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Sincethe introductionof the level setmethod[46] [51] for interfaceevolution, Hamilton-Jacobiequations
whicharehomogeneousof degreeonein thegradientof thesolutionhavebecomeavery importanttopic in both
theoreticalandnumericalanalysisof PDEs;e.g.[16, 22, 33] and[15, 35, 52, 55, 61]. Onecanfind awide range
of differentfields involving this type of equation;e.g. optimal control, etching,computergraphicsandvision
[48].

This articledocumentswork that rangesfrom thebasicstepof level setmethods,that is, constructinglevel
setfunctions,to extendingthe level setmethodto moregeneralequationsandapplications.For clarity, I will
begin by giving a summaryof my research,followedby a slightly morein-depthexpositionof eachof thefour
topicsandabrief projectionto thefutureresearchpossibilities.

With GigaandOsher, I workedonextendingandcomputingageneralizationof theviscositysolution[16] to a
wider classof Hamilton-JacobiEquations,includingconservation laws,whosesolutionsdevelopdiscontinuities
in finite time. In [65], thegraphof thesolutionis embeddedasthezerolevel curve of a functionsatisfyingthe
correspondingHJ equationsin onedimensionhigher. A specialsingulardiffusionis combinedwith thelevel set
equationto keepthezerolevel curve asthegraphof thesolutionat all time. We provide numericalmethodsfor
eachtypeof theHamiltoniansconsidered,andour resultsshow anagreementbetweenthesolutionobtainedthis
waywith theentropy solutionin thecaseof scalarconservationlaws,andwith theresultspredictedby Gigaetal
[28, 29].

In [47], we extendedthelevel setmethodto applicationssuchasray tracingthatneed,in somesense,multi-
valuedsolutions.Ourapproachisaclassicalyetnovel one— insteadof solvingtheequationin physicalspace,we
solve theequivalentLiouville equationin thereducedphasespace,thusavoid thedifficulty of multi-valuedness.
Weusethevectorlevel settechnologiesdevelopedin [12, 53] to constructnumericalapproximationsof thesolu-
tion. TransmissionsthatsatisfySnell’s Law canbecomputeddirectlyusingournumericalapproach.Reflections
arehandledby solving a simpleinitial-boundary-value problem. A sideprojectto this topic is to visualizethe
intersectionsof high dimensionalzerolevel sets.Our currentpreliminaryapproachis to flow a setof pointsto
theintersectionthroughminimization.

Relatedto ray tracing, the visibility problemthat occursin many applicationshasalsobeenstudied. The
problemis asfollows: givenanobserverat ����� andacollectionof closedsurfaces

� � find theportionsof
�

thatare
visible from ����� Wecameup with a level setbasedmulti-resolutionalgorithmthatgivesthethevisible/invisible
regionsof thewholespace.In addition,wegaveatheoreticalanswerto thevisibility problemathandandderived
thedynamicsof thevisible regionswhentheobserver is moving.

A portionof my work is relatedto findingthe“distance”functionto giveninterfaces.Thedistancefunctionis
theviscositysolutionof theeikonalequationsubjectto appropriateboundaryconditions.It is away to construct
andreinitializethelevel setfunctionsuitablefor numericaloperations.In [66], basedon somegeometricalcon-
siderationandHuygens’principle,a fastandaccurateGauss-Seideltypeschemeis developedto find thedistance
to a setof isolatedpointsandline segments. Also in the samearticle, a similar schemeutilizing the “closest
surfaceelement”mapto provide closeinitial guessfor Newton’s iterationsis developedto find thedistanceto
smooth,explicitly defined,geometricalobjects.In addition,in [67], aGodunov flux for theanisotropicquadratic
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Hamiltonianis derivedandcoupledwith thesameiterative procedureto find thedistanceongraphs.
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1 Computing discontinuoussolution to a classof Hamilton-JacobiEquations1

In 1983,CrandallandLions[16] first introducedthenotionof viscositysolutionfor this typeof equations,based
on a maximumprinciple and the orderpreservingpropertyof parabolicequations. In general,for any given
Hamilton-Jacobiequationof theform 	 
��
�
� ������� 	 ��� 	������ �
where� is acontinuousfunctionfrom ����� �����!� �#" � non-decreasingin

	 � and � is anopensubsetof �$" � there
existsauniqueuniformly continuousviscositysolutionif theinitial datais bounded,uniformly continuous.2 The
continuityof thesolutioncanbeunderstoodintuitively from the1D factthat“HJ equationsaretheconservation
lawsintegratedonce.” Theviscositysolutionis sometimesunderstoodasthelimit of thesolutionsto theequation
with vanishingviscosity.

Correspondingly, Crandall and Lions in [15] proved the convergenceof two approximationsto the vis-
cosity solutionof equationswhoseHamiltoniansonly dependon � 	 . This wasgeneralizedby Souganidisto
equationswith variablecoefficientsin [61]. Many sophisticatednumericalmethodshave sincebeendeveloped
[35][42][51][52].

However, thereareproblemsin controltheoryanddifferentialgameswhichdemanddiscontinuoussolutions.
Theoriginalviscositytheorydoesnotapplyto discontinuousinitial data.Thenotionof semi-continuousviscosity
solutionwasfirst introducedby Ishii [32, 34]. Becauseof thenon-uniquenessin Ishii’s result,othernotionsof
semi-continuoussolutionswereproposedby variousauthors[5][6] with differentkindsof additionalproperties
imposedon theHamiltonian.Someof thesenotionsneedseriousrestrictionson theHamiltoniansandothersare
implicit in thesensethat theprocessesof taking supremumandinfimum areinvolved. As a consequence,one
cannotdevelopnumericalmethodsto constructapproximations.

Finally, for the classof equationswith Hamiltonians�%� �&� 	 ��� 	�� nondecreasingin
	

, the authorsin [29]
introduceda new notion for semi-continuoussolution. This notion of solution is definedby the evolution of
thezerolevel curve of theauxiliary level setequationwhich embedstheoriginal HJ equation,anapproachfirst
describedin [46]. It is thuscalledthe L-solution. An immediategain from this embeddingis that we have a
LipschitzcontinuousCauchydatafor thelevel setHamilton-Jacobiequation.

WhentheHamiltonian �
� ������� 	 ��� 	�� is not nondecreasingin
	
, thesolutionmay developshocksin finite

time even if the initial datais continuous.A new notioncalledtheproperviscositysolutionwasintroducedin
[28] to track the whole evolution. This notion is consistentwith the entropy solutionwhen the equationis a
conservation law. We extendthe L-solution approachfor this classof HJ equationswith the introductionof a
singulardiffusive termin theverticaldirectionto theauxiliary level setequationssothatthelevel curveswill not
overturn.

For theclassof HJ equationsnondecreasingin
	 � we applieda straightforward Lax-Friedrichstypescheme

to thecorrespondinglevel setequations.This Lax-Friedrichsschemeis extendedto higherorderaccuracy using
the WENO approximationfor the partial derivatives [52]. We showed numericallythat the singulardiffusion
term canbe appliedto computethe shocksolutionfor the moregeneralclassof HJ equations.In the caseof
conservationlaws, theshocksolutionsweobtainfrom theregularizedlevel setequationssatisfythe“equalarea”
entropy conditionandthusdemonstratethe validity of our regularizationterms. We emphasize,that basedon
ournumericalresults,theglobalpropertyof oursingulardiffusiontermregularizesournonconservative level set
equationssuchthattheentropy conditionis satisfiedduringthetime iterations.

Lastly, weremarkherethatournumericalschemesfor thederivedlevel setequationscanbecomputedlocally
aroundthezerolevel curve usingthetechniquedescribedin [53] for efficiency.

1Jointwork with Y. GigaandS.Osher. To appearin Mathematicsof Computation
2Noticethattheconservationlawsdonot fall into thiscategorybecausethecorresponding' mightnotbemonotonein ( ; e.g.shocks

generallydevelopfrom smoothinitial data.
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Model Equations

We first considerthe scalar1D equation
	 
)���%� �&� 	 � 	�*+�,�-�

with the Hamiltoniansatisfyingthe following
properties:1) � is Lipschitzin all its arguments;2) .0/0132�465�7 �%� �&� 	 �98�: 7 � exists. In addition,weareconcerned
with the following two classesof equations:1)Equationswith �<;>= �

but with discontinuousinitial data;
2)Equationssuchasconservation laws thatdo notbelongin thefirst class.

Let usconsiderthefollowing two modelequations,bothof whichcanbein eitherthefirst or thesecondclass
dependingon theparameters:? Equationsthatcontainsbothtermsfrom conservation laws andfully nonlinearfirst orderterms:	 
 � 	@	 * �BA 	DC 	 * CE�F� � AHG �JI (1)

Theassociatedlevel setequationreadsK 
MLON,P+�9A sign� K@Q �RC K *@C L K *S�D��� � (2)? Equationsthatprescribethenormalmotionof thegraphof
	
:	 
RLOT�� 	��VU W � 	�X* ��� I (3)

Thecorrespondinglevel setequationisK 
 � sign� K Q � T��YN �ZC [ K CS��� � (4)

The function T is the normalvelocity of the graphof
	
, or the level setsof

K � If T ever decreases,then��;�\ � andtheequationfails to bein thefirst class.

Geometrical Explanation of the Non-overtur ning Conditions

We needto pay specialattentionin order to prevent the overturningof the level curvesof
K
. Oneequivalent

criterion is to demandtheminimumprinciple:
K Q � ��� N ��� � = �

for � = �
. If this criterion is met,we canignore

thetermsign� K@Q � in thelevel setequation.

Minimization principle

The assumptionthat the Hamiltonianis non-decreasingin
	

hasan importantconsequence.We presenthere
an argumentaboutthis minimum principle basedon an argumentin [29]. Consider

K�] � ��� N ��� �_^`� K � �&� Na�b ��� � � where
bdc �

and
K � ��� N ��� � is the uniformly continuousviscositysolutionof the level setequation

K 
 ��
� ��� N ��� K �O�e�
with uniformly continuousinitial data

K 5 � ��� N � . By a comparisonprinciple [25][33], we
provedthat if

K ] � ��� N � �S� L K � ��� N � �S� = �
for all � and N � then

K ] � ����� � = K � ����� � = �
!This basicallysaysthat

if
K@Q � ��� N ��� �f�S� = �

initially, then
K@Q � ��� N ��� � = �

for all time! It alsoimplies that g K �ih�j
will remainasa

graphthroughouttheevolution.
In addition,we alsoshowedthatwith suitableCFL condition,our schemeskeepthediscreteversionof this

importantpropertyof this classof HJ equations.
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Figure1: Overturningis causedby thenormalvelocitywhich is increasingin the N -direction.
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Figure 2: Exampleof concavification. Left: the concavification of the flux in Buckley-Leverett equation.
Right:k �YN �D� N X :ml on n � � W�o � Theminimumvalueof p shouldbe
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Convexification

In light of the level setequation(4), we have a moregeometricalrequirementon thespeedfunction s@t By the
methodof characteristics,weknow that s�uYvxw prescribesthenormalvelocityof thelevel setsof yMt Onthevertical
segmentsof thelevel sets,which correspondto jumpsin z�{|s�uYvxw prescribesthehorizontalvelocity accordingtov . Overturningwill happenif s�uYv}w is increasing,sincetheupperpartof thejumpof z movesfasterthanthelower
part.Seefigure1.

Considertheprimitive functionof s : ~ uYv}w�����s�u���w��r�Et
Thenon-increasingconditionof s translatesto theconcavityof

~
! This fact remindsusof oneof theentropy

conditionsfor conservation laws with non-concave flux function. It saysthat theentropy solutionof theconser-
vation law with non-convex flux � is theclassicalsolutionof the conservation law with the flux �R� , where �R�
is the minimal concavification of � over the increasingjump interval. This, in turn, providesus a hint on the
regularizationof HJ equations(4) — we needto imposea regularizationthatconcavifies theprimitive function
ontheverticalsegmentsof thelevel setsandnowhereelse.Wehavedemonstratednumericallythatourproposed
singulardiffusive regularizationtermdoesexactly [65]. Seefigures3 and4.
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Figure3: Numericalsolutionsof theRiemannproblemfor conservationlawsobtainedfrom our level setmethod.
Left: Burgers’equationwith multiple jumps. Right: Non-convex Buckley-LeverettEquationwith flux � � 	����	 X : � 	 X � W :ml � W L 	�� X � . Thesolution(greencurve)obtainedwithoutsingulardiffusionis super-imposedto show
theequalarearule.
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Figure4: An exampleof a two dimensionalcalculationwith (right) andwithout(left) verticaldiffusion.Theblue

surfaceis theinitial discontinuousdata.Thegreenandyellow surfacesarethesolutionsto
	 
 L 	$� W � 	 X* � 	 XQ ��

at differenttimes.

Singular diffusion

Motivatedby the work on a type of singulardiffusion in [23, 24, 38], we will adda similar singulardiffusion
termin the N -directionto bothourmodelequations:

p C [ K C��� N � K QC K Q C � �
Wefirst noticethatthis viscosityis activatedonlywhensign� K Q ��� K Q : C K Q C changessigns!With p sufficiently
large,this term

� � sign� K Q ��� : � N canbeshown, at leastformally, to concavify theprimitive of thespeedfunction
on theverticalpartof thelevel sets[27].

Webriefly describehow to find theminimumvalueof p � Considertheprimitive function k �YN � of thespeed
function T��YN � of equation(3) over n A ��� o that is a jump of

	
. Let k�� be the function whosegraphis the upper

boundaryof theconvex hull of k � Let k�� � k�� � p � We claim that p hasto belargeenoughsuchthat k@� is
tangentto or nevercrossesk � � Seefigure2 for anexamplewith k �YN ��� N X :mlr� Sincethepurposeof thispaperis
to provide thenumerics,we referthereaderto therecentpaperof thesecondauthor[27] for a formal reasoning.

Figure3 and4 show someexamplesof ourcomputationalresults.
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2 A phasespacelevel setmethodand its application to geometricaloptics3

Geometricalopticsis animportantareaof study, especiallyasanapproximationfor high frequency wave prop-
agation[37] in fields including electromagnetics,elastics,acousticsandseismology. Ray tracing,which uses
a Lagrangianformulationto track quantitiessuchasamplitudesandtravel timesalongthe wavefront by solu-
tionsof therelatedHamiltoniansystem,is thedefactocomputationalmethod.In thenumericalimplementation,
wavefrontsare representedby a finite set of particles,which are then evolved accordingto the Hamiltonian
ODE system.This approach,thougheasyto understand,suffers from poor spatialresolutionin an expanding
wavefront.

Eulerianapproachessolve the viscositysolutionof the Hamilton-JacobiPDEsof geometricaloptics. The
spatialresolutionof thewavefront is simply controlledby thestepsizeof theunderlyinggrid. However, these
approacheshave difficultieswhenthewavefrontbecomesmultivaluedbecausetheHJequationsarewritten for a
singlephaseof thewavefrontsateachpoint in space.Multiple phasesoccurswhenrayscrossor causticsappear,
aphenomenonwhich is handledautomaticallywhenusingLagrangianmethods.

Thereare several approachesto overcomingthis difficulty. In [7, 8], the authorsseparatethe domainof
interestby causticsandcomputedifferentbranchesof theviscositysolutionsin theseregionsandsuper-impose
themin the end. Steinhoff et. al. [63] formulatethe front propagationproblemby DSE,a formulationwhich
can be consideredto be “orthogonal” to that using level sets. Ruuth et. al. madesomeimprovementson
the original work of [63] in [56]. However, this approachencountersdifficulties involving interpolationand
resolutionasray tracingdoes.Theauthorsin [20] derived a systemof conservation laws from thegeometrical
opticsPDEto find multi-phasesolutionupto apredescribednumberof phases.Recently, in [21], Engquistet. al.
solve thewavefrontpropagationproblemin phasespaceusingthesegmentprojectionmethod[64] for wavefront
representationin phasespace.

We presenta level setapproachfor following therepresentationof thewavefront in a reducedphasespace.
Underthisrepresentation,thereducedLiouville equationstranslateinto asystemof partialdifferentialequations.
Thus,altogether, we introduceherean EulerianandPDE approachoperatingin reducedphasespacefor ray
tracingandconstructingwavefrontsthat handlesmultivaluedsolutionsandspatialresolutionof the wavefront
automatically.

General formulation

Due to the constraintin space,we presentour methodin its mostgeneralform followed by detailsin the two
dimensionalcase.WearegivenaHamilton-Jacobiequationin �D"������ andits characteristicequations�K 
 �
�%�Y� � [ �K ����� ��� �� � � ��� �E�S�� � � L��<� I
thecorrespondingLiouville equationis a linearPDEwhichsharesthesamecharacteristicsequations:	 
 �%���3P [ � 	 L��<��P [ � 	���� � (5)

For any time independentHamiltonianhomogeneousin
[ �K

, (5) canbe reducedby oneif we set locally � �
� : C � C G � "+ R¡ andwrite thepartialderivatives

[ � 	 in termsof
[�¢&	 � Thereducedphasespacetakestheform�D"_� � "S R¡ � whichhasdimensionl�£ L W � with bicharacteristicstripsof dimension£ L W � Thusthecodimension

of thebicharacteristicstripsis £D�
3Jointwork with S.Osher, L.T. Chang,M. Kang,andH. Shim.Submittedto J.Comput.Phys.
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Level setformulation

We follow the approachesusedin [10] for a representationof wavefronts. We introducethe “vector” level set
function ¤ ^ � X "+ R¡ �a� �¦¥§ � " whosezerosof ¤ representthebicharacteristicstripsateachfixedtime. PDE’s
for theevolution of ¤ canbederivedfrom Liouville equation(5).

In thecaseof eikonalequation
�K 
 � h � � �ZC [ * �K CS���

in two dimensions,we solve¤ 
 �
T!P©¨[ ¤ ���
whereT�� ����ª �©� � h � � �r«V¬E­ ª}� h � � �r­ /0® ªx� h *m¯ � � �r­ /°® ª L h *�± � � �r«V¬E­ ª �³² � In thefollowing subsections,unlessother-
wisenoted,we consideronly thetwo dimensionalcase.

Regularizing the level setfunctions

Let ¤ � � K ��´ �³² � For numericalstability reasons,we maintain
K

and ´ assigneddistancefunctionsaroundtheir
zerolevel setsby solvingto steadystate�K@µ � sign� �K 5 � � C [ �K C L W������ � �´ µ � sign� �´ 5 � � C [ �´ C L W������ � (6)

andin addition,we enforcetheorthogonalityof thezerolevel setsof
K

and ´ by solvingto steadystate�K@µ � sign � �´ 5 � [ �´C [ �´ C P [ �K ��� � �´ µ � sign � �K 5 � [ �KC [ �K C P [ �´ ��� I (7)

where
�K 5 and

�´ 5 are
K

and ´ respectively, at thattimestep � , and ¶ is theartificial time.

Discretization

The PDEsmentionedabove arediscretizedusingfifth orderWENO in spaceandthird orderTVD RK [52] or
fourthorderSSPRK of [62].

Reflectionasan IBVP

Let
� � denotethereflectingboundarywith outwardnormal ª " � Let ª�· and ªm¸ denotetheangleof theincoming

wavefrontrespectively on � . Thenthesetwo quantitiesobey theruleof reflection:ª�¸ � lmª " L ª�· �
¹ �
where ªm¸ is taken in thebranch n L�¹ � ¹ o � We evolve º ^ � X � � ¡ ¥§ � X in � with theboundaryconditionsthat
on
� � � º � ª �D��» ¤ � lmª " L ª �
¹ �

andtheinitial condition4 º½¼ C ¾¿��À!Á �
Here,we assumethatinitially ¤©¼ = � at theboundary.

4In numericalcalculations,we only needto choosea numberlargerthen ÂÃÂ (|Ä³ÂÃÂ Å½Æ
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Figure5: Thebicharacteristicstrip in reducedphasespaceassociatedto thewavefront from an ellipsemoving
inwards.Noteit is smoothandverticalabove thenonsmoothpointsof thewavefront.
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Intensity

For the constantindex of refractioncase,the intensity Ç X is a conserved quantity in time and changesonly
by geometricalspreading.It canbe obtainedfrom a passive calculationinvolving theJacobianof the level set
functions.In general,theintensitycanbecomputedfrom theequation

Ç X ��ÈÊÉ �S� �
where

É �Y� � � ��� � is thedensity. As usual,werewrite
É

in thereducedform andpropagateby thesameLiouville
typePDEfor thelevel setfunctions.Calculatingtheintensityis asimplepassiveoperations,requiringthedensity
to bepropagatedalongwith curve location.
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Figure6: A moredetailedlook at theevolution of theellipse,plottedat differenttimes.
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Figure9: 3D shrinkingellipsoid.
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3 Visibility and the dynamicsof shadows5

The visibility problemarisesin many applicationsin differentfields. Given a collectionof threedimensional
objects,wewantto determinequickly theregionsvisibleto theobserver. It is acrucialstepfor many applications,
includingvisualization[31] andetching[1]. Forexample,in a3D virtual realityenvironment,knowing thevisible
regionshelpsspeedup therenderingof theenvironmentby skippingthecostlycomputationon thoseoccluded
regions. Having anefficient visibility algorithmwill preventunnecessarycomputationin a large portionof the
whole computationaldomain. Recently, therearealsovariationalformulationsfor surfacereconstructionthat
needto solve thevisibility problem[36].

The majority of existing algorithmsoperatewith objectsdefinedby setsof polygonsandusespecialized
hardwarethathasbeendevelopedfor accelerationof executionspeed.

Theclassicalideasfrom computationalgeometrycommunityconcerningray tracingareto designdatastruc-
turesandalgorithmsthatsomehow classifyobjectsin 3D accordingto theirspatialrelationssothatqueriesabout
whethera ray intersectsan objectcanbe handledefficiently. The environmentconsideredusuallyconsistsof
sparseconvex polygons.Wereferthereaderto ray tracingliteraturessuchas[43][2] and[3].

Coorg andTeller [13][14] usea kD-tree datastructureto storethe polygonaloccludersto exploit spatial
coherence,andestimatethe changein visibility in spacewhenthe viewpoint is moving (temporalcoherence).
The algorithm is specializedfor environmentswith very large polygonaloccluders. Thoughtheir algorithm
doesnot handleoccluderfusion,it containssomeinterestingideason selectingoccludersdynamicallyusingan
“area-angle”metric L Ç ¨£ P ¨T� X �
whereÇ is theareaof theoccluder, ¨£ its normal, ��� theviewpoint, � thepoint in question,and � �fC � L ��� C � and¨T � � � L � � � : � .

Recently, thereweretwo interestingpapersin SIGGRAPHpertainingto visibility preprocessingfor volume
visualization. In [19], Durandet al found all the occludedobjectsby first projectingevery objectonto a set
of referenceplanes. In [57], the authorsconsiderthe spacediscretizedin rectangles/blocksusinga quad/oc-
treedatastructure. With opaqueblocksas the interior of occluders,their algorithmthenextendsthe opaque
block alongeachcoordinateaxis accordingto someheuristicrules. One noticeablething is that the authors
proposeto abandonconsideringpolygonsasoccludersanduseavolumetricapproach.Thereareotherapproaches
specializedfor particularapplicationssuchasanurbanwalk-through.Werefertheinterestedreadersto thethesis
of Durand[18] for anextensive overview of theliteratures.

Oneof thesimplestideasin finding whetherapoint is visible to theobserver is to comparethegeodesicand
Euclideandistancesbetweentheobserver andthepoint of interest.However, this algorithmcanonly bemadeÎ �9Ï . ¬|Ð Ï � � where Ï is the numberof grid points,andthereforeis not optimizedfor real time computation.
Moreover, it is subjectto numericalerrors.

A global visibility algorithm

We presenta new level setbasedalgorithmfor finding occlusionin two andthreedimensions.We aregiven
the level setfunction

K � suchthat g KBÑ �rj
is the interior of objects.By identifying opaqueregionsasthe “in-

side” of a level setfunctionandsolvinga radially definedcausalityrelation,thealgorithmgivesa very accurate
approximationto theocclusionwith respectto a givenviewing positionanda setof occluders.Usinga special-
izedocclusionsweeping,our algorithmis linear in thenumberof grid pointssurroundingtheoccludersandits
parallelizationis trivial.

5With P. Burchard,L.T. Cheng,S.Osher, andG. Sapiro
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Occluderfusionis achievednaturallysincetheembeddedlevel setfunctionis anaturalplatformfor merging
andBooleanoperations.In addition,we emphasizethatour level setframework is particularlyadeptin handling
thecaseswheretheoccludersarechangingshapescontinuously.

Themotivationis asfollows: we observe that thevisibility statusof pointssharingthesameradialdirection
centeredat thevantagepoint satisfya causalitycondition. Namely, if a point is occluded,thenall otherpoints
furtheraway from thevantagepoint in thesameradialdirectionarealsooccluded.In essence,we computethe
valueof ´ � � � by ´ � � � � 1Ò/0® � ´ � � ² � � K � � ��� �
where� ² is somepoint “before” � in theraydirection,dependingon thegrid geometry. Eachgrid nodeis visited
by aspecializedsweepingorderthatmaintainsthecausality. Dueto theminimizationandthelinearinterpolation
usedto find � ² � thealgorithmis ÓÕÔ -stable.

Multi-r esolution

We can implementedthe above algorithm in a multi-resolutionframework. This hingesupon the ability to
determinewhetherany givenvoxel is completely“inside” or “outside”of theobjects.

Let Ö be the Lipschitz constantof
K � Let ��× be the centerpoint and � ¼ the verticesof the given voxel k

respectively. Thenif K � ��× � � Ö CØC ��× L � ¼ CØC Ñ �%Ù�Ú �
thenwe know

K C Û Ñ � �
Dynamicsof the shadow boundaries

If we are interestedonly in the visible facesof given objectsfrom a moving vantagepoint, the mostefficient
algorithmwould be to track the borderof the visible regions. We formulatethe visibility problemso that the
pointson the boundaryof the visible regionson the surfacescaneasilybe identified. The dynamicsof these
pointsarederivedsothatonecantrackthevisible regionsaccordingto themotionof thevantagepoint ��� � � � .

Theboundariesof visible regionson givensurfacescanbecategorizedinto two:? pointsthatarepartof thehorizon/silhouette (typeI);? pointsthatbordertheshadowscastby somesurface“before” it (typeII).

To every typeII point ��� therecorrespondsa typeI point � � � � � suchthat � is theshadow of � ��I moreprecisely� L � � � � � Ü�[ K � � � � � ��� �
Themotionof � is thusdeterminedby thatof � � � � � andthelocalpropertyof g K ���rj �
The dynamicsof the horizon

In two dimensions,we canderive thefollowing identity from somebasicgeometricidentities:Ý� �ßÞ Ý� ÝNdà � Wá Ý��� P £ �Y� �C �¿L�� � C £�â �Y� � �
where£ â �Y� ��� �Y�JL½� 5 � : C �©L½� 5 C � In threespacedimensions,thehorizonbecomesaclosedcurve ã ��ä �D� � ��ä ��� � �
where ä is thearclengthof ã ��ä � �

Let å betheplanetangentto
Ý� � � passingthrough ã ��ä � and � 5 � Let æ �9ç � bethecurve on theintersectionofå and

� � � Then,locally at � and �&� we have a two dimensionalvisibility problemon plane å � in which æ �9ç �
13



definestheboundaryof theobjects.Following this reasoning,á shouldnaturallybetakenfrom æ �9ç � � Seefigure
.

Thiscanbeverifiedby consideringthetwo dimensionalcaseasasectionof thecylinder in 3D; i.e. the �½è X�éDê
is really theintersectionof theplaneë ���

andthecylinder � èíì éDê � � è X�éDê �H� �
The dynamicsof type II points

Assumethat � is a typeII point and � � is its generator. In two dimensions,themotionof � is determinedby the
following constraints: K � � � ���

and
� L � �C � L � � C � ¨î��

In threedimensions,wecanreducetheinstantaneousmotionto atwo dimensionalproblemonthe“right” section
of thesurface.

The Shadow Generator� and � � � � � canberelatedby � � � � �©^`� � L�ï}� � � ¨î � � � � with ¨î � � �©^`� � L ���C � L ��� C �ï}� � � canbecomputedby ï}� � �D�iC � L � � C L�ð�� Arg � � L � � ��� �
where ð�� ª �D� 1�/°®�g C � L � � C+^ Arg � � L � � ��� ªx� K � � � \ �rj �
Thevisibility indicator ñ � ����� � �ò^`� � � � � � � L � � P [ K � � � � � ��� Ig ñó���rj$ô g K ���rj

is thesetof visible regions.

Reinitialization criterion

Thevisibility problemhasa discontinuousnature.The invisible objectsmaysuddenlybecomesvisible during
the journey of theobserver. With this happens,the link betweentype II pointsandtheir generatorsneedto be
reset.We definethe inverseGaussmap õ  R¡ ^ � ¡ö¥§ g K �÷�rj

suchthat for all NOG õ  R¡ � ª � � Arg � [ K �YN ���½� ªx�
The reinitializationis neededwhenever thereexist a NøG õ� R¡ � ª � that lies “between” � and � � � � � � We canuse
thesamemulti-resolutionapproachmentionedabove to implementthis.
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Figure10: Someresultsof theglobalvisibility algorithm. In the2D cases,theoccludersarerepresentedby the
greencurve andtheshadow boundaries
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Figure11: Reducinga3D visibility problemto 2D by choosingtheright sectionof thesurface.ùûú

Figure12: A 3D result.Thefigureon theleft depictstheshadow boundaryof theskeletonhandandbunny with
agivenvatangepoint. Thefigureon theleft shows thehorizoncurvesthegeneratestheshadow.
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4 Fastmethodsfor solvingeikonal equations

In geometricaloptics[37], theeikonalequation� K X* � K XQ � ï}� ��� N � (8)

is derivedfrom theleadingtermin anhigh frequency asymptoticexpansionof thewave equation.Thelevel sets
of thesolution

K
canbeinterpretedasthefirst arrival timeof thewave front thatis initially ã �

The eikonal equationalso comesfrom control problemsand its solution be interpretedas the “distance”
functionto ã � We first restrictour attentionto thecasein which ï �fW � Let ã bea closedsubsetof � X � It canbe
shown easilythatthedistancefunctiondefinedby� �Y� ��� dist �Y� � ã �J^`� 1Ò/0®ümý�þ C �_L 8 C � � � � ��� N � G � X �
is theviscositysolutionto equation(8) with theboundaryconditionK � ��� N �����

for � �&� N � G ã �
RouyandTourin[55] provedtheconvergenceto theviscositysolutionof aniterativemethodsolvingequation

(8) with theGodunov Hamiltonianapproximating
C [ K C

.
Osher[46] provideda link to timedependenteikonalequationby proving thatthe � -level setof

K � ��� N � is the
zerolevel setof theviscositysolutionof theevolution equationat time �´ 
 �fC [ ´ C
with appropriateinitial conditions.In fact,thesameis truefor averygeneralclassof Hamilton-Jacobiequations
(see[46]). As a consequence,onecantry to solve thetime-dependentequationby thelevel setformulation[51]
with high orderapproximationson thepartial derivatives[52][35]. CrandallandLions proved that thediscrete
solutionobtainedwith aconsistent,monotoneHamiltonianconvergesto thedesiredviscositysolution[15].

Tsitsiklis [68] combinedtheheapsortwith a variantof theclassicalDijkstra algorithmto solve thesteady
stateequationof themoregeneralproblem C [ K CS� ïx�Y� � �
Thiswaslaterrederivedin [58] and[30]. It hasbecomeknown asthefastmarchingmethodwhosecomplexity isÎ �9Ï . ¬|Ð �9Ï ��� , where Ï is thenumberof grid points. OsherandHelmsen[49] have extendedthefastmarching
typemethodto somewhatmoregeneralHamilton-Jacobiequations.

Sweeping

Danielsson[17] proposedan algorithmto computeEuclideandistanceto a subsetof grid pointson a two di-
mensionalgrid by visiting eachgrid nodein somepredefinedorders.In [9], BouéandDupuissuggesta similar
Gauss-Seidel“sweeping”approachto solve thesteadystateequationwhich, by experience,resultsin a

Î �9Ï �
algorithmfor theproblemathand.This“sweeping”approachhasrecentlybeenusedin [66] and[70] to solve for
thedistancefunctionsto a classof explicitly representedã � Usingthis “sweeping”approach,thecomplexity of
thealgorithmsdropsfrom

Î �9Ï . ¬|Ð Ï � in thefastmarchingto
Î �9Ï � � andtheimplementationof thealgorithms

becomesabit easierthanthefastmarchingmethodthatrequiresheapsort.
In the following two subsections,we combinethis sweepingapproachto computethe “distance”function

underdifferentsettings.
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4.1 Computing the distancefunction to a classof explicitly definedinterfaces6

Moti vation of algorithms

Themotivationfor thealgorithmscomesfrom consideringHuygens’principle“backwards”. Let ÿ bethepoint
on which we wantto find thedistancevalue.Huygens’principlecanbeviewedassendingcircularwavesfrom
eachpoint in theneighborhoodof ÿ at timesprescribedby thedistancefunction,andaskingfor theenvelopeof
thewavesatacertaintime.

Werestrictourselvesto two dimensionsfor simplicity of exposition.Let usfirst considera singlegenerator;
i.e. ã � g�� 5 G � j � whoselocation is unknown. Supposeï ¡ and ï X are the distanceof two distinct pointså � � � ¡�� N ¡ � ��� � � � X � N X � to ã � respectively: i.e.

	 � å �©� ï ¡ � 	 � � �J� ï X � Let ÿ � � �&� N � bea point of interest
with C ÿ L � 5 C = 1��	��g 	 � å � � 	 � � ��j � (9)

Draw a circle Ö�
 of radius ï ¡ centeredat å and a circle Ö
� of radius ï X centeredat � . It is then easyto
seethat Ö�
 and Ö
� intersect,andoneof the intersectionsis � 5 � Sincetheequationsarequadratic,theremight
be two intersections,� and k . From the hypothesisthat ÿ is fartherfrom � 5 than å and � , we know that	 � ÿ ��� 1��	��g C ÿ L � C � C ÿ L k C j �

Thus,by enforcingthissortof upwinding decision whenselectingintersections,we areableto approximate
thedistancefunction. In fact, this is thekey propertyfor thesuccessof theaforementionedfastmarchingand
sweepingmethods.

Generalization

In thespirit of Steinhoff ’s DynamicSurfaceExtension[63], we candefinefunctionsthatmapeachpoint in ��ì
to thespaceof (local) representationsof surfaces(herethertoreferredassurfaceelements).Wecanfurtherdefine
thedistanceof apoint å andasurfaceelement�

dist� å � � �©^`� 1�/0®Q ý�� � å � N � �
The’surfaceelement’canbefor examplethetangentplane,thecurvature,or aNURB descriptionof thesurface.

In steadof propagatingdistancevaluesawayfromtheinterface,wepropagatethesurfaceelementinformation
alongthecharacteristicsandimposeconditionsthatenforcethefirst arrival propertyof theviscositysolutionof
eikonalequation.Thechallengeis to computetheexactdistancefrom a givensurfaceelementandto derive the
“upwinding” criteriafor propagatingthesurfaceinformationthroughoutthegrids.

Given a smoothparametrizedsurface � ^���� � � 
 ¥§ �Dì � our algorithmprovidesaccurateinitial guessfor
Newton’s iterationson theorthogonalityidentity. Theinitial guessin thiscaseis simply theclosestpointsof the
neighborsof � �

Figures13,14,and15 show our resultsfor someexamples.

4.2 Fastmethodsfor anisotropic eikonal equation7

Theproblemof finding thedistancefunctionin anisotropicmediumcanbemodeledby a slightly moregeneral
form of Hamilton-Jacobiequation:� A K X* � � K XQ L l h K * K@Q � ïx� �&� N � � A ��� c � � A � c h X � (10)

6To appearin J.Comput.Phys.
7With L.T. Cheng,S.Osher, andH.K. Zhao,submittedto SIAM J.Num. Anal.
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Figure13: ComparisonbetweenGodunov solution(left) andouralgorithm(right). Theisosurfaceof thedistance
functionto asetof isolatedpointsis plotted.

Figure14: Two 2 dimensionalexamples.Distancecontoursto � areplotted.
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Figure15: 3D examples.Hereweshow theisosurfacesof somegivenobjects.
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This occursin many applications;e.g.ray tracingin crystals.Anotherexampleis thegeodesicdistancefunction
on thegraphof asmoothfunction � � ��� N � � It canbeshown [67] thatthegeodesicdistancesatisfies� W L � X*� X* � � XQ � W � K X* ��� W L � XQ� X* � � XQ � W � K XQ L l � * � Q� X* � � XQ � W K * K Q �>W

(11)

At thispoint,onemight askif fastmarchingmethodcanbeusedto constructapproximatesolutionsto thisclass
of HJ equations?For agivenHamiltonian�%� 8���� � � regardlessof its convexity, Osher’s fastmarchingcriterion8 � ü = � ��� ���ö= � (12)

ensurestheapplicabilityof thefastmarchingheapsortstrategy. In theclassof Hamiltoniansthatweconsider�%� 8���� ��� U A 8 X � ��� X L l h 8��r�
aslong as

h�����
, it is likely thattheabove criterionis not satisfied.

Instead,we usetheGauss-Seidel(sweeping)strategy to updatethegrid values.To computeapproximations
that converges to the viscosity solution, we solve the value of eachgrid nodein termsof its four neighbors
accordingto thequadraticequationformedby themonotoneupwindingGodunov Hamiltonian[4] andtheforcing
function ï : � �©� 8 � �98   I � � ���   � � extümý ·�! ü�" � ü$#&% ext � ý ·�! � " � � #'% �%� 8&��� � � ï � (13)

In [67], we derive anexplicit expressionof theGodunov Hamiltonianin theform:�(�©� 8����   ��� � ��� �%� 8�� sgn1��	��g � �   L ��) � � � � � � L ��) �   j � ��) � � (14)

where

sgn1��	� � ��� N ��� � � if 1��	��g � � � N   jö� � �
sgn1��	� � ��� N ��� L N   if 1��	��g � � � N   jö� N   �

andastraightforwardalgorithmto solve theresultingquadraticequations.
Comparisonsto thesteadystateviscositysolutionof�K 
�� sgn� K � ��� N ��� �9�%� �&� N � �K * � �K}Q � LOï}� ��� N ������� � (15)

where
�K � ��� N ��� � �S�ò� K � �&� N �©� �

for � �&� N � G ã � and
K

is thesolutionobtainedfrom thesweepingalgorithm,
andto the casewith known geodesicdistance,suggestthat our approximationsconverge to the right viscosity
solutionnumerically. Figure16and17showsthecontoursof thegeodesicdistancefunctionsin differentsettings.
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Figure16: Examplesof constantcoefficientscasewith oscillatoryforcing ï}� � �D� lr� W L «V¬E­ �+*E¹ X � N � . Left: A �>W �� � W � h���� � on a 200x200grid, convergenceis reachedin , sweepingiterations.Right: (A very degenerate
case)A ��� �.- ,�/ �S� ��� � l / � h#��� � l10r� , ona 100x100grid. Noticethatin thiscase,A � ��� � � 01-|q is barelygreater
than

h X ��� � � q * W � Thecontourof thesolutionis plotted.Theconvergenceis reachedat 43sweepingiterations.
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5 A look at the futur e

Eachof thetopicsmentionedaboveprovidesfurtherresearchdirections.I will first putdown abrief listing of the
problemsthatI amworkingonor interestedin, andelaborateon thosein which I have somepreliminaryresults.? Phase-spacelevel setmethods[47]

– geometricaloptics

– fastmarchingimplementation

– themotionof opencurvesandspiralcrystalgrowth in materialsscience? Motion by meancurvatureof datasetsin highdimension? StrongVerticalDiffusion[65]

– bunchingeffectsin crystalgrowth(in preparation)

– systemsof conservation laws

– applicationsto optimalcontrolproblems? Visibility? ImageProcessing:affine total variationimagerestoration,shapefrom shading,andmorphing? Supra-convergenceon irregulargrids

5.1 Supra-convergenceof somenumerical schemeson irr egular grids8

In additionto thetopicsdescribedin theprevioussections,I have alsoworkedon theconvergencepropertiesof
aclassof finite differenceschemeof lineartimedependentPDEson irregulargrids.

Numericalexperimentssuggestasecondorderaccuracy of theNumerov schemefor thefirst andsecondorder
wave equationsin 1 dimensionwith suitableregularizingterms.Following thepaperof KreissandManteuffel
onsupra-convergence [40], weexplorethespecialsummingstructureandprovesecondorderaccuracy for linear
heatequations.

5.2 Visibility

Wehaveendeavoredto look atthevisibility problemof amoving vantagepoint. Ournext stepwill beto fully use
thestrengthof thelevel setmethodsin handlingtopologicalchangesto studythevisibility problemof morphing
or pulsatingobjects.

The visibility problemis a complex onein thesensethat: 1) therearediscontinuitiesin spaceandtime 2)
therearemathematicalconsiderationsontheformulationandthesolutionof theproblemaswell asthecomputer
sciencetypedatastructureconsiderations.In light of 1), I amtrying to applythestateof theartshockcalculation
methodsandtheoriesto thevisibility problem.

5.3 Strong vertical diffusion

Fromthediscussionof thesingulardiffusiontermabove, we seeintuitively thesimilarity of theconvexification
of thespeedfunctionoverthejumpsto theLax-Oleinikformula[41] andOsher’s formula[44, 45] for thesolution
to theRiemannproblem.Wearecurrentlyinvestigatingthis link.

8With H-O KreissandL.T. Cheng,in preparation.
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Figure18: Exampleof anisotropiccurvaturemotionandbunching
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5.3.1 Anisotropic curvature motion and bunching

In [50, 54] theauthorsstudiedtheproblemof Wulff shapesthat is relatedto thesinglesheetcrystalgrowth by
Hamilton-Jacobiequations.Seealso[60]. It is observedin experiments[69] thatactualcrystalgrowth consistof
differentsheets,eachwith thesameWulff shapein differentorientation.In addition,viewing from theside,the
heightof thesheetsstructureremainsasgraphof a function. Theformationof jump discontinuitiesin heightis
calledbunching.

We studyanisotropicbunchingin crystalgrowth [26][39] undercurvatureanda singularvertical diffusive
regularization:

	¿^ �)"O����� ¥§ � � 	 
�� p � 	 � [3	R� � [ P [3	C [3	DC � Ö �ZC [<	)CE��� �
Thefunction p ^ ���a�D" ¥§ � is usuallycalledthemobility function,whichdeterminestheanisotropicmotion
of thecrystal.If p is increasingin

	 � thenshockmaydevelopevenif theinitial datais smooth.Following [65],
we proposea level setformulationwith asingularverticaldiffusionregularization:K 
 � p � � "|�&¡ � [ 2 ¯ 3 4 4 453 2�6 K � � [ *m¯ �8787879� * 6 P [ 2 ¯ 3 4 4 4:3 2 6 KC [ 2 ¯ 3 4 4 4:3 2 6 K C � Ö �ZC [ 2 ¯ 3 4 4 4+3 2�6 K C|� Ë C [<; 6 # ¯ K C �� � "|�&¡ K

* 6 # ¯C K * 6 # ¯�C �
Seefigure 18 for an preliminaryresult. It is a superpositionof different level setscorrespondingto the Wulff
shapesin eachsheet.Our singulardiffusion term successfullypreventslevel setsfrom “over-turning” andthe
curvaturetermseemsto keeptheconvexity of theshapes.

5.3.2 Systemsof conservation laws

Wearegeneralizingtheresultof our singularviscosityto studythesolutionof conservationlaws systemandthe
link to Riemanninvariants.Herewebriefly describehow we areapproachingthisproblem.

Let ¨	�� � 	 � T � G � X � K � � ���&� N �a^ � �f��� �ó� X ¥§ � X be the vectorvalueslevel set function suchthatK � � ���&� ¨	 � ����� ���ò��� � Thesystem ¨	 
 � Ç � ¨	�� ¨	 * ���
canbeformally translatedto K 
 � K Q Ç �YN � K  R¡Q K * ��� �
WeshallusetheRiemanninvariantsfor the l � l systemto diagonalizeÇ �YN � anddesingularizetheterm

K  R¡Q �
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We proposea singulardiffusiontermsimilar to thescalaronewe used.With anabuseof notation,this term
canbewritten as C [ *

� Q K C [ Q PS� C [ Q K C  R¡ [ Q K � �
where

[ *
� Q K is the Jacobianmatrix of

K
with respectto � and N � [ Q K � K Q

is the Jacobianmatrix of
K � andC Ç Cr^`�>= Ç½Ç � is theEuclideannormof thematrix Ç �

5.4 Phase-spacelevel setmethod

By characterizingan opencurve using the phasespacelevel setmethod[47], we do not have the difficulties
commonlyencounteredby level setmethods.I would like to furtherstudythemotionof opencurvesin different
fields.

5.4.1 Spiral crystal growth

In epitaxial growth of high-temperaturesuperconductingthin films, the spiralsaregenerallybelieved to be a
stepthat terminatesat a screw dislocation.As atomsattachto thestep,it movesnormalto itself exceptat the
dislocation,thusresultingin spiral form. This wasfirst theorizedby Burton,CabreraandFrankin [11]. There
have beenothertheoreticalinvestigationsin thespiralmotionaswell asthenumericalimplementations.Please
see[59] and[69] for moredetail.

I would like to usethephasespacelevel setmethodto studythis topic. An ultimategoalis to unify thespiral
crystalgrowth andthebunchingphenomenonusingthesingulardiffusionterm,andthusprovideamathematical
theoryandcomputationalframework for simulation.
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