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Abstract

A framawork for solving variational problemsand partial differential equationsthat define maps
ontoa givengenericmanifoldis introducedn this paper We discusghe framework for arbitrarytarget
manifolds, while the domain manifold problemwas addressedn [5]. The key ideais to implicitly
representhe target manifold asthe level-setof a higherdimensionafunction, andthenimplementthe
equationdn the Cartesiarcoordinatesystemwherethis embeddingunctionis defined. In the caseof
variationalproblems,we restrictthe searchof the minimizing mapto the classof mapswhosetarget
is the level-setof interest. In the caseof partial differential equationswe re-write all the equation$
geometriccharacteristicsvith respecto the embeddindgunction. We thenobtaina setof equationghat
while definedon the whole Euclideanspace areintrinsic to theimplicitly definedtarget manifoldand
mapinto it. This permitsthe useof classicalnumericaltechniquesn Cartesiargrids, regardlesof the
geometryof the target manifold. The extensionto opensurfacesandsubmanifoldss addressedh this
paperaswell. In thelattercasethe submanifolds definedastheintersectiorof two higherdimensional
hypersurcesandall the computationsarerestrictedto this intersection.Examplesof the applications
of theframework heredescribedncludeharmonicmapsin liquid crystals wherethetargetmanifoldis a
hypersphereprobabilitymaps wherethetargetmanifoldis a hyperplanechromaenhancementgxture
mapping;andgeneralgeometriomappingbetweerhigh dimensionamanifolds.
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1 Intr oduction

In a numberof applicationsin mathematicaphysics,imageprocessingcomputergraphics,and medical
imaging,we have to solve variationalproblemsandpartial differentialequationslefinedon a generaiman-
ifold M (domainmanifold, which mapthe dataonto anothergeneraimanifold ' (target manifold. That
is, we dealwith mapsfrom M to A/. Whenthesemanifoldsarefor examplethreedimensionabkurfacesthe
implementatiorof the correspondingradientdescenflow or the given PDEsis considerablyelaborateln
[5] we have shavn how to addresshis problemfor generaldomainmanifolds,while restrictingthe target
manifolds/\ to thetrivial case®f the Euclidearnspaceor hyperspheregthis framewvork hasbeenfollowed
for examplein [2]). Thekey ideawasto implicitly representhe domainsurfaceasthe (zero)level-setof a
higherdimensionafunction ¢, andthensolve the PDE in the Cartesiarcoordinatesystemwhich contains
the domainof this nev embeddingunction. Thetechniquewasjustified anddemonstratedh [5]. It is the
goal of this papey [33], to shav how to work with generaltarget manifolds,and not just hyperplanesor
hyperspheresaspreviously reportedin the literature. Inspiredby [5], we alsoembedthe target manifold
N asthe (zero)level-setof a higherdimensionalffunction . Thatis, whensolving the gradientdescent
flow (or in generalthe PDE), we guaranteg¢hatthe maprecevesits valueson the zerolevel-setof . The
mapis definedon the whole space althoughit never receves valuesoutsideof this level-set. Examples
of applicationsof this framewvork include harmonicmapsin liquid crystals(V is a hypersphereand 3D
surfacewarping[46]. In thislastcasethe basicideais to find a smoothmapbetweenwo givensurfaces.
Dueto thelack of thenew framavorksintroducechereandin [5], this problemis generallyaddressedh the
literatureafteranintermediatanappingof the surfacesontothe planeis performedseealso[27, 49]). With
thesenovel framavorks, directthreedimensionamapscanbe computedwvithout ary intermediatenapping,
therebyeliminatingtheir correspondingieometriadistortiong34]. For thisapplicationasin [46], boundary
conditionsareneededandhow to addthemto the frameworks introducedhereandin [5] is addresseth
[34].

To introducethe ideas,in this paperwe concentraten flat domainmanifolds! Whencombiningthis
framework with theresultson [5], we canof coursework with generaldomainsandthencompletelyavoid
otherpopularsurfacerepresentationdik e triangulatedsuriaces. We arethenable to work with intrinsic
equationsin Euclideanspaceandwith classicahumericson Cartesiargrids, regardlesf the geometryof
theinvolved domainandtarget manifolds.In additionto presentinghe generatheory we alsoaddresshe
problemof target submanifoldsand openhypersurices. A numberof theoreticalresultscomplementhe
algorithmicframewnork heredescribed.

For illustration purposesonly, the proposedframenork is presentedor classicalequationsfrom the
theoryof harmonicmaps.Thetechniquecaneasilybeextendedo generakquationsasit will beclearfrom
thedevelopmentdelow.

1.1 Why Implicit Representations?

Let us concludethis introductiondescribingthe main reasonsand advantagesof working with implicit
representatiowhendealingwith PDEsandvariationalproblems.

The implicit representatiof suriaces,hereintroducedfor solving variational problemsand PDEs,
is inspiredin partby the level-setwork of Osherand Sethian[36]. This work, andthosethatfollowed it,
shavedtheimportanceof representingleformingsurfacesaslevel-setof functionswith higherdimensional
domainspbtainingmorerobustandaccuratenumericalalgorithms(andtopologicalfreedom).Notethat,in
contrastwith thelevel-setapproactof OsherandSethianpurtagetmanifoldis fixed,whatis “deforming”

LFor completenessye will presenthe generalequationdor bothgenericdomainandtargetmanifoldsat the endof the paper
Theseequationsareeasilyderivedfrom [5] andthework presentedh this paper



is thedatasebeingmappedntoit.

Solving PDEsandvariationalproblemswith polynomialmeshesnvolvesthe non-trivial discretization
of the equationsn generalpolygonalgrids, aswell asthe difficult numericalcomputationof otherquanti-
tieslike projectionsonto the discretizedsurface (whencomputinggradientsand Laplaciansfor example).
Although the useof triangulatedsurfacesis quite popular thereis still no consensusn how to compute
simple differential characteristicsuchastangentsnormals,principal directions,and cunatures. On the
otherhand,it is commonlyacceptedhatcomputingtheseobjectsfor iso-surbices(implicit representations)
is simplerandmore accurateandrobust. This problembecomesven moresignificantwhenwe not only
have to computethesefirst andsecondorderdifferentialcharacteristicef the surface,but alsohave to use
themto solwe variationalproblemsandPDEsfor datadefinedonthesurface.Very little work hasbeendone
on the formal analysisof finite differencescheme®n non-Cartesiamesheg. Note alsothatworking with
polygonalrepresentations dimensionalitydependentand solving theseequationsor high dimensional
(> 2) surfaceshecomesven morechallengingandsignificantlylessstudied. The work heredevelopedis
valid for all dimensionf interest(we developthe computationalndtheoreticaframavork independently
of themanifolddimension) Notethatthe computationatostof working with implicit representationis not
higherthanwith meshessinceall thework is performedn a narrav bandaroundthelevel-set(s)of interest.

Our framework of implicit representationsnableausto performall the computationsn the Cartesian
grid correspondingo theembeddindunction. Thesecomputationsre,neverthelessintrinsicto thesurface.
Advantagef using Cartesiargrid insteadof a triangulatedmeshincludethe availability of well studied
numericaltechniquesvith accurateerrormeasureandthetopologicalflexibility of the surface,all leading
to simple,accuraterobust andelegantimplementationsThe approactis general(applicableto PDEsand
variationalproblemsbeyondthosederivedin this paperjanddimensionalityindependeraiswell. We should
noteof coursethatthe computationaframevork heredevelopedis only valid for manifoldswhich canbe
representeth implicit form or asintersectiorof implicit forms. As mentionedabove, problemssuchas3D
shapewarpingvia PDEscould not be addressedwithout intermediateprojections)without the framewvork
hereproposed.

Numericalschemeshat solve gradientdescenflows and PDEsonto generictarget manifolds NV (and
sphere®r surfacesn particular)will, in generalmove the pointsoutsideof A dueto numericalerrors.The
pointswill thenneedto beprojectedback? seefor example[1, 11] for thecaseof A beingasphergwhere
the projectionis trivial, just a normalization).For generaltarget manifolds,this projectionmeansthat for
every pointp € IR* (N C IR?) we needto know the closestpoint to p in . This meansknowing the
distancefrom every pointp € IR? to V' (or at leastall pointsin a bandof ). This is nothingelsethanan
implicit representatioof thetarget\V, beingthe particularembeddingn this casea distanceunction. This
presentadditionalbackgroundor theframavork hereintroducedthatis, if theembeddingunctionfor the
surfacehasto be computedanyway for the projection,why not useit from the beginningif it helpsin other
stepsin thecomputation?

In anumberof applications surfacesarealreadygivenin implicit form, e.g.,[7], therefore the frame-
work introducedin this paperis not only simple and robust, but it is also naturalin thoseapplications.
Moreover, in the state-of-the-arand mostcommonlyusedpackageso obtain 3D modelsfrom rangedata,
thealgorithmsoutputanimplicit (distancefunction(seefor examplegraphics.stanford.efwojectsmichy).
Thereforejt is very important,if nothingelsefor completenesgp have the computationaframewnork here
developed sothatthesurfacerepresentatiors dictatedby thedataandtheapplicationandnotthe otherway

2Veryimportantwork hasbeendonefor finite elementapproaches.g.,by thegroupof Prof. M. Rumpf;aswell asfor particular
equationn particularsub-dvision representation3].

3For particularflat targetmanifoldsasthewhole spacelR¢ or asthosein [37], the projectionis notneededOtherauthorse.g.,
[8, 28], have avoidedthe projectionstepfor particularcaseswhile in [51] theauthorsmodify the givenvariationalformulation,in
somerestrictedcasesto includetheprojectionstep.



around. On the otherhand,not all surfaces(manifolds)areoriginally representedh implicit form. When
the tagetmanifold NV is simple, like hyperspheresn the caseof liquid crystals,the embeddingprocesss
trivial. For genericsurfaceswe needto applyanalgorithmthattransformshe givenexplicit representation
into animplicit one. Althoughthis is still avery active areaof researchmary very goodalgorithmshave
beendeveloped,e.g.,[16, 20, 29, 48]. Notethatthis translatiorneedso be doneonly oncefor ary surface.
Note alsothatfor renderingthe volumetricdatacanbe useddirectly, without the needfor anintermediate
meshrepresentation.

Usingtheresultsdescribedelon andthebasic“dictionary” providedin the Appendix,we cantranslate
PDEsand variationalproblems,basedon intrinsic characteristicof the manifold, into PDEsand varia-
tional problemsthatdepencdbn theimplicit manifoldandthe embeddingpaceandfrom there,useexistent
numericalschemesThis translationis donein a systematiandgenericfashion.

2 The Computational Framework

Fromnow on we assumehatthetametd — 1 dimensionaimanifold V' is given asthe zerolevel setof a

higherdimensionaembeddingunctiony : IR¢ — IR, which we considerto be a signeddistancefunction

(this mainly simplifies the notation). For the casewhere \ is a surfacein three dimensionalspacefor

example theny : IR?* — IR. We alsoassumehatthe domainmanifold M is flat andopen(asmentioned
in the introduction,generaldomainmanifoldswere addressedhn [5]). We illustrate the basicideaswith

a functionalfrom the theory of harmonicmaps. This is just a particularexample (and a very important
one),andfrom this exampleit will beclearhow the sameargumentscanbeappliedto ary givenvariational
problemand PDE. In particular it canbe appliedto commonNavier-Stokes flows usedin brain warping
[34].

2.1 The Variational Formulation and its Euler-Lagrange

We searchor necessargonditionsfor thefunctional E[i], definedby

Bl 2 /M e[ dpeo (1)

where
YN
efil] < 51134l 2)

to achiee aminimum. Here, || - [|%- = >=,:(-)3; is thenormof FrobeniusandJ ; is the Jacobiarof themap
i : M — {¢ = 0}. Notethatherewe arealreadyrestrictingthe mapto beontothe zerolevel-setof v, that
is, ontothe surfaceof interest\V (thetargetmanifold). Thisis whatpermitsusto work with the embedding
functionandthe whole spacewhile guaranteeinghatthe mapwill alwaysbe ontothe target manifold, as
desiredt Onceagain,this enegy will be usedthroughouthis paperto exemplify our framewvork. It will be
clearafterdevelopingthis examplethatthe sameagumentswork for othervariationalformulations,aswell

asfor genericPDEsdefinedontogenericsurfaces.

Proposition1 TheEuler-Lagrange of Equation(1), with (2), is givenby

. o ou L
AT+ (;Hw [8—%, a_ka V(@) = 0, (3)

“We use~to notethatfor the mostgenerakasethefunctionis vectorial.
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whee H,, standsfor theHessiarof theembeddindunctiony (andweusedthenotation A [Z, i] = 7l A ).
Thesolutionto this equationis a mapontothe zeo level-setof 4.

Proof. The proof is basedon addingto the classicaltechniquedo computeEulerLagrangeequationsa
projectionstepthatguaranteethatthe perturbatiorkeepsthe maponto{) = 0}.
Assumethatw is amapminimizing E(-). Givent > 0, we constructhevariation

L A R
Vp=u+tr

where7 is acompactC'>™ mapin M. For anarbitraryz € M, we will in generalnot obtainthatv,(z) €
{¢ = 0} for all t andz. Thatis, ¥(7;(z)) # 0 atsome(t, z). Thereforethis variationis not admissible.
Ontheotherhand,we canfrom it constructanadmissiblevariationvia

- A o
Wy = H{wzo} (Ut)

wherelIly_o; : R? — {4 = 0} is the projectionopemtor onto {t» = 0}. Notethatsince is a signed
distancefunction,we cansimply write this projectionoperatoronto{¢» = 0} as

(o) (@) = & — ¥(d) Vo(@).
Let's now define

£(t) 2 B[]

Sincetheenegy achiezesa minimumfor ¢ = 0,

Let's computethis first variation. We have that

3w
ow Bm]>
63, (ax; i ) e 2
t=0

Moreover (recallthatH,, standgfor the Hessiarof ),

ow,  (o0a  OF on  oF .
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(9@ OF
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andwe obsere that
ow; ot ( dit
Ol - _ 00 ¢w»—)vwm
0 (t=0) 0x; Ox;
sincey (i) = 0. We canfurthersimplify this observingthat0 = 2% = V(@) - 2. Therefore,
ow ot
e ©
Zj |(t=0) Zj



(5) _ (%)
With a bit furtherwork we cancomputethe additionalderiative, ~— 2 = —“/ This changein

theorderof derivativesis donein orderto immediatelyevaluatetheresultatt = 0, thejrebysimplifying the
following deriative. Following in ansimilar fashionwe obtain

D — 7 (Vo) - 7) V(@) - 6(@0) Hy (@) )
and
Wil (ve@ P V@), ®
dt |,

Combiningthe abore computationsll togetheme obtain

dwj o L )
d(axj) ( dt | (1=0) (9)
di

Ox;j

(t=0)
or o [ or ou . . o
— o v { ot + 8 (7 ) - 0 vu@) (He g )

Following from (4) we have thaf
o, 4 (52)
; Wt Zj
= 10
& Z/ (3583 dt ) dmv (10)
t=0

or ou . o ou ou
X ity oy~ T [55 5]| e

Now, applyingthe divergencetheoremwe concludethe computation We first write

—»

Z/ 8%-6—%03/\4@— /Vr -Vt dpv

andthenapplythefactVr? . Vu! = V - (r’Vu’) — r* Au’, togethemwith the divergencetheoremto obtain
(n standdor the outward unit normalto OM).

or
ou _ ri A 11
Z/ oz, axj de Z/aM ndS / ' d v (11)

To concludewe put togetherthis last expressiorwith (9), andafter somealgebrawe obtainthat &, is

equalto
. ou  ou
/6Mr.JﬁndS—/M {Au+<§ Hw[a axD V(i )}de (12)

We have usedasbeforethenotationA [, 7] = 77 A&




Theboundaryconditionis eliminatedsincethe supportof 7 is compactlyincludedin M. To eliminate
theadditionaltermfor anarbitrary we mustimpose

. 0w 0u L
Al + (Xk: H, [8—%, a—ka V(@) = 0. (13)

Equation(3) (or (13)) thengivesthe correspondindeulerLagrangefor the given variationalproblem.
Note, onceagainfrom our computationsthatdespiteall the terms*li ve” in the Euclideanspacewherethe
targetmanifoldis embeddedi will alwaysmapontothelevel-setof interest,{¢) = 0}, andtherefore onto
the surfaceof interest. This is guaranteedby this equation,no additionalcomputationsare needed.This
is the beautyof the approachwhile working freely on the Euclideanspace(andthereforewith Cartesian
numerics)we canguaranteghatthe equationsareintrinsic to the givensurfacesof interest.We will further
verify this in §2.3 to help the readergraspthe intuition behindthis frameavork. In the samesectionwe
present particularexampleof the above equatiorfor atarget surfacegivenby a hypersphere.

2.1.1 The Gradient-DescentFlow

Thegradientdescentorrespondingo (13) is givenby

; d
du 4 o7 9d] &
=AY E Hy (@) |2—, 2| 2 (@

wheretheinitial datumi) is givenby thevectorfield we wantto processtogethemwith Neumanrboundary
conditions:

{ (z,0) = do(z), =€ M

15
Jan|opm = 0. (13)

To completethe picture,the useof Neumanrboundaryconditionsneedgo bejustified. Thisis donein
Appendix1.

2.2 Connectionswith Harmonic Maps

Thegoalof this sectionis to illustratethe connection®f theequationsabove with thewell knowvn theoryof
harmonicmaps.As it is the caseof the proof of Propositionl, theseconnectionsresimpleto derive, aswe
do belov. Neverthelessthe derivationsthemseles presentllustrative calculuswith implicit surfacesand
PDEsonthem.

Theexpressionglerivedin previoussectionscomefrom thetheoryof harmonicmaps.e.g.,[6, 9, 13, 15,
17,18, 22, 25, 38, 41, 42, 43]. In generalharmonicmapsaredefinedasthosemapsbetweertwo manifolds
(M, g) and(N, h) which minimizetheenegy

E[7) 2 /M e[i] Vi (16)

where,in local coordinatesthe enegy densitye|] is givenby

ou' oul
oz, 6—%. a7)

>
N =

e[i](z) = 5 g"(x) hij(i(x))



We have usedEinsteins summationhere,whererepeatedndicesindicatesummationwith respecto
this index, togetherwith the usualnotationfor tensor$. Whenboth the domainandtamget manifoldsare
representeexplicitly, the classicalcase the EulerLagrangesquationcorrespondingo this enegy is given
by (see[41])

af u’ % _
0z 9zP
whereA ,4 is the Laplace-Beltrambperator(reducedo the regular Laplacianfor the caseof flat domain
manifolds)andI‘ﬁ-j(ﬁ) standdgfor the Christofel symbolsof the target manifold, evaluatedat . Notethat
the first componentthe Laplace-Beltrambf «, addressethe domainmanifold, whereaghe secondterm
addressethetaget manifold. By embeddinghe taget manifold, we are changingthe Christofel symbols
(expressingthemin implicit form, seebelan),” while the work in [5] changedhe otherterms,sincethe
embeddingvasdoneto the domainmanifold, see§4. Theframawvork hereintroducedcanthenbe seenas
the re-writing of given PDEsmappingmanifoldsto manifoldsin sucha way that the intrinsic geometric
characteristicef the equationareexpressedisingthe embeddingunctions.
As anexample let's seewhathappensvith theabove enegy for the Euclideancase.Sincebothmetrics
areproportionalto theidentity,

Aput + T (@) g (18)

B K ui \ 2
s =5 5 (%)
j
which is just a constantmultiplying ||J,a‘||_27_-. Therefore the enegy definedin the previous caseis just a
particularcaseof harmonicmaps. In general,this enegy canbe usedin problemssuchas color image
denoisingand directionsdenoising[43, 44], asa regularizationterm for ill-possedproblemsdefinedon
generakurfaceq19], for generaldenoising40, 47], for modelsof liquid crystals,andasa componentf a
systenmfor surfacemappingandmatching[15, 34, 49].

2.2.1 An(other) Informal Calculation

Wenow presentinadditionalcomputatiorthatconnectsn adeepwaytheimplicit framevork with harmonic
maps. We considerthe harmonicenegy densitygivenin (17) for the planardomainmanifold case(g;; =
d;5). We cansimplify thingsto obtain

el (x) =  hij(i(x) o O = 15" i, i,

Oy Oz

We know thatIly, = I — VyVyT canbethoughtof asthe inverseof the target manifold’s metric
tensor ButsinceVv is azeroeigevalueeigevectorfor Iy, it will beaco eigevalue eigevectorfor
Iy, Then,we cant usetheidentificationh = (h;;) ¢ Ty, in the abore expressionfor the enegy

density However, we canproceedasfollows. Take e > 1 anddefinethe metric
he 2 (e - VovyT) ™
onecanthencomputetheinverseas(it's anelementaryformula, seefor example[26])

- A s
%97 )i = 97
"Or alternatvely, the secondundamentaform of thetargetmanifold.
8Sincee > 1, all theeigevaluesarepositive.




e—1
Theenegy densitycanberewritten as(we will useasubinde ¢)

eclil(@) = o (Z i+ 5 3 - vw)

After computingthevariationalderivative for thefunctional | M €[] () dz we obtainthaté mustsatisfy

SRR

S 1 L L
7

By multiplying all thetermsin theabove equatiorby e — 1 andlettinge — 1 we find thattheexpression
betweerbracletsmustvanish.As we will seein §2.3,what's betweerbracletsis nothingbut Av(z) where
v(z) = ¢(i(x)). Sov is aharmonicfunctionin M. It is alsoevidentthaty satisfiesDirichlet boundary
conditionsif % does,andsincewe aretrying to mapthingsfrom M to N, thoseboundaryconditionsfor @
mustbe suchthat dist(i(x), N') = 0 for z € M, sov|,,, = 0. Thenwe concludethat mustbe zero
everywherein M.

2.3 Simple Verifications

We now shaw thatthe EulerLagrangg(13), andits correspondingradientdescentlow (14), arethe exten-
sionfor implicit targetsof commonequationglerivedin theliteraturefor explicitly representednanifolds.
We alsoexplicitly shav thatthe flow equationguaranteesas expectedfrom the dervationsabove andin

particularfrom the proof of Propositionl, thatif theinitial datumis on the target manifold, it will remain
onit. We alsoexpressthe secondundamentaform of a manifoldthatis implicitly representedAll these
resultswill helpto furtherillustratethe approacrandverify its correctness.

Geodesicon Implicit Manifolds

It is well known, see[17, 18, 39, that arc-lengthparameterizedieodesicon the manifold N/ satisfythe
harmonicmapsPDE,andthereforeEquation(3). If we assumeésotropicandhomogeneoumetricover NV,
from Equation(3) we obtainthat(arc-lengthparameterizedjeodesicsnustsatisfy

¥+Hy [1,9] Vi(y) =0. (19)

Thisimportantequatiorshavs how to obtaingeodesicurveson manifoldsrepresenteth implicit form.

Liquid Crystals (N = S¢~1, hypersphere)

One of the most popularexamplesof harmonicmapsis given when the tamget manifold A is a hyper
sphere. Thatis, the mapis onto S¢~1. In this case the embedding(signeddistance)function is simply
Y(7) = |7l — 1, ¥ € R Fromthis, Vi () = o and (Hy (7)), bij _ Y% \We alsohave that

= Tel T
— ou ou Y (LI VA L | H S i idut Mo
H, (d(x)) [a—%,a—u] = 0ij gy 3y — Dup 95, Wil Sincel|d]| = 1. In addition,u’ 5 = 0, factsim
. . . 2
: : Lt : : Qui dui , o (out, \T _
ply obtainedtaking dervativeswith respecto z;. We thenobtalnthata—%ﬁu,u] = (axk ul) =0, and



L i\ 2 e .
S Hy(d(x)) [;T“k, %] =Y (ggk) = ||Jz(z)||%. Thereforethecorrespondingliffusionequation
from (14)is
ou . L,
o= A+ |l
which is exactly the well known gradientdescenflow for this case.We have thenverified the correctness

of thederiationin Propositionl for the caseof unit spheresstargetmanifolds.

Diffusion of Probabilities

In this case, N = {z € R% z; > 0, 3%, x; = 1}, which is not a closedmanifold. However, by

maximum principle aguments,if the initial datumis on N, it will remaintherefor all time of smooth
d oo

existencesee§2.5.1and[37]. Then,we canformally considen)(z) = % the signeddistancdrom

apointz € IR to the hyperplane{z € IRY| Z?Zl z; = 1}, wherethe sign was selectedaccordinglyto
our choiceof % asthe unit normalto the hyperplane We thenobviously obtain Vi (z) = % and
H,(x) = 0 for all z. Consequentlythe evolution equatiorfor this caseis

Uy = AU

asexpected37].

Mapping Restriction onto the Zero Level-Set

We now explicitly shawv thatif theinitial datumbelonggo thetargetsurfacegivenby thezerolevel-setof 4,
thenthe solutionto the diffusionflow (14) alsobelongsto this level-set. This further shavs the correctness
of ourapproach.

Proposition2 A regular solutionto Equation(14) holdsy (i(z,t)) =0, Vo € M, Vt > 0 of regularity.

Proof: If theinitial datumis on {1y = 0}, thenthis propertyis truefor t = 0. Let's definev(z,t) =
Y(i(x,t)). Ther?

& = v 9 = A V@) + Y Hy(@) [— o0

sincey is adistancefunction. In addition,g—m”i = V() - S—Z, andthen

0%v L o0t ou L. 0%
T = (g ) o+ Ve g

2

Addingoni =1, ..., d, it foIIowsthat% = Av, meaninghatv verifiestheheatflow. In additionto this,
W lom = Vg (Y(i(z,1))) -n = JEVY(i@) -n = (V(@)TIzn = (Vy(@))T0 = 0, dueto theboundary
conditionson the evolution of .

We have thenobtainedthat v verifiesthe heatflow with Neumanrboundaryconditionsandwith zero

initial data.Fromthe uniquenessf thesolution,it followsthatyv(z,t) =0Vz € M, Vit > 0.
O

9The calculationsthat follow in the proof don't take into accountthat ) might fail to be differentiableat somepoints. This
couldbesimply addressedly a regularizationargument.Moreover, we usethefactthatthereexistsT > 0 suchthat is regularin
[0,T), seebelow.
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SecondFundamental Form for Implicit Surfaces

If we comparehegradientdescenflow (andEulerLagrangesquation)ve have obtainedwith the classical
onefrom harmonicmaps we seethatthe maindifferenceis that Christofel symbolsfor thetargetmanifold
termappearingn the classicalformulationhave beenreplacedby a new termthatincludesthe Hessianof
the embeddindgunction. We obtainedthis by first embeddinghe taget manifold andthenrestrictingthe
searchfor the minimizing mapto the classof mapsontothe zerolevel-setof the embeddingunction. This
approachcanbe followed to apply this frameawork to ary relatedvariationalproblem. We now shav how
the sameequationcanbe obtainedby simply substitutinghe secondundamentaform of the explicit tamget
manifold by the correspondingxpressiorfor animplicit target manifold. This will illustratehow to apply
ourframework to moregeneraPDEs,notnecessarilgradientdescentlow. Thebasicideais justto replace
all the PDE componentgoncerninghetarget manifold by their counterpart$or implicit representations.

In [30] (pagel50)it is shavn thatthe scalar secondundamentaform i ata pointp of a hypersurice
S canbewrittenin theform

Hy (p)[V, W]
h(p)(V,W) = ——=—5—
VI ==
for V, W e T,S. Accordingto [30] (pagel39)thevectorialsecondundamentaformis givenby
Vo

I(p)(V,W) = h(p)(V,W) Vol

From (18) andwhatwe have just seenit is obviousthattheimplicit versionof the harmonicmapEuler
Lagrangds (13).

As statedbefore theimplicit representatioof thetamgetsuriacepermitsthento computehesecondun-
damentaform usingdifferencesn Cartesiargrids, without the needto develop nev numericaltechniques
on polygonalgrids.

Fromthe resultjust presentedin orderto transforma given PDE into its counterpartvhenthe target
manifoldis representeth implicit form, all thatneedgo bedoneis to re-writeall the characteristicef the
PDE, concerninghis target manifold, in implicit form. For completenessn Appendix2 we presentasic
factson calculusonimplicitly representetiypersurfaces.

2.4 Explicit Derivation of the Diffusion Flow

Herewe first proceedn a naive way to obtainan equivalentformulationof the gradientdescenflow that
will helpin the numericalimplementation\We assumeve have afamily {(Z, ¢)}, of mappingsrom € to
N. For eacht we definethe harmonicenegy of amemberof thefamily as

1
B) = 5 [ Waolls do

We thenfind a variationof the family suchthat E(¢) decreasesTo accomplistthis we formally differ-
entiatetheenegy with respecto ¢t. A simplecomputatioryields

E(t):—/ﬁt-Aﬁdm
Q

Now, sincei(Z,t) € N VZ € Q andV t of smoothexistence onemusthave @, (Z, t) € Tﬁ(w—,t)/\/. An
appropriatechoicefor ; would be

iy = Ty, (AT) (20)
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sincethismakesE(t) = — [, [|@/|?dz < 0.
Theprojectionoperatolin (20), aswe alreadyknow (seeAppendix2), canbeexpressedn avery simple
form usingy (thesigneddistanceunctionto NV),

ppn (0) = 0 — 7 Vi (p) Vib(p). (21)
Now, it shouldhapperthat(20)is equivalento (14). We shaw thisin §5.

2.5 Remarkson the Solutionsof the Diffusion Flow

In previous subsectionsve have derved novel equationsfor PDEsmappinginto target manifolds. We
completethe work of this Sectionwith relevantresultsfrom the literatureon the mathematicatorrectness
of theseequations.

Thewell posednesef thesediffusion problemwith Neumanrboundaryconditionsis addresseéh [24,
35], wherethefollowing resultsareobtained hereincludedfor completeness:

Theorem1 For a given C*® mappingiy : M — N C IR™! with % = 0 on M and for every
2 4+ dim(M) < p < +oo ther existsan ¢ > 0 (dependingon i) and a mapping# : M — A of class
L (M x [0, €], R™*1). 10 Moreover, i is uniqueand C* exceptat the cornerdM x {0}.

Theorem2 Let (M, g) and (N, h) be compactRiemmaniarManifolds with corvex boundary Letd :
M x [0,w) — N bea maximalsolutionof the diffusion problemwith initial valuea C'* mappingi,'!

with xo 2 |e[t@o]]|p0 > 0. Letr € R besud that Ricyq > —%g,'2 andR > 0 sud thatall sectional
curvatuesof A are notgreaterthan% Then,

1. Inthecaser + Ry > 0

w > Llog(1l+ Ryg) Whenr #0

1 _
w > o whenr =0

(b) if R = 0 thenw = +co.

@ ifR>0 then{

2. Inthecaser + Ry < 0, w = +00.

2.5.1 Mapsinto Open Surfaces

Sofar, we have only addressethe casewhenthetamet surfaceis closed(zerolevel-set). We now briefly
dealwith opensurfaces.We shaw, following classicalresults,thatwhenthe map is evolving according

to the flow in §2.1.1, the setC(t) 2 {@(x,t), = € M} remainsinside the initial corvex-hull of ¢y 2
{@p(z), x € M}, ¥t > 0. This propertyis basicallya consequencef the maximumprinciple. In the
actualcomputationsthis might of coursebeviolateddueto numericalerrors,andwe will laterdiscusshow
to correctfor thisaswell.

Let us first motivate the generalresult presentedelov for the planarcase. Assumethat the target
manifold AV is flat, for example R* (we still assumethat the domain manifold M is flat). Let i(x,t)

L2 (M x [0, €], R™*) is thespaceof functionsf : M — IR™*! suchthatfor everyi = 1,...,n+ 1, Vi f%, H}"‘ and &L~
areall in L2(M x [0, €]).

MA solution# : M x [0,w) — N of the diffusion problemis maximalif it cannotbe extendedto be a solution on
M x [0,w +¢€) forary e > 0 orif w = +o0.

12 Ricas standfor the Ricci cunaturetensorof M.
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sole 2Z = Ag for z € M andt > 0, and %‘ = 0. Let = be aconvex setof RF with smooth

. . c oM
boundary(this guaranteethatthe distancdunctionis alsosmoothalmosteverywhere see[39] for aformal
statement)and ¢ the signeddistancefunction to this set (positive outsideand negative inside). Define

g(z,1) 2 €(@(x, ). Thenit followsthat% — Ag = — 3% | He(HZ, 2.1 Sinces is corvex, soit is €.
Then,theHessianof ¢ is positivesemi—definitemeaninghat% — Ag < 0. Following thescalammaximum
principle, max ;e pmp, 1>01 9(7,t) = maxzeaqy 9(x,0). If {do(z), * € M} C E, whichis equivalentto
0 > &(ido(z)) = g(=,0), we obtainthatg(x, t) < 0, andi(z,t) € =, forallz € Myt > 0.
Thegenerakesultnow presenteds from [24]. We quoteit herefor completeness

Theorem 3 Let(z, t) bethesolutionof (14) attimet. Letusassumehatfor ¢ < 7' this solutionremains
smooth.Let Iy = ip(Q2), andZ, betheconvex hull of I. Thenfor (x,t) € Q x [0,T], @(x,t) € L.

3 Mapsinto Implicit Submanifolds

Herewe presenta modificationto the diffusion flow introducedabove, which is well suitedto diffusedata
that belongsto a certainsubmanifoldC of N' = {¢) = 0}. We specifythis submanifoldby C = {¢ =
0} N {® = 0}, wherewe select® : RY — R to be the signedintrinsic (to N) distancefunction to
{® = 0}, satisfying(seeAppendix2 for the notation)

1=|Vyd|| = V[VO|? - [Vy - VeP (22)

In additionwe specifythe condition

®(p) =0forp e K¢

where

Ke={xeR"|z=p+aVy(p),withpeC, ac R}

is the coneintersecting{+y) = 0} atC anddirectorraysnormalalsoto {¢) = 0}.

Thereasorfor specifyingthe submanifoldthis way is thatwe cannotproceedasbefore,simply specify-
ing the submanifoldasthe zerolevel setof it's Euclideandistancefunction. This is becausesuchfunction
would be singularpreciselyon the submanifold.

As we shav in Appendix2, the Hessiarnof @, intrinsic to ' evaluatedat the point p, andrestrictedto
actonvectorsthatbelongto Tp/\/ , canbewrittenin theform

H} (p) = Ho(p) — Alp) Hy(p) (23)

whereA(p) = V&(p) - Vi(p). Thisexpressionwill be usedbelow.
We now derive the EulerLagrangecorrespondingdo this additionalmappingrestriction. For this, we
useatechniqueslightly differentthattheonein §2.1.

13Note onceagainthatwe areomitting detailsregardingthe correcthandlingof thedistancefunction, sinceit is noteverywhere
differentiable However, by aregularizationargumentthe sameconclusiorholds.

The proof of this resulthasa lot of interestin itself sinceit canbe carriedout within theimplicit framewvork introducedn this
paper
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Proposition 3 The Euler-Lagrange of the functional (1), whenthe solutionis restrictedto the implicitly
representedsubmanifold” definedabove is givenby

- L [oa ou . N, | 000U L
A+ (2}; H, (@) [B—ark’ B—:Ck]) V(i) + (21; Hy (@) [B—a:k’ a—@]) Vy®(@) =0. (24)

Proof: Let usassumehatw achievesa minimumof theenegy functional(1). We mustbuild a variationof
i thatbelongsto C, theintersectiorof the zerolevel-setsof two embeddindgunctions(andnotjustof ¢ as
before).lt is clearthatonesuchvariationwould be

wy = e (4 + \V)
We areinterestednly on thosetermsof e[ ] thatdo not vanishafterthe Zf\il 6%(o) o operation,
namelythoselinearin \. Thereforewe only presere thosetermsin <, which areconstanbr linearin :
Wy >~ 4+ )\HTﬁc(U)

We write

Mr,c(@) = Tppeqp { T— (T Vy®(@) V(@) }
= T (7-Vy2(a)) Vy (1) — (7~ Vi(a)) Vi (T)

whereV,,®(%) = V& (@) — A(@) V(i) isthegradientof @ intrinsic to {1/ = 0}.
In this way we find that (up to afirst orderin X):

N
e[in] == e[d]l+ N Y iy, - [T, — Tn, - Vyp®(il) Vy® (i) (25)
=1
L OV,d(d) L . OV, ® (@)
— B i St ) -7 P
by V(@) — T V(i) — =

Since® (@) = (&) = 0, differentiatingwith respecto x; we obtainthatV ®(%)-i,, = Vi (@)-dy, = 0,
andtherefore

Vy®(id) - iy, = 0

2

Theexpression25) canbe simplifiedto obtain

N
e[wy] =~ e[d] + A Zuwz . [Um — 7 Vy®() — U Vy(a)
— ox; ox;
Moreover, since
OVy®(@) . . 0N,

we have
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OV (i)
ox;
With all thisin mind we find that(again,upto first orderin \)

: ﬁxi = H{{\[[ﬁxm ﬁmz]

6[7‘7)\] = e[ﬁ] + A Zﬁxz : [77:% —v- qu)(ﬁ) Hg[ﬁmuﬁxz] -~ Vzﬂ(ﬁ) Hw(ﬁ)[ﬁ%aﬁxzﬂ

Usingthis expressionafterimposingthat %‘)\:0 Jq e[w)] dv = 0 for every ¢, we find thatthe Euler
Lagrangds

" ou ou . N | 0u ou L
AT+ <zk: Hy [8—:1%’8—:1316]) Vip(d) + (;th [8—%,8—%]> Vy®(@) = 0. (26)

anexpressiorutterly predictable.
O

3.1 Simple Verification

As for the caseof closedmanifolds,we now verify thatin factthe gradientdescentorrespondingo the
EulerLagrangeg26) keepsi in {¢) = 0} N {® = 0}.

Proposition4 If 4 is a solutionto the gradientdescenflow correspondingo Equation(26), thens maps
into thesubmanifold{y = 0} N {® = 0}.
Proof: We just needto shawv thatbothv(x, t) 2 Y(d(z,t)) andu(x, t) 2 & (i(z,t)) arealwayszero. The

ideais the sameonewe usedin §2.3, it is enoughto shaw thatboth andy satisfythe heatequationwith
adiabaticboundaryconditions

[¥]

We have

~ ou ou
Vt—Vzﬁ-AU‘i‘;Hw [a—%,a—xk]

sinceVy L Vy®. Also

- ou ou
k

and
v = Av

[®]
We have
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Figurel: Exampleof amappinginto S* C IR3.

8u ou ou Ou
N el

FromV® - V& =Vy®-V,® = ||Vw<I>||2 = 1, theabove equationcontinuesas

o Ou ou 0ou

_ AT N

= VO AT+ (Zmb [83% (%kD + A (ZH,/, [axk’aka

k

ou ou

= [OIWANTS He | —, —

Also

R ou ou

andthen

Finally, it is easyto seethatboth v andy satisfy Neumanrboundaryconditions Sinceatt = 0 both
functionsarezero,we musthave thatthey areidentically zero.

3.2 Example

We now presenainexampleof the evolution correspondingo theabove equationwherethetargetmanifold
is thecircle S' ¢ IR3. Wewill prove, by directcalculation thatthe evolution PDE correspondingo (26)

reducedo theexpectedonefrom the classicatheoryof harmonicmaps(liquid crystals).
LetC = {(z,y,2) € R3| 22+y* =1, z = 0}. Wewill thenchooseherepresentatiof = {(x,y, z) €

R?| 2 =0}n{(z,y,2)| 22+y* = 1}. WeselectN = {(z,y, 2) € IR®| z = 0}, thatis, ¢)(x,y, z) = z and
thereforeVy = &3 = (0,0, 1). ThesetKc is thengivenby {(z,y, z)| 2 + y* = 1}. In Figure1 we depict
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this situation. Now we solve (22) with the condition® |,Cc = 0. ObserethatV,® = (&, ®,,0). Then,
the PDE we mustsolve reads®? + <I>§ = 1, andthe solutionthatsatisfiesghe boundaryconditionabove is
®(x,y,2) = /a2 +y? — 1. Letp = /22 + y2. OnecomputeghatVd(z,vy,2) = (z,y,0)p . We can
noNfindthecomponentsfH<I,,theHessiarmatrixofcbatthepoint(x y,z),toobtain®,, = p~t—x2p~3,
Sy =p 1 _y2p~3 y Doy = Py = —Yp -3 and®,, = &, = b,y =&y, = P,, =0. SinceH,, = 0 we
obtainHY (z,y,z) = He(z,y, 2).

The next stepis to write equation(26) in this specificcase. The first obseration is that,againsince
H, = 0, thetime evolution correspondingo (26) simplifiesto

= Ai+ (Z Ho (7 [umk,uxk]) V(i)

For ary vectors = (vg,vy,v,) € IR?, onehasatthepoint (z,y, z), He[7, 7] = v2(1 — 2%) + v2(1 —
2?) — 2wyvevy = v + vy — (Tvg + yoy)*.

It is alsoof greathelpknowing, from §3.1, thatalongthetime evolution, both (@) = 0 and®(@) = 0
if theinitial datumis onC. Thistranslatesnto p = 1 everywherein our expressiongor Hg andV®. Let's
write @ = (U, V, W), then,sinceU?+V?2 = 1, differentiatingwith respecto =, wefind UU,,, + V'V, = 0.
We alsohave W = 0.

Hence H () [ty , Uy, ) = Uz, + Vi, —(UUg +V Vg, )> = Uz +V

o andthetime evolutionequation
reads

Up = AU + (|VU|? +|[VV|*)U
Vi = AV + ([VU|? + | VV[*)V (27)
W =0

whichwe immediatelyrecognizeastheonecorrespondingo diffusionof mapsinto S* (C IR?, if wediscard
thesuperfluoucomponent?’), seefor exampleAppendix1, equation(38).

4 Implicit Domain Manifolds and p-Harmonic Maps

For completenesswe presentnow the formulas correspondingo the casewhere both the domainand
target manifoldsare representedn implicit form (with the embeddingunctionsbeingthe corresponding
signeddistanceones).Deriving theseformulasis straightforvard usingthe frameavork herepresenteavhen
combinedwith thework in [5]. We alsoshaw the correspondindlows for p-harmonicmaps.

4.1 p-Harmonic Maps

We still assumeM to beplanar Theenegy density(2) (but notthedependencef theenegy onits density)
is redefinedasfollows. For everyp € [1,4+00) let

||l>

ep|d] ”Jqu

A simpleapplicationof variationalcalculusleadsto concludethal;15

2

iy = pl_% vy (V- ( (epltd]) _17 ujj)) (28)
Ay

.. ‘V . ffw) , whereA,; standgor

15The divergenceoperatorcorvention(for amatrix A) we have usedis V - A = (V

thei-th columnof A. Thatis, we applya columnwisedivergence.
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Notethatif p < 2 difficultiesareexpectedo arise,see[43] andthereferencesherein.

4.2 Generic (Implicit) Domain Manifolds

Let M = {z € R™ : ¢(x) = 0}, whereg(-) is the signeddistancefunctionto M, thenthe diffusionis
givenby:

iy =V (Myedy) + | D Hylds,, is] vy, | Vo (29)
k,r

Thewholedeductionrestsupontheredefinitionof theenegy (1) andits density(2). Now we shoulddefine
theenepgy densityto be

VN |
eoli) = 11915

wheretheintrinsic Jacobianof @ canbewritten as(seeAppendix2 for moredetails).]g = JzIlyy.
Thenew definitionfor theenegy shouldbe:®

YN »
B 2 [ eofi)(0(a)) da (30)
Comparing(29) with (18), we caninfer theimplicit form of the Christofel symbols!”

o

0%y X
oul Y

out OuJ

I;(@) = () )

4.3 Generic (Implicit) Domain Manifold and p-Harmonic Maps

Using both generalizationpresentedbove, we arrive at the following formula with a bit more computa-
tional effort

i =p' v Igy(a) (V' ((%m[@ﬂ)lf% HV¢J717;)) (31)

where

1>

LAl
€g.p[U] ];IIJ?LII?E

4.4 Diffusion of Tangentand Normal Dir ections

Throughouthis sectionwe will assumelim(M) = dim(N'). Assumewewantto diffuseintrinsic vectorial
dataconstrainedo beadirection(unit norm)andto beeithernormalor tangento thedomainmanifold,e.g.,
[5]. Thisis anextremelyimportantcase for exampleto denoiseprincipal directionsand normalvectors.
We now derve theseequationswhich to the bestof our knowledgehave not beenreportedoeforeevenfor
explicit manifolds.

'°We have alreadytakeninto accounthat||V || = 1.
170f coursey®’ = (yg),; (= gi;l). Theni,it is niceto obsenre (althoughformally incorrect)thatsincellv 4 V¢ = 0, thenthe

metricg : IR? — R**? haseigevalue+oo in the directiongiven by V¢ thusprohibitinginterminglingof informationbetween
adjacentevel setsof ¢.
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To achieve thisgoal,we minimizethefunctional(30) takingavariationof theform (assumei minimizes
theenegy functionalwhile satisfyingboth ||| = 1 andIl(%@) = @)

i () 2 i + MI(?)
MY T @+ @)

wherev : M — IR? is smoothandII is eitherTIz, 4 or TIy, A4 (projectiononto the tangentor normal
spacaespectiely). Let & = II(7), thenit follows easilythat

dE[i,]

dt =— | {AT + 2ey4[d] @} - @ 5(¢(x)) dx

A=0 R™

Imposing% — 0 for all v implies

H(Aqﬂ_j + 26¢[U] 2_[) =11 (A¢ﬁ) + 26¢[U] =0
Finally, thediffusionflow obtaineds

ou . - S
E(xv t) =11, (A¢u(x7 t)) + 2 €¢[U](.T,t) u<x7 t) (32)

Notethatif the PDE (32) admitsa smoothsolutionuntil time 7','8 andif (for instance)we aredealing
with tangentdirectionsdiffusion, the function f (z, t) 2 Vo(x) - d(x,t) satisfiesf;(x,t) = 2eq[d] f(x,1).
Therefore ,
f(@,t) = f(z,0)e o O

thusverifying thatif V¢(z) - @(z,0) = 0 thenV¢(x) - d(x,t) = 0 for ¢t < T. We alsowantto check
whether]|i(x,t)|| = 1V (z,t). Let
. Al
Fol) 25 [ 134l 8(o(a)) da
IR4
thean,[a’](t) = — [pa @t - Ayt 6(¢(x)) dx. Sinceboth ||@]| = 1 andIl(@) = @ (soII(d;) = d; sincell
doesnotdependont) musthold, andin orderto make F¢[ﬁ] (t) non-positve we choose

iy = T ay=c) Ayl (33)

=T

wherellz, (i=c; = I — H%\Iﬁ forary ¢ > 0.

Note thatthe above evolution indeedforcesii(z, t) to satisfybothimposedconditions.Let 7 : IR? —
R besuchthatH(U) = Gthen(ﬁ- ﬁ)t =0-U=7- HHTiSd—lAqﬂI =177 - HTE{||E||:C}A¢U =0, since
the projectionmatrix is symmetric,andjust usingthis we have (3|@||?), = @ - @; = @ - Iy, {aj=c} = 0
trivially. Finally, using||@|| = 1 andcarryingout somecomputationsn a way similar to §5 belav,'® one
canprove that(33) reducego (32).

8 Note thatwe might be subjectto the topologicalobstructiongiven by the Hairy Ball Theoremwhendim (M) = dim(N) is
odd.

19The main differenceis thatnow onemusttake into accountthe Laplace-Beltramixpressedimplicitly ” seeAppendix2 for
moredetailsonintrinsic differentialoperatorsvithin theimplicit framework.
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5 Numerical Implementation and Examples

We now discusghe numericalimplementatiorof theflows previously introduced.Sincethetargetmanifold
is now implicitly representedye canbasicallyuseclassicalwell studied,numericaltechniqguesn Carte-
siangrids. In otherwords, the framavork hereintroducedpermitsthe useof alreadyexisting numerical
techniquestherebyenjoying their available analysisresults. This is a key concept,jnsteadof working on
the developmentof new numericalschemegor meshesthe useof implicit representationfollowing our
framework bringsus backto classicalschemesMoreover, exampleslike thosein Figure5 have not been
reportedn theliteratureyet, sinceprior to our approachall PDEsfor mapping3D meshesisedprojections
asintermediatesteps. Therefore,the work hereproposedwhen combinedwith [5], not only permitsto
useclassicahumericalschemego solve PDEsandvariationalproblemsfor surfacesit is alsoanenabling
technologyfor generaimaps.

Note that althoughthe flows derved in this paperguaranteghat the mapremainson the target (sub-
manifold), numericalerrorscanmaove it away from it, requiringa simpleprojectionstep(seethe projection
equationspresentedbeforein this paper). In particular when dealingwith submanifolds,althoughthe
evolution equationsalso guarantedhat the solutionwill remaininside the convex hull, dueto numerical
discretization i could be taken outsideof it duringthe evolution. In orderto numericallyprojectit back,
we needto have adistancefunctionto this convex hull definedon theimplicitly definedtamgetmanifold. In
[32] we have shavn how to computationallyoptimalcomputesuchadistanceunctiononimplicitly defined
manifolds,andthisis thetechniqueusedfor this projectioninto the corvex hull.

An explicit schemecanbe devisedto implement(29) (recall thatthis is the extension,for generaldo-
main manifolds,of the Equation(14) derived in §2). However, following [14], it turnsout thatit is more
corvenientto implementthe mathematicallyequivalentevolution derived in §2.4. More specifically the
equivalentevolution is (seeequation(21))

%if = Au — (Au- Vi)V (34)

Thatbothevolutionsareequialentis easyto see:

Proposition5 Equation(34)is equivalentto the mappinginto implicit surfacedlow (14).

Proof: Onehasthat f(z, t) = P(i(z,t)) = 0 V(z,t) € Q x RT U {0} for a(-,-) satisfying(14). Now,
differentiatingf with respecto x; we obtain
V(i) - liz; =0
Differentiatingagainwith respecto x;,
H"/’[axi?ﬁlﬂi] + V¢ - tlig;z, =0
Summingfor all ¢,
ZHw[ﬁxi,ﬁxi] + V- AT =0

2

andusingthe previous expressionwe derive (34) from (14).
|

20



5.1 Numerical Scheme

All thecodingwasdoneusingFlujos asthemaincore(see[21]) andVTK (seg[52]) for visualizationpur
posesNotethatfor visualizationpurpose®nly, the surfacesaretriangulatedatthe end,via marchingcubes
asimplementedn [52]. Thisis notatall anintrinsic componenbf our framevork, andmary applications
(e.g.,brainwarpingandregularizationproblems)areinterestedn the valuesof the solutioni, without the
needfor visualizationof thetargetsurface.

All theexamplesbelow werecarriedbasedn equation(31). Onceagain,the numericalimplementation
is straightforvard (at leastwhenp = 2), sinceit is basicCartesiamumerics,andfull detailsandanalysis
canbefoundin the standarditeraturein numericalanalysis.We selecta particularefficient schemdrom
theliterature while others(includingimplicit or semi-implicitschemesgould be usedaswell.

We useforward time discretization(explicit scheme)andfor the spatialdiscretization,we usedthe
following well known recipe.To spatiallydiscretize

ft(xat) =V (K<'T)Vf(x7t)) (35)

(K(z) isasymmetricpositive semi-definitanatrix), we considetadkward approximatiorof thedivergence
andaforward approximatiorof thegradient.Let’s explain how this appliesin our situation,andfor thatwe
assume = 2 in (31). Thentheequationwe have to implementis

iy(2,1) = Myy(a,y) (V- Mg (i (.1))) (36)
If we dont take into accounthe outerprojectionmatrix, every coordinateof « evolvesaccordingto

u%(x,t) =V- (Hv(z)(w)Vui(a:,t))

having for eachcomponenthe samestructurethanthe modelevolution (35). We thenborrav the above
discretizatiorfor our evolution. If we considerthe couplingamongdifferentu’s imposedby the projection
matrixIly.,.), we seethatwe still presere numericalstability sincethis matrixis positve semidefiniteand
hasspectraradiusnotgreatethan1.2® In moredetail,it canbeshavn aftersomecalculationgsee[23, 45])
thatfor the schemgp now denotesa positionover thegrid)

o =T+ At P(T)(V - (Q(p)VTTy))
_ At

the stability conditionis of theform (A = (M)Q)

_ S(p)
A S P (W) max{ S2(), DX}

or

< —1 min{ 5(p) }

~ maxy p(P(u)) » | max{S?(p), D*(p)}
wherep(P(p)) standsfor the spectralradiusof the matrix P(p), S(p) = >_;; (¢5(p) + qij(p — Azé;)),
andD(p) = > ,; (a;5(p) — ¢ij(p — Azé;)). In our casewe may admit D(-) to be small comparedwith
S(-) (giventheidentificationQ <+ ILy,) whenAx is small. This canbe easilyrelatedto the cunvaturesof
{# = 0} giving a conditionon the samplingof the distanceunction (¢) representinghe domainmanifold.
This conditionmainly meanghatwe requirea fine enoughsamplingasto guaranteehatthe changean the

*Notethat||#]|> > Ty y[7, 7] = ||v||> — |V4 - §]> > 0 for all 7. We have usedthat ¢ is a distancefunction.
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normalsto thelevel surfacesof ¢ is smallbetweeradjacengrid points. This conditionis obviatedwhenthe
domainmanifoldis planar Sothe stability conditionbecomes

1
~ max, p(P(u)) max, S(p)

Sinceby Cauchy-Schwartz's inequality(andthe aforementione@ssumptioron the changeof V¢ between
adjacengrid points)2 d (in practise)upperboundsS (p), rememberinghefactthatp(P(p)) < 1, we arrive
at\ < ﬁ. Notethatif a morecarefulimplementatioris desired,goodchoicesare ADI or AOS schemes,
see[53].

All dervatives in Ily,) andIly.) were approximatedby central differences. An interpolation
schemehadto be usedsincethe evaluationsof Ily, . in the above equationare at positionsgiven by
i(x,t), positionsnot necessarilypn theunderlyinggrid. We usediinearinterpolationfor this purpose.

Note that asdonein [5], whenthe domainmanifold is alsoimplicitly representedthe valuesof the
maponit are,from timeto time (every 5 iterations for example),extendedto its surroundingoffsetdueto
stability considerationswe call this process'extensionevolution?” This procesds well known in the area
of implicit surfaces. Also, asexplainedbefore,dueto numericaldiscretization the discretelycomputed
solutionmapcanbetakenout of thetamgetmanifoldduringthe evolution. In this paperwe simply projectit
backat every iteration. We have seenthatthis projectionis atrivial stepdueto the factthattheembedding
is adistancefunction. It is quite straightforvard to shawv thatthe resultsreportedn [1] canbe extendedfor
our equationsaswell, at leastfor corvex hypersurfaces(additionalnumericalwork in this areahasbeen
performedby Prof. W. E, [14]). This guaranteethenthatthe projectionstepdoesnotintroducenumerical
problems . Furtheranalysisof this projectionstepwill bereportedelsavhere.

This providesthewhole numericalschemdor this particularequatiorusingour framewvork. To resume,
we implement(36) with simplefinite differencesschemegcentral,forward,andbackvard differences) At
every numericaliteration,thevaluesof « areprojectedo thezerolevel-setto correctfor possiblenumerical
errors(projectionwhich becomedrivial sincetheembeddindgunctionis a distancefunction). If thedomain
manifoldis notplanar every k (k = 5 in our experimentsjterationswe run a certainnumberof iterationsof
theextensionevolution, [5]. Whenneededwe interpolatethe valuesof thegrid ontotheunderlyingsurface
by simple linear interpolation. All thesestepsare classical,simple to implement,basedon well known
numericalschemesandaregenericandnot designedust for a particularflow.

5.2 Examples

In all the examplesbelaw, the domainmanifold M is eitherthe EuclideanspacelR? or animplicit torus.
Thetamget manifold V' is animplicit surfacein IR?, thatis, the zerolevel-setof + : IR* — IR, ¢ beinga
signeddistancefunction (this is of coursealsothe casewhenthe surfaceis aspherey) beingasin §2.3).

In orderto preseninterestingexampleswe constructtexture maps,addnoiseto them,andthendiffuse
themusingourframewvork. Let S bethe surfaceontowhich we wantto mapa given (planar)imagedefined
in asubsetD C IR?. Thenthetexture mapisamapf : § = D. Oncethemapis knowvn, we invertedit to
findamapi : D — S. Then,we built upthenoisymapi : D — S definedby

t(z) = s (do(x) + 1i(x))

wheren : D — § is randommapwith smallprescribegpower o. We thenfeedtheevolution (14) with @ as
initial condition,andNeumanrboundaryconditions.After a certainnumberof stepswe stopthe evolution,
inverttheresultingmap,anduseit asatexture mapto paintthe surfacewith a certaintexture?!

21 Notethatwe arenot proposingthis asa completetexture mappingalternatie, it is justto provide anillustrative example.
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Figure2: Diffusionof anoisytexture map(left) ontoanimplicit spheregright). (Thisis a color figure.)

As ameansof finding asuitableT’ we have implementedhework in [50] (a multidimensionakcaling
approach)combinedwith the techniquedevelopedin [32] for computingdistanceson implicit surfaces.
In all the stepgust describedhereare someminor implementatiordetails,mainly regardinginterpolation
tasksthatwe omit for the sale of clarity.

In Figures2, 3 and4 we thendenoisevectorsfrom the planeIR? to a 3D surfacedefinedasthe zero
level-setof 7 : IR® — IR andmapatextureimageto the surfaceusingthe obtainedmap. Notethatthe map
is theonebeingprocessedjottheimageitself.

We also shav an exampleof diffusion of randommapsfrom an implicit torusto the implicit bunry
model, seeFigure 5. As expectedfrom the theory when evolving this setwith the harmonicflow, the
setcorvergesto a uniquepoint. This particularexampleof mappinga given 3D surfaceto anotheronewas
previously addressedtia artificial, distortionintroducing projectiongo theplaneor spheravhenthesurface
wasrepresentedsmesheg$46].

6 Conclusions

In this paperwe have shavn how to implementvariationalproblemsandpartial differentialequationsonto
generaltamet suriaces. We have alsoaddressedhe caseof opentamet suriacesand sub-manifolds.The
key conceptis to representhe target (sub-)manifoldsn implicit form, andthenimplementthe equations
in the correspondinggmbeddingspace. This frameavork completeshe work with generaldomainmani-
folds reportedin [5], therebyproviding a completesolutionto the computationof mapsbetweengeneric
manifolds.

We are currentlyusingthis framewvork to maptwo genericsuriacesfor warping (without intermediate
projectionsonto the plane),andto develop numericaltechniquedor high order flows on and onto sur
faces.To completethe generalcomputationaframenork hereintroduced a detailednumericalanalysison
comparisorwith meshbasedtechniquess to be performed. For the work on implicit domainmanifolds
introducedn [5], someof this analysiswasrecentlyperformedin [2]. We planto performsimilar testsfor
implicit tagetmanifoldsandresultswill bereportedelsavhere.
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Figure 3: Diffusion of a noisy texture maponto animplicit teapot. We shav two differentviews (noisy on the top
andregularizedon the bottom).(Thisis a color figure.)
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Figure4: Diffusionof atexture mapfor animplicit teapot(noisy on hetop andregularizedon the bottom). A chess
boardtextureis mapped(Thisis a color figure.)
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Figure5: Diffusion of arandommapfrom animplicit torusto theimplicit bunry. In blue aremarked thosepoints
of thebunny’s surfacepointedby the mapat every instant. Differentfigurescorrespondo increasingnstancef the
evolution, from top to bottomandleft to tight. We shov the mapat 17 of 100 iterationsperformedto the initial map
with atime stepof .01. We usedthe 2-harmonicheatflow with adiabaticconditions.(Thisis a color figure.)

26



Acknowledgments

We thank Alberto BartesaghiMarceloBertalmioand RobertGulliver for interestingcorversationsduring
this work andalsoAlvaro Pardofor his carefulreadingof the paper This work waspartially supportedoy
a grantfrom the Office of Naval ResearctONR-N00014-97-1-050%he Office of Naval Researchfoung
InvestigatorAward, the PresidentiaEarly CareerAwardsfor Scientistsand Engineer§fPECASE),a Na-
tional ScienceFoundationCAREER Award, andthe National Science~oundationLearningandIntelligent
SystemdProgram(LIS).

Appendix 1: Boundary Conditions for the Gradient DescentFlow

We now justify the useof Neumannboundaryconditionsfor the gradientdescenfflow in §2.1.1. In the
scalarcase pnehasthe evolution problem

I(z,t) = Al(z,t) re M, t>0
I(z,0) = Iy(z), x € M (37)
VI-II|3M:0.

We obsere thatthe quantityo (¢) 2 S I(z,t) dpgo remainsconstant,

a(t) = / Ii(z,t) dpv = / Al(z,t) dpv = / VvV (VI)dpmv = VI -ndys=0
M M M M
therebyimposingtheboundaryconditions.
Onewonderswhich quantityis presered thru time by the flow in the generalcase whenimposingthe
boundarycondition (15). We illustratethis for the particularcaseof ' = S'. In this case the evolution
equationsaregivenby (seealso§2.3)

Xy = AX + (VX + || VY]*)X
Yi =AY + (|[VX|? + VY [?)Y

TheNeumanrboundaryconditionsfor this casearewritten as

(38)

VX n=VY -n=0 indM

Transformingto polar coordinategp, #) onefindsthatthe evolution equationgfor smoothinitial data,
andatleastfor sometime) are(seealso[38])

0, = A0
39

{ pt =70 (39)
with boundaryconditions

Vo-n=0 in oM

Againonefindsthat [,  6(x,t) dpqv is constant
In the most generalcase,when the taiget manifold is arbitrary one might guessthat the intrinsic
barycentet? of themapis preseredthroughtime, sincethat's exactly whatthe particularcasegjivenabove

*’Theintrinsic barycenteiG of themapi : @ — N is definedby G = argminyen 3 [, di-(p, @(z)) dz. See[12] for more
detailsonthebarycenter
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shawv us. However, to thebestof ourknowledge thereis notsucharesultin theliteratureof harmonicmaps,
andtheconserationof thebarycenters only obtainedvhenconstraintareadded.Theexamplesdiscussed
above still motivatetheuseof Neumanrboundaryconditions.

Appendix 2: Implicit Calculus

We now presentbasicfactsaboutdifferential calculuson implicitly representedurfaces.For moreinfor-
mationseefor example[4, 10, 31].

We have a smoothscalarfunction f : IR — IR, andasmoothvectorfield X:R?— RP (dandD are
not necessarilyequal). The manifold ontowhich the calculusis to be doneis representedsS = {¢) = 0},
for ¢(-) thesigneddistanceunctionto S.

All theideasof differentiationcanbe obtainedrom simpleconsiderationselatedto therestrictionof the
functionto ageodesicure living in themanifold. We considemnarc-lengthparameterizedeodesicurve
~: [=¢,€] = & suchthaty(0) = p is agivenpointof S. We denoteF'(t) = f(y(t)) andA(t) = X(7(t)).

Implicit gradient

We differentiateonceF(¢) to obtain F'(0) = ( ) - 4(0). Slncey( ) € TS (thetangentplane),we find
) -

the implicit gradientof f atp to be Vsf(p) = Vf(p) — Vf(p) - i(p) @i(p), wheresi(p) standsfor the

normalto the manifoldatp. Sincewe canalsowrite 7i(p) = V1 (p), we obtain

Vsf(p) 2 VFp) = (VD) - VD) Viip)

We oftenusethealternatve notationV f sincethedefinitioncanbeappliedto ary level setof ¢). Note
thatwe canwrite V,, f = Iy, V f where

gy 21— Vyvy!

Implicit Hessian

If we computethe secondderivative of F we find that F'(0) = Vf(p) - (0) + H;[%(0),4(0)]. Now,
we know thatanarc-lengthparameterizedeodesicurve of S mustsatisfythe harmonicmapsdifferential
equation

¥+ Hy(V)[Y,7] Vi (v) =

We thenfind that F(0) = (H;(p) — V£(p) - Vio(p) Hy(p))[4,4]. Againwe have thaty € T,,S, andwe
find theimplicit Hessiarof f atp to be

A
H? (p) = IyhII,

where

hy 2 Hy(p) — V£(p) - Vib(p) Hy(p)

We will frequentlyusethealternatve notationH;f (p).
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Implicit Laplacian

Fromthe previous computatiorit’s aneasyexerciseto computetheimplicit Laplacianor Laplace-Beltrami
of f sinceby definition As f = trace{H$}.

For ary pair of symmetricmatricesA andB onehasthattrace{ABA} = 37, 5", >, a;jaixb;x, and
trace{AB} = Zz Zj aijbij. Now we have thatHwBﬂw =B+ V¢V¢TBV¢V¢T — V¢V¢TB —
BVy VY. Wethenobtain

trace{IlyBIL,} = trace{B} + ZZZ¢${¢$j¢$i¢$kbjk
i j ok
— 2ZZ¢W¢W()’7
(]

Recallingthat(-) is adistancefunction sothatit satisfied| V|| = 1, wefind

trace{IlyBIL,} = trace{B} — Z Z Y ¥z, bij
tog
= trace{B} — B[V, V1]

We concludethereasoningy takingB = hy:

trace{H‘?} = trace{hs} —hs[Vy, Vi/]
~ trace{by} — V¥, V]

sinceH, [V, Vy| = 0. Sincetrace{H;} = Af — (Vf - Vi)Ay, wefind that

Asf=Af=(Vf - VY)Ayp —H[Vi), Vi

It's interestingto obsene how the expressionjust found for As f coincideswith the one obtainedby
minimizing theintrinsic Diric hletintegral,??

D)2 [ IVssIP 6w

asis donein [5]. Theauthorsshavedthata smoothfunction f extremizingD(f) mustsatisfy

1>

V- (Vf=(Vf-Vy) Vi) =0

We shouldverify thatthis definition coincideswith ours. Thisis accomplished@sfollows:

VA(VF=(VF-VY) V) = Af—(Vf-VP)AY = V(Vf Vi) Vi
Af=(Vf-VY)AY —Hi [V, VY] — Hy[Vf, VY]
Af = (Vf-VY)Ay —H[Vy, Vi

= Agf (accordingto ourdefinition),

sinceH [V, o] = 0.

23 As oneexpectssincethisis thedefinition of harmonicfunctions
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Vector Calculus

¢ Implicit Jacobian: With theideasdevelopedbefore we easilyfind (differentiatingK(t)) that

1>

S
38 =

¢ Implicit Divergence:Usingtheexpressiorfor theintrinsic Jacobiarwe write

A

Vs - X = trace (J ~Hw)

A

and

1>

Vs A= V- X =I5V, Vi

It is usefulto obsere thatVs - X = V - X whenX(z) € T,{¢ = 0}
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