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Abstr act

Linking sap flow in tree boles to plant transpiration carggto be a fundamental and
practical research problem in physiological ecology and fogelology. Many models have
been proposed to describe water movement within trebsvaiiying degrees of success. The
prevailing resistance-capacitance (RC) circuit models Hevadvantage of being easy to
implement. However, RC models are ordinary differentala¢ion (ODE) models that reduce the
spatial-temporal dynamics of a tree hydraulic system teethporal variation of simplified
guantities; thus, the RC parameterization is more ecapi@ind open to various interpretations.
For coniferous trees, a reasonable alternative to RlQicmodels is a porous media (PM) model,
which is a partial differential equation (PDE) model thhescribes the spatial-temporal dynamics.
The model more closely represents the physical elemétite oonifer hydraulic system but also
requires a direct estimation of its properties. Our pgedd®M model is original in that it
formulates a theoretical link between measured quesiti.e., sap flux density and tree structure)
and model parameters, obtained during nighttime, whichifsedmect numerical conversion of
sap flow to transpiration rate during daytime. In additmfutly simulating the PDE, we propose
an alternative method to transform the PDE into a s@f’s, to significantly reduce
computational demands. Although the ODE results are noisyathgpiration pattern produced
by the ODE, once filtered, is similar to that of theE?MWe demonstrate that measurements of the
sap flux in multiple positions below and within the crown barused to compute the height-
dependent transpiration rate; but if rates of bulk crowmsprmation are of primary interest,
readily obtainable measurements at two heights, at tleedbadise tree and below the crown, are

sufficient for the computation.

Keywords: hydraulic system, porous media, sap flux, transpiration, xytemfers
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1. Introduction

Measuring and modeling transpiration rates and bulk canopyctante is a fundamental
and practical problem in studies on tree physiology, f@esiogy and hydrology, and biosphere-
atmosphere exchange processes. Stomata play a dominantaotgrolling CQ uptake and
partitioning of net radiation between latent and sensibs flux (Verhoef and Allen, 2000;
Tanaka, K., 2002; Zhan et al., 2003). Thus, biosphere-atmeasfirer measurement networks
and free air C@enrichment (FACE) experiments require a quantitativearese of bulk stomatal
conductance to variables such as light, vapor pressure @efitsoil moisture, or to the increase
in elevated atmospheric G{Baldocchi and Meyers 1998; Lai et al., 2000; Schéfer ,e2@03).
However, tree transpiration, used in calculating bulk ameanopy stomatal conductance, is
difficult to measure and is commonly inferred from sap floeasurements (Marshall, 1958;
Swanson and Whitfield, 1981; Granier, 1985; Granier e1800;Cermak et al., 1995; Oren et
al., 1998).

Calculating transpiration from sap flux has its own shatheoretical and practical
problems. For example, the ability of tall trees to steaeer results in a lag between sap flux and
transpiration rate (Waring et al., 1979; Jarvis et al.1 1@®ldstein et al., 1984; Hunt et al., 1987,
Hunt et al., 1991, Loustau et al., 1996; Loustau et al., 106Rlstein et al., 1998; Phillips et al.,
1999; Phillips et al., 2004). This lag is the main motivatayrmodeling trees with resistance-
capacitance (RC)-circuits. There are many variantse@RC model with different degree of
complexity (Cowan, 1965; Slatyer, 1967; Lang et al., 1969; Coh@r?; Hunt et al., 1991;
Jones, 1992, pp. 72-105; Phillips et al., 1997; Loustau et al., 1998 MoElels can always be
reduced to a simplified RC-circuit model, where R isr#sstance of xylem conduits and C is
the capacitance of water storage (Fig. 1a). The modelssad to estimate an effective R and C
to calculate the time lag. The RC constant can be tasadjust for the time lag between sap flux
and transpiration in the calculation of stomatal condwede.g., Phillips et al., 1997; Loustau et

al., 1998). A simpler and thus commonly used method to pgrdietlount for the time lag is to
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artificially shift sap flux time series so as to maxienits correlation with the vapor pressure
deficit (VPD, kPa) or radiation (R W m?) time series (Oren et al., 1999; Phillips et al., 1999).
Such analysis assumes that VPD gisRsynchronized with canopy transpiration, and does not
adjust for the attenuation of the sap flux signal due tagtoeffects.

The sap flux is inherently more attenuated than the naadpiration because water storage
within the tree system functions as a low-pass filteraAesult, the additional variation in
transpiration is distributed to a relative later timéhia diurnal pattern of sap flux. This extra
water flux is often discarded due to inherent difficulbésnodeling redistribution of water,
which results in a net loss of real transpiration, amdinderestimate of mean canopy stomatal
conductance during certain times of the day (Phillips and,(198; Ewers and Oren, 2000).
One solution to both problems of time lag and signaha#tgon is to fully simulate all RC organ
components explicitly rather than just calculating thecéiffe RC constant (Hunt et al., 1991).
This approach ensures that none of the water flowing netérée is neglected. However, the RC
circuit representation often yields an ordinary difféiedrequation (ODE), which reduces the
spatial-temporal dynamics of a tree hydraulic system teethporal variation of several
simplified artificial components; thus, specifying the R&tnponent of each organ is difficult at
best and impractical to measure. Additionally, the capas#taf a typical RC circuit recharges
when the voltage (potential difference) is applied and dig®#s when the voltage is removed,
this does not exactly reflect the dynamic behaviors ofrgeehydraulic storage which is refilled
at night when water potential difference decreases @dedl during the day when water
potential difference increases. Another problem with garieC circuit models is that the
moisture content, unlike electrical charges, can only benegative. The linear capacitance in
RC circuit models does not prevent the moisture content from gegeative and thus allows
unlimited water withdrawal.

We explore an alternative solution, a porous media (PM) mbdséd on the finding that

conifer xylem can be treated as such medium becauseomisosed of tracheids (Schulte and
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Costa, 1996; Frih and Kurth, 1999; Kumagai, 2001; Aumann and Za®#). The PM model
combines the continuity equation with Darcy’s law moditieéhclude all sinks due to
transpiration. This approach leads to a mass-conservitigl ghfferential equation (PDE) that
describes the spatial-temporal dynamics of a tree hydrsydtem. It also connects sap flux to
transpiration without artificial water loss due toacdation. While the RC circuit models allow
unlimited water withdrawal from the tree, the maximum gigle guarantees that the moisture
content in the PM model is bounded between a saturationguintero; as a result, the amount
of water withdrawn can never leave the moisture content lthaa the values found under very
dry soils and high VPD in realistic cases. Although ttonceivable that at any particular time, an
RC circuit can approximate the solution of a porous medium BiX=¢comes at the expense of
introducing time-dependent resistors and capacitoraoBt previous studies, porous media
models are used for qualitative comparison (e.g., Schult€asi#, 1996; Frih and Kurth, 1999;
Aumann and Ford, 2002 The one exception (Kumagai 2001) requires that stomatalictzmte
is explicitly modeled and thus introduces additional complextity uncertainty to the parameters.
Furthermore, that model predicts water potential, a bigriased for a quasi-quantitative
verification of the results but not readily obtainableighttemporal and spatial density in field
experiments. Building upon these previous studies, we proposeeldriven by transpiration
rate (Fig. 1b), rather than VPD (Fig. 1a), thereby ilating the need for a separate stomatal
conductance model. Because we use sap flux measured at the thasees and we set the
boundary condition at the soil surface, the model is usefalldove ground plant hydraulics only.
Xylem moisture content is chosen as our state variablesahd conserved quantity of the PDE.
We also derive an expression for sap flux based on xylem newtatent for direct comparison
with field measurements.

As a case study, we use data obtained from a Norway sffticea abied..) forest
experiment (Phillips et al., 2001; Phillips et al., 2004)r this experiment, the tree was confined

to a chamber that can be flushed in order to creatddes VPD drop as a perturbation. Phillips
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et al. (2004) used the perturbed sap flux data to capture theufigdrharacteristics of the tree by
applying the Laplace transform to the RC-circuit model.unstudy, the unperturbed sap flux
data are used instead. The primary reasons for usiigMmodel are (1) that it correctly
captures the lag between transpiration and sap flux, atka2i} preserves the total mass
without losing sap flux due to calculation.

The dynamics of non-linear PDE’s have long been introduxstutly various ecological
models (Pielke et al., 1993; Cushing et al., 1996; Patten, 1997 NDunodel is such an
example. By applying linear stability analysis, we show tie hydraulic characteristics of the
tree can be inferred from a subset of unperturbed sap ftexcdlected at night, when no
transpiration occurs. We show that measurements of phitusaat several positions below and
within the crown can be used to compute the height-dependerpitedios rate. Moreover, sap
flux measurements at two heights, the base of the treecdma the crown, are sufficient to
capture the diurnal pattern of bulk crown transpiration. &uaysis suggests that the PM model
can be applied to estimate transpiration from sap flukeid &xperiments without artificial

control or perturbations of the surrounding environment.

2. Methods

The experiment setting is briefly described. The dewvatif the PM model equations as well
as the boundary conditions are presented next, followed by 8tedaility analysis that permits us
to estimate the hydraulic properties for the model fromthilgk data. We then describe the full
parameterization of the model and apply the model to sap fluXrdatea field experiment.

2.1 Setting

In this case study, we use experiment data collectEthkaliden, Sweden on a Norway
spruce tree from June 11 to July 23, 1996 (Phillips et al., 200lip®kt al., 2004) to explore
the application of the PM model and compare it with the RC nuadalilations (Phillips et al.,

2004). In this study we used an ensemble average of diutnakviaom 20 days in which
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complete data were available.

Sap flux was measured using a Granier-type constantlissgiation probe (Granier 1985)
positioned in the outer 20 mm of the hydroactive xylem of ar6tdll tree in a closed-top
chamber. Because the crown extended nearly to the treathasessumed that the entire cross
section of the xylem was developed under the influence afrtiven and is thus made entirely of
juvenile wood without radial pattern (Phillips et al., 1998)isTis supported by other direct
estimates of sap flux at different radial depths atdités(Phillips et al. 2001). Measurements of
the flux in the outer xylem are sufficient to estimatefline through the entire cross-section area.
There were five measurement points on the subject Norwayespag; identified as the fraction
of the measurement height (Z) over total tree height 6.7 m): (1)2 / H=0.03 at 0.2 m above
ground; (2)2/H=0.16at1.1m; (3¥/H=0.27at1.8m; (4 /H=054at3.6m; (& /H=
0.72 at 4.8 m. Temperature and relative humidity were umedsnside the chamber and used in
the calculations of vapor pressure deficit (VPD). Glahalation Ry) was measured outside the
chamber at a top of a nearby mast. All sensors weegrogated every five seconds and the half-
hour average was recorded in a data logger. See Philks(2004) for complete details on

instruments, ancillary data and measurement protocol.

2.2 The Mode Formulation:

A PM model is constructed from the most basic elemerastrefe (Frith and Kurth, 1999;
Kumagai, 2001), as shown in Fig. 1b. This model treatg¢leext/lem as a porous medium,

which obeys Darcy's law:
A ~ oW
J=-K %_x (1)

Here J is the water flux,K is the hydraulic conductivity, an@is the water potential
consisting of two parts:

W=0+ pgx; (2)
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the first term@ is the hydrostatic pressure and the second pgrais the gravitational potential,
pis the water density is the gravitational acceleration, anthe is vertical position along the
tree. As is the case with a porous medium, loss of condydive to reduced moisture (or
pressure) is empirically determinedayinerability curveg{Sperry et al., 1990; Sperry et al.,

1998; Ewers et al., 2000). A simplified vulnerability curva ig/eibull function

&
d
(& : (3)

whereK .

A

K=K

max

is the maximum conductivity, andd are fitting parameters.

The storage of water within the tree is representedsbyylem moisture conterflx,t)
bounded by@,, (i.e., storage is saturated) and O (i.e., the stasagempletely drained), and the
hydraulic capacitance is defined as:

Y,
c= ——. 4
oD )

The relation betwee® and@is determined by an empirical retention curve, which imlg
fitted by a logarithm curve (Kumagai, 2003). However, thaiibigm relation does not correctly
reflect the extreme conditions: singe= <o is not practical on the field, it may not be an issue
that the logarithm relation give®= <o under this condition, but the other extrees &, under
@ =0, is well achievable. The logarithm relation réesui 6= +o under this condition, which is

not only unphysical but can also cause serious problems fonanlel. Therefore, we adopt the

following relation:

o [ o, |
6 _[¢0—¢j ’ ©

sat

where@®, and P are empirical parameters. This relation isachenistically similar to the
logarithm one in a moderate potential range and exactiyhemtooth extreme conditions.

By modifying the continuity equation to include a sink t&(mt) for transpiration, the
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dynamics of xylem moisture contefiix,t) follows the conservation law:

d(A(Xl”‘tm(X’t))-'_ %3 - s(x.t), ©)

whereA(X) is the cross section area of the tree. The sink¢ambe characterized by
S(xt)=-1(x)[E(x1), (7)
wherel(x) is the local leaf area density (i.e., leaf areaupdr stem length) anB(x,t) is the
transpiration flux density.

Combining Eq. (1), (2), (4), (6), and (7), the prognosticidldbifferential Equation (PDE)

for &x,1) reduces to:

00 (X, J J a) 08 (x,
but) 52 [poA()x (0] - Azx)g{A(x)mﬁ((g)) x t)}
= _% E(x,t), (8)

whereK(6) defined ask |/ A ( x) is the xylem hydraulic conductance. B#t{¥) andc(é) are

material properties of trees and thus affected by thsture content. The material properties
may have spatial inhomogeneity within a real tree, whichrtamduce an explicit spatial

dependence ti§ andc. For simplicity, we ignore this spatial inhomogeneity.

2.3 Calculating the sap flux

Although Eg. (8) computedx,t), the observed quantity in field experiments is the kap f
J(x,1), defined asJ (x , 1 )/ A (x ) . To computel(x,t) from &x,t), we note that (1), (2), (4),
and (5) imply an explicit formula:

K(e)o"e(x,t)J
c(@) Ix '

J(x,t) = —{pgK (6) + 9)

Note that conductand¢ appears in Eq. (9) instead of conductiviiysince\](x,t) is J (x 1 )

divided byA(x).
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2.4 Determining the boundary conditions

The boundary conditions consist of two part&ts andcrowns

The root boundary condition (i.e., lower boundary condition)rass that the soil moisture
content remains nearly constant at time scales compdcadhlernal VPD changes. Therefore, the
xylem moisture content at tree base also remains relatiealstant. For simplicity and without
loss of generality, let us assume the base xylem moistatert is near saturation, i.e.,

6(x=0,t) _ 64
H HSsat

01. (10)

sat
This assumption places the tree under moist condition. Empldyengodel under dryer
conditions requires the explicit measurements of the base xytEsture content, which
becomes theffective saturated xylem moisture confenthe model. This measured quantity
replaces the real saturated xylem moisture content asiéeattly the same &, as in the near
saturation condition. If the relation between xylem moistfithetree base and soil moisture can
be formulated during a wet-dry period, the variation ofsibié moisture content can then be
referred to govern this lower boundary condition of the model.

For the crown boundary condition (i.e., upper boundary conditiayote that the
transpiration flux densitf(x,t) is already incorporated in equation (8) so that thetdpeis

treated as no-flux boundary condition (i.e., no leakage)

K(8) d6(x,t)
c(8) Ix

J(x =1,t) = —-| pogK (8) + Jzo. (12)

X =

2.5 Non-dimensionalizing the equations

The PDE (Eqg. (8)) and the boundary conditions (Eq. (10X&hy contain parameters and
variables with physical units. First, we apply a stangmogedure used in analyzing non-linear
physics models, that of non-dimensionalization. By removingititedependence from the

model, we (1) write the equations in a more general foste@d of only for a specific tree, (2)

1C
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combine various parameters into dimensionless compound parsmvateh determine the
dynamics of the model, and thus (3) simplify the symbols ocatfadysis. Although the model is
only applied to the experimental data from a single tredyope that it serves as a useful method
for later data analysis. This procedure is standaddcammon because it reveals the underline
formula of a model; models which share the same dimeers®hbrm exhibit the same analytical
behaviors Therefore, non-dimensionalizing the model befoferpgng the linear stability
analysis eliminates the need to repeat the analyseafdh tree and is useful in future research.
The premise of non-dimensionalization is to rescale #te sariabled as well as the spatial
and temporal coordinatesandt so that the units are eliminated from the model and thd@olut
does not depend on any specific dimension, thereby revealing cdmpomerties of water flow
in trees. In order to do so, we may substitute the foliatesthe model equations:
*X = Hx’, whereH is the total height of the tree;
0= 0.0, wheref.is the saturated moisture content;
ot = 5t’, wherey is usually a character time or a time scale of the micsa
The primed variables are the dimensionless version ofrixerned ones. By combining the three
scaling constantd, &, andy, we can non-dimensionalize the other model parameters. The
complete dimensionless variables and parameters of the medisted in Tables 2.
By replacing the dimensional (unprimed) variable with dinwrisss (primed) ones and then

dropping the primes to clear the expression, the resultaensionless PDE takes the following

form:
2lt) 2 loarl)k o)
RO AR o e o R "

wherex and@are dimensionless and both simply range from O to 1; théidmat forms of the

dimensionless vulnerability curve and retention curve atedsittical to Eq. (3) and (5),

11
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respectively, except that the arguments and parameters delomensionless while the
dimensionless capacitance is defined as in Eq. (4). Thendionless boundary conditions are
also obtained:

6(x =0,t)=1, (rpot (13)

P oK (‘9)"' IZ(‘(:)) % d()):’t)|

= 0 . (crown) (14)

x=1
When the results are presented, the units of choice (famg@®athe Sl units) can be restored to

the calculated quantities.

2.6 Linear stability analysis

Linear stability analysis, which is widely used to anal§fze models of nonlinear systems
(Nicolis, 1995, pp. 71-93; Greenside and Cross, 2002 pp. 65-122)r&aptimary steps: (1)
solving for the steady state solution, (2) perturbing teady state solution, and (3) applying the
boundary conditions.

The tree approaches a steady state condition at night vamspiration (i.e., the driving force
of the model) is zero. Fd&(x,t) = O, the steady state solution (i€6/ & = 0) of Eq. (12) can be
analytically derived:

o P
o0+ (5] e
For most of the cases when the porous media is relatigadly which is the case of the tree
hydraulic systemP| pgx| << | @ ; thus,
6,(x)=1, (16)
i.e., the tree is nearly saturated at night when saston@ is high. When using the model under
non-saturated soil moisture conditions Eq. (16) means thatytbm moisture content is near its
effective saturation point set by the dryer condition.

Nighttime measured sap flux decays toward zero while thyeesbf its vertical profile

12
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appears unchanged as shown in Fig. 2, which suggests a mlaxatthanism. Therefore, the
relaxation phenomena can be captured with linear stabiélysis. We perturb the steady state

solution by assuming
6(x,t) 08,(x)-8(x,1) wherd (x,t) << 8,(x) (17)
and then substitute it into Eq. (8) wi(x,f) = 0. Using the approximation shown in Eqg. (16) to

the linear order@ ( x,t) satisfies

26 (x.t) _ (K_j 226 (x,t)

ot c Ix?

A(x) d \d C Jouy  Ox

+{(dA (x)/dx) g C_z(q, jl

[,

whereK andc are both evaluated &= 1.

Next, using separation of variables and eigenfunction emaréi( X,t) can be expressed

6 (x,t)= Z e "'b, (x),

whereT; is the time constant of the spatial eigenfunchi@x). AssumingT; is the smallest time

constant amongj’s, the corresponding spatial eigenfunctigp@) dominates the othéx(x)'s ast

increases. Thereforé (x,t) converges toward the asymptotic solution:

6 (x,t)0e b, (x).

For simplicity, we drop the subscripand writeg(x,t) as

6(x,t) =e "b(x). (19)

Substituting Eq. (19) back into Eq. (18), it can be showndp@imust satisfy

Jdb (x)

dx

d 2b(x)+ (dA (x)/dx ) g c_z(gj”'l

dx 2 A(x) d \ d

13
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(20)

For analytical tractability, let us assume the crosti@earea of the tree trunk tapers

exponentially, i.e.,

A(x) = Aje ™,

(21)

whereA, is the cross section area at the tree baseramthe taper rate. This assumption is

generally a reasonable approximation. The most notable a@sez|of this assumption is that it

simplifies Eqg. (20) in that

(dA(x)/dx) _ _

A(x)
Let

k=(K/lc)., = %

and note that i€;> 1, which is true for typical vulnerability curves,

ol

Then,b(x) can beanalytically solved:

b(x) = b,e sin H”— ar —1}4

2 Ka

+ b,e”" cos Ha— 4T2 - 1}(} :
2 \ ka

As a result, the perturbation function satisfies

6 (x,t)= b,e ™ *sin Ha— 4T2 —1Jx}

6=1

2 \ Kka

14

(22)

(23)

(24)



[EnN

10

11

12

13

14

15

16

17

+ b,e " cos H% 4T2 - 1Jx} : (25)

Ka

while 8 (x,t) = 8, - §(x,t)D1— §(x,t).

Eq. (25) is the general functional form for the perturbatiear the steady state solution of

the PM model (Eqg. (8)). However, not all functions that mm#ihe general form are solutions for a

specific problem because the boundary conditions have tdisigesh Only a sub-set of the
functions will meet the requirement.

The root boundary condition leads to

in Eq. (24) and (25) and thus, reduces the perturbation dmrci

6 (x,t)= b,e ™ *sin Ha— 4T2 —1Jx] (26)

2 \ Kka

Furthermore, the crown boundary condition can be rewritten as

26(x,1)
X

= - pgc (8)],., -

x=1

Substituting@(x,t) =6, (x) - §(x,t) into the above equation to the linear order, we obtain

aé(x,t)

_ _dd#)
1) A dé

x=1

then, using the expression in Eq. (26) E)r

boe'““’(a— 4T2—1Jcos(a— 4T2—1J
2

2 Ka Ka

+b,e " asin 21/ 4T2 -1
2\ ka

15
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= —,ogdc—(g) (b,e ™" sin a 4T2 -1 .27
dé lg-9,m 2 \ ka
Sincec is defined by Eq. (4) and is given by Eq. (5),
dc (6) _ P +1
do 0=0,01 @ 0

Thus,

pgdc(H) _ P+1 __ 4
do 6=0,01 ® 0

and then Eq. (27) can be simplified to

tan | L [AT__q|p-Lla JAT 4| 28)
2 \ ka a | 2 \ka

Hence, fora estimated from the trunk diameter profile dndbtained from the relaxation time
series, Eq. (28) can be used to numerically solv&.fdihe solution is a discrete spectrum;
nevertheless, the dominant eigenfunction during the night sldiaest decaying mode
corresponding to the largest valuexofT he physical meaning @fis the inverse of RC constant

in saturated state according to Eqg. (22).

2.7 Parameterization of the mode

Before numerical results are presented, we discugsatiaeneter values and the units.
Because the numerical simulation of models can be donesystematically with the non-
dimensionalized version, the dimensionless parameters asny@eslong with their values in Si
units in Table 2. Non-dimensionalization starts with rizsgdhe state variable and the
coordinates; while we have one state variaBle(d two coordinates(t), three rescaling
constants are necessary and sufficient: (1) the totghtei the treéd=6.7 m, which rescalesto
0-1, (2) the saturated xylem moisture contggpt0.574 mH,O m?3 stem, which rescaledto 0-

1 and (3) a suitable time constgntvhich is usually chosen to normalize a parameter or to

16
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project the problem onto a time scale comparable to thaaesistic time of the dynamics. We
usey = 1 hour= 3600 seconds because the sap flux variation primarily respotius darnal
pattern of environmental factors and thus, the dynamiasnigeniently described on an hourly
basis.

The other parameters and variables can further be non-donelized based on these three
constants. The central piece of the parameterization sviiaation of the saturated inverse RC
constant £), defined by Eq. (22). The process starts with the detatran of the relaxation time
constantl of the nighttime sap flux and the taper ratef the stem cross-section ar&as
evaluated by regressing the logarithm of the nighttime sa&pnfith time, as shown in Fig. 3. The
deviation of the relaxation curves from each other is likaly th spatial inhomogeneity among
the measurement points, as well as the experimental nbeye wap flux is low. (Note that the
plot is on a log scale where a small noise is magnitiéalxger values.) Despite the deviations,
the common relaxation tendency among the measurement poimtg showing that the
relaxation behavior is a relatively dominant phenomenon. Theselaxation behavior is the
first-order approximation for the nighttime dynamics. Thexati@n constant obtained from the
figure is 1.20< 10 s* in Sl units. On the other hand, the exponential taper im¢Eq. (21))
matches the cross section area measurements of the tiheeNorway spruce experiment, as
shown in Fig. 4a. Therefore;is directly fitted as 0.425 ™in Sl units. Oncd anda are known,
Eq. (28) can be numerically solved to obtain 6.82 x 10*m?s™.

While the data is not available to parameterize the valiléy curve (Eg. (3)) and the
retention curve (Eqg. (5)), the choice of taD,-Knax combination is not unique for a givenin
the Discussion section, we point out that the model reswltsimilar for different combinations
because the most important parameter in the model igrtigedum parameter= @ Knax =5
rather than the three individual parameters. Using an appatad description, we adopt=

400, ¢, = 2870 MPa, and thufmax= 5.47x 10 s in Sl units.
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One may refer to appendix B for the details of the paramatemn as well as the non-

dimensionalization of the entire model. The final resaitslisted in Table 2.

2.8 Calculating the crown transpiration rate

With the parameter values determined, the next step magsig the daytime transpiration
from the measured sap flux. While the model, Eq. (8), caksuliie sap flux from a given
transpiration rate, our objective is aligned with the inversblem: evaluating the transpiration
rate from the measured sap flux time series.

In this subsection, three methods for generating transpifationmeasured sap flux are
presented. The first method is the prevailing method anésas the “baseline” or “reference”
method to assess the descriptive and predictive skilleegiorous media model. The second
method is a full simulation of the porous-media PDE aqgdires several iterations to back-
calculate the transpiration rate from the sap flux datze tfiird method is derived from
simplifications to the PDE. Unlike the full PDE method; simply integrate an ODE one time;
therefore, this method is more computationally efficient.

The prevailing method for calculating transpiration rabenfsap flux time series is called
cross-correlation (CC) method. In principle, it has steps: mass conservation and storage
effects. The first step uses the principle of mass ceaten and assumes no water storage
within a tree. As a result, the sap flugy,t), through the tree stem must transpire into the
atmosphere somewhere along the path. Thus, we can sub¢raaptfiow at a higher level in the
stem from the flow at a lower level and obtain the tatadant of transpired water between the
two levels. Knowing the trunk cross section as&), and the leaf area densifx), we can

further calculatd=(x,t) by:

[A(x )03 (x . t) = A(x, )03 (x,,t)]

= |LXL+TXHJ o(x, - XL)DELXL ; Al ,tJ, 29)
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wherex_ is a lower level andy is a higher level along the tree.

The second step considers the storage effects. The watagesinside the tree empties in the
morning and refills in the evening, thus sap flux is delagétive to transpiration. Noting that
the actuaE(x,t) is often synchronized with VPD and/or incomiRg the measured sap flux is
commonly shifted backward in time relative to the timeeseof both VPD an@&, until the best
correlation coefficient is found. The lag with the high&strelation to either VPD dg; is
assumed to account for the storage-related delay (tesresferred to as ‘time lag’). The shifted
sap flux is treated as a representatiok(@ft) (Phillips et al., 1999; Schafer et al., 2000). The
advantage of this method is simplicity and ease ofemphtation. However, there are some
disadvantages when considering the effect of water stbsagienple time shifts; the storage not
only delays the sap flux response to environmental driving vasiaiag also modulates it. The
consequence is that the increased flow of morning sajsfless dramatic than the actual
transpiration rate, and correspondingly, there existsaaing tail in evening sap flux as VPD or
Ry and actual transpiration approach zero. This extréstdiscarded and leads to a net loss of
water when calculating transpiration rates using this ndetho

For the PM method, we note that if the actt,t) is known, the PDE in Eq (8) can be
numerically integrated over space and time by applyingptoedary conditions, Eq. (10) and

(11). Oncedx,t) is computedJ(x,t) can be calculated using Eq. (9):

K(e)o"e(x,t)J
c(@) Ix '

J(x,t) = —{pgK () +

In the field,J(x,t), notE(x,t) is measured. Therefore, a method that inverts fronfleao
transpiration is of interest. We consider an iteratiethmod:
1. Provide an initial guess f&i(x,1);
2. Integrate the PDE and calculate the corresporigigt;
3. Compare the calculatd¢k,t) with the experimentally measured sap flux diga,t), and

evaluate the difference betwed{w,t) andJ«(x,t) (i.e., 4J(x,) = Je(X,1) - IX,1));
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4. Assume the entire differengd(x,t) contributes to the difference between the assumed
transpiration rat&(x,t) and the actual orig,(x,1);

5. ConvertdJ(x,t) into the difference in transpiration ras#(x,t) = 43(x,t) AXX) / (I1(x) 4x), where
Ax is the spatial grid size in numerical simulation;

6. Calculate the corrected transpiration r&tei(x,t) = E(x,t) + 4E(x,1);

7. EmployingEn.u(X,t) as the new initial guess f&i(x,t), repeat steps 1 to 6 until the difference
between the experimental and the simulated data reashremitnum. Further iterations
magnify the experimental noise and move the simulated resdisfeom the experimental
data.

This procedure requires several iterations (17 for #se study) before the best agreement

between simulation and data is achieved. The full PBilation should provide accurate

results. However, full PDE simulations are time consumangdme applications, which
motivated us to attempt to simplify the calculations. d#eompose the full PDE model into
simpler ordinary differential equations (ODE) and pis®a quicker method to calculate
transpiration rate from sap flux data while still presertivgadvantages of the PDE porous
media model.

The quantity measured in the fieldJ){g,t). We can computé fromJ data by notifying that

Eqg. (9) can be rewritten as

26 (x,t) _  J(x,t)+ pgK (8)
2 x - K (9) ’
c(8)

which is an ODE for any given tinieKnowing thatdx = 0, t) = 84 is the lower boundary

(30)

condition, we integraté(x,t) fromx = 0 tox = H to obtaindx,t) as a function ok at timet. Since
the resolution od(x,t) is usually low, we interpolate between the measuremegltseio
integrate Eq. (30) over finer spatial grids. One thing te iothat the interpolations should be

done on the sap flow data, i.A(x) [J(x,t), rather than the sap flud(k,t)) in order to preserve the
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Becausél(x,t) is measured as a time series, we integrate Eqaf2@&jch different time and

reconstruciAx,t) as a time series. Aftétx,t) is obtained, we substitute it back into PDE Eg. (8):

1
A(X) ox

26(x,t) 1 2
ot A(x) ox

K (8, x) o"'H(x,t)J

{ AIE %) ox

—[PgA(x) K (6. X)]- ——=

__1(x)
= A()E(xt) (31)

and simply discretize space and time to calclltet). This procedure eliminates the need for

iteration

3 Results

In this study, the primary forcing variable is sap flux, whicheadily measured in field
experiments. Nighttime sap flux measurements are usdddmstorage properties of trees,

which in-turn allow computing daytime transpiration rates.

3.1 Model verification using the nighttime sap flux results

All the model parameters can be directly measured or amtlgmtly estimated from the
nighttime sap flux data where linear stability analysisiappAgreement between measured and
modeled sap flux during nighttime can provide the necessary cooéideat the model
represents the key mechanisms responsible for plant hydnoiys By settind:(x,t) = O, the
PDE of the PM model can be numerically integratedotaia the nighttime sap flux. The results
of the nighttime model simulations compare well with thesusaments made in the Norway
spruce tree (Fig. 2). The measured sap flux data is i@sg to the simulated results despite
experimental noise and possible spatial inhomogeneity withimgbesystem (data point number
(N) = 28, correlation @) = 0.84, maximum value (Max) = 0.86 ¢fr8", root-mean-square-error
(RMSE) = 0.13 g s* in Fig. 2; N = 49,7= 0.83, Max = 2.54 g ins’, RMSE = 0.33 g fAis™

for the entire nighttime data). Even more interestinpat the analytical form of the nighttime
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sap flux can be derived by substituting the perturbation eigenfur{&n(26)) of the moisture

content,

0(x,t) =6, - 8(xt)

at

= gsat - boe_Tt+aX sin {(0’_ 4T2 —1JX:| )
2 \ ka

into the sap flux calculation in Eq. (9). This suggeststti@tinalytical form of nighttime flux is

well defined.

3.2 Daytime transpiration rate calculation

The transpiration rate was back-calculated based omimeyeally measured sap flux data
by inverting the porous media PDE that computes the sap fluxarginen transpiration rate.
The straightforward method is to fully simulate aredate the PDE. The nonzero transpiration
rate is the driving force of the model during daytime. lk@ght-dependent simulation of
transpiration rate, the leaf area denHiky on the right hand side of the PDE (Eq. (8)) is heeded
in order to properly scale sap flux to transpiration rakes (x) (Fig. 4b) was measured through a
destructive harvest of the tree at the conclusion of the exgrrii®hillips et al., 2004).

The results of the full PDE simulation (dashed lineBim 5, left panels) are compared with
those from the CC method (dotted lines). For the CC methedime series of sap flux is shifted
relative to VPD andR, forward and backward in time steps equal to the measmtsmesolution
until the highest correlation coefficient is reached. Bmalysis shows higher maximum
correlation coefficient withR, (r* = 0.85, averaged over the five crown zones) than with VPD (r
= 0.75). TheRslagged sap flux produces transpiration patterns that begisiatilar time to that

calculated with the PDE method, but rise more slowly, daspiay the same dynamics during

the day, and trail off later into the night in all figeown zones. We note that the transpiration rate

at the top and bottom crown sections are very high relatitlee three mid-sections. This is the

result of having very little leaf area in both sectianaking small errors in flow, measured or
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simulated, produce high rates of transpiration.

Because the full PDE simulation is time-consuming, wevdem alternative ODE method.
The solid lines on the left hand side of Fig. 5 are thetestithis ODE method, and follow the
overall pattern of the full PDE simulations, but reflect ggeand more rapid fluctuations. The
greater fluctuations calculated with ODE relative tofthetuations with PDE generate large
differences in transpiration at any point in time. Altgbuhe ODE method can be integrated
much more quickly, the huge fluctuation resulting from thasneement noise is a disadvantage.
The lack of robustness to the noise is evident becausenaéigrating the ODE (Eq. (30)) over
to obtain&x,t) (which is contaminated by noise in the sap flux), nmigbe time series amplifies
when the term@&x,t) / dt in equation (31) is computed.

The high-frequency noise generated by the ODE method cadbeed through filtering.

The simplest filter is a moving average and can be ingréed by taking the average at each
time step with its adjacent data poi(its., high-frequency filtering). The solid lines on thghti
hand side of Fig. 5 show the results after employing stitfeia using a five-point moving
average. The filtered results of the alternative ODEhoeetire much smoother and close to the
full PDE simulation (N = 120072= 0.90).

The transpiration rates from the two PM methods and then€@od drop below zero at
certain points (Fig. 5). This drop is due to the unavo&lai@asurement noise in the sap flux time
series. The measurements with least noise occur betheemsasurement poirigs/ H=0.27,
just below the height in which significant amount of foli@ge be found (Fig. 4b), and 0.54. The
sap flux data are obtained from the measured temperatuliergrbetween a heated and unheated
probe (Granier et al. 1996). Thus, the noise introduced iloter measurement points
originates from thermal fluctuation of the ground, whilernbése at higher measurement points
generates negative transpiration only when the sap flux apprasarioe®ue to the tapering of
the cross section of the trunk (Fig. 4a), the total sap fsap flux times cross section area) is

much smaller at the highest measurement point, and therdierexperimental noise produces

23



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

“negative” transpiration more often than at mid-treghepositions.

To confirm that the inverse problem is solved properlycempute the daytime sap flux
using the PDE-simulated transpiration as the boundarglitons. The obtained sap flux
compares very well with the experimental measurementsiM=f = 0.98, Max = 18.00 g ¥
s', RSME = 1.02 g i s"). Two typical snapshots of the comparison between theatyti

explicit sap flux simulation and measurement show a goodragreealong the entire tree stem

(Fig. 6).

4 Discussion

The intent of the proposed porous media model is to simwkair flux in trees by isolating
the xylem hydraulic system from other complex organs (¢ameagta, root-soil matrix), rather
than to simulate the flux in every organ of the tree.tRisrreason, the soil moisture content is
treated as a constant within the time scale of thel@mltand the morphology and the spatial
inhomogeneity are left for future studies. Moreover, bectheséocus of this model is on internal
hydraulic control of water flux dynamics, dynamical changesamatal conductance (Tardieu
and Davies, 1993; Friend, 1995; Leuning, 1995; Oren et al., 1999; Eah&hanahan, 2000;
Dewar, 2002) are not included here. In principle, a sub-modébmiasal conductance could be
straightforwardly coupled with this PM model by providing amdependent transpiration time
series.

Isolating the xylem hydraulic system from stomatal conductamd¢dram variation in
forcing variables leads to a logical separation betwedttitimige (no transpiration) and daytime
dynamics. The primary difference between nighttime atirda sap flux is its relaxation
behavior, as shown in Fig. 2 and 3. Because stomataatlosght, the hydraulic system of a tree
is isolated from any change in canopy environment and relaxesd@nsteady state. The
saturated RC constamt?, is determined when the relaxation time constaistfitted. Therefore,

it is not surprising that the relaxation rate of the expenit data is similar to that of the model
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simulation (Fig. 2). On one hand, the vertical agreerbetvwween the experimentally measured
data and analytically predicted eigenfunction (Fig.neves that the complexity is greatly
reduced by isolating the system from the environment at mghtirhe agreement serves as an
independent verification of the PM model for the hydraulic sysittrees and suggests
nighttime data as a good starting point for modeling thet plgdraulic system.

Analysis of nighttime sap flux data (Fig. 3) can be utiliz® evaluate the saturated RC
constantx™. Assuming that moisture content is not far from satumakd is essentiallyR times
C and provides a systematic method to calculate the RGaerisr the electrical circuit
analogue model. The analysis shows that the parameter sfem taper function appears in the
formula that evaluates the relaxation time constant (Z8)). To our knowledge, the effect of the
stem taper has not been previously considered in quantity@ngme lag in sap flux. If we
assume that the tree is a uniform rod, the relaxatios ¢imnstant of our model reduces ta (2
20K ¢Yg-1, which is equivalent taRC)™ for the circuit analogy. Thus, the stem taper modifies
the time lag from the perfect RC constant predicted siynalified RC-circuit model.

Additionally, the stem taper also distorts the verticafifgrof sap flux from a simpler sinusoidal
function predicted by the uniform-rod assumption. Thus, oalyais provides another
explanation for the difference between RC-predicted ahdhbsap flow data shown in Phillips et
al. (1997) where the RC model does not consider the effectnoftaper on sap flow dynamics.
This also means that if the taper of a tree is otk exponential, it is necessary to revisit the
nighttime data analysis in order to derive a new fdatmn for .

Phillips et al. (2004) utilize the perturbed (i.e., stemgles in VPD) sap flux data on the
same Norway spruce tree to study the applications of RG#cmodels. The time constant, i.e.,
RC, is estimated from the lag of the morning rise in thpesof the sap flux behind that of the
ecosystem latent heat flux, and was 106 minutes. Usingfdineiula and thes from our PM

simulation, the equivalent RC constant for this teqgespruce tree is ~72 minutes. Although
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there is some difference between these two estimatbhs &Q constant, the variation©fcan
range 3 - 27 fold within moderate range of xylem water patkfitiolbrook, 1995, pp. 151-174).
More importantly, the smaller RC constant of our masieixpected, given the analysis of a
ramp-function forced RC-circuit (Phillips et al., 2004)rdat integration of the RC-circuit
equation readily shows that the lag between sap flux asat laeat flux is the time interval on
which the capacitance current (i.e., storage flux) dampsAdthough this time interval is not
well defined, it should be longer than the “true” RC troastant where the capacitance current
damps to 36% of its original value. Therefore, the 72 méabgained from the PM model may
reflect the “true’RC number of this tree.

On the other hand, the saturated RC constait &s a lump-sum parameter, is the primary
governing parameter of the PM model (see section 2.7). CoupledEqi (9), the model
computes the sap flux while being driven by the transpiratin Biecause the transpiration rate
and the sap flux are physically equivalent quantities (tmiyugh different cross section areas),
this mechanism makes both the moisture corlamtd the water potenti@ transient variables.
This is a key advantage over previous PM models becduasel @ are difficult to obtain in a
field experiment. There is a parallel situation inRAD circuit driven by a current source. While
further specifyindR andC can uniquely determine the voltage and the charges in theitcapa
the lump-sum RC constant alone is enough to determine tlaenifysof the electrical current.
This advantage allows our model to produce reasonably gootsreseh though the
vulnerability curve (specifying the conductance) and the rietecurve (specifying the
capacitance) are not readily measured in the experimedtyve have to use empirical curves
instead. Consequently, one has to be cautious aboutitidatedd and@® as well; although
they combine to correctly evaluate the sap flux, eac @nd @ is only qualitatively
meaningful. They can be made quantitatively meaningtitlier the retention curve or the

xylem conductivity is obtained from the experiment.
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During the daytime, stomata open and the xylem hydraulicrayistao longer isolated from
its environment. Both the full PDE simulation and the ODEra#itive method produce a
transpiration rate that begins at about the same tirtleeaghifted “transpiration” produced by
lagging sap flux based on the CC method (Fig. 5). This irefidaat the time lag is already
accounted for by the PM methods. Although the time lagsser to correct by artificial shifting,
the choice between correlating sap flux with VPORgmay not be conclusive because they both
can affect its dynamics. Therefore, shifting sap flusheobetter correlation of the two may not
reflect the actual time lag between sap flux and trarspireate, especially in situations in which
VPD andRy are not highly synchronized. Moreover, as stated edtieiCC method cannot
restore transpiration rate from the attenuated resparsspiflux because, unlike PM and RC
models, the method does not simulate the storage mechanisnedliced response in sap flux
produces a relaxation tail when VPD and transpiration tiragro. The CC method cannot
redistribute the water within the tail, which is typicadligcarded, causing a net loss of water
(Phillips and Oren, 199&wers and Oren, 2000).

Two indicators that the PM model more accurately desstibe physics of the water flow
than the CC method are time lag and attenuation eBaute the storage mechanism is
embedded in the two PM methods, its effects are deditreatistically, resulting in reasonable
approximation of sap flow dynamics inside a tree. As stedielier that the transpiration rates
calculated by both PM methods rise at the same timfeea®sults obtained by the CC method
(Fig. 5), suggesting that they estimate the same augneHurthermore, the PM methods gives a
higher rate for morning transpiration and a more rapid dEgagvening transpiration than the
CC method. Thus, PM methods better address the attenudéots evhich are not addressed by
the CC method. On the other hand, the mass-conserving foionudé the PM model ensures no
net water loss. Table 3 summarizes the calculated @igltdanspiration at each measurement
height in Fig. 5. Since s the primary environment factor that affects the traasipm in this

specific case, the results of the CC method are obtaind$tsrding the data between 21:00 and
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3:30 when Ris close to zero, as described in section 2.8. The &hiaws that the ODE method
nicely recaptures the discarded water. However, the PDIRochéoes not perform as well as the
ODE method in this specific case. It is likely due sudden drop of the global radiation around
8:00 which is followed by a drop in the sap flux thereaftersi@own in Fig. 7(top). Because the
PDE simulation is searching for continuous and differergiablutions, which can hardly match
such a sudden change, the method produces an anomaly around@:6D @ecause the data
fitting must find the best match for the entire ranges bbcal anomaly contributes to a significant
water loss. This phenomenon shows that the ODE method, whichted big fluctuations, has
an advantage over the PDE method when dealing with noisgetataNevertheless, the ODE
method is derived from the PDE, so we believe the PDE metimad perform better given a
less noisy data, set, which can be achieved by averaging tasgrer sample size.

We tested the model on a conifer tree, but the formul#ienfficiently general that with
proper parameterization the model should be applicable to bedalecies despite differences in
xylem structure. This generality is valid because the modslaissraged macroscopic velocities
rather than the microscopic velocities within an individudém element. That is, as long as the
macroscopic flow through a group of vessels follows Darieyis then the general porous media
ansatz should hold. We obtain reasonable results fonigec tree while neglecting hysteresis.
Since hysteresis is known to be more of an issue fafl ores (e.g. conifer xylem) than large
pores (e.g., vessels in broadleaf trees), we expeBtNhmodel to readily adapt to broadleaf
species.

There are two other potential problems of applying the mod&idadleaf species: One is
that in some species, stem cross section area chaieésawspiration, which can impact the
storage flux term (Zweifel et al., 2001; Zweifel and lasP001). However, this change must be

compared to sources of water loss in the continuitp®op Recall from Eq. (6) and (7) that

= -1 (x)E (x,t);

d(A(x) B?(x,t)) + o”'_j
ot oX
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hence, if
H(X,t)dM << Alx.t) H(X,t),
ot ot

the change in stem cross section area has negligikele eff the model. Furthermore, if the
change in cross-sectional area with transpiratioasgicted mostly to the bark (e.g., Zweifel et
al., 2000), then the entire formulation must be made sahafat xylem and bark. Our intention
is to derive a formulation that is physically based, @ptathe empirical formulation of the RC
circuit, yet retaining some simplicity in the treatmenthe tree.

The other potential problem is that some broadleaf spantgven some conifers can have
some nighttime transpiration (Oren et al., 2001; Snyder,2@03), which affects the estimation
of k. We can quantitatively estimate this effect by addisgall amount of transpiratiento the
right hand side of Eqg. (18). This inhomogeneous equation resaltsunderestimation af or
equivalently an overestimation cfY) on the order of/E, the ratio of the nighttime transpiration
to the daytime transpiration, which is usually under 10%nEwaeen the nighttime transpiration
is relatively large, a no-transpiration period (e.g. tioorous rain events, or low VPD conditions)
can provide sufficient data for model parameterization.

Our model can be improved and made more versatile in a naihbvalys. For example,
Aumann and Ford (200grecently composed a more complete PM model for the hijdra
system. In addition to the wetting phase (i.e., the sag)fitheir model calculates the movement
of the de-wetting phase (i.e., the water vapor) as #etlause the presence of water vapor is
associated with reduction of xylem conductivity dueduitation, the function of the
vulnerability curves are not needed in their model. Howerestder to obtain the dynamics of
the de-wetting phase, the model parameterization is dohe @titheid scale (Aumann and Ford,
2002), and thus, the parameters are not readily obtainabliéeldl measurements. Although their
model is experimentally challenging for quantitative veatiion and may require simplifying

assumption for application, it is more realistic than autbat it accounts for the inability of the
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xylem to immediately recover upon re-wetting the conductivy ¢uring water discharge.
Inclusion of the de-wetting phase may represent an improveioreour PM model. However,
our aim is to produce a model that can readily serve ty stiedvater flow at tree rather than
tracheid scale and thus, help in determining the ecologcebles related to transpiration rate,
such as stomatal conductance and @, also at tree scale.

On the other hand, there are several potential improvereeats model that may increase
its versatility. This includes explicit treatment of sphihhomogeneity of conductance and
capacitance, and branching structure. With such improvenibatsjodel can be used to study
the more fluctuating dynamics of sap flux, frequently obsenvédanches and reflected in

ecosystem-level latent heat fl(®ren et al., 1998; Phillips et al., 1999).

Applications

In order to overcome the sensor noise, our analysis wasadibng 17-day ensemble mean of
sap flux. Although temporal averaging can be used to reduse, soich averaging if done over a
too long of a period may mask changing parameter valubscivinging environmental
conditions. For example, the time constant for nighttimmmsiecharge can increase with
decreasing soil moisture (Phillips et al., 1996). Instabirgyfficient number of sensors at each
height can also reduce the noise in the flux measuremerms @al., 1998), thus producing a
spatially averaged flux, while preserving the temporal dyneimic

We show that flux measurements in multiple points witimith laelow the crown can account
for the role of tree hydraulics in regulating gas exchaHgeiever, for broader, ecological scale
studies aiming at quantifying biosphere-atmosphere excladngass and energy, such intensive
measurements are impractical and probably unfeasible. luoestd. (1996) showed that
measurements of sap flux below the crown and lower in thecsterbe used to quantify the
guantity of water discharged and recharged in stendsc@mbined with additional data estimated

transpiration from sap flux using an RC model (Loustau e1293).
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Although the spatial accuracy of the sap flux data obvioustg@ses as more probes are
used to measure at different heights, an advantage &f\umodel, which we now demonstrate,
is that only two measurements at different heightseaqeired if the bulk transpiration rate of the
tree is the desired quantity. The most ideal choicéEse two measurement points is one near
the tree base and the other one near the bottom of the crowevel, due to thermal gradients,
measurements too near to the soil tend to be unreliatdejwee to the influence of nearby
branches, measurements too near to crowns with large bsamelyegenerate large spatial
inhomogeneity (Loustau et al., 1996). Thus, sensors are bestdmbout 1 m from each.

We re-analyzed the flow obtained at 1.1 m and 1.8 m above gtowndulate transpiration
based on measurements made at two heights. We assegseddheance of the PM model to
reproduce the bulk transpiration based on two measurementshieygbbmparing with the
transpiration simulated based on all available five measent heights. We used the ODE
method so the test is made with the more practical diatbd®M methods, and smoothed out the
high frequency noise using a moving average. Note that imaehe averaging process must be
conducted within a time scale much smaller than the ctesistec time scale of the simulated
dynamic phenomena. For example, if the averaging is taken whthinme scale comparable to
the time lag of the sap flux, the simulated transpiratiayht become smeared and lagged behind
the actual transpiration.

The ensemble mean diurnal patterirRghowed a simple bell-shaped curve, closely
followed by that of the sap flux (Fig. 7, top). The diurnalgratof VPD was a little more
attenuated and displaced later in the day. The bulk tramispi is almost the same whether all
five or only two measurement heights are used (Fig. 7, bpttom240, f = 0.99, Max = 0.65 g
m? s, RMSE = 0.026 g ihs?). As was observed in the analysis of the height-dependent
transpiration (Fig. 5), the time-lagged transpiration basethe CC method rose at a lower rate
in the morning, showed a strongly attenuated signal,raiidd late into the night. We conclude

that, to the extent that transpiration was simulatdtiwethe PM method based on the five
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measurement heights, only two measurement heights are amgcssbtain equally good
simulations.
Theoretically, this conclusion can be shown by multiplyag (8) withA(x) and then

integrating it ovex. After applying the boundary conditions,

00(t) P, K 26(x.t)| _
—/ K max =-=(t
6t + [gpb max + P A\) 6X |X:0 ( )’
where

@(t) = IOH A(x) B?(x,t)dx;
E(t) = IOHI(X)EE(x,t)dx.

Therefore, the factors that affect the calculateal toanspiration=(t) are (1) the total moisture
content@t) and (2) the slope of the moisture coni@é{x,t) / 0 x atx = 0. They are both
obtained via Eqg. (30) usintfx,t) interpolated or extrapolated from the measured dationsas
the process of interpolation and extrapolation well presehestotal mass, i.e., the total moisture
content, the results of the two-point calculation are ctergisvith those of multiple-point
calculations.
5 Conclusion

We develop a conifer hydraulic modelusing the porous media anatmbtheoretically
analyze the model to link its parameters to field obsemsatiThe separation of the nighttime
data from the daytime data provides an isolated cirtamos that allows us to verify the model
independently. The nighttime analysis relates the timé lag the relaxation time constant) to
the parameters of the retention and the vulnerability cuG@ssidering the current theoretical
and experimental limitations, we propose that the modabst practically useful in translating
measured sap flux data into transpiration rates. Thiereva primary advantages of this model

over the CC method: (1) there is no need to shift the datanpensate the time lag because it
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has been physically corrected through the storage t@jrthedre is no net water loss while
converting the measured sap flux data into the transpiratiemeaause the entire water storage
mechanism is resolved. The disadvantage is that tleeiponedia model requires computation of
a dynamic PDE. However, there exists an alternative @@thod, which is much simpler yet
produces results close to those from the full PDE sinamlaWith transpiration rate calculated by
the model in conjunction with VPD, bulk stomatal conductancébeanferred. Such estimates
of bulk stomatal conductance from sap flux measurementsbnaead applications in ecological
and hydrological sciences. For example, they can beindetd experiments at the whole plant
or forest scale to assess the responds of mean tcea@py stomatal conductance to
anthropogenic perturbations such as elevated atmosphe2icad@ed fertilization, or increases
in ozone concentration, and to estimate biosphere-atmospioéi@nges of mass (G@nd HO)

and energy Schafer et al., 2003).
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Appendix A

In this appendix, we details the parameterization and the intgndionalization of the model
based on the three constaris &, andy’, given in section 2.7. First, sap flux is the quantity
used to compare model simulation with experimental datanlbe made dimensionless by the
factorH @atn“l, and the translation between the flux in SI units andlitimensionless flux id4
Bt = 1068.94g m? s,

Then we treat the physical constants, water dengjtgr{d gravitational acceleratiog)(
which are both independent of trees. They can be non-dimeliwsgohas follows:
ep=10 kg m* = 1.743686.,;

«g=9.8m¢&=1.89% 10 Hy™

The parameterization of T amdis described in section 2.7. The dimensionless values of
these two parameters aF¢= 1.20x 10* s*) = 0.433;" anda (= 0.425 rit) = 2.85H*
respectively. AS anda are known, we may solve Eg. (28) to find the smallestigesibot
(corresponding to the largegtof {a v/ [(4 T K @) — 1]} / 2, which equals t8.43H* whena
= 2.85H". GivenT = 0.4335™, k= 0.0546H* 5 (= 6.82 x 10 n? s™).

While the data is not available to parameterize thatietecurve in Eqg. (5), we adopt an
approximated description thBthas to be large, making the slope steep #eal0, and choose
@, so that? cannot dip below 70 % & = -2 MPa. At worst, it is still better than the geaier
choice of constant capacitanc that allows a tree to have infinite storage capatayery
large water potential difference is applied. We point ouhé Discussion section that
determination of the retention curve is not importanh&results because of the transpiration-
driving-sap-flux mechanism in the model. Consistent withdbgcription, we chooseRa= 400
(dimensionless already), adth = 2870 MPa (S| units) = 1.440" H* &4 (dimensionless

units). Withx = @y Kiax P! determined in the previous paragraph, the maximum conductance
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Kmax can be calculated &&= 1.52x 10 5 (dimensionless units) = 5.4710° s (SI units).

To run the model, it is also necessary to obtain thedittonstants, andd of the
vulnerability curve. Linear stability analysis shows thailer the assumption that the moisture
content is near the effective saturation at night, thesebnstants do not affect the dynamics of
nighttime sap flux. However, it can affect daytime rund aeeds to be quantified. The
vulnerability curve was not measured in the 1996 experinteentefiore, we resorted to an
estimate from the literature (Ewers et. al., 2000) w4th 3.5 (dimensionless already) whde=
3.41x 10° H? Q2 (dimensionless units) = 6.8 MPa (conventional units). Althobgh t
numbers were obtained from loblolly pirféirfus taedd..), rather than Norway spruce, the effect
is minimal on our simulation results because of the tras$mir-driving-sap flux mechanism in
the model.

Note that for the simplicity of formulation, the modehsiations are done with
dimensionless quantities and the results are convertedutatS for presentation. However,
dimensional quantities can also be used for simulatiorthbutormalization constants must be
restored to the formula. Therefore, Eq. (28) restares t

tan | L 2T _apn |o-L[a AT g
2 \ ka a |\ 2 \ka

if H is not normalized to 1. Eq. (22) also restores to:

_®, (K

0. OP

sat

for a non-normalized.
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1 Table 1. List and description of symbols used in this stuslwedl as their units.

Symbol  Name Sl unit

A Cross section area m*

Ao Base cross section area m*
Capacitance of circuit model m?°s™

E Transpiration rate kgm?s™

Ea Actual transpiration rate kgm?s™

Enew Corrected transpiration rate kgm?s™

H Total height of the tree m

J Water flux kgm?s™

Je Exp. measured water flux kgm?s™

J Water flow kg s™

K Xylem conductance S

Kmax Max. xylem conductance S

K Xylem conductivity m’s

kmax Max. xylem conductivity m’s

P Power of retention curve No unit

R Resistance of circuit model m*s™

Ry Global radiation kgs®(=wm™)

S A sink term kgs™

T Relaxation time constant s™

bo A proportional constant kgm®

b, A proportional constant kgm®

c Hydraulic capacitance m* s

C, Vulnerability parameter 1 No unit
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Symbol  Name Sl unit

d Vulnerability parameter 2 kgm™s?(=Pa)
g Gravitational acceleration ms”

Os Stomatal conductance m's

I Leaf area per unit length m

t Time S

X Position m

XH A relative higher position m

XL A relative lower position m

@ Hydrostatic pressure kgm™s?(=Pa)
Dy Retention potential coeff. kgm™s?(=Pa)
e Total moisture content kg

= Total transpiration rate kg s™

a Taper rate m™

n A suitable time interval S

K Saturated K/c m°s™

2 Xylem moisture content kgm™

& Steady state solution of 8 kgm®

Bea Saturated & kgm®

g Small perturbation of & kgm™

0 Water density kgm™

w Total water potential kgm™s?(=Pa)
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Table 2. List of parameter values and physical constesad for model simulation in this study:
parameter values are also listed and the model outpublesriare labeled as calculated. The
value with units can be computed by multiplying the dimensientakies with the non-
dimensionalization factors.

Symbol Value in Sl unit Dimensionless value
Ao 0.0131 H? 2.90 x 10™
calculated HOxn" calculated
6.7 H 1
calculated HGxn calculated
Kimax 5.47 x 10°° n 1.52 x 10™
P 400 1 400
T 1.20 x 10°* n- 0.433
C 35 1 35
d 6.8 x 10° H Qo n™ 3.41 x 10°
g 9.8 Hn™ 1.89 x 10’
= calculated H® Q™ calculated
Do 2.87 x 10° H? G n 2 1.44 x 10%
a 0.425 H* 2.85
P 6.82 x 10 H?nt 5.46x 107
Oout 573.5 Oout 1
0 10° Ot 1.74
r 3600 n 1
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Table 3. Daily transpiration which is calculated by gnéging the curves in Fig. 5 through an
entire day and multiplying the leaf areas at five verseations; the results of three different
methods are shown for comparison (CC method with and witlaataditoff are both listed):

Vertical CC Method CC Method PDE Method ~ ODE Method
Position (without cut)

2 4867 m 856.67 g 71042 g 565.06 g 658.46 g
b.3.648m 967.07 g 795.15 g 845.65 g 84739 g
c.1.836m 2.857.92 g 2,583.06 g 251733 g 2.867.91g
d1i18m 35048 g 31045 g 808.43 g 513.70 g
e 02-11m 39862 ¢ 21932 ¢ 1266.66 g 266.01 g
Total 463353 g 417976 g 4,469.80 g 4,621.44 g
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Figure Captions

Figure 1 (a) The simplest RC-circuit model commonly used to link sap flow and
transpiration. R is the resistance of the xylem;  C represents the water storage inside the
tree; the sap flow is i, driven by the water potent  ial difference AW. (b) A schematic
representation of the porous media model showing th e xylem moisture content 8= @x,t)
as the conserved quantity. The plant hydraulic prob lem is treated as one-dimensional for
simplicity, and therefore, x = 0 represents the base of the trunk while  x = 1 is for the top of
the crown. The lower boundary condition is controll ed by soil moisture content, which is
assumed saturated. The upper boundary condition is no flux at crown top. The crown
transpiration E(t) is treated as a driving force while combining the continuity equation with
Darcy’s law.

Figure 2 Comparison of the vertical profile of sap flux between field measurements
(symbols and dotted lines) and model simulation (da shed or solid lines) for hourly runs
beginning midnight until 3:00. In both measurements and simulated results, sap flux
preserves the shape of the eigenfunction in spacea s it relaxes in time.

Figure 3 Nighttime sap flux versus time on a log scale from 0:30 to 4:30 at four heig  hts. To
leading order, an average relaxation constant T can be computed from the slope of the
regression analysis.

Figur e 4 Vertical profile of (a) diameter and (b) cumulative leaf area of the study Picea
abies tree. The data for diameter are fitted with: diameter =0  .129 x exp(-1.42 x relative
height). The data for cumulative leaf area are appr  oximated with: cumulative leaf area =

15.3 x (1 —tanh(6 x relative height - 2.4)).

Figure 5 Height-dependent transpiration rate (i.e., transpiration rate between consecutive
heights) obtained by lagging sap flux based on cros s-correlation (CC; dotted lines)
analysis with global radiation and the simulated wi th two porous media methods, one
based on partial deferential equations (PDE; dashed lines) and one on ordinary differential
equations (ODE; solid lines) at five height interva  Is in the tree (left hand side panels). The
right hand side panels show the same data, exceptt hat the results from the ODE are
filtered based on five-point moving average, with e  ach point representing 0.1 hour.

Figure 6 Comparison of the vertical profile of sap flux between field measurements
(symbols) and model simulation (solid lines) for ho urly runs at midday and 16:00.

Figure 7 Ensemble average over the experiment period of diur  nal sap flux, global radiation
and vapor pressure deficit showing a close similari ty in the patterns of the two former
variables (top). After lagging sapflux to better ma  tch global radiation, sapflux was scaled

to average tree transpiration and compared to thes  imulated transpiration based on the
ordinary differential equations (ODE; filtered base  d on five-point moving average) using
five measurement heights below and within the crown , or using two heights below the
canopy.
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