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Abstract

We ol the proflem of mullifeeie sleren rempalreslion af & snaeth shape oo e gobel region
sesnenielton af & sollesiinn af fmages of the seene. Duelly he preblem of semmenting muliile
mlthealed itnrges af en ofjer! heenmes thel aof eslimaling the solid shage Lhel gives rive o sueh
gneges. We saswne thal the radinniee e stnoalh slelislics. This assplion cevers Lasherinn
wenes wilh stnealh or eotwlend alfeds ao well ws e hotsgenesws lecloves, whick are brswn
ehallenges Lo sleren algorithins haoed o loeal eorrespandense. We pose the sepmenialion pred-
fesn within o parinlional framevork, end woe fool level sl methods lo find the aplimel solufion
numerteally. Our algorithm does nol work in the presence of slrong lecures, where mdiionad
remmalrpslion algoarithing da. I etgags strndfimnl mhbalness o neise wnder the nosminsliong £ fa

deadrted far

1 Imtroduction

Infarring apalial propearlie of A acane Do one o ks nages 18 A oeanleal problam in Compolar
Vision., When mwore Lhan one inaga of Lbhe sama seana ia available, Lha problam s Leadiliooally
appronched by Dral malehing poiola or spall repions aevoss dilleranl ionagees | Loerl aor v pond anea }
and Lhan eombining Lha maalehes into A Lhres-dimanaional modal?. Loeal eorreapondanea hiwawar |
aullara [rom Lhe presance of noise and local minime, which eause mismalebes and oulliars,

Tha obivious anlidola L Lhe eurss of noiss ia Loavoid Local eorcepondanes allopalhar by globally

'9ince polnt-to-polnt, matohng 15 not peedbls due to the apertire problem, pelots are typleally supported by
emall phetoonetrk patches that are matched elng correlatlon methesds or other et imetlons bazsd oo 8 loral
tefnrmattn medel Semetime kel cormepoxlenne axd steren reccnstructlon are com Hned nte 8 slwele step, Inr
hnstance In the varlaticnal appreach o gteren cham ploned by Faugeras and Kerlwen [11].



inlepraling visual informalion owar Pegions in apch imaga. 'This nalurally laads Lo A segovanlalion
problam. Tha diarchy balwean local and region-heaed melhods ia waey elanr in Lha lilbaralura on
sepmaanlalion, whare Lhe lallar are resopniszed As baing mora ragialanl Lo boise Albail mora reslrie-
Live in Lhair AssumpLiong on Lhe eanplaxily of Lhe seane®. The sama eannol ba aaid aboul slareo,
whara Lhe vaal magorily of Lhe alporithma propesed in Lhe lilaealure relies on local eorreapion-
danes. Our ponl in Lhia papar 8 Lo lormolabe ol Lileama slaveo a8 & global region sepovanlalion
peobilam, Lhua eomplamanling axigling alaras alporilthma by providing Lools Lhal worek whan loeal
correApondanca [aila.

Wa presanl an algoritho W reconalruel scana shapa and radianes from A nombear of ealibeaced
imape. YWa maks Lhe essptnsléon Lhal Lha seana ia eompoaed by rigid objecta Lhal aupporl rad innes
[uneliong wilth stnealh sbelisfies. This ineludes Lamberlian objecla wilh sowoeolb albedo [whaee
lowenl enrpaapondanea ia il-posad} as wall ra dansal y Lexlurad obijecls wilh isoliopie or amoolbly-
vl ying aLalislien [wheara loeal eorrespondancas i prona Lo molliple leeal minima} Tharabora,
our alporithm works under eondilions Lhal pravenl Leadilional slares of shapa rom shading Lo
operala. Howavar il ean provide oseful esulls ewan under eondilions awilable for shape Gom
shading [eonalanl albedol and alareo (dense Lextora). The relalion balwean Lhesa malhods is
luatraled piclorially in Fignes 1, wheara Lba domain of oparalion of aach schama ia shown on &
plrna Lhal papresanla Lha amvounl of noise on Lhe inage and Lhe Laxlure denaily of Lhe aurlpces

populaling Lhe ssana.

M, rxal methods Inwolve comptlng derteatlves, and am therefnme extremely emdtive to oolze. Eaglon-haszsd
methexk nwolve compintlng Integrals, and euffer kees from oelss,
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Fiputa 11 Domain of oparation of shapa fom shading, stamo asd stamosopen sAgmantakiod in A poiss-
tAaxkum plana: kba borimotal Axis indicakas incmased dansiky o kba kAaxkum of kba surdms o kba soADR
tha markical Axis iwlicakas the imtansiky of Dodsa in ke imega

1.1 Helation to prior work

Hinea Lhis papar Lowshes Lhe brosd Lopica of sepanlalion and solid shape eesonaleuelion, il
relale Lo & vasdl body of work in Lhe Compuler Yision eomununily. YWe amphadize Lba ralalions

and dilferaneas wilh approaches based on dillaranl resuraplions in Lhe Dollowing Labila.

ALBED) | BADIANCE LIGHT | OUTPLT
STEEEA] # oot chape
CAEYING # oomst, largest, plet,. comlst. ghape, radlancs
JHADING Comeat, koo | ghape
THI WOEK entcith etatlztke enccthest, phet. oondet. hape, radlance

In loenl eorrespondanca-hased alareo (sea [1)] and relaranees Lharain}, one makes Lhe assump-
Linh Lhal Lhe scane is Lambartian and Lha radianes is nowheara eonalanl in ordar Lo recovar A danse
ovdal of Lha Lheea-diswanaional alruclura of Lhe seane. Fauparas and Kariwn [11] posa Lbe alavao
peconalruelion peoblan in & vacialional [eamawork, whara Lha ooal [unelion eoreeponds Lo Lbe
locnl maLching seora. Lo A sansa, Lhia work ean ba inlarpraled as exlanding Lhe approach of [11]
Lo tepgions. 1o shape earving [16], Lhe sama assumplions are uwsed Lo resowr A represanlalion of
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shapa (Lhe fergest shapa Lhal 3 pholomalricaly eonsialanl wilh Lha dala} as well as pholosalry.
W usa m dilfaranl assusaplion, bamaly Lhal radianes and sbhapa ae aowoolh, Lo resowsr & dilfaranl
rapresanlalion (Lhe snesthed ahapa Lhal 5 pholomalrieally eonsislanl wilth Lhe dala in A vari-
ALional sansa} As well ma pholomelry. Tharalore, Lhis work eould be inlerprated as parforming
spaca crrving in R ovarialional Cramework Lo oinimiss Lha alecla of noise. Nola, howavar, Lhal
e A pixal 9 dalaled by Lhe eneving proeaducs, iU can naver ba eeltiewsd. In Lhis sanse, abage
chrving i3 pad-direelional Our alpoeilh, oo Lha olber band, is hidiseclion, in Lhal aurlaees mes
Allowed Lo oavolve inward o oulward. This work alao ralales Lo shapa [ram shading [13] in Lhal il
can ba used Lo pecower shape Dom A numbar of images of seanes wilh eonalanl albedo (allthough
iL ia ool bound by Lhis assumplion}. Howewar, Leadilional shapa Crom aheding opacale on aingla
imapgen undar Lha asurnplion of koown ilumisalion. Thare ia alao & eoaneclion Lo shapa Dom
LaxLura Algorithina [28] b Lhal our alpgorilhon can ba used on aeane wilh dense laxluea, allbough
iL oparale on mulliple views B oppoasd Lo jusl one Finally, Lhara ia & relalionahip baleaan
our reconglruelion malhods and Lha litaralura on shapa om ailhoualles [7], allbough Lha lallar
i basad on local eorrepondancs belwean oecluding houndaries. In a sansa, Lhis wock ern ba
inbarpiraled Aa R pagon-hased malhod Lo reconalruel shapa from ailhoualLes.

Tha malavial in Lhia papear ia Lighlly ralaled Lo & waallh of eoslribulions in Lhe Deld of pepion-
basad sapan LaLion, aleling Gom Mumbord and Shab’s pionearing work [21]) and ineloding [2,
3. 5. 14, 15, 18 32 33 27, 3. Thia line of work stands Lo eamplament loeal eonlour-hased
seponanlalion mathods auch as [14, 33). Thare are also algorilhms Lhal eombing bolh laalures

[4, ]



Lo Lha alhods wsed Lo parloro Lhe acloal reconalruelion, our work ralale Lo Lba lilaralura on

lewal fal raalbods of Oahar and Salhian [24).

1.2 Comtribution= of thie paper

Wa propoae an algorithm Lo resonslruel solid shape and radianes om A nombar of calibraled
views of A seana wilh amolh shape and radianeas or homopeneous Ine laxlura. To Lhe beal of
out koo ledpgs, work in Lhis domain g nowal. Wa lovego loeal mabehing allopalthar and prosess
(repions of} nage globally, which mabke our alporilhms eesislanl Lo woige and loeal exlrama
in Lhe local malehing aeovs. YWa work in o varinlional (ramework, which mabke Lhe anloreing of
pgaaialric priors aueh As anweolbhbes simple, and uaa Lha lewsl sal malhods of Osbar and Salhian
[24] Lo allician Ly sompiule & solulion.

Ouwr algorithn doe fel work in Lha presanes of aleong Laxlure or boundaries on Lhe albadio:;
hiowawer, undar Lhoss eondilions radilional abaseo algorithms based on loeal eocrepondanes or

shape eaeving algorilh s do.

2 A variational formulation

Wea asaur Lhal & seane 8 compoded of A numbar of amwolh Lambarlian aoelaes auppocling
amwwolh Lamberlinn radianes luneliong (or danss Laxlure wilh apalially bomopaneous sLalislie].
Loder such aagumplions, Al of Lha signillean) irradianes diseonlinoilies (o Lexlura diseonlino-
iLiem} wilhin any imaga of Lha seane eoreeapond Lo oeelusions balwean objeels (o Lhe bhackground}.
Thase mautnplions ok Lhe sepmantalion problan wall-posed, although nol ganaral Lo fael,

frue” aeponanlalion in Lhia eoblexl eorreponds direelly Lo Lha shape and pose of Lbhe objecla
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in Lhe seans®. Therafore, we ael up A eml funelional Lo minimiss varialiona wilhin each inage
pepion, whara Lha fen paramelars aee bol Lhe houndaries in Lhe imega Lhamsalves, bul Lha abhagpe

o A aurfaes in spaes whosa cecluding sonlours happen Lo projecl onlboe such houndaries,

Surface of
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Angular Sphere
Coordinates
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Radiance

B

. L "Blue Sky"
Perspective Projection
i " T . Bla(':kgrond
Camera / 4 y (infinite sphere)
Coordinate - - ;

Frame
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Image Data f
(Irradiance)
Surface
Radiance

Fipura2: Wualralion of nolalion used Liodeseribe Lhe unknown auelves and baekgeound (and Lhair
reApaclive radinneed), Lha camara images, and Lhe relevanl mappings balwaan Lhasa objecls.

e crnalder the backgrennd 1o he vt ancther objact that, happens to eooupy the entiee S6ld of vlew (the “hle
Eky” azsumptlem).



2.1 Notation

In whal Inllowa % = (i, g, 2} will rapresent A ganarie poinl of & seane in §? axpresed in global
conrdinale (hraed upon & Dxad ibarlinl relaranes ama) whila 1 = (2555, %} will rapresant Lhe
anma poinl axpresed in “camarn eoordinale relalive Lo an imagga £ ((rom A sequanea of inagees
Iy, ..., dp of Lha seanal. Lo be more precise, wa asaume Lhal Lhe domain £% of Lhe imag J;
balobga Lo a 213 plana giwan by = = 1 and Lhal (25, 35} eonalilole Carleinn eoordinalée wilhin
Lhia imaga plana (Lhe inporlanl poinl bara ia Lhal the eoordinale 2 eorresponda Lo & diveelion
which ia parpendieular Lo Lhe image plana}. Wa lal o 0 1B — (4 x = ®; = (25 ;] davola An
idenl parapwelivwe projeclion onlo Lhis iovage plane, whare 2; = 2gf= and §; = 35 f=; The primary
ohijecla of inlaresl will be A regular surfaee 5 in 3 (wilh Aren alamant dA} aupporling & tadinnes
[unetion £ : 5 — §, and a heekground # which wa Lraal As A aphera of inflnile radivs (“hlue
aky™} with angular esordinale © = (#, 4} Lhal may ba relaled in & one-lo-one mannar wilh Lhe
enordinale R of ench imag domain £ Lhrough the mapping €; (ia. © = &%)}, We Asumea
Lhal Lha hadgground aupporla & dilaranl eadianes lunelion g 0 # — R Given Lhe surfaes S,
wa may parlion Lhe domain 0 of anch imaga 47 inlo A Toreproond™ region #; = w8} C 14,
which hrek-projects onlo Lhe surfaes 3, and ila eomplamanl /75 (Lhe “haekground™ region}, which
baek-projecls ool Lha backpround. Although Lha parapecliva projeclion o 8 ool obe-Lo-obea (and
Lharalore nol inwrlibila}, tha oparalion of heek-projeeling & poinl fom 75 onlo the aurlaes S (hy
Lracing haek along Lha ray dellied by mray} = % oolil the Oral poinl on 5 18 ancounlarad} s
indead one-Lo-one wilh m as iL's invarss, Tharalors, we will maka & alighl abusae of bolalion and
danole back-projection onlo Lhe surlies 3 by w7 % — 5 Finally, in our eompulalions, we

will raka wae of Lha ralalionahip belwean Lhe aran mesaure dd of Lha aulaes 5 and Lha ouarao ve



)l = d¥;adfy of anch imaga doraain, This arises oo Lhe lorm of Lhe eorceponding projeclion
m And ia givan by 22 = —(x;- N}dA whare N danoles the oulward unil normal & of 8

acpraasad in Lhe aame eoardinale syalam ag ;. This nolalion is illosiealed in Fipgura 2.

2.2 Cost furctional

In ardar Lo infar Lhe shapae of A surfaee 5, wa impose R eoal on Lhe diserapaney balwean Lhe
projeclion of & mdel suelaes and Lha relunl nvarau raranla. Sueh poeoal, B(F g 8. depanda upon
Lhe auelwes 5 As well as upon Lhe radianes of Lhasoelves £ and of Lha badiground g We will than
adjual Lhe owsdel suelaee and radianes Lo owaleh Lha masaured inages. Sines Lhe unkoowns (aue e
S and radianees £ g} live in an infnile-dimanaional apace, wa nead Lo ipods cepulacizalion. 1n
parlicular, wa can levarage oo owr assumplion Lhal Lha radianes is soweoth. Howawer, Lhis is auill
ool anough, for Lhe elimaled surfes eould eonvarpa Lo & wary eepular shape Lo oualeh imag
noisa and Nna dalaila. Tharalore, wa impose & geomaltie prior on shapa (awolhoea). Thea aea
Lhe Lhres tnin ingreedianla in ow approach: A dals Odelily e B, (F, g 87 Lhal maraure Lhe
discrapaney halwoah maraured ioages and images pradicled by Lha owdeal, A samoolhness Larm
lor Lha aslimaled radianess & .6 (F 2 5} and A geonmalrie prior B .51 We eonsider Lhe

compodila eoal funelional Lo ba Lhe aum (or wore ganarally A weighled aum} of Lhase Lhres Larms:

B(f, 8,5} = Baamn(¥, 8,5} + Eemown (f, &, 5} + Epeem 5] (1}

Wa conjrelura Lhal, liks in Lha erae of Lhe Mumbord-Shab [unelional [21], thesa ingradianla ave

sullicianl Lo dellnae A unique sololion Lo Lhe mikimiealion peoblan.



Lo parLieular, Lhe gaoonalrie and aroolhnes Larns aea givan by

B = [ 24 (2}

1 _ ] ]
Bt = [ |[Vsf]ad+ [ |[Vg’a0 (3)

which [awor surfaees 5 of lanal surface aren and radianes funelions ¥ and g of lansl quadralic
virialion. (Ve danoles Lhe inlkinie geadianl on Lhe surfacs 5} Finally, Lhe dala Odalily Larm

may ba meraured in Lhe sanae of £3 by

n

Higa =3 ( £ € @ - wdPa + | o) - igu:f,-}}“m;) . (4)

i—1

Ib oeder Lo [aeililalbe Lha eompulalion of Lhe Oral varialion wilh eespecl Lo S, we would calhar
axpreand Lhase inlaprala over Lhe aurlnes S as opposed Lo Lha parlilions 5 and 5. Wa alarl wilth

Lha inlegrala ovar 75 and nola Lhal Lhey are aquivalanl Lo

weMN L,
~ [y 00— P A = [ B, )

Ry

whara e(x} = £(x} — Li{m(x}} and i, N} = —(% - N} /2 Now wa owova Lo Lhe inlegrala ovar

I and nola Lhal Lhay e aquivalanl Lo

LEE Eii} I'iﬂg. - L'_,I {F'}E?[TF;I::JE}]-n; |:j:? J'llr} ol
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whare (%} = g} — (%]} Comhining Lhess “reslruclurad” inlaprals yialds:

fetmyan | (o - elimlsdhotx, M)A

Mola Lhal Lbe Deal inlbagral in Lha abows axpreemion s indapandant of Lha aurles S (and Q9 red icoes
funetion £} and Lhal Lhe seeond inlapral is Lakan owr only A subsel of § givan by o 1(07] Wa
may axprens Lhia as an inLegral owr all of 5 (and Lharaby avoid Lhe use of o; 7 in our axpremion}
by inLrosducing a charpelarialic funelion (e} € {0, 1} nbo Lhe intagrand whare 5%} = 1 Dor
x £ m (R} (reprenantad by the shaded part of Lhe aurfies 5 in Figure 2} and (%} = 0 for
x & o 1) (ie for poinla Lhal are occluded by olhar poinls on 5. We Lharalors oblain Lha

lollowing aquivalanl axpreeagion lie Byo, givan in (4}

= 3 f 080+ [rstx)( G0} - el W) 4). )

Finally, wa axpreas Lhe anlive esdl [unelional by rdding Lhe pecaalric and amoolhness prioes:

50,25 = 3 (f 6+ frlnednd - Hmxhiost, M)

+ J‘{;||‘~:*_qi'||“:m+J{?||'~:fg||“nﬁe+J£:m.

23 Ewolution equation

In order Lo nd Lhe surlaes 5 and Lhe radinness f and g Lhal minimisa Lhe lunelional (1} wa a4l

upy Ab ilaraliva procedurs whare we alael from an inilial aurfaes 5, eompule oplimal red i e
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fand g based wpon Lhis surfaee, and Lben updale 5 Lheough A pgradienl Dow based oo Lhe Deal
varinlion of £(F, g, 57 which wa danols by 55 (Lhan new radianes elimale ave oblained in ordar

Lo updale 5 again}. The varialion of o, which i3 jual Lhe surfaes aven of 5, ia givwn by
d = -—HN
_ﬁ'&'ﬂm_ - ?

whara A danolea maan curvalura and & Lha oulward onil oormal. The varialion of B opams 08
fivan by
d

— g = (K (Vof 4 'V of ) - |[Vaf||#) ¥,

whara K danoli Lhe Gaussinn eurvalues of 5, whare Vg denolas Lhe pradianl of £ Laken wilh
respael Lo isolharmal eoordinales (Lha “inlringie gradianl” on S}, and whara A danoles Lhe second
[undamanLal Torm of 5 wilh respecl Lo Lheda aoordinale.

Tha varinlion of Fam, requires some allanlion. In [ael, Lhe dala Odaelily Leem in (5} inwolves
an axplieil model of oeelusions* via a charpelaialie funelion. Diseonlinuilien in Lhe karnal enuse
mrjor peobilams, lor Lhey ean pesull in varialions Lhal Are saro alioal everywhbara (ag Tor Lhe
casa of eonalanl radianea}. Ona ansy solulion i Lo mollily Lhe eaeresponding peadianl Dow. This
can ba dooe in A malthamalically aound way by inlarpolaling a amoolh fores Oald on Lha sueles
in apmea. Allarnalivaly, Lhe charaelarialie luneliong % in Lhe dala Odalily baem ean ba mollifled

Lharaby making Lha inleaprands difaranlinbla awieywhara,

Lo order Lo Arriva Al Ao avolulion equalion, we nola Lhal Lha eanponanta of Lbe dals Odalily

*The genmietrle tarm and the emoothness tearm am Independeant, of cecliglenes.
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Lartn, Rd axprasiad b equalion (5}, Lhal depand upon 5 haws Lha lollowing Do

(5} = J{] Gilx} - Ny, (6}

Tha pradiant Dows eacreaponding Lo queh anarpy Larms hava Lha lorm

-%ﬁa = (Vs -GN, (7)

whare ¥ danoled Lhe pgradiant wilth tespecl Lo 3 (tecall Lhal g is Lhe represantalion of & poiol

uaitge Lhe camara eoordinaleg associaled wilh imags §; e deseribad in Seclion 2.1} o parlicolae

Gl = —xa() (30} — mlx)) 3 (5)

|

and Lhe divarganes of Gy, allar simplillealion, ia givan by

~Vi-Gi= :—f[:[f — g} [(ds — £} + (s — }](Wxa - 63} + Zosl s — EH(TE -3}, (%)

whara wa have omilled Lhe arpuonanta of £, g and J; for Lha aake of aimaplicily. A parlicularly
niea laaluea of Lhis Doal axpremion [which ia sharad by Lba slandacd Mombord-Shab Lormulalion
for divecl imaga segmantalion} 8 Lhal il dependa ooly upon Lha inege values, nel spen the
gnege grediend, which makes iL lesa sanailive Lo imapga hoise whan sompared Lo olhar varialional
approachen Lo alareo (And Lharalora s likaly Lo erusa Lhe resullinge Dow Lo baeoma “Leappad” in
el rninivaa}. Moliea Lhal Lhe Oral Larm in Lhis Dow inwlwa Lhe gradiant of Lhe charaelarislic

[unelion 5 (Aee Appandixc A} and ia Lhavalora non-earo ooly on Lhe porlions o 5 which project
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(s} ol Lha hestidery of Lha region 3% (ilusiraled by Lhe dashed eurvaon Lhaaurlaes 3 in Figoee
2}, Asauch Lhia Larm may ba direelly associaled wilh & curva avolulion equalion e Lha bound ey
of Lha rapion 57 wilhin Lha domain £% of Lha image §;. Tha second Larm, on Lhe olhar-band, may
b hon-waro over Lhe anlire paleh g (75} of S (illuslealed by anlire Lhe shaded parl of Lha aurfes
S in Figura 2}.

Wa may now wrila down Lhe complale gradienl Qow [or B = B, + Bemagn + B A8

T = 3 (- -0 - )]k + 2l — T
+ (K {Wof, 4 'Vof) - |[Vaf||#) N — HN. (13}

24 Estimating ecene radiance

Ones an ealimale of Lhe auelaes 5 ia availabla, Lha radianes elimabe £ and g omoal ba opdaed.
For agiwn auelnce 3 we ony regacd our anaepey looelional B[S F g} s A lunelion ooly of § and
g and minitnizs il aeeordingy. A nesesaary eondilion ia Lhal £ and g aalialy Lhe Eular-Lagran
aquaLiond for & hased upon Lhe eurranl surlaes 5. Thesa oplimal aslimalas equaliong ave givan by

Lha Iollowing alliplie PIYEs on Lha surlaes 5 and Lha baekground B,
Af=% xlf-L}s  and  Ag=3 gig- i} (11}
i—1 i1

whara A, danoles Lhe Laplacs-Ballami opacalor on Lbha sufacs 5, whare A danoles the Lapla-
cinn oo Lhe brekground B wilh repecl Lo ila aphacical eoncdinale €, and whara 5[0} danole

a charpelarialie funelion for Lha hackground B whara g(@)=1 if &, 18] c 7F and (@)=
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alharwisa.

3 The piecewise constant case

Tha [ull devalopinanl and implanan Lalion of Lha Dow eoceeaponding L Lha e of ganaral piacawise
amwwilh alalislics as deseribed in Seclion 2 8 wall bayond Lhe seopa of Lhis prpar. In Seelion 31
wa Apacialize Lha derivalion of Seclion 2 Lo Lhe crsa of canea wilh pissawiss eonalanl albedo
aLaLiaLies (ia. Lhe funelions f and g dellned on Lhe surlaea S and background & ara approsi maled
m eonalanla}. Thia will peaoll in & paelicularl y simple and aepanl Dow Lhal is emaily inplamanled.

Dwiapile Lha apparanl realriclivanea of Lhe assumplions (e despile the simplicily of Lhe elass
of aeaned eaplured by Lhia oaodal} we show Lbal Lha requlling implamenlalion — which uae laval
gl malhoda — ia axlramaly robusal, Lo Lbe poinl of ardily Loderaling aignilleanl violalions of auch
maumnplions. Wa do g0 in Seelion 32 by maans of axpariownla on peal image sequaness Lhal

palanlly deparl Fom Lha owedel

3.1 Optimal Estimates and Gradiermt Flow

Wa obLain & apecial piecewise eonalhnl® enarpy funelional aa A lioiling case of Lhe more ganaral
anarpy Tunelional (1} by piving Lha amoolhnes Lacon B e inloila waipghl. Lo Lhis casa, Lhe

aily erilienl poinla ara eondlanl trdinnes lunelions. YWa may oblain an equivalanl Tocmolalion by

"We eay “plarewlze mongtant” ewen thowgh each radlancs funeflon 1z toeatsd az & dngle aonstant, dnee the
espmentatinms ehtalned by projectine thoee nhijscts whth oenetant, radlnees cnto the camera Images wloled ples cailas
romatant appreodmatinm to the mages data.
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deopiping Lha B n Larm

-ﬂ':mmm == Erhm +Em#i. [12]

= g (};‘ (£ T (%)} — .I:[i;]}g:ﬁl;+£; (e Ex(3:)) — jil:ii]-}g:ﬁh) +Lﬂ?

and by pasleicling our elraa of rdisaible radiasnes Tunelions £ and g Lo ba only eonalanla, Thia is
AnAloEous Lo Lha sepmanlalion work of Chan and Vesa in [§] who eonsidar Lha piecawisa-sonslanl
waraion of Lhe Mumlord-Shab funetional for Lha sepmanlalion of imapge wilh himodal slalislies,
In Lhis simplar lormulalion, one oo lonper nesds Lo solve & PDE on Lhe suefass 5 oor on Lbe
background H. Lo oblain oplimal alimnale for § and g (Evan Lhe eurvanl localion of Lha sl
S}, o Lhis camn, B aans 18 minimized by selling Lha eonalanla £ and g Lo ba Lha overall aaople
wan of Jp owar Lhe regions M (Ioe anch 1 <€ ¢ < wn} and Lhe owerall sample masn of 4 owar
Lha eomplamaniary regions i rapeclively. The gradienl Dow associaled wilh Lhe Byo, Larm
airnplifles. Raenll Lhal, in Lha panaral eran, Lhe Foae pradianl Dow dapands wpon Lwo Larms (givan
by (F}}, ona of which only aela upon Lha poinla of 5 which projecl o Lhe boundarie of Lha repgions
I, griving risa Lo eurvws avolulions [oe Lhesa sappnan Lalion boundreis, whils Lhe second Lz acla
upon arch anliva paleh of 5 reocialed wilh anch region 37 Lo Lbhe piecewiss eondlanl eraa, Lhis
second Larmn deops oul (aibea il dapands upon Lha peadiant of £, and Lharalora anly Lha boundary

awdlulion Larm ramaing. A sueh, Lhe gradianl Dow Ior Fo s 18 givan by

45 _ [:_E:;?[f—g}[(j;—f}+[j,-—g}]|:‘?:x;-ﬂt;]ﬁ’:] — HN. (15}
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3.2 Experimente

A noumarienl implamanlalion of Lha evolulion equalion abowe haa bean earried oul wilhin Lhe
lewal aal [eaowework of Oaher and Selhian [24]. A number of sequances bas been eaplured and
Lha relaliva posilion and orianlalion of aach camara b bean eompuled waing slandard camara
calihralion maLhods. Hara wa show Lha resulls on Lwo tepresanlalive axparimants. Allhoogh Lhe
aquaLion ahowa Runes Lhal Lhe aeana s populaled by objecls wilth eonslanl albado, Lhe rerdar
will recopEnise Lhal Lha sacane wa have Leabad our alporilhmag on rapeesant aignileanl deapaeLue e
[romn sueh Asaurapilions. They nelude One Lexloees, apecular bighlighla and avan aulbsleolial
calihraliog arpors.

In Figura 3 we show 4 of 22 ealibralad views of A scana Lhal eonlhing Lhreas objecls: Lwo shak-

ard and Lha background. This aeana would sapresanl an ingurmounlablea ehallanga Lo Lradilional

cotrepondanca-braed slavan alporithma: Lhe shakers axhibil wary lillle bexlure (oaaking loeal
cotrepnndanca ill-posad), while Lhe badopground axhibila vary danss Laxlure [making lsenl oorra-
spondanea peona Lo local minima} In addilion, Lhe shakers bave & dack bul shing auelaes, Lhal
rellacla highligghla Lhal muwa ralalive Lo Lha camarn aibes Lha seana ia rolaled while Lha lighl ia kapl
slalinnary. In Figura 4 wea show Lha surlaes avolving [eom A larga allipss Lhal naeilhar eonlaing nor
s eonlained in Lhe shape of Lhe seana, Lo a ol aolid model. Bolies Lhal aame packa of Lha inilial
aurfaca awolw oulward | while olbar parls avolve inward in oeder Lo eonverga Lo Lha Doal ahapa.
Thig hi-diceclionalily ia & lalure of owr alporithm, which ia nol shared - Lor inalanes - by abhage
carving malhodologica. Thare, obes & pixal baa bean delalad | iL ernnol ba ealeiawed . In Figoeas §
wa show Lhe nal requll [rom various vanlage poinla. In Figura 6 wa show Lha Dnal ssgemanlalion

in aoone of Lhe original viewa (Lop}. Wea alao show Lbe sepmentad fovaproond auparimpoaed Lo Lbe
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Figura 3: Odgiaal "l asd peppar” sequascea {4 of 22 viaws).

aiginal imagea. Two of Lha 22 views wara poocly ealibealod | a9 QL ean ba sean [romn Lhe Laega
raprojaction arror. Howawar, Lhis doe nol aighilleanll y imnpeel Lhe Doal resonalroetion, lor Lhave
s an averaging alecl by inlepraling dala [rom all views.

In Figura 7 wa show an image om R asquanes of views of A walaring ean, Logathar wilh Lha

inilial aurlea. The elimated shapw 8 ahown in Figure B

4 Iiscussion

Wa havae prasanled a fasl and allicienl algorithon Lo peconalruel aolid shape and radianes om &
nummbar of ealibrabed views of & seane wilh amwsolh ahapa and eonatanl albedo slalislies. Do Lhe
bwaal of owr koowladpe Lhe alporitho i paw. L anjoys aignillean | pemialanes Lo hoisa ainea il doe
nol paly on Loeal eorrapondanes, and ila domain of oparalion hicaly eonplamanls axisling alacao
reconalruelion Algorithma. Tha axparimanta show Lhal Lha alporilthmoean Lolaralae arrors in camara
calihralion ra weall as aignilleanl violalions of Lhe (admilledly realrieliva} assumplions Lhal Lhe
alporithm ia hased on. Exlanding our implarnanlalion Lo bandle piesewise amsolh rrdinnes and
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Fipura 4 {Pop) Hasdacad surlace dusisg svolulion {6 of 800 slapa). Nolics [hal Lhe niliad sueles
8 peilber coalaing sor B conlained by [he doal surfare. (Bollom) ssgmesled image duddng [he
avedulion Lo [wo dilleasl viawpolala.

LaxLures is hy no merns slraighllorward and g pael of our Tulura resaareh apanda.
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A Computing the gradient of y

Wow wa will addresa Lha Larm W8, whera Wy oawal ba dallbed in Lha distribu lionsl sanse bacrisas
Lha eharpelarislie funelioh v i disesnlinoous. In Lhe ense of A eonwex surfaes, % (5} = 1 whan

SN <0, and (5} =0 whan 3-8 >0, or
x5} =H(- 3 - N3]}

whare H denoles Lha slandard Heawisida [unil abap} [unelion, This expreeaion, howavar | ia ooly
dallned for poinla on Ltha auelnee® Wa taay oblain an axpramion valid avar ywhare il wa axland Lha
weelor [ald of unil oulward normala & [eom Lhe aurfaca S Lo Lha sureounding ambadding spaca.
Lal us enll Lhis axlension &. Wa will aoon sea Lhal Lhe parlicular choica of axlansion will nol

Aol Lha Qnal gradiant Qow. Yea bow wrila
x(X}=H(- X -N(X}} where N(8}=n(5]},
and ax pres Lhe pradiant ke

Vx(X}= — (N + NTX) (X - /)

®Thiz 1z coly coe preihle scpresen for (F). There are many cther valkl ways to express thi fimetlen that,
Wi lead to eddlferent, expresstme fnr ta gradi¥ent. Howsewer, In sach cage the sxpresshn wl ultlmatsaly lneclve &
tkela i flom. The primary purpres of thls appemdly 1s 1o extablsh that 1 le preslhle o comstruet, expresstone for
Vx[[¥) whith are Intrinele to F (1e. do oot depend ipen hew oy 1 extended away fom the aurfane 5.
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which Al & poinl 5 oo Lbe aurlaes, bas Lhe lollwing [orm
Vi =— (N + NT5) 45 N).

T parlorm Lha compuLaLion of J"_.’;'.T;H, wa nola Lhal il 9 posibla Lo axprass Lha spalial eoord inales
X = (&, 4,2} in a neighborhood of any poinl Sgoon Lhe sueface 5 whara S5 N =0 (Lha only poinla
for which Lha abiws axpremion 8 nonsaro} o Larma of local eurvilinaar eoord inale & = (3w, w0}

whare (s, v} Are eoordinales le 3 which are elaled Lo anch olbar and Lo w0 s Tollows:
L X8} = (e, v, w0}, g0, v, 80}, 200, 00, 00} )
2. X(we,w,0} =S5, v} and Lharaloea X (v, v, 0} = 5, (e, ), Xy (e, v, 0 = Sy (b, )
3. Xy(ee, v, 01 = Wi, v}
4 FuxBi=N, SuxN=F., NxZ=5 [(&£=1 F=0G=1}
3. 80,0} = &
6. Fu(0,0} = 50/[|50]] (possible aines 5y - Ay =0}

Wa may now obilain Ah axprasion oz Ny by nolitg Lhal My = Ny Xy and o

Ny = J"_IEU-EU-]
- - i
= | A N Mo [.k:u Xy ,k:w]

T
" [..?i:ux..k_'u. Nox X, .k_'._.x.k_'u]
I:..-'E'.-u}{..-'i'.-u}-..’ifw
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Whean avalualad Al Lhe suelnee poinl Sy, wa ooy uss Lbhe relaliong abowa Lo obilain

m
) _ [Huxﬂ F o T T
J.'Ir?f = . _|"|r.|_II J"Iru J"Irw ] I:E,L KE_']".I"I[
i Hu'SI:I
 [nsal
ﬁr;Hn = = Ny My S
M - B

I-rr""r'l-l- '&}Hu + ':-'"'ru 'Hﬂ]ﬂu +|:-|"_'rul '-E:I]'Jl'lr
Wa now use Lhe [ael Lhal 5 5, ace orthonoral and Lhal By = 55 |[S| L oblain

(N35}-5 = |I5all(Ny - 5o}
=15l - R = —[1BalP (Y - S} = — w15l

yielding

Vi - 8 =x|8]%(5 - ¥}

whara &, denole Lhe normal eorvalura of S in Lha w-diveetion [Lbhe direelion 5 whan 5 - =1},
Tha kay poinl Lo nole hare s Lhal one may darive an inlrinsie axpremion Lor Voy - % which
ulLinnalaly diwa nol depand wpon Lhe exlangion of any fuselion (o welor Dald in Lhia ersa) Gom
Lhe aurlpes inlo ila loeal naighborhood . A8 aweh, we ay lepi limalaly moodal Weys -3 in (L0} and
(13} na A dellh [unelion wilhoul baing eonearted Lbal %3 8 A oparalor oo Lha ambianl apaes of

Lhe surlres 5 as opposed Lo Lhe aueles iaall,
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Fipura & Fieal eslimaled shape lor he walasiag can. V'ha [wo nilial surleeas, a9 sean in Figuse
7 have mergad. Allkough o pround [rull v svallahls Ior hase sequaness, il 9 evidesl (Eal Lhe
Lopolopy asd peoenalsy of e walsddag can bas heen corceclly caplurad.
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Figura % {lop) Raudasd suckes dusing evolulion for [he walating ean
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