687 �?��� 1 j 
 1 C � 9�� j F 1 j 
6 1 C687 �G�[� 1 j 
 1 C � 9t� C F 1 j 

where� j and � C aretwo constantsrepresentingthediffusionrates
and � and � arethefunctionsthatmodelthereaction.

Introducingourframework, if 1 j and 1 C aredefinedonasurface� implicitly representedasthezerolevel setof � wehave6 1 j687 �?��� 1 j 
 1 C � 9t� j ��-�d�?� � 2 �u_�o>q�� 1 j �-�����v�w
 (12)6 1 C687 �G�[� 1 j 
 1 C � 9�� C ��;���?� � 2 �u_popq�� 1 C �-���?�v�w@ (13)

For simpleisotropicpatterns,Turk [37] selected��� 1 j 
 1 C �Z�G������Dc 1 j 1 C �w
�[� 1 j 
 1 C �Z�V��� 1 j 1 C c 1 C cy p�w

where � is a constantand   is a randomfunction representingir-
regularitiesin the chemicalconcentration.Examplesof this, for
implicit surfaces,aregiven in Figure4 (thecoupledPDE’s shown
abovearerununtil steadystateisachieved).Tosimulateanisotropic
textures,insteadof usingadditionalchemicalsas in [37], we use

2We re-normalizeat every discretestepof the numericalevolution to
addressdeviationsfrom theunit normdueto numericalerrors[8]. Wecould
alsoextendtheframework in [1] andapplyit to ourequations.

3Note that this is not the schemeproposedin [25], wherethe texture
is createdin the full 3D space. Here, the texture is createdvia reaction-
diffusion flows intrinsic to the surface, just the implementationis on the
embedding3D space.
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anisotropicdiffusion, as suggestedin [41]. For this purpose,we
replace¡ eq.(12)with:6 1 j687 �?��� 1 j 
 1 C � 9Y� j ��;���G� � 2 ��� c# T 2 _popq�� 1 j � c# T �-�d�?�v�w


(14)
where

c# T is a vectorfield tangentto the surface,e.g., the field of
themajorprincipaldirection(whichfor ourexampleshasbeenalso
accuratelycomputeddirectlyontheimplicit surface,usingthetech-
niqueproposedin [22]). Note how this particularselectionof the
anisotropicreaction-diffusionflow directionprovidesa texturethat
helpsontheshapeperceptionof theobject.Additionalpatternscan
be obtainedwith differentcombinationsof the reactionanddiffu-
sionpartsof theflow.

3.4 Flow visualization on 3D surfaces

Inspiredby the work on line integral convolution [5] andthat on
anisotropicdiffusion [27], the authorsof [10] suggestedto use
anisotropicdiffusion to visualizeflows in 2D and 3D. The basic
ideais, startingfrom a randomimage,anisotropicallydiffuseit in
thedirectionsdictatedby theflow field. Theauthorspresentedvery
niceresultsbothin 2D (flowson theplane)and3D (flowsonasur-
face),but onceagainusingtriangulatedsurfaceswhich introduce
many computationaldifficulties. In a straightforward fashionwe
cancomputetheseanisotropicdiffusion equationson the implicit
surfaceswith theframework hereintroduced,andsomeresultsare
presentedin Figure5. Notethecomplicatedtopologyandhow both
theinsideandoutsidepartsof thesurfacesareeasilyhandledwith
our implicit approach.Also notethat,whenwe choosethevector
field to bethatof oneof theprincipaldirections,theresultempha-
sizesthesurfaceshape.

4 Conc luding remarks

In this paper, we have introduceda novel framework for solving
variationalproblemsandPDE’s for datadefinedon surfaces.The
techniqueborrows ideasfrom the level set theoryand the theory
of harmonicmaps. The surfaceis embeddedin a higher dimen-
sionalfunction, andthe Euler-Lagrangeflow or PDE is solved in
the Cartesiancoordinatesystemof this embeddingfunction. The
equationsare intrinsic to the implicit surface,following the gen-
eral formulationsin harmonicmap theory. With this framework
weenjoy accuracy, robustness,andsimplicity, asexpectedfrom the
computationof differentialcharacteristicson iso-surfaces(implicit
surfaces).In additionto presentingthegeneralapproach,we have
exemplifiedit with equationsarisingin imageprocessingandcom-
putergraphics.Wearecurrentlyinvestigatingotherapplicationsof
this framework, e.g,imageinpaintingonsurfaces[2], inverseprob-
lems as thosein [15], and texture mappingfor implicit surfaces
following [12].

Ackno wledgment

We thank FacundoMémoli for interestingconversationsduring
this work. The implicit dataprovided by S. BeteluandH. Zhao.
This work was partially supportedby grantsfrom the Office of
Naval ResearchONR-N00014-97-1-0509and ONR-N00014-97-
1-0027,the Office of Naval ResearchYoungInvestigatorAward,
the PresidentialEarly CareerAwardsfor ScientistsandEngineers
(PECASE),a NationalScienceFoundationCAREERAward, the
NationalScienceFoundationLearningandIntelligentSystemsPro-
gram(LIS), NSF-DMS-9706827,ARO-DAAG-55-98-1-0323and
IIE-Uruguay.

Appendix A: Heat flo w on implicit surfaces

Considering¢ � 1 �k� � �P Q,l,m R S n �;_popq�� 1 � C r �	�f�;�;���?� T ��

and £ aperturbationof 1 ,¤¤w¥§¦ ¥	¨ª© ¢ � 1 9 7 £��>� Q l �u_popq�� 1:2 _popq��d£�� r �	�;�;�;����� T �� Q l } _popq�� 1=2>} �d£«c ��� 2 �d£�;���?� C ��� ~¬~ r �	�;�;�;���G� T �� Q l �u_popq�� 1=2 �d£�� r �	�;�;�-���?� T �c Q l �u_�o>qª� 1:2 �d�;� ��� 2 �d£�;���?� C r �	�f�-�-�d�?� T �� Q l �u_ opq � 1=2 �d£�� r �	�;�;�-���?� T �� c Q l � 2 �u_popq�� 1 r �	�;�;�;���?���£ T �� c Q l � 2 �u_popq�� 1 �-���?��� r �	�f�£ T �c Q�l �u_�o>qª� 1:2 �d�;� r { �	�f�-�f���G�®£ T �� c Q l � 2 �u_popq�� 1 �-���?��� r �	�f�£ T �� c QBUB¯�° q ¨,©M± ��;����� � 2 �u_popq�� 1 �;���?���£ T ��@
Sincetheabovehasto bezerofor all £ , weconcludethatat thezero
level setof � , ��;���G� � 2 �u_popq�� 1 �;���G�v�>�?.A

andwemakeanaturalextensionto thewholedomain² by consid-
ering this to hold on it.4 We thenobtainthat the gradientdescent
for the“implicit harmonicenergy” is givenby6 1687 � ��;���G� � 2 �u_ opq � 1 �-�d�?�v�w@ (15)

Appendix B: Numerical implementation of
the heat flo w on implicit surfaces

We now provide detailson the numericalimplementationof the
intrinsic heatflow on implicit surfaces. All other equationsre-
ported in this paperare similarly implemented. Recall that all
equationsare on Cartesiangrids, therebypermitting the use of
classicalnumerics. We work on a cubic grid ( Fd�X�³F��5�F[�y�´� ), usingan explicit scheme,wherewe computethe value
of 1 ��uµ ¶wµ · � 1 �	�¸Fd��
<¹�F���
Mº�F[��
���F 7 � basedonly in previousvalues
(
7 �»�	�¼c��)��F 7 ) of its neighbors,i.e., forwardtimedifferences.

4We have assumedthat ½k¾"¿�½ÁÀÂtÃ , at leaston a bandsurroundingthe
zerolevel set. This assumptionis valid sincewe canmake theembedding
functionto bea distancefunction( ½Ä¾"¿Å½ ÂzÆ ), or simply multiply ¿ by
anotherfunction that guaranteesthat the zero-level set Ç is preserved and
thatthegradientof thenew embeddingfunctionis notzero.
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Firstly, we computethe 3D gradientof 1 usingforward differ-
ences:Èc# ^ ��	µ ¶wµ · � ��É 1 ��	µ ¶wµ · � � 1 �� É j µ ¶wµ · c 1 ��uµ ¶wµ · 
 1 ��	µ ¶ É j µ · c1 ��	µ ¶wµ · 
 1 ��uµ ¶wµ · É j c 1 ��	µ ¶wµ · �w@

We computethevector
c# i �	��
<¹Ê
�º�� , which givesthedirectionof

the(outward)normalto theisosurfaceof � at thepoint �	��
<¹Ê
Mº�� :c# i �	µ ¶wµ · � ��� �	µ ¶wµ · � jC �	� � É j µ ¶wµ · cË� � � j µ ¶wµ · 
� �uµ ¶ É j µ · c� �	µ ¶ � j µ · 
�� �	µ ¶wµ · É j cY� �	µ ¶wµ · � j �w@
Here we have usedcentraldifferences. Note that, since � is

fixed,
c# i �	��
u¹�
Mº�� doesnotchangein timeandweneedonly to com-

pute it once. Its norm is: � c# i �	µ ¶wµ · �v���Ì !Í;¨ j � i �	µ ¶wµ ·ÏÎ ÐÒÑ � C �ÏÓJ @
Thesquarebracketsdenotethecomponentsof thevector. Thenwe
computethe intrinsic gradient,i.e., we project � 1 onto the plane
normalto

c# i
:�u_ c# i c# ^ � ��	µ ¶wµ · � c# ^ ��uµ ¶wµ · c�� Ì nÔ®Õ Ó hªÖu× Ø¸× Ù�Ú ÍkÛÝÜ a Öu× Ø× ÙÊÚ ÍkÛÞ c# i Öu× Ø× Ù Þ J � c# i �	µ ¶wµ · @

Finally, we usea backward-differencesimplementationof the
divergence:� � c# ß �uµ ¶wµ · � ß �uµ ¶wµ ·AÎ � Ñ c ß � � j µ ¶wµ ·�Î � Ñ 9 ß �	µ ¶wµ ·AÎ P Ñ c ß �	µ ¶ � j µ ·BÎ P Ñ 9ß �	µ ¶wµ ·AÎ � Ñ c ß �	µ ¶wµ · � j Î � Ñ @

With forwardtimedifferences,thenumericalimplementationof
theheatflow on implicit surfaces(eq.(7)) is then:1 � É j�uµ ¶wµ · � 1 ��uµ ¶wµ · 9 F 7 � jÞ c# i Ö	× Ø¸× Ù Þ � � 2 ���u_ c# i c# ^ � ��	µ ¶wµ · � c# i �uµ ¶wµ · �v���w@

If theembeddingfunction is a signeddistancefunction,obtain-
ing eq. (8), this expressionfor the numericalimplementationof
theintrinsicheatflow is simplifiedevenfurther, makingit virtually
trivial.
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Figure3: Intrinsicvectorfield regularization.Left: originalcolor image.Middle: heavy noisehasbeenaddedto the3 colorchannels.Right:
color imagereconstructedafter20 stepsof anisotropicdiffusionof thechromavectors.

Figure4: Texture synthesisvia intrinsic reaction-diffusion flows on implicit surfaces. Left: isotropic. Right: anisotropic. Pseudo-color
representationof scalardatais used. The numericalvaluesusedin the computationswere � j ���Á@ .A
 � C �á.Ï@ .Ê� PÁâ 
v�ã�ä.A@ . PÁâ 
M å�� P @ ."æ�.A@ç�Á
 1 j �u.��Z� 1 C �u.��>��è�@ . .

Figure5: Flow visualizationon implicit 3D surfacesvia intrinsic anisotropicdiffusion flows. Left: flow alignedwith the major principal
directionof thesurface.Right: flow alignedwith theminor principaldirectionof thesurface.Pseudo-colorrepresentationof scalardatais
used.


