Dynamic Visibility in an Implicit Framework

Richard Tsai^{∗†}, Li-Tien Cheng^‡, Paul Burchard^§,

Stanley Osher^{∗¶}, and Guillermo Sapiro^‖

February 2002

Abstract

We investigate the problem of determining visible regions in two or three dimensional space given a set of obstacles and a moving vantage point. This is of importance in several fields of study including rendering in computer graphics, etching in materials construction, and navigation. Our approach to this problem is through an implicit framework, where the obstacles are represented by a level set function. An efficient generic multiscale level set method is developed to generate the visible and invisible regions in space. Furthermore, we study the dynamics of shadow boundaries on the surfaces of the obstacles using special level set techniques when the vantage point moves with a given trajectory. In all of these situations, topological changes such as merging and breaking occur in the regions of interest. These are automatically handled by the level set framework here proposed. Finally, we obtain additional useful information through simple operations in the level set framework.

∗Research supported by ONR N00014-97-1-0027, DARPA/NSF VIP grant NSF DMS 9615854 and ARO DAAG 55-98-1-0323

†Department of Mathematics, University of California Los Angeles, Los Angeles, California 90095, email:ytsai@math.ucla.edu

‡Department of Mathematics, UCSD, La Jolla, CA 92093-0112. Email: lcheng@math.ucsd.edu §Department of Mathematics, University of California Los Angeles, Los Angeles, California 90095, email:burchard@math.ucla.edu

¶Department of Mathematics, University of California Los Angeles, Los Angeles, California 90095, email:sjo@math.ucla.edu

‖Department of Electrical and Computer Engineering, University of Minnesota, Minneapolis, MN 55455, email: guille@ece.umn.edu. Supported by ONR,NSF, PEC ASE, and CAREER. 1

CONTENTS 2

Contents

1 Introduction 3

2 Implicit ray tracing 7 2.1 Multi-resolution calculation . . . . . . . . . . . . . . . . . . . . . 10 2.2 A Multi-resolution algorithm . . . . . . . . . . . . . . . . . . . . 12 2.3 Multi-scale considerations . . . . . . . . . . . . . . . . . . . . . 12

3 Dynamic visibility 13 3.1 Finding the horizon and the cast horizon implicitly . . . . . . . . 14 3.2 The dynamics of the horizon . . . . . . . . . . . . . . . . . . . . 15 3.3 The dynamics of the cast horizon . . . . . . . . . . . . . . . . . . 23 3.4 Analysis of the motions . . . . . . . . . . . . . . . . . . . . . . . 25 3.5 Relating horizon and its shadow . . . . . . . . . . . . . . . . . . 26 3.5.1 Explicit formula . . . . . . . . . . . . . . . . . . . . . . 26 3.5.2 Implicit formulation . . . . . . . . . . . . . . . . . . . . 26 3.6 Reinitialization and emergence-time estimate . . . . . . . . . . . 26

4 Conclusion and future directions 29

5 Appendix 30 5.1 Interpolation schemes . . . . . . . . . . . . . . . . . . . . . . . . 30 5.2 Examples of star-shaped updating sequence (sweeping) . . . . . . 31 5.3 Finding the curvature of a specified direction . . . . . . . . . . . 32 5.4 Derivation of the dynamics of horizon . . . . . . . . . . . . . . . 32 5.5 Derivation of the dynamics of the cast horizon . . . . . . . . . . 34 5.6 An algorithm to project {ψ = 0} to S^{n−1} . . . . . . . . . . . . . 36 5.7 Numerics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.8 A list of level set functions used in this paper . . . . . . . . . . . 36

1 Introduction

In this paper, we consider the visibility problem described as follows: given a collection of hypersurfaces representing the surfaces of objects, called the occluders, in two or three dimensional space, determine the regions of space or on the surfaces visible to a given observer. In real world applications, this problem must be solved quickly and efficiently, preferably in real time. Generalizations of the visibility problem are just as, if not more, important, such as the case of a moving rather than static observer and the determination of regions visible for all time or invisible for all time in this situation. However, we begin with the basic visibility problem for simplicity, and address parts of the dynamic problem later on. Incidentally, the visibility problem can be reformulated into a problem of determining light and dark regions given a point light source. We occasionally consider this point of view for clarification.

Under this point of view, a more precise set of assumptions we make in the visibility problem includes a space composed of a homogeneous medium and objects with nonreflecting and nondiffracting surfaces. Furthermore, we disregard interference, assuming that the distances between objects are large compared to the wavelength of light. Under these conditions, light rays travel in straight lines and are obliterated upon contact with the surface of an object. Thus a point is called visible with respect to a vantage point, the observer, if the line segment between the point and the vantage point does not intersect any of the obstructing objects or their surfaces in space.

The need for visibility information

Even under these simplifying assumptions, the visibility problem arises as a crucial part of numerous applications in different scientific fields, including rendering, visualization [16], etching [1], the modeling of melting ice [7], surveillance, navigation, and inverse problems, to name a few. In the case of computer graphics and rendering, for example, determination of the visible portions of object surfaces allows for those portions alone to be rendered, thus saving a lot of costly computation. Additionally, there are recent variational formulations for surface reconstructions that require the solution of the visibility problem [17].

While explicit surfaces, for example triangulated surfaces, are used in a majority of computer graphics and vision applications, implicitly represented surfaces are gaining more attention. The advantages can be seen in the automatic resolution of surfaces as well as the incorporation of geometric information and the handling of various surface topologies afforded, for example, by a level set framework (see, e.g., [6, 9, 15, 16, 17, 26]). Currently there are numerous algorithms for solving the visibility problem using explicit surface representations. For example, the work of [12] and [14] uses linearity to process triangulated surfaces. A detailed review of related work on the visibility problem, especially concerning explicit surfaces, can be found in [13]. Furthermore, there are a variety of visibility algorithms from computational geometry (see, e.g., [2, 3]). Visibility algorithms for implicit surfaces mostly consist of sending rays out from the point source and testing for intersections with the surfaces of the objects using information arising from the implicit formulation. Our proposed method for ray tracing is different. In essence, we send out rays in an implicit manner so as to propagate the causality relation of visibility. We describe this approach in more detail below.

Level set approach

We propose to solve the static and dynamic visibility problems in an implicit manner using a level set formulation. The level set method was first proposed by Osher and Sethian [20] as a PDE (Partial Differential Equation) based numerical device to capture moving interfaces. Over the years, a level set calculus has been developed that allows for the application of the level set method to a multitude of problems and situations. See, for example, the review paper [19] for an overview on the basics as well as recent advances in level set methods. We only recapitulate here that implicit PDE approaches such as the level set approach retain the important self interpolating property when propagating interfaces, thus obtaining good resolution of the interfaces. Furthermore, Boolean operations on sets, including finding curves of intersections and the trimming commonly required in CAD (Computer Aided Design) are easy to implement in a level set framework.

In our case of visibility, a real valued two or three dimensional function ϕ, called the level set function, is introduced. The zero level set of this function represents the surfaces of the occluding objects. Furthermore, we require that the points where ϕ is negative represent the interior of the objects. Several algorithms have been developed in the literature to efficiently obtain this representation. A level set method for visibility will use this function ϕ whenever the objects are considered.

One idea in determining whether a point is visible to a given observer is to compare the geodesic and Euclidean distances between the observer and that point. See [24] for an example of this approach. The geodesic distance between two points is the distance in the space in the presence of obstacles, namely the objects. Let x represent the point of interest and x_o represent the observer point. The geodesic distance can thus be calculated by solving the Eikonal equation H(ϕ)|∇u| = 1, where H is the one dimensional Heaviside function, with condition u(x_o) = 0. Thus the point x is occluded if and only if

u(x) > |x − x_o|.

However, this algorithm is at best O(N log N), where N is the number of grid points (see, e.g., [25]). This may not be optimal, making it too slow for applications requiring real time computations. Furthermore, numerical implementation of the Heaviside function may cause problems for accuracy.

Our level set approach

We present here a few level set based algorithms for determining various types of visibility information in any dimension, though three dimensions is probably the one of interest. We first introduce a multiresolution algorithm for solving the visibility problem for a given fixed vantage point. This algorithm constructs the occlusion boundary, the interface separating visible from invisible. At each resolution level, we solve a radially defined causality relation on a given grid in one pass, obtaining not only a conservative estimate of the visible and invisible regions but a locally second order approximation of the occlusion boundary. In addition, our algorithm is independent of both the convexity of the occluders and the grid geometry, and its parallelization is straightforward.

The level set framework is especially important as it handles occluder fusion, where the occlusion boundary merges during the construction process. Furthermore, the implicit representation, though not as effective on occluders which are open surfaces, can still handle this case by considering them as very thin hypersurfaces.

Dynamic visibility

In the second part of the paper, we extend our study to the dynamic visibility problem. In this case, we consider a moving vantage point. Obviously the static visibility problem can be applied at each time to solve this problem, and our algorithm can be used to solve it efficiently enough. However, this static approach does not give us other useful information about the dynamics; for instace, how fast a point in space will become visible or invisible. In many cases, the problem can be solved even faster if the visibility at a previous time is used effectively to produce visibility at future time.

Thus we study the dynamics of curves on the occluders that separate light and dark regions on the occluders. The curves in fact can be represented using a level set approach, following the work of [5, 8, 10]. We also study other types of curves, called horizons, and their motions which form a superset of the curves separating light from dark but can be constructed quickly. We rigorously derive motion laws for all these types of curves and evolve them under the level set framework. This framework allows for topological changes which may occur in the curves and its self interpolating property automatically produces well resolved results. Finally, we derive an emergence-time estimate to predict an occluded object’s emergence into view. Thus our work complements the book of Cipolla and Giblin [11] which discusses the reconstruction of shape from the perspective (orthogonal) projection of the horizons. This is exactly what we are trying to evolve.

Notations

Through out this paper, we use the following notation:

• The space in which we work will be R^d , where d = 2 or 3.

• x_o denotes the position of the vantage point, or observer. We further assume that x_o never lies in the interior of the objects.

• Ω is a set of connected domains whose closure denotes the objects in question. Furthermore, let Γ = ∂Ω.

• ϕ denotes the level set function representing the objects of interest. We may further assume that ϕ is the signed distance function to Γ. This particular level set function can be efficiently computed using fast algorithms such as the fast marching method of [25] or fast sweeping methods.

• We define the view direction vector pointing from x_o to x by ν(x_o, x) = (x − x_o)/|x − x_o|. When the context is clear, we will drop the arguments and write simply ν(x) or ν.

• Let x_1 and x_2 denote two points in space. We say x_1 ⪯ x_2 (x_1 is “before” x_2) if the conditions ν(x_o, x_1) = ν(x_o, x_2) and |x_1 − x_o| ≤ |x_2 − x_o| are satisfied. We also define the strict relation ≺ if the condition |x_1 − x_o| ≤ |x_2 − x_o| above is replaced by |x_1 − x_o| < |x_2 − x_o|.

• A point y ∈ Γ is called a horizon point if and only if ν(x_o, y) · n(y) = 0, where n(y) is the outer normal of Γ at y. The horizon thus refers to the set of horizon points.

• A point y ∈ Γ is a cast horizon point if and only if there is a point y^∗ such that: 1) y^∗ ≺ y and 2) y^∗ is a horizon point. The cast horizon thus refers to the set of cast horizon points.

• The visible contour refers to the set of visible points of the horizons and cast horizons.

2 Implicit ray tracing

We now set up the foundation of our approach and derive properties of ray tracing of a single point source in an implicit framework. The motivation is as follows: we observe that the visibility status of points sharing the same radial direction centered at the vantage point satisfy a causality condition. This means if a point is occluded, then all other points farther away from the vantage point in the same radial direction are also occluded, i.e., if x_1 is occluded and x_1 ⪯ x_2, then x_2 is also occluded.

This fact can be described more rigorously as follows. Define

ρ(p) = { min_{x∈R}d {|x − x_o| : ν(x_o, x) = p, ϕ(x) ≤ 0} if exists ∞ otherwise, (1) giving the distance between x_o and the closest point on Γ in the direction of p from x_o. Thus a given point x is invisible if ρ(ν(x, x_o)) ≤ |x − x_o|. Refer to Figure 1 for an example and clarification. Therefore, we can define the visibility indicator

Ξ(x, x_o) := ρ(ν(x, x_o)) − |x − x_o|,

so that {Ξ ≥ 0} is the set of visible regions in R^d and {Ξ < 0} is the set of occluded regions.

From another view point, the problem becomes: compute

ψ(x) := min

ξ∈L(x_o,x) ϕ(ξ), where L(x_o, x) is the line segment connecting x_o and x. Thus if ψ(x) is negative, then x is occluded. In fact, our implicit ray tracing algorithm is is an approximation of this formula.

Implicit formulation

Our implicit framework encodes visibility information in a Lipschitz continuous function ψ so that a point y is visible if ψ(y) ≥ 0 and invisible if ψ(y) < 0. Thus we can compute the value of ψ(x) by

ψ(x) = min(ψ(x^′), ϕ(x)) (2)

where x^′ is some point “right before” x in the ray direction. We can therefore start from the vantage point x_o and update the grid points following the ray directions outwards. A simple algorithm for this reads:

Figure 1: Illustration of ρ

1. Set ψ(x_o) = ϕ(x_o).

2. Do a star-shaped^1 updating sequence on the grid. 3. For each grid point x, choose x^′ depending on the grid geometry. 4. Compute the value of ψ(x) via (2).

Each grid node is visited in a specified order that maintains the causality. As long as the updated grid nodes form a star-shaped region centered at the vantage point, causality is maintained. See the Appendix for an example of such an updating method. Due to the minimization and the linear interpolation (see Section 5.1) used to find x^′, the algorithm is l_∞-stable. More precisely, we have ϕ_{int} (x^′) ≤ max{|ϕ(x_l)| : x_l are the points used in the interpolation}, where ϕ_{int} is the interpolant we constructed. Please see Section 5.1. Figure 2 shows what ψ should look like in a one space dimension setting.

1See 5.2

Figure 2: A demonstration of the motivation of our implicit ray tracing algorithm in one dimension.

Volumetric visibility processing

If we want to determine volumetric visibility information, i.e., we want to find regions that are occluded from a given rectangular region (view cell), the above algorithm can be modified for this purpose. For simplicity, assume that the view cell degenerates to a line with end points x_1 and x_2. At each point x, we compute x^′_1 and x^′_2 as in step 2 with respect to x_1 and x_2. The update formula then becomes: ψ(x) = min(ϕ(x), max(ψ(x^′_1), ψ(x^′_2))).

2.1 Multi-resolution calculation

Finding inside/outside

Any multi-resolution approach of the visibility problem requires the skipping of large regions which we know a priori are either visible or invisible. This hinges upon the ability to determine whether any given voxel is completely “inside” or “outside” of the objects. This can be done conservatively with the help of the Lipschitz constant of the embedding level set function.

Let C be the Lipschitz constant of ϕ. Let x_c be the center point and x_i the vertices of the given voxel V . If

ϕ(x_i) + C|x_c − x_i| < 0 ∀ i, (3)

then we know ϕ|_V < 0 (V ⊂ {ϕ < 0}). Conversely, if

ϕ(x_i) + C|x_c − x_i| > 0 ∀ i, (4)

then we know ϕ|_V > 0. Since our embedding function is the signed distance function, the Lipschitz constant C = 1.

Correspondingly, we also have:

ϕ|_V < 0 if ϕ(x_c) + C|x_i − x_c| < 0 ∀ i, and ϕ|_V > 0 if ϕ(x_c) + C|x_i − x_c| > 0 ∀ i.

A voxel V is occluded if it lies completely inside the an object or if it is “behind” an occluded voxel Ṽ .This idea can be implemented by a careful reinterpretation of formula (2). A similar condition for determining completely visible voxels can also be easily derived.

Figure 3: This is a schematic diagram for the multi-resolution algorithm. Occluded voxels are depicted in blue and visible ones in red. The regions are target for next level refinement.to be refine. The red curves represent the boundaries of the occluders, and the vantage point is positioned at (1, 1). The sizes of the voxels are: 64 × 64, 16 × 16,4 × 4, and 1 × 1.

2.2 A Multi-resolution algorithm

Let h give the resolution of our grid such that smaller h means high resolution (i.e. finer grid). In practice, we can simply set h to be the mesh size. Under resolution h, we use (i^h, j^h, k^h) to denote the grid indices and V^h for a voxel in the grid. We will drop the superscripts of these indices when the context is clear.

Algorithm: (Multi-resolution visibility sweeping) Let {h_l : h_l > h_{l+1}, l = 0, · · · , m} be the set of resolutions of interest. For each resolution level h, decending from h_0 to h_m,

1. Compute ψ on the (i^h, j^h, k^h) which do not lie on a voxel marked either visible or occluded.

2. For each voxel V^h which does not lie on a voxel marked either visible or occluded, mark V^h to be visible or occluded according to formulas (3) and (4).

We remark that the Lipschitz constant of the linearly interpolated ψ is can be taken from that of ϕ. Therefore, Step 2 above is well defined. Please see Figure 3 for a demonstration of this algorithm.

As for complexity, the multiresolution algorithm for constructing visiblity information should be an O(N^{d−1} log N) algorithm in terms of speed. Here N = 1/h where h is the smallest spatial stepsize used in the multiresolution framework and d is the dimension of the space. The N^{d−1} part of the complexity comes from the fact that a codimension one hypersurface in d dimensional space is being generated under fast sweeping and the log N part comes from multiresolution. The memory allocation of our algorithm is also O(N^{d−1} log N), with the log N part once again due to multiresolution. In practice, our algorithms have proven to be very fast, obtaining detailed visiblity information in almost real-time. For example, it takes less than a second to perform this algorithm running on only one resolution (meaning no multi-resolution), on a grid with 100^3 cells, on a moderate PC.

2.3 Multi-scale considerations

If we consider the visibility problem in applications related to human vision, such as 3D virtual environment rendering, it is natural to put a scale parameter into the size of the objects related to the distance of the object from the vantage point. We want to ignore certain isolated and small objects that are far away from the vantage point using this information. It is important to notice that a collection of closely positioned small objects can form a visible ensemble, seen for example in clouds and trees.

Using the level set representation of the virtual environment in conjunction with PDEs, we are able to deal with this issue easily without explicitly considering each object separately. The idea is to dilate the interface first so that small objects can merge to form ensembles of larger size. We then shrink the interfaces (one possibility is to perform curvature driven motion) such that remaining small objects will disappear. This approach follows the regularization effect of viscosity solution theory for Hamilton-Jacobi Equations. It is basic mathematical morphology, and can be done easily, see e.g. [4][23].

3 Dynamic visibility

We now consider the case in which the vantage point is moving. Naturally visibility information changes according to the position of the vantage point. We are interested in how visibility changes and when hidden objects become visible. This amounts to studying how the boundaries between visible and invisible regions move with respect to the vantage point motion. We first remark that these boundaries are hypersurfaces in regions outside of the occluders, and that the Gaussian curvature on such surfaces is 0.

For a single convex object, the horizon determines the visibility information on the surface. Therefore, tracking the motion of the horizon for all time gives us incremental information on the change of the visible portion of the object.

We formulate the visibility problem so that the points which are on the boundaries of the visible regions on the surfaces can easily be identified. The dynamics of these points are derived so that one can track the visible regions according to the motion of the vantage point x_o.

The points forming the boundaries of visible regions on given surfaces can be placed into two categories:

• points that are part of the horizon;

• points that border shadows cast by some surface (cast horizon).

Thus, two types of motions need to be investigated, namely, that of the horizon and of the cast horizon. The motion of the horizon is characterized by the orthogonality constraint and it, in turn, becomes a part of the constraints of the cast horizon motion.

In a level set formulation, we want to create a level set function whose zero level set captures the points described above. We need a description relating each point on the cast horizon to a point on the horizon of the surface casting the shadow.

Furthermore, our description should be global, that is, quantities should vary “continuously” with respect to points not on the surface. This requirement is essential for the success of our level set formulation.

Assuming that there is no singularity in the velocity field of the horizon or cast horizon motion, and there are no other considerations, the level set approach of tracking the visible contours is optimal. With the fast sweeping algorithms and local storage strategies, the complexity of the level set approach to track the horizon and cast horizon curves is formally O(N) in operation counts and in storage. Here, the number N is the number of points used to resolve the curves. In actual applications, there are other aspects that affects the overall complexity of this approach. We will address this point in a later subsection.

3.1 Finding the horizon and the cast horizon implicitly

Horizons and cast horizons are objects of codimension 2. We may therefore categorize these objects by the intersection of the zeros of two level set functions. Furthermore, for numerical reasons, we want the two zero level sets to be more or less orthogonal to each other near their intersection.

Finding the horizon

We extend the orthogonality condition that defines the horizon and arrive at

ℏ(x, t) = (x − x_0) · ∇ϕ(x). (5)

ℏ determines the visibility of any convex object embedded in ϕ : {ℏ(x) ≤ 0} ⋂ {ϕ = 0} ⇐⇒ visible.

In general cases, where there are multiple objects (convex and nonconvex), ℏ does not give exact visibility information anymore. It just provides local visibility information just as local extrema may not be absolute extrema. Thus clearly, for objects hiding completely behind other objects, ℏ will still be non-negative on the parts of the surface facing the source. Instead, ℏ gives a conservative “estimate” of the shadow: {ℏ(x) > 0} ⋂ {ϕ = 0} =⇒ invisible.

Thus the visible horizon is a subset of {ϕ = 0} ⋂ {ℏ = 0} ⋂ {ψ ≥ 0}, where ψ is the visibility function coming from our static algorithm. Figure 4 gives an example of horizons found this way.

Finding the cast horizon

How do we find the cast horizon? The idea is to overshoot the shadow boundaries generated by the visible horizon when it hits another part of Γ, creating a level set piece ψ̃ in that neighborhood, and then propagate ψ as usual. {ψ̃ = 0} will cut through Γ on the cast horizon, therefore providing an implicit representation of it. We can even make {ψ̃ = 0} perpendicular to Γ locally around the intersection by iterating on the following PDE used in [18]:

ψ̃_τ + sgn (ϕ)∇ψ̃ · ∇ϕ |∇ϕ| = 0.

A more direct approach is to define ψ̃ on a grid point to be the "upwind" value of ϕ. This will introduce an overshoot of the size of a mesh size. Alternatively, we notice that the occlusion generated by the set {ℏ ≥ 0} ⋂ {ϕ ≤ 0} is the same^2 as {ϕ ≤ 0}. Therefore, we can define ψ̃ from the result of our algorithm under the configuration {ℏ ≥ 0} ⋂ {ϕ ≤ 0}. Figure 4 shows the operations described above in a simple two circle setting.

With these characterizations and the visibility result, we can easily identify the visible contours. See Figures 5, 6, and Figures 7, 8^3 for examples. In these figures, the visible portions of the horizons and the cast horizons are depicted as cyan and yellow curves respectively. A green circle is drawn to reveal the location of the vantage point in each setting. The boundaries between visible and invisible regions are represented by blue surfaces. We observe that the blue surfaces cut through the objects exactly at the visible contours.

3.2 The dynamics of the horizon

Let x_o(t) be the position of the vantage point and x(t) be a corresponding point on the horizon at time t. We first consider a single convex occluder Ω embedded by the signed distance function ϕ. Let n(x) denote the outer normal of ∂Ω at x. This translates into the following constraints on x(t): { ϕ(x(t)) = 0 (x − x_o) · ∇ϕ(x) = 0 (6) In two dimensions, we can invert the above constraints and derive that

ẋ = ( ẋ ẏ ) = 1 κ ẋ_o · n(x) |x − x_o| ν(x). (7)

2modulo a small subset of {ϕ ≤ 0}, which we know is invisible by definition.

3The terrain data is obtained from ftp://ftp.research.microsoft.com/users/hhoppe/data/gcanyon/.

Figure 4: Finding the visible horizons and their casts. The occluders are the two circles depicted by the blue curves, and the vantage point is located at (−1, −1). The green curves are the zero level set of ℏ. Visible horizons and their casts are characterized by the intersections of different level set functions as described in the text.

Figure 5: Visible contour (portions of horizon and cast horizon that are visible)

Figure 6: Visible contour (portions of horizon and cast horizon that are visible)

Figure 7: Horizons and cast horizons obtained from the elevation data of Grand Canyon.

Figure 8: Horizons and cast horizons obtained from the elevation data of Grand Canyon.

3 DYNAMIC VISIBILITY 20