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Sincethe introductionof the level setmethod[46] [51] for interface evolution, Hamilton-Jacobequations
which arehomogeneousf degreeonein thegradientof the solutionhave becomea very importanttopicin both
theoreticandnumericalanalysisof PDEs;e.g.[16, 22, 33] and[15, 35, 52, 55, 61]. Onecanfind awiderange
of differentfields involving this type of equation;e.g. optimal control, etching,computergraphicsand vision
[48].

This article documentsvork thatrangesrom the basicstepof level setmethodsthatis, constructingevel
setfunctions,to extendingthe level setmethodto more generalequationsand applications. For clarity, | will
begin by giving a summaryof my researchfollowed by a slightly morein-depthexpositionof eachof the four
topicsanda brief projectionto the futureresearcipossibilities.

With GigaandOsher| workedon extendingandcomputingageneralizatiomf theviscositysolution[16] to a
wider classof Hamilton-JacobEquationsjncluding conseration laws, whosesolutionsdevelop discontinuities
in finite time. In [65], the graphof the solutionis embeddedsthe zerolevel curve of a function satisfyingthe
correspondingdJ equationsn onedimensionhigher A specialsingulardiffusionis combinedwith thelevel set
equatiornto keepthe zerolevel curve asthe graphof the solutionat all time. We provide numericalmethodgor
eachtype of the Hamiltoniansconsideredandour resultsshav anagreemenbetweerthe solutionobtainedthis
way with theentrogy solutionin the caseof scalarconserationlaws, andwith theresultspredictedoy Gigaetal
[28, 29].

In [47], we extendedthe level setmethodto applicationssuchasray tracingthatneed,in somesensemulti-
valuedsolutions.Ourapproachs aclassicaletnovel one— insteadf solvingtheequationn physicalspacewe
solve theequivalentLiouville equationin thereducedohasespacethusavoid thedifficulty of multi-valuedness.
We usethevectorlevel settechnologieslevelopedin [12, 53] to construchumericalapproximation®f the solu-
tion. TransmissionghatsatisfySnell's Law canbe computeddirectly usingour numericalapproachReflections
are handledby solving a simpleinitial-boundary-alue problem. A side projectto this topic is to visualizethe
intersectionf high dimensionakerolevel sets. Our currentpreliminaryapproachs to flow a setof pointsto
theintersectiorthroughminimization.

Relatedto ray tracing, the visibility problemthat occursin mary applicationshasalsobeenstudied. The
problemis asfollows: givenanobserer atz,, andacollectionof closedsurfacess, find theportionsof S thatare
visible from z,. We cameup with a level setbasednulti-resolutionalgorithmthatgivesthethe visible/invisible
regionsof thewholespaceln addition,we gave atheoreticanswetto thevisibility problemathandandderived
the dynamicsof thevisible regionswhenthe obserer is moving.

A portionof my work is relatedto finding the“distancefunctionto giveninterfaces.Thedistancdunctionis
theviscositysolutionof the eikonal equationsubjectto appropriatdboundaryconditions.lt is away to construct
andreinitialize thelevel setfunction suitablefor numericaloperationsin [66], basedon somegeometricaton-
sideratiomrandHuygens’principle,afastandaccuratésauss-Seidelypeschemas developedto find thedistance
to a setof isolatedpointsandline sggments. Also in the sameatrticle, a similar schemeutilizing the “closest
surfaceelement’mapto provide closeinitial guessfor Newton'’s iterationsis developedto find the distanceto
smooth.explicitly definedgeometricabbjects.In addition,in [67], a Godun flux for theanisotropicquadratic



Hamiltonianis derived andcoupledwith the sameiterative procedureo find the distanceon graphs.
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1 Computing discontinuoussolution to a classof Hamilton-J acobi Equationst

In 1983,CrandallandLions[16] firstintroducedhenotionof viscositysolutionfor thistype of equationsbased
on a maximumprinciple andthe order preservingpropertyof parabolicequations.In general,for arny given
Hamilton-Jacobequationof theform

u + H(z,t,u, Du) = 0,

whereH is acontinuoudunctionfrom 2 xRT x RxR"™, non-decreasinim u, andS is anopensubsebf R” , there
existsauniqueuniformly continuousviscositysolutionif theinitial datais boundeduniformly continuous: The
continuity of the solutioncanbe understoodntuitively from the 1D factthat“HJ equationsarethe conseration
laws integratedonce: Theviscositysolutionis sometimesinderstoodsthelimit of thesolutionsto theequation
with vanishingviscosity

Correspondingly Crandalland Lions in [15] proved the corvergenceof two approximationsto the vis-
cosity solution of equationsvhoseHamiltoniansonly dependon Du. This wasgeneralizedy Souganidigo
equationswith variablecoeficientsin [61]. Many sophisticatecdhumericalmethodshave sincebeendeveloped
[35][42][51][52].

However, thereareproblemsn controltheoryanddifferentialgamesvhich demandliscontinuousolutions.
Theoriginalviscositytheorydoesnotapplyto discontinuousnitial data.Thenotionof semi-continuousiscosity
solutionwasfirst introducedby Ishii [32, 34]. Becausef the non-uniquenesm Ishii’s result,othernotionsof
semi-continuousolutionswere proposediy variousauthorg5][6] with differentkinds of additionalproperties
imposedon the Hamiltonian.Someof thesenotionsneedseriousrestrictionson the Hamiltoniansandothersare
implicit in the sensehatthe processesf taking supremumandinfimum areinvolved. As a consequenceyne
cannotdevelop numericalmethodgo construciapproximations.

Finally, for the classof equationswith HamiltoniansH (z, u, Du) nondecreasingn , the authorsin [29]
introduceda new~ notion for semi-continuousolution. This notion of solutionis definedby the evolution of
the zerolevel curve of the auxiliary level setequationwhich embedshe original HJ equation,anapproacHirst
describedn [46]. It is thuscalledthe L-solution. An immediategain from this embeddings thatwe have a
LipschitzcontinuousCauchydatafor thelevel setHamilton-Jacobequation.

Whenthe Hamiltonian H (¢, z, u, Du) is not nondecreasin@ u, the solutionmay develop shocksin finite
time evenif theinitial datais continuous.A new notion calledthe properviscosity solutionwasintroducedin
[28] to track the whole evolution. This notionis consistentwith the entroy solutionwhenthe equationis a
conseration law. We extendthe L-solution approachfor this classof HJ equationswith the introductionof a
singulardiffusive termin theverticaldirectionto theauxiliary level setequationsothatthelevel curveswill not
overturn.

For the classof HJ equationsondecreasin u, we applieda straightforvard Lax-Friedrichstype scheme
to the correspondindevel setequationsThis Lax-Friedrichsschemas extendedo higherorderaccurag using
the WENO approximationfor the partial derivatives[52]. We shaved numericallythat the singulardiffusion
term canbe appliedto computethe shocksolutionfor the more generalclassof HJ equations.In the caseof
conserationlaws, the shocksolutionswe obtainfrom theregularizedevel setequationsatisfythe“equalarea”
entrofy conditionandthusdemonstratéhe validity of our regularizationterms. We emphasizethat basedon
ournumericalresults theglobal propertyof our singulardiffusiontermregularizesour nonconserative level set
equationsuchthattheentrogy conditionis satisfiedduringthetime iterations.

Lastly, weremarkherethatournumericalschemesor thederivedlevel setequationsanbecomputedocally
aroundthe zerolevel curve usingthetechniquedescribedn [53] for efficiency.

1Jointwork with Y. GigaandS. Osher To appeain Mathematicof Computation
Notice thattheconserationlaws donotfall into this cateyory becaus¢he corresponding? mightnotbemonotonen u; e.g.shocks
generallydevelopfrom smoothinitial data.



Model Equations

We first considerthe scalarlD equationu; + H(z,u,uy) = 0 with the Hamiltoniansatisfyingthe following
properties:1) H is Lipschitzin all its aguments2) limy_,o AH (z, u, p/\) exists. In addition,we areconcerned
with the following two classesof equations: 1)Equationswith H,, > 0 but with discontinuousnitial data;
2)Equationsuchasconserationlaws thatdo not belongin thefirst class.

Let usconsidetthefollowing two modelequationsbothof which canbein eitherthefirst or theseconctlass
dependingon the parameters:

¢ Equationghatcontainsbothtermsfrom conserationlaws andfully nonlinearfirst orderterms:
ug + Uty + auluy| =0, a € R; Q)

Theassociatedkvel setequationreads
¢t —y - (asign(ey) |¢e| — ¢z) = 0. (2)

e Equationghatprescribethe normalmotionof thegraphof u:

we = v(u)y/T+u2 = 0; (3)

Thecorrespondindevel setequationis

¢t + sign(éy) v(y)|[V¢| = 0. (4)

The functionwv is the normalvelocity of the graphof u, or the level setsof ¢. If v ever decreaseshen
H, < 0 andtheequationfailsto bein thefirst class.

Geometrical Explanation of the Non-overtur ning Conditions

We needto pay specialattentionin orderto preventthe overturningof the level curvesof ¢. Oneequialent
criterionis to demandhe minimum principle: ¢, (z,y,t) > 0 for t > 0. If this criterionis met, we canignore
thetermsign(¢, ) in thelevel setequation.

Minimization principle

The assumptiorthat the Hamiltonianis non-decreasingn « hasanimportantconsequenceWe presenthere
an argumentaboutthis minimum principle basedon an argumentin [29]. Consider¢”(z,y,t) == ¢(z,y +
h,t), whereh > 0 and¢(z,y,t) is the uniformly continuousviscosity solution of the level setequationg; +
H(z,y,D¢) = 0 with uniformly continuousinitial data¢y(z,y). By a comparisonprinciple [25][33], we
provedthatif ¢"*(z,y,0) — ¢(z,y,0) > 0 for all z andy, theng”(z,t) > ¢(z,t) > 0 !This basicallysaysthat
if ¢y(z,y,t = 0) > 0initially, then¢,(z,y,t) > 0 for all time! It alsoimpliesthat{¢ = c} will remainasa
graphthroughoutthe evolution.

In addition,we alsoshaved thatwith suitableCFL condition,our schemeskeepthe discreteversionof this
importantpropertyof this classof HJ equations.



Figurel: Overturningis causedy the normalvelocity whichis increasingn they-direction.
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Figure 2: Exampleof concaification. Left: the concaification of the flux in Buckley-Leverett equation.
RightV (y) = y?/2 on [0, 1]. Theminimumvalueof M shouldbe1/8.
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Convexification

In light of the level setequation(4), we have a more geometricarequiremenbon the speedfunctionv. By the
methodof characteristicsye know thatv(y) prescribeshenormalvelocity of thelevel setsof ¢. Onthevertical
sggmentsof the level sets,which correspondo jumpsin u, v(y) prescribeshe horizontalvelocity accordingto
y. Overturningwill happerif v(y) is increasingsincetheupperpartof thejump of u movesfasterthanthelower
part. Seefigure 1.

Considetthe primitive function of v:

The non-increasingonditionof v translatego the concavityof V! This factremindsus of oneof the entropy
conditionsfor conseration laws with non-concwae flux function. It saysthatthe entropy solutionof the conser
vation law with non-cowex flux f is the classicalsolutionof the conseration law with the flux f*, where f*
is the minimal concaification of f over the increasingump intenal. This, in turn, provides us a hint on the
regularizationof HJ equationg4) — we needto imposea regularizationthat concaifies the primitive function
ontheverticalsggmentsof thelevel setsandnowhereelse.We have demonstratedumericallythatour proposed
singulardiffusive regularizationtermdoesexactly [65]. Seefigures3 and4.



Figure3: Numericalsolutionsof the Riemanrproblemfor conserationlaws obtainedrom our level setmethod.
Left: Burgers’ equationwith multiple jumps. Right: Non-covex Buckley-LeverettEquationwith flux f(u) =

u?/(u? +1/2(1 —u)?). Thesolution(greencurve) obtainedwithout singulardiffusionis supefimposedto shav

theequalarearule.

Figure4: An exampleof atwo dimensionatalculatiorwith (right) andwithout (left) verticaldiffusion. Theblue
surfaceis theinitial discontinuouslata. Thegreenandyellow surfacesarethesolutionsto u;—u, /1 + u2 + u% =
0 atdifferenttimes.

Singular diffusion

Motivatedby the work on a type of singulardiffusionin [23, 24, 38], we will adda similar singulardiffusion
termin they-directionto bothour modelequations:

9
Oy |¢y|

We first noticethatthis viscosityis actvatedonly whensign(¢,) = ¢, /|$,| changesigns! With M suficiently
large, this term d(sign(¢,)) /0y canbeshawn, atleastformally, to concaify the primitive of the speedunction
ontheverticalpartof thelevel sets[27].

We briefly describenow to find theminimumvalueof M. Considerthe primitive functionV (y) of thespeed
functionv(y) of equation(3) over [a, b] thatis a jump of u. Let V* bethe function whosegraphis the upper
boundaryof the corvex hull of V. Let V3, = V* 4+ M. We claimthat M hasto belarge enoughsuchthatVy, is
tangento or never crossed/*. Seefigure 2 for anexamplewith V' (y) = 32/2. Sincethe purposeof this paperis
to provide thenumericswe referthereaderto the recentpaperof the secondauthor[27] for aformal reasoning.

Figure3 and4 shav someexamplesof our computationatesults.

M|V | )-



2 A phasespacelevel setmethod and its application to geometricaloptics®

Geometricabpticsis animportantareaof study especiallyasan approximatiorfor high frequeng wave prop-
agation[37] in fields including electromagneticsglastics,acousticsand seismology Ray tracing, which uses
a Lagrangianformulationto track quantitiessuchas amplitudesandtravel timesalongthe wavefront by solu-
tionsof therelatedHamiltoniansystem|js the defactocomputationamethod.In the numericalimplementation,
wavefrontsare representedy a finite setof particles,which are then evolved accordingto the Hamiltonian
ODE system. This approachthougheasyto understandsuffers from poor spatialresolutionin an expanding
wavefront.

Eulerianapproachesolve the viscosity solution of the Hamilton-JacobPDEsof geometricaloptics. The
spatialresolutionof the wavefrontis simply controlledby the stepsizeof the underlyinggrid. However, these
approachebave difficultieswhenthewavefrontbecomesnultivaluedbecausehe HJ equationsarewritten for a
singlephaseof thewavefrontsateachpointin space Multiple phases®ccurswhenrayscrossor causticsappear
aphenomenonvhich is handledautomaticallywhenusingLagrangiarmethods.

Thereare several approaches$o overcomingthis difficulty. In [7, 8], the authorsseparatdhe domainof
interestby causticsandcomputedifferentbranche®f the viscositysolutionsin theseregionsandsupefimpose
themin the end. Steinhof et. al. [63] formulatethe front propagatiorproblemby DSE, a formulationwhich
can be consideredo be “orthogonal” to that using level sets. Ruuthet. al. madesomeimprovementson
the original work of [63] in [56]. However, this approachencounterdifficulties involving interpolationand
resolutionasray tracingdoes. The authorsin [20] derived a systemof conseration laws from the geometrical
opticsPDEto find multi-phasesolutionup to a predescribediumberof phasesRecentlyin [21], Engquistet. al.
solve thewavefrontpropagatiorproblemin phasespaceusingthe segmentprojectionmethod[64] for wavefront
representatiom phasespace.

We presenia level setapproactfor following the representationf the wavefrontin areducedphasespace.
Underthisrepresentatiorthereduced.iouville equationgranslataénto asystenof partialdifferentialequations.
Thus, altogether we introduceherean Eulerianand PDE approachoperatingin reducedphasespacefor ray
tracing and constructingwavefrontsthat handlesmultivalued solutionsand spatialresolutionof the wavefront
automatically

Generalformulation

Due to the constraintin space we presentour methodin its mostgeneralform followed by detailsin the two
dimensionatase We aregivena Hamilton-Jacobequationin R* x R andits characteristiequations

dx dp
dt TP dt
the correspondindLiouville equationis alinearPDEwhich sharegshe samecharacteristicequations:

¢+ H(x, V) =0, —Hy;

ug + Hp - Vyu — Hy - Vpu = 0. (5)

For ary time independentHamiltonianhomogeneous V¢, (5) canbe reducedby oneif we setlocally ©® =
p/|p| € S~ andwrite the partial derivatives V,u in termsof Vgu. The reducedphasespacetakesthe form
R™ x S™~ !, which hasdimensior2n — 1, with bicharacterististripsof dimension: — 1. Thusthe codimension
of thebicharacterististripsis n.

3Jointwork with S.Osher L.T. ChangM. Kang,andH. Shim. Submittecto J. Comput.Phys.



Level setformulation

We follow the approachesisedin [10] for a representatiof wavefronts. We introducethe “vector” level set
function® : R?*~! x Rt — R* whosezerosof ® representhebicharacterististripsat eachfixedtime. PDE’s
for theevolution of ® canbedervedfrom Liouville equation(5).

In the caseof eikonalequationg; + c(z)|Vz$| = 0 in two dimensionsye solve

O +v-Vd=0

wherev(z,0) = (c¢(z) cos 8, c¢(x) sinb, ¢z, () sin @ — ¢, (z) cos 6)'. In thefollowing subsectionsynlessother
wisenoted,we consideronly thetwo dimensionatase.
Regularizing the level setfunctions

Let ® = (¢,)". For numericalstability reasonsye maintaing and assigneddistancefunctionsaroundtheir
zerolevel setshy solvingto steadystate

7 +sign(do) (IV4| — 1) =0, < + sign(so)(|V9| — 1) = 0, (6)
andin addition,we enforcethe orthogonalityof the zerolevel setsof ¢ and by solvingto steadystate
N N
¢r +sign (o) —= -V =0, 9 +sign(do) —= - V¢ = 0; (7)
V| V¢l

whereg, andi, are$ andy respectiely, atthattime stept, andr is the artificial time.

Discretization

The PDEsmentionedabore arediscretizedusingfifth orderWENO in spaceandthird orderTVD RK [52] or
fourth orderSSPRK of [62].

Reflectionasan IBVP

Let 002 denotethereflectingboundarywith outwardnormalé,,. Let 8; andfz denotethe angleof theincoming
wavefrontrespectrely on (2. Thenthesetwo quantitiesobey therule of reflection:

Or =20, —0; + m,

wherefy, is takenin the branch[—x, 7]. We evolve ¥ : R? x S! s R? in Q2 with the boundaryconditionsthat
on o9,

T(0) = £8(20, — 0 + 1)

andtheinitial conditiorf
U;la = Foo.

Here ,we assumehatinitially ®; > 0 attheboundary

*In numericalcalculationsye only needto choosea numberargerthen||uw; || oo -



Figure5: The bicharacteristicstrip in reducedphasespaceassociatedo the wavefrontfrom an ellipse moving
inwards.Noteit is smoothandverticalabose the nonsmoottpointsof thewavefront.

Intensity

For the constantindex of refractioncase,the intensity A2 is a consered quantity in time and changesonly
by geometricakpreading.lt canbe obtainedfrom a passie calculationinvolving the Jacobiarof the level set
functions.In generaltheintensitycanbe computedrom theequation

A? = /wdp,

wherew(x, p, t) is thedensity As usual,we rewrite w in thereducedorm andpropagatéy the sameLiouville
type PDEfor thelevel setfunctions.Calculatingtheintensityis a simplepassve operationsrequiringthedensity
to be propagate@dlongwith curve location.



Figure6: A moredetailedlook atthe evolution of theellipse,plottedat differenttimes.
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Figure7: Wavefrontsin a waveguidesimulation. Theindex of refractionis n(z,y) = 1 + e~¥”. Thewavefront
is initially a straightverticalline moving to theright.

Figure8: An exampleof wavefrontsreflectingoff thewalls of therigid boundary
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Figure9: 3D shrinkingellipsoid.
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3 Visibility and the dynamicsof shadovs®

The visibility problemarisesin mary applicationsin differentfields. Given a collection of threedimensional
objectswewantto determinequickly theregionsvisibleto theobserer. It is acrucialstepfor mary applications,
includingvisualization31] andetching[1]. Forexample,n a3D virtual reality environment knowing thevisible
regionshelpsspeedup the renderingof the ervironmentby skippingthe costly computationon thoseoccluded
regions. Having an efficient visibility algorithmwill preventunnecessargomputationn alarge portionof the
whole computationadomain. Recently thereare also variationalformulationsfor surfacereconstructiorthat
needto solve thevisibility problem[36].

The majority of existing algorithmsoperatewith objectsdefinedby setsof polygonsand usespecialized
hardwarethathasbeendevelopedfor acceleratiorof executionspeed.

Theclassicaideasfrom computationajeometrycommunityconcerningay tracingareto designdatastruc-
turesandalgorithmsthatsomehav classifyobjectsin 3D accordingo their spatialrelationssothatqueriesabout
whethera ray intersectsan objectcan be handledefficiently. The ervironmentconsideredusually consistsof
sparsecorvex polygons.We referthereaderto ray tracingliteraturessuchas[43][2] and][3].

Coolg and Teller [13][14] usea kD-tree datastructureto storethe polygonaloccludersto exploit spatial
coherenceandestimatethe changein visibility in spacewhenthe viewpoint is moving (temporalcoherence).
The algorithm is specializedfor environmentswith very large polygonaloccluders. Thoughtheir algorithm
doesnot handleoccluderfusion, it containssomeinterestingideason selectingoccludersdynamicallyusingan
“area-angle’metric

—Af-vU
az
whereA is theareaof theoccluder i its normal,z, theviewpoint, z thepointin questionandd = |z — z,|, and
7= (z — o) /d.

Recently thereweretwo interestingpapersn SIGGRAPHpertainingto visibility preprocessingpr volume
visualization. In [19], Durandet al found all the occludedobjectsby first projectingevery objectonto a set
of referenceplanes. In [57], the authorsconsiderthe spacediscretizedin rectangles/blocksising a quad/oc-
tree datastructure. With opaqueblocks asthe interior of occluders their algorithm then extendsthe opaque
block along eachcoordinateaxis accordingto someheuristicrules. One noticeablething is that the authors
proposdo abandorconsideringpolygonsasoccludersanduseavolumetricapproachThereareotherapproaches
specializedor particularapplicationssuchasanurbanwalk-through.We refertheinterestedeaderso thethesis
of Durand[18] for anextensve overview of theliteratures.

Oneof the simplestideasin finding whethera pointis visible to the obserer is to comparethe geodesiand
Euclideandistancedetweerthe obserer andthe point of interest. However, this algorithmcanonly be made
O(N log N), whereN is the numberof grid points,andthereforeis not optimizedfor real time computation.
Moreover, it is subjectto numericalerrors.

A global visibility algorithm

We presenta new level setbasedalgorithmfor finding occlusionin two andthreedimensions.We are given
thelevel setfunction ¢, suchthat{¢ < 0} is theinterior of objects.By identifying opaqueregionsasthe “in-
side” of alevel setfunctionandsolvingaradially definedcausalityrelation,the algorithmgivesa very accurate
approximationto the occlusionwith respecto a givenviewing positionanda setof occluders.Usinga special-
ized occlusionsweepingour algorithmis linearin the numberof grid pointssurroundinghe occludersandits
parallelizationis trivial.

SWith P. Burchard,L.T. Cheng,S. OsherandG. Sapiro
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Occluderfusionis achieved naturallysincethe embeddedevel setfunctionis a naturalplatformfor meiging
andBooleanoperationsin addition,we emphasizeéhatourlevel setframavork is particularlyadeptin handling
the casesvherethe occludersaarechangingshapegontinuously

Themotivationis asfollows: we obsenre thatthe visibility statusof pointssharingthe sameradialdirection
centeredat the vantagepoint satisfya causalitycondition. Namely if a pointis occludedthenall otherpoints
further away from the vantagepoint in the sameradial directionarealsooccluded.In essenceywe computethe
valueof ¢ (z) by

P(z) = min(y(z), $(z)),
wherez’ is somepoint “before” z in theray direction,dependingn thegrid geometry Eachgrid nodeis visited

by aspecializedweepingprderthatmaintainghe causality Dueto the minimizationandthelinearinterpolation
usedto find z’, the algorithmis [,-stable.

Multi-r esolution

We canimplementedthe above algorithmin a multi-resolutionframevork. This hingesupon the ability to
determinewvhetherary givenvoxel is completely‘inside” or “outside” of the objects.
Let C bethe Lipschitz constantof ¢. Let x. be the centerpoint and z; the verticesof the given voxel V
respectrely. Thenif
$(zc) + Cllze — ;| < 0 Vi,

thenwe know ¢y < 0.

Dynamicsof the shadov boundaries

If we areinterestedonly in the visible facesof given objectsfrom a moving vantagepoint, the mostefficient

algorithmwould be to track the borderof the visible regions. We formulatethe visibility problemso thatthe

points on the boundaryof the visible regionson the surfacescan easily be identified. The dynamicsof these

pointsarederived sothatonecantrackthevisible regionsaccordingto the motion of the vantagepoint z,(¢).
Theboundarie®f visible regionson givensurfacescanbe cateyorizedinto two:

e pointsthatarepartof thehorizon/silhouet (typel);

¢ pointsthatborderthe shadowscastby somesurface*before” it (typell).
To everytypell pointz, therecorrespondsitypel pointz*(z) suchthatz is theshadw of z*; moreprecisely
z —z*(z) L Vo(z*(x)).

Themotionof z is thusdeterminedy thatof z*(z) andthelocal propertyof {¢ = 0}.

The dynamicsof the horizon

In two dimensionsye canderive thefollowing identity from somebasicgeometriddentities:
. 14 .
% — ( r ) — _Ln(x)nL(x)’
Y K |x — X,

wherent (x) = (x—xg)/|x—xo|. In threespacedimensionsthehorizonbecomes closedcuneI'(s) = x(s, t),
wheres is thearclengthof I'(s).

Let P betheplanetangento z,, passinghroughI'(s) andz,. Let 5(o) bethe curve ontheintersectiorof
P andof2. Then,locally at¢ andz, we have a two dimensionalisibility problemon plane P, in which (o)

13



defineshe boundaryof the objects.Following this reasonings shouldnaturallybetakenfrom §(o). Seefigure

This canbeverifiedby consideringhetwo dimensionataseasa sectionof thecylinderin 3D; i.e. the Q(2P)
is really theintersectiorof the planez = 0 andthecylinder QB3P = QD) x R.

The dynamicsof type Il points

Assumethatz is atypell pointandz* is its generatarin two dimensionsthe motionof z is determinedy the
following constraints:
T —x* .
¢(z) =0 and ——— = 7.

|z — |

In threedimensionsye canreducetheinstantaneoumotionto atwo dimensionaproblemonthe“right” section
of thesurface.

The Shadav Generator
z andz*(z) canberelatedby

z*(z) =z —r(z)v(z), with(z) := ﬁ
r(z) canbecomputedby
r(z) = |z — zo| — p(Arg(z — z,)),
where
p(0) = min{|z — z,| : Arg(z — z,) = 0, $(z) < 0}.
Thevisibility indicator
E(z,20) = (¢7(z) — z) - V(2™ (2));

{E =0} N{¢ = 0} is thesetof visible regions.

Reinitialization criterion

Thevisibility problemhasa discontinuousature. Theinvisible objectsmay suddenlybecomesisible during
the journgy of the obserer. With this happensthelink betweentypell pointsandtheir generatorsieedto be
reset.We definethe inverseGaussmapG—! : S' — {¢ = 0} suchthatfor all y € G=1(8), Arg(Vé(y)) = 6.
Thereinitializationis neededvheneer thereexistay € G=1(#) thatlies “between”z andz* (). We canuse
the samemulti-resolutionapproachmentionedaborve to implementthis.
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Figure10: Someresultsof the globalvisibility algorithm. In the 2D casesthe occludersarerepresentedyy the

greencurve andthe shadev boundaries
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Figure11: Reducinga 3D visibility problemto 2D by choosingtheright sectionof the surface.

Figure12: A 3D result. Thefigure ontheleft depictsthe shadav boundaryof the skeletonhandandbunry with
agivenvatangepoint. Thefigure on theleft shavs the horizoncurvesthe generateshe shadov.
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4 Fastmethodsfor solving eikonal equations

In geometricabptics[37], theeikonalequation

\V8:+ 5 =r(z,y) (8)

is derivedfrom theleadingtermin anhigh frequeng asymptoticexpansionof thewave equation.Thelevel sets
of the solution¢ canbeinterpretedasthefirst arrival time of thewave front thatis initially T'.

The eikonal equationalso comesfrom control problemsand its solution be interpretedas the “distance”
functionto I'. We first restrictour attentionto the casein whichr = 1. LetI" bea closedsubsebf R?. It canbe
shawvn easilythatthe distancgunctiondefinedby

d(x) = dist(x,T) := milg1|x —p|, x=(z,9) € R?,
pE

is theviscositysolutionto equation(8) with the boundarycondition
$(x,y) =0 for (z,y) € T

RouyandTourin[55] provedthecornvergenceto theviscositysolutionof aniterative methodsolvingequation
(8) with the Godunw HamiltonianapproximatingV¢|.

Osher{46] providedalink to time dependengikonalequatiorby proving thatthet-level setof ¢(z, y) is the
zerolevel setof theviscositysolutionof the evolution equationattime ¢

Pr = VY|

with appropriatenitial conditions.In fact,thesameis truefor avery generaklassof Hamilton-Jacobequations
(se€46]). As aconsequencenecantry to solve thetime-dependergquationby thelevel setformulation[51]
with high orderapproximationson the partial dervatives[54[35]. CrandallandLions proved thatthe discrete
solutionobtainedwith a consistentmonotoneHamiltoniancornvergesto the desiredviscositysolution[15].

Tsitsiklis [68] combinedthe heapsortwith a variantof the classicalDijkstra algorithmto solve the steady
stateequationof themoregeneralproblem

V| = r(x).

Thiswaslaterredervedin [58] and[30]. It hasbecomeknown asthe fastmarchingmethodwhosecompleity is
O(N log(N)), whereN is the numberof grid points. OsherandHelmsen[49 have extendedthe fastmarching
type methodto somavhatmoregeneraHamilton-Jacobequations.

Sweeping

Danielsson17] proposedan algorithmto computeEuclideandistanceto a subsetof grid pointson a two di-
mensionagrid by visiting eachgrid nodein somepredefinedrders.In [9], BouéandDupuissuggest similar
Gauss-Seidéelsweeping”approachto solve the steadystateequationwhich, by experienceresultsin a O(N)
algorithmfor theproblemat hand.This “sweeping”approachasrecentlybeenusedin [66] and[70] to solve for
the distancefunctionsto a classof explicitly represented’. Using this “sweeping”approachthe compleity of
the algorithmsdropsfrom O(N log N) in thefastmarchingto O(N), andtheimplementatiorof thealgorithms
becomes bit easiethanthefastmarchingmethodthatrequiresheapsort.

In the following two subsectionsywe combinethis sweepingapproacho computethe “distance” function
underdifferentsettings.

16



4.1 Computing the distancefunction to a classof explicitly definedinterfaces®
Moti vation of algorithms

Themotivationfor thealgorithmscomesfrom consideringHuygens’principle “backwards”. Let £ bethepoint
on which we wantto find the distancevalue. Huygens'principle canbe viewed assendingcircularwavesfrom
eachpointin theneighborhoof E attimesprescribedy the distancefunction,andaskingfor the envelopeof
thewavesata certaintime.

We restrictourselesto two dimensiondor simplicity of exposition. Let usfirst considera singlegenerator;
i.e. I' = {y € Q}, whoselocationis unknavn. Supposer; andry arethe distanceof two distinct points
P = (z1,y1), Q@ = (z2,y2) to T, respectiely: i.e. u(P) = r1,u(Q) = r2. Let E = (z,y) beapointof interest
with

|E — 0| > max{u(P),u(Q)}. ©)

Draw a circle Cp of radiusr; centeredat P anda circle Cg of radiusry centeredat Q. It is theneasyto
seethatCp andCy intersectandoneof the intersectionss -y,. Sincethe equationsare quadratic theremight
be two intersectionsi¥ and V. From the hypothesighat F is fartherfrom -, than P and @), we know that
u(F) = max{|E - W|,|E - V|}.

Thus,by enforcingthis sortof upwinding decision whenselectingntersectionsye areableto approximate
the distancefunction. In fact, this is the key propertyfor the succes®f the aforementionedastmarchingand
sweepingnethods.

Generalization

In the spirit of Steinhof’s Dynamic SurfaceExtension[63], we candefinefunctionsthatmapeachpointin R3
to thespaceof (local) representationsf surfacegherethertaeferredassurfaceelements)We canfurtherdefine
thedistanceof apoint P anda surfaceelementS

ist(P, §) := min(P,y).
dist(P, ) := min(P,y)

The’surfaceelement’canbefor examplethetangeniplane,the cunature,or aNURB descriptionof the surface.

In steadbf propagatinglistancevaluesaway from theinterface wepropagatethesurfaceelementnformation
alongthe characteristicsandimposeconditionsthatenforce thefirstarrival propertyof theviscositysolutionof
eikonal equation.The challenges to computethe exactdistancerom a givensurfaceelementandto derive the
“upwinding” criteriafor propagatinghe surfaceinformationthroughouthegrids.

Given a smoothparametrizedurfaceX : I, x I; — R3, our algorithmprovides accuratenitial guessfor
Newton’s iterationson the orthogonalityidentity. Theinitial guessn this cases simply the closestpointsof the
neighborsof x.

Figuresl3, 14,and15 shav our resultsfor someexamples.

4.2 Fastmethodsfor anisotropic eikonal equation’

The problemof finding the distancefunctionin anisotropicmediumcanbe modeledby a slightly moregeneral
form of Hamilton-Jacobgequation:

\/aqﬁ% + bg7 — 2chpdy = 7(x,y), a,b>0,ab> . (10)

®To appeatin J. Comput.Phys.
"With L.T. Cheng,S. OsherandH.K. Zhao,submittecto SIAM J. Num. Anal.
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Figurel3: ComparisorbetweerGodune solution(left) andour algorithm(right). Theisosurficeof thedistance
functionto a setof isolatedpointsis plotted.

Figure14: Two 2 dimensionakxamples Distancecontoursto I" areplotted.

2 sweeps
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This occursin mary applicationsg.g.ray tracingin crystals.Anotherexampleis the geodesidistanceunction
on thegraphof asmoothfunction f(z, y). It canbe shavn [67] thatthe geodesidistancesatisfies

s I _ Jfafy
Z+f+1 2+ 2+1 2+ fi+1

At this point, onemight askif fastmarchingmethodcanbe usedto construciapproximatesolutionsto this class
of HJ equations¥or agivenHamiltonianH (p, q), regardlesf its corvexity, Oshers fastmarchingcriterion

(1 )oa + (1 )bz — 2 butpy =1 (11)

pH, > 0,qH; >0 (12)

ensureshe applicability of the fastmarchingheapsortstratgy. In the classof Hamiltonianshatwe consider

H(p,q) = Vap? + bg® — 2cpy,

aslongasc # 0, it is likely thattheabove criterionis not satisfied.

Instead we usethe Gauss-Seidglsweepingstratgy to updatethe grid values. To computeapproximations
that convergesto the viscosity solution, we solve the value of eachgrid nodein termsof its four neighbors
accordingo thequadraticequatiorformedby themonotonaipwindingGodune Hamiltonian[4] andtheforcing
functionr:

Ha(p+,p-30+,9-) = &Xbyerp_ p 1&teriq_ g H (P, @) =7 (13)
In [67], we derive anexplicit expressiorof the Goduna Hamiltonianin theform:

Hg(p, q-, Q-I—) = H(pa Sgnmax{(Q— - QU)+5 (Q-I— - QU)i} + 90 )a (14)
where

+ +

sgnmax(z,y) = =z if max{zt,y } ==

sgnmax(z,y) = —y~ if max{z",y"} =y,

andastraightforwardalgorithmto solve the resultingquadraticequations.
Comparisongo the steadystateviscositysolutionof

e+ sgr(¢(z, y)) (H(z,y, $z, dy) — (z,y)) = 0. (15)

whered(z,y,t = 0) = ¢(z,y) = 0 for (z,y) € T, and¢ is the solutionobtainedrom the sweepingalgorithm,
andto the casewith known geodesidistance suggesthat our approximationsorverme to the right viscosity
solutionnumerically Figure1l6 and17 shavsthecontoursof thegeodesidistancdunctionsin differentsettings.
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Figure16: Examplef constantoeficientscasewith oscillatoryforcingr(z) = 2.1 —cos(4r2zy). Left: a = 1,
b =1, ¢ = 0, ona 200x200grid, cornvergenceis reachedn 7 sweepingterations. Right: (A very degenerate
casel = 0.375, b = 0.25, ¢ = 0.29. , ona 100x100grid. Noticethatin thiscaseab = 0.0938 is barelygreater
thanc? = 0.0841. Thecontourof thesolutionis plotted. The corvergenceis reachedat 43 sweepingterations.
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Figure17: Examplesof distancefunction on graphs.Left: f(z,y) = /1.0 — (22 + y?), The corvergenceis
reachedfter2 sweepingterationsona 100x100grid. Right: f(z,y) = cos(27z) sin(27y), corvergenceafter9
iterationson a 100x100grid.
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5 A look at the futur e

Eachof thetopicsmentionedabove providesfurtherresearchirections.l will first putdown abrief listing of the
problemsthatl amworking on or interestedn, andelaborateon thosein which | have somepreliminaryresults.

e Phase-spadevel setmethodq47]

— geometricabptics
— fastmarchingimplementation
— themotionof opencurvesandspiral crystalgrowth in materialsscience

Motion by meancunatureof datasetsin high dimension

StrongVertical Diffusion[65]

— bunchingeffectsin crystalgrowth(in preparation)
— systemsof conserationlaws
— applicationgo optimal controlproblems

Visibility

ImageProcessingaffine total variationimagerestorationshaperom shadingandmorphing

Supra-cownergenceonirregulargrids

5.1 Supra-convergenceof somenumerical schemeson irr egular grids®

In additionto thetopicsdescribedn the previous sections) have alsoworked on the corvergencepropertiesof
a classof finite differenceschemeof lineartime dependenPDEsonirregular grids.

Numericalexperimentsuggest secondrderaccurag of theNumeros schemdor thefirstandsecondrder
wave equationsn 1 dimensionwith suitableregularizingterms. Following the paperof KreissandManteufel
onsupra-covergerce [40], we explorethe specialsummingstructureandprove secondrderaccurag for linear
heatequations.

5.2 Visibility

We have endeaoredto look atthevisibility problemof amoving vantagepoint. Ournext stepwill beto fully use
the strengthof thelevel setmethoddn handlingtopologicalchangedo studythevisibility problemof morphing
or pulsatingobjects.

The visibility problemis a comple< onein the sensethat: 1) therearediscontinuitiesin spaceandtime 2)
therearemathematicatonsiderationsn theformulationandthe solutionof the problemaswell asthecomputer
scienceypedatastructureconsiderationsin light of 1), | amtrying to applythe stateof theart shockcalculation
methodsandtheorieso thevisibility problem.

5.3 Strongvertical diffusion

Fromthediscussiorof the singulardiffusiontermabove, we seeintuitively the similarity of the corvexification
of thespeedunctionoverthejumpsto theLax-Oleinikformula[41] andOshersformula[44, 45 for thesolution
to the Riemannproblem.We arecurrentlyinvestigatingthis link.

8With H-O KreissandL.T. Cheng,in preparation.
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Figure18: Exampleof anisotropiccurvaturemotionandbunching
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5.3.1 Anisotropic curvature motion and bunching

In [50, 54] the authorsstudiedthe problemof Wulff shapeghatis relatedto the single sheetcrystalgrowth by
Hamilton-JacobequationsSeealso[60]. It is obseredin experimentd69] thatactualcrystalgrowth consistof
differentsheetseachwith the sameWulff shapen differentorientation.In addition,viewing from the side,the
heightof the sheetsstructureremainsasgraphof a function. The formationof jump discontinuitiesn heightis
calledbunching.

We study anisotropicbunchingin crystalgrowth [26][39] undercurvatureanda singularvertical diffusive
regularization:u : R* x Rt +— R,

ug + M (u, Vu)(V - |§—Z| + C)|Vu| =0.

ThefunctionM : R x R” — R is usuallycalledthe mobility function,which determineshe anisotropiamotion
of thecrystal.If M isincreasingn u, thenshockmaydevelopevenif theinitial datais smooth.Following [65],
we proposea level setformulationwith asingularvertical diffusionregularization:

v 9 ¢a
_—euent _ i 0 e
‘lexn(}g' + )|lem¢\ n|Vr +1¢|8

Tn+1 |¢wn+1 | .
Seefigure 18 for an preliminaryresult. It is a superpositiorof differentlevel setscorrespondindo the Wulff
shapesn eachsheet. Our singulardiffusion term successfullypreventslevel setsfrom “overturning” andthe
cunvaturetermseemso keepthe corvexity of theshapes.

¢t + M($n+la le Ty qs)(Vxl, 1Tn

5.3.2 Systemsof consewation laws

We aregeneralizingheresultof our singularviscosityto studythe solutionof conserationlaws systemandthe
link to Riemanninvariants.Herewe briefly describehow we areapproachinghis problem.
Letd = (u,v) € R, 4(t,z,y) : Rt x R x R? — R? bethe vectorvalueslevel setfunction suchthat
¢(t, z,u(t,z)) = 0. Thesystem
iy + A(@)iy =0
canbeformally translatedo

¢t + ¢yA(y)¢;1¢w =0.

We shallusethe Riemanninvariantsfor the2 x 2 systento diagonalizeA(y) anddesingularizeéheterm ¢;1.
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We proposea singulardiffusiontermsimilar to the scalaronewe used.With analuseof notation,this term
canbewritten as

|V:c,y¢|vy ’ (|Vy¢|_1vy¢)a

whereV, ,¢ is the Jacobiarmatrix of ¢ with respectto = andy, V,¢ = ¢, is the Jacobiarmatrix of ¢, and
|A| := v AA* is theEuclideamormof thematrix A.

5.4 Phase-spacéevel setmethod

By characterizingan opencurve using the phasespacelevel setmethod[47], we do not have the difficulties
commonlyencounteretby level setmethodsl would like to furtherstudythe motionof opencurvesin different
fields.

5.4.1 Spiral crystal growth

In epitaxial growth of high-temperaturesuperconductinghin films, the spiralsare generallybelieved to be a
stepthatterminatesat a scrav dislocation. As atomsattachto the step,it movesnormalto itself exceptat the
dislocation,thusresultingin spiralform. This wasfirst theorizedby Burton, CabreraandFrankin [11]. There
have beenothertheoreticalinvestigationsn the spiral motionaswell asthe numericalimplementationsPlease
see[59] and[69] for moredetail.

| wouldlike to usethe phasespacdevel setmethodto studythistopic. An ultimategoalis to unify the spiral
crystalgronth andthe bunchingphenomenomisingthe singulardiffusionterm,andthusprovide amathematical
theoryandcomputationaframework for simulation.
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