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Abstract

A framework for solving variationalproblemsand partial differential equationsthat definemaps
ontoa givengenericmanifoldis introducedin this paper. We discusstheframework for arbitrarytarget
manifolds,while the domainmanifold problemwas addressedin [5]. The key idea is to implicitly
representthetargetmanifoldasthe level-setof a higherdimensionalfunction,andthenimplementthe
equationsin the Cartesiancoordinatesystemwherethis embeddingfunction is defined. In the caseof
variationalproblems,we restrict the searchof the minimizing mapto the classof mapswhosetarget
is the level-setof interest. In the caseof partial differentialequations,we re-write all the equation’s
geometriccharacteristicswith respectto theembeddingfunction.We thenobtaina setof equationsthat
while definedon thewholeEuclideanspace,areintrinsic to the implicitly definedtargetmanifoldand
mapinto it. This permitstheuseof classicalnumericaltechniquesin Cartesiangrids,regardlessof the
geometryof the targetmanifold. Theextensionto opensurfacesandsubmanifoldsis addressedin this
paperaswell. In thelattercase,thesubmanifoldis definedastheintersectionof two higherdimensional
hypersurfaces,andall thecomputationsarerestrictedto this intersection.Examplesof theapplications
of theframework heredescribedincludeharmonicmapsin liquid crystals,wherethetargetmanifoldis a
hypersphere;probabilitymaps,wherethetargetmanifoldis ahyperplane;chromaenhancement;texture
mapping;andgeneralgeometricmappingbetweenhighdimensionalmanifolds.
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1 Intr oduction

In a numberof applicationsin mathematicalphysics,imageprocessing,computergraphics,andmedical
imaging,we have to solve variationalproblemsandpartialdifferentialequationsdefinedon a generalman-
ifold � (domainmanifold), which mapthedataontoanothergeneralmanifold � (target manifold). That
is, wedealwith mapsfrom � to � . Whenthesemanifoldsarefor examplethreedimensionalsurfaces,the
implementationof thecorrespondinggradientdescentflow or thegivenPDEsis considerablyelaborate.In
[5] we have shown how to addressthis problemfor generaldomainmanifolds,while restrictingthe target
manifolds� to thetrivial casesof theEuclideanspaceor hyper-spheres(this framework hasbeenfollowed
for examplein [2]). Thekey ideawasto implicitly representthedomainsurfaceasthe(zero)level-setof a
higherdimensionalfunction � , andthensolve thePDE in theCartesiancoordinatesystemwhich contains
thedomainof this new embeddingfunction. Thetechniquewasjustifiedanddemonstratedin [5]. It is the
goal of this paper, [33], to show how to work with generaltarget manifolds,andnot just hyper-planesor
hyper-spheresaspreviously reportedin the literature. Inspiredby [5], we alsoembedthe target manifold� asthe (zero) level-setof a higherdimensionalfunction 	 . That is, whensolving the gradientdescent
flow (or in general,thePDE),we guaranteethat themapreceivesits valueson thezerolevel-setof 	 . The
map is definedon the whole space,althoughit never receivesvaluesoutsideof this level-set. Examples
of applicationsof this framework includeharmonicmapsin liquid crystals(� is a hypersphere)and3D
surfacewarping[46]. In this lastcase,thebasicideais to find a smoothmapbetweentwo givensurfaces.
Dueto thelackof thenew frameworksintroducedhereandin [5], thisproblemis generallyaddressedin the
literatureafteranintermediatemappingof thesurfacesontotheplaneis performed(seealso[27, 49]). With
thesenovel frameworks,directthreedimensionalmapscanbecomputedwithoutany intermediatemapping,
therebyeliminatingtheircorrespondinggeometricdistortions[34]. For thisapplication,asin [46], boundary
conditionsareneeded,andhow to addthemto the frameworks introducedhereandin [5] is addressedin
[34].

To introducethe ideas,in this paperwe concentrateon flat domainmanifolds.
 Whencombiningthis
framework with theresultson [5], we canof coursework with generaldomainsandthencompletelyavoid
otherpopularsurfacerepresentations,like triangulatedsurfaces. We arethenable to work with intrinsic
equations,in Euclideanspaceandwith classicalnumericson Cartesiangrids,regardlessof thegeometryof
theinvolveddomainandtargetmanifolds.In additionto presentingthegeneraltheory, we alsoaddressthe
problemof target submanifoldsandopenhypersurfaces.A numberof theoreticalresultscomplementthe
algorithmicframework heredescribed.

For illustration purposesonly, the proposedframework is presentedfor classicalequationsfrom the
theoryof harmonicmaps.Thetechniquecaneasilybeextendedto generalequations,asit will beclearfrom
thedevelopmentsbelow.

1.1 Why Implicit Representations?

Let us concludethis introductiondescribingthe main reasonsand advantagesof working with implicit
representationwhendealingwith PDEsandvariationalproblems.

The implicit representationof surfaces,hereintroducedfor solving variationalproblemsand PDEs,
is inspiredin partby the level-setwork of OsherandSethian[36]. This work, andthosethat followed it,
showedtheimportanceof representingdeformingsurfacesaslevel-setsof functionswith higherdimensional
domains,obtainingmorerobustandaccuratenumericalalgorithms(andtopologicalfreedom).Notethat,in
contrastwith thelevel-setapproachof OsherandSethian,our targetmanifoldis fixed,whatis “deforming”�

For completeness,we will presentthegeneralequationsfor bothgenericdomainandtargetmanifoldsat theendof thepaper.
Theseequationsareeasilyderivedfrom [5] andthework presentedin this paper.
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is thedatasetbeingmappedontoit.
SolvingPDEsandvariationalproblemswith polynomialmeshesinvolvesthenon-trivial discretization

of theequationsin generalpolygonalgrids,aswell asthedifficult numericalcomputationof otherquanti-
ties like projectionsonto thediscretizedsurface(whencomputinggradientsandLaplaciansfor example).
Although the useof triangulatedsurfacesis quite popular, thereis still no consensuson how to compute
simpledifferentialcharacteristicssuchas tangents,normals,principal directions,andcurvatures. On the
otherhand,it is commonlyacceptedthatcomputingtheseobjectsfor iso-surfaces(implicit representations)
is simplerandmoreaccurateandrobust. This problembecomeseven moresignificantwhenwe not only
have to computethesefirst andsecondorderdifferentialcharacteristicsof thesurface,but alsohave to use
themto solvevariationalproblemsandPDEsfor datadefinedonthesurface.Very little work hasbeendone
on theformal analysisof finite differenceschemeson non-Cartesianmeshes.� Notealsothatworking with
polygonalrepresentationsis dimensionalitydependent,andsolving theseequationsfor high dimensional
( 
�� ) surfacesbecomesevenmorechallengingandsignificantlylessstudied.Thework heredevelopedis
valid for all dimensionsof interest(wedevelopthecomputationalandtheoreticalframework independently
of themanifolddimension).Notethatthecomputationalcostof workingwith implicit representationsis not
higherthanwith meshes,sinceall thework is performedin anarrow bandaroundthelevel-set(s)of interest.

Our framework of implicit representationsenablesus to performall thecomputationson theCartesian
grid correspondingto theembeddingfunction.Thesecomputationsare,nevertheless,intrinsicto thesurface.
Advantagesof usingCartesiangrid insteadof a triangulatedmeshincludethe availability of well studied
numericaltechniqueswith accurateerrormeasuresandthetopologicalflexibility of thesurface,all leading
to simple,accurate,robustandelegantimplementations.Theapproachis general(applicableto PDEsand
variationalproblemsbeyondthosederivedin thispaper)anddimensionalityindependentaswell. Weshould
noteof coursethat thecomputationalframework heredevelopedis only valid for manifoldswhich canbe
representedin implicit form or asintersectionof implicit forms.As mentionedabove,problemssuchas3D
shapewarpingvia PDEscouldnot beaddressed(without intermediateprojections)without theframework
hereproposed.

Numericalschemesthat solve gradientdescentflows andPDEsonto generictarget manifolds � (and
spheresor surfacesin particular)will, in general,movethepointsoutsideof � dueto numericalerrors.The
pointswill thenneedto beprojectedback,� seefor example[1, 11] for thecaseof � beingasphere(where
theprojectionis trivial, just a normalization).For generaltarget manifolds,this projectionmeansthat for
every point ����� ��� (� ��� ��� ) we needto know the closestpoint to � in � . This meansknowing the
distancefrom every point ����� � � to � (or at leastall pointsin a bandof � ). This is nothingelsethanan
implicit representationof thetarget � , beingtheparticularembeddingin thiscaseadistancefunction.This
presentsadditionalbackgroundfor theframework hereintroduced,thatis, if theembeddingfunctionfor the
surfacehasto becomputedanyway for theprojection,why notuseit from thebeginningif it helpsin other
stepsin thecomputation?

In a numberof applications,surfacesarealreadygiven in implicit form, e.g.,[7], therefore,the frame-
work introducedin this paperis not only simple and robust, but it is also natural in thoseapplications.
Moreover, in thestate-of-the-artandmostcommonlyusedpackagesto obtain3D modelsfrom rangedata,
thealgorithmsoutputanimplicit (distance)function(seefor examplegraphics.stanford.edu/projects/mich/).
Therefore,it is very important,if nothingelsefor completeness,to have thecomputationalframework here
developed,sothatthesurfacerepresentationis dictatedby thedataandtheapplicationandnot theotherway�

Veryimportantwork hasbeendonefor finite elementapproaches,e.g.,by thegroupof Prof. M. Rumpf;aswell asfor particular
equationsonparticularsub-division representations[3].�

For particularflat targetmanifoldsasthewholespace�  "! or asthosein [37], theprojectionis notneeded.Otherauthors,e.g.,
[8, 28], have avoidedtheprojectionstepfor particularcases,while in [51] theauthorsmodify thegivenvariationalformulation,in
somerestrictedcases,to includetheprojectionstep.
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around.On theotherhand,not all surfaces(manifolds)areoriginally representedin implicit form. When
thetargetmanifold � is simple,like hyper-spheresin thecaseof liquid crystals,theembeddingprocessis
trivial. For genericsurfaces,weneedto applyanalgorithmthattransformsthegivenexplicit representation
into an implicit one. Althoughthis is still a very active areaof research,many very goodalgorithmshave
beendeveloped,e.g.,[16, 20, 29, 48]. Notethatthis translationneedsto bedoneonly oncefor any surface.
Notealsothat for rendering,thevolumetricdatacanbeuseddirectly, without theneedfor anintermediate
meshrepresentation.

Usingtheresultsdescribedbelow andthebasic“dictionary” providedin theAppendix,wecantranslate
PDEsand variationalproblems,basedon intrinsic characteristicsof the manifold, into PDEsandvaria-
tionalproblemsthatdependon theimplicit manifoldandtheembeddingspace,andfrom there,useexistent
numericalschemes.This translationis donein asystematicandgenericfashion.

2 The Computational Framework

From now on we assumethat the target #%$�& dimensionalmanifold � is given asthezerolevel setof a
higherdimensionalembeddingfunction 	�'(� ���*)+� � , which we considerto bea signeddistancefunction
(this mainly simplifies the notation). For the casewhere � is a surfacein threedimensionalspacefor
example,then 	�',� ���*)-� � . We alsoassumethat thedomainmanifold � is flat andopen(asmentioned
in the introduction,generaldomainmanifoldswereaddressedin [5]). We illustrate the basicideaswith
a functional from the theoryof harmonicmaps. This is just a particularexample(anda very important
one),andfrom thisexampleit will beclearhow thesameargumentscanbeappliedto any givenvariational
problemandPDE. In particular, it canbe appliedto commonNavier-Stokesflows usedin brain warping
[34].

2.1 The Variational Formulation and its Euler-Lagrange

Wesearchfor necessaryconditionsfor thefunctional .0/21354 , definedby.6/2137498:<;>=@? /21374 # =BA (1)

where ? /21374 8: &�DCFEHGI C �J (2)

to achieve aminimum.Here, CDK(C �J :�LNMPO>Q KSR �MPO is thenormof Frobeniusand E GI is theJacobianof themap13 'T� )-UV	 :�WYX . Notethatherewearealreadyrestrictingthemapto beontothezerolevel-setof 	 , that
is, ontothesurfaceof interest� (thetargetmanifold).This is whatpermitsusto work with theembedding
functionandthewholespace,while guaranteeingthat themapwill alwaysbeonto thetargetmanifold,as
desired.Z Onceagain,thisenergy will beusedthroughoutthis paperto exemplify our framework. It will be
clearafterdevelopingthisexamplethatthesameargumentswork for othervariationalformulations,aswell
asfor genericPDEsdefinedontogenericsurfaces.

Proposition 1 TheEuler-Lagrange of Equation(1), with (2), is givenby[ 13]\@^`_badcfehgji 13i7k aml i 13i,k a,n(oqp 	 Q 13 R :NW l (3)r
We uses t to notethatfor themostgeneralcase,thefunctionis vectorial.
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where cfe standsfor theHessianof theembeddingfunction 	 (andweusedthenotation uv/21k l 1wx4 : 1wxy u<1k ).
Thesolutionto thisequationis a mapontothezero level-setof 	 .

Proof: The proof is basedon addingto the classicaltechniquesto computeEuler-Lagrangeequationsa
projectionstepthatguaranteesthattheperturbationkeepsthemaponto UV	 :zWYX .

Assumethat 13 is amapminimizing . Q KSR . Given {|
 W , we constructthevariation1A~} 8: 13]\ {�1�
where 1� is a compact�*� mapin � . For anarbitrary k �v� , we will in generalnot obtainthat 1A } Q k R �UV	 :dWYX for all { and k . That is, 	 Q 1A�} Q k R�R��:�W at some Q { l k R . Therefore,this variationis not admissible.
On theotherhand,we canfrom it constructanadmissiblevariationvia1� } 8:���� e5����� Q 1A } R
where ��� e5����� '�����) UV	 :qWYX is theprojectionoperator onto UV	 :qWYX . Note that since 	 is a signed
distancefunction,we cansimplywrite thisprojectionoperatoronto UV	 :NWYX as� � e5����� Q 1� R : 1� $�	 Q 1� R p 	 Q 1� RF�
Let’s now define � Q { R 8: .0/b1� } 4
Sincetheenergy achievesaminimumfor { :NW ,�� � 8: #x. Q { R#x{������� } ����� :NW �Let’s computethisfirst variation.Wehave that�� � : _ M�O ;>= �� i � M}i,k O #��, ¢¡�£¤ ¦¥�§(¨#x{ ©ª ������ } ��� #

=«A
(4)

Moreover (recallthat c¬e standsfor theHessianof 	 ),i � }i7k O : ­ i 13i,k O \ { i 1�i,k O,® $ ­ p 	 Q 1� } R"K ­ i 13i,k O \ { i 1�i,k O5®¯® p 	 Q 1� } R (5)$ 	 Q 1� } R c¬e Q 1� } R ­ i 13i,k O \ { i 1�i,k O ®
andwe observe that i � }i,k O ���� � } ����� : i 13i,k O $ ­ p 	 Q 13 R`K i 13i7k O ® p 	 Q 13 R
since 	 Q 13 R :NW . Wecanfurthersimplify thisobservingthat W°:   e � GI � ¢¥�§ : p 	 Q 13 R"K   GI ¢¥�§ . Therefore,i � }i,k O ���� � } ����� : i 13i,k O (6)
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With a bit furtherwork we cancomputetheadditionalderivative,
�T±5²�³ £¤²µ´ §T¶� } :   ± ! ³ £¤! ¤ ¶ ¢¥�§ . This changein

theorderof derivativesis donein orderto immediatelyevaluatetheresultat { :<W , therebysimplifying the
following derivative. Following in ansimilar fashion,weobtain# � M}#·{ : 1� $ Q p 	 Q 1� } RmK 1� R p 	 Q 1� } R $�	 Q 1� } R cfe Q 1� } R 1� (7)

and # � M}#·{ ����¸� } ����� : 1� $ Q p 	 Q 13 R`K 1� R p 	 Q 13 RF� (8)

Combiningtheabove computationsall togetherweobtain

#��  ¦¡ £¤ ¢¥�§ ¨#x{ ������¸� } ����� : i ­ � ¡ £¤� } ���S� } ����� ®i7k O (9): i 1�i7k O $ p 	 Q 13 R�¹ i 1�i,k O K p 	 Q 13 R \hcfe ­ 1� l i 13i,k O ®%º $ Q 1� K p 	 Q 13 R�R ­ c¬e»i 13i,k O ® �
Following from (4) we have that¼�� � : _ O ;>= �� i 1� }i,k O # �   G¡ ¤ ¦¥�§ ¨#x{ ©ª ������ } ��� #

= A
(10): _ O ; = ¹ i 1�i7k O K i 13i,k O $ Q 1� K p 	 Q 13 R�R cfe gmi 13i,k O l i 13i7k O n º # = A �

Now, applyingthedivergencetheoremweconcludethecomputation.Wefirst write_ M�O ;T= i 1�i,k O K i 13i,k O # = A : _ M ;Y= p � M K p 3 M # = A
andthenapplythefact

p � M K p 3 M : p K7½ � M p 3 M¿¾ $ � M [ 3 M , togetherwith thedivergencetheorem,to obtain
( À standsfor theoutwardunit normalto i � R ._ M�O ;>= i 1�i7k O K i 13i,k O # =«A : _ M ;   = � M i 3 Mi À #TÁÂ$ ;>= � M [ 3 M # =BA (11)

To concludewe put togetherthis lastexpressionwith (9), andaftersomealgebrawe obtainthat
�� � is

equalto ;   = 1� K¦EHGI ÀÃ#YÁÂ$ ;>= 1� K,Ä [ 13]\ ^`_ a cfehg i 13i,k a"l i 13i,k a,n o p 	 Q 13 RVÅ # =«A (12)Æ
We have usedasbeforethenotation Ç�È sÉYÊ sË¦ÌbÍ sËVÎ Ç sÉ
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Theboundaryconditionis eliminatedsincethesupportof 1� is compactlyincludedin � . To eliminate
theadditionaltermfor anarbitrary 1� we mustimpose[ 13]\ ^`_ adcfe g i 13i7k a l i 13i,k a n o p 	 Q 13 R :NW � (13)Ï

Equation(3) (or (13)) thengivesthecorrespondingEuler-Lagrangefor thegiven variationalproblem.
Note,onceagainfrom our computations,thatdespiteall the terms“li ve” in theEuclideanspacewherethe
targetmanifoldis embedded,13 will alwaysmapontothelevel-setof interest,UV	 :�WYX , andtherefore,onto
the surfaceof interest. This is guaranteedby this equation,no additionalcomputationsareneeded.This
is the beautyof the approach,while working freely on the Euclideanspace(andthereforewith Cartesian
numerics),wecanguaranteethattheequationsareintrinsic to thegivensurfacesof interest.Wewill further
verify this in Ð 2.3 to help the readergraspthe intuition behindthis framework. In the samesectionwe
presentaparticularexampleof theabove equationfor a targetsurfacegivenby ahypersphere.

2.1.1 The Gradient-DescentFlow

Thegradientdescentcorrespondingto (13) is givenbyi 3 Mi { : [ 3 M \ �_a � 
 c¬e Q 13 R g i 13i,k a"l i 13i,k a n i 	i 3 M Q 13 R l (14)

wheretheinitial datum 13 � is givenby thevectorfield wewantto process,togetherwith Neumannboundary
conditions: ¹ 13 Q k l W R : 13 � Q k R l k �f�EHGI ÀHÑ   = :�Ò � (15)

To completethepicture,theuseof Neumannboundaryconditionsneedsto bejustified. This is donein
Appendix1.

2.2 Connectionswith Harmonic Maps

Thegoalof thissectionis to illustratetheconnectionsof theequationsabovewith thewell known theoryof
harmonicmaps.As it is thecaseof theproofof Proposition1, theseconnectionsaresimpleto derive,aswe
do below. Nevertheless,thederivationsthemselvespresentillustrative calculuswith implicit surfacesand
PDEson them.

Theexpressionsderivedin previoussectionscomefrom thetheoryof harmonicmaps,e.g.,[6, 9, 13, 15,
17, 18, 22, 25, 38, 41, 42, 43]. In general,harmonicmapsaredefinedasthosemapsbetweentwo manifoldsQ � lÔÓ R and Q � l�Õ R whichminimizetheenergy.6/213,4 8: ;T= ? /213,4 #TÖ = (16)

where,in local coordinates,theenergy density? /×1354 is givenby? /21354 Q k R 8: &� Ó�Ø¦Ù Q k R Õ M�O Q 13 Q k R�R i 3 Mi7k Ø i 3 Oi7k Ù � (17)

7



We have usedEinstein’s summationhere,whererepeatedindicesindicatesummationwith respectto
this index, togetherwith the usualnotationfor tensors.Ú Whenboth the domainandtarget manifoldsare
representedexplicitly, theclassicalcase,theEuler-Lagrangeequationcorrespondingto this energy is given
by (see[41]) [ = 3,Û(\vÜDÛM�O Q 13 R ÓTÝbÞ i 3 Mi,k Ý i 3 Oi,k Þ :�W (18)

where
[ =

is theLaplace-Beltramioperator(reducedto the regular Laplacianfor thecaseof flat domain
manifolds)and Ü ÛM�OTQ 13 R standsfor theChristoffel symbolsof the target manifold,evaluatedat 13 . Note that
the first component,the Laplace-Beltramiof 3 , addressesthe domainmanifold, whereasthe secondterm
addressesthetargetmanifold. By embeddingthetargetmanifold,we arechangingtheChristoffel symbols
(expressingthemin implicit form, seebelow), ß while the work in [5] changedthe other terms,sincethe
embeddingwasdoneto thedomainmanifold,see Ð 4. Theframework hereintroducedcanthenbeseenas
the re-writing of given PDEsmappingmanifoldsto manifoldsin sucha way that the intrinsic geometric
characteristicsof theequationareexpressedusingtheembeddingfunctions.

As anexample,let’s seewhathappenswith theaboveenergy for theEuclideancase.Sincebothmetrics
areproportionalto theidentity, ? /213,4 Q k R :áà � _ M�O ­ i 3 Mi,k O ® �
which is just a constantmultiplying CFE GI C �J . Therefore,the energy definedin the previous caseis just a
particularcaseof harmonicmaps. In general,this energy canbe usedin problemssuchas color image
denoisingand directionsdenoising[43, 44], as a regularizationterm for ill-possedproblemsdefinedon
generalsurfaces[19], for generaldenoising[40, 47], for modelsof liquid crystals,andasa componentof a
systemfor surfacemappingandmatching[15, 34, 49].

2.2.1 An(other) Inf ormal Calculation

Wenow presentanadditionalcomputationthatconnectsin adeepwaytheimplicit framework with harmonic
maps.We considertheharmonicenergy densitygiven in (17) for theplanardomainmanifoldcase(

Ó M�O :â M�O ). Wecansimplify thingsto obtain? /213,4 Q k R : &� Õ M�O Q 13 Q k R�R i 3 Mi7k Ø i 3 Oi7k Ø : &� _ Øáã /213 ¥åä l 13 ¥åä 4
We know that �çæ e :@è $ p 	 p 	 y canbe thoughtof asthe inverseof the target manifold’s metric

tensor. But since
p 	 is a zeroeigenvalueeigenvectorfor �çæ e , it will bea é eigenvalueeigenvectorfor�Âê 
æ e . Then,we can’t usethe identification ã :ëQ Õ M�O R�ì �Âê 
æ e in the above expressionfor the energy

density. However, wecanproceedasfollows. Take íî
<& anddefinethemetricïã"ð 8: ½ í è $ p 	 p 	 y ¾ ê 

onecanthencomputetheinverseas(it’s anelementaryformula,seefor example[26])ñåòSó·ôT�öõ £ §D÷Í ó £ § .ø

Or alternatively, thesecondfundamentalform of thetargetmanifold.ù
Since ú`û¬ü , all theeigenvaluesarepositive.
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ã ð : &í ­ è \ p 	 p 	 yíj$ý& ®
Theenergy densitycanberewritten as(wewill useasubindex í )? ð /×1354 Q k R : &�xí ^`_ M C 13 ¥ £ C � \ &íj$B& _ M Ñ×13 ¥ £ K p 	þÑ � o

After computingthevariationalderivativefor thefunctional ÿ = ? ð /213,4 Q k R # k weobtainthat 13 mustsatisfy[ 13h\ &íj$B& ^`_ M c¬e /213 ¥ £ l 13 ¥ £ 4(\ [ 13 K p 	 ovp 	 :NW
By multiplying all thetermsin theaboveequationby í $ & andletting í ) & wefind thattheexpression

betweenbracketsmustvanish.As wewill seein Ð 2.3,what’sbetweenbracketsis nothingbut
[ � Q k R where� Q k R : 	 Q 13 Q k R�R . So � is a harmonicfunction in � . It is alsoevident that � satisfiesDirichlet boundary

conditionsif 13 does,andsincewe aretrying to mapthingsfrom � to � , thoseboundaryconditionsfor 13
mustbe suchthat # ��� { Q 13 Q k R l � R :áW for k �«� , so � Ñ   = :áW . Thenwe concludethat � mustbe zero
everywherein � .

2.3 SimpleVerifications

Wenow show thattheEuler-Lagrange(13),andits correspondinggradientdescentflow (14),aretheexten-
sionfor implicit targetsof commonequationsderivedin theliteraturefor explicitly representedmanifolds.
We alsoexplicitly show that the flow equationguarantees,asexpectedfrom the derivationsabove andin
particularfrom theproof of Proposition1, that if the initial datumis on thetargetmanifold, it will remain
on it. We alsoexpressthesecondfundamentalform of a manifold that is implicitly represented.All these
resultswill helpto furtherillustratetheapproachandverify its correctness.

Geodesicson Implicit Manif olds

It is well known, see[17, 18, 39], that arc-lengthparameterizedgeodesicson the manifold � satisfythe
harmonicmapsPDE,andthereforeEquation(3). If we assumeisotropicandhomogeneousmetricover � ,
from Equation(3) we obtainthat(arc-lengthparameterized)geodesicsmustsatisfy���\«cfe / �� l ��74 p 	 Q � R :NW � (19)

This importantequationshowshow to obtaingeodesiccurvesonmanifoldsrepresentedin implicit form.

Liquid Crystals (� : Á � ê 
 , hypersphere)

One of the most popularexamplesof harmonicmapsis given when the target manifold � is a hyper-
sphere.That is, the mapis onto Á � ê 
 . In this case,the embedding(signeddistance)function is simply	 Q 1w R : C 1w C $<& , 1w ��� ��� . From this,

p 	 Q 1w R : G�� G� � and Q cfe Q 1w R�R MPO : 	 £ §� G� � $ � £ � §� G� � � . We alsohave thatcfe Q 13 Q k R�R 
   GI ¢¥�� l   GI ¦¥���
 : â M�O   I £ ¢¥��   I § ¢¥�� $   I £ ¢¥��   I § ¢¥�� 3 M 3 O , since C 13 C : & . In addition, 3 M   I £ ¦¥�� : W , fact sim-

ply obtainedtakingderivativeswith respectto k a . We thenobtainthat   I £ ¢¥ �   I § ¢¥ � 3 M 3 O : �   I £ ¢¥ � 3 M ¨ � : W , and
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L �a � 
 cfe Q 13 Q k R�R 
   GI ¦¥ � l   GI ¢¥ � 
 : LzM a �   I £ ¢¥ �T¨ � : CFE GI Q k R¢C �J . Therefore,thecorrespondingdiffusionequation

from (14) is i 13i { : [ 13]\ CFE GI C �J 13
which is exactly thewell known gradientdescentflow for this case.We have thenverified thecorrectness
of thederivationin Proposition1 for thecaseof unit spheresastargetmanifolds.

Diffusion of Probabilities

In this case,� : U k �q� � � Ñ k M�� W l L �M � 
 k M : & X , which is not a closedmanifold. However, by
maximumprinciple arguments,if the initial datumis on � , it will remaintherefor all time of smooth

existence,seeÐ 2.5.1and[37]. Then,wecanformally consider	 Q k R :�� ! £�� � ¥ £ ê 
� � , thesigneddistancefrom

a point k � � ��� to the hyperplaneU��Ã� � ���>Ñ L �M � 
 � M : & X , wherethe sign wasselectedaccordinglyto

our choiceof � 
�������� �P
 �� � astheunit normalto thehyperplane.We thenobviously obtain
p 	 Q k R : � 
�������� �P
 �� � andcfe Q k R :�W for all k . Consequently, theevolution equationfor this caseis13 } : [ 13

asexpected[37].

Mapping Restriction onto the Zero Level-Set

Wenow explicitly show thatif theinitial datumbelongsto thetargetsurfacegivenby thezerolevel-setof 	 ,
thenthesolutionto thediffusionflow (14) alsobelongsto this level-set.This furthershows thecorrectness
of ourapproach.

Proposition 2 A regular solutionto Equation(14)holds 	 Q 13 Q k l { R�R :NW l�� k �f� l�� { � W of regularity.

Proof: If the initial datumis on UV	 : WYX , then this propertyis true for { : W . Let’s define � Q k l { R :	 Q 13 Q k l { R�R . Then� i �i { : p 	 Q 13 RmK i 13i { : [ 13 K p 	 Q 13 R \ �_ a � 
 cfe Q 13 R g i 13i7k a l i 13i,k a7n
since 	 is adistancefunction. In addition,   � ¢¥ £ : p 	 Q 13 R`K   GI ¢¥ £ , andtheni � �i,k �M : ­ cfe Q 13 R i 13i,k M ® K i 13i,k M \ p 	 Q 13 R`K i � 13i7k �M �

Addingon
� : & l ����� l # , it followsthat   �  } : [ � , meaningthat � verifiestheheatflow. In additionto this,  � �! Ñ   = : p ¥ Q 	 Q 13 Q k l { R�R�R K À : E y GI p 	 Q 13 RmK À : Q p 	 Q 13 R�R y E GI À : Q p 	 Q 13 R�R y Òf:�W , dueto theboundary

conditionson theevolution of 13 .
We have thenobtainedthat � verifiestheheatflow with Neumannboundaryconditionsandwith zero

initial data.Fromtheuniquenessof thesolution,it follows that � Q k l { R :NW � k � � l"� { � W .Ï #
The calculationsthat follow in the proof don’t take into accountthat $ might fail to be differentiableat somepoints. This

couldbesimplyaddressedby a regularizationargument.Moreover, weusethefactthatthereexists %¬û'& suchthat s( is regularinÈ & Ê % õ , seebelow.
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SecondFundamentalForm for Implicit Surfaces

If we comparethegradientdescentflow (andEuler-Lagrangeequation)we have obtainedwith theclassical
onefrom harmonicmaps,weseethatthemaindifferenceis thatChristoffel symbolsfor thetargetmanifold
termappearingin theclassicalformulationhave beenreplacedby a new termthat includestheHessianof
the embeddingfunction. We obtainedthis by first embeddingthe target manifoldandthenrestrictingthe
searchfor theminimizing mapto theclassof mapsontothezerolevel-setof theembeddingfunction. This
approachcanbe followed to apply this framework to any relatedvariationalproblem. We now show how
thesameequationcanbeobtainedby simplysubstitutingthesecondfundamentalform of theexplicit target
manifoldby thecorrespondingexpressionfor animplicit targetmanifold. This will illustratehow to apply
our framework to moregeneralPDEs,notnecessarilygradientdescentflow. Thebasicideais just to replace
all thePDEcomponentsconcerningthetargetmanifoldby their counterpartsfor implicit representations.

In [30] (page150) it is shown that thescalarsecondfundamentalform
Õ

at a point � of a hypersurface)
canbewritten in theform Õ Q � R Q Ö l+* R : cfe Q � R /�Ö l+* 4C p 	 C �

for Ö ,
* �-, Ø ) . Accordingto [30] (page139)thevectorialsecondfundamentalform is givenby� � Q � R Q Ö l+* R : Õ Q � R Q Ö l+* R p 	C p 	 C

From(18)andwhatwehave just seenit is obviousthatthe implicit versionof theharmonicmapEuler-
Lagrangeis (13).

As statedbefore,theimplicit representationof thetargetsurfacepermitsthento computethesecondfun-
damentalform usingdifferenceson Cartesiangrids,without theneedto developnew numericaltechniques
on polygonalgrids.

From the result just presented,in orderto transforma given PDE into its counterpartwhenthe target
manifoldis representedin implicit form, all thatneedsto bedoneis to re-writeall thecharacteristicsof the
PDE,concerningthis targetmanifold, in implicit form. For completeness,in Appendix2 we presentbasic
factson calculuson implicitly representedhyper-surfaces.

2.4 Explicit Derivation of the Diffusion Flow

Herewe first proceedin a näıve way to obtainanequivalentformulationof thegradientdescentflow that
will helpin thenumericalimplementation.We assumewe have a family U�13 Q 1k l { R X } of mappingsfrom . to� . For each{ we definetheharmonicenergy of amemberof thefamily as. Q { R : &� ;0/ CFE GI � G¥ � } � C �1 # k

We thenfind a variationof thefamily suchthat . Q { R decreases.To accomplishthis we formally differ-
entiatetheenergy with respectto { . A simplecomputationyields�. Q { R : $ ; / 13 } K [ 13 # k

Now, since 13 Q 1k l { R ��� � 1k �2. and
� { of smoothexistence,onemusthave 13 } Q 1k l { R �3, GI � G¥ � } � � . An

appropriatechoicefor 13 } wouldbe 13 } : � y54687 4´:9 ¤<;>= Q [ 13 R (20)
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sincethismakes
�. Q { R : $ ÿ / C 13 } C � # k@? W .

Theprojectionoperatorin (20),aswealreadyknow (seeAppendix2), canbeexpressedin averysimple
form using 	 (thesigneddistancefunctionto � ),� y 4ä = Q 1A R : 1A $ 1A K p 	 Q � R p 	 Q � RF� (21)

Now, it shouldhappenthat(20) is equivalentto (14). Weshow this in Ð 5.

2.5 Remarkson the Solutionsof the Diffusion Flow

In previous subsectionswe have derived novel equationsfor PDEsmappinginto target manifolds. We
completethework of this Sectionwith relevant resultsfrom the literatureon themathematicalcorrectness
of theseequations.

Thewell posednessof thesediffusionproblemwith Neumannboundaryconditionsis addressedin [24,
35], wherethefollowing resultsareobtained,hereincludedfor completeness:

Theorem 1 For a given � � mapping 13 � 'þ� ) � � � �BADC 
 with   GI�E �! :+W on i � and for every� \ # �GF Q � RIH � H \ é there existsan íf
 W (dependingon 13 � ) and a mapping 13 '>� ) � of classJ Ø � Q � KÃ/ W l í 4 l � � A�C 
 R . 
 � Moreover, 13 is uniqueand � � exceptat thecorner i � K U WYX .
Theorem 2 Let Q � lÔÓ R and Q � l�Õ R be compactRiemmanianManifolds with convex boundary. Let 13 '� K�/ W l�L R ) � bea maximalsolutionof thediffusionproblemwith initial valuea � � mapping 13 � , 
�

with M � 8: C ? /213 � 4 C+NPO 
 W . Let � �«� � be such that � ��Q = � $SR� Ó , 
2� and � � W such that all sectional
curvaturesof � are notgreaterthan T Z . Then,

1. In thecase�î\ �UM � 
 W
(a) if �d
 W then Ä L � 
RWVYX�Z Q & \ RT5[ E R when� �:NWL � 
T\[ E when� :zW
(b) if � :zW then

L : \ é .

2. In thecase�î\ �UM � ? W , L : \ é .

2.5.1 Maps into OpenSurfaces

Sofar, we have only addressedthecasewhenthe target surfaceis closed(zerolevel-set). We now briefly
dealwith opensurfaces.We show, following classicalresults,thatwhenthemap 13 is evolving according

to the flow in Ð 2.1.1, the set ] Q { R 8: U�13 Q k l { R l k �d� X remainsinside the initial convex-hull of ] � 8:U�13 � Q k R l k ��� X , � { � W . This propertyis basicallya consequenceof the maximumprinciple. In the
actualcomputations,thismightof coursebeviolateddueto numericalerrors,andwe will laterdiscusshow
to correctfor thisaswell.

Let us first motivate the generalresult presentedbelow for the planarcase. Assumethat the target
manifold � is flat, for example � a (we still assumethat the domainmanifold � is flat). Let 13 Q k l { R� E�^ ä � ò<_a` È & Ê ú Ì Ê �  cb:d � õ is thespaceof functions eBf _hg �  cb:d � suchthatfor every i Í ü Ê�jkjljÔÊnmpo ü , qprSe £ , s r t�u and ² t u² ¤areall in

^ �åò<_v` È & Ê ú Ì õ .�¿�
A solution s( f _w` È & Êyx õzg|{

of the diffusion problem is maximal if it cannotbe extendedto be a solution on_w` È & ÊyxUo ú õ for any ú�û-& or if x�Í}oW~ .� �  �i�� r standsfor theRicci curvaturetensorof
_

.
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solve   GI  } : [ 13 for k �d� and { � W , and   GI �! ���   = : W . Let � be a convex set of � a with smooth

boundary(thisguaranteesthatthedistancefunctionis alsosmoothalmosteverywhere,see[39] for a formal
statement),and � the signeddistancefunction to this set (positive outsideand negative inside). DefineÓ Q k l { R 8: � Q 13 Q k l { R�R . Thenit follows that  ��  } $ [ Ó : $ L aM � 
 c}� Q   GI ¢¥ � l   GI ¢¥ � RF� 
2� Since� is convex, soit is � .

Then,theHessianof � is positivesemi-definite, meaningthat   �  } $ [ Ó ? W . Following thescalarmaximum
principle, ����� � ¥D� = � }y� ��� Ó Q k l { R : ����� � ¥D� = � Ó Q k l W R . If U�13 � Q k R l k � � X�� � , which is equivalenttoW � � Q 13 � Q k R�R : Ó Q k l W R , we obtainthat

Ó Q k l { R ? W , and 13 Q k l { R ��� , for all k �f� y { � W .
Thegeneralresultnow presentedis from [24]. Wequoteit herefor completeness.
 Z

Theorem 3 Let 13 Q k l { R bethesolutionof (14) at time { . Letusassumethat for { ? , this solutionremains
smooth.Let � � : 13 � Q . R , and � � betheconvex hull of � � . Thenfor Q k l { R �}.�K�/ W l , 4 , 13 Q k l { R ��� � .
3 Maps into Implicit Submanifolds

Herewe presenta modificationto thediffusionflow introducedabove, which is well suitedto diffusedata
that belongsto a certainsubmanifold] of � : UV	 : WYX . We specify this submanifoldby ] : UV	 :WYX�� U�� : WYX , wherewe select � 'þ� ��� ) � to be the signedintrinsic (to � ) distancefunction toU�� :NWYX , satisfying(seeAppendix2 for thenotation)& : C p e � C :�� C p � C � $ Ñ p 	 K p �*Ñ � (22)

In additionwe specifythecondition � Q � R :NW for �������
where � � : U k �f� � � Ñ k : � \«� p 	 Q � R l with �ç��] l � �f� � X
is theconeintersectingUV	 :�WYX at ] anddirectorraysnormalalsoto UV	 :NWYX .

Thereasonfor specifyingthesubmanifoldthisway is thatwecannotproceedasbefore,simplyspecify-
ing thesubmanifoldasthezerolevel setof it’s Euclideandistancefunction. This is becausesuchfunction
wouldbesingularpreciselyon thesubmanifold.

As we show in Appendix2, theHessianof � , intrinsic to � evaluatedat thepoint � , andrestrictedto
actonvectorsthatbelongto , Ø � , canbewritten in theformc = � Q � R : c � Q � R $¡  Q � R c¬e Q � R (23)

where  Q � R : p � Q � R`K p 	 Q � R . Thisexpressionwill beusedbelow.
We now derive the Euler-Lagrangecorrespondingto this additionalmappingrestriction. For this, we

usea techniqueslightly differentthattheonein Ð 2.1.� �
Noteonceagainthatwe areomitting detailsregardingthecorrecthandlingof thedistancefunction,sinceit is noteverywhere

differentiable.However, by a regularizationargument,thesameconclusionholds.� r
Theproofof this resulthasa lot of interestin itself sinceit canbecarriedoutwithin theimplicit framework introducedin this

paper.

13



Proposition 3 TheEuler-Lagrange of the functional (1), whenthe solution is restrictedto the implicitly
representedsubmanifold] definedabove, is givenby[ 13�\@^�_xadcfe Q 13 R g i 13i7k a l i 13i,k a,n oqp 	 Q 13 R \@^`_badc = � Q 13 R g i 13i7k a l i 13i7k a7n o p e � Q 13 R :NW � (24)

Proof: Let usassumethat 13 achievesaminimumof theenergy functional(1). Wemustbuild a variationof13 thatbelongsto ] , theintersectionof thezerolevel-setsof two embeddingfunctions(andnot just of 	 as
before).It is clearthatonesuchvariationwould be1�£¢ :�� � Q 13]\¥¤ 1A R

We areinterestedonly on thosetermsof ? /b1�£¢�4 thatdo not vanishafterthe L �M � 
   ¢¥ £ QG¦ R ��� ¢¦��� operation,

namelythoselinearin ¤ . Thereforewe only preserve thosetermsin 1�£¢ whichareconstantor linearin ¤ :1�£¢¨§ 13�\©¤ � y 46 � Q 1A R
Wewrite � y 46 � Q 1A R : � y 46 � e(����� U¬1A $ Q 1A K p e � Q 13 R�R p e � Q 13 R X: 1A $ Q 1A K p e � Q 13 R�R p e � Q 13 R $ Q 1A K p 	 Q 13 R�R p 	 Q 13 R
where

p e � Q 13 R : p � Q 13 R $ª  Q 13 R p 	 Q 13 R is thegradientof � intrinsic to UV	 :NWYX .
In this waywe find that(up to afirst orderin ¤ ):

? /·1�£¢�4«§ ? /213,4Y\©¤ �_ M � 
 13 ¥ £ K / 1A ¥ £ $�1A ¥ £ K p e � Q 13 R p e � Q 13 R (25)$ 1A K i p e � Q 13 Ri,k M p e � Q 13 R $�1A K p e � Q 13 R i p e � Q 13 Ri7k M$ 1A ¥ £ K p 	 Q 13 R p 	 Q 13 R $<1A K i p 	 Q 13 Ri,k M p 	 Q 13 R $�1A K p 	 Q 13 R i p 	 Q 13 Ri,k M 4
Since� Q 13 R : 	 Q 13 R :NW , differentiatingwith respectto k M weobtainthat

p � Q 13 RåK 13 ¥ £ : p 	 Q 13 RµK 13 ¥ £ :NW ,andtherefore p e � Q 13 R`K 13 ¥ £ :NW
Theexpression(25)canbesimplifiedto obtain? /·1�£¢b4¬§ ? /21374(\©¤ �_ M � 
 13 ¥ £ K g 1A ¥ £ $�1A K p e � Q 13 R i p e � Q 13 Ri,k M $�1A K p 	 Q 13 R i p 	 Q 13 Ri7k M n
Moreover, since i p e � Q 13 Ri,k M : c � 13 ¥ £ $ i  i,k M Q 13 R p 	 Q 13 R $­  Q 13 R cfe 13 ¥ £
we have
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i p e � Q 13 Ri7k M K 13 ¥ £ : c = � /213 ¥ £ l 13 ¥ £ 4
With all this in mind we find that(again,up to first orderin ¤ )

? /·1�£¢�4®§ ? /21374(\©¤ �_ M � 
 13 ¥ £ K°¯ 1A ¥ £ $�1A K p e � Q 13 R c = � /213 ¥ £ l 13 ¥ £ 4 $�1A K p 	 Q 13 R cfe Q 13 R /213 ¥ £ l 13 ¥ £ 4�±
Usingthis expression,after imposingthat    ¢ �� ¢¦��� ÿ / ? /·1�£¢�4 # A :dW for every 1A , we find that theEuler-

Lagrangeis [ 13]\ ^ _badcfehg i 13i7k aml i 13i,k a,n o p 	 Q 13 R \ ^ _badc = � g i 13i,k a"l i 13i,k a,n o p e � Q 13 R :NW � (26)

anexpressionutterlypredictable.Ï
3.1 SimpleVerification

As for the caseof closedmanifolds,we now verify that in fact the gradientdescentcorrespondingto the
Euler-Lagrange(26) keeps 13 in UV	 :NWYX"� U�� :NWYX .
Proposition 4 If 13 is a solutionto thegradientdescentflow correspondingto Equation(26), then 13 maps
into thesubmanifoldUV	 :NWYX"� U�� :NWYX .
Proof: We just needto show thatboth � Q k l { R 8: 	 Q 13 Q k l { R�R and ² Q k l { R 8: � Q 13 Q k l { R�R arealwayszero.The
ideais thesameonewe usedin Ð 2.3, it is enoughto show thatboth � and ² satisfytheheatequationwith
adiabaticboundaryconditions.

[ 	 ]

Wehave � } : p 	 K [ 13�\ _ a cfe gji 13i7k aml i 13i,k a n
since

p 	´³ p e � . Also [ � : p 	 K [ 13�\B_badc¬e g i 13i7k a l i 13i,k a,n
and � } : [ �

[ µ ]

Wehave
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e3 ¶ N

CK

Figure1: Exampleof amappinginto ·�¸I¹»º ¼�½ .
² } : p � K [ 13]\ p � K p e � ^ _ adc = � gji 13i7k a l i 13i,k a n o \   ^ _ adcfe g i 13i,k a l i 13i7k a n o

From
p � K p e � : p e � K p e � : C p e � C � : & , theabove equationcontinuesas

: p � K [ 13]\ ^`_ a c = � g i 13i,k a"l i 13i7k a n o \   ^`_ a cfe g i 13i7k aml i 13i,k a n o: p � K [ 13]\@^`_ a c � g i 13i7k a l i 13i7k a n5o
Also [ ² : p � K [ 13�\ ^�_ adc � gji 13i7k a l i 13i,k a n5o
andthen ² } : [ ²

Finally, it is easyto seethatboth � and ² satisfyNeumannboundaryconditions. Sinceat { :qW both
functionsarezero,wemusthave thatthey areidenticallyzero.Ï
3.2 Example

Wenow presentanexampleof theevolutioncorrespondingto theaboveequation,wherethetargetmanifold
is thecircle ÁD
°��� ��� . We will prove, by directcalculation,that theevolution PDEcorrespondingto (26)
reducesto theexpectedonefrom theclassicaltheoryof harmonicmaps(liquid crystals).

Let ] : U Q k l w l � R �f� ���xÑ k � \°w � : & l � :NWYX . Wewill thenchoosetherepresentation] : U Q k l w l � R �� � � ÑP� :NWYX¾� U Q k l w l � R Ñ k � \ w � : & X . Weselect� : U Q k l w l � R �¬� � � ÑP� :NWYX , thatis, 	 Q k l w l � R : � and
therefore

p 	 : 1? � :�Q W l W l & R . Theset ��� is thengivenby U Q k l w l � R Ñ k � \«w � : & X . In Figure1 we depict
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this situation.Now we solve (22) with thecondition �<Ñ ¿¬À :dW . Observe that
p e � : Q � ¥ l � � l W R . Then,

thePDEwe mustsolve reads�H�¥ \ �H�� : & , andthesolutionthatsatisfiestheboundaryconditionabove is� Q k l w l � R : � k � \hw � $ & . Let Á : � k � \«w � . Onecomputesthat
p � Q k l w l � R :áQ k l w l W R Á ê 
 . We can

now find thecomponentsof c �
, theHessianmatrixof � atthepoint Q k l w l � R , to obtain � ¥¢¥ : Á ê 
·$ k �:Á ê � ,� �+� : Á ê 
 $ w � Á ê � , � ¥ � : � � ¥ : $ k w Á ê � , and ��Â ¥ : � ¥ Â : ��Â � : � � Â : ��ÂÃÂ :NW . Sincec¬e :NW we

obtain c = � Q k l w l � R : c � Q k l w l � R .The next stepis to write equation(26) in this specificcase. The first observation is that,again,sincecfe :NW , thetime evolution correspondingto (26)simplifiesto13 } : [ 13�\@^�_xadc � Q 13 R /213 ¥�� l 13 ¥�� 4 ovp � Q 13 R
For any vector 1A :áQ A ¥ l A � l A Â R �Â� ��� , onehasat thepoint Q k l w l � R , c � / 1A l 1A 4 : A �¥ Q &þ$ k � R \ A �¥ Q &¯$k � R $Ã� k w A ¥ A � : A �¥ \ A �� $ Q k A ¥ \hw A � R � .It is alsoof greathelpknowing, from Ð 3.1, thatalongthetime evolution,both 	 Q 13 R :<W and � Q 13 R :»Wif theinitial datumis on ] . This translatesinto Á : & everywherein ourexpressionsfor c �

and
p � . Let’s

write 13 :dQÅÄ l Ö l+* R , then,sinceÄ � \ Ö*� : & , differentiatingwith respectto k a wefind Ä�Ä ¥�� \ Ö�Ö ¥�� :NW .
Wealsohave

* :NW .
Hence,c � Q 13 R /213 ¥�� l 13 ¥�� 4 :�Ä �¥�� \ Ö �¥�� $ QÅÄ�Ä ¥�� \ Ö]Ö ¥�� R � :�Ä �¥�� \ Ö �¥�� , andthetimeevolutionequation

reads ÆÇ�È Ä } : [ Ä \ Q C p Ä C � \ C p Ö C � R ÄÖ } : [ Ö \ Q C p Ä C � \ C p Ö C � R Ö* :NW (27)

whichweimmediatelyrecognizeastheonecorrespondingto diffusionof mapsinto Á 
 ( �B� � � , if wediscard
thesuperfluouscomponent

*
), seefor exampleAppendix1, equation(38).

4 Implicit Domain Manif olds and É -Harmonic Maps

For completeness,we presentnow the formulascorrespondingto the casewhereboth the domainand
target manifoldsarerepresentedin implicit form (with the embeddingfunctionsbeingthe corresponding
signeddistanceones).Deriving theseformulasis straightforwardusingtheframework herepresentedwhen
combinedwith thework in [5]. Wealsoshow thecorrespondingflows for � -harmonicmaps.

4.1 Ê -Harmonic Maps

Westill assume� to beplanar. Theenergy density(2) (but not thedependenceof theenergy onits density)
is redefinedasfollows. For every �ç��/S& l \ é R let? Ø /2137498: &�*CFE GI C Ø J
A simpleapplicationof variationalcalculusleadsto concludethat
 ¼13 } : � 
 ê �ä � æ e � GI � � p K � Q×? Ø /21354 R 
 ê �ä E y GI ¨�¨ (28)� Æ

Thedivergenceoperatorconvention(for amatrix Ç ) wehaveusedis qftöÇ Í©Ë q t sÇcÌ ��ÍÍÍ jljkj ÍÍÍ q t sÇcÌÃÎ�Ï , where sÇ�Ì £ standsfor

the i -th columnof Ç . Thatis, we applya columnwisedivergence.
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Notethatif � H � difficultiesareexpectedto arise,see[43] andthereferencestherein.

4.2 Generic (Implicit) Domain Manif olds

Let � : U k �h� �BÐ�'*� Q k R : WYX , where � Q KSR is thesigneddistancefunction to � , thenthediffusion is
givenby: 13 } : p K ½ �¬æÒÑ E y GI ¾ \ �� _ a � R cfe /213 ¥ Î l 13 ¥�� 4 Q¿�¬æÒÑ R a R ©ª p 	 (29)

Thewholedeductionrestsupontheredefinitionof theenergy (1) andits density(2). Now weshoulddefine
theenergy densityto be ?�Ñ /21354"8: &� CFE Ñ GI C �J
wherethe intrinsic Jacobianof 13 canbewrittenas(seeAppendix2 for moredetails)E Ñ GI : E GI �¬æÒÑ .

Thenew definitionfor theenergy shouldbe:
2Ú.6/21374 8: ;0Ó T\Ô ?�Ñ /×1354 â Q � Q k R�R # k (30)

Comparing(29)with (18),we caninfer theimplicit form of theChristoffel symbols:
ößÜ ÛMPO Q 13 R : i � 	i 3 M i 3 O Q 13 R i 	i 3 Û Q 13 R
4.3 Generic (Implicit) Domain Manif old and Ê -Harmonic Maps

Using both generalizationspresentedabove, we arrive at the following formula with a bit morecomputa-
tional effort 13 } : � 
 ê �ä � æ e � GI � � p K � Q2?�Ñ � Ø /213,4 R 
 ê �ä �çæÒÑ E y GI ¨ ¨ (31)

where ? Ñ � Ø /21374 8: &� CFE Ñ GI C Ø J
4.4 Diffusion of Tangentand Normal Dir ections

Throughoutthissectionwewill assume# �GF Q � R : # �GF Q � R . Assumewewantto diffuseintrinsicvectorial
dataconstrainedto beadirection(unit norm)andto beeithernormalor tangentto thedomainmanifold,e.g.,
[5]. This is an extremelyimportantcase,for exampleto denoiseprincipal directionsandnormalvectors.
We now derive theseequations,which to thebestof our knowledgehave not beenreportedbeforeevenfor
explicit manifolds.� ñ

We have alreadytakeninto accountthat Õkq�ÖPÕ Í ü .� ø
Of course

ó £ § Í ò�×BØ5Ù~õ £ § ò Í ó ôT�£ § õ . Then,it is niceto observe(althoughformally incorrect)thatsince
×UØPÙ q�Ö Í & , thenthe

metric
ó f��  "! g �  "!:ÚV! haseigenvalue oW~ in thedirectiongivenby q�Ö thusprohibitinginterminglingof informationbetween

adjacentlevel setsof Ö .
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To achievethisgoal,weminimizethefunctional(30)takingavariationof theform (assume13 minimizes
theenergy functionalwhile satisfyingboth C 13 C : & and Û Q 13 R : 13 )13Ü¢ Q k R 8: 13�\¥¤ Û Q 1A RC 13�\¥¤ Û Q 1A R¢C
where 1A ' � ) � � � is smoothand Û is either � y ´ = or � � ´ = (projectiononto the tangentor normal
spacerespectively). Let 1� : Û Q 1A R , thenit follows easilythat#x.0/213Ü¢·4#·{ ���� ¢¦��� : $ ;0Ó T\Ô U [ Ñ 13«\ � ? Ñ /21354 13 X K 1� â Q � Q k R�R # k
Imposing �ÃÝßÞ GI�à+á� } ��� ¢¦��� :NW for all

A
impliesÛ Q [ Ñ 13h\ � ? Ñ /21374 13 R : Û Q [ Ñ 13 R \ � ? Ñ /21374 13 :NW

Finally, thediffusionflow obtainedisi 13i { Q k l { R : Û ¥ Q [ Ñ 13 Q k l { R�R \ � ?�Ñ /21374 Q k l { R 13 Q k l { R (32)

Notethat if thePDE(32) admitsa smoothsolutionuntil time , , 
2ï andif (for instance)we aredealing

with tangentdirectionsdiffusion, thefunction â Q k l { R 8: p � Q k R9K 13 Q k l { R satisfiesâ } Q k l { R : � ? Ñ /21354 â Q k l { R .Therefore â Q k l { R : â Q k l W R ? �äã ¤E¾å Þ GI8á � ¥ � } � � }
thusverifying that if

p � Q k R K 13 Q k l W R : W then
p � Q k R K 13 Q k l { R : W for { ? , . We alsowant to check

whether C 13 Q k l { R¢C : & � Q k l { R . Letæ Ñ /213,4 Q { R 8: &� ; Ó T ! CFE GI C �J â Q � Q k R�R # k
then

�æ Ñ /21374 Q { R : $çÿ Ó T ! 13 } K [ Ñ 13 â Q � Q k R�R # k . Sinceboth C 13 C : & and Û Q 13 R : 13 (so Û Q 13 } R : 13 } since Û
doesnotdependon { ) musthold,andin orderto make

�æ Ñ /×1374 Q { R non-positive we choose13 } : Û � y 46 � � GI � �¬çö� [ Ñ 13 (33)

where� y 46 � � GI � �¬çö� :Nè $ GI� GI � GI Î� GI � for any
Q 
 W .

Note that theabove evolution indeedforces 13 Q k l { R to satisfyboth imposedconditions.Let 1A ' � � � )� ��� besuchthat Û Q 1A R : 1W then Q 1A K 13 R } : 1A K 13 } : 1A K Û � y 46�è ! ôY� [ Ñ 13 : Û y 1A K � y 46 � � GI � �¬çö� [ Ñ 13 :NW , since
theprojectionmatrix is symmetric,andjust usingthis we have ½ 
� C 13 C � ¾ } : 13 K 13 } : 13 K � y 46 � � GI � �¬çö� : W
trivially. Finally, using C 13 C : & andcarryingout somecomputationsin a way similar to Ð 5 below, 
�� one
canprove that(33) reducesto (32).� ù

Note thatwe might besubjectto thetopologicalobstructiongivenby theHairy Ball Theoremwhen é�i�ê ò<_Nõ Í é�iëê òì{fõ is
odd.� #

Themaindifferenceis thatnow onemusttake into accounttheLaplace-Beltramiexpressed“implicitly ,” seeAppendix2 for
moredetailson intrinsic differentialoperatorswithin theimplicit framework.
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5 Numerical Implementation and Examples

Wenow discussthenumericalimplementationof theflowspreviously introduced.Sincethetargetmanifold
is now implicitly represented,we canbasicallyuseclassical,well studied,numericaltechniqueson Carte-
siangrids. In otherwords, the framework hereintroducedpermitsthe useof alreadyexisting numerical
techniques,therebyenjoying their availableanalysisresults.This is a key concept,insteadof working on
the developmentof new numericalschemesfor meshes,the useof implicit representationsfollowing our
framework bringsus backto classicalschemes.Moreover, exampleslike thosein Figure5 have not been
reportedin theliteratureyet,sinceprior to ourapproachall PDEsfor mapping3D meshesusedprojections
as intermediatesteps. Therefore,the work hereproposed,whencombinedwith [5], not only permitsto
useclassicalnumericalschemesto solve PDEsandvariationalproblemsfor surfaces,it is alsoanenabling
technologyfor generalmaps.

Note that althoughthe flows derived in this paperguaranteethat the mapremainson the target (sub-
manifold),numericalerrorscanmove it away from it, requiringa simpleprojectionstep(seetheprojection
equationspresentedbefore in this paper). In particular, when dealingwith submanifolds,althoughthe
evolution equationsalsoguaranteethat the solutionwill remaininsidethe convex hull, dueto numerical
discretization, 13 couldbe taken outsideof it during theevolution. In orderto numericallyprojectit back,
we needto have adistancefunctionto this convex hull definedon theimplicitly definedtargetmanifold. In
[32] wehaveshown how to computationallyoptimalcomputesuchadistancefunctionon implicitly defined
manifolds,andthis is thetechniqueusedfor thisprojectioninto theconvex hull.

An explicit schemecanbe devisedto implement(29) (recall that this is theextension,for generaldo-
main manifolds,of the Equation(14) derived in Ð 2). However, following [14], it turnsout that it is more
convenientto implementthe mathematicallyequivalentevolution derived in Ð 2.4. More specifically, the
equivalentevolution is (seeequation(21))i 3i { : [ 3 $ Q [ 3 K p 	 R p 	 (34)

Thatbothevolutionsareequivalentis easyto see:

Proposition 5 Equation(34) is equivalentto themappinginto implicit surfacesflow (14).

Proof: Onehasthat â Q k l { R 8: 	 Q 13 Q k l { R�R :�W � Q k l { R �©.íKÂ� � C�î U WYX for 13 Q K l KSR satisfying(14). Now,
differentiatingâ with respectto k M we obtainp 	 Q 13 R`K 13 ¥ £ :NW
Differentiatingagainwith respectto k M ,cfe /213 ¥ £ l 13 ¥ £ 4|\ p 	 K 13 ¥ £ ¥ £ :NW
Summingfor all

�
, _ M cfe /×13 ¥ £ l 13 ¥ £ 4H\ p 	 K [ 13 :�W

andusingthepreviousexpressionwe derive (34) from (14).Ï
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5.1 Numerical Scheme

All thecodingwasdoneusingFlujos asthemaincore(see[21]) andVTK (see[52]) for visualizationpur-
poses.Notethatfor visualizationpurposesonly, thesurfacesaretriangulatedat theend,via marchingcubes
asimplementedin [52]. This is not at all an intrinsic componentof our framework, andmany applications
(e.g.,brainwarpingandregularizationproblems)areinterestedin thevaluesof thesolution 13 , without the
needfor visualizationof thetargetsurface.

All theexamplesbelow werecarriedbasedin equation(31). Onceagain,thenumericalimplementation
is straightforward (at leastwhen � : � ), sinceit is basicCartesiannumerics,andfull detailsandanalysis
canbe found in thestandardliteraturein numericalanalysis.We selecta particularefficient schemefrom
theliterature,while others(includingimplicit or semi-implicitschemes)couldbeusedaswell.

We useforward time discretization(explicit scheme),and for the spatialdiscretization,we usedthe
following well known recipe.To spatiallydiscretizeâ } Q k l { R : p K QyïvQ k R p â Q k l { R�R (35)

( ïÃQ k R is asymmetricpositivesemi-definitematrix),weconsiderbackward approximationof thedivergence
anda forward approximationof thegradient.Let’sexplainhow thisappliesin oursituation,andfor thatwe
assume� : � in (31). Thentheequationwe have to implementis13 } Q k l { R :N� æ e � GI � ¥ � } � � ½ p K,½ � æÒÑ � ¥ � ½×E y GI Q k l { R ¾~¾V¾ (36)

If we don’t take into accounttheouterprojectionmatrix,every coordinateof 13 evolvesaccordingto3 M} Q k l { R : p K ½ � æÒÑ � ¥ � p 3 M Q k l { R ¾having for eachcomponentthe samestructurethanthe modelevolution (35). We thenborrow the above
discretizationfor our evolution. If we considerthecouplingamongdifferent 3 M s imposedby theprojection
matrix � æ e �ñð � , weseethatwestill preserve numericalstabilitysincethismatrix is positivesemidefiniteand
hasspectralradiusnotgreaterthan & . � � In moredetail,it canbeshown aftersomecalculations(see[23, 45])
thatfor thescheme(� now denotesapositionover thegrid)1A A�C 
Ø : 1A AØ \ [ {�ò Q 1A AØ R Q p ê K,½�ó Q � R p C 1A AØ ¾ R
thestability conditionis of theform ( ¤ : ô }� ô ¥ � � )¤ ? �Sõ�öØ � I Á Q � RÁ Q ò Q 3 R�R ������U�Á � Q � R lÃ÷ � Q � R X
or ¤ ? &����� I Á Q ò Q 3 R�R �Sõ�öØ ¹ Á Q � R�S���,U�Á � Q � R lÃ÷ � Q � R X º
where Á Q ò Q � R�R standsfor the spectralradiusof the matrix ò Q � R , Á Q � R : LzM�O Qnø M�O Q � R \ ø M�O Q �6$ [ k 1? M R�R ,and

÷ Q � R : LzM�O Qnø MPO Q � R $ ø M�O Q �0$ [ k 1? M R�R . In our casewe may admit
÷ Q KSR to be small comparedwithÁ Q KSR (giventheidentification ó ì �¬æÒÑ ) when

[ k is small. This canbeeasilyrelatedto thecurvaturesofU�� :<WYX giving aconditionon thesamplingof thedistancefunction( � ) representingthedomainmanifold.
This conditionmainly meansthatwe requirea fine enoughsamplingasto guaranteethat thechangein the� E

Notethat Õ sù Õ �cú-× Ø5û È sùbÊ sù ÌxÍ Õ ù Õ �°ü'ý qI$�t sù ý �cú & for all sù . We have usedthat Ö is a distancefunction.
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normalsto thelevel surfacesof � is smallbetweenadjacentgrid points.Thisconditionis obviatedwhenthe
domainmanifoldis planar. Sothestability conditionbecomes¤ ? &����� I Á Q ò Q 3 R�R ����� Ø Á Q � R
Sinceby Cauchy-Schwartz’s inequality(andtheaforementionedassumptionon thechangeof

p � between
adjacentgrid points) �j# (in practise)upper-boundsÁ Q � R , rememberingthefactthat Á Q ò Q � R�R ? & , wearrive
at ¤ ? 
�T� . Note that if a morecarefulimplementationis desired,goodchoicesareADI or AOSschemes,
see[53].

All derivatives in � æ e �ëð � and � æÒÑ �ñð � were approximatedby central differences. An interpolation
schemehad to be usedsincethe evaluationsof � æ e �ëð � in the above equationare at positionsgiven by13 Q k l { R , positionsnotnecessarilyon theunderlyinggrid. Weusedlinearinterpolationfor thispurpose.

Note that asdonein [5], when the domainmanifold is also implicitly represented,the valuesof the
mapon it are,from time to time (every þ iterations,for example),extendedto its surroundingoffsetdueto
stability considerations,we call this process“extensionevolution.” This processis well known in thearea
of implicit surfaces. Also, asexplainedbefore,due to numericaldiscretization,the discretelycomputed
solutionmapcanbetakenoutof thetargetmanifoldduringtheevolution. In thispaper, wesimplyprojectit
backat every iteration.We have seenthat this projectionis a trivial stepdueto thefactthat theembedding
is adistancefunction. It is quitestraightforward to show thattheresultsreportedin [1] canbeextendedfor
our equationsaswell, at leastfor convex hyper-surfaces(additionalnumericalwork in this areahasbeen
performedby Prof. W. E, [14]). This guaranteesthenthattheprojectionstepdoesnot introducenumerical
problems.Furtheranalysisof thisprojectionstepwill bereportedelsewhere.

Thisprovidesthewholenumericalschemefor thisparticularequationusingour framework. To resume,
we implement(36) with simplefinite differencesschemes(central,forward,andbackwarddifferences).At
everynumericaliteration,thevaluesof 13 areprojectedto thezerolevel-setto correctfor possiblenumerical
errors(projectionwhichbecomestrivial sincetheembeddingfunctionis adistancefunction). If thedomain
manifoldis notplanar, every ÿ ( ÿ : þ in ourexperiments)iterationswerunacertainnumberof iterationsof
theextensionevolution, [5]. Whenneeded,we interpolatethevaluesof thegrid ontotheunderlyingsurface
by simple linear interpolation. All thesestepsareclassical,simple to implement,basedon well known
numericalschemes,andaregenericandnotdesignedjust for aparticularflow.

5.2 Examples

In all theexamplesbelow, thedomainmanifold � is eithertheEuclideanspace� ��� or an implicit torus.
The targetmanifold � is an implicit surfacein � � � , that is, thezerolevel-setof 	�'�� � � ) � � , 	 beinga
signeddistancefunction(this is of coursealsothecasewhenthesurfaceis asphere,	 beingasin Ð 2.3).

In orderto presentinterestingexampleswe constructtexturemaps,addnoiseto them,andthendiffuse
themusingour framework. Let

)
bethesurfaceontowhichwewantto mapagiven(planar)imagedefined

in a subset
÷ � � ��� . Thenthe texture mapis a map 1, ' ) ) ÷

. Oncethemapis known, we invertedit to
find amap 13 � ' ÷ ) )

. Then,we built up thenoisymap 13 ' ÷ ) )
definedby13 Q k R :N����Q 13 � Q k R \ 1À Q k R�R

where 1ÀÃ' ÷ ) )
is randommapwith smallprescribedpower � . We thenfeedtheevolution (14)with 13 as

initial condition,andNeumannboundaryconditions.After acertainnumberof steps,westoptheevolution,
invert theresultingmap,anduseit asa texturemapto paintthesurfacewith acertaintexture.�å
�ö�

Notethatwe arenotproposingthisasa completetexturemappingalternative, it is just to provide anillustrativeexample.
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Figure2: Diffusionof a noisytexturemap(left) ontoanimplicit sphere(right). (Thisis a color figure.)

As a meansof finding a suitable 1, we have implementedthework in [50] (a multidimensionalscaling
approach),combinedwith the techniquedevelopedin [32] for computingdistanceson implicit surfaces.
In all thestepsjust describedtherearesomeminor implementationdetails,mainly regardinginterpolation
tasks,thatwe omit for thesake of clarity.

In Figures2, 3 and4 we thendenoisevectorsfrom the plane � � � to a 3D surfacedefinedasthe zero
level-setof 	ý'x� ��� ) � � andmapatextureimageto thesurfaceusingtheobtainedmap.Notethatthemap
is theonebeingprocessed,not theimageitself.

We alsoshow an exampleof diffusion of randommapsfrom an implicit torus to the implicit bunny
model, seeFigure 5. As expectedfrom the theory, when evolving this set with the harmonicflow, the
setconvergesto a uniquepoint. This particularexampleof mappinga given3D surfaceto anotheronewas
previouslyaddressedvia artificial, distortionintroducing,projectionsto theplaneor spherewhenthesurface
wasrepresentedasmeshes[46].

6 Conclusions

In this paperwe have shown how to implementvariationalproblemsandpartialdifferentialequationsonto
generaltarget surfaces.We have alsoaddressedthe caseof opentarget surfacesandsub-manifolds.The
key conceptis to representthe target (sub-)manifoldsin implicit form, andthenimplementthe equations
in the correspondingembeddingspace.This framework completesthe work with generaldomainmani-
folds reportedin [5], therebyproviding a completesolutionto the computationof mapsbetweengeneric
manifolds.

We arecurrentlyusingthis framework to maptwo genericsurfacesfor warping(without intermediate
projectionsonto the plane),and to develop numericaltechniquesfor high order flows on and onto sur-
faces.To completethegeneralcomputationalframework hereintroduced,a detailednumericalanalysison
comparisonwith meshbasedtechniquesis to be performed. For the work on implicit domainmanifolds
introducedin [5], someof this analysiswasrecentlyperformedin [2]. We planto performsimilar testsfor
implicit targetmanifoldsandresultswill bereportedelsewhere.
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Figure3: Diffusionof a noisy texturemapontoan implicit teapot.We show two differentviews (noisyon the top
andregularizedon thebottom).(Thisis a color figure.)
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Figure4: Diffusionof a texturemapfor animplicit teapot(noisyon hetop andregularizedon thebottom).A chess
boardtextureis mapped.(Thisis a color figure.)
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Figure5: Diffusionof a randommapfrom an implicit torusto the implicit bunny. In bluearemarkedthosepoints
of thebunny’ssurfacepointedby themapat every instant.Dif ferentfigurescorrespondto increasinginstancesof the
evolution, from top to bottomandleft to tight. We show themapat ��� of ����� iterationsperformedto theinitial map
with a timestepof 	 �
� . We usedthe � -harmonicheatflow with adiabaticconditions.(Thisis a color figure.)
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Appendix 1: Boundary Conditions for the Gradient DescentFlow

We now justify the useof Neumannboundaryconditionsfor the gradientdescentflow in � 2.1.1. In the
scalarcase,onehastheevolution problem
������������������� �!�"���������#�%$�&'�(�*),+�-���.�/+0�1�2�435���6�/���%$�&7 �98;:*< =�>?�2@BA (37)

Weobserve thatthequantity C ���D�FE� G > �-���.���D�IH >,J remainsconstant,

KC �������ML > �������������IH >NJ � L > �!�-���.���D�IH >,J �ML > 7 8
� 7 �O�IH >�J � L =�> 7 �98�:PH >,Q �R+
therebyimposingtheboundaryconditions.

Onewonderswhich quantityis preserved thru time by theflow in thegeneralcase,whenimposingthe
boundarycondition(15). We illustratethis for theparticularcaseof S �UTFV . In this case,the evolution
equationsaregivenby (seealso � 2.3)WYX ���2� X[Z ��\ 7 X \�] Z \ 7!^ \�]_� X^ ���2� ^ Z ��\ 7 X \ ] Z \ 7!^ \ ] � ^ (38)

TheNeumannboundaryconditionsfor this casearewrittenas7 X 8�:`� 7!^ 8;:`�R+ in a &
Transformingto polarcoordinates��bc��d0� onefindsthat theevolution equations(for smoothinitial data,

andat leastfor sometime) are(seealso[38]) W d��.�2�edb � �R+ (39)

with boundaryconditions 7 df8�:g�R+ in a &
Againonefindsthat G > d(���.���D�IH >,J is constant.

In the most generalcase,when the target manifold is arbitrary, one might guessthat the intrinsic
barycenter]�] of themapis preservedthroughtime,sincethat’sexactlywhattheparticularcasesgivenabovehih

The intrinsic barycenterj of themap kl!m_n%oMp is definedby jrqgsut/vuwfxzy|{�}�~��h-�/��� h~����I� kl ���
�i� � � . See[12] for more
detailson thebarycenter.
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show us.However, to thebestof ourknowledge,thereis notsucharesultin theliteratureof harmonicmaps,
andtheconservationof thebarycenteris only obtainedwhenconstraintsareadded.Theexamplesdiscussed
above still motivatetheuseof Neumannboundaryconditions.

Appendix 2: Implicit Calculus

We now presentbasicfactsaboutdifferentialcalculuson implicitly representedsurfaces.For moreinfor-
mationseefor example[4, 10, 31].

Wehave a smoothscalarfunction �%� � ������� � , andasmoothvectorfield �� � � ������� ��� ( H and � are
not necessarilyequal).Themanifoldontowhich thecalculusis to bedoneis representedas � �����N�2+0  ,
for ���¡8¢� thesigneddistancefunctionto � .

All theideasof differentiationcanbeobtainedfrom simpleconsiderationsrelatedto therestrictionof the
functionto ageodesiccurve living in themanifold.Weconsideranarc-lengthparameterizedgeodesiccurve£ �-¤¢¥�¦ � ¦�§ � � suchthat £ �¨+0���ª© is agivenpoint of � . Wedenote« ���D��� � � £ ������� and �¬ ���D��� �� � £ ���D��� .
Implicit gradient

We differentiateonce « ���D� to obtain
K« �¨+0�­� 7 � �®©.�.8 K£ �¨+0� . Since

K£ �¨+0��$°¯ Ø � (thetangentplane),we find
the implicit gradientof � at © to be

7²± � �®©6�³� 7 � �®©6� ¥ 7 � �®©6�­8 �´ �®©6� �´ �®©.� , where �´ �®©.� standsfor the
normalto themanifoldat © . Sincewe canalsowrite �´ �®©6��� 7 ���®©6� , we obtain7²± � �®©6�µE� 7 � �®©6� ¥ � 7 � �®©6�B8 7 �f�®©6��� 7 �f�®©6�

Weoftenusethealternative notation
7 � � sincethedefinitioncanbeappliedto any level setof � . Note

thatwe canwrite
7²¶ � �R·°¸ ¶¹7 � where ·º¸ ¶ E�R» ¥ 7 � 7 �½¼

Implicit Hessian

If we computethe secondderivative of « we find that ¾« �¨+0�¿� 7 � �®©6�F8 ¾£ �¨+0� ZÁÀ%Â ¤ K£ �¨+0�/� K£ �¨+0� § . Now,
we know thatanarc-lengthparameterizedgeodesiccurve of � mustsatisfytheharmonicmapsdifferential
equation ¾£ ZPÀ ¶ � £ � ¤ K£ � K£ § 7 ��� £ ���R+
We thenfind that ¾« �¨+0�Ã�Ä� ÀºÂ �®©.� ¥ 7 � �®©6��8 7 �f�®©6� À ¶ �®©6��� ¤ K£ � K£ § . Again we have that

K£ $g¯ Ø � , andwe
find theimplicit Hessianof � at © to be À ± Â �®©.� E�R· ¶BÅ Â · ¶
where Å Â E� À%Â �®©6� ¥ 7 � �®©.�¹8 7 ���®©6� À ¶ �®©.�
Wewill frequentlyusethealternative notation

À ¶ Â �®©6� .
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Implicit Laplacian

Fromthepreviouscomputationit’s aneasyexerciseto computetheimplicit Laplacianor Laplace-Beltrami
of � sinceby definition � ± � �R�¡ÆÈÇ0É�Ê|� À ± Â   .

For any pair of symmetricmatricesË and Ì onehasthat �¡ÆÈÇ0É4Ê_� Ë�Ì!Ë  e�ÎÍÐÏ5Í�Ñ�ÍRÒ�Ç Ï�Ñ Ç Ï�Ò|Ó¡ÑDÒ and��Æ|Ç0É4Ê_� Ë�Ì  ¿� ÍÐÏ
Í�Ñ Ç Ï�Ñ Ó Ï�Ñ . Now we have that · ¶ Ì · ¶ � Ì Z 7 � 7 � ¼ Ì 7 � 7 � ¼ ¥ 7 � 7 � ¼ ÌÔ¥Ì 7 � 7 � ¼ . Wethenobtain

��Æ|Ç0É4Ê_��· ¶ Ì · ¶   � ��ÆÈÇIÉ4Ê|� Ì   ZÖÕ Ï
Õ
Ñ
Õ
Ò ��×uØi��×�Ùu��×uØi��×�Ú Ó�ÑDÒ¥ Û Õ Ï

Õ
Ñ ��×uØÜ��×�Ù Ó Ï�Ñ

Recallingthat ���¡8¢� is adistancefunction, sothatit satisfies\ 7 ��\Ý�ßÞ , we find

��ÆÈÇIÉ4Ê_��· ¶ Ì · ¶   � �¡ÆÈÇ0É4Ê_� Ì   ¥ Õ Ï
Õ
Ñ � ×uØ � ×�Ù Ó Ï�Ñ� �¡ÆÈÇ0É4Ê_� Ì   ¥àÌ¿¤ 7 ��� 7 � §

Weconcludethereasoningby taking Ì � Å Â :
�¡ÆÈÇ0É�Ê|� À ± Â   � ��ÆÈÇIÉ4Ê_� Å Â   ¥ Å Â ¤ 7 ��� 7 � §� ��ÆÈÇIÉ4Ê_� Å Â   ¥ À%Â ¤ 7 �Ã� 7 � §

since

À ¶ ¤ 7 �Ã� 7 � § �2+ . Since�¡ÆÈÇ0É4Ê_� ÀºÂ  ��2� �R¥ � 7 � 8 7 �Ý�á�!� , we find that� ± � �2� �â¥ � 7 � 8 7 �Ý�á�e� ¥ À%Â ¤ 7 �Ã� 7 � §
It’s interestingto observe how the expressionjust found for � ± � coincideswith the oneobtainedby

minimizing the intrinsic Dirichlet integral, ]�ã� � � �­E� ÞÛ Låä æ(ç*\ 7²± � \ ]Bè �¨�Ã�IH J
asis donein [5]. Theauthorsshowedthatasmoothfunction � extremizing � � � � mustsatisfy7 8I� 7 ��¥ � 7 � 8 7 �Ý� 7 �Ã���R+
Weshouldverify thatthisdefinitioncoincideswith ours.This is accomplishedasfollows:7 8
� 7 �é¥ � 7 � 8 7 �Ý� 7 �Ý�ê� � �â¥ � 7 � 8 7 �Ý�á�e� ¥ 7 � 7 � 8 7 �Ý��8 7 �� � �â¥ � 7 � 8 7 �Ý�á�e� ¥ À%Â ¤ 7 �Ã� 7 � §-¥ À ¶ ¤ 7 � � 7 � §� � �â¥ � 7 � 8 7 �Ý�á�e� ¥ À%Â ¤ 7 �Ã� 7 � §� � ± � (accordingto ourdefinition)�
since

À ¶ ¤ 7 �Ã�Dë § �R+ .h¨ì
As oneexpectssincethis is thedefinitionof harmonicfunctions.
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Vector Calculusë Implicit Jacobian: With theideasdevelopedbefore,we easilyfind (differentiating �¬ ���D� ) thatí ± îï E�Áð îï · ¶ë Implicit Divergence:Usingtheexpressionfor theintrinsic Jacobianwe write7²± 8 �� E�R�¡ÆÈÇ0É�Ê�ñ í îï · ¶Bò
and 7²± 8 �� E� 7 8 �� ¥ í îï ¤ 7 ��� 7 � §
It is usefulto observe that

7 ± 8 �� � 7 8 �� when �� ���6�µ$�¯¹×0�����2+0 
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