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Abstract

We improve upon a method introduced in (Bertalmio et. al. JCP 2001) for solving evolu-
tion PDEs on codimension-one surfaces in

� N � As in the original method, by representing the
surface as a level set of a smooth function, we use only finite differences on a Cartesian mesh
to solve an Eulerian representation of the surface PDE in a neighborhood of the surface. We
modify the original method by changing the Eulerian representation to include effects due to
surface curvature. This modified PDE has the very useful property that any solution which is
initially constant perpendicular to the surface remains so at later times. The change remedies
many of problems facing the original method, including a need to frequently extend data off
of the surface, uncertain boundary conditions, and terribly degenerate parabolic PDEs. We
present numerical examples that include convergence tests in neighborhoods of the surface
that shrink with the grid size.

PDEs on surfaces arise in areas including geometry [17, 22], biology [16, 22, 31], fluid dynamics
[23, 24], and computer graphics [8, 10, 32, 34]. Until recently, PDEs were computed on surfaces
using either surface parametrization or triangulation, both of which have drawbacks. Parametriza-
tions may be difficult to derive for complicated surfaces, and they often require patching to con-
nect different parametrization neighborhoods. Of course a new parametrization must be derived
for each different surface. Triangulated surfaces do not have well-defined geometric properties;
surface normals are not clearly defined, and curvature quantities are even more ambiguous. Con-
vergence of numerical schemes on triangulated surfaces remains less understood than convergence
of numerical schemes on Cartesian grids.

Noting the success of level set methods for dynamically evolving surfaces, Bertalmio et. al.
[4] introduced an Eulerian method for solving PDEs on general smooth geometries using only
finite differences on a Cartesian mesh. By representing the surface S as the zero level set of a
function φ defined in � N � we may rewrite the PDE in Eulerian coordinates and solve this new
representation on a Cartesian grid in a neighborhood of S � The Eulerian representation is derived
by replacing surface derivatives with projections of derivatives in the embedding Euclidean space.
This approach avoids many of the difficulties of parameterized or triangulated surfaces. Implicit
representations of surfaces may be computed using one of many different algorithms [13, 18,
19, 36]. Surface properties such as its normal and mean curvature are easily calculated using
derivatives of φ � PDE computations are simplified, since we use standard finite difference schemes
in the embedding space. Finally, the method is more easily adapted to problems involving moving
interfaces [2, 35]; for example, we might solve a PDE on a surface that simultaneously evolves.

Results in past works demonstrated applications of this Eulerian method to a wide range of
surfaces and PDEs. The authors of [4] applied it to linear diffusion, anisotropic diffusion, and
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reaction diffusion equations on surfaces of varying complexity. The authors of [2] and [35] took
advantage of the level set representation to solve PDEs on dynamic interfaces, thus demonstrating
the full power of the method. More recently, in [15] fourth order equations were solved on surfaces
using implicit representations of the surfaces. Although the method proposed in [4] has been
applied mainly to evolution equations, Memoli and Sapiro used the same framework to solve the
Eikonal equation on surfaces in [21].

Despite its wide applicability, the method as used in the above papers has a number of draw-
backs, especially in the case of diffusion equations on surfaces. The Eulerian representation of the
surface PDE is defined on a larger domain in one higher dimension. To reduce the amount of ad-
ditional work an extra dimension requires, one typically works in a small band around the surface.
Computing in this domain requires choosing conditions at the band’s boundary, though the correct
boundary conditions remain unclear, since the analytic solution is unaffected by boundary condi-
tions. Dirichlet boundary conditions result in a jump in the computed solution at the boundary and
lead to large errors at later times [15, 35]. Homogeneous Neumann Boundary conditions lead to a
jump at the boundary in the gradient of the computed solution.

In order to solve the PDE in a neighborhood of the surface, initial data must be extended off
of the surface to the larger domain. Since the finite difference schemes used will be strongly
affected by values of the solution at grid points off of the surface, this data extension must be
done carefully. The authors of the above papers extended the surface data by requiring the initial
condition to be constant normal to the surface, thus minimizing variations in the solution off of the
zero level set and hopefully limiting errors due to discretization. Unfortunately, the solution of the
Eulerian PDE does not retain this property at later times, and as a result, long-time calculations of
the PDEs often require intermittent re-extension of the data off of the surface [15, 35]. This might
be needed to offset effects of boundary conditions [15] or to minimize the effects of discretizations
that include points from different level sets of φ � The re-extension is analogous to re-extension of
velocities off of a moving interface in level set methods [25, 28], and as is the case for level set
methods, the frequency and method of re-extension is often ad-hoc.

Applying the method in [2, 4, 35] to diffusion equations on surfaces results in a degenerate
diffusion equation in the embedding space, as there is no diffusion in the direction perpendicular
to the surface. This occurs with equations as innocuous as the heat equation, since the degeneracy
is caused by the embedding method, as opposed to the surface PDE. This degeneracy can have a
terrible effect on discretizations. In particular, little is known about the convergence of schemes
for degenerate diffusion equations. The authors of [15] noted unusually severe degeneracy when
solving fourth order PDEs on surfaces.

We introduce a modification of the method in [2, 4, 35] that is no more difficult to imple-
ment than the original method, requires no re-extension of the surface data, has natural boundary
conditions associated with the Eulerian representation, and results in diffusion equations that are
non-degenerate. We accomplish this by changing the PDE solved in the neighborhood of S � At
points on the surface, the PDE we solve is identical to that of the original method, but our method
differs at points off the surface. Our Eulerian formulation of the surface PDE satisfies the follow-
ing property: given initial data that is constant in the direction perpendicular to the surface, the
solution retains this property at later times.

We first discuss the original method and its drawbacks, focusing on degeneracy problems, the
need to re-extend surface data, and the lack of natural boundary conditions. These disadvantages
are clearly illustrated by applying the method to the heat equation on the unit circle, which we
examine in Section 3. This example motivates our modification to the original method, which we
fully justify in Section 5. In sections 6 and 7, we discuss numerical examples including advection
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and diffusion equations on curves in � 2 and surfaces in � 3 � We include convergence tests done in
a band around each surface that shrinks with the grid size. As far as we know, the convergence
tests in [2] and [35] are not done in domains that shrink with the grid size, and it is unclear how
accurate the original method is in that situation. Obviously, computing in a narrow band is most
advantageous when we can shrink the width of the band with the grid cell width.

1 Eulerian Representations of PDEs defined on surfaces.

We first describe the method developed in [2, 4, 35]. Let S be a closed embedded codimension-one
manifold in � N � Let φ : � N � � be the signed distance function to S with the convention φ � 0
inside S and φ � 0 outside S � Means of producing such an implicit representation of S (e.g. via
Fast Marching Method) may be found in [7, 25, 28]. Many geometric properties of S and the
other level sets of φ have elegant expressions in terms of the derivatives of φ � The outer normal to
each level set is given by ∇φ � and each level set’s curvature tensor in Eulerian coordinates may be
calculated by the formula

K ��� D2φ � (1)

where D2φ is the Hessian of φ � Local projections onto tangent planes to each level set are given by

P � I � ∇φ � ∇φ � (2)

where I denotes the identity matrix. So that we may compute PDEs on S � we will use P to embed
surface derivatives in � N � Our method differs from that of [4] in the choice of embedding.

1.1 Embedding surface derivatives – the method of [4].

Suppose f̃ is a smooth function defined in an open domain containing S and let f be the restriction
of f̃ to S � We use ∇S f to denote the gradient of f intrinsic to the surface S � and we use ∇ f̃ to
denote the standard Euclidean gradient of f̃ � Since surface derivatives of f are given by projections
of Euclidean derivatives of f̃ onto the tangent space of S [9, 29], we can define ∇S f using P and
∇ f̃ :

∇S f � P � x � ∇ f̃ � (3)

Since φ and P are defined in a domain Ω 	 � 3 containing S � (3) makes sense in all of Ω � At
each x 
 Ω � ∇S f defined as above corresponds to the gradient of f intrinsic to the level set of φ
through x � Once ∇S is established, we may use it to calculate higher derivatives; for example, the
Laplace-Beltrami operator is given by

∆S f � ∇S � ∇Su ��� P∇ � ��
 P∇ f̃ ��� ∇ ��
 P∇ f̃ � � (4)

From here on, we ignore use of the tilde, always assuming that we differentiate quantities defined
not only on the surface, but in the embedding space as well. We discuss how to extend surface
data to the embedding space in Section 2.

We may now use (3) to derive expressions of surface PDEs that depend only on P and Eu-
clidean derivatives. Consider the heat equation on a surface S :

ut � ∆Su (5)

combined with the initial condition

u � y � 0 ��� f � y � for y on S � (6)
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Assuming φ is a signed distance function, we use (4) to write (5) in terms of Euclidean derivatives:

ut � ∇ � � P ∇u � � (7)

Since equation (7) is defined in an open subset of � N � we can compute it on a Cartesian grid.
We refer to (7) as an Eulerian representation of the surface PDE (5). Note that solving (7) in � N

is equivalent to solving (5) on each level set of φ � As remarked in [4], a wide variety of PDEs
defined on surfaces may be similarly represented as PDEs that depend on appropriate projections
of derivatives in the embedding space. Examples showcasing the generality of this method may
be found in [2, 4, 15, 21, 35].

1.2 Embedding surface derivatives – the modification.

Equation (7) is an obvious embedding of (5), but it is not the only one. Since we only need to solve
exactly (7) at points on the surface, there is some leniency in choosing the PDE to solve at points
off of the surface. Our contribution is a change of the above method that relies on our freedom to
choose a “useful” PDE to solve at points off of the zero level set of φ � In the PDEs derived by the
methods of [4], we recommend replacing the projection matrix P by

P̃ � � I � φK � � 1 P � (8)

To solve the heat equation on a surface, for example, we propose solving

ut � 
 P̃∇ � � 
 P̃∇u � (9)

instead of (7). This modification relies on two assumptions. First, φ must be a signed distance
function. This differs from the original method, which has no such requirement, though the authors
of [4] and [15] pointed out that distance functions are preferred. Second, we may only compute in
a domain that is contained within a band around the surface with a width satisfying

�
φ � x � ��� c � 1

κ max

� (10)

where κ max is the maximum achieved on the surface by the magnitude of any of the surface’s
principal curvatures. This restriction on the domain is also required for the methods in [2, 4, 15,
35], since it ensures that ∇φ is well defined (when φ is a signed distance function). Assumption
(10) ensures that � I � φK � is invertible. The inversion itself may be done easily as a preprocessing
step, just as computing P is done.

Before discussing the advantages of the modification, we provide a brief overview of the tech-
nical details involved in computing Eulerian representations of PDEs on surfaces. In Section 3,
we expound the reasons for replacing P with P̃; in particular, we demonstrate the shortcomings of
the original embedding that the modified embedding remedies.

2 Computing Eulerian representations of PDEs on surfaces.

Our discussion in Section 1 ignored technical issues that arise in the numerical implementation of
any Eulerian representation of a surface PDE. We must establish the computational domain in the
embedding space, and since the original PDE and initial condition are defined only on the surface,
we must specify how to extend the initial data to this domain. Although the surface is assumed to
have no boundary, the new computational domain in the embedding space will necessarily have a
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Figure 1: A typical computational domain.

boundary, and boundary conditions must be prescribed for numerical solution. We briefly discuss
these issues, referring to earlier works [2, 4, 15, 35] for elaboration, and emphasize that they are
not unique to our modification, but are intrinsic to any similar Eulerian representation of surface
PDEs.

2.1 Computational domain.

Although we have added a dimension to the computational domain by solving a PDE defined on
the space containing S � we limit the added cost by computing only in a small band around the
surface. Choosing c � 0 � we compute in the tubular neighborhood

Ωc ��� x :
�
φ � x � � � c � � (11)

The choice of c generally depends on the size of the numerical stencil and on the complexity of the
working surface. This restriction to a band is similar in spirit to the local level set method [1, 26].
When φ is a signed distance function, c must satisfy the upper bound (10) so that ∇φ is properly
defined throughout Ωc �

2.2 Extension of initial data.

Since the initial data, u0
� is assumed to be defined only on the surface S, we must extend it to the

other level sets of φ within Ωc � We do so by requiring

∇u0 � ∇φ � 0 for x 
 Ωc � (12)

In other words, we require u0 to be constant perpendicular to the surface. Such an extension can
be easily computed by solving (12) directly using a fast marching method [28], or by solving

� u0 � t � sign � φ � ∇u0 � ∇φ � 0 (13)

to steady state [25]. Note that restricting the computational domain to satisfy (10) ensures well-
posedness of (12).
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2.3 Boundary conditions.

Consider equation (7) defined in Ωc
� which has a boundary given by level sets of φ � Since no

information is transferred between level sets of φ � boundary conditions are not required to solve
the PDE analytically within Ωc � This no longer remains true when using finite differences to solve
(7) on a Cartesian grid in Ωc � Now boundary conditions are important – they are necessary for
computation and certainly affect the solution. Computations in past works used either Dirichlet or
homogeneous Neumann boundary conditions [2, 15, 35].

3 Contrasting the original and modified formulations.

We next discuss the major challenges facing the original method, many of which are discussed
in [15] in greater detail. These challenges will be resolved by our modified method. Past results
demonstrate the success of using an Eulerian formulation of surface PDEs for computation, but
they also demonstrate areas needing improvement. Intermittent re-extension of surface data is
needed for long time calculations, proper boundary conditions are not known, and well-behaved
surface PDEs may have an Eulerian formulation that is poorly behaved. In this section we explore
the causes of these drawbacks by applying the method to the heat equation on the unit circle. The
same example demonstrates the success of our recommended modification of the method.

3.1 Heat equation on the unit circle – the original method.

Parameterizing the unit circle by arc-length s � the heat equation is

ut � uss in � 0 � 2π ����� 0 � ∞ � (14)

u � s � 0 � � u0 � s �
with periodic boundary conditions in s � The signed distance function for the unit circle is of course

φ � x � y ����� x2 � y2 � 1 �

We may select our computational domain to be the annulus�
� x � y � : ��� � x2 � y2 � 1 ���

�
c � (15)

for any positive c � 1 � We extend the initial data to this embedding domain by noting that

u0 � s � � u0 � θ � (16)

in polar coordinates � r� θ � � and requiring (16) to hold in the entire annulus. Using the original
method of [4], the Eulerian representation of (14) involves solving (7) in the domain (15) with
initial condition (16).

Next write the Eulerian formulation (7) in polar coordinates u � r� θ � t � :
ut � 1

r2 uθθ in � � r� θ � :
�
r � 1

� �
c �	�
� 0 � ∞ � � (17)

We immediately see from (17) that although the initial data depends only on θ � the solution will
depend on r at all later times; for example, letting u0 � sin � nθ � � the solution of (17) is

u � r� θ � t � � e
� � n

r � 2t sin � nθ � �
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Fixing Dirichlet conditions on the band’s boundaries results in a discontinuity in u at the bound-
ary at later times, whereas fixing ∂

∂r u � 0 at the boundary results in a discontinuity in ur at the
boundary. While we may select appropriate boundary conditions for this particular problem, our
selection will not easily generalize to other PDEs and surfaces. Also note that the coefficient of
diffusion is largest for level sets away from the surface of interest (the circles of smaller radius).
Diffusion on these level sets will have a detrimental effect on any explicit schemes, since time
steps will be limited by the level sets in the band with highest curvature.

3.2 Heat equation on the unit circle – the modified method.

The drawbacks of solving (17) result from the original method’s embedding of surface derivatives.
When S is the unit circle, writing the embedding in polar coordinates gives

∇Su � P ∇u � 1
r

uθ �

In addition to expressing the metric on S � the zero level set of φ � the embedding establishes a
metric on each of the nonzero level sets of φ � In fact, the established metric on each level set is
the standard metric induced by � N � This results in slower diffusion on outer circles than on inner
ones, rapidly producing changes in the values of u in the radial direction.

A better embedding of the surface derivatives would define a more useful metric on the non-
zero level sets of φ � Only the zero level set should have a metric induced by the Euclidean metric in

� N ; any other level set should inherit its metric from the zero level set of φ � This is precisely what
our modified matrixP̃ does. For the unit circle, the modified embedding of the surface gradient is
given by

P̃ ∇u � uθ �
Thus the embedded derivative depends on arc-length only on the unit circle. For general surfaces,
the metric prescribed by P̃ to each level set is inherited from distances on the zero level set of φ �

Written in polar coordinates, our modified Eulerian representation of the heat equation on the
unit circle is

ut � uθθ in � � r� θ � :
�
r � 1

� �
c � ��� 0 � ∞ � � (18)

If the initial condition depends only on θ � then the solution of (18) clearly depends only on θ at all
later times. In computations, homogeneous Neumann Boundary conditions are then appropriate,
since ur � 0 throughout the domain.

3.3 Advantages of the new formulation.

In general, by replacing P with P̃ in the Eulerian formulation of each surface PDE, the solutions
have the property that given initial data u0 satisfying (12), the solution u satisfies

∇u � ∇φ � 0 (19)

at all later times. This immediately remedies two of the original method’s major drawbacks. The
function u remains constant normal to the level sets of φ � thus removing any need for ad-hoc re-
extension methods. Eliminating re-extensions reduces the amount of computational work needed
and prevents accumulating errors due to changes in u on the surface caused by the re-extension
method.

Since u satisfies (19) at all times, Neumann Boundary conditions are the obvious conditions
to enforce at the boundaries of the band. In practice, we recommend an even simpler technique
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for computing near the boundary of the band. Instead of fixing boundary conditions, we assume
u satisfies (19) in a neighborhood of the band. Whenever the numerical scheme’s stencil calls
for a grid point outside the band, we use (19) to prescribe the value of u at that grid point. This
is different from (and easier than) applying Neumann Boundary conditions, since we ignore the
exact location of the boundary. The extrapolation is advantageous since the band boundaries are
typically curved and difficult to locate exactly.

The modified method we present here has a third advantage when computing diffusion equa-
tions on surfaces. Since u is constant in the direction normal to level sets of φ � we may add
diffusion in that direction without affecting the solution within the band. By doing this when solv-
ing diffusion equations on surfaces, we derive a non-degenerate diffusion equation. We discuss
this further in Section 5.3.

4 Outline of the modified method.

We briefly outline our modified method, noting the changes from the original method used in
[2, 4, 15, 35].

1. Compute φ � the signed distance function to the surface. The original method does not require
that φ be a signed distance function, though the authors of [4] discussed advantages of using
signed distance functions.

2. Choose the computational domain. This should be a band around the surface that is small
enough to satisfy (10), which ensures that ∇φ is well defined. This step is the same in the
original method.

3. Derive the Eulerian representation of the surface PDE as in [4], but replace the projection
matrix P with the modified projection matrixP̃ defined by (8).

4. Extend the initial data off of the surface by requiring (12). Our restriction on the band’s
width ensures that (12) is well posed. This step is the same in the original method.

5. For diffusion equations on the surface, add diffusion in the direction normal to the surface.
This ensures that the embedded equation is non-degenerate. The amount of diffusion added
is optional, and should be chosen for convenience; examples are discussed in sections 5, 6,
and 7. Adding this diffusion to the original method results in an equation that is inconsistent
with the surface PDE, but we may add it to the modified method, since u remains constant
normal to the surface. One may think of the added diffusion as a means of damping any
numerical errors in this direction.

6. Compute the Eulerian representation of the surface PDE using standard finite differences
on a Cartesian mesh in the computational domain. Use (19) to extrapolate the solution to
grid points outside of the band that the scheme may call for. Boundary conditions are more
troublesome for the original method, in which (19) is not satisfied at all times.

The remainder of this paper consists of two main parts. In Section 5 we give simple, but rig-
orous, arguments supporting our formal discussion in Section 3. Readers who are more interested
in applications may prefer skipping to sections 6 and 7, where we provide numerical examples in
both two and three dimensions.
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5 Analysis of the modified embedding.

This section is devoted to showing that unlike P � x � ∇ � P̃ � x � ∇ is an operator that does not depend
on the distance of x from the surface. As a result, by using P̃∇ to embed ∇S

� we derive an Eule-
rian representation of each surface PDE that depends only on surface coordinates and not on the
distance orthogonal to the surface. In other words, the solutions of our Eulerian representation of
dynamic surface PDEs have the following useful property: If the initial condition u � x � 0 ��� u0 � x �
satisfies

∇φ � ∇u0 � 0 � (20)

then u satisfies
∇φ � ∇u � t � � 0 (21)

for all t
�

0 �
For convenience of notation, we use D̃u to denote our modified embedding of the gradient,

that is
D̃u : � P̃∇u �

We similarly use D̃2u to denote the embedding of the Hessian,

D̃2u : � 
 P̃∇ � D̃u �

We prove the following theorem.

Theorem 1. Let F � x � r� p � X � be a C1 mapping

F : Ωc � � � � N � S � N � � � �

where S � N � denotes symmetric N � N matrices. Suppose u � x � t � is a C1 
 � 0 � ∞ � � C2 � Ωc � � solution
of

ut � F � x � u � D̃u � D̃2u � (22a)

u � x � 0 � � u0 � x � � (22b)

Also suppose u0 satisfies (20) and
∇xF � ∇φ � 0 � (23)

Then u satisfies (21) for all t
�

0 �

Remark. Theorem 1 is obviously not as general as it could be. We may easily extend it to higher
order PDEs, for example. For simplicity however, we prove only Theorem 1, which applies to all
the numerical examples in sections 6 and 7.

5.1 Notation.

We remind the reader that φ is assumed to be a signed distance function to a closed embedded
codimension-one manifold S in � N � We again use Ωc to denote the tubular neighborhood of S
given by (11). To ensure that the distance function φ is smooth within Ωc

� we require c to satisfy
(10). Given a point x in Ωc

� let β be the signed distance of x from the closest point x0 on the zero
level set of φ � Assuming

x0 � α : � � α1
� � � � � αN � 1 �
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in some local coordinate system of the zero level set, we use the coordinates x ��� α1
� � � � � αN � 1

� β �
within Ωc � Letting Γ0 � α � denote the zero level set of φ � this coordinate system for Ωc is given by

x � α � β � � Γ0 � α � � βν � α � � (24)

where ν � α � is the outward pointing unit normal to Γ0 at Γ0 � α � (note that ν � α � � ∇φ � Γ0 � α � � ).
We define

K � x � ��� D2φ � x � �

so that K gives the curvature tensor of each level set in Eulerian coordinates. Using the coordinate
system (24), we define

K0 � α1
� � � � � αN � 1

� β � � K � α1
� � � � � αN � 1

� 0 � � (25)

In other words, at any point x 
 Ωc K0 � x � gives the curvature tensor of Γ0 at its closest point to x �
Our modification to P makes use of a well known relationship between K and K0 :

K0 � K � I � φK � � (26)

See exercises 6 of Section 1-7 and 11 of Section 3-5 in [9] for examples of (26). Evans and Spruck
used the same property to analyze the PDE satisfied by the signed distance function to a surface
moving by mean curvature [12]. Equation (26) implies that

� I � βK � � 1 � I � βK0 � K0K
� 1 �

thus the modified projection matrix,
P̃ � K0K

� 1P � (27)

accounts for the difference in curvature between the level set of φ through x and the zero level set
of φ � In our analysis of its properties, we write P̃ as

P̃ � � I � βK0 � P � (28)

but in computations, it is typically more convenient to calculate P̃ by (8), since

K ��� D2φ �

5.2 Proof of Theorem 1.

Once we prove that the modified embedding of surface derivatives does not depend on distances
from the surface, the theorem easily follows.

Lemma 1. Suppose u satisfies (12) and w is a C1 vector field satisfying

∂
∂β

w � 0 � (29)

Then
∂

∂β
� D̃u � w � � 0 �

In particular,
∂

∂β
D̃u � 0 �
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Proof. Since ∇ � ∇u � ∇φ � � 0 �
D2u∇φ ��� D2φ∇u � K∇u � (30)

Using (26), (29), and (30), we calculate

∂β � P̃∇u � w � � � P̃∇u � β � w
� 
 
 ∂βP̃ � ∇u � P̃ � ∂β∇u � � � w
� 
 � K0P∇u � � 1 � βK0 � PD2u∇φ � � w
� 
 � K0P∇u � � 1 � βK0 � PD2φ∇u � � w
� � � K0P∇u � � 1 � βK0 � K∇u � � w
� 0 ��

Corollary 1. If ∇u � ∇φ � 0 �
∂

∂β
D̃2u � 0

Proof. Repeated application of Lemma 1 gives

∂
∂β 
 D̃2u � i � j � 
 D̃ 
 D̃u � ei � � e j � β � 0 �

�
Remembering that uβ � 0 at t � 0 � we calculate

� uβ � t � ∂
∂β

F 
 x � u � D̃u � D̃2u �
� ∇xF � ∇φ �

∂F
∂r

uβ � ∇pF � 
 D̃u � β �
�

∇XF � 
 D̃2u � β �
� 0

by (23), Lemma 1, and Corollary 1. Theorem 1 follows.

5.3 Computing a non-degenerate PDE.

We gain an additional advantage when applying the modified method to diffusion equations. Con-
sider solving the heat equation on a surface,

ut � ∆Su �

and assume the initial condition u0 satisfies (20). For simplicity, we examine the two dimensional
case, for which the curvature tensor in Euclidean coordinates satisfies

K � x � � κ � x � P � x � �

where κ is the curvature at x of the level curve of φ through x � We similarly have

K0 � x ��� κ0 � x � P � x � �
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where κ0 � x � is the curvature of the zero level set of φ through its closest point to x � Using this
simplification, we expand ∆Su �

∆su � 
 P̃∇ � ��
 P̃∇u � ��� βκ0 � 1 � β∇κ0 � P∇u � � 1 � βκ0 � 2∇ � � P∇u � � (31)

and rewrite the heat equation:

ut � � βκ0 � 1 � β∇κ0 � P∇u � � 1 � βκ0 � 2∇ � � P∇u � � (32)

Equation (32) may be difficult to solve numerically, since it is a degenerate diffusion equation
(there is no diffusion in the direction of ∇φ). We avoid solving (32) by using Theorem 1; because
u remains constant along gradient lines of φ � we may add diffusion in this direction to (32):

ut ��� βκ0 � 1 � β∇κ0 � P∇u � � 1 � βκ0 � 2∇ � � P∇u � � C � x � ∇ � � ∇φ � ∇φ ∇u � � (33)

If C � x � � ν for some ν � 0 � equation (33) is a strictly parabolic diffusion equation, thus stan-
dard numerical convergence results apply [27]. We emphasize that equations (32) and (33) are
equivalent only for functions satisfying (21), since

∇φ � ∇φ ∇u � 0

in that case. We may choose C � x � for convenience. Picking C � x � � � 1 � βκ0 � 2 for this example
results in

ut ��� βκ0 � 1 � β∇κ0 � ∇u � � 1 � βκ0 � 2∆u � (34)

In higher dimensions, the expression for ∆Su is not as clean as in (32) or (34), but the same idea
applies – Theorem 1 allows us to add diffusion in the direction normal to S without changing the
solution on the surface.

6 Numerical examples in 2D.

6.1 Diffusion on the unit circle.

We return to the heat equation on the unit circle, (14). As discussed in Section 5.3, we derive
equation (34) by adding diffusion in the radial direction, but since the circle has constant curvature,
our equation in the embedding space is further simplified:

ut � 1
� 1 � φκ � 2 ∆u � 1

� 1 � φ∆φ � 2 ∆u � (35)

Using polar coordinates, we pick
u0 � sinθ

for initial data, so the solution of (14) is

u � θ � t ��� exp
� t sinθ � (36)

Our distance function φ is defined in � � 2 � 2 � � � � 2 � 2 � on a uniform Cartesian grid. We compute
in a band of fixed width,

�
φ � x � � � 1

10 � We note that for our embedding of (14), u satisfies (36)
throughout the band, and not only on the unit circle. We use the ‘pseudo-Neumann’ boundary
conditions discussed in Section 3.3 – values of u at grid points outside the band are calculated
using (21). We use the standard centered discretization of the Laplacian to compute (35), and we

12
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Figure 2: (a) Convergence test for the heat equation on the unit circle. The plot shows relative
error computed at t � 1 using the l∞ norm within Ωc � We demonstrate results for both a fixed band
and one that shrinks with the grid size. (b) Graph of � ∇u � t � � ∇φ � ∞ for different grid sizes.

use explicit time stepping with time step k � 1
10 h2 � where h is the grid cell width. Figure 2 graphs

the error at t � 1 for various grid sizes. We use M � M grids where M varies from 20 to 1000. We
observe O � h2 � convergence of the relative error, which is computed using the l∞ norm within the
band.

Figure 2 also displays results from a slight change of the above experiment – we allow the
band’s width to shrink with the grid size. For each value of the grid cell width h � we compute in
the band

�
φ
� �

3h � To our knowledge, none of the examples in [2, 4, 15, 35] use a band width that
scales with the grid size. We do not observe O � h2 � convergence, instead observing approximately
O � h 3

2 � convergence. The reason for the reduced rate is the subject of current investigation.
Figure 2 also shows the graph of � ∇u � ∇φ � t ��� l∞ ��� ur � t ��� l∞ for various grid sizes. The

added diffusion in the direction of ∇φ inherent in (35) damps any numerical variations of u in this
direction.

6.2 Advection on the unit circle.

We next solve an advection equation on the circle. We do not add any diffusion in the direction
perpendicular to the surface. One purpose of this test is to check the growth of variations of u in
this direction due to numerical error. We solve

ut � uθ � 0 (37)

with the initial condition
u � θ � 0 � � cos2 θ � (38)

We measure the l∞ norm of the difference between our computed solution and the exact solution
of (37) and (38),

u � θ � t ��� cos2 � θ � t � �

13
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Figure 3: (a) Convergence test for the linear advection on the unit circle. The plot shows relative
error computed at t � 1 using the l∞ norm within Ωc � (b) Graph of � ∇u � t � � ∇φ � ∞ for different
grid sizes.

The Eulerian representation of (37) that we solve is

ut � V � P̃∇u � 0 � (39)

with velocity

V ��� V1
� V2 � ��� � y

� x2 � y2
� x

� x2 � y2
� �

We use the Lax-Wendroff scheme [20] separately in each spatial direction and combine the two
directions using Strang splitting [30] in time. This method is second order in both space and time.
We use a time step of k � 1

2 h � where h is the uniform grid size on � � 2 � 2 � � � � 2 � 2 � � Figure 3 shows
O � h2 � convergence for computations in the fixed band

�
φ � x � � � 1

10 and in a band that scales with
h � � φ � x � � � 3h � Figure 3 also shows graphs of � ∇u � ∇φ � t � � l∞ � � ur � t � � l∞ for various grid sizes.
For each grid size, we used the fixed band

�
φ � x � � � 1

10 � We observe an initial growth of variations
of u in the direction of ∇φ � however these variations quickly stabilize.

6.3 Advection-diffusion equation on the unit circle.

We combine the above examples and solve

ut � uθ � uθθ (40)

with initial condition
u � θ � 0 � � sin � 2θ � � (41)

The equation we solve is

ut � V � P̃∇u � 1
� 1 � φ∆φ � 2 ∆u � (42)
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Figure 4: Convergence test for the linear advection-diffusion equation (40) on the unit circle. The
plot shows relative error computed at t � 1 using the l∞ norm.

We compare our solution of (42) with the exact solution

u � θ � t � � e
� 4t sin � 2 � θ � t � � �

We combine centered differencing for all spatial derivatives in (42) with explicit time stepping,
resulting in a scheme that is second order in space and first order in time. We use a time step
of k � 1

10 h2 � Our results, plotted in Figure 4, demonstrate O � h2 � convergence for a fixed band
�
φ � x � � � 1

10
� and approximately O � h 3

2 � convergence for computations in a band scaling with h �
�
φ � x � � � 3h �

7 Numerical examples in 3D.

7.1 Diffusion on the unit sphere.

We next demonstrate the heat equation on a sphere. Since the sphere has constant curvature, the
equation we solve is

ut � 1

1 � φ
2 ∆φ

∆u � (43)

Using spherical coordinates � r� θ � η � � we pick

u0 � η � � cos � η � (44)

as an initial condition. Since this function is an eigenmode of the Laplace-Beltrami on the sphere,
we calculate

u � η � t � � e
� 2t cos � η � (45)

as the exact solution of (43) with initial condition (44). We compare our numerical solution of
(43) with the exact solution (45) using the l∞ norm. We compute on a cubic grid with grid cells
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Figure 5: Convergence test for the heat equation (40) on the unit sphere. The plot shows relative
error computed at t � 1 using the l∞ norm.

of width h on each side. We use the standard centered discretization of the Laplacian combined
with explicit time stepping using a time step of k � 1

10 h2 � Figure 5 demonstrates convergence of
our scheme for both a band of fixed width

�
φ
� � 3

20 and a band that decreases with h � � φ � � 3h � We

observe O � h2 � convergence for the band of constant width and approximately O � h 3
2 � for the band

width proportional to h �

7.2 Advection on a torus.

We compute an advection equation on a curved Torus with the signed distance function

φ � x � y � z � �
�

z2 � � x2 � y2 � 1 � 1
2

� (46)

Adopting the parametrization

S � θ � η � ����� 1
2

cos η � 1 � cosθ � � 1
2

cosη � 1 � sinθ � 1
2

sinη � � (47)

we solve
ut � uη � 0 (48a)

u � η � 0 ��� f � η � � (48b)

Letting

g � x � � e
1

x � 1 � e
� 1

x

e
� 1

x � e
1

x � 1 �

we set the initial condition f to be

f � η � ��� g � η � π
π � � π

�
η
�

0

g � π � η
π � 0 � η � π

� (49)
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Figure 6: Graph of f � η � defined by (49).

so that f is a smooth function of period 2π consisting of an infinite number of Fourier modes (see
Figure 6). The exact solution of (48) is

u � η � t � � f � η � t � �

We again use the Lax-Wendroff scheme separately in each spatial direction and combine the direc-
tions using Strang splitting [20, 30]. For the convergence test, we shrink the width of the band by
requiring

�
φ
� �

3h � We observe O � h2 � convergence of the relative error, as may be seen in Figure
7.

7.3 Allen-Cahn Equation on a torus.

For our final example, we compute the Allen-Cahn equation,

ut � ε2∆Su � u3 � u � (50)

on the torus in the previous example. Equation (50) was introduced in [3] to model the evolution of
an order parameter representing the phase of a polycrystalline material. In this case, those phases
are represented by u ��� 1 � A well known property of solutions to (50) is that the diffuse-interface
between these two phases nearly moves by mean curvature. Evans, Soner, and Souganidis proved
in [11] that under appropriate scalings, as ε � 0 the limit of this interface motion is indeed motion
by mean curvature.

We perform two sets of computations in the narrow band
�
φ � x � � � 3h � where h is the cell width

of the cubic 120 � 120 � 120 grid on � � 2 � 2 � � � � 2 � 2 � � � � 2 � 2 � � We set ε � 2h for both examples.
When ε is chosen to be on the order of the grid size, care must be taken to check that no artificial
pinning of interfaces occurs [5, 6]. There is no such pinning in our simulations, however, and we
observe interfaces with a width of approximately five to seven grid cells. This width is comparable
to calculations of diffuse-interface motion in other works [14, 15, 33].
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Figure 7: Convergence test for the linear advection on a curved torus in � 3 � The plot shows relative
error computed at t � 1 using the l∞ norm.

For the first example, we set the initial condition to be

f � θ � η ����� 1
�
� θ � π

2 � 2 � � η � π
2 � 2 � 4

5

� 1 otherwise
� (51)

so that f is 1 inside a convex region, and � 1 outside that region. Figure 8 displays the results.
Although the initial data is discontinuous, the diffusion equation quickly creates a smooth interface
separating the two regions. The convex region shrinks slowly at first, but the dynamics accelerate
as the interface asymptotically approaches a circle before disappearing.

In the second example, we use the more complicated initial condition

f � θ � η ��� 2
5
� sin � 14θ � cos � 8θ � � cos � 11θ � cos � 6η � � � (52)

In this case u first evolves into a function that mostly takes on the values � 1 with smooth interfaces
between them. The interfaces then move by mean curvature until reaching the steady state shown
in the last frame of Figure 9. The phases have separated into rings around the torus. Although
the boundaries of these rings are curved in the embedding space, they have zero curvature on the
surface of the torus and thus remain stationary.

8 Conclusions.

We have introduced a modification to a recent method for computing PDEs on surfaces by rep-
resenting the surface as the level set of a signed distance function φ � By taking into account the
curvatures of the different level sets of φ � the modification results in PDEs that are better behaved
than those derived from the original method in [2, 4, 15, 21, 35]. We have not considered dynam-
ically evolving surfaces as in [2, 35], but believe this can be done as was the case for the original
method. It will be most effective to move the surface by an external velocity field that preserves
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t � 0 t � 1

t � 10 t � 20

t � 30 t � 35

Figure 8: Allen-Cahn equation. Motion by mean curvature shrinks convex regions asymptotically
to a circle before disappearing. We used the Matlab routine isosurface to render the surface. Any
jagged appearance of the interface is due to the visualization.
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t � 0 t � 1 � 65

t � 2 � 75 t � 5 � 5

t = 11 t = 38.5

Figure 9: Allen-Cahn equation. Although the rings around the torus in the final frame have nonzero
curvature in the embedding space, they have zero curvature on the torus and are thus a steady state.
We rendered the surface using the Matlab routine isosurface.
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the property
�
∇φ

� � 1 so that φ remains a signed distance function. This may be done by extending
the surface velocity as in [2] and [35]. We also wonder if these ideas have analogues for more typ-
ical level set methods, where a decision is often made on the PDE to be solved in the embedding
space. Perhaps there are more appropriate extensions of interface velocities or initial conditions to
be discovered.
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