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Abstract

The generalizatiorof signalandimageprocessindo surfacesentailsfiltering the nor-
mals of the surface,ratherthanfiltering the positionsof pointson a mesh. Using a
variational framework, smoothsurfacesminimize the norm of the derivative of the
surfacenormals—i.e. total curvature. Penaltyfunctionson the surfacenormalsare
computedusinggeometry-baseghapemetricsandminimizedusinggradientdescent.
Thisproducesa setof partialdifferentialequationgPDE).In this paperweintroducea
novel framework for implementinggeometrigprocessingoolsfor surfacesusingatwo
stepalgorithm: (i) operatingon the normalmapof a surface,and(ii) manipulatingthe
surfaceto fit the processediormals.Thecomputationahpproachusedevel setsurface
models;thereforetheprocessingloesnotdependn ary underlyingparameterization.
Iterating this two-stepprocesswe canimplementgeometricfourth-orderflows effi-
ciently by solving a setof coupledsecond-ordePDEs. This paperwill demonstrate
thatthe framework providesfor awide rangeof surfaceprocessingperationsinclud-
ing edge-preservingmoothingandhigh-boosfiltering. Furthermorethegeneralityof

theimplementatiommakesit appropriatefor very complex surfacemodels,e.g. those
constructedlirectly from measuredlata.



Chapter 1

Intr oduction

The fundamentabrinciplesof signal processinggive rise to a wide rangeof useful
tools for manipulatingand transformingsignalsandimages. The generalizatiorof
theseprinciplesto the processingf 3D surfaceshasbecomean importantproblem
in computergraphics visualization,andvision. For instance 3D rangesensingtech-
nologiesproducehigh resolutiondescriptionsof objects,but they often suffer from
noise. MedicalimagingmodalitiessuchasMRI andCT scansproducelarge volumes
of scalaror tensormeasurementdgut surfacesof interestmustbe extractedthrough
somesegmentatiomprocessr fitted directly to the measurements.

The stateof the art in surface processingncludesa numberof very usefultools
for processingneshesHowever, to datethereis no general framework for geometric
surface processing. By general we meantwo things. First, the frameawvork should
provide abroadvarietyof capabilitiesjncludingsurfaceprocessingoolsthatresemble
thestateof theartin imageprocessinglgorithms.Secondheframenork shouldapply
to a generalclassof surfaces. Usersshouldbe ableto processcomplex surfacesof
arbitrary topology, and obtain meaningfulresultswith very little a priori knowledge
aboutthe shapesBy geometric we meanthatoutputof surfaceprocessinglgorithms

Original Model Isotropic Smoothing Edge-Preserving Smoothing High-Boost Filtering

Figurel.1: Surfaceprocessingxamples.



shoulddependon surfaceshapeandresolution but shouldbe independenof arbitrary
decisionsabouttherepresentationr parameterization.

This paperpresentsa frameawvork thatis basedon the propositionthat the natural
generalizatiorof imageprocessingo surfaceds via the surface normal vectors. Thus,
asmoothsurfaceis onethathassmoothlyvaryingnormals.In thislight, thedifferences
betweensurface processingand image processingare threefold. Normalslive on a
manifold (the surface)and cannotnecessarilybe processedising a flat metric, asis
typically donewith images. Normals are vector valuedand constrainedo be unit
length; the processingechniqguesnustaccommodatéhis. Normalsare coupledwith
the surfaceshape andthusthe normalsshoulddragthe surfacealongastheir values
aremodifiedduringprocessing.

This paperpresentanimplementatiorthatrepresentsurfacesasthe level setsof
volumesandcomputeghe processingf the normalsandthe deformationof the sur
facesassolutionsto a setof partialdifferentialequationgPDE). This stratgy enables
usto achieve the “black box” behaior, which is reflectedin the natureof the results.
Resultsin this paperwill shov a level of compleity in the modelsandthe process-
ing algorithmsthat hasnot yet beendemonstratedn the literature. This generality
comesat the costof significantcomputationtime. However, the methodis practical
with state-of-the-artomputersandis well-poisedto benefitfrom parallelcomputing
architecturesjueto its relianceon local, iterative computations.

Figure 1 shaws several resultsof processinga 3D surface modelwith different
algorithms.Thesealgorithmsconsistof smoothingfeature-preservingmoothingand
surfaceenhancementAll threeprocessesareconsistentmathematicajeneralizations
of their image-processingounterparts Note thatall of the surfacesin this paperare
representedolumetricallyandrenderedisingthe marchingcubesalgorithm[1].

In someapplicationssuchasanimation,modelsare manuallygeneratedy a de-
signerandthe parameterizatioiis not arbitrarybut is animportantaspecof the geo-
metric model. In thesecasesmesh-basegrocessingnethodsoffer a powerful setof
tools, suchas hierarchicalediting [2], which are not yet possiblewith the proposed
representationHowever, in otherapplicationssuchas3D sggmentationand surface
reconstructior3, 4], the processings datadriven, and surfacescandeformquite far
from their initial shapesand even changetopology Furthermorewhen considering
processestherthanisotropic smoothing,suchasnonlinearsmoothingor high-boost
filtering, the creationor sharpeningf small featurescanexhibit noticeableeffects of
themeshtopology—featureshatarealignedwith themesharetreateddifferentlythan
thosethatarenot. Thetechniquegpresentedn this paperoffer a new setof capabil-
ities that are especiallyinterestingwhen processingneasurediata—asareall of the
examplesshow in this paper

The specificcontributionsof this paperare:
e a novel frameawork for geometricprocessingf surfacesthat relieson surface

normals;

e anumericalmethodfor solving fourth-orderlevel setequationsn two simpler
steps,therebyavoiding the explicit computationof unstablehigh-orderderiva-
tives;and

e examplesof threegeometrigorocessinglgorithmswith applicationgo datasets
thataremorecomplex thanthosepreviously demonstrateéh theliterature.



Chapter 2

Related\Work

The majority of surfaceprocessingesearcthasbeenin the contet of surface fair-
ing with the motivation of smoothingsurfacemodelsto createaestheticallypleasing
surfacesusing triangulatedmeshed5, 6, 7, 8]. Surfacefairing typically operateby
minimizing a fairnessor penaltyfunction that favors smoothsurfaces|9, 10, 11, 5].
Fairnessfunctionalscan dependon the geometryof the surfaceor the parameteriza-
tion. Geometridunctionalsmake useof invariantssuchasprincipal curvatureswhich
are parameterizatiomndependentintrinsic propertiesof the surface. Therefore,ge-
ometricapproachegroduceresultsthat are not affectedby arbitrary decisionsabout
the parameterizatiorhowever, geometridnvariantsarenonlinearfunctionsof surface
derivativesthat are computationallyexpensve to evaluate. Simpler parameterization
dependentunctionalsarelinear approximationgo geometricinvariants. Suchfunc-
tionalscanbe equivalentto geometridnvariantswhenthe surfaceparameterizatiots
isometric) or they canbe poor approximationavhenthe parameterizatiois irregular
andnon-differentiable An isometric surfaceparameterizationequiresthetwo param-
etercoordinateaxis to be orthogonalandarc-lengthparameterizedin the context of
surfacefairingwith meshesheseconceptsarealsoreferredto asgeometricandparam-
eterizationrsmoothnes§r] or outerandinnerfairnesg12].

Oneway to smootha surfaceis to incrementallyreduceits surfacearea. This can
beaccomplishedby meancurvatureflow (MCF) atevery pointS:
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ot (2.1)
whereH is themeancurvatureof thesurface,N is the surfacenormal,andt is thetime
evolution of the surfaceshape.For parameterizedurfacesthe surfaceareatranslates
to themembranesnegy functional

/qu2+xv2 du dv (2.2)

whereX(u,v) andQ arethe surfaceparameterizatioandits domain,respectiely. For
anisometricparameterizatiorX? + X2 = 1; therefore,(2.2) reducesto surfacearea.



However, for largerandsmallerX? + X2, theapproximatiorto surfaceareais distorted
proportionally Thevariationalderivative of (2.2)is the Laplacian,

AX = Xuu + X, (2.3)

whichis equivalentto meancurvaturein theisometriccase Laplacian,or meancurva-
tureflow, is closelytied to Gaussiatfiltering—astandardnethodof smoothingmages.
Clarenzet al. [13] proposea meshed-baseidtrinsic flow thatincorporates weighted
sumprinciple curvatureghatdepend®n thelocal surfaceshape.

A second-ordepenaltyfunctionis total curvature

/ K2+ k2 dS (2.4)
S

which hasbeenshovn to deformsurfacesinto sphereg14]. Total curvatureis a ge-
ometric (invariant) propertyof the surface. The meshfairing approachof [5] which
minimizes (2.4) involvesfitting local polynomial basisfunctionsto local neighbor
hoodsfor the computatiorof total curvature. Thesepolynomialbasisfunctionsrange
from full quadraticpolynomialsto constrainedjuadraticsandplanarapproximations.
Dependingonthecomplexity of thelocal neighborhoodthe algorithmmustchooseat
eachlocation, which basisto employ. Ambiguitiesresultat locationswheremultiple
basisprovide equally good representationsin [8] the authorssearchdirectly for an
intrinsic PDE that producedfair surfacesinsteadof deriving the PDEsfrom a varia-
tional framework. They proposethe Laplacianof meancurvatureAgH = 0 for meshes
wheredyg is the Laplace-Beltrambperatori.e. the Laplacianfor parameterizedur
faces.Theirapproachs not sufficiently generato satisfythe goalsof this paperbut is
closelyrelatedto the proposednethod.We will discusst furtherin Sec. 3.

If we penalizethe parameterizatiorfi.e. non-geometric)equation(2.4) becomes
thethin plateenengy functional

/Qxfu+2va+x3vdu dv (2.5)

whereX andQ areasdefinedfor (2.2). Thin plateenegy wasusedin [10] for surface
fairing. Thevariationalderivative of (2.5)is the biharmonicoperatoywhichis linear:

DX = Xauuu + 2Xauw + K- (2.6)

Theselinear enegy functionalsunderlythe signalprocessingapproacho surface
fairing pioneeredn [6], whoderivedthenaturalvibrationfrequencie®f asurfacefrom
the Laplacianoperator Taubinobsenesthat Gaussiarfiltering causeshrinkage.He
eliminatesthis problemby designinga low passfilter usinga weightedaverageof the
Laplacianandthebiharmonicoperator Theweightshave to befine-tunedo obtainthe
non-shrinkingproperty Analyzedin thefrequengy domain,this low-passfilter canbe
seenasa Gaussiarsmoothingshrinkingstepfollowedby anunshrinkingstep.Indeed,
ary polynomialtransferfunctionin the frequeng domaincanbe implementedwith
this method[15]. [16] describea relatedapproachin which surfaceare smoothedoy
simultaneouslgolvingthe membrang?2.2) andthin plate(2.5) enegy functionals.



Thesignalprocessingpproachusegsheumbrellaoperatomwhichis adiscretization
of the Laplacian. The edgelengthsconnectingthe nodesof the meshandthe angles
betweenadjacentedgesarounda node,alsoknown asfaceangles,introduceparam-
eterizationdependenciesBy settingthe edgeweightsin the umbrellaoperatorto the
reciprocalof the edgelength,the dependeng on edgelengthcanbe removed|[6], but
the dependeng on the faceanglesremain. A scaledependenintrinsic umbrellaop-
eratoris definedin [7] that removesboth dependenciesThe time stepsin explicitly
integratinga scaledependentimbrellaoperatorare proportionalto the squareof the
shortestedgelength. Desbrun et al. overcomethis limitation by introducingan im-
plicit integrationscheme Neverthelessthe weightsfor the umbrellaoperatomustbe
recomputedat eachiterationto maintainits intrinsic property A non-uniformrelax-
ation operatoiis introducedin [2] to minimize alocally weightedquadraticenegy of
secondbrderdifferences.

Moreton and Sequin[9] proposea geometricfairnessfunctional that penalizes
thevariationof principle curvatures—ahird-order geometrigpenaltyfunction (corre-
spondingo asixth-order variationalderivative),whichrequiresverylargecomputation
times. Theanalysisandimplementatiorof generalpenaltyfunctionsabove secondor-
derremainsanopenproblem,whichis beyondthe scopeof this paper Evidencein this
paperandelsevhere[7, 8] suggestshatfourth-ordergeometricflows form a sufficient
foundationfor a generalgeometricsurfaceprocessingystem.

This work in this paperis alsorelatedto that of Chopp& Sethian[17], who de-
rive theintrinsic Laplacianof curvaturefor animplicit curve, and solve the resulting
fourth-ordernonlinearPDE. However, they arguethatthe numericalmethodsusedto
solve secondorderflows arenot practical,becausehey lack long termstability. They
proposeseveral nev numericalschemeshut noneare found to be completelysatis-
factorydueto their slow computatiorandinability to handlesingularities.Oneof the
resultsof this paperis to solve this equatiomrmoreeffectively (andin 3D) andto demon-
stratethatthisis only oneexampleof amoregeneraklassof usefulsurfaceprocessing
techniques.Jointinterpolationof vectorfields andgray level functionswasusedfor
succesfullyfilling-in missingpartsof imagesin [18].



Chapter 3

Geometric Surface Processing

Oneof the underlyingstratgies of this paperis to usegeometric surface processing,
wherethe output of the processdependnly on the shapeof the input surface,and
doesnotcontainartifactsfrom theunderlyingparameterizationThemotivationfor this
strat@yy is discussedh detailin [12], wheretheinfluenceof themeshparameterization
on surfacefairing resultsis clearly shavn, andhigherordergeometricflows, suchas
theintrinsic Laplacianof curvature,areproposedsthe solution.

As anillustrationof theimportanceof higherordergeometrigprocessinggonsider
theresultsin Fig. 3.1, which demonstratethe differencesetweenprocessingsur
faceswith meancurvatureflow (MCF) andintrinsic Laplacianof meancurvatureflow
(ILMCF). The amountof smoothingfor MCF andILMCF waschosento be qualita-
tively similar, andyetimportantdifferencesanbe obsenedon the smallerfeaturesof
the original model. MCF hasshortenedhe hornsof the original model,andyet they
remainsharp—nota desirablebehaior for a “smoothing” process.This behaior for
MCF is well documentecsa pinchingoff of cylindrical objectsandis expectedfrom
thevariationalpoint of view: MCF minimizessurfaceareaandthereforewill quickly
eliminate smallerpartsof a model. Someauthors[19] have proposedvolume pre-
servingforms of second-ordeflows, but theseprocessesompensatéy enlaging the
object as a whole, which exhibits, qualitatively, the samebehaior on smallfeatures.
Intrinsic Laplacianof meancurvatureflow, in Fig. 3.1, preseresthe structureof these
featuresmuchbetterwhile smoothinghem.

S \
Figure 3.1: Second-andfourth-ordersurfacesmoothing.Fromleft to right: Original
model,meancurvatureflow, andintrinsic Laplacianof meancurvatureflow.
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Figure3.2: Shavn herein 2D, theprocesdeginswith a shapeandconstructsanormal
mapfrom the distancetransform(left), modifiesthe normalmapaccordingto a PDE
derivedfrom apenaltyfunction(center) andre-fitstheshapdo thenormalmap(right).

An alternatveto solvingafourth-orderequatiordirectlyis to decouplét into a pair
of second-ordeequations.For instance a two-stepsolutionto ILMCF for meshess
proposedn [8]. However, this approactworksonly for meshesandrelieson analytic
propertieof the steady-statsolutions AH = 0, by fitting surfaceprimitivesthathave
thoseproperties. Thus, the formalism doesnot generalizewell to applications,such
assurfacereconstructionwherethe solutionis a combinationof measuredlataand
a fourth-ordersmoothingterm. Also, it doesnot apply to othertypesof smoothing
processessuchasthosethatminimize nonlinearfeature-preservingenalties.

In [18], theauthorspenalizethe smoothnessf a vectorfield while simultaneously
forcing the gradientdirectionsof a gray scaleimageto closelymatchthe vectorfield.
Thepenaltyfunctiononthenormalfield is proportionalto thedivergenceof thenormal
vectors. This forms a high-orderinterpolationfunction, which is shovn to be useful
for imageinpainting—recwoeringmissingpatchesf datain 2D images.This strateyy
of simultaneouslyenalizingthe divergenceof a normalfield andthe mismatchof this
field with the imagegradientis closelyrelatedto the total curvaturepenaltyfunction
usedin this paper The formulationproposedn this paperemphasizethe processing
of normalson anarbitrarysurfacemanifold (ratherthantheflat geometryof animage),
with anexplicit relationshipto fourth-ordersurfaceflows. Furthermorethis paperes-
tablishemew directionsfor surfaceflows—towardedge-preservingurfacesmoothing
andfeatureenhancement.

In this sectionwe will generalizg17] to theintrinsic Laplacianof meancurvature
for level setsurfaces,andintroducea methodfor breakingit into two simpler PDEs.
This pair of equationgs solvedby allowing thesurfaceshapeo lagthenormalsasthey
arefiltered andthencatchup by a separatgrocess Figure 3.2 shons thesethreestep
procesgraphicallyin 2D—shapegive riseto normalmapswhich, whenfiltered,give
riseto new shapeslin thelimit, this approachs equivalentto solving the full-blown,
intrinsic fourth-orderflow, butit generalize$o awide rangeof processeandmalkesno
assumptionsiboutthe shape®f the solutions.In Sec. 4, we show resultsfor several
differentkinds of surfacefilters. The appendixdescribesa numericallystablediscrete
solver for the systemof equations.
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3.1 Level setmethods

Theremainderf this paperaddressethe higherordergeometryof implicit surfaces,
i.e. level sets.Eventhoughvery goodsurfacefairing resultshave beenobtainedwith
meshesthereare somedrawvbacksto usingmeshesand other parametricnodelsfor
purposetherthansimple smoothing(i.e. low passfiltering). We believe that level
setmethodg[20, 21] are bettersuitedfor a wide rangeof surface-processinépr the
following reasons.

1. Somesurfaceprocessessuchasanisotropicdiffusion and high-boosffiltering,
have the capabilityof introducingnew features—dundamentatifferencefrom
smoothing.Meshegdo not form discontinuitiesvell unlesshe edgesf theface
trianglescoincidewith the edgesf thesurface.

2. Anythingmorethanamodesiamountof smoothings likely to evolvethesurface
far from its original shape. This requiresthe creationand deletionof facesin
meshego maintainthe original resolution. Implicit surfacesdo not exhibit this
problem.

3. For surfacereconstructionsuchasfrom rangeimageryor tomographidata,the
evolving surfacecanundegotopologicalchangeg3, 4]. Surfacemeshesio not
(readily) allow topologicalchangeswhereadevel setsurfacesdo.

To facilitate the discussionwe usethe Einsteinnotation corvention, wherethe
subscriptdndicatetensorindices,andrepeatedsubscriptawithin a productrepresent
asummationover theindex (acrosshe dimensionf the underlyingspace).Further
more,we usethe corventionthat subscriptson quantitiesrepresentlerivatives,except
wherethey arein parenthesisin which casethey refer to a vectorvaluedvariable.
Thus, @ is the gradientvectorof a scalarquantity ¢ : IR" — IR. The Hessianis @
andtheLaplacianis ¢;. A vectorfieldis v, wherev: IR" — IR", andthe divergence

of thatfield is Viiyi- Scalaroperatorssuchasdifferentialsbehae in the usualway.



Thus,gradientmagnitudeis |¢| = /@@ andthe differentialfor a coordinatesystem
is dx ) = dx;dx, ... dxn.

Level setsurfacemodelsrely on the notion of aregular surface,whichis a collec-
tion of 3D points,.#, with atopologythatallows eachpointto be modeledocally as
a function of two variables.We candescribethe deformationof sucha surfaceusing
the 3D velocity of eachof its constituenpoints,i.e., 0s(i)(t)/0t for all Si) € <. If we
representhesurfaceimplicitly ateachtimet, then

P = {s(i)(t) o (s(i)(t),t) - o} . (3.1)

Noticethatsurfacesdefinedin this way divide a volumeinto two parts:inside(¢ > 0)
andoutside(@ < 0). It is commonto choosep to be the signeddistancetransformof
&, or anapproximatiorthereof.
The surfaceremainsa level setof ¢ overtime, andthustakingthe total derivative

with respecto time (usingthechainrule) gives

o9 _ 9%

at = %ot (3.2
Noticethatg, is proportionatto thesurfacenormal,andthusds(j)/at affectsg onlyin
thedirectionof the surfacenormal—surfacemotionin ary otherdirectionis merelya
changen theparameterizationJsingthis framework, the PDE on ¢ thatdescribeghe
motionof a surfaceby meancurvature,asin (2.1),is

99 _ %49
ot " g
Thefollowing sectiongyive themathematicatlescriptionof the procesutlinedin
Fig.3.3. Firstwewill derivetheenegy functionalfor minimizingthetotal curvatureof
anormalmap. Thefirst variationof thetotal curvatureresultsn asecond-ordePDEon
thenormals.This processs denotedn Fig. 3.3asthed¥/dN loop. Next, in Sec.3.3,
we shov anotherenegy functional for fitting a surfaceto an evolved normal map,
resultingin asecond-ordePDEon ¢. Thisis thed2/d¢gloopin Fig. 3.3. Finally, we
will show thatthe overall procesf simultaneouslsolvingthesetwo PDEsasshovn
in Fig. 3.3is equivalentto ILMCF. This establishethe mathematicaloundationof the
proposednethod.

(3.3)

3.2 Intrinsic Laplacian of meancurvature flow for nor-
mal maps

Whenusingimplicit representationsne mustaccountfor the factderivativesof func-
tions definedon the surfaceare computedby projectingtheir 3D derivativesonto the
tangentplaneof the surface. Let N(i) ' IR® = S bethe normalmap,which is a field

of normalsthatareeverywhereperpendiculato thefamily of embeddedsosurbcesof
qo—thusN(i) = @// 9@, The3 x 3 projectionmatrix for theimplicit surfacenormal
is P(ij) = N(i)N(J.), and P(ij)v(i) returnsthe projectionof V(i) onto N(i). Let I(ij) be the

9



identity matrix. Thenthe projectionontothe planethatis perpendiculato the vector
field N(i) is the tangent projection operator, T(ij) = I(ij) — P(ij). Undernormalcircum-
stanceshenormalmapN;, is derivedfrom thegradientof ¢, andT(ij) projectsvectors
ontothetangentplanesof the level setsof ¢. However, the computationabtratey we
areproposingallows ¢ to lag the normalmap. Therefore the tangentprojectionoper

atorsdiffer, andwe useT(?’j) to denoteprojectionsontothe tangentplanesof the level

setsof @ andT('i\}) to denoteprojectionsonto planesperpendiculato the normalmap.

The shapematrix [22] of a surfacedescribests curvatureindependenbf the pa-
rameterization.The shapematrix of animplicit surfaceis obtainedby differentiating
the normal map and projectingthat derivative onto the tangentplaneof the surface.
The Euclideamormof the shapamatrix is thetotal curvature k. Thus

= Mgy (34)
If N is deriveddirectly from @, this gives
HT”)quT k)H (3.5)

The stratyy is to treattheseexpressionsas penalty functions, and develop surface
processingnethodsby solving the PDEsthatresultfrom thefirst variationof surface
integralsoverthesepenaltyfunctions.Notice,thatif we take thefirst variationof (3.5)
we obtain a fourth-orderPDE on ¢, but if we take the first variation of (3.4), with
respectto N(i), allowing ¢ to remainfixed, we obtain a second-ordePDE on N(i).

To seethe first variation of (3.4) we re-expressthe norm, usingthe identity ||A[|? =
TracdATA]. Thisgives

2
KZZHN(UJHZ—%, (3.6)
andthusthe penaltyfunctionfor thetotal surfacecurvatureis
o],
v / N H g | o @3.7)

As we processthe normal map N(i), letting ¢ lag, we mustensurethatit maintains
theunit Iengthconstraint,N(i) N(i) = 1. Thisis expressedn the penaltyfunctionusing
Lagrangamultipliers. The constrainegenaltyis

+ /5, AGg) (Ngg Ny = 1) dx,, (3.8)

whereA (X(|)) is the Lagrangemultiplier at Xy- Using thefirst variationandsolving
for A introducesaprojectionoperator'l'('l\‘) onthefirst variationof ¢, which keepsN(i)
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unit length. Thusthefirst variationof (3.8) with respecto N(i) is

d¥ Ny @G
TN NN (i
(ij)dN(j) T(ij) l ()k @Gn@n ‘|k‘ (39)

A gradientdescenton this metric dN(i)/dt = —dg/dN(i), resultsin a PDE that a

smootheghe normal map by minimizing total curvaturewhile maintainingthe unit
normal constraint. Notice that this is preciselythe sameas solving the constrained
diffusionequationon N(i) usingthemethodof solving PDEsonimplicit manifoldsde-

scribedn [23]. Thisderivationis whatwe considethebase case—subsequergections
of this papemwill introduceotherprocessesnthenormalmaps.

3.3 Surfaceevolution via normal maps

We have shavn how to evolve the normalsto minimize total squareccurvature;how-

ever, thefinal goalis thereconstructiorof the surfacewhich requiresevolving ¢, rather
thanthe normalmap. Hence,the next stepis to relatethe evolution of ¢ to the evo-

lution of N(i). Supposeahatwe aregiventhe normalmap N(i) to somesetof surfaces,
but not necessarilyjevel setsof ¢g—asis the caseif we filter N(i) andlet ¢ lag. We

canmanipulatep sothatit catches up to N(i) by minimizing a penaltyfunction that
quantifiesghe discrepang. This penaltyfunctionis

2(p) :/U [(gqq - (gN(i)] dx(j), (3.10)

whereU C IR® is thedomainof ¢. A gradientdescenbn @ thatminimizesthis penalty
functionis

dp _ d9

o= a4, =l

Pnn

( Y )j—N(j)j] = |Dg|[H?—HN]  (3.11)

whereH? is themeancurvatureof thelevel setsurfaceandHN is theinducedcurvature
of the normalmap. Thus,the surlacemovesasthe differencebetweerits own curva-
ture andthat of the normalfield. The factorof |O¢|, which is typical with level set
formulations,comesfrom the factthatwe aremanipulatingthe shapeof the level set,
whichis embeddedn ¢, asin (3.2).

We proposeo solve fourth-orderflows onthelevel setsof @ by a splitting strateyy,
which entailsprocessinghe normalsandallowing ¢ to lag andthencatchup later, in
aseparatgrocessThisis only correctif we know thatin thelimit, asthelagbecomes
very small, we are solving the full fourth-orderPDE. To shawv this we analyzeone
iterationof themainloopin Fig. 3.3. Beforeprocessinghe normals they arederived

from ¢", andwe have N(ri‘) =q/, /qz)j“q;Jf‘. Evolving the normalmaponceaccordingto
(3.9)for asmallamountof time dt gives

d¥
n+1 _ pgn N
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If weimmediatelyapply (3.11)to fit ¢ to thisnew normalmap
ao d¥
S =l (H“’— lN'&)—T(hi'j)—dedtD ' (3.13)
1

Becausé\l(r;) is deriveddirectly from ¢", we have N(ri‘)i = H?%, which givesthe expres-
sionfor changesn ¢ in orderto make up this infinitesimallag:

ot _

o d¥
— =—[l&ll lT(’i\lj)—dN(. ] . (3.14)
]

We canexpressthe penaltyfunction ¥ in termsof eitherN(i) or ¢, andtake thefirst
variationwith respecto eitherof thesequantities.Therelationshipbetweerd? / dN(i)
andd¥ /dg is establishedby integrating(by parts)—itis

49 49
99 _ |19 99
de lT” dN(j)] ; 319

WhereTijP = 'I'i'j\I asdt — 0. Thustheupdateon ¢ afterit IagsN(i) by somesmallamount
is actually
2 gl S,
4
which is a gradientdescentof the level setsof ¢, on ¥— the total curvatureof the
surface.

This analysisshavs thatthe strategy depictedin Figs.3.2and3.3is avalid mech-
anismfor implementinghe base-caseyhichis ILMCF onimplicit, level setsurfaces.
However, this strateyy hasbroaderimplications.Sec.4.2will shav thatotherchoices
of ¢ (therearemary optionsfrom theimageprocessinditerature)will producedif-
ferentkinds of PDE-basedurfaceprocessinglgorithms. Furthermore Sec.4.3 will
demonstrateéhat the generalstrategy of processingqhormalsseparatelyfrom surfaces,
in atwo phaseprocesspffersa setof usefultoolsthatgo beyondthe strict variational
framework.

(3.16)
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Chapter 4

Applications

4.1 Isotropic Diffusion

We have discussedl MCF in detailin Sec.3. Herewe will presensomeresultsof this
diffusion process.Figure4.1 shavs modelat variousstagef the diffusion process.
Two iterationsof themainprocessindoopin Fig. 3.3areenougho removethesmallest
scalefeaturesfrom the model. Lateriterationsstartsmoothingthe global shapeof the
model. The modelshavn in this exampleconsistof a 356 x 161 x 251 volume. The
computatiortime requiredfor oneiterationof the main processindoop for this model
is around30 minutesona 1.7 Ghz Intel processor. Themodelsusedin theexamplesn
therestof this paperapproximatelyhave the sameevel of compleity.

4.2 Anisotropic Diffusion

Minimizing thetotal squarecturvatureof a surfaceworkswell for smoothingsurfaces
andeliminatingnoise,but it alsodeformsor removesimportantfeatures.This type of

smoothingis calledisotropicbecausét correspondgo solving the heatequationon

the normalmapwith a constant,scalarconductioncoeficient. This is equivalentto

a convolution of the surfacenormalswith a Gaussiarkernelthatis isotropic(usinga

metricthatis flat onthe surface).Isotropicdiffusionis not particularlyeffective if the

goalis to de-noisea surfacethathasan underlyingstructurewith fine features.This

scenariois commonwhen extracting surfacesfrom 3D imaging modalities,suchas
magneticresonancémaging (MRI), in which the measurementareinherentlynoisy.

Figure4.2(a)is anexampleof the skin surface,which wasextracted via isosurfcing,
from an MRI dataset. Notice that the roughnesof the skin is noise,an artifact of

the measurementrocess.This modelis alsoquite comple« becausegespiteour best
effortsto avoid it, theisosurficesincludemary corvolutedpassagesp in the sinuses
andaroundtheneck.As anindicationof this complexity, considetthatmarchingcubes
produce$43,000Qrianglesfrom thisvolume. Thisis over 10timesthe numberof faces
in mary of the “standard”’modelsusedto demonstratsurfaceprocessingalgorithms
[2, 7]. Thestratayy in this paperis to treatsuchsurfacesasthey aremeasuredin their

volumetricrepresentatiorratherthanprocesshis dataindirectly via asimplified,fitted

surfacemesh[24].
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(©) (d)
Figure4.1: Variousstagef isotropicdiffusion: (a) original model, (b) after 2 itera-
tions, (c) after8 iterations,and(d) after25iterations.
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Isotropicdiffusion,shown in Fig. 4.2(b),is marginally effective for de-noisingthe
headsurface. Natice that the sharpedgesaroundthe eyes, nose,lips and earsare
lostin this process.The problemof preservingfeatureswhile smoothingaway noise
hasbeenstudiedextensively in computervision. Anisotropicdiffusionintroducedin
[25] hasbeenvery successfuin dealingwith this problemin a wide rangeof images.
Perona& Malik proposedo replacelLaplaciansmoothingwhich is equivalentto the
heatequationdl /dt = O- 01, with anonlinearPDE:a

a1/ot=0-[g(|l 01 O], (4.)

wherel is generallythegrey-levelimage,andg(-) is theedgestoppingfunction,which
shouldbe a decreasingigmoidalfunction. Perona& Malik suggestedisingg(x) =
e 10117/2u , Where u is a positive, free parametethat controlsthe level of contrastof
edgesthat canaffect the smoothingprocess.Notice thatg(|| OI ||) approached for
|| O |« p andO for || Ol ||>> u. Edgesare generallyassociatedvith large image
gradientsandthusdiffusion acrossedgess stoppedwhile regionsthat arerelatively
flat undego smoothing. A mathematicaknalysisshovs that solutionsto (4.1) can
actually exhibit aninversediffusion nearedges,and canenhanceor sharpersmooth
edgeghathave gradientgyreaterthany [19].

Using anisotropicdiffusion for surfaceprocessingvith meshesvas proposedn
[13]. In thatwork, the authorsmove the surfaceaccordingto a weightedsumof prin-
ciple curvatureswherethe weightingdependson the surfacegeometry This is nota
variationalformulation, andis therebynot a generalizatiorof (4.1). Becauset per
formsacorvex re-weightingof principlecurvaturesjt canreducesmoothing put can-
not exhibit sharpeningf features.Furthermorethe level setimplementationwve are
proposingallows usto produceresultson significantlymorecomplex surfaceshapes.

The generalizatiorof anisotropicdiffusionasin (4.1) to surfacesis achiezedfrom
variationalprinciplesby minimizing the penaltyfunction

P
Y = /y e‘ﬁdx(i), 4.2)

wherek? is computedrom N(i) accordingto (3.4). Thefirst variationwith respecto
the surfacenormalsgivesgivesa vectorvaluedanisotropicdiffusion on the level set
surface—astraightforvard generalizatiorof (4.1). If we take the first variationwith
respectto ¢, we obtain a fourth-orderPDE, which is a modified versionof ILMCF
thatpreseresor enhancesareaf high curvature whichwewill call creases. Creases
are the generalizationof edgesto surfaces. We will solve this variational problem
by solving the second-ordePDE on the normalsusing the framework introducedin
Sec.3. Thestrat@y is the sameasthatin Fig. 3.3, wherewe replaced? /dN with the
first variationof the penaltyfunctionfrom (4.2). This gives

d¥ Ny @&
TN =L =N |g(k) [N, — 43
('J)dN(j) (ii) [g( )< 0 ——— k (4.3)

wherek is thetotal curvatureasin (3.4),andtheedge-stoppingunctionbecomes

g(k)=e 22, (4.4)
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Figure 4.2: Processingesultson the MRI headmodel: (a) original isosurfice, (b))
isotropicdiffusionof surfacenormalsand(c) anisotropiaiffusionof surfacenormals.
The smallprotrusionunderthe noseis a physicalmarker usedfor registration.



(c) (d)
Figure 4.3: Various stagesof anisotropicdiffusion: (a) original model, (b) after 2
iterations,(c) after6 iterations,and(d) after 26 iterations.

Therestof the processhawn in Fig. 3.3remainsunchanged.

De-noisingof measurementtatais oneof themostimportantapplicationof anisotropic

diffusion. The differencesbetweenanisotropicdiffusion andisotropic diffusion can
clearlybeobsenedin Fig. 4.2(c). Aroundthe smoothareasof theoriginal modelsuch
astheforeheadandthecheeksthereis no noticeabldifferencen theresultsof thetwo
processedHowever, very significantdifferenceexist aroundthelips andtheeyes. The
creasen theseareaswhich have beeneliminatedby isotropicdiffusion,arepresered
by theanisotropigorocess.

Running anisotropicdiffusion for more time stepsproducessurfacesthat have
piecavise smoothnormals(analogougo the behaior of the PeronaandMalik equa-
tion for images)which correspond$o smooth almostplanar surfacepatche$ounded
by sharpcreasesFigure4.3 shawvs the evolution of the dragonmodelwith anisotropic
diffusion. After a few iterationsof the overall loop in Fig. 3.3 the smallestdetails,
suchasthe scalesof the dragons skin, disappearasin Fig. 4.3(b). After somemore
iterationsin Fig. 4.3(c),thefinestdetailsof the faceandthe spikeson theridge of the
backhave beensuppressedGoing evenfurther, obsene thatthe surfaceis startingto
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() (b)
Figure4.4: Enhancedsurface(a) after1, and(b) 2 iterationsof high-boosffiltering.

becomepolyhedralin Fig. 4.3(d).

The non-linearprogressiorof eliminationof detailsfrom the smallestscaleto the
largestin Fig. 4.3 suggests possibility for improved surfacecompressiorstratayies,
wheredetailsabove a desiredscaleare kept effectively unchanged.This is in sharp
contrasto isotropicdiffusionandmeancurvatureflow, which distortsall featuresand
generatesharpdiscontinuitiesasfeaturedisappear

Theseresultssupportour propositionthat processinghe normalsof a surfaceis
the naturalgeneralizatiorof imageprocessing.Processingiormalson the surfaceis
the sameasprocessing vectorvaluedimage(suchasa color image)with a distance
metric that variesover the domain. This is in contrastto processinghe points on
a surfacedirectly with lower-order flows, which offers no clear analogyto methods
establishedn imageprocessing.

4.3 High-boostfiltering

The surfaceprocessingramework introducedin Sec.3 is flexible andallows for the
implementatiorof evenmoregeneraimageprocessingnethods We demonstrat¢his
by describinghow to generalizémageenhancemerity high-boosfiltering to surfaces.

A high-boosffilter hasa frequeng transformthat amplifieshigh frequeng com-
ponents. In image processinghis can be achiesed by unsharp masking [26]. Let
the low-passfiltered versionof animagel bei. The high-frequeng componentsre
[ =1 —I. The high-boostoutputis sumof the input imageand somefraction of its
high-frequeng components:

lo=!+al=1+a)l —al, (4.5)

wherea is a positive constanthatcontrolsthe amountof high-boosffiltering.
This samealgorithm appliesto surface normalsby a simple modificationto the

flow chartin Fig. 3.3. Recallthatthed¥ /dN loop producest\l(ri‘;“l. Definea new setof
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normalvectorsby
(1+a)Njy —a aNn+t

/ (i)
No =i a)Np, = aNT ]| (4.6)

This new normalmapis theninput to the d2/d¢ catch-uploop. The effect of (4.6)
is to extrapolatefrom the previous setof normalsin the direction oppositeto the set
of normalsobtainedby isotropicdiffusion. Recallthatisotropicdiffusionwill smooth
areaswith high curvatureandnot significantlyaffect alreadysmoothareas Processing
theloop with the modificationof (4.6) will have the effect of increasinghe curvature
in areasof high curvature,while leaving smoothareasrelatively unchanged. Thus
we are able to obtain high quality surface enhancemenbn fairly complex surfaces
of arbitrarytopology, asin Figs.4.4 and4.5. The effectsof high-boosffiltering can
be obsened by comparingthe original dragonmodelin Fig. 4.3 with the high-boost
fiteredmodelin Fig. 4.4. ThescaleontheskinandtheridgebackareenhancedAlso,
notethatdifferentamountsof enhancemertanbeachiezedby controllingthenumber
of iterationsof the mainloop. The degreeof low-passfiltering usedto obtain N(r;)“
controlsthe size of the featureghatareenhancedFigure4.5 shavs anotherexample
of high-boosfiltering; noticetheenhancemertf featuregarticularlyonthewings.
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(@) (b)

(c) (d)
Figure4.5: High-boostfiltering: (a) original model, (b) afterfiltering, (c) close-upof
original, and(d) filtered model.
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Chapter 5

Conclusion

The natural generalizatiorof imageprocessingo surfacesis via the normals. Vari-
ational processe®n the surface have correspondingrariationalformulationson the
surfacenormals.The generalizatiorof image-processintp surfacenormals however,
requiresthat we processthe normalsusing a metric on the surface manifold, rather
thana simple, flat metric, aswe do with images. In this framework, the diffusion of
the surfacenormals(and correspondingnotionsof the surface)is equivalentto par
ticular fourth-orderflow, theintrinsic Laplacianof meancurvature.By processinghe
normalsseparatelywe cansolve a pair of coupledsecond-ordeequationsnsteadof
afour-orderequation.Typically, we allow oneequation(the surface)to lag the other,
but asthe lag getsvery small, it shouldnot matter We solve theseequationsusing
implicit surfaces,representinghe implicit function on a discretegrid, modelingthe
deformationwith the methodof level sets.This level setimplementatiorallows usto
separatéhe shapeof the modelfrom the processingnechanism.

Themethodgeneralizebecausdecauseve candovirtually anythingwewishwith
the normalmap. A generalizatiorof anisotropicdiffusionto a constrainedyector
valuedfunction, definedon a manifold, givesus a smoothingprocesghat preseres
creaseslf wewantto enhancehe surface,we canenhancehe normalsandallow the
surfaceto catchup. Becauseof the implementationthe methodappliesequallywell
to ary surfacethatcanberepresenteih a volume. Consequentlyour resultsshav a
level of surfacecomplexity thatgoesbeyondthatof previousmethods.

Futurework will studythe usefulnes®f otherinterestingimageprocessingech-
niquessuchastotal variation [27] andlocal contrastenhancementTo date,we have
dealtwith postprocessingurfaces,but future work will combinethis methodwith
sgmentatiomandreconstructiortechniques.The currentshortcomingof this method
is the computatiortime, which is significant. However, the procesdendsitself to par
allelism, andthe adwent of cheap,specialized yvectorprocessinghardware promises
significantlyfasteimplementations.
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Appendix A

Numerical Implementation

By embeddingsurfacemodelsin volumes,we have corvertedequationghatdescribe
themovementof surfacepointsto nonlinear PDEsdefinedon avolume. The next step
is to discretizethesePDEsin spaceandtime. In this paper the embeddingunction

@ is definedon the volumedomainU andtime. The PDEsaresolved usinga discrete
samplingwith forwarddifferencesalongthe time axis. Therearetwo issueswith dis-

cretization:(i) theaccurag andstability of thenumericalsolutions (ii) theincreasen

computationatompleity introducedby the dimensionalityof thedomain.

A.1 Notation

For brevity, we will discussthe numericalimplementationin 2D— the extensionto

3D s straightforvard. Thefunction ¢ : U — IR hasa discretesamplingg[p, q], where
[p,q] isagrid locationand@[p, q] = ¢(Xp, Yq). We will referto aspecifictimeinstance
of this functionwith superscriptsi.e. @"[p,d] = @(Xp,Yq,tn) . For avectorin 2-space
v, weusev, andv(y) to referto its componentgonsistentvith the notationof Sec.3.

In our calculationswe needthreedifferentapproximationgo first-orderdervatives:
forward, backward and centraldifferences.We denotethe type of discretedifference
usingsuperscript®n a differenceoperatori.e., 5*) for forwarddifferencesp(-) for

backwarddifferencesandd for centraldifferencesFor instancethedifferencesn the

x directionon a discretegrid with unit spacingare

5Melp,d 2 ¢lp+1,d-9pd,

& olp,a 2 ¢lp,d-ep—14, and (A1)
A @lp+1,9-¢p-1,

5x§0[p;Q] - 2 )

wherethetime superscriphasbeenleft off for concisenessThe applicationof these
differenceoperatorgo vectorvaluedfunctionsdenotecomponentwiséifferentiation.
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A.2 Numerical solutionto ILMCF

In describinghenumericakolutionto ILMCF, wewill referto theflow chartin Fig. 3.3

for onetime stepof the mainloop. Hence thefirst stepin our numericalimplementa-
tion is the calculationof the surfacenormalvectorsfrom ¢". Recallthatthe surfaceis

alevel setof ¢@" asdefinedin (3.1). Hence thesurfacenormalvectorscanbe computed
astheunit vectorin thedirectionof thegradientof ¢". Thegradientof ¢" is computed
with centraldifferencess

o ol [ X900 ) Ao

i [p’q]N( &@[p,a] ) (A-2)
andthenormalvectorsareinitialized as

NEOlp,ol = of'[p.cl/ | @lp.dl Il (A3)

Becausep" is fixed and allowed to lag behindthe evolution of N(i), the time steps
in the evolution of N(i) are denotedwith a differentsuperscript,u. For this evolu-
tion, 0N(i)/c9t = —dg/dN(i) is implementedvith smallestsupportareaoperatorsFor
ILMCF d%/dN(i) is givenby (3.9) which we will rewrite herecomponenby compo-
nent. The Laplacianof a function canbe appliedin two steps first the gradientand
thenthe divergence.In 2D, the gradientof the normalsproducesa 2 x 2 matrix, and
the divergenceoperatorin (3.9) collapseghisto a 2 x 1 vector The diffusion of the
normalvectorsin the tangentplaneof the level-setsof ¢, requiresusto computethe
flux in the x andy directions,which we denoteMg )= ng),M( 9" The“columns” of

theflux matrix arecomputedndependentlyas

o (+)
MY~ SENE — [N 379" A4
mo ~ TN ( Jmu) e (A4
MY a PN — [ NY 6V A5
m ~ N ( II%II) A (A9)

wherethe time index n remainsfixed aswe incrementu. Derivativesof the normal
vectorsare computedwith forward differencesthereforethey are staggeredlocated
onagrid thatis offsetfrom thegrid whereg andN(i) aredefinedasshowvn Fig. A.1 for
the 2D case.Furthermorenoticethatsincethe offsetis half pixel only in the direction
of the differentiation,the locationsof 6X+)N( and 6§+ N, aredifferent,but arethe
samelocatlonsast‘) andandME‘) respecuely To evaluate(A.4) and(A.5), qo” N”
mustcomputedat [p+ 1/2,q] and[p,q+ 1/2], respectiely. Thesecomputatmnsare
alsodonewith the smallestsupportareaoperatorsusingthe symmetric2 x 3 grid of
samplesaroundeachstaggeregoint, asshovn in Fig. A.1 with the heary rectangle.
For instance,

N (olp,dl
Ao+ (%(@fp[p,q]+6yco[p+1,q]) ) and
1
#ipa+l ~ ( 2(6x¢[pég]+;r¢?gfp£]loaq““1]) ) , (A6)
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FigureA.1: Computatiorgrid

Backwardsdifferencesf theflux matrix areusedto computethedivergenceoperation
in (3.9) "
d¥ _ _
lWa)] ~ =&MG, + &M (A7)
Notice that backwardsdifferenceof ijix)' is definedat the original ¢ grid location

[p,q], andthe sameholdsfor M(”iy). Thusall the component®f dg/dN(i) arelocated

ontheoriginal grid for ¢. Usingthetangentiabrojectionoperatoiin (3.9),thenew set
of normalvectorsarecomputedas

u
%
u+l u N
NGt = NG +T —dN(i)]
dz 1" iz 1"
- v fac] ([ ) e

Startingwith the initialization in (A.3) for u = 0, we iterate(A.8) for a fixednumber
of steps.In otherwords,we do notaim at minimizing the enegy givenin (3.8)in the
d¥¢ /dN loop of Fig. 3.3; we only reduceit. The minimizationof total meancurvature
asafunctionof @ is achieved by iteratingthe mainloop in (A.3). In Sec.3.3,it was
shavn thatto minimize total meancurvature,the d¢ /dN loop shouldbe processed
for only onetime stepbefore processinghe d2/d¢ loop in every iteration of the
main loop. However, thedZ/dg loop is the mostcomputationallyexpensve part of
thealgorithmandrun-timescanbereducedoy runningthe mainloop asfew timesas
possible.To this effect, we foundthatthe d¢ /dN loop canbe processedor multiple
time stepshbeforemoving ontothe d2/dg loop. Moreover, the numberof iterations
of themainloop necessaryo obtainthe sameresultis reducedwith this approach25
iterationsor lesspermainloop for theexamplesin this paper).

Oncetheevolutionof N is concludedg is evolvedto catchup with the new normal
vectorsaccordingto (3.11). We denotethe evolved normalsby N(’};rl. To solve (3.11)
we mustcalculateH? andHN™™". HN"™ is the inducedmeancunvatureof the normal
map;in otherwords, it is the curvatureof the hypotheticaltarget surfacethatfits the
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normalmap. Calculationof curvaturefrom afield of normalsis

HN""':L ~ 5)(N>l<'l+1 + 6yN;,1+1, (A9)

wherewe have usedcentral differenceson the componentof the normal vectors.
HN™ needgo be computedonceat initialization asthe normalvectorsremainfixed
duringthe cathcup phase Let v bethetime stepindex in thed2/dg loop. H?" isthe
meancurvatureof the moving level setsurfaceat time stepv andis calculatedrom ¢
with the smallestareaof support:

HO s 5 5x‘+)<pv[p,q]” ) & ¢'[p.q (A0

| @/[p+ 3.4 I @/Ip,a+3] |

wherethe off-grid gradientsof ¢ in the denominatorare calculatedusing the 2x3
staggeredheighborhoodsin (A.6).

The PDEin (3.11)solved with a finite forward differencesput with the up-wind
schemdor the gradientmagnitudg20], to avoid overshootingand maintainstability.
The up-wind methodcomputesa one-sidederivative thatlooksin the up-wind direc-
tion of themoving wave front, andtherebyavoidsovershooting Moreover, becauseve
areinterestedn only a singlelevel setof ¢, solving(3.11)overall of U is not neces-
sary Becausdlifferentlevel setsevolve independentlywe cancomputethe evolution
of @ only in a narrav bandaroundthe level setof interestandre-initialize this band
asnecessary?8, 29. See[21] for more detailson numericalschemesnd efficient
solutionsfor level setmethods.

Using the upwind schemeand narrov bandmethods,@'+?! is computedfrom ¢’
accordingto (3.11) usingthe curvaturescomputedn (A.9) and(A.10). Thisloop is
iterateduntil theenegy in (3.10)ceaseso decreasdpt vi™ denotethefinal iteration
of this loop. Thenwe set ¢ for the next iteration of the main loop (seeFig. 3.3) as

PHl = (p"ﬁnaj andrepeatthe entire procedure.The numberof iterationsof the main
loop is a free parametethat generallydetermineghe extent of processingj.e. the
amountof smoothingfor ILMCF.
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