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Abstract

Thegeneralizationof signalandimageprocessingto surfacesentailsfiltering thenor-
malsof the surface,ratherthanfiltering the positionsof pointson a mesh. Using a
variationalframework, smoothsurfacesminimize the norm of the derivative of the
surfacenormals—i.e. total curvature. Penaltyfunctionson the surfacenormalsare
computedusinggeometry-basedshapemetricsandminimizedusinggradientdescent.
Thisproducesasetof partialdifferentialequations(PDE).In thispaper, weintroducea
novel framework for implementinggeometricprocessingtoolsfor surfacesusingatwo
stepalgorithm:(i) operatingon thenormalmapof a surface,and(ii) manipulatingthe
surfaceto fit theprocessednormals.Thecomputationalapproachuseslevel setsurface
models;therefore,theprocessingdoesnotdependonany underlyingparameterization.
Iterating this two-stepprocess,we can implementgeometricfourth-orderflows effi-
ciently by solving a setof coupledsecond-orderPDEs. This paperwill demonstrate
thattheframework providesfor a wide rangeof surfaceprocessingoperations,includ-
ing edge-preservingsmoothingandhigh-boostfiltering. Furthermore,thegeneralityof
the implementationmakesit appropriatefor very complex surfacemodels,e.g. those
constructeddirectly from measureddata.



Chapter 1

Intr oduction

The fundamentalprinciplesof signal processinggive rise to a wide rangeof useful
tools for manipulatingand transformingsignalsand images. The generalizationof
theseprinciplesto the processingof 3D surfaceshasbecomean importantproblem
in computergraphics,visualization,andvision. For instance,3D rangesensingtech-
nologiesproducehigh resolutiondescriptionsof objects,but they often suffer from
noise.Medical imagingmodalitiessuchasMRI andCT scansproducelargevolumes
of scalaror tensormeasurements,but surfacesof interestmustbe extractedthrough
somesegmentationprocessor fitted directly to themeasurements.

The stateof the art in surfaceprocessingincludesa numberof very useful tools
for processingmeshes.However, to datethereis no general framework for geometric
surface processing. By general we meantwo things. First, the framework should
provideabroadvarietyof capabilities,includingsurfaceprocessingtoolsthatresemble
thestateof theart in imageprocessingalgorithms.Secondtheframework shouldapply
to a generalclassof surfaces. Usersshouldbe able to processcomplex surfacesof
arbitrary topology, and obtainmeaningfulresultswith very little a priori knowledge
abouttheshapes.By geometric we meanthatoutputof surfaceprocessingalgorithms

Original Model Isotropic Smoothing Edge-Preserving Smoothing High-Boost Filtering

Figure1.1: Surfaceprocessingexamples.
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shoulddependon surfaceshapeandresolution,but shouldbeindependentof arbitrary
decisionsabouttherepresentationor parameterization.

This paperpresentsa framework that is basedon the propositionthat the natural
generalizationof imageprocessingto surfacesis via thesurface normal vectors. Thus,
asmoothsurfaceis onethathassmoothlyvaryingnormals.In this light, thedifferences
betweensurfaceprocessingand imageprocessingare threefold. Normalslive on a
manifold (the surface)andcannotnecessarilybe processedusing a flat metric, as is
typically donewith images. Normalsare vector valuedand constrainedto be unit
length;the processingtechniquesmustaccommodatethis. Normalsarecoupledwith
the surfaceshape,andthusthe normalsshoulddragthe surfacealongastheir values
aremodifiedduringprocessing.

This paperpresentsan implementationthat representssurfacesasthe level setsof
volumesandcomputesthe processingof the normalsandthe deformationof the sur-
facesassolutionsto a setof partialdifferentialequations(PDE).This strategy enables
us to achieve the “black box” behavior, which is reflectedin the natureof theresults.
Resultsin this paperwill show a level of complexity in the modelsandthe process-
ing algorithmsthat hasnot yet beendemonstratedin the literature. This generality
comesat the costof significantcomputationtime. However, the methodis practical
with state-of-the-artcomputersandis well-poisedto benefitfrom parallelcomputing
architectures,dueto its relianceon local, iterativecomputations.

Figure 1 shows several resultsof processinga 3D surfacemodel with different
algorithms.Thesealgorithmsconsistof smoothing,feature-preservingsmoothing,and
surfaceenhancement.All threeprocessesareconsistentmathematicalgeneralizations
of their image-processingcounterparts.Note that all of the surfacesin this paperare
representedvolumetricallyandrenderedusingthemarchingcubesalgorithm[1].

In someapplications,suchasanimation,modelsaremanuallygeneratedby a de-
signerandthe parameterizationis not arbitrarybut is an importantaspectof the geo-
metric model. In thesecasesmesh-basedprocessingmethodsoffer a powerful setof
tools, suchashierarchicalediting [2], which arenot yet possiblewith the proposed
representation.However, in otherapplications,suchas3D segmentationandsurface
reconstruction[3, 4], the processingis datadriven,andsurfacescandeformquite far
from their initial shapesand even changetopology. Furthermore,when considering
processesotherthanisotropicsmoothing,suchasnonlinearsmoothingor high-boost
filtering, thecreationor sharpeningof small featurescanexhibit noticeableeffectsof
themeshtopology—featuresthatarealignedwith themesharetreateddifferentlythan
thosethat arenot. The techniquespresentedin this paperoffer a new setof capabil-
ities that areespeciallyinterestingwhenprocessingmeasureddata—asareall of the
examplesshow in this paper.

Thespecificcontributionsof this paperare:� a novel framework for geometricprocessingof surfacesthat relies on surface
normals;� a numericalmethodfor solving fourth-orderlevel setequationsin two simpler
steps,therebyavoiding the explicit computationof unstablehigh-orderderiva-
tives;and� examplesof threegeometricprocessingalgorithmswith applicationsto datasets
thataremorecomplex thanthosepreviouslydemonstratedin theliterature.
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Chapter 2

RelatedWork

The majority of surfaceprocessingresearchhasbeenin the context of surface fair-
ing with the motivation of smoothingsurfacemodelsto createaestheticallypleasing
surfacesusing triangulatedmeshes[5, 6, 7, 8]. Surfacefairing typically operateby
minimizing a fairnessor penaltyfunction that favors smoothsurfaces[9, 10, 11, 5].
Fairnessfunctionalscandependon the geometryof the surfaceor the parameteriza-
tion. Geometricfunctionalsmakeuseof invariantssuchasprincipalcurvatures,which
areparameterizationindependent,intrinsic propertiesof the surface. Therefore,ge-
ometricapproachesproduceresultsthat arenot affectedby arbitrarydecisionsabout
theparameterization;however, geometricinvariantsarenonlinearfunctionsof surface
derivativesthat arecomputationallyexpensive to evaluate. Simplerparameterization
dependentfunctionalsare linear approximationsto geometricinvariants. Suchfunc-
tionalscanbeequivalentto geometricinvariantswhenthesurfaceparameterizationis
isometric) or they canbe poor approximationswhenthe parameterizationis irregular
andnon-differentiable.An isometric surfaceparameterizationrequiresthetwo param-
etercoordinateaxis to be orthogonalandarc-lengthparameterized.In the context of
surfacefairingwith meshestheseconceptsarealsoreferredto asgeometricandparam-
eterizationsmoothness[7] or outerandinnerfairness[12].

Oneway to smootha surfaceis to incrementallyreduceits surfacearea.This can
beaccomplishedby meancurvatureflow (MCF) at every point S:

∂S
∂ t
� H

�
N (2.1)

whereH is themeancurvatureof thesurface,
�
N is thesurfacenormal,andt is thetime

evolution of the surfaceshape.For parameterizedsurfacesthe surfaceareatranslates
to themembraneenergy functional�

Ω
X2

u � X2
v du dv (2.2)

whereX � u � v � andΩ arethesurfaceparameterizationandits domain,respectively. For
an isometricparameterizationX2

u � X2
v
� 1; therefore,(2.2) reducesto surfacearea.
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However, for largerandsmallerX2
u � X2

v , theapproximationto surfaceareais distorted
proportionally. Thevariationalderivativeof (2.2) is theLaplacian,

∆X � Xuu � Xvv � (2.3)

which is equivalentto meancurvaturein theisometriccase.Laplacian,or meancurva-
tureflow, is closelytiedto Gaussianfiltering—astandardmethodof smoothingimages.
Clarenz et al. [13] proposeameshed-basedintrinsic flow thatincorporatesa weighted
sumprinciplecurvaturesthatdependson thelocal surfaceshape.

A second-orderpenaltyfunctionis total curvature�
S

κ2
1 � κ2

2 dS (2.4)

which hasbeenshown to deformsurfacesinto spheres[14]. Total curvatureis a ge-
ometric(invariant)propertyof the surface. The meshfairing approachof [5] which
minimizes(2.4) involves fitting local polynomial basisfunctionsto local neighbor-
hoodsfor thecomputationof total curvature.Thesepolynomialbasisfunctionsrange
from full quadraticpolynomialsto constrainedquadraticsandplanarapproximations.
Dependingon thecomplexity of thelocalneighborhood,thealgorithmmustchoose,at
eachlocation,which basisto employ. Ambiguitiesresultat locationswheremultiple
basisprovide equallygoodrepresentations.In [8] the authorssearchdirectly for an
intrinsic PDE that producesfair surfacesinsteadof deriving the PDEsfrom a varia-
tional framework. They proposetheLaplacianof meancurvature∆BH � 0 for meshes
where∆B is the Laplace-Beltramioperator, i.e. the Laplacianfor parameterizedsur-
faces.Theirapproachis not sufficiently generalto satisfythegoalsof thispaper, but is
closelyrelatedto theproposedmethod.We will discussit furtherin Sec. 3.

If we penalizethe parameterization(i.e. non-geometric),equation(2.4) becomes
thethin plateenergy functional�

Ω
X2

uu � 2X2
uv � X2

vv du dv (2.5)

whereX andΩ areasdefinedfor (2.2). Thin plateenergy wasusedin [10] for surface
fairing. Thevariationalderivativeof (2.5) is thebiharmonicoperator, which is linear:

∆2X � Xuuuu � 2Xuuvv � Xvvvv � (2.6)

Theselinearenergy functionalsunderlythe signalprocessingapproachto surface
fairingpioneeredin [6], whoderivedthenaturalvibrationfrequenciesof asurfacefrom
the Laplacianoperator. Taubinobservesthat Gaussianfiltering causesshrinkage.He
eliminatesthis problemby designinga low passfilter usinga weightedaverageof the
Laplacianandthebiharmonicoperator. Theweightshaveto befine-tunedto obtainthe
non-shrinkingproperty. Analyzedin thefrequency domain,this low-passfilter canbe
seenasa Gaussiansmoothingshrinkingstepfollowedby anunshrinkingstep.Indeed,
any polynomial transferfunction in the frequency domaincanbe implementedwith
this method[15]. [16] describea relatedapproachin which surfacearesmoothedby
simultaneouslysolvingthemembrane(2.2)andthin plate(2.5)energy functionals.
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Thesignalprocessingapproachusestheumbrellaoperatorwhichis adiscretization
of the Laplacian. The edgelengthsconnectingthe nodesof the meshandthe angles
betweenadjacentedgesarounda node,alsoknown asfaceangles,introduceparam-
eterizationdependencies.By settingthe edgeweightsin the umbrellaoperatorto the
reciprocalof theedgelength,thedependency on edgelengthcanberemoved[6], but
the dependency on the faceanglesremain. A scaledependentintrinsic umbrellaop-
eratoris definedin [7] that removesboth dependencies.The time stepsin explicitly
integratinga scaledependentumbrellaoperatorareproportionalto the squareof the
shortestedgelength. Desbrun et al. overcomethis limitation by introducingan im-
plicit integrationscheme.Nevertheless,theweightsfor theumbrellaoperatormustbe
recomputedat eachiterationto maintainits intrinsic property. A non-uniformrelax-
ationoperatoris introducedin [2] to minimizea locally weightedquadraticenergy of
secondorderdifferences.

Moreton and Sequin[9] proposea geometricfairnessfunctional that penalizes
thevariationof principlecurvatures—athird-order, geometricpenaltyfunction(corre-
spondingto asixth-order variationalderivative),whichrequiresverylargecomputation
times.Theanalysisandimplementationof generalpenaltyfunctionsabovesecondor-
derremainsanopenproblem,which is beyondthescopeof thispaper. Evidencein this
paperandelsewhere[7, 8] suggeststhatfourth-ordergeometricflows form a sufficient
foundationfor a general,geometricsurfaceprocessingsystem.

This work in this paperis alsorelatedto that of Chopp& Sethian[17], who de-
rive the intrinsic Laplacianof curvaturefor an implicit curve, andsolve the resulting
fourth-ordernonlinearPDE.However, they arguethat the numericalmethodsusedto
solve secondorderflows arenot practical,becausethey lack long termstability. They
proposeseveral new numericalschemes,but noneare found to be completelysatis-
factorydueto their slow computationandinability to handlesingularities.Oneof the
resultsof thispaperis to solvethisequationmoreeffectively (andin 3D) andto demon-
stratethatthis is only oneexampleof amoregeneralclassof usefulsurfaceprocessing
techniques.Joint interpolationof vectorfields andgray level functionswasusedfor
succesfullyfilling-in missingpartsof imagesin [18].
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Chapter 3

Geometric SurfaceProcessing

Oneof the underlyingstrategiesof this paperis to usegeometric surface processing,
wherethe outputof the processdependsonly on the shapeof the input surface,and
doesnotcontainartifactsfrom theunderlyingparameterization.Themotivationfor this
strategy is discussedin detailin [12], wheretheinfluenceof themeshparameterization
on surfacefairing resultsis clearly shown, andhigher-ordergeometricflows, suchas
theintrinsic Laplacianof curvature,areproposedasthesolution.

As anillustrationof theimportanceof higher-ordergeometricprocessing,consider
the resultsin Fig. 3.1, which demonstratesthe differencesbetweenprocessingsur-
faceswith meancurvatureflow (MCF) andintrinsic Laplacianof meancurvatureflow
(ILMCF). The amountof smoothingfor MCF andILMCF waschosento be qualita-
tively similar, andyet importantdifferencescanbeobservedon thesmallerfeaturesof
the original model. MCF hasshortenedthe hornsof the original model,andyet they
remainsharp—nota desirablebehavior for a “smoothing”process.This behavior for
MCF is well documentedasa pinchingoff of cylindrical objectsandis expectedfrom
thevariationalpoint of view: MCF minimizessurfaceareaandthereforewill quickly
eliminatesmallerpartsof a model. Someauthors[19] have proposedvolume pre-
servingformsof second-orderflows, but theseprocessescompensateby enlarging the
object as a whole, which exhibits, qualitatively, the samebehavior on small features.
Intrinsic Laplacianof meancurvatureflow, in Fig. 3.1,preservesthestructureof these
featuresmuchbetterwhile smoothingthem.

Figure3.1: Second-andfourth-ordersurfacesmoothing.Fromleft to right: Original
model,meancurvatureflow, andintrinsic Laplacianof meancurvatureflow.
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Figure3.2: Shown herein 2D, theprocessbeginswith ashapeandconstructsanormal
mapfrom the distancetransform(left), modifiesthe normalmapaccordingto a PDE
derivedfrom apenaltyfunction(center),andre-fitstheshapeto thenormalmap(right).

An alternativeto solvingafourth-orderequationdirectly is to decoupleit into apair
of second-orderequations.For instance,a two-stepsolutionto ILMCF for meshesis
proposedin [8]. However, this approachworksonly for meshes,andrelieson analytic
propertiesof thesteady-statesolutions,∆H � 0, by fitting surfaceprimitivesthathave
thoseproperties.Thus,the formalismdoesnot generalizewell to applications,such
assurfacereconstruction,wherethe solutionis a combinationof measureddataand
a fourth-ordersmoothingterm. Also, it doesnot apply to other typesof smoothing
processes,suchasthosethatminimizenonlinearfeature-preservingpenalties.

In [18], theauthorspenalizethesmoothnessof a vectorfield while simultaneously
forcing thegradientdirectionsof a grayscaleimageto closelymatchthevectorfield.
Thepenaltyfunctiononthenormalfield is proportionalto thedivergenceof thenormal
vectors. This forms a high-orderinterpolationfunction, which is shown to be useful
for imageinpainting—recoveringmissingpatchesof datain 2D images.This strategy
of simultaneouslypenalizingthedivergenceof a normalfield andthemismatchof this
field with the imagegradientis closelyrelatedto the total curvaturepenaltyfunction
usedin this paper. Theformulationproposedin this paperemphasizestheprocessing
of normalsonanarbitrarysurfacemanifold(ratherthantheflat geometryof animage),
with anexplicit relationshipto fourth-ordersurfaceflows. Furthermore,this paperes-
tablishesnew directionsfor surfaceflows—towardedge-preservingsurfacesmoothing
andfeatureenhancement.

In this section,we will generalize[17] to theintrinsic Laplacianof meancurvature
for level setsurfaces,andintroducea methodfor breakingit into two simplerPDEs.
Thispairof equationsis solvedby allowing thesurfaceshapeto lagthenormalsasthey
arefilteredandthencatchup by a separateprocess.Figure3.2 shows thesethreestep
processgraphicallyin 2D—shapesgiveriseto normalmaps,which,whenfiltered,give
rise to new shapes.In the limit, this approachis equivalentto solving the full-blown,
intrinsicfourth-orderflow, but it generalizesto awiderangeof processesandmakesno
assumptionsaboutthe shapesof the solutions.In Sec. 4, we show resultsfor several
differentkindsof surfacefilters. Theappendixdescribesa numericallystablediscrete
solver for thesystemof equations.
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Figure3.3: Flow chart

3.1 Level setmethods
Theremainderof this paperaddressesthehigher-ordergeometryof implicit surfaces,
i.e. level sets.Eventhoughvery goodsurfacefairing resultshave beenobtainedwith
meshes,therearesomedrawbacksto usingmeshesandotherparametricmodelsfor
purposesotherthansimplesmoothing(i.e. low passfiltering). We believe that level
setmethods[20, 21] arebettersuitedfor a wide rangeof surface-processingfor the
following reasons.

1. Somesurfaceprocesses,suchasanisotropicdiffusion andhigh-boostfiltering,
have thecapabilityof introducingnew features—afundamentaldifferencefrom
smoothing.Meshesdo not form discontinuitieswell unlesstheedgesof theface
trianglescoincidewith theedgesof thesurface.

2. Anythingmorethanamodestamountof smoothingis likely to evolvethesurface
far from its original shape.This requiresthe creationanddeletionof facesin
meshesto maintaintheoriginal resolution.Implicit surfacesdo not exhibit this
problem.

3. For surfacereconstruction,suchasfrom rangeimageryor tomographicdata,the
evolving surfacecanundergotopologicalchanges[3, 4]. Surfacemeshesdo not
(readily)allow topologicalchanges,whereaslevel setsurfacesdo.

To facilitate the discussion,we usethe Einsteinnotationconvention, wherethe
subscriptsindicatetensorindices,andrepeatedsubscriptswithin a productrepresent
a summationover theindex (acrossthedimensionsof theunderlyingspace).Further-
more,we usetheconventionthatsubscriptson quantitiesrepresentderivatives,except
wherethey are in parenthesis,in which casethey refer to a vector-valuedvariable.
Thus,φi is the gradientvectorof a scalarquantityφ : IRn �� IR. The Hessianis φi j,
andtheLaplacianis φii. A vectorfield is v  i � , wherev : IRn �� IRn, andthedivergence
of that field is v  i � i. Scalaroperators,suchasdifferentialsbehave in the usualway.
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Thus,gradientmagnitudeis � φi � ��� φiφi andthe differentialfor a coordinatesystem
is dx  i � � dx1dx2 ����� dxn.

Level setsurfacemodelsrely on thenotionof a regularsurface,which is a collec-
tion of 3D points, � , with a topologythatallows eachpoint to bemodeledlocally as
a functionof two variables.We candescribethe deformationof sucha surfaceusing
the3D velocity of eachof its constituentpoints,i.e.,∂ s  i � � t ��� ∂ t for all s  i ��� � . If we
representthesurfaceimplicitly at eachtime t, then� ��� s  i � � t ��� φ � s  i � � t ��� t � � 0 � � (3.1)

Noticethatsurfacesdefinedin this way divide a volumeinto two parts:inside(φ � 0)
andoutside(φ  0). It is commonto chooseφ to bethesigneddistancetransformof� , or anapproximationthereof.

Thesurfaceremainsa level setof φ over time, andthustakingthetotal derivative
with respectto time (usingthechainrule) gives

∂φ
∂ t

�"! φ j

∂ s  j �
∂ t

(3.2)

Noticethatφ j is proportionalto thesurfacenormal,andthus∂ s  j � � ∂ t affectsφ only in
thedirectionof thesurfacenormal—surfacemotionin any otherdirectionis merelya
changein theparameterization.Usingthis framework, thePDEonφ thatdescribesthe
motionof a surfaceby meancurvature,asin (2.1), is

∂φ
∂ t

� φii
! φi jφiφ j

φkφk
� (3.3)

Thefollowing sectionsgivethemathematicaldescriptionof theprocessoutlinedin
Fig. 3.3. Firstwewill derivetheenergy functionalfor minimizingthetotalcurvatureof
anormalmap.Thefirst variationof thetotalcurvatureresultsin asecond-orderPDEon
thenormals.This processis denotedin Fig. 3.3asthed #$� dN loop. Next, in Sec.3.3,
we show anotherenergy functional for fitting a surfaceto an evolved normal map,
resultingin a second-orderPDEon φ . This is thed %&� dφ loop in Fig. 3.3. Finally, we
will show thattheoverallprocessof simultaneouslysolvingthesetwo PDEsasshown
in Fig. 3.3is equivalentto ILMCF. Thisestablishesthemathematicalfoundationof the
proposedmethod.

3.2 Intrinsic Laplacian of meancurvatureflow for nor-
mal maps

Whenusingimplicit representationsonemustaccountfor thefactderivativesof func-
tions definedon the surfacearecomputedby projectingtheir 3D derivativesonto the
tangentplaneof the surface. Let N  i � : IR3 � S3 be the normalmap,which is a field
of normalsthatareeverywhereperpendicularto thefamily of embeddedisosurfacesof
φ—thusN  i � � φi � � φkφk. The3 ' 3 projectionmatrix for theimplicit surfacenormal
is P i j � � N  i � N  j � , andP i j � V  i � returnsthe projectionof V  i � onto N  i � . Let I  i j � be the
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identity matrix. Thenthe projectiononto theplanethat is perpendicularto the vector
field N  i � is the tangent projection operator, T i j � � I  i j � ! P i j � . Undernormalcircum-
stancesthenormalmapN  i � is derivedfrom thegradientof φ , andT  i j � projectsvectors
ontothetangentplanesof thelevel setsof φ . However, thecomputationalstrategy we
areproposingallows φ to lag thenormalmap.Therefore,thetangentprojectionoper-
atorsdiffer, andwe useT φ i j � to denoteprojectionsontothetangentplanesof the level

setsof φ andT N i j � to denoteprojectionsontoplanesperpendicularto thenormalmap.
The shapematrix [22] of a surfacedescribesits curvatureindependentof the pa-

rameterization.The shapematrix of an implicit surfaceis obtainedby differentiating
the normalmap and projectingthat derivative onto the tangentplaneof the surface.
TheEuclideannormof theshapematrix is thetotal curvature,κ . Thus

κ2 �)((( (((N  i � jT φ jk � ((( ((( 2 � (3.4)

If N  i � is deriveddirectly from φ , this gives

κ2 �*((( ((( T φ il � φl jT
φ jk � ((( ((( 2 � (3.5)

The strategy is to treat theseexpressionsas penalty functions,and develop surface
processingmethodsby solvingthePDEsthat resultfrom thefirst variationof surface
integralsover thesepenaltyfunctions.Notice,thatif wetake thefirst variationof (3.5)
we obtain a fourth-orderPDE on φ , but if we take the first variation of (3.4), with
respectto N  i � , allowing φ to remainfixed, we obtain a second-orderPDE on N  i � .
To seethe first variationof (3.4) we re-expressthe norm, usingthe identity �+�A �+� 2 �
Trace,ATA - . This gives

κ2 �)((( (((N  i � j ((( ((( 2 ! ((( (((N  i � jφ j
((( ((( 2

φkφk
� (3.6)

andthusthepenaltyfunctionfor thetotal surfacecurvatureis#�� N  i � � � �/.1023 ((( (((N  i � j ((( ((( 2 ! ((( (((N  i � jφ j
((( ((( 2

φkφk

4657 dx  m � � (3.7)

As we processthe normalmap N  i � , letting φ lag, we must ensurethat it maintains
theunit lengthconstraint,N  i � N  i � � 1. This is expressedin thepenaltyfunctionusing
Lagrangemultipliers.Theconstrainedpenaltyis#�� N  i � � � �/. λ � x  l � �8� N  k � N  k � ! 1� dx  l � � (3.8)

whereλ � x  l � � is the Lagrangemultiplier at x  l � . Using the first variationandsolving

for λ introducesa projectionoperatorT N i j � on thefirst variationof # , which keepsN  i �
10



unit length.Thusthefirst variationof (3.8)with respectto N  i � is! T N i j � d #
dN  j � �"! T N i j �:9 N  j � k ! N  j � lφlφk

φmφm ;
k

� (3.9)

A gradientdescenton this metric ∂N  i � � ∂ t �<! d #=� dN  i � , resultsin a PDE that a
smoothesthe normal map by minimizing total curvaturewhile maintainingthe unit
normal constraint. Notice that this is preciselythe sameas solving the constrained
diffusionequationon N  i � usingthemethodof solvingPDEson implicit manifoldsde-
scribedin [23]. Thisderivationis whatweconsiderthebase case—subsequentsections
of this paperwill introduceotherprocesseson thenormalmaps.

3.3 Surfaceevolution via normal maps
We have shown how to evolve thenormalsto minimize total squaredcurvature;how-
ever, thefinal goalis thereconstructionof thesurfacewhichrequiresevolving φ , rather
thanthe normalmap. Hence,the next stepis to relatethe evolution of φ to the evo-
lution of N  i � . Supposethatwe aregiventhenormalmapN  i � to somesetof surfaces,
but not necessarilylevel setsof φ—asis the caseif we filter N  i � andlet φ lag. We
canmanipulateφ so that it catches up to N  i � by minimizing a penaltyfunction that
quantifiesthediscrepancy. This penaltyfunctionis%>� φ � � �

U ? φiφi
! φiN  i �A@ dx  j � � (3.10)

whereU B IR3 is thedomainof φ . A gradientdescentonφ thatminimizesthispenalty
functionis

∂φ
∂ t

�"! d %
dφ

� �C� φk �+� 9ED φ j

φmφm F j

! N  j � j ; � �∇φ �HG Hφ ! HN I (3.11)

whereHφ is themeancurvatureof thelevel setsurfaceandHN is theinducedcurvature
of thenormalmap. Thus,thesurfacemovesasthedifferencebetweenits own curva-
ture andthat of the normalfield. The factorof �∇φ � , which is typical with level set
formulations,comesfrom thefact thatwe aremanipulatingtheshapeof the level set,
which is embeddedin φ , asin (3.2).

We proposeto solvefourth-orderflowsonthelevel setsof φ by asplittingstrategy,
which entailsprocessingthenormalsandallowing φ to lag andthencatchup later, in
aseparateprocess.This is only correctif weknow thatin thelimit, asthelag becomes
very small, we are solving the full fourth-orderPDE. To show this we analyzeone
iterationof themain loop in Fig. 3.3. Beforeprocessingthenormals,they arederived
from φn, andwe have Nn i � � φn

i �EJ φn
j φn

j . Evolving thenormalmaponceaccordingto

(3.9) for a smallamountof time dt gives

Nn K 1 i � � Nn i � ! T N i j � d #
dN  j � dt � (3.12)
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If we immediatelyapply(3.11)to fit φ to this new normalmap

∂φ
∂ t

�ML φn
k
LON Hφ ! 9 Nn i � ! TN ij � d#

dN  j � dt;
i P � (3.13)

BecauseNn i � is deriveddirectly from φn, we have Nn i � i � Hφ , which givestheexpres-
sionfor changesin φ in orderto make up this infinitesimallag:

∂φ
∂ t

�Q!QL φn
k
L 9 T N i j � d #

dN  j � ; i

� (3.14)

We canexpressthe penaltyfunction # in termsof eitherN  i � or φ , andtake the first

variationwith respectto eitherof thesequantities.Therelationshipbetweend #$� dN  i �
andd #R� dφ is establishedby integrating(by parts)—itis

d #
dφ

�Q! 9 T φ
i j

d #
dN  j � ; i

� (3.15)

whereT φ
i j
� T N

i j asdt � 0. Thustheupdateonφ afterit lagsN  i � by somesmallamount
is actually

∂φ
∂ t

�ML φk
L d #

dφ
� (3.16)

which is a gradientdescent,of the level setsof φ , on # — the total curvatureof the
surface.

This analysisshows that thestrategy depictedin Figs.3.2and3.3 is a valid mech-
anismfor implementingthebase-case,which is ILMCF on implicit, level setsurfaces.
However, this strategy hasbroaderimplications.Sec.4.2 will show thatotherchoices
of # (therearemany optionsfrom the imageprocessingliterature)will producedif-
ferentkinds of PDE-basedsurfaceprocessingalgorithms.Furthermore,Sec.4.3 will
demonstratethat the generalstrategy of processingnormalsseparatelyfrom surfaces,
in a two phaseprocess,offersa setof usefultoolsthatgo beyondthestrict variational
framework.
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Chapter 4

Applications

4.1 Isotropic Diffusion
WehavediscussedILMCF in detailin Sec.3. Herewewill presentsomeresultsof this
diffusion process.Figure4.1 shows modelat variousstagesof the diffusion process.
Two iterationsof themainprocessingloopin Fig.3.3areenoughto removethesmallest
scalefeaturesfrom themodel.Later iterationsstartsmoothingtheglobalshapeof the
model. Themodelshown in this exampleconsistsof a 356 ' 161 ' 251 volume. The
computationtime requiredfor oneiterationof themainprocessingloop for this model
is around30minutesona1.7 Ghz Intel processor. Themodelsusedin theexamplesin
therestof this paperapproximatelyhavethesamelevel of complexity.

4.2 Anisotropic Diffusion
Minimizing thetotal squaredcurvatureof a surfaceworkswell for smoothingsurfaces
andeliminatingnoise,but it alsodeformsor removesimportantfeatures.This typeof
smoothingis called isotropicbecauseit correspondsto solving the heatequationon
the normalmapwith a constant,scalarconductioncoefficient. This is equivalentto
a convolution of the surfacenormalswith a Gaussiankernelthat is isotropic(usinga
metricthat is flat on thesurface).Isotropicdiffusionis not particularlyeffective if the
goal is to de-noisea surfacethat hasan underlyingstructurewith fine features.This
scenariois commonwhen extracting surfacesfrom 3D imaging modalities,suchas
magneticresonanceimaging(MRI), in which the measurementsareinherentlynoisy.
Figure4.2(a)is anexampleof theskin surface,which wasextracted,via isosurfacing,
from an MRI dataset. Notice that the roughnessof the skin is noise,an artifact of
themeasurementprocess.This modelis alsoquitecomplex because,despiteour best
efforts to avoid it, theisosurfacesincludemany convolutedpassagesup in thesinuses
andaroundtheneck.As anindicationof thiscomplexity, considerthatmarchingcubes
produces543,000trianglesfrom thisvolume.Thisis over10timesthenumberof faces
in many of the “standard”modelsusedto demonstratesurfaceprocessingalgorithms
[2, 7]. Thestrategy in this paperis to treatsuchsurfacesasthey aremeasured,in their
volumetricrepresentation,ratherthanprocessthisdataindirectlyvia asimplified,fitted
surfacemesh[24].
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(a) (b)

(c) (d)

Figure4.1: Variousstagesof isotropicdiffusion: (a) original model,(b) after 2 itera-
tions,(c) after8 iterations,and(d) after25 iterations.
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Isotropicdiffusion,shown in Fig. 4.2(b),is marginally effective for de-noisingthe
headsurface. Notice that the sharpedgesaroundthe eyes, nose,lips and earsare
lost in this process.The problemof preservingfeatureswhile smoothingaway noise
hasbeenstudiedextensively in computervision. Anisotropicdiffusion introducedin
[25] hasbeenvery successfulin dealingwith this problemin a wide rangeof images.
Perona& Malik proposedto replaceLaplaciansmoothing,which is equivalentto the
heatequation∂ I � ∂ t � ∇ S ∇I, with a nonlinearPDE:a

∂ I � ∂ t � ∇ S�, g � L ∇I L � ∇I -T� (4.1)

whereI is generallythegrey-level image,andg ��S � is theedgestoppingfunction,which
shouldbe a decreasingsigmoidalfunction. Perona& Malik suggestedusingg � x � �
e UWV∇I V 2 X 2µ , whereµ is a positive, free parameterthat controlsthe level of contrastof
edgesthat canaffect the smoothingprocess.Notice that g � L ∇I L � approaches1 forL ∇I LTY µ and 0 for L ∇I LTZ µ . Edgesare generallyassociatedwith large image
gradients,andthusdiffusion acrossedgesis stoppedwhile regionsthat arerelatively
flat undergo smoothing. A mathematicalanalysisshows that solutionsto (4.1) can
actuallyexhibit an inversediffusion nearedges,andcanenhanceor sharpensmooth
edgesthathavegradientsgreaterthanµ [19].

Using anisotropicdiffusion for surfaceprocessingwith mesheswas proposedin
[13]. In thatwork, theauthorsmove thesurfaceaccordingto a weightedsumof prin-
ciple curvatures,wherethe weightingdependson the surfacegeometry. This is not a
variationalformulation,and is therebynot a generalizationof (4.1). Becauseit per-
formsa convex re-weightingof principlecurvatures,it canreducesmoothing,but can-
not exhibit sharpeningof features.Furthermore,the level setimplementationwe are
proposingallows usto produceresultson significantlymorecomplex surfaceshapes.

Thegeneralizationof anisotropicdiffusionasin (4.1) to surfacesis achievedfrom
variationalprinciplesby minimizing thepenaltyfunction# � � . e U κ2

2µ dx  i � � (4.2)

whereκ2 is computedfrom N  i � accordingto (3.4). Thefirst variationwith respectto
the surfacenormalsgivesgivesa vector-valuedanisotropicdiffusion on the level set
surface—astraightforward generalizationof (4.1). If we take the first variationwith
respectto φ , we obtain a fourth-orderPDE, which is a modified versionof ILMCF
thatpreservesor enhancesareasof high curvature,whichwewill call creases. Creases
are the generalizationof edgesto surfaces. We will solve this variationalproblem
by solving the second-orderPDE on the normalsusingthe framework introducedin
Sec.3. Thestrategy is thesameasthatin Fig. 3.3,wherewe replaced #R� dN with the
first variationof thepenaltyfunctionfrom (4.2). This gives

T N i j � d #
dN  j � � T N i j � 9 g � κ � N N  j � k ! N  j � lφlφk

φmφm P ; k

(4.3)

whereκ is thetotal curvatureasin (3.4),andtheedge-stoppingfunctionbecomes

g � κ � � e U κ2

2µ2 � (4.4)
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(a)

(b)

(c)

Figure 4.2: Processingresultson the MRI headmodel: (a) original isosurface,(b))
isotropicdiffusionof surfacenormals,and(c) anisotropicdiffusionof surfacenormals.
Thesmallprotrusionunderthenoseis a physicalmarkerusedfor registration.
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(a) (b)

(c) (d)

Figure 4.3: Variousstagesof anisotropicdiffusion: (a) original model, (b) after 2
iterations,(c) after6 iterations,and(d) after26 iterations.

Therestof theprocessshown in Fig. 3.3remainsunchanged.
De-noisingof measurementdatais oneof themostimportantapplicationsof anisotropic

diffusion. The differencesbetweenanisotropicdiffusion and isotropic diffusion can
clearlybeobservedin Fig. 4.2(c).Aroundthesmoothareasof theoriginal modelsuch
astheforeheadandthecheeks,thereis nonoticeabledifferencein theresultsof thetwo
processes.However, verysignificantdifferencesexist aroundthelips andtheeyes.The
creasesin theseareas,whichhavebeeneliminatedby isotropicdiffusion,arepreserved
by theanisotropicprocess.

Running anisotropicdiffusion for more time stepsproducessurfacesthat have
piecewisesmoothnormals(analogousto the behavior of the PeronaandMalik equa-
tion for images),whichcorrespondsto smooth,almostplanar, surfacepatchesbounded
by sharpcreases.Figure4.3shows theevolution of thedragonmodelwith anisotropic
diffusion. After a few iterationsof the overall loop in Fig. 3.3 the smallestdetails,
suchasthe scalesof the dragon’s skin, disappear, asin Fig. 4.3(b). After somemore
iterationsin Fig. 4.3(c),thefinestdetailsof thefaceandthespikeson theridgeof the
backhave beensuppressed.Goingevenfurther, observe that thesurfaceis startingto
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(a) (b)

Figure4.4: Enhancedsurface(a) after1, and(b) 2 iterationsof high-boostfiltering.

becomepolyhedralin Fig. 4.3(d).
Thenon-linearprogressionof eliminationof detailsfrom thesmallestscaleto the

largestin Fig. 4.3 suggestsa possibility for improvedsurfacecompressionstrategies,
wheredetailsabove a desiredscalearekept effectively unchanged.This is in sharp
contrastto isotropicdiffusionandmeancurvatureflow, which distortsall featuresand
generatessharpdiscontinuitiesasfeaturesdisappear.

Theseresultssupportour propositionthat processingthe normalsof a surfaceis
the naturalgeneralizationof imageprocessing.Processingnormalson the surfaceis
thesameasprocessinga vector-valuedimage(suchasa color image)with a distance
metric that variesover the domain. This is in contrastto processingthe points on
a surfacedirectly with lower-orderflows, which offers no clear analogyto methods
establishedin imageprocessing.

4.3 High-boost filtering
The surfaceprocessingframework introducedin Sec.3 is flexible andallows for the
implementationof evenmoregeneralimageprocessingmethods.We demonstratethis
by describinghow to generalizeimageenhancementby high-boostfiltering to surfaces.

A high-boostfilter hasa frequency transformthat amplifieshigh frequency com-
ponents. In imageprocessingthis can be achieved by unsharp masking [26]. Let
the low-passfiltered versionof an imageI be Ĩ. The high-frequency componentsare
Î � I ! Ĩ. The high-boostoutput is sumof the input imageandsomefraction of its
high-frequency components:

Iout
� I � α Î � � 1 � α � I ! α Ĩ � (4.5)

whereα is a positiveconstantthatcontrolstheamountof high-boostfiltering.
This samealgorithm appliesto surfacenormalsby a simple modificationto the

flow chartin Fig. 3.3. Recallthatthed #R� dN loop producesNn K 1 i � . Definea new setof
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normalvectorsby

N [ i � � � 1 � α � Nn i � ! αNn K 1 i ��C�C� 1 � α � Nn j � ! αNn K 1 j � �+� � (4.6)

This new normalmapis theninput to the d %&� dφ catch-uploop. The effect of (4.6)
is to extrapolatefrom the previous setof normalsin the directionoppositeto the set
of normalsobtainedby isotropicdiffusion. Recallthat isotropicdiffusionwill smooth
areaswith highcurvatureandnot significantlyaffectalreadysmoothareas.Processing
theloop with themodificationof (4.6) will have theeffect of increasingthecurvature
in areasof high curvature,while leaving smoothareasrelatively unchanged.Thus
we are able to obtain high quality surfaceenhancementon fairly complex surfaces
of arbitrarytopology, asin Figs. 4.4 and4.5. The effectsof high-boostfiltering can
be observed by comparingthe original dragonmodel in Fig. 4.3 with the high-boost
filteredmodelin Fig. 4.4. Thescalesontheskinandtheridgebackareenhanced.Also,
notethatdifferentamountsof enhancementcanbeachievedby controllingthenumber
of iterationsof the main loop. The degreeof low-passfiltering usedto obtainNn K 1 i �
controlsthesizeof thefeaturesthatareenhanced.Figure4.5 shows anotherexample
of high-boostfiltering; noticetheenhancementof featuresparticularlyon thewings.
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(a) (b)

(c) (d)

Figure4.5: High-boostfiltering: (a) original model,(b) afterfiltering, (c) close-upof
original,and(d) filteredmodel.
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Chapter 5

Conclusion

The natural generalizationof imageprocessingto surfacesis via the normals. Vari-
ational processeson the surfacehave correspondingvariationalformulationson the
surfacenormals.Thegeneralizationof image-processingto surfacenormals,however,
requiresthat we processthe normalsusing a metric on the surfacemanifold, rather
thana simple,flat metric, aswe do with images.In this framework, the diffusion of
the surfacenormals(andcorrespondingmotionsof the surface)is equivalentto par-
ticular fourth-orderflow, theintrinsic Laplacianof meancurvature.By processingthe
normalsseparately, we cansolve a pair of coupledsecond-orderequationsinsteadof
a four-orderequation.Typically, we allow oneequation(thesurface)to lag theother,
but as the lag getsvery small, it shouldnot matter. We solve theseequationsusing
implicit surfaces,representingthe implicit function on a discretegrid, modelingthe
deformationwith themethodof level sets.This level setimplementationallows usto
separatetheshapeof themodelfrom theprocessingmechanism.

Themethodgeneralizesbecausebecausewecandovirtually anythingwewishwith
the normal map. A generalizationof anisotropicdiffusion to a constrained,vector-
valuedfunction, definedon a manifold, givesus a smoothingprocessthat preserves
creases.If we wantto enhancethesurface,we canenhancethenormalsandallow the
surfaceto catchup. Becauseof the implementation,the methodappliesequallywell
to any surfacethat canbe representedin a volume. Consequently, our resultsshow a
level of surfacecomplexity thatgoesbeyondthatof previousmethods.

Futurework will studythe usefulnessof otherinterestingimageprocessingtech-
niquessuchastotal variation [27] andlocal contrastenhancement.To date,we have
dealt with post processingsurfaces,but future work will combinethis methodwith
segmentationandreconstructiontechniques.The currentshortcomingof this method
is thecomputationtime,which is significant.However, theprocesslendsitself to par-
allelism, and the advent of cheap,specialized,vector-processinghardwarepromises
significantlyfasterimplementations.
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Appendix A

Numerical Implementation

By embeddingsurfacemodelsin volumes,we have convertedequationsthatdescribe
themovementof surfacepointsto nonlinear, PDEsdefinedon avolume.Thenext step
is to discretizethesePDEsin spaceandtime. In this paper, the embeddingfunction
φ is definedon thevolumedomainU andtime. ThePDEsaresolvedusinga discrete
samplingwith forwarddifferencesalongthetime axis. Therearetwo issueswith dis-
cretization:(i) theaccuracy andstabilityof thenumericalsolutions,(ii) theincreasein
computationalcomplexity introducedby thedimensionalityof thedomain.

A.1 Notation
For brevity, we will discussthe numericalimplementationin 2D— the extensionto
3D is straightforward.Thefunctionφ : U �� IR hasa discretesamplingφ , p � q - , where, p � q - is a grid locationandφ , p � q - � φ � xp � yq � . We will referto aspecifictime instance
of this functionwith superscripts,i.e. φn , p � q - � φ � xp � yq � tn � . For a vectorin 2-space
v, we usev  x � andv  y � to referto its componentsconsistentwith thenotationof Sec.3.
In our calculations,we needthreedifferentapproximationsto first-orderderivatives:
forward,backwardandcentraldifferences.We denotethe type of discretedifference
usingsuperscriptson a differenceoperator, i.e., δ

 K\� for forwarddifferences,δ
 U � for

backwarddifferences,andδ for centraldifferences.For instance,thedifferencesin the
x directionon a discretegrid with unit spacingare

δ
 K\�

x φ , p � q -^]� φ , p � 1 � q - ! φ , p � q -_�
δ
 U �x φ , p � q - ]� φ , p � q - ! φ , p ! 1 � q -_� and (A.1)

δxφ , p � q - ]� φ , p � 1 � q - ! φ , p ! 1 � q -
2

�
wherethe time superscripthasbeenleft off for conciseness.The applicationof these
differenceoperatorsto vector-valuedfunctionsdenotescomponentwisedifferentiation.
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A.2 Numerical solution to ILMCF
In describingthenumericalsolutionto ILMCF, wewill referto theflow chartin Fig.3.3
for onetime stepof themainloop. Hence,thefirst stepin our numericalimplementa-
tion is thecalculationof thesurfacenormalvectorsfrom φn. Recallthatthesurfaceis
alevel setof φn asdefinedin (3.1). Hence,thesurfacenormalvectorscanbecomputed
astheunit vectorin thedirectionof thegradientof φn. Thegradientof φn is computed
with centraldifferencesas

φn
i , p � q -a` D δxφn , p � q -

δyφn , p � q - F ; (A.2)

andthenormalvectorsareinitialized as

Nu b 0 i � , p � q - � φn
i , p � q -c� L φn

k , p � q - L � (A.3)

Becauseφn is fixed and allowed to lag behindthe evolution of N  i � , the time steps
in the evolution of N  i � are denotedwith a different superscript,u. For this evolu-

tion, ∂N  i � � ∂ t �d! d #$� dN  i � is implementedwith smallestsupportareaoperators.For

ILMCF d #=� dN  i � is givenby (3.9) which we will rewrite herecomponentby compo-
nent. The Laplacianof a function canbe appliedin two steps,first the gradientand
thenthe divergence.In 2D, the gradientof the normalsproducesa 2 ' 2 matrix, and
the divergenceoperatorin (3.9) collapsesthis to a 2 ' 1 vector. The diffusion of the
normalvectorsin the tangentplaneof the level-setsof φ , requiresus to computethe
flux in thex andy directions,which we denoteMu i j � � Mu ix � � Mu iy � . The“columns” of
theflux matrix arecomputedindependentlyas

Mu ix � ` δ
 Ke�

x Nu i � !*N Nu i � j φn
jL φn
k
L P δ

 K\�
x φnL φn

k
L � (A.4)

Mu iy � ` δ
 Ke�

y Nu i � ! N Nu i � j S φn
jL φn
k
L P δ

 K\�
y φnL φn

k
L (A.5)

wherethe time index n remainsfixed aswe incrementu. Derivativesof the normal
vectorsarecomputedwith forward differences;thereforethey arestaggered,located
onagrid thatis offsetfrom thegrid whereφ andN  i � aredefined,asshown Fig. A.1 for
the2D case.Furthermore,noticethatsincetheoffsetis half pixel only in thedirection
of the differentiation,the locationsof δ

 K\�
x N  i � andδ

 Ke�
y N  i � aredifferent,but arethe

samelocationsasMu x � andandMu y � respectively. To evaluate(A.4) and(A.5), φn
j Nn i � j

mustcomputedat , p � 1� 2 � q - and , p � q � 1 � 2- , respectively. Thesecomputationsare
alsodonewith the smallestsupportareaoperators,usingthe symmetric2 ' 3 grid of
samplesaroundeachstaggeredpoint, asshown in Fig. A.1 with the heavy rectangle.
For instance,

φn
j , p � 1

2
� q -f` D δ

 K\�
x φ , p � q -

1
2 � δyφ , p � q - � δyφ , p � 1 � q -A� F � and

φn
j , p � q � 1

2
-f` D 1

2 � δxφ , p � q - � δxφ , p � q � 1-A�
δ
 K\�

y φ , p � q - F � (A.6)
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grid for N(i)[p,q] and φ[p,q]

M(ix)[p-1,q] M(ix)[p,q]

M(iy)[p,q-1]

M(iy)[p,q]

M(ix)

M(iy) +

p-1 p p+1

q-1

q

q+1

FigureA.1: Computationgrid

Backwardsdifferencesof theflux matrixareusedto computethedivergenceoperation
in (3.9) 9 d #

dN  i � ; u ` ! δ
 U �x Mu ix � � δ

 U �y Mu iy � (A.7)

Notice that backwardsdifferenceof Mu ix � , is definedat the original φ grid location, p � q - , andthesameholdsfor Mu iy � . Thusall thecomponentsof d #R� dN  i � arelocated
on theoriginalgrid for φ . Usingthetangentialprojectionoperatorin (3.9),thenew set
of normalvectorsarecomputedas

Nu K 1 i � � Nu i � � T N 9 d #
dN  i � ; u

� Nu i � � 9 d #
dN  i � ; u !*N 9 d #

dN  j � ; u

Nu j � P Nu i � � (A.8)

Startingwith the initialization in (A.3) for u � 0, we iterate(A.8) for a fixednumber
of steps.In otherwords,we do not aim at minimizing theenergy givenin (3.8) in the
d #$� dN loop of Fig. 3.3; we only reduceit. Theminimizationof total meancurvature
asa function of φ is achievedby iteratingthe main loop in (A.3). In Sec.3.3, it was
shown that to minimize total meancurvature,the d #R� dN loop shouldbe processed
for only one time stepbeforeprocessingthe d %&� dφ loop in every iteration of the
main loop. However, the d %O� dφ loop is the mostcomputationallyexpensive part of
thealgorithmandrun-timescanbereducedby runningthemain loop asfew timesas
possible.To this effect, we foundthat thed #R� dN loop canbeprocessedfor multiple
time stepsbeforemoving onto the d %O� dφ loop. Moreover, the numberof iterations
of themainloop necessaryto obtainthesameresultis reducedwith this approach(25
iterationsor lesspermainloop for theexamplesin this paper).

Oncetheevolutionof N is concluded,φ is evolvedto catchupwith thenew normal
vectorsaccordingto (3.11). We denotetheevolvednormalsby Nn K 1 i � . To solve (3.11)

we mustcalculateHφ andHNn g 1
. HNn g 1

is theinducedmeancurvatureof thenormal
map; in otherwords,it is the curvatureof the hypotheticaltarget surfacethat fits the
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normalmap.Calculationof curvaturefrom a field of normalsis

HNn g 1 ` δxNn K 1
x � δyNn K 1

y � (A.9)

where we have usedcentral differenceson the componentsof the normal vectors.
HNn g 1

needsto be computedonceat initialization asthe normalvectorsremainfixed
duringthecathcup phase.Let v bethetime stepindex in thed %&� dφ loop. Hφ v

is the
meancurvatureof themoving level setsurfaceat time stepv andis calculatedfrom φ
with thesmallestareaof support:

Hφ v ` δ
 U �x

δ
 K\�

x φ v , p � q -L φ v
j , p � 1

2 � q - L � δ
 U �y

δ
 Ke�

y φ v , p � q -L φ v
j , p � q � 1

2 - L (A.10)

wherethe off-grid gradientsof φ in the denominatorare calculatedusing the 2 ' 3
staggeredneighborhoodasin (A.6).

The PDE in (3.11)solved with a finite forward differences,but with the up-wind
schemefor thegradientmagnitude[20], to avoid overshootingandmaintainstability.
Theup-windmethodcomputesa one-sidedderivative that looksin theup-winddirec-
tion of themoving wavefront, andtherebyavoidsovershooting.Moreover, becausewe
areinterestedin only a singlelevel setof φ , solving(3.11)over all of U is not neces-
sary. Becausedifferentlevel setsevolve independently, we cancomputetheevolution
of φ only in a narrow bandaroundthe level setof interestandre-initialize this band
asnecessary[28, 29]. See[21] for moredetailson numericalschemesandefficient
solutionsfor level setmethods.

Using the upwind schemeandnarrow bandmethods,φ v K 1 is computedfrom φ v

accordingto (3.11) usingthe curvaturescomputedin (A.9) and(A.10). This loop is
iterateduntil theenergy in (3.10)ceasesto decrease;let v f inal denotethefinal iteration
of this loop. Thenwe setφ for the next iterationof the main loop (seeFig. 3.3) as
φn K 1 � φ v f inal

andrepeatthe entireprocedure.The numberof iterationsof the main
loop is a free parameterthat generallydeterminesthe extent of processing,i.e. the
amountof smoothingfor ILMCF.
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