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ABSTRACT. We propose a new multiscale image decomposition which offers a hierarchical,
adaptive representation for the different features in general images. The starting point is a
variational decomposition of an image, f = ug + vg, where [ug, vg] is the minimizer of a J-

functional, J(f, Xo; X,Y) = infyyo=5 {HuHX + )\OHU||§’,}. Such minimizers are standard tools

for image manipulations — denoising, deblurring, compression, ..., consult for example [18]
and [24]. Here, ug should capture ‘essential features’ of f which are to be separated from the
spurious components absorbed by vy, and Ag is a fized threshold which dictates separation of
scales. To proceed, we iterate the refinement step [u;41,v;41] = arginfJ(vj, Ag27), leading to
the hierarchical decomposition, f = Z?:o u;+vi. We focus our attention on the particular case
of (X,Y) = (BV, L?) decomposition. The resulting hierarchical decomposition, f ~ > ;ujs 18
essentially nonlinear. The questions of convergence, energy decomposition, localization and
adaptivity are discussed. The decomposition is constructed by numerical solution of successive
Euler-Lagrange equations. Numerical results illustrate applications of the new decomposition,
to synthetic and real images. Both grayscale and color images are considered.

Manuscript: July 17, 2003
1991 Mathematics Subject Classification. 26B30, 656C20, 68U10.

Key words and phrases. natural images, multiscale expansion, total-variation, localization, adaptivity.

1

00 Ut i~ W N

10
11
11
12
12
13
13
20
23
25
26
26
27
27



2 EITAN TADMOR SUZANNE NEZZAR & LUMINITA VESE

1. INTRODUCTION AND MOTIVATIONS

Images could be realized as general L?-objects, f € L?(IR?), representing the grayscale of
the observed image. Likewise, color images are typically realized in terms of vector-valued
functions, f = (f1, fo, f3) € L?(IR*)?, representing the RGB-color scales. In practice, the more
noticeable features of images are identified within a proper subclass of all L? objects. Most
noticeable are the edges of an image, which are known to be well quantified within the smaller
subclass of functions of Bounded Variation (BV), e.g. [1], [3], [6], [11], [16], [17], [22], [23], [24].
The image representation of a real scene often contains other noticeable features, ranging from
homogeneous regions to oscillatory patterns of noise or texture. A large class of those images,
therefore, belong to intermediate spaces, lying ‘between’ the larger L?(IR*) and the smaller*
BV (IR*). Quantifying the precise L? subclasses of these different features is still the subject of
current research. In this paper we introduce a novel hierarchical, multiscale representation of
images. We argue that this new multiscale description is particularly adapted for images lying
in such intermediate spaces.

The standard tool for studying intermediate spaces is interpolation, e.g., [8], [9], [13]. To this
end, one starts with a pair of given spaces, ¥ C X, and forms a scale of intermediate spaces,
(X,Y)g,0 € [0,1], ranging from (X,Y)s—o = X to (X,Y)p—y = Y. The canonical example
involves the so-called K-functional

K(fm) = K(fmX.Y) = inf {Jollx +nlluly}.

The space (X, Y)y is dictated by the behavior of K (-, 1) asn | 0 — it consists of all f’s such that
{f ‘ n°K(f,n;X,Y) < Const}. There are many refinements and other variants. For example,

refining the L*° boundedness of n~? K(f,n) with the requirement n=°K(f,n; X,Y) € Li(dn/n)
leads to Lorentz-scale refinement (X, Y )y ,, depending on a secondary scale g. The K-functional
could be replaced by the closely related

JFomX,Y) = it { ol + nllally },

which leads another variant with a similar scale of intermediate spaces. In the present context of
image processing, one seeks the representation in the intermediate spaces between X = L?(Q)
and Y = BV(Q) defined over two-dimensional domains  C IR?, and quantified in terms of the
J-functional

TN = R(f 5BV L2) = inf {AvlE + oy |-

Because of the reversed order — starting with the smaller X = BV(Q2) and ending with the
larger L?(£2), we shift our focus from small n’s to large A\’s. The functional J(f, ) measures
how well an L? object can be approximated by its BV features, J(f,\) ~ A\’ as A T co. The
classical argument addresses this question of convergence (or growth) rate of J(f, A) in terms of
the smoothness properties of f — an intermediate smoothness between L? and BV. In modern
theory, however, the roles are reversed: one defines scale of intermediate smoothness spaces
such as (L?, BV )y, in terms of the behavior of minimizers such as K(f, ).

*BV stands for the homogeneous space BV = {f | || fllpv := sup,o [b| 7' f(- + h) — f(-)|| 1 < oo}
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The functional J(f, \) was introduced in the present context of image processing by Rudin
et. al. In their pioneering work, [24], they suggested to extract the main features of contour
discontinuities uy, which are to be separated from the noisy part vy, by realizing the minimizing
pair, [uy,vy] of J(f, ). In [25], X is treated as a fized threshold for cutting out the noisy part
of f. The cut-off scale A needs to be pre-determined, say by the known statistical properties of
the image under consideration.

The realization of an image f as a minimizing J(f, \)-pair, f = uy + v, falls within the
class of so-called ‘u + v’ models, [20]. There are different perspectives on this question of
image processing, using other ‘u + v’ models. The celebrated Mumford-Shah model [18] is the
forerunner of this class. A regularized version of the Mumford-Shah functional was introduced
by Ambrosio and Tortorelli, [3], [2, §6]

2
ATe(f, \) == inf {/w2[|Vu|2+|v|2]dx+>\[5||Vw||%z +w]}
{w,u,w | utv=f} Q £
Letting ¢ | 0, then u = u. approaches the Mumford-Shah minimizer while the auxiliary function
1 —w. approaches an edge detector for the boundaries enclosing the objects identified with ..
Both, J(-) and AT(-) are examples for a larger class of ‘u + v’ decompositions which are
identified as minimizers of appropriate energy functionals. Let us mention another type of
‘u 4 v” decomposition offered by DeVore and Lucier [14]. Again, the noticeable features of an
L? image f are realized in an intermediate space, this time an intermediate space lying between
X = L? and the (slightly) smaller Besov space Y = BL>*. The advantage of the scale of
spaces spanned by this pair, (L?, BL>)y, is that one can efficiently extract and separate scales
in terms of a wavelet decomposition of f = > fjkqﬁjk. In particular, the wavelet decomposition
of such intermediate spaces offers the usual decomposition into hierarchy of dyadic scales. To
extract the main features above a fixed scale, one could implement a wavelet shrinkage based
on a ‘greedy’ approach of cutting out noisy data, by removing wavelets with amplitudes below
threshold 7, f ~ Z| Fonl>n fjkwjk. There is no such simple hierarchical description of (L%, BV)y

in terms of truncated wavelet expansion, e.g., [20, Corollary 1, §18] (but consult the recent
results of [12]). In particular, no ‘greedy’ algorithm is available with extraction of BV features,
similar to what is available with BL>. The disadvantage, however, is the failure of BL> to
faithfully capture the location of sharp edges.

In this paper we introduce a new multiscale procedure using hierarchical representations,
which enables to capture an intermediate regularity between L? and BV. Unlike the one-scale
present in ‘u+v’ decompositions, in our approach A is not a fixed threshold but varies over a se-
quence of dyadic scales. Consequently, the representation of an L2-image is not pre-determined,
but is resolved in terms of layers of intermediate scales. We use (BV, L?) to symbolize this
multi-layered representation. The resulting hierarchical representation is outlined in §2. In§3
we provide explicit construction for the hierarchical expansion of few simple objects. In partic-
ular, we point out the possibility to make our hierarchical expansion adaptive. The hierarchical
decomposition of real-life images is simulated in §4. The hierarchical, multiscale decomposition
offered in this paper is not restricted to the J-minimizer of Rudin et. al. [24]; in §5 we conclude
with extensions based on other minimizers.

2. THE HIERARCHICAL (BV, L?) DECOMPOSITION
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2.1. The hierarchical decomposition. To recover an image from its noisy version f, Rudin
et. al. [24] considered the minimizer inf, ¢ {)\||21||2L2 + ||u||BV}. Here, ||v]|7 is a fidelity term,

|u|| gy is a regularizing term and A > 0 is a weighting parameter, serving as a scaling level to
separate the two terms. For f € L?(Q) the problem admits a unique minimizer, consult [10],
4], [26], which decomposes an L?*(2)-image, f, into two distinct components,

(2.1) f=ux+oy, [|unv]= arJrgiPJf J(f, \; BV, L*).

The BV-part, u = uy, captures the main features of f while neglecting the noisy part v = vj.
This model is a very effective tool in denoising images while preserving edges. It requires,
however, apriori information on the noise scaling A\. Otherwise, if J(f, A) is being implemented
with a too small A\, then only a cartoon representation of f is kept in the form of u, € BV,
while small textured patterns or oscillatory details are swept into the residual vy := f — wu,.
If X\ is kept too large, however, then u, remains loaded with too many details which is close
to the original f; not much change has been applied to f and the compression ratio is small.
In some cases, e.g., [24], [10], the parameter A can be estimated if some statistical information
on the noise is known. In this setup we are limited by the use of the one scale dictated by A.
A multiscale version was introduced by Rudin and Caselles in [23]. We propose a multiscale
alternative based on hierarchical image representation of f. We will see that the resulting
multiscale decomposition of f enables us to effectively manipulate general images.

Our starting point is an alternative point of view argued by Y. Meyer, [20], where the
minimization J(f, A) is interpreted as a decomposition, f = uy + vy, so that u, extracts the
edges of f while vy captures tertures. Of course, the distinction between these two components
is scale dependent — whatever is interpreted as ‘texture’ at a given scale A, consists of significant
edges when viewed under a refined scale, say 2,

(2.2) Uy = Ugy + Vay,  [Us2x, V2y] = allrginf J(vy, 20).

V=U)

We now have a better two-scale representation of f given by f = uy + us); texture below
scale 1/2) remains unresolved in v,y. This process (2.2) can continue. Starting with an initial
scale A = \g,

f=uo+wvy, [ug,vo]= arginﬁ J(f, o)

u+v=

we proceed with successive application of the dyadic refinement step (2.2),

(2.3) Vj = Ujy1 U1, (Ui, Vi) = al;ginf J(vj, M2, §=0,1,...,
u+v=v;

producing, after k such steps, the following hierarchical decomposition of f

f = u+uv=

Uy + U + V1 =

(2.4) = up+up+ -+ uk + .
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We end up with a new multiscale image decomposition, f ~ ug—+uj+- - -+ uy with a residual
vi. As k increases, the uy’s resolve edges with increasing scales ~ )\, := A\o2¥. We note in
passing that, as usual, coarser and finer decompositions are available, using different ladder of
scales, e.g., A\, = A\os®, with 1 < s < 2 (respectively s > 2) leading to a finer (respectively-
coarser) decompositions of f.

The construction of the hierarchical, multiscale expansion (2.4) is independent of apriori
parameters. The partial sum, Zf u; provides a multi-layered description of f which lies in an
intermediate scale of spaces, in between BV and L?, though the precise regularity may vary,
depending on the scales which present in f. We use (BV, L?) to denote a generic intermediate
scale space. This multi-layered (BV, L?) expansion, f ~ Zj uj, is particularly suitable for
image representations. Let us mention applications of multi-layered representations to image
compression in the context of wavelet expansions that were discussed in [19], [7]. We note that
the multi-layered representation furnished by (2.4), however, is essentially nonlinearin the sense
that its dyadic blocks, u;, depend on the data itself, u; = u;(f). These dyadic blocks, {u;};>0,
capture different scales of the original image. We turn to quantify the multiscale nature of the
hierarchical expansion, f ~ ) ;U

2.2. Convergence of the (BV, L?) expansion. To quantify the convergence S u; — f as
k T oo, we compare the decomposition of v; = wuj;1 + v;41 furnished by the minimizer of
J(v;, A\j+1), vs. the trivial pair [0, v;], to find

(2.5) [ujiallBy + Xjrallopalls < Aallvgllz, Ay = 2027

It follows that

1 1
(2.6) > —luillsy = —lluollsv + > [wjrllBy <
) %o 2

L
>0 J j+1
< ||f!|§—||vo||§+z[!Ivj!|§—||vj+1l|§ < If13,

=0

in agreement with the fact that the u;’s capture the BV dyadic scales of order ~ \; = X\g27. A
more precise (BV, L?) hierarchical statement is provided in the following.

Theorem 2.1. Consider f € L?. Then f admits the following hierarchical decompositionf,

00 k
1
(2.7) f= Zuja If— Z:UJ'HW*“><> = \g2k+1”
j=0 J=0

and the following ‘energy’ estimate holds

[e.e]

1 .
(23) S [ lusloy + lusl] < 0718, Ay =22’

j=0 "

Proof. We begin by quoting the following characterization of the J(f, A) minimizer, [20, Theo-
rem 3], depending on the oscillatory part of f which is measured by its W~1* norm. Namely,
if || fllw-10 < 1/2X then [uy, va] = [0, f]; otherwise

fWe employ the usual notation, [ fllw=1.00 := supg[f f@g(@)/lgllwrr],  lgllwer = |VgllL:.
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29) ol = 550 (o) = [ wr(lenle)de = 5 funlov.

We observe that according to (2.9), the minimizer [uy, vy] becomes an extremal pair by placing
an equality in the duality statement [ g(z)h(z)dz < ||g|lw-1.=|/h]|py (the latter follows by a
density argument, starting from the usual duality between W =5 and Wh!).

The first statement (2.7) then follows from the basic hierarchical expansion, f = Zlg uj + vy
while noting that ||vg||w-1.c = 1/2\. For the second statement, (2.8), we begin by squaring
the basic refinement step, ;41 + vj11 = v;,

(2.10) loyal3 + a3 + 2051, 0100) = osl3 5 = —1,0,1,....

Observe that the last equality holds for j = —1 with v_; interpreted as v_; := f. We recall
that (ujt1,v;41) is a minimizing pair for J(v;, A\;+1) and hence, by (2.9),

1
2(ujt1,v541) = \ ~— w1y,
J+1

yielding 5 HujHHBV + [Juj41]13 = ||vjl|3 = ||lvj41]|3 (which is a precise refinement of (2.5)). We
sum up obtamlng

k k—1
1
S [swsllsy + 1] = 3 [ lluseallsy + i3] =
j=0 .7 j=—1 J+1
(2.11) = ool = el = 1108 = uell3.

O

We note that the statement (2.7) is limited to weak convergence of the hierarchical decom-
position, f ~ > ;juj. Yet measured in this weak W =1 topology, the geometric convergence
rate is universal, independent of f € L?. This universality is due to the nonlinearity of the
hierarchical decomposition (2.7). To convert this statement into a strong convergence, we seek
an equality in the energy inequality (2.8). According to (2.11), equality holds iff we have strong
L2-convergence, ||f — S°F ujll2 = |lvgl]2 — 0. The situation is reminiscent of the passage, in
the linear setup, from the Bessel-energy inequality into Parseval equality. Since the present
setup is nonlinear, the linear sense of completeness of {u;(f)};>0 does not apply. Instead, we
show energy equality and strong L? convergence by adding minimal amount of smoothness. We
begin with

Theorem 2.2. Consider f € BV. Then the (BV,L?) hierarchical decomposition of f, f =
Z;io u; converges strongly in L?, and the energy of [ is given by

1
(2.12) > [tz + llusl3) = 11713

j=0 "
Proof. Recall that vy denotes the ‘texture’ at scale A\ and that according to (2.11), we have
to show the strong convergence |lvg||2 — 0. Our starting point is the decomposition vy, =
— ij g1 Uj + vp. Multiplication against vy, yields



A MULTISCALE IMAGE REPRESENTATION 7

2k

(2.13) lvarll3 = —(var, Y wj) + (vag, vy) =2 T+ I1.
Jj=k+1

Recall that the W~=1-norm of vy, is given by 1/2\y, so that |(veg, k)| < ||k sy /2Mar. We
find that the first term on the right of (2.13), I = — (v, ij 41 ;) does not exceed

2k
1
1] < E ujllpy < E = sl
2)\ 2
j=k+1 j=k+1

and hence it decays to zero for k£ T oo, as a Cauchy subsequence of the bounded series
> llusllsy < || fI3, consult (2.7). It remains to treat the second term, (vox, vg). To this end
J

we note that the BV norm of v, does not grow faster than 2*; indeed, since v, = f — Z?:o uj,
we have the upper bound

k k
(214)  loellsv < Iflsv + D luglly < sy + A D —IIUJIIBv < flsv + Ml 13

j=0 7=0

We conclude that the second term on the right of (2.13), /1 = (v, h) with h = vy, vanishes
as k T oo

1
1111 < ol < g [l + A7 1B] |
0

It is clear that the last result can be extended for f’s beyond the BV space. To this end, let
us revisit the estimate (2.13). The first one, I, vanishes for arbitrary f € L?, and we only need
to treat the second term on its right, 11 = (ve, vy) which is upper bounded by

k

[(var, v) | = [(Wans f) = Y (vary u3)] < |(van, S toy ||f||2

J=0

Thus, the energy statement (2.12) holds iff the moments |(vg, f)| — 0.

To satisfy this vanishing moments condition, let us assume that f belong to the interpolation
space Xy := (L? BV)g,0 > 0. Characterization of this scale of space can be found in [12]. Let
X_y denote the dual space, the collection of all f’s such that || f||x_, := sup, [ f(z)g(z)/|lgllx, <

co. We recall that vy, is L?-bounded, |lvar|la < || f]l2, while its W™1>size is given by
|vak ||w-1.00 = 1/2X9k. By a convexity argument of Risez we find

lvaillx_y < Const.Jvaelly™ [lvailliy-1. < Const.[| fll3™"27**.

We conclude that

|(Var, £ < Nvarllx_, I fllx, < Const.||fIl3 %1 f]lx_, - 27,
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which in turn implies strong Ls-convergence of texture terms, ||vg|| — 0 and the desired energy
statement (2.12) follows. We summarize by stating

Corollary 2.3. Consider f € (L?, BV )g, 0 > 0. Then the (BV, L*) hierarchical decomposition
of f, f= Z;io u; converges strongly in L?, and the energy of f is given by

[e.e] [e.e] 1
(2.15) 178 =D (Fw) = D [ lusllew + 3]

j=0 j=0 "

Other extensions along these lines are possible. The flavor is the same, namely, a minimal
amount of smoothness beyond L?-bound will guarantee strong convergence. The question of
strong convergence for f € L?, corresponding to § = 0, remains open.

Finally, let us note that the decomposition of energy stated in (2.15) lies entirely with the
BV scales. Specifically, we have

oo o0

1 3en 1
(2.16) ZTHWHBV <|Iflz < §Z;||uj||3v-

j=0 " j=0 "1

We only need to address the upper bound on the right. By duality, ||u;||3 < |lujllw-r.e||us]l v
But u; = v;_; — v; implies that the W~1*-size of u; does not exceed

1 1 1
-1 < - =
ol < 55— = 55 = 3y

The bound could be viewed as the dual estimate (2.14) for the growth of vz. We conclude
willsy /A + lluill3 < 3wl sy /2A; and (2.16) follows.

2.3. Initialization. How one should choose the initial scale \g? since the optimal J(f,\)
decomposition of f for with ||f|lw-1.0 < 1/2) is given by the trivial pair, [u,v] = [0, f], the

initial scale, A\, should capture smallest oscillatory scale in f, furnished by

1 1
2.17 — < oo < —.
2.17) o < W lhwie < 5
In general, we may not have apriori information on the size of || f||y-1.. If the initial choice of \g
proved to be too small then the minimizer will remain the same fully-texture pair [u, vg] = [0, f]

as k increase until a dyadic multiple of A is large enough so that (2.17) holds. If, on the other
hand, the initial )y is chosen too large, we can proceed by a refinement procedure which aims
to capture a hierarchical representation of the missing larger scales. We set

(218) Uy = Uj—1 + Vi1, [Uj_l, Uj—l] = aI_'i_gll'lf J(Uj, )\j—1>7 j = O, —1, ceey
u+v=v;

We compare the decomposition of v; = uj_1 + vj_; furnished by the optimal pair [u;_1, v;_1]
minimizing .J(v;, A\;_1), vs. the trivial pair [0, v;], to find

(2.19) luj-1llmv + Aj-illvj-alls < Njallsll, 5 =0,-1,...
It follows that
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1
(2.20) > s luseallav < 3 I3 = oy l] < ol < Aol 715,
.

J<0 J<0

which shows the geometric convergence of the dyadic scales captured by the u;’s, for j =
0,—1,...

(2.21) luillsv < Nl flI3 47=0,—1,...,—ko

As j decreases, the expansion is running through smaller scales, A; = \g2’, until we exhaust
the oscillatory part of f by satisfying Ag27%|| f||w-1. < 1. We end up with the hierarchical
decomposition

Vg = U_]+V_1=
= U_ 1+ U9 +V_ 9=

(2.22) = Uy FuU g2+ ... ... + Uy -

The multiscale (BV, L?) expansion now reads

f:Zuj>

Jj=—ko

with equality understood in the weak W1 (respectively, L-sense) sense for general f’s in
L? (respectively, BV).

2.4. A dual (BV, L?) expansion. The hierarchical decomposition discussed so far was based
on a dyadic refinement of ‘texture’ in terms of ‘edges’. The procedure can be transposed. Let
[wy, v,] be the minimizer of J(f, \), and consider the resolution of the main features on scale A,
this time in terms of a refined scale of ‘texture’, namely, uy = usy + vox. This leads to a dual
(BV, L?) hierarchical expansion of the form

k
(223) f = Z’Uj + Uk, [Uj+1,’Uj+1] = arginf J(Uj, )‘j-l-l)
=0 UFV=u;
The quantitative behavior of this expansion can be worked out as before. To sketch the
details, we first compare the optimal pair, [u;+1,vj11] vs. the trivial one, [u;,0], yielding
Ajsallvjall3 + llujall sy < flugll v, hence

Allvills + llusllsy < luallsv < Aol £

It follows that [|v;]|2 < v/ Ao/Aj|| fll2- This dictates an initial scale Ay for the dual expansion
(2.23), Ao ~ 1/|| f||2; otherwise, the expansion is truncated at smaller scales where v; = 0 since
|vjllw-1.00 < 1/2);. For decomposition of the energy, ||f]|3, we square u; = u;41 + v;41 to find
(with f:=u_;)
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1 .
Juill3 = llujall3 + )\—||Uj+1||Bv + vjall3, 4=-1,0,1....
J+1

The telescoping sum then yields

k
(220 11 = el = 3 [ Tl + 1]
=0

and strong convergence follows provided |lug|| — 0. To put this into perspective, we recall
the classical K-interpolation spaces, (L?, BV )q, for 6,1/q € [0,1], which consist of all f’s such
that Zj(2j9K (f,279;L? BV))? < co. Likewise, we define the intermediate scale of spaces
J(BV, L?)g,q associated with the finite sum Y (A;%J (u;, Aj; BV, L?))? < 0o. The summability
on the right hand side of (2.24) corresponds to the case (0, q) = (1, 1).

3. EXAMPLES OF (BV, L?) EXPANSIONS

3.1. Hierarchical decomposition over IR?. We begin with the simple example of the char-
acteristic function of a disc, f(z) = axp,(r), = € IR*. To illustrate the hierarchical expansion
(2.22) in this case, we refer to the optimal J(f, \) decomposition given in [20, Lemma 6]

AR utv=axgsy

The point to note here is that already for a simple BV function without any noise such as
f = axpy, its J-minimizer at any level A > 1/Ra contains both — a BV part uy = (¢—5)XBx
and a texture part given by the residual vy, = %{ XBr- Indeed, as pointed out by Meyer |20,
§1.14], the decomposition of Rudin et. al. does not keep original BV images, for example it
cannot recover the characteristic function of any Lipshictz domain. Instead, the BV portion
of an image is extracted at a given A scale. Underresolved features are considered ‘textures’.
This undesired phenomenon is due to restriction to one scale and should be contrasted with
the multiscale representation constructed below. With ||axp,|w-1.0 = aR/2, we set as our
initial scale

1 )
(3.1) ukz(a_—) Xom 02 = f—un,  [ur,v] = arg inf J(axp,, )
+

! <)\ < 2
aR ="~ aR’
leading to the decomposition at level g,

1 1
f=uo+vy, w= (Oé - )\O—R) XBr, Vo = )\O—RXBR~

Successive decompositions, arg inf J(vj_1,\;) with A; := X\2? yield the corresponding mini-
u+0=v;_1

mizers, [u;, vj]

1 1 1
i <>\j_1R AjR) A A W2

We end up with hierarchical decomposition, axp, = Z?:o uj + vy,
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k
1 1 1

3.2 ~ L O .

(32) QXBp ~ Uo + z; <)\j_1R )\]R) XBr <a )\023R> XBr

]:
. . o 1 . s .
The error encountered after k steps is given by v, = 3o RXBr- The convergence is geometric;
in this case |[vg|lo ~ 27

3.2. Hierarchical decomposition over bounded domains. Consider the characteristic
function f = axp, defined over a bounded domain 2 O Bp,

_ N O N
) = axmle) = { o MLEN
Then, the corresponding minimizer [uy, v,] of J(f, ) is given by (here and below, | - | denotes
the area of a 2D set)
4 AR/ PR T AR\ Byt
1 1 |Bg

oy = [ —uy A>1/aR.

EXBR - EWXQ\BR,

Observe that the natural boundary condition, Juy/Onjpq = 0, consult (4.2) below, requires
vy to satisfy the consistency condition,

1 8uA
3.3 /U dr = — dS =0,
( ) Q g 2\ o0 |VUA|

which in turn dictates the unique, non-zero constant value of v, outside the ball Bgr. The
general hierarchical step then reads

1 1 1 |Bal
4 =
(34) “J (Aj_lR A WILCRDY NRIQN By ¥\

1 1 |Bg
MR T NRIQN Bt
We conclude with the (BV, L?) hierarchical expansion

Uj:

1 1 [Bg|
(3.5) (o) ~ (@ = 5 o § R By

with a geometrically vanishing error, ||vg|l2 ~ 1/Ag.

3.3. Localization and adaptivity. The last example shows that the J(f, A\) minimizer need
not be local in the sense that the support of u) could spread well beyond the support of f.
Nevertheless, the example discussed in §3.2 shows that the corresponding hierarchical expansion
compensates for localization as the amplitude of f — Zk u; decays outside supp(f). In this
context we raise a more general question. Consider an image f as a direct sum, f = g + h,
where g and h have disjoint supports, supp(g) N supp(h) = 0, and assume g and h admit the
(BV, L?) hierarchical decompositions g ~ > g; and h ~ > h;. What can be said about the
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sum > _(g; + h;) as a hierarchical expansion of f? clearly, || f — 32"(g; + h;)|lw -1 < 1/Ag; the
main issue is to quantify strong convergence and, in particular, the behavior of supp(g;) and
supp(h;) relative to supp(f). The spacial case (g,h) = (f,0) corresponds to the question of
localization. The general case is related to the issue of adaptivity of the hierarchical (BV, L?)
expansion.

The following example demonstrates this point. Following Meyer, [20, §1.14], we set f =
xa(x) + p(2N¥x)xp(x) with non-intersecting A and B. The function p is assumed 27-periodic,
so that h = hy = p(2¥z)xp(x) represents the ‘noisy part’ of f with increasing N while
g = xa(z) represents the ‘essential feature’ in f. If 2V > A then the ‘u-component’ of the
J(h, \) minimizer fails to separate the essential part of h, since || ||y-1. ~ 27 < 1/2X. Thus,
we need at least k ~ N terms before the hierarchical expansion, h ~ Zk h; would remove the
noisy part. On the other hand, the expansion of ¢ is independent of N, for ||g— gill ~ 1/,
and we are led to the question of how does Zk(gj + h;) compare with the direct expansion,
f~ Zk u;j. One way to circumvent the possible global effect of localized oscillations (such as
those represented by hy(x)), would be to introduce a localized hierarchical expansion which is
adapted to the behavior of f in each subdomain. An adaptive domain-decomposition procedure
along these lines is discussed in §4.4.

4. NUMERICAL DISCRETIZATION AND EXPERIMENTAL RESULTS

In this section, we provide the details of the numerical algorithm we used for the construction
of our hierarchical decompositions. In each step, we use finite-difference discretization of the
Euler-Lagrange equations associated with the J(v;, Aj41) minimization to resolve the next term,
Uj4+1 in the hierarchical decomposition. Numerical results of hierarchical decompositions applied
to both synthetic and real images are presented.

4.1. Euler-Lagrange equations. To construct the hierarchical representation of f, we seek
the characterization for the minimizer of J(f, \), in terms of the corresponding Euler-Lagrange
equation, consult e.g., [1], [10] and the references therein,

1 . VU)\
4.1 _ _
( ) U 2)\dlv(|vu)\|) f

When restricted to a bounded domain €2, the Euler-Lagrange equations are augmented by the
Newman boundary condition

aU)\
4.2 e —
(42) on 190

This leads to the hierarchical expansion, f ~ Z?:o u; where the u;’s are constructed as
(approximate) solutions of the recursive relation governed by the elliptic PDE,

1 ) Vuii 1 . Vu;
4.3 Uiy, — —div Ehs ) = ——div < J )
43) TN, (|Vuj+1| 22 V|



A MULTISCALE IMAGE REPRESENTATION 13

4.2. Numerical discretization of Euler-Lagrange equations. We begin by regularization.
To remove the singularity when |Vu,| = 0, we replace J(f, \) by

JE(f, ) = Jirnff{)\HvH%z(Q)%—/\/52+|Vu|2da:dy}.
utv= Q

At each step of our hierarchical scheme, we find the minimizer, uy = u, . of regularized func-
tional associated with J¢. The corresponding Euler-Lagrange equations read

1 . VU)\ .
4.4 uy — —divl———=—=)=/f, inQ,
(4.4) . (WWP) f
(4.5) dur = 0 on 0.
on

We cover the domain € with a computational grid (z; := ih,y; := jh), with cell size h. We
let D, = Dy(h), D_ = D_(h) and Dy := (D4 + D_)/2 denote the usual forward, backward
and centered divided difference, e.g., differencing in the in the = and y-directions (Dy,u);; =
F(wig1,; — uij)/h, (Doyt)ij = (wijy1 — wij-1)/2h.

The resulting non-linear elliptic PDE (4.4) is discretized in a straightforward manner, consult
[24], [26] and [6],

1 [ 1
1 1
—l— [ D Uj, ]
VE+ Doy + Dy
£t 1 [ Uig1,j — Uij _ Ui 5 — Ui1,j }
" 2\h? \/62 D+mu2 ]) + (Dgyum)z \/82 + (D—mui,j)2 + (D(]yui—Lj)z

1 Ui j41 — Ujj U — Wi j—1

4.6 ‘
(4.6) 2)\h2[\/52 + (Dozttij)? + (Diyuig)? \/52 (Dogtii,j—1)* + (D—yuiz)?

4.3. The hierarchical (BV, L?) decomposition scheme for gray-scale images. One can
use the fixed point Jacobi or Gauss-Siedel iterative methods for solving the discrete regularized
Euler-Lagrange equations (4.6). For the former we have

n n+1 n+1 n
ultt = fii+ 1 [ Yit1y — ulj _ ulj — Ui }
(2] Y 2
PAREL [ 4 (Dasy )+ (Doyuiy 2 4/ + (D-gu)? + (Doyuity )
1 n . un-i-l un+1 —

Ui j+1 i\j i\j ij—1 ]

;| -
2\h \/52+(D0xu2j)2+(D+yu2j)2 \/ + (Dosuij—1)* + (D_yui;)?
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Introducing the notations:

1 1
Cg - 5
Ve T (Dau)? + (Doyut,)* ¢a2+ D_uf;)? + (Doyuily ;)?

1 1
Cs = )
e+ (Dosu,)? + (D 2 ¢52+ Dogu;_y)? + (D_yuf;)?

n+1

;i » we obtain the iterative scheme

and solving for u;

(4 7) ut — 2\R? fzg + CEUH_lj + cwul 1,j + Csu”_,_l —l—cNu” 1
. 0, 2MW2 +cp+ew +cs+en

Using the most recent (North and West) values of w;;’s, amount to Gauss-Siedel scheme
which we use in the examples below for computation at all interior points (x;,y;) € Q. The
interior Gauss-Siedel scheme is augmented by reflection boundary conditions, in agreement with
the Neumann boundary conditions (4.5). To this end, we also reflect f outside Q (by adding
up to ten gridlines on all sides of €2). As initial condition we set uf; = f; ;.

In order to avoid grid effects, we rotate the starting point of the scheme (4.7) between the
four corners of the grid, namely, (0,0), (imaz;0); (imazs Jmaz) and (0, jmae) and by alternating
whether we run the algorithm row by row or column by column.

The scheme is iterated, n = 0,1, ... , ng until |Ju —u"="1|| is reduced below a pre-assigned
tolerance, so that u;'% produces an accurate approximation of the fixed point steady solution
ux(xi,y;). In general Moo = Noo(A, h) is dictated by the contractivity of the fixed point iterations
(4.7), e.g., [6] for example, while we note in passing that the following maximum principle holds,
ming ; | fi;| < |uf;| < max;;|fi;] (in agreement with the maximum principle, 0 < min f <
uy(x) < max f, consult [20, §1.14]).

This completes the description of the Euler-Lagrange scheme for a fixed \. We tag the
final discrete solution as uy = {u;*"}. In order to convert this into the hierarchical multiscale
decomposition, we re-iterate this process, each time updating the value of f and A in the
following way:

)\new < 2)\cu7"7"ent .

{ fnew — fcurrent — Ux

In other words, we take the residual of the previous step and apply the J(fourrent — Un, 2A)
minimization using a doubled scaling parameter. With \; = X¢2/, the final result after k
steps is a multiscale representation of f, expressed in term of u; = uy, and given by f =
Ug + U + Uo + -+ - + U + V.

How many hierarchical steps, k, should we take? let us mention several stopping criteria.
The first, measuring the amount of texture ||vgr-1||y-1. to be below certain tolerance factor,
amounts to specifying the number of iterations, since in view of theorem 2.1, ||vgk|[jy-1.00 =
1/Xk41- Another option would be to measure the energy, |ju, — ug_1||z2(q) below a specified
tolerance. The advantage of the hierarchical decomposition is that it also allows us to access the
A scale through the k-component, ||ug||zv /M ~ ||urllsv /M + ||Jull3; equivalently, the latter is
a measure for the change in the L?-texture, requiring ||vg||3 — [|ug_1||3 to be less than a specified
tolerance factor.
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We now turn to a series of numerical experiments which illustrate the hierarchical multi-scale
expansion for images. The different numerical results shown below use the same regularization
parameter, €2 = 107 We begin with a simple illustration for the improvement obtained by
increasing the number of hierarchical iterations. In the simple case of a characteristic function
of a disk, consult figure 4.1, the additional iterations improve the resolution as seen in the series
of enhanced textures, vy, + 120.

vy, + 120 l OU’)\ vy, + 120

> OuA Uy, + 120 Yo OuA Uy, + 120 Do OU,\ Uy, + 120

Figure 4.1: The uy;, components and the residuals, vy, for 5 steps, starting with an initial
image of a circle, (3.5). Parameters: Ao = .01, and \; = \g2.

z 0u>\ z OU’)\

Z Ou,\ Z O’LL)\ vy, + 120

Figure 4.2: Decomposition of an initial image of a fingerprint for 5 steps. Parameters: Ao = .01,
and )‘j = )\02j

Next, we illustrate how the hierarchical decomposition of an image resolves detailed textures,
consult the increased scales of a fingerprint in figure 4.2. In figure 4.3 we illustrate hierarchical
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decomposition of woman figure. In each hierarchical step, additional amount of blurred texture
is resolved in terms of the refined scaling for edges.

Figure 4.3: Successive decompositions of an image of a woman with A = .0005.

The following two figures zoom into one piece of the woman figure 4.3. In figure 4.4, we
see how our multiscale decomposition adds details of texture at each stage of the algorithm.
Figures 4.5 and 4.6, show the different hierarchical stages — the w;’s and the v; (enhanced by
an additive factor of 120), which add up to our final result in figure 4.4. We record the first six
terms since the remaining ones are not noticeable.
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>

1
i=0 WX

Uxg

Figure 4.4: Decomposition of an initial image of a woman for 10 steps. Parameters: A\g = .005,
and )‘j = )\02j.

uy, + 120 uy, + 120
U, + 120 uy, + 120 Uy, + 120 Ung + 120

Figure 4.5: Representation of each u;, for 0 < j < 6 . Parameters: \g = .005, and \; = \¢27.
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/\1 + 120

% ".1

Figure 4.6: Representation of each v;, for 0 < j < 6. Parameters: \g = .005, and \; = \¢2/

1 2
Zi:o U, Zi:O U\,

Uxg

Figure 4.7: The recovery of u given an initial noisy image of a woman. Parameters: \y = .0001,
k =10, and \;, = \o27.
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1

z OU/\

z OU/\

Figure 4.8: Decomposition of a noisy image of a fingerprint for 10 steps. Parameters: \g =
000]., and )‘j = )\02j.

Next we turn to two numerical tests with noisy data. In figure 4.7 we illustrate an additive
noise. After 9 steps, the texture of the image is recovered on the top right corner of the
image while removing a smaller scales noise from the woman forehead. If we continue the
decomposition into smaller scales, then noise will reappear in the u components, as the refined
scales reach the same scales of the noise itself. Figure 4.8 is another example for a noisy image.
After 9 steps we obtain a denoised image while most of the texture is kept.

Th last examples demonstrated how the hierarchical decomposition separates between dif-
ferent features of edges, texture and noise. The distinctive feature is their different scale. Our
final example deals with different scales in an image of a galaxy shown in figure 4.9. The smaller
values of the scaling factor A, correspond to the larger objects in the image, while the smaller
objects are brought into light when increasing values of A are considered. In this manner, the
hierarchical decomposition enables an effective separation of scales depicted, for example, in
the last two entries of figure 4.9.
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2 2

1

2
i=0 Ui

Uxg

Larger Scales Smaller Scales

Figure 4.9: Decomposition of an image of a galaxy for 10 steps. Parameters: Ao = .001, and
Aj = Xo27. The last two figures illustrate separation of scales.

4.4. Localization of the hierarchical expansion. We want localize the hierarchical algo-
rithm so that most of the computational work concentrates in the neighborhoods of edges and
textures while large homogeneous regions require a relatively smaller amount of work. To this
end, we start by considering the whole domain embedded in a computational square €2y := €.
We then dyadically split each typical computational box, €2 ;, into four new sub-regions, 2,41,
depending on how much texture they have. We refer to [11] for a similar adaptive approach
where the local variation, || f —ave(f)||r2(q,,) was used as a criterion for local refinement, based
on equi-distribution of local variations. In the present context of hierarchical decompositions,
we propose two different refinement criteria to decide whether to stop the refinement of the
current box €2 ;:
{i} The BV-norm of the local residual — the refinement continues until ||vy| v (o,
a given tolerance factor, 9.
{ii} A weaker stopping criterion based on the value of the localized minimizer — if J(v;, Aj)o,, <
d then the refinement stops. Comparing the optimal pair [u;;,v;4+1] with the trivial decom-
position [v;,0] implies that the first criterion is indeed stronger, for J(v;, A;) < ||v;|lpv. In
practice, however, the numerical results presented below show the two refinement criteria yield
similar results.

Let us describe the details for the second adaptive procedure with a typical example of an
image of size 2™ x 2™ pixels (the initial size of an image is always extended to next dyadic

,) is below
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Extended Boundary

Original Boundary

Figure 4.10: Method of splitting the domain into four equal regions. The shaded region repre-
sents the first image.

size by reflection). We let €2y denote this initial computational domain, and we recall that at
each stage, the computational boxes need to be padded with additional five rows on each side
to implement reflection boundary condition. If J(f, A\, BV (), L?*(€)) < §, then we pursue
the hierarchical decomposition of f in €. Otherwise, if J(f, A\, BV(Q),L?(Q)) > §, we split
the initial 2™ x 2™ region it into four equal images, each of which of size 2™~! x 2™~1 pixels,
consult figure 4.10. They are augmented with an extended boundary of five rows on each side,
making four computational boxes, Q;x, k =1,...4, each of (2™~ + 10) x (2™! 4 10) pixels.
Note that there is overlapping between the new four images due to the reflection boundary
conditions. These artifical boundaries are ignored when sub-regions are pieced together, to
avoid obvious lines along different zones where splitting took place. Now, for each of the new
four sub-regions, 5, we first check whether J(f, \; BV(44), L*(21 %)) < ¢ and we continue
the refinement until either the value of J becomes smaller than the tolerance §, or, reaching the
smallest boxes of 2 x 2 pixels. In each computational box €;  satisfying the refinement stopping
criterion, we pursue our multiscale decomposition seeking the minimizing pairs [u;j1q,v;41] of
J(vj, Njr1, BV(Q ), L*(2,£)). While iterating these hierarchical stages, we check whether
J(vj, Ajy1) < d: if we do not satisfy the desired tolerance at this point, we continue with the
splitting process; if we do, then we continue with our hierarchical expansion.

In figure 4.12, we use ||v;||py, and in figure 4.11, we consider J(v;). The first column
represents the general, non-adaptive hierarchical algorithm The middle column represents the
adaptive refinements of €2 where lighter indicates more texture. The last column contains the
new adaptive expansion. The resulting image u is therefore comprised of some regions which
required as much as 10 terms, while others only need 3 terms. What is remarkable is how close
the adaptive approximation is to the full algorithm, even with a fairly large tolerance §. Also,
both stopping criteria, based on ||v;||py < 0 and J(vj, Aj11) < 6 yield similar results.
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2

9

o U, Decomposition of {2 New Approximation

Figure 4.11: Adaptive decomposition of f and 2 using J(u,) as a refinement criterion. We use
§ = 50 x 1282 as a tolerance threshold for all calculations. Parameters: Row 1: Ay = .01, Row
2: Ao = .001 and Row 3: A\g = .0005, where \; = \g27.
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Z?:o Uy, Decomposition of 2 New Approximation

Figure 4.12: Adaptive decomposition of f and €2 using the total variation of v, as a refinement
criterion. We use € = 50 x 1282 as a tolerance threshold for all calculations. Parameters: Row
1: Ao = .01, Row 2: Ay = .001, and Row 3: Ag = .0005, where \; = = N2/,

4.5. The hierarchical (BV,L?) decomposition scheme for color images. We record
here the formulae for color images, which are realized in terms of vector-valued functions
f = (f1, fo, f3) € L*(IR*)®. The corresponding minimizer for color image restoration of Rudin
et. al. [24] reads,

JEN) = inf {IE = il + Jullpy }

Here, the BV and L? norms of the corresponding 3-vectors, u = (u, uz,u3) and v =f —u =
(v1, v9,v3) are defined in terms of their Euclidean structure

v i= swp { [@.96) lolm <1}, V3= [ vPde
peCye

Formally minimizing the above energy with respect to u;, us and ug, yields the following
Euler-Lagrange system of coupled PDEs

(4.8) Up ﬁdl

( Vu,

a I) fr 0=1,23, Vu| = V[V + [Vaa2 + Vel
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1
Uy Zz':o Uy,

Figure 4.13: Decomposition of a vector-valued image of flowers for 10 steps. Parameters:
)\0 = 00025, and )\j = )\02j.

Its approximate solution is computed through an iterative scheme similar to the previous
scalar case, except the need to solve three coupled equations for the 3-vector of unknowns,

u?; = ((w);), £=1,2,3, with the corresponding regularized gradients

1 1
Cr.E = y  Cow = 5
VR + (Daal@e)iy)? + (Do (w0)7)? V2 + (D-a(ue)iy)? + (Do, (w0, )2
1 1
) Ce:N =

Ce.s ‘= .
\/62 + (DO:c(uf)Zj)z + (D+y(u£)?,j)2 \/52 + (DO:c(uf)?,j—l)z + (D—y(ué)?,j)z

n+1

Solving for (ug);;", we obtain the vector-valued iteration scheme
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(4.9)
(ug)? ! = 2AR2(£0)i 5 + cop(ue)Pey; + cow(We)isy ; + cos(we) o + con(uo); (=1,2,3
)i 22 + cpp + cow + cos + Con ’ o

Figures (4.13) and (4.14) demonstrate the hierarchical decomposition for two colored natural
images.

1
i—0 U\;

)

Uxg

Figure 4.14: Decomposition of a vector-valued MRI image, for 10 steps. Parameters: Ay =
00025, and A\, = \p2’.

5. EXTENSIONS

The hierarchical (BV, L?) decomposition was introduced in the context of the J-minimizer
of Rudin et. al. [24]. It applies to other variational models arising in image analysis, and we
shall mention three examples. A BV minimizer weighted by the presence of blurring operator,
a multiplicative version of the J-minimization (which is adapted for multiplicative rather than
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additive de-noising), and the Mumford-Shah segmentation model [18] which for the purpose of
our computations is realized by the elliptic regularization of Ambrosio-Tortorelli [3]. We briefly
discuss the hierarchical decompositions in these three models below. Preliminary results are
found in [21] and a more detailed account will be provided in a forthcoming paper.

5.1. Hierarchical decomposition of blurred images. Given f € L?(Q), a cut-off para-
meter A > 0 and a blurring kernel K ( — a linear and continuous operator from L*(Q) to
L*(9)), we consider a decomposition of f provided by the following Jx(f, A) minimization in
the presence of blur, consult e.g., [20, §1.14],[15],

(5.1) Ji(f. X BV, L*) = inf {A||f — Kul[72q) + ||u||BV(Q)}.

Let vy := f — Ku, denote the ‘texture’ so that f = Kuy + v,. Starting with A = )¢ in (5.1)
we proceed, as before, iterating the hierarchical decomposition, v; = Kuji; + vj4;1 at scale
A\j = A\o2?. With end up with hierarchical expansion of the blurred image f

f=Kuo+ Kuy + ... + Kup_1 + Kup + v, N = o2,

which in turn paves the way for hierarchical, multiscale denoised representation Zf uj. In

particular, the total energy of (sufficiently smooth) f is decomposed into its dyadic building
blocks,

o

1
1713 =7 |- lusllsy + 15w 3]

j=0 "

Arguing along the lines of (2.16) we find that the last statement has an equivalent energy
decomposition, || f||3 ~ >_. [lu;l v /A, where the explicit dependence on the blur K is removed.

5.2. Hierarchical decomposition of images with multiplicative noise. Following [25],
we consider a multiplicative degradation model where we are given a blurred image f = u - v,
with u > 0 being the original image and v models the multiplicative noise, normalized such that
Jov(z,y)dzdy = 1. Let uy be the minimizer of the corresponding total variation functional in
the multiplicative case [25]

. f 2
5.2 M(f,\: BV, L?) = inf {)\H— — 1‘ }
(5.2) (f )= e o W ™ Yl e + v
Setting vy := % we end up with the one scale decomposition f = uyvy. We construct the

hierarchical decomposition as before, except that sums and differences are replaced by products
and divisions. Thus iterative step at scale \; reads v; = v 1441 leading to the multiplicative
hierarchical decomposition

f = uouy...up X vg, Aj = N2’ .
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5.3. The hierarchical (SBV,L?) decomposition. We want to apply the hierarchical de-
composition to the Mumford and Shah functional [18]. To this end we consider its elliptic
approximation of Ambrosio and Tortorelli [3],

2
ATe(f, N) == inf {/w2[|Vu|2+|v|2]dx+>\[5||Vw||%z +M]}
{w,u,w | utv=f} Q £
Let [uy,vy] be the minimizer of AT*(f,\) (depending on w). Here f is modeled a u, which is
restricted to the smaller SBV space (— a special subclass of BV space, consisting of measure
gradients free of the Cantor component, [3]), while the texture vy lives in L?. We proceed to
construct the hierarchical (SBV, L?) decomposition of f in the same manner as before, letting
[w;+1,vj11] be the AT minimizer

(w41, v541] = arginf AT (v), 1)), Aj = A2,

utv=f

We end up with the hierarchical decomposition

f:U0+U1+...+uk+Uk.

Here, at each hierarchical step, we also obtain the edge detectors 1 —w; =1 — w,,, which are
(essentially) supported along the boundaries of objects enclosed by edges identified by wu;.
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