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ABSTRACT OF THE DISSERTATION

Iterative Regularization and Nonlinear Inverse
Scale Space Methods in Image Restoration

by

Jinjun Xu
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2006
Professor Stanley J. Osher, Chair

Total variation regularization is a popular and important technique for image
restoration. In this dissertation, first we develop a new iterative regularization
procedure for inverse problems based on the use of generalized Bregman dis-
tances, with particular focus on the problems arising in total variation based
image restoration. We obtain rigorous convergence results and effective stopping
criterion for the general procedure. Specifically, when a discrepancy principle
is used as the stopping criterion, the error measured by the Bregman distance
between the reconstruction and the noise-free image decreases until termination,
The numerical results for denoising appear to give significant improvement over

standard models.

Then we generalize this discrete iterative regularization procedure to a time-
continuous inverse scale space formulation, which arises as reinterpreting the scale
parameter in the iterative regularization procedure as a time-step and letting it
go to zero. Similar properties as for iterative regularization procedure hold for
the inverse flow. For one-dimensional signal processing, the inverse flow can be

computed directly through an integro-differential equation, yielding high qual-
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ity restoration. In higher spatial dimensions, a relaxation technique has been

introduced to solve the inverse flow.

Finally, the iterative regularization and inverse scale space techniques are
successfully generalized from total variation based image restoration to wavelet

based image restoration.
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CHAPTER 1

Introduction

Due to its increasing applications, digital image processing has become a more and
more important and active research field in the past decade. For a recent review

of image denoising algorithms please refer to [CS05, BCM05, TO05, CEP05¢].

1.1 Images

Mathematically an image can be represented as a function f : Q — RY, where Q
is a bounded subset of R If d = 1, f is a one-dimensional (1D) signal; if d = 2,
f is a two-dimensional (2D) image. For simplicity, we use the word “image” for
all dimensions unless otherwise specified. The integer N is the number of the
color channels of the images. In general, N = 1 means f is a grey level image,
N = 3 means f is a color image (with RGB color values). In the scope of this
dissertation we will focus on the analysis of grey level images, i.e., N =1, fis a

scalar value function.

Given an original image g, which we refer to as a true image or a clean image,
its corrupted version f can be generally categorized as two main types: noisy
image f = g + n and blurry/noisy image f = Ag + n. Here n is noise which
is usually random and highly oscillatory data (cf. [MeyOl1]). A is an integral
operator, which in most case is a convolution kernel. We will mainly focus on the

restoration of noisy images.



In the discrete case, f is an array (1D) or a matrix (2D) defined on a grid. In
numerical experiments, the grid size can be set as h or simply A = 1 by rescaling
the parameters (e.g., A and t in the time-dependent Euler-Lagrange equation of
the ROF model). In all the numerical results presented in this dissertation, we

use h = 1 if not otherwise specified.

One important measurement characterizing the quality of images is the signal-
to-noise-ratio (SN R). It has many different definition in the literatures. Given a
clean image g and a noisy image f, one popular definition of SN R which is used

in this dissertation is

SNR(f) = 201logy, (M) : (1.1)

I = 7|2

where n = f — g is the noise, g and n are the average of the values g and n

respectively. || - ||z2 is the regular L? norm. In discrete case, if g is a M x N

. _ Z - Gij Z ‘Ig',‘l2
matrix, then g = 53257, ||g]/2 = AN

1.2 Total Variation Based Image Restoration

Given a noisy image f, we want to obtain a decomposition:
f=u+uv,

where u recovers the true image and v is the residual which is expected to be

noise.

This is an inverse problem and it has a very long history (cf., e.g., [MeyO1,
CS05]). One of the most successful and popular techniques for approximating

the solution of this problem is due to Rudin-Osher-Fatemi (cf. [ROF92] and also



their related work [OR90, RO94]), and is defined as follows:

— ; M F = ull? 1.2
= argin ooy -+ 317 = ol 12)

for some scale parameter A > 0, where BV (2) denotes the space of functions with

bounded variation on € and |- |gy denotes the BV seminorm, formally given by

ulpy = / V| dedy, (1.3)
Q

which is also referred to as the total variation (TV) of u. This variational problem
is called the ROF model. It has been used and analyzed by several authors in
several different contexts (cf. [AV94, CL97, CK97, CKP99, MO00, Nik00, Rin00,
Vog02, SC03, HM04]). Also, in [CL97] and subsequently in [Nik00, Nik97, Nik04,
Rin00, CEP05a, CEP0O5b] the “staircasing” effect of this model was analyzed. No
completely satisfying remedy has yet been found, e.g. see the results in Figures
2.2 (the part x € [0,120]) in Chapter 2. In spite of this phenomenon, the ROF
model is still quite popular. (In the one-dimensional case, (1.3) becomes |u|py =
[} |uz| dz where Q = I C R. For simplicity, in the following of this dissertation
we will drop dz and dzdy, ie., [, = [, dz for @ C R and [, = [, dzdy for

Q) C R? etc., unless otherwise specified.)

The use of the BV seminorm is essential since it allows us to recover images
with edges. It is well-known that this would be impossible if the first term
in (1.2) were replaced by J,(u) := [, [Vul? for any p > 1, which might seem
more attractive at a first glance due to differentiability and strict convexity. The
main reason for this effect is that for p > 1 the derivative of J, corresponds
to a nondegenerate elliptic differential operator of second order and thus has

a smoothing effect in the optimality condition, whereas for total variation the



operator is degenerate and only affects the level lines of the image.

The ideal result of the minimization procedure (1.2) would be to decompose
f into the true signal v and the additive noise v. In practice, this is not fully
attainable. We must expect to find some signal in v, and some smoothing of
textures in u. The concept “texture” is imprecise so far and the decomposition
depends on the scale parameter A. Large A corresponds to very little noise re-
moval, and hence u is close to f. Small A yields a blurry, oversmoothed u. These

statements can be quantified, as discussed below.

In his book [Mey01], Meyer did some very interesting analysis on the ROF
model. He began by characterizing textures which he defines as “highly oscillatory
patterns in image processing” as elements of the dual space of BV (2). This can

be motivated by using the rigorous definition of the BV seminorm

/ |Vu| = |ulpy = sup / uw(V - ). (1.4)
Q@ floc<1,EeC ()2 /€2

Here: € = (€1,&), €] = /€ + €. Defining the space G as the distributional

closure of the set

{w:v{:axmayfg

5603@)2},

equipped with the norm |jw||, = inf sup ]5 (x,y)|, Meyer showed that elements of
£ =y
this dual space GG can be regarded as textures. He also showed that the space G

arises implicitly in the ROF model as follows: For f = u + v, with u defined by



(1.2), we have

1
% e = U, =7, 1
7l <5r = u=00=7F (15)
1 1
2 55 = Nl = 550 [ w0 = lulavlol. (16)

The Euler-Lagrange equation arising in the ROF minimization (1.2) is:

Of course the expression on the left in (1.7) needs to be defined when |Vu| = 0.
This is easily done — see [Mey01].

We see that the term v, which was usually thrown away and which represents

1

noise, is an element of G with *—norm < % This expression is (formally) —g5

times the curvature of the level contour of u(z,y) at each point. Moreover, by

(1.6), it does have x—norm 55 if || f|l« > 55, as was shown in [Mey01].

The following interesting example of the effect of ROF minimization was ana-
lyzed in [Mey01, page 36]: Let f(z,y) = axgr(z,y) : R* — R where yg(z,y) =1
if \/22 +y? < R, xgr(z,y) = 0 otherwise. Meyer showed (a) || f||« = (QQ—R) and (b)

the f = u + v decomposition is as follows: If aAR > 1, then

1 1
U:(@—E)XPU U:EXR-

Notice that v is independent of a, which is quite surprising. If AR < 1, then
u =0, v=f. Clearly the ROF u + v decomposition is defective in this case.

The function v is certainly not noise.



Meyer then suggested a modified variational problem:

u-argm1n{|u!BV—l—)\\|f—uH } (1.8)

ueBV

Here we can think of a decomposition, f = u + v where u is a cartoon, or
primal sketch, and v is texture plus noise. This model is difficult to minimize
using the usual Euler-Lagrange equation approach due to the nonsmoothness of
both terms involved in the functional. However, it can be solved effectively as
the minimization of a smooth function subject to constraints, for example, as a

second-order cone program [GY04].

Vese and Osher [VOO03] approximated Meyer’s model by

u?c

(u,¢) = argmin {IU|BV +Af —u =V (lff +p (/Q |5|p>p} : (1.9)

with p > 1 and A\, u > 0. As A\,p — oo (1.9) approaches Meyer’s model. We
call the variational problem (1.9) the Vese-Osher model or the VO model. The
results displayed in [VO03| were quite good, especially in separating texture from
cartoon. Analytical results were also obtained in [VOO03] (following Meyer’s ap-
proach in [Mey01]):

f=u+v+w, with v:V-f

If u=0, then |f—-V- CH*_2A (1.10)
fC=0, then |V(u—f)ll, <L, whereq=—L—; (1.11)

) q_2)\> p_17
Bothu=0,(=0, < [f]< _2/\ HVqu_2A (1.12)

Yet another approximation to (1.9) was later constructed by Osher, Solé and



Vese [OSV03]

_ . Y ERNTD)
u—%ggBrgggg{ru|Bv+Aum (f u>|rL2}, (1.13)

see [OSV03] for details. We call this variational problem the Osher-Solé-Vese
model or the OSV model. The (L?)? fitting term used in the ROF model is
replaced by an (H~!)? fitting term. This is also an f = u + v model. Compared
to the BV +(L?)? decomposition of the ROF model, we call this decomposition

as BV+(H™1)% The resulting Euler-Lagrange equation is equivalent to:

1 Vu
o (Vo) = e

which is easy to solve, e.g. by using gradient descent method [OSV03]. This time
v is % times the Laplacian of the curvature of the level contours of u, the cartoon

version of f.

Following [OSV03], we can easily show for this model that

1
||A‘1f||*§5 = u=0v=f; (1.14)
AL > & = AT = & / (—A 0)u = Julpy ]| A~o]|(1.15)
* 2)\ * 2)\7 0 BV *ed.

It has been found experimentally by looking at the error term v found for
optimal choice of parameters that this model does a somewhat better job at de-
noising images than the ROF model (although there is more computational effort
involved), but does not do as well in separating cartoon from texture as the Vese-

Osher model [VOO03]. See also [AC05] for an explanation of this phenomenon.

Additional work on a cartoon/texture decomposition was done, e.g., in [CE05,
YGOO05] using BV+L!' decomposition, in [LV05a] using BV +BMO decomposi-
tion, in [LVO5b] using BV +H *(s > 0) decomposition, in [AABO05] using duality,



in [SEDO05] using a combination of sparse representations and TV regularization,
and in [KOO05] using a saddle point formulation which is based on (1.8). One of
the many reasons to separate cartoon from texture is to improve image inpaint-
ing algorithms. See [BVSO03] for a successful approach to this and [BSCO00] for a

pioneering paper on this subject.

Using duality, Chambolle [Cha04] constructed an algorithm solving for v di-
rectly in a way that simplifies the calculations needed to solve (1.2), (1.9) and
(1.13). Duality was also used in [CGMO00, Car02] to solve (1.2). This will be

discussed in Chapter 2.

We note that for each choice of the scale parameter A\ there is a o such that
problem (1.2) is equivalent to the constrained minimization problem

= i 1. —ul?, =2}, 1.1
u=asgmin{lulon st 1f = ulls = (1.16)

Often one has a reasonable estimate of o, whereas it is difficult to know how
to choose A in (1.2), which corresponds to the Lagrange multiplier for the noise
constraint in (1.16). The original ROF paper [ROF92] used a projected gradient
method to solve (1.16), in which A is dynamically updated so that the constraint
|f —ul|3, = 0% is kept throughout the evolution of the pseudo time-dependent
Euler-Lagrange equation. However, in most models developed after the ROF
model, which include the Vese-Osher model and the Osher-Solé-Vese model dis-
cussed above, A is a fixed value constant. The scale-dependent property of ROF
model was analyzed, e.g., in [SC03]. In this dissertation A is also set as a fixed
constant, which is independent of the spatial variable  and the time variable ¢.
We will see that the results using the new procedures described in the Chapter
2 and Chapter 3 are invariably much better than the constrained denoising of

ROF. The error is much smaller and the edges are sharper with the new models.



For example, a numerical experiment of such comparison is presented in Figure

2.2 in Chapter 2.

1.3 Contributions and Organizations of This Dissertation

As discussed above, for a (denoising) decomposition f = u + v from the ROF
model and many other variational methods, one will find some signal in the
removed residual part v, and some smoothing of textures in u. This problem
is referred to as the signal loss defect or contrast degradation (cf., e.g., [SCO03]).
The main work of this dissertation is to develop some techniques to solve this
problem. Besides image restoration, these techniques can be generalized to many

other inverse problems.

In Chapter 2 we design an iterative regularization procedure to improve ROF
restoration and its generalizations. Instead of stopping after recovering the min-
imizer v in (1.2), we call this solution u; and use it to compute us, us, etc. This
is done using the Bregman distance [Bre67] which will be defined in the context
in Section 2.3.1. If we call DP(u,v) the Bregman distance between u and v asso-
ciated to the functional J and its subgradient p € 0.J(v), the algorithm designed
to improve (1.2) is:

_ ind Drr-1 B — ull? 1.1
" %5553&%{ (, upr) + A f u||L2}, (1.17)

Pr—1 € 0J(ug_1) is unique or otherwise uniquely selected by our algorithm. The
sequence {uy} is shown monotonically converges to f, the noisy image. However

as k increases, for A sufficiently small the values u; also monotonically get closer



to the true noise free image ¢, in the sense of the Bregman distance, until:

luz = fllz < 7llg = 2,

for any 7 > 1. The ideal situation is to take A small and k large so that kX
converges to a critical time ¢ at which the estimate above is satisfied. These

results are generalized and made precise in Section 2.3.

Iterative procedures involving Bregman distance have been used before in
signal processing algorithms , e.g. in [Cet89, Cet91]. There, and in all the other
applications that we are aware of, the goal was to accelerate the computation
of the solution to a fixed problem, e.g. to solve the ROF minimization equation
(1.2). The approach probably closest to the iterative method is the one in [Cet89],

where each iteration step consists in computing
u = argmin D=1 (u, ug_q) subject to ||[Ku — fl|12 <€
u

for some ¢ > 0. The difference however, is that for increasing iteration, the
residual ||[Ku — f||z2 will, in general, not decrease further during the iteration
and hence, the iteration procedure rather yields a smoothing of the solution than
a closer approximation of the data f. Here the apparently novel idea is to replace
the variational problem (1.2) by a sequence (1.17) so as to obtain an improved
restoration, or indeed improved solution to a wide class of inverse problems.
Another new aspect of the approach is that an iteration with a Bregman distance
(in the generalized sense) is used, which is corresponding to a nondifferentiable

functional, the total variation.

We note that previously in [SGO1, TNV04] the authors constructed a sequence

of approximations {uy} using ROF with a quite different approach, used more to
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decompose images than to restore them. This will be commented on in Section

2.3.9.

We will also show how the iterative regularization procedure can be used
for other image restoration tasks, e.g. restoring blurry and noisy images, thus

improving the results of [RO94]|. The decomposition in this case becomes

f=Au+v

where A is a given compact operator, often a convolution using, e.g. a Gaus-
sian kernel. If A is not known, this becomes a blind deconvolution problem.
See [CW98]| for an interesting approach to blind deconvolution, also minimizing
functionals involving the BV seminorm. In [HMOO05] He, Marquina and Osher
generalized the iterative regularization idea to blind deconvolution and obtained

impressive results.

The iterative regularization procedure yields a sequence of convex variational
problems, evolving towards the noisy image. In Chapter 3, by reinterpreting the
scale parameter \ as a pseudo time-step At tending to zero, while the number of
iteration steps tends to infinity, we develop an inverse scale space flow. We obtain
similar properties for this new flow as for the iterative regularization procedure.
Specifically, when a discrepancy principle is used as the stopping criterion, the
error between the reconstruction and the noise-free image decreases until termi-
nation, even if only the noisy image is available and a bound on the variance of

the noise is known.

The inverse flow is computed directly for one-dimensional signals, yielding
high quality restorations. In higher spatial dimensions, we introduce a relaxation

technique using two evolution equations, which we call the relaxed inverse scale

11



space flow. These equations allow fast, accurate, efficient and straightforward
implementation. We investigate the properties of these new types of flows and
show their excellent denoising capabilities, wherein noise can be well removed

with minimal loss of contrast of larger objects.

Another important technique for image restoration is wavelet shrinkage (cf.,
e.g.,[Don95, DJ94, DJ95]). The relation between the total variation regularization
and wavelet shrinkage techniques has been studied by several authors, e.g., in
[CDL98, SWB04, SED05, DT05]. In the last part of this dissertation we extend
the iterative regularization and inverse scale space methods to wavelet-based

image restoration and obtain promising results. This is in Chapter 4.

The rest of this dissertation is organized as follows. Chapter 2 introduces the
iterative regularization method which has been presented in part in [OBGO05].
Chapter 3 presents the inverse scale space flow, along with its relaxation version
— relaxed inverse scale space flow which has been presented in part in [BOX05,
BGOO06]. Both chapters focus on the variational based image restoration. In
Chapter 4 we extend these two methods to wavelet based denoising which has

been presented in part in [XOO06].
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CHAPTER 2

Iterative Regularization Method

2.1 Introduction

In this chapter an iterative regularization procedure for inverse problems based
on the use of Bregman distances [Bre67] is introduced, with particular focus on
problems arising in image processing. The idea is motivated by the problem of
restoring noisy and blurry images via variational methods, by using total variation
regularization. Rigorous convergence results and effective stopping criterion for
the general procedure are obtained. The numerical results for denoising appear
to give significant improvement over standard models and preliminary results for

deblurring/denoising are very encouraging.

2.2 Using Geometry and Iterative Regularization

The work in this chapter has several immediate antecedents. In [TWBO03] Tas-
dizen, Whitaker, Burchard and Osher processed deformable surfaces via the level

set method [OS88]. The idea used was to

(a) first process the unit normals to a given initial surface;

(b) deform the surface so as to simultaneously process it and fit it to the pre-

viously computed surface.

13



The results were visually very pleasing, but no detailed theoretical analysis

has been obtained yet.

In [LOTO04] Lysaker, Osher and Tai borrowed the basic idea discussed above
and applied it to images as follows: (for implementation details and formal anal-

ysis, see [LOTO04]).

e Step 1: Given a noisy f, smooth the unit normal vectors 77y = by using

\Vf\

a one-harmonic map as in [VO02]

argmin {/ |vn\+u/ |n—n0|} 2.1)

where the scale parameter p > 0.

e Step 2: Replace the ROF minimization (1.2) by

— ; = _ )2
UQ—%EgBrél(lél){/Q (|Vu| — 7 Vu)—i-/\/g(f u) }

This minimization procedure attempts to match normals as well as grey level

values.

Unlike all the other methods discussed in this dissertation, the minimization

problem in step 1 is not convex and it does not produce an image wu; satisfying

= gﬁil. Because of this nonconvexity, we decided here to compute 77; by using
ROF itself:

e Step 1: First solve the ROF model to obtain

2
ul—%regBr‘gl(lgrzl){/Q \Vu\—i—)\/g(f u) }

Then define 77; = ‘g—%.
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e Step 2: Perform a correction step to obtain

_ : e )2
UQ—%I'GgBI‘I/l(ISIZ'l){/Q (|Vu| — i, Vu)—i-)\/g(f w) }

Then we make the following obvious, but crucial, observation:

—/ﬁl-Vu:/uV-ﬁlz/u<V-&).
Q Q Q |V,

But, from the Euler-Lagrange equations for ROF, we have:

Vu1
Ve~ N — ) = -2\
V| (f =) U1

(recall f =wuy + v1), and hence —/
Q

;- Vu = —/ 2 \uv; .
Q

We can thus rewrite Step 2 as

_ ~ )2 —
up = argmin {/Q |Vu]+)\/g[(f u) 2uv1]}

_ : N2 2
— %regBrél(lgzl){/Q |Vu]+)\/9(f+vl u) )\/Q(vl—l—Qvlf)}.

Since the last integral above is independent of u, we have

_ - 2
UQ—%I'GgBI‘I/l(IKIZI){/Q ]Vu]—i-/\/g(f—l—vl u)}

Remarkably, we are led to the concept that vy, the “noise” computed by the
ROF procedure should be added back to f, the original noisy image, and the sum

then processed by the ROF minimization procedure.
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2.2.1 Iterative Regularization: Total Variation Denoising

Clearly the above regularization process can be repeated. Moreover, the first step
can be put into this iterative framework by choosing initial values uy = 0 and
vg = 0. We shall give precise reasons why this is a good procedure, using the
concept of Bregman distance [Bre67, CT93] from convex programming, in the
next section. Specifically, we are proposing the following iterative regularization

procedure:

Algorithm 2.1 (Iterative Regularization on ROF Denoising).

e Initialize vg = 0;

o Fork=0,1, 2, ---: compute ugy1 as a minimizer of the modified ROF model

with new image f + vy, i.e.,

Uyl = ?ngBrll/l(isrll){lu|Bv+/\||f+Uk _UH%Q} (2.2)
and update
Vi1 = Vg -+ f — Uk+1- (23)

We certainly need a stopping criterion, which gives some information for which
k we would obtain an approximation as close as possible to the true noise-free
image ¢g. In the next section we shall show that the discrepancy principle is a
reasonable stopping rule; it consists in stopping the iterative procedure the first
time the residual |juy — f||z2 is of the same size as the noise level 0. We will
prove that some distance measure between the iterate u; and the true image
g decreases monotonically until the stopping index k is reached and that the
regularization procedure enjoys the usual semiconvergence properties of iterative

regularization methods; i.e., the reconstructed image uj obtained at the stopping

16



index converges to the true noise-free image as the noise level tends to zero
(in a stronger topology than the one of L*(2)). Note that if we do not stop the
iteration properly, the iterates would just converge to the noisy image f in L?*(§2),
and the total variation of the iterates could become unbounded, which is clearly

undesirable.

These facts indicate that, for denoising f, a good strategy is to proceed it-
eratively until the result gets noisier, say, until u;,; is more noisy than wug. Of
course, if we happen to have a good estimate of o, we can use the discrepancy

principle.

It is interesting to further understand how the iterative procedure (2.2), (2.3)

works. If we consider why uy might contain more signal than u; we have

Uy = f+v1 — vy = uy + 2v; — V.

This implies that for us to be less noisy than u;, we need 2v; — v9 to have more
signal than noise. This is indeed the case if the stopping index is greater than

one.

It is also clear that the results depend on A. If X\ is very large, we may
approximate the noisy image too much, and the stopping index may be satisfied
already after the first step. In such a case we may expect a bad reconstruction.
If X\ is small we oversmooth initially and can make sure that the stopping index is
not satisfied after one step. The numerical results at the end of this chapter will
confirm that the images ug, k= 1,2,---, become less blurry and noisy until the
stopping index is reached. Later they eventually become noisy, converging to the
original noisy image f. In the numerical experiments we also found out that if A

is sufficiently small, a further decrease does not have a large impact on the final
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reconstruction. Roughly speaking, by dividing A by two, the number of iterations
needed until the stopping index is reached doubles, and the final reconstruction
is almost the same. This fact induces the conjecture that there exists a limiting
flow of images on which this iterative procedure can be interpreted as an implicit
time discretization with time step A. If this is the case, then the dependence of
the results on A is somehow one-sided, i.e., only too large large values of A will
create bad reconstructions. This is true. In Chapter 3, A will be interpreted as
timestep and the discrete iterative regularization procedure will be developed to

a continuous inverse scale flow.

Example. It is instructive to see what this procedure does to the the specific

clean image mentioned in Section 1.2:

a, if /2?2 +y? <R,

f=axr= (2:4)

0, if v/22+4+y%>R.

If aAR > 1, Meyer’s result [Mey01] gives us

1 1
f:U1+1)1=(a_m)XR+EXR-
Then
1 1
f‘i"Ulz ((X—FE) XR:O[XR+EXRZUQ+U2-

This follows because we merely replace o by o + ﬁ% in the equation above. So
ug = f, as do all the ug, k& > 2. The objection that ROF degrades clean images

by shrinking extrema is no longer valid. Figure 2.1 illustrates this result.
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f+v

=2

Figure 2.1: (Example) ROF with a two-step iterative regularization
on a characteristic function. ROF degrades clean image, and this
is resolved by the iterative regularization.

If aAR < 1, we have

f:U1+U1 = O+C¥XR,

f+uv = 2axg.

Let n be the smallest integer for which naAR > 1. We have u,,_1 = 0,v,_1 =
(n — 1)axg. But u, = (na — ﬁ%) XR, Un = ﬁgXR- Finally, u,.1 = f, as do all
ug for K > n + 1. This illustrates the strongly nonlinear nature of this iterative
procedure. We go from a sequence of “restored” images, all of which are totally

black, to the true result in two steps.

The above results also apply to the radially symmetric piecewise constant
image f in (2.4) if radially symmetric noise that is not too large is added to
it. This follows from an analysis of the ROF model by Strong and Chan [SCO03].
Strong and Chan present numerical results that show that their analytical results

predict quite well the actual performance of ROF even on digital images with no
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radial symmetry.

Chambolle [Cha04] has shown that the problem dual to the TV regularization

(restoration) problem (1.2) is:

— ] - 22 2
o = argnin I~ f13: . 25)

where

K= cl{%v-g‘ge CHQ,R?), |€(2)] Sl,VmEQ}, (2.6)

with closure taken in the space G, i.e., v is a projection of f onto the convex set
IC. A simple alternative proof of this in the finite dimensional case can be found
in [GY04]. This minimization problem determines the “noise” v in f, whereas
the minimization problem (1.2) determines the “signal” w = f —v in f. The dual

version of the iterative regularization procedure (2.2) and (2.3) becomes:

Algorithm 2.2 (Dual Form of Iterative Regularized ROF Denoising).

o Initialize: vy = 0;

o [or k=0,1,2,---: compute vi1 as the minimizer of the modified dual prob-
lem, 1.e.,
Vg1 = arg&in{“p —(f+ Uk)H%Q} (2.7)
Note that
U1 = (f +vk) — Vrga- (2.8)

Although this procedure will not be used in this dissertation, it is included

here for its simplicity and elegance.

Note that had the dual iterates v; and the update (2.3) for them not been

introduced, the expression (2.2) for ug,1, in terms of only the primal iterates uy,
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would have had the much more complicated form

ueBV (

Upy1 = argmis% {]u|BV+>\H(/€+ 1)f—Zuj —u

}, for k=0,1,---. (2.9)

L2

where ug = 0.

2.2.2 Iterative Regularization: General Case

The above regularization procedure can be generalized to other inverse problems
and other regularization models, as to be outlined in the following and detailed
in the succeeding chapters. Specifically Algorithm 2.1 can be generalized to

regularization models of the form

m&n{J(u) + H(u, f)}, (2.10)

where J is a convex nonnegative regularization functional (for total variation
regularization we have J(u) = [, |[Vu|) and the fitting functional H is convex
nonnegative with respect to u for fixed f. As usual for convex functionals (cf.

[ET99]) we shall denote the subdifferential of J at a point u by

0J(u) = {p € BV (Q)*

J(v) > J(u) + (p,v —u), Yve BV(Q)}. (2.11)

After initializing vy = 0 and py = 0 € 0J(ug), the iterative procedure is given

by the sequence of variational problems

= argumin{J(u) — (u, prs) + H(u, f)} (2.12)

for k =1,2,---, where (-,-) denotes the standard duality product and py_; is a
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subgradient of J at ug_1.

As particular examples we may consider the following:

e the Vese-Osher model (1.9), which also minimizes over ¢ at each step. The
jth step yields the decomposition f 4+ wy = ugy1 + V - C;H + Wg41, With
wp = 0, via the minimization problem (1.9), with f replaced by f + wy, for

kE > 0.

e The Osher-Solé-Vese model (1.13), where we merely decompose f = u; + v,

and iterate via f 4+ vy = upi1 + vpq for £ > 1.

In principle, the iteration procedure can be written down for arbitrary func-
tionals H and J, but the well-definedness of the algorithm is not obvious since
one needs the existence of uy as the minimizer of a variational problem and the
existence of an associated subgradient p; for the next step. This will introduce

some conditions on J and H that will be discussed in further detail below.

2.3 Analysis of the Iterative Regularization Procedure

In the following a detailed analysis will be provided for the most important case

of functionals which are interested in this dissertation, namely
J(u) == |u|py (2.13)

and

H(u, f) == A||f — Kul72, (2.14)

with K : L?*(Q2) — H being a bounded linear operator whose kernel does not

include the space of continuous functions, and H being some Hilbert space. In
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this case it is easy to see that N(u) := J(u) + y/H(u,0) is an equivalent norm
on BV (). The case of more general J and H will be discussed in Section 2.3.4.
For quadratic H we can use Fréchet-derivatives instead of subgradients, they are
given by

OuH (-, f) = 2AK"(Ku — f),
where K* denotes the adjoint of K.

Note that due to the definition of H(-, f) on the larger space L?(f2), its gra-
dients can be considered as elements of this space, too, while the gradients of
J are in the larger space BV (£2)*, in general. This will have some interesting
implications on the regularity of subgradients of J(uy) we obtain through the it-

erative minimization procedure. Moreover, note that we can extend J to a convex

functional on L?*(Q) by setting J(u) = oo for u € L*(Q)\BV (Q). The identity

Ou(J+H(-, f)) =0J+0,H(- f)

holds (in BV (Q)*) for any f € L*(Q2). A detail proof of this assertion is referred
to [ET99, Proposition 5.6].

The general iterative regularization procedure can be formulated as follows:

Algorithm 2.3 (General Iterative Regularization). Let ug = 0, po = 0, and for
k=1,2,-,

e Compute uy as a minimizer of the convex functional

Qr(u) == J(u) — J(ug—1) — (Pr—1,u — up—1) + H(u, f), (2.15)

where (-, ) denotes the usual duality product.

o Compute p = pr—1 — OuH (ug, ) € 0J (uy).
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Note that in principle one could also start with different initial values that
satisfy po € 0J(ug). Since for ug # 0 an analytic expression for the subgradient
is not known, one would have to solve another complicated optimization problem

to determine pg, which seems to be not desirable from a practical standpoint.

2.3.1 Iterative Regularization and Bregman Distances

Before considering the well-definedness of the above Algorithm 2.3, the connection
to Bregman distances will be established first. For p(v) € 0.J(v), we define the

(nonnegative) quantity
DP) (u,v) = D5 (u,0) = J(u) = J(v) = (plv),u—v),  (2.16)

which is known as a generalized Bregman distance associated with J(-) (cf.
[Bre67, CT93, Kiw97] for an extension to nonsmooth functions). For simplic-
ity, we will drop the dependence on J(-) from the notation D) (u,v) in the

following. Moreover, if not otherwise specified, DY (u, v) = Dg(v) (u,v).

For a continuously differentiable functional there is a unique element in the
subdifferential and consequently a unique Bregman distance. In this case the
distance is just the difference at the point u between J(-) and the first-order
Taylor series approximation to J(:) at v. Moreover, if J(u) is strictly convex,
DP(u,v) is also strictly convex in u for each v, and as a consequence DP(u,v) =0

if and only if u = v.

Even for a continuously differentiable and strictly convex functional, the quan-
tity DP(u,v) is not a distance in the usual (metric) sense, since in general,
DPO) (y,v) # DP®W(v,u) and the triangle inequality does not hold. However,

it is a measure of closeness in the sense that DP(u,v) > 0 and DP(u,v) = 0 if
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u = v (if and only if for strictly convex functionals). For the case of a nonsmooth
and not strictly convex functional like the total variation, it is not clear if one can
introduce a Bregman distance for arbitrary « and v, since dJ(v) might be empty
or multivalued. However, one can consider a multivalued version of the Bregman
distance in this case, i.e., as the set including all D?(u,v) for all p € 0J(v). As we
shall prove below, this issue is not important for our purpose, since the iterative

regularization algorithm automatically selects a unique subgradient.

Here we give some examples of Bregman distance:

o J(u) = 4ull2s = & f, [uf?. then p = 9T(v) = v,

2
1 1
Do) = 5 [l =g [l = - v0)
2 Ja 2 Ja

1

= 3 ek = S0 = o=

= DPW(y,u).

o J(u) = 3||Vul]2: = 5 [, [Vu|?, assuming u, v satisfy Neumann boundary

conditions on boundaries, then p = 0.J(v) = —Auw,

1 1
DP(u,v) = 5/9|Vu|2—§/Q|Vv|2—(u—v,—Av)

1 1
= —/ |Vu|2——/ |Vou|* — (Vu — Vo, Vv)
2 Ja 2 Jo

1
= —/|VU—VU|2:J(u—v):J(v—u)
2 Ja
(

= DP “)(v,u).

e Total variation J(u) = |ulgy = [, |Vul|, assuming u, v satisfy Neumann
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Vu
[Vu|?

DP(u,v) = /Q|Vu|—/Q]VU\—<u—U,—V-%>
Vo
= Vu—/ Vv—<Vu—Vv,—>
|19 [ 19 o
Vu Vv
- <V“’ |Vu|‘|w>'

Note that in this case DP™) (u, v)ZDP(™ (v, u). In Section 3.2.2 we will revisit

boundary conditions on boundaries, then p = 9J(v) = =V -

this Bregman distance and show that if D?(u,v) = 0 for J(u) = |u|gy, then

u and v are the same up to a contrast change.

Remark. It is worthy to point out here that for total variation based image
restoration, J(u) = |u|gy, the Bregman distance DP(u,v) defined above
characterizes the distance between the two normal vectors \g_uul and ‘g—”v'.
Thus in the iterative reqularization procedures, we are not only smoothing
the grey levels of the image, but also fitting the normal vectors of restored

immages to a “smooth” one. In this sense we are able to expect refined and

better results in the iterates than the original models.

As we shall see below, we shall obtain convergence of the reconstructions
in the weak-* topology of BV () (and by compact embedding also in L?(2)),
which is the same kind of convergence one obtains for the reconstructions of the
ROF model (cf. [AV94]). From this viewpoint one may consider the Bregman
distance only as an auxiliary term used in the convergence analysis. However,
monotone decrease of some Bregman distances between the true image and the
computed reconstruction will also be obtained. This may be interpreted as an
additional indicator of the quality of the reconstruction, though the meaning of

the Bregman distance associated with the total variation is difficult to interpret.
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However, at least for some cases the convergence of Bregman distances can be

used to interpret the convergence speed of discontinuities (cf. [BO04]).

2.3.2 Well-Definedness of the Iterates

In the following it will be shown that the iterative procedure in Algorithm 2.3 is
well-defined, i.e., that )y has a minimizer u; and that one may find a suitable
subgradient pi. The latter will be obtained from the optimality condition for
the minimization of )y, which yields an interesting decomposition of f involving

“noise” at levels k and k£ — 1 and signal at each level k:

Proposition 2.3.1. Assume that J and H are given by (2.13) and (2.14), re-
spectively, and let ug = 0 and pg := 0 € dJ(ug). Then, for each k € N there

exists a minimizer u, of Qr and there exists a subgradient pr, € 0J(uy) and

qr = OuH (ug, ) = 2AK*(uy, — f) such that

Pk + Gk = Pr-1- (2.17)

If, in addition, K has no nullspace, then the minimizer uy is unique.

Proof. We prove the above result by induction. For & = 1, we have Q(u) =
J(u)+ H (u, ) and the existence of minimizers as well as the optimality condition
p1+ @ = po = 0 is well-known [AV94]. Moreover, with r := 2\(f — Kuy) € H

we have p; = K*ry.

Now we proceed from k—1 to k, and assume that p,_1 = K*rp_; for ry_; € H.

Under the above assumptions, the functional

Qr:u— J(u) — J(ug—1) — (Pr—1,u — ug—1) + H(u, f)
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is weak-* lower semicontinuous (due to convexity and local boundedness, cf.
[ET99]) and it is bounded below by H(u, f) due to the properties of subgra-

dients. Moreover, we can estimate

Qr(u) = J(u) = J(up—1) — (ri—1, f — Kug—1) +

1 1
M Ku— f— 57%71“%2 - JHW*IH;
1
> J(u) = J(ur—1) = (re—1, f — Kug_1) — ﬁllrmllia-

Since only the first term on the right-hand side of this inequality is not constant,
boundedness of Qy(u) implies boundedness of J(u) and consequently bounded-
ness of N(u). This shows that the level sets of Q) are bounded in the norm of
BV (Q), and therefore they are weak-* compact. Hence, there exists a minimizer
of Qx due to the fundamental theorem of optimization. Moreover, if K has no
nullspace, the strict convexity of H(-, f) and convexity of the other terms implies

the strict convexity of @k, and therefore the minimizer is unique. Since

(= (pr-1,)) = {=pe-1},

the optimality conditions for this problem imply

Prk—1 € 8J<U]g) + auH(uk7 f)7

which yields the existence of py € 0J(uy) and qp = 0, H (ug, f) = 2AK*(Kuy, — f)
satisfying (2.17). With r := rp_; — 2A(Kuy — f) € L*(Q) and p;, := K*r we
obtain (2.17). O
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Note that as a result of (2.17) we obtain that

k

k
o= 4= 2> K(f — Kuy).

j=1 j=1

i.e., the subgradient py, is equal to the adjoint applied the sum of residuals f—Ku;.
Moreover, the iterative algorithm 2.3 constructs a sequence of minimizers wuy such
that there exists pr € L*(Q) N dJ(uy,) (for smoothing K we even has pj, in the
image of K*), which can be thought of as a regularity property of wy, respective
of its level sets. This corresponds to results of Meyer [Mey01] for the ROF-model
showing that the indicator function of a ball may be a solution, but not the
indicator function of a square. In the same way we could show that the indicator
function of a square (or more generally a function whose level sets are squares)
cannot arise as an iterate in the regularization procedure. However, the method

may still converge to such solutions as k£ — oo.

We again consider some special cases:
e Denoising: If
H(u,f) = Alf = ullis = [ (f = (2.15)
i.e., K is the identity, we have 0, H (u, f) = 2A(u — f) and hence,
P+ 2 ug — f) =pp1, k=1,2,---, po=0.
If we set pr, = 2A\v, we obtain the usual decomposition (2.3):

f 4 vk = up + vg.
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e Deblurring: If
Hu, f) = A / (Au— f)? (2.19)

Q
for A: L?(Q) — L*(Q) being a compact linear operator (typically a con-
volution operator), we have 0H,(u, f) = 2A(A*(Au — f)), where A* is the

L?-adjoint operator of A, and hence,
pr+ 20A"(Aug, — f) = pi-1.

Notice that since pg = 0 = A*0 we may conclude inductively that p, €
R(A*), and hence there exist vy with p, = 2AA*v,. Hence, we can alterna-

tively write an update formula for v, given by
[+ = Auy + .

Finally one can see that the Osher-Sole-Vese model (1.13) can also be in-
terpreted as deblurring, with the compact operator A = VA™! and trans-
formed output f = Af.

e Binary Denoising: Another interesting example uses

H.£) = [ 1 =u (2.20)

(cf. [CEO05]), which is not everywhere differentiable. In this case the sub-
gradient of H with respect to u at uy consists of all functions ¢ € L*(2)
such that

q(x) € dsignfug(z) — f(z)] a.ex €
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with the generalized sign function

(

{1} if ¢t >0,

signft] = ¢ {1} ift <0,

[—1,1] ift=0.

\

Setting pr = Avgp we have the decomposition

{vg—1(z) + 1} a.e. where f(z) > ug(x),
vp € {vp_ ptsign[f—u] = ¢ {v,_ i (2) — 1} a.e. where f(z) < ug(x),
{vk_1(2)} + [-1,1] a.e. where f(z) = ug(x).

This is of interest in the study of binary (black and white) images [CE05],
where the noise structure is also binary, which is well reflected by the fact

that the noise is changed by a unit amount if f(z) # ux(z).

In this dissertation we will mainly focus on the denoising case. For the gen-
eralizations on the other two cases, one can refer to the work of He et. al. in

[HMOO5] (for blind deconvolution) and [HBOO5].

2.3.3 Convergence Analysis

Now some convergence properties of the iterative regularization process will be
studied. The analysis below is motivated by that of Hanke [Han97] who analyzed
Levenberg-Marquardt methods for ill-posed problems (also related to nonstation-
ary iterative Tikhonov regularization, cf. [HG98, GS00] and inverse scale space
methods cf. [SGO01]), which turns out to be a special case of the iterative regular-
ization strategy when using a quadratic regularization functional J(u) = ||ul| 12

for some Hilbert space norm.
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First, two important monotonicity properties of the residual and of the Breg-

man distance are shown below:

Proposition 2.3.2. Under the above assumptions, the sequence H(uy, f) ob-
tained from the iterates of Algorithm 2.3 is monotonically non-increasing, we

even have

H(ug, f) < H(ug, f) + DP** (ug, up—1) < H(up—1, f). (2.21)

Moreover, let u be such that J(u) < oo, then we have

DP*(u, ug) + DR (ug, up—1) + H(ug, f) < H(u, f) + DP*(u,up—1).  (2.22)

Proof. From the definition of subgradient and because u; minimizes Qy(u) we

have

H(uk,f) < H(uk, f) + J(Uk) — J(uk_l)— < U — Ug—1, Pk—1 >

= Qr(ur) < Qr(ur—1) = H(up—1, f),

which implies (2.21).

Next we use the following interesting identity for Bregman distances, which
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seems to have first been pointed out in [CT93]:

DP*(u, ug) — D" (u, ug—1) + DP (g, ug—1)
= J(u) — J(ug)+ < up — u, pg >
—J(u) + J(ug-1)— < Up—1 — U, pp_1 >
+J(ur) = J(up-1)+ < up—1 — U, pr-1 >
= < Up —U,Pk — Pk—1 > -
Replacing pr, — pr—1 by —¢x using equation (2.17) and using the fact that g is a
subgradient of H(-, f) at ug, we obtain
DP*(u,ug) — DP*=1(u, up—1) + DP* ' (ug, uk—1) = {q,u — ug)

< H(u, f) = H(ux, [),

which is equivalent to (2.22). O

If there exists a minimizer @ of H(-, f) with J(u) < oo, then we obtain in

particular from the choice v = @ in (2.22),

DP* (@, up) < DP*(a,ur) + D (g, ug-1)
< ‘Dpk(aauk)+Dpk71(uk7uk—1)+H(uk7f) _H<a7f)

< DPE (@, ug ). (2.23)

This result allows us to conclude a general convergence theorem:

Theorem 2.3.3 (Exact Data). Assume that there exists a minimizer @ € BV ()
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of H(-, f) such that J(u) < co. Then

J (@)

and in particular ug 1S a minimizing sequence.

Moreover, uy has a weak-* convergent subsequence in BV (), and the limit of
each weak-* convergent subsequence is a solution of Ku = f. If @ is the unique

solution of Ku = f, then uy — u in the weak-* topology in BV ().

Proof. We now sum (2.22) arriving at

D™ (i) + 3 (D" (uyy o) + H(uy, f) — H(it, f)] < D@, up) = J(@).

r=1

(2.25)
From DP*='(u,,u,_1) > 0 and the monotonicity of H(u,, f) due to (2.21), we

further conclude
DP*(t, ug) + k [H(ug, f) — H(a, f)] < J(a),

and the nonnegativity of the first term implies (2.24).

For f = K, (2.24) implies (together with the monotonicity of ||Kuy — f||%»
L

k
EA[Kug — flI7: <A |[Ku, — fl17: < J(@).

v=1
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From (2.24) and (2.17) we obtain

J@) =y D ) = () -

<p1/717 Uy, — ul/71>

WE

1

N
Il

N

-1

= J(ur) — J(uo) — (Pe—1,ue — W) + Y (Pv — Po—1, Uy — U)

<q1/v Uy — ﬂ>

Since ¢, = 2AK*(Ku, — f) in this case, we may further estimate

k-1

k—1

J(@) > J(ug) =20 (Kuy, — f, Kug — f) = 20> [ Ku, — f|?

v=1

k—1

> ()~ kA K~ I =30 Y [ Ku, — £

> J(uy) — 4T ().

v=1

Thus, J(ux) < 5J(@), and by equivalence of norms we obtain that

lur|pv < C(J (ug) + || Kugl]),

whose right-hand side is uniformly bounded. The further assertions then follow

by standard weak-* convergence techniques.

The above result is a typical convergence result for exact data. In the special
case of denoising it would mean that f = @ is of bounded variation, i.e., it does
not include any noise that is not of bounded variation. For the specific models

of denoising and deblurring considered above, this yields a rate of convergence:

Corollary 2.3.4. Under the assumptions of Theorem 2.3.3, the following results



hold:

e For denoising, i.e., for H given by (2.18), we have

17 —wille <4/ 22 = 0 ) (2.26)

if J(f) < 0.
e For deblurring, i.e., for H given by (2.19), we have

If — Augll 2 < %Z) =0 (k7?) (2.27)

if f=Au and J(a) < oo.

e For binary denoising, i.e., for H given by (2.20), we have

If =l < % =0 (k™) (2.28)

if J(f) < 0.

Next, we consider the noisy case; i.e., we suppose that g is the true noise-free

image and that @ is a minimizer of H (-, g) with H(a, g) = 0, which satisfies
H(u, f) < 6. (2.29)

The positive number § can be considered as the noise level (or rather as an
estimate for the noise level, which is easier to obtain in practice). For example,
in ROF model, H(a, f) = A||u — f||3, and then § = Ao?, where 0 = ||u — f| 12 is
the one defined in (1.16). The meaning of § will be specified for the special cases

below.
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In medical imaging, for example, one often has a very good estimate of the
noise induced by the imaging apparatus obtained by imaging known objects
(phantoms). In general, a procedure having been found satisfactory to estimate &
is to restrict the image to a square region which is “quiet” and contains no edges

and compute the standard deviation of this restriction of the image.

Theorem 2.3.5 (Noisy Data). Let @, f and g be such that @ is a minimizer
of H(-,g) and such that (2.29) holds. Then, as long as H(ug, f) > 0 (i.e., the
residual lies above the noise level), the Bregman distance between uy and 4 is

decreasing, more precisely,

DP¥ (T, uy) < DPE(1, ug,) + DP** (ug, ug—1) < DP*= (T, up—q).

Proof. From (2.22) we obtain by inserting (2.29)

Dpk(’l], uk) + DPk=1 (uk, Uk—l) + H(uk, f) <0+ Dpk_l(ﬂ, uk_l).

Thus, due to the non-negativity of DP(-,-), for H(ug, f) > 0 we may conclude
the decrease of DP+(w, uy). O

Note that, due to Theorem 2.3.5, we can obtain that if g is the noise-free
image and u is the true solution, iterations actually approach the true solution

until the residual in the iteration drops below the noise level.

The result of Theorem 2.3.5 yields a natural stopping rule, the so-called gener-
alized discrepancy principle (cf. [EHN96]), which consists in stopping the iteration
at the index k = k(6, f) given by

k=max{ k€ N| H(uy, f) > 710 }, (2.30)
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where 7 > 1. Note that due to the monotone decrease of H(uy, f), which is
guaranteed by (2.21), the stopping index k is well-defined. We also mention that
the choice 7 = 1 that would seem obvious with respect to the noise estimate is too
severe in order to guarantee the boundedness of J(uj) and the semiconvergence
of the regularization method as we shall see below, but this statement is also true

for other iterative regularization methods (cf. [EHN96]).

If we sum the inequality in the proof of Theorem 2.3.5, we obtain
k
RH (ug, f) < D7 (i, ux) + Y H(uy, f) < 0k + J(@),

v=1

ie.,

(2.31)

Theorem 2.3.6 (Semi-Convergence for Noisy Data). Let the assumptions of
Theorem 2.3.5 be satisfied and let the stopping index k be chosen according to
(2.30). Moreover, let Ku = f. Then, J(ugg) is uniformly bounded in § and
hence, as & — 0 there exists a weak-* convergent subsequence (ug,)) in BV (Q). If
the set {k(0)}ser+ is unbounded, the limit of each weak-* convergent subsequence

1s a solution of Ku = g.

Proof. By analogous reasoning, as in the proof of Theorem 2.3.3, we can derive

an estimate of the form

J(wy) < C(J (@) + ko)
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for k < k(d) and some positive constant C. From (2.31) we further obtain

7C

T—1

J(ugs)) <

and hence, J (u;;((;)) is bounded. The existence of converging subsequences then
follows from standard weak-* convergence techniques. In order to show that a
weak-* limit u satisfies Ku = ¢, we use again the estimate

J(a)
k. (0)

H(ugs), f) <6+

derived above. If k(&,) — oo for some subsequence &, then clearly H (ug(s), f) — 0
and from the lower semicontinuity of H in this case we obtain H(u,g) = 0 for

the limit, i.e., Ku = g for the special H we consider. O
We again consider this relation for the special cases:

e Denoising: for H given by (2.18) we obviously have & = g and hence, (2.29)

becomes

H(g,f)zk/Q (f—9) <.

Thus, 0 = % is an estimate for the variance of the noise, which can be
obtained from statistical tests in typical applications. The stopping rule
consists in terminating the iteration when the residual |[u — f||;2 drops
below this variance estimate o. For k < k we actually have the stronger

estimate
1
D (g u0) + D (g en) + 3 (1= 2 ) s = F1 < D (g0,

e Deblurring: for H given by (2.19) we have Au = ¢ and hence, (2.29) is
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again

H(a,f>=A/Q<f—g>2s5,

and o = % is an estimate for the variance of the noise in the output

image. For k < k we have
1
Dpk(ﬂ, Uk) + Dp’“‘l(uk, uk_l) + A (1 — ;) ||Auk - f”%z S Dpk_l(fb7uk_1).

Note that in the particular case of the Osher, Solé, Vese model [OSV03]
in equation (1.13) we have A = VA~ and f = VA~!f,, where f; is the

actual noisy image we obtain, and therefore the noise estimate is
MNIVA™ (fo — @)z <6,

i.e., an estimate of the variance of the noise in the H~!-norm is needed.

Binary Denoising: for H given by (2.20) we again have & = g and hence, if

we square (2.29) then

H(g, f)* =N </Q |f—g|)2 < &2

Because ([, |f —gl)* < (J, 1*)(Jy |f —g]?), if we assume Q is bounded

and [, 1 =1, then in this case o = % is a (rough) estimate for the variance
of the noise, the stopping rule is the same as for denoising, we stop when
the residual drops below the variance estimate. In this case we obtain for

kE<k

1
D" (o) + D )+ (1= 7 = Fllr < D (g 0),
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2.3.4 Further Generalizations

In the following some possible generalizations of the above procedure with re-
spect to the fitting functional H, the regularization functional .J and additional

constraints will be discussed.

We start with different regularization functionals J. The above analysis is not
restricted to the space BV (€2) and J being the BV seminorm. One can easily
generalize the results to other locally bounded, convex, and nonnegative regu-
larization functionals J defined on a Banach space U C L*(Q2). The conditions

needed on J are that:

e The level sets { u € U | J(u) < M } are compact in L?(Q) (or any stronger
topology than the one of L?(Q)) for all M € R and nonempty for M >
MQ > 0.

e J can be extended to a weakly lower semicontinuous functional from L?(£2)

to RU {+o0}.

Under these conditions, then by similar reasoning as above, there exists a
minimizer of the functional )5, which is the minimal property we need for the
well-definedness of the iterative procedure. If in addition J + H(-, f) is strictly
convex, then this minimizer is unique and we obtain a unique iterate u;. From
standard optimality theory for convex problems (cf. [ET99]), we may also con-
clude the decomposition (2.17) and the regularity p, € L?(2) C U*. The conver-
gence analysis with the same stopping rule can be carried out as above, with the
modification that the weak-* topology in BV has to be replaced by the topology

in which the level sets of J are compact.

Possible generalizations of the regularization functional include:
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e Anisotropic Total Variation: In order to obtain different minimizers like
indicator functions of squares as minimizers, one can use anisotropic regu-

larization functionals of the form

J(u) :/Q G(Vu)

with G : R? — R being a continuous one-homogeneous function (cf.
[EO04]). An example of particular interest is G(Vu) = |uy| + |u,|. Of
course, we can also use functions, which are not one-homogeneous like
G(Vu) = ||Vu|)3,, thus including standard Tikhonov-type regularization

techniques.

o Approximations of Total Variation: In several instances one rather mini-

mizes the smooth approximation

1w = [ VTP,

for some small constant € > 0 (cf. e.g. [DS96]). Such an approximation
simplifies numerical computations due to the differentiability of J. and may
help to avoid the staircasing effect in some cases. The analysis can be
carried out in the same way as above, and due to the strict convexity of .J,
for € > 0 one even obtains that the Bregman distance is a strict distance.
In the numerical experiments of this chapter this regularized .J. is used,

instead of using J(u) = |u|gy.

e Bounded variation norms: Instead of taking the seminorm in BV (2), one

might also use a full norm for the regularization, i.e.,

J(u) = lulpv + pllullz: (2.32)
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for constant p > 0. In this case, the Bregman distance DP(u,v) is bounded
below by pllu—v]|3,, and hence convergence of the Bregman distance implies
L2-convergence, which is interesting in particular for deblurring and for

more general fitting functionals as outlined below.

e Derivatives of bounded variation: another obvious generalization considered
by several authors (cf. [CMMO00, HS06]) is to use the bounded variation of

Vu, ie.,

I = [ 1%l

where D?u denotes the Hessian of u, or even more general functionals of

the form

J(u):/Q o(u, Vu, D*u),

with convex ¢ : R x R? x R?*?2 — R,. The analysis can be carried out
in the Banach space U = BV?(Q) of functions with second order bounded

variation.

o Mazimum-Entropy Regularization: A classical regularization functional in
the reconstruction of probability distributions is the entropy (cf. [Egg93,
EL93))

J(u) = — Entropy(u) = /Q (ulnu — u).

In this case the Bregman distance is the so-called Kullback-Leibler diver-

Dp(u,v):/ <uln2—u+v>,
Q v

which is well-known in information theory and statistics. The analysis can

gence

be carried out in spaces of Radon measures.

e Finite-dimensional approximations: by analogous reasoning one can con-
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sider the discrete version of all the models introduced above and obtains

the same type of convergence results.

For generalizations with respect to the fitting functional, the situation is more
delicate. In general, even under rather strong assumptions on H, the compact-
ness of level sets of the functional (), is not guaranteed, so that the iterates in
Algorithm 2.3 are possibly not well-defined. Moreover, we do not know any ar-
gument showing that the total variation of u; remains bounded (even for exact

data), so that the convergence analysis cannot be carried out as above.

Finally, generalizations to additional constraints would be of interest in prac-
tice. The iterative procedure then consists in minimizing @) subject to the ad-
ditional constraints. This is of importance e.g. for nonnegativity constraints or

for for multiplicative noise, where one wants to choose

e, (3)

subject to the constraint (cf. [RLO03])

C’(u):—l—i—/gzg:O.

If the constraint set is not empty, the analysis of well-definedness of the iterates
is of similar difficulty as in the unconstrained case, but the convergence analysis
cannot be carried over easily to additional constraints, in particular the update
formula (2.17) must involve additional terms corresponding to Lagrange multipli-
ers of the constraints. Since preliminary numerical experiments demonstrate the
success of the iterative regularization procedure also for multiplicative denoising,

such an analysis seems to be an important task for future research.
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2.3.5 Related Work

In interesting earlier work, [TNV04], the authors propose an iterative procedure
also based on the ROF model. They also generate a sequence u; which converges

to the given image f. It is interesting to compare the two approaches.

To recall: the approach described in Algorithm 2.3 is to compute u; as a

minimizer of the convex functional

Qulu) = A / (1= £+ J(w) = Twpr) — (Pt — )

for k =1,2,---, with uy = 0,p9 = 0 and compute py € {pr_1 — 2A(ux — f)} N

The Tadmor-Nezzar-Vese (TNV) approach is (in our language): set ug = 0

and compute u; as a minimizer of the convex functional

On(u) = A2F1 /Q (= )2 + J(u— )

fork=1,2,---.

For J(u) homogeneous of degree one, as in the ROF model, this can be rewrit-

ten as: minimize
= U — Up—
Qk(U)ZA/Q (U—f)2+<](2k—_11)-

Thus we see the differences: (1) The TNV algorithm uses a hierarchical de-
composition where the difference in total variation between u and the previous
iterate is computed. (2) A dyadic sequence of scales, A2*~! is used to obtain

convergence.
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The differences in performance can also be seen. If we define f = axpg for
aAR > 1 as in (2.4), the new algorithm recovers uy, = f for all £ > 2. The TNV

algorithm finds

1
uk:(a—m)m, k=12,---

Also, the new algorithm has a denoising aspect to it. Theorem 2.3.5 indicates
that the iterative refinement sequence u; has the property that Bregman distance
between u; and u, the true restored solution, decreases until the discrepancy
principle is satisfied. There is no such result in [TNV04]. Finally, we mention
that a similar approach as in [TNV04], but without proofs, can also found in the

earlier paper [SGO1].

2.4 Numerical Examples

In this section some numerical results using the iterative regularization procedure
will be presented. These examples concentrate on total variation denoising (and

thus use Algorithm 2.1. Some of the results were previously presented in [OBGO05].

Some notation and formula used here are: g is a clean signal (one-dimensional,
1D) or image (two-dimensional, 2D) and it is supposed to be unknown, the given
noisy data is f = g + n (noisy) or f = Ag + n (blurry and noisy), where n ~
N(0,0?) is Gaussian noise, ¢ = ||n||z2 is the variance of noise and it can also
be considered as the noise level. The grid size is h = 1. The decomposition
in the restored results is f = u + v (denoising) or f = Au + v (deblurring and
denoising), where u is the restored image and v is considered as a residual. Note
that the knowledge of the noise level is useful in the experiments only as a stopping

criterion via the discrepancy principle. The results are otherwise independent of
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the noise level. Variational methods applied to image processing often use noise

estimates as constraints.

All solutions to the variational problem (1.2) were obtained using gradient
descent in a standard fashion, see e.g. [ROF92]. This amounts to solving a
parabolic equation to steady state with normal derivative zero imposed at the
boundaries. The only nontrivial difficulty comes when |Vu| ~ 0. This is fixed,
as is usual, by perturbing J(u) = [, |[Vu| to J.(u) = [, /[Vul2 + €2, where €
is a small positive number, e.g. [DS96]. Without confusion, the subindex e will
be dropt from J, in the left of this section. In the examples below a very small
value € = 1079 is used!. The initial guess for first step was the noisy data f. For
succeeding iterates in the Bregman procedure (2.2) and (2.3), f will be replaced
by f+wvk_1 and the ROF procedure (1.2) will be proceeded again, with the initial

guess replaced by f + vx_1 or the previous iterate wuy_;.

The stopping rule for determining the “optimal” u; among the iterates {uy}

is described in Section 2.3.3, and can be simply restated as follows:

k= mk1n{||uk — fllzz < o} for denoising; (2.33)

k= mkin{||Auk — fllzz < o} for deblurring and denoising.  (2.34)

The first comparison is taken between the results of the iterative procedure

and the constrained denoising used in the original ROF paper [ROF92].

Example 1 (1D signal): In the first example a one-dimensional noisy signal
is considered. Figure 2.2a displays the original signal g. Figure 2.2b displays the
noisy signal f = g + n, where the variance of noise is ol||n||;2 = 9.45. Figure

2.2¢ shows the restored u obtained using ROF with the constraint ||u — f||p2 = o

'Note that in [OBGO5] we set J(u) = [, /|Vu|? + € so the € there is 10712
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(a) original g (b) f: noisy f. 0 =945
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Figure 2.2: (1D signal) Denoising comparison: constrained ROF vs. ROF with
iterative regularization.

48



[ROF92]. One could see the typical loss of accuracy in regions where there are
narrow peaks and valleys. In Figures 2.2d, 2.2e and 2.2f, the optimal results
ug of the iterative regularization procedure with A\ = 0.005,0.001, and 0.0005
are presented respectively. All three results are more accurate than the result
obtained with the one-step ROF minimization subject to a constraint on the L?
norm of the removed noise, especially near local minima and maxima of f. The
results also confirm numerically the assertion that using a smaller A (i.e., initially
over-smoothing) requires more regularization steps to get the optimal restoration.
Therefore k = k()\, o) does not only depend on the noise level o, but also on the

choice of .

Example 2 (1D signal): Another one-dimensional signal is considered.
The first experiment is due to the “restoration” of a clean signal. From Meyer’s
analysis (1.5) and (1.6), no matter how large A is, the residual v = f — u of the

original ROF procedure is either f or satisfies ||v]|. = In another word, it

1
will not be zero and thus we can not completely recover u = f for clean signal or
image by one-step ROF procedure. In Figure 2.3a a result u; with A = 0.005 is
shown, which corresponds to the one-step ROF restoration. Figure 2.3b shows a
second step result from the iterative regularization procedure. The improvement
is obvious. Next, for the noisy signal (SNR = 13.5) in Figure 2.3c containing
Gaussian noise whose ¢ = 10, the iterative regularization results uq, us, u3 are
displayed in Figures 2.3d, 2.3e, 2.3f respectively. A = 0.001. From u; (SNR =
10.4) to ug (SNR = 22.9), the results improved considerably. Succeeding u,
become noisy again for k > 3 (SNR = 22.7). One could conclude that k = 2 for

this example.

Example 3 (Fingerprint): From now on some two-dimensional images will

be tested. The first one is a noisy fingerprint image f as shown in Figure 2.4b,
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(a) clean: original g vs. u; (b) clean: g vs. usg
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Iterated ROF, 1D signal, noise-free
(c) original g vs. noisy f, o = 10 (d) g vs. uq
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Figure 2.3: (1D signal) ROF with iterative regularization on 1D signal (noise-free
& mnoisy) .
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which is corrupted by the original clean image ¢ in Figure 2.4a with a Gaussian

noise n shown in Figure 2.4c, o0 = ||n||z2 = 10.

(a) original g (b) noisy f (¢) noise n + 128

Tt e )

e

d): ROF .-.(.e)US:v:f—u

Figure 2.4: (Fingerprint) ROF restoration. Gaussian noise, o = || f—g||z2 = 10.0.
A = 0.085, || f —u||r2 = 10.2, visible signal can be found in the residual v = f —u.

First, the ROF model (1.2) is applied with A = 0.085. This produced a
restored image u with ||f — u||z2 = 10.2 & ¢. Some visible signal can be found
in the removed noise component v = f — w. This is a common problem for the
ROF model. The “signal loss” can also be observed by checking the error v — g.
Figure 2.4d-e show the results u, f —u + 128 and uw — g + 128. The shift by
adding 128 is used to make the small values of n, f — u and u — g more visible.
This technique will also be applied to the visualization of all noise n and residual
v or v, shown in this dissertation if not specifically specified. Next, ROF with

iterative regularization is applied to denoise f. A = 0.013. Notice that this time
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(a) uy (b) uz

(1) ||f—uk||L2 vs. k

40— . .

If-ul,

- - - gl

30

Figure 2.5: (Fingerprint) ROF with iterative regularization. Noisy image data
from Figure 2.4b. A = 0.013. Optimal restoration obtained when ||f — ugl| 2

drops below o at £ = 4. Noise returns in succeeding us, ug, ...
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the value of A\ is much smaller than the one used for ROF. As indicated before
this small A will over-smooth u;. But u; improves steadily as k increases, with uy
in Figure 2.5g giving the best restoration. Figure 2.5j shows the residual f — uy,
which contains only very little visible signal. Figure 2.51 is a plot of || f — ug|| 2 as
a function of the iterate k. It shows that || f —uy||z2 decreases monotonically with
k, first dropping below o at the optimal iterate k = 4, hence validating Theorem
2.3.5.

This example also shows visually why the iterative regularization procedure
can be considered as a multiscale restoration: the largest scale (carton and shape)
is restored first in the first step u;, and the finer scales are restored in the suc-

ceeding iterations, with bigger k u, restores finer scales.

(a) original g (b) noisy f (c) noise n + 128
B e L e T g
oy ﬁ- ol T T T
Lk AL
EEEEER 2 gpr
(RN T

Figure 2.6: (Synthetic shape image) From left to right: original image g; noisy
image f; Gaussian noise n = f — g, n + 128, o0 = 40.

Example 4 (Synthetic shape image): In this example, a synthetic image
containing various shapes and patterns is used to test the iterative regularization
procedure. Figure 2.6 shows the original image g, noisy image f and the Gaussian
noise n = f — ¢ (in the plot n 4+ 128 is used, as was explained before). o = 40,
SNR(f)=6.5. Figure 2.7 shows a sequence of results uy and f —uy, + 128, which

comes from the iterative regularized ROF procedure with A = 0.002. As can be
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(a) w1 (b) ug (c) us

f—up +128 f—us+128 f—uz+128

f—uq+128 f—us+128 f—ue+ 128

Figure 2.7: (Synthetic shape image) ROF with iterative regularization. Data from
Figure 2.6, ¢ = 40, A = 0.002. Optimal restoration obtained when || f — up||
drops below o at k = 5. SNR(us) = 11.7, SNR(u5) = 12.5, SN R(ug) = 12.2.
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(@) [If = uglls vs. & (b) lluk — gll2 vs. k (c) DP*(g, ur)
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Figure 2.8: (Synthetic shape image) From left to right: || f —ugl||2 vs. &; [Jux —g]|2
vs. k; Bregman distance DP*(g,uy). Data uy from Figure 2.7.

seen from the figure the restored results u; improve until the 5th step, at which
point the inequality || f — us||z2 < o first becomes satisfied. Then the succeeding
ug(k > 6) become noisier, again validating Theorem 2.3.5. Figure 2.8 shows
some quantities related with these results: ||f —ug||z2 vs. k, the error |Jug — g|| 2
vs. k and the Bregman distance DP*(g,uy). One could see that: ||f — ||z is
monotonically decreasing w.r.t. k; ||g — ug|/z2 also attains its minimum at the
optimal point k (This is not generally true for all of the numerical examples here.
Often the smallest true L? error occurs for one or two more more regularization
iterations); DP*(u,uy) is decreasing for & < k, as predicted by Theorem 2.3.5. It
is interesting that this quantity sometimes continues to decrease well after noise

has returned to the iterate uy, see Figure 2.8c.

Next, to illustrate the relationship between A and the optimal step k(), o),
another two different A values are used to denoise the same noisy image in Figure
2.6b. Figure 2.9 displays the results for A = 0.004. The restoration ug is the
best, k(0.004) = 3. Figure 2.10 presents the results for A = 0.006 and shows that
uy is the best, k£(0.006) = 2. Moreover, as previously stated k(0.002) = 5. This

verifies that k(\) monotonically decreases as A increases, or equivalently, as the
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f—up +128 J—ua+128
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Figure 2.9: (Synthetic shape image) ROF with iterative regularization. Data
from Figure 2.6. A = 0.004. Optimal restoration obtained when ||f — ugl|r2
drops below o at k = 3. SNR(u;) = 3.9, SNR(uy) = 10.8, SNR(u3) = 12.6,
SNR(ug) = 11.2.
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(d) f—up +128

(e) f—us+128

() If —ukll2 vs. k

(h) [Jux — gll2 vs. i (c) DP*(g,ux)
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Figure 2.10: (Synthetic shape image) ROF with iterative regularization. Data
from Figure 2.6. A = 0.006. Optimal restoration obtained when || f —uy|[z> drops
below o at k= 2. SNR(uy) = 5.8, SNR(uz) = 12.6, SNR(u3) = 10.9.

o7



amount of initial over-smoothing decreases.

Example 5 (Textured image): In this example denoising a textured image
is considered. The noisy data is the one same as in Lysaker-Osher-Tai [LOT04],
o =172, SNR = 9.4. As can be seen in Figure 2.11, for A\ = 0.02, the results
improved considerably from wu; to us, and got noisy again from wus. us gave the

best restoration in this example.

Example 6 (Satellite): This example denoises a satellite image. The data
is shown in the first row of Figure 2.12. ¢ =40, SNR = 5.1. For A = 0.0055, us
yields the best restoration, with almost all signal restored and very little visible
signal in the residual. In uz and succeeding wux, k& > 3, some noise comes back.

This is displayed in Figure 2.12.

Example 7 (Satellite deblurring): As mentioned before, the iterative
procedure can be generalized to many cases such as deblurring. In [HMOO05] He,
Marquina and Osher developed the Bregman based iterative blind deconvolution.
Thanks to their generous help one deblurring+denosing example is presented in
here: a clean satellite image ¢ is blurred by a Gaussian kernel (A x ¢g) and added
with Gaussian noise, f = A g+ n, 0 = 10, and then proceeded with iterative
regularized blind deconvolution. Figure 2.13 shows the data and results. A = 0.1.
With iterative regularization, uy recovers more signal than wuy, especially small
details. The restored image uy has the least noise, but us appears to be sharper.
Succeeding iterations (k > 4) become noisier. For more details about the iterative

regularized blind deconvolution, please refer to [HMOO05].
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(a) original ¢ i (c) noise n + 128

Figure 2.11: (Textured image) ROF with iterative regularization. Data from
[LOTO04]. A = 0.02. Optimal restoration obtained at us. SNR(u;) = 5.9,
SNR(uy) = 10.7, SNR(u3) = 10.4.
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(a) original g (b) noisy f (c) noise n + 128

Figure 2.12: (Satellite image) ROF with iterative regularization. A = 0.0055.
Optimal restoration obtained at us. SNR(uy) = 12.6, SNR(uy) = 15.1,
SN R(uz) = 10.5.
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(a) original g (b) blurred: A*g (¢) blurred & noisy f

(h) f — A%uy +128 (i) f — Axup + 128

Figure 2.13: (Satellite image, deblurring+denoising) ROF with iterative regular-
ization. A = 0.1.
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2.5 Discussion and Conclusion

In this chapter we introduced a new iterative regularization procedure for inverse
problems based on the use of generalized Bregman distances, with particular fo-
cus on problems arising in total variation based image restoration. We obtained
rigorous convergence analysis and effective stopping criterion. The numerical
results for denoising appear to give significant improvement over standard mod-
els. The iterative regularization procedure can be generalized to many types of

variational models and inverse problems.

One important parameter of the iterative regularization procedure is the scale
parameter A\. This was briefly discussed in Section 2.2.1. As we have seen in
the numerical experiments, smaller A corresponds to more iterations to reach the
stopping point and the optimal results seem to be better than that of using larger
A and fewer iterations. But its corresponding computation cost is more expensive.
In next chapter we will reinterpret A as a pseudo time-step which tends to zero
and generalize the iterations to a time-continuous inverse scale space flow. In
most cases, for example, the relaxed inverse scale space of ROF model has about
the same computational complexity as using standard gradient descent methods

to solve the original ROF (1.2). We will detail these in Chapter 3.
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CHAPTER 3

Nonlinear Inverse Scale Space Methods

3.1 Introduction

In this chapter we generalize the iterative regularization method (IRM) described

in previous chapter to a time-continuous inverse scale space (ISS) formulation.

Since the noise in images is usually expected to be a small scale feature,
particular attention has been paid to methods separating scales, in particular
those smoothing small scale features faster than large scale ones, so-called scale

space methods.

Scale space methods are obtained for example by nonlinear diffusion filters
[PM90] of the form
du

5 div(y(|Vul|*)Vu), (3.1)

in QxR with u(z,0) = f(x), where f : Q — R denotes the given image intensity
(92 being a bounded open subset in R?) and u : 2 xR, — R the flow of smoothed
images. The diffusion coefficient involves a positive and monotone function . For
such methods it can be shown that small scales are smoothed faster than large
ones, so if the method is stopped at a suitable final time, we may expect that
noise is smoothed while large-scale features are preserved to some extent. For

some examples of linear and nonlinear scale-spaces see [Wit83, PM90, ALM92,

Wei99, KMS00, GSZ04] and the references therein. Diffusion filters can be related
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to regularization theory (cf. [SWO00]) with certain regularization functionals, but
theoretical foundations of choosing optimal stopping times are still missing (see

[IMNO03, GSZ05] for two recent studies concerning the stopping time problem).

Inverse scale space methods have been introduced in [SGO1], which are based
on a different paradigm. Instead of starting with the noisy image and gradually
smoothing it, inverse scale space methods start with the image u(z,0) = 0 and
approach the noisy image f (which will be normalized to have mean zero) as time
increases, with large scales converging faster than small ones. Thus, if the method
is stopped at a suitable time, large scale features may already be incorporated
into the reconstruction, while small scale features (including the “noise”) are still
missing. The inverse scale space method can also be related to regularization
theory, in particular iterated Tikhonov regularization (cf. [GS00, SG01]) with
the same regularization functionals as for diffusion filters. The construction of
inverse scale space methods in [SGO1] worked well for quadratic regularization
functionals, which led to an interesting, but linear evolution equation, but did
not yield convincing results for other important functionals, in particular for the
total variation. In this chapter we present a different version of constructing
inverse scale space (ISS) methods as the limit of an iterative regularization pro-
cedure described in previous chapter and demonstrate its applicability to image
restoration. With the new approach we are able to easily implement nonlinear
inverse scale space methods for the total variation functional, and, in contrast
to diffusion filters, a rigorously justified and simple stopping criterion will be

obtained for the methods.
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3.2 Inverse Scale Space Methods

In the following we generalize the concept of inverse scale space theory introduced

in [GS00, SGO1] in the context of Tikhonov regularization for the case

J(u) = %/Q V2. (3.2)

We shall derive general inverse scale space methods as a limit of the iterative

regularization procedure for A — 0, with particular emphasis on the functional

() = /Q N (3.3)

€ > 0 is a small constant.

Instead of (1.2), we replace the scale parameter A by % and rewrite the ROF

minimization as

, A
u:argmln{|U|Bv+§||f—u||%2}. (3.4)

ueBV(Q)
Note that A is a notation for a constant parameter. This change will facilitate

the discussion in this chapter and will be used from now on.

Now we recall from previous chapter that for a special A > 0 the iterative
refinement procedure for ROF constructs sequences uy of primal and py of dual

variables such that ug = pg = 0,

A
— 3 Dpk—l -~ — — 2
= gy {7 ) 317 -l
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From the Euler-Lagrange equation

Pk — Pr—1+ Mug — f) =0

we are led to the dual iteration

Pk = Pho

A :f_ukv k:1727

for the updates. We now reinterpret A = At as a time step and the difference
quotient on the left-hand side as an approximation of a time derivative. Setting
t, = kAt, p(ty) = pr, and u(ty) = ug, we have pp_1 = p(tr_1) = p(tx, — At) and

thus
p(te) — p(tr — At)

Al = f — U(tk>

For At | 0 (dropping the subindex k) we arrive at the differential equation

%(t) =f—u(t),  pt)€dJ(ut)), (3.5)

with initial values given by u(0) = p(0) = 0.

In order to obtain well-posedness also if .J is only the total variation seminorm
(or any other functional vanishing on constant functions), we shall always assume
in the following that the image f is scaled such that [, f = 0. At this point we
mention that all the inverse scale space methods and arguments discussed below
can be generalized in a straightforward way for fQ f # 0, with the only difference

that the initial value has to be chosen as the constant u = ‘ﬁl| fQ f

If the flow u(t) according to (3.5) exists and is well behaved, it is an inverse
scale space method in the sense of [GS00]. This means that the flow starts

at u(0) = 0 and incorporates finer and finer scales (with the concept of scale
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depending on the functional J) finally converging again to the image f ast — oo,
ie. tli)rgo u(t) = f. Through (3.5) the image u(t) flows from the smoothest possible
image (u(0) = 0) to the noisy image f. Our goal is to use the flow to denoise
the image, and therefore we shall use a finite stopping time for the flow. As we
shall see below, we can use a simple stopping criterion related to the fitting term
[u(t) = fllz2 only.

The inverse scale space (ISS) approach should give more accurate results than
the iterative regularization method (IRM) because we can compute the stopping
time more accurately in the ISS approach due to the continuous evolution. This
is borne out to some degree by our results in Section 3.6, but the differences
are small. (Of course both methods are significantly better than solving the
standard variational problem (3.4), even with the best choice of the parameter
A). We mention that with careful choice of parameter, the IRM corresponds to
an implicit Euler discretization of the ISS so that similarities are not surprising.
However, under such conditions the IRM requires many solutions of (3.4), with
a modified f, which creates quite a high computational effort. The ISS approach
gives a chance to create a much faster algorithm, which is true in particular after
a relaxation we shall introduce below. The complexity can be reduced to that
of using a simple forward Euler time integration of two evolution equations, and
their structure is such that there is no severe time step restriction for stability.
Of course, using the relaxation we only solve a (reliable) approximation to ISS
instead the true evolution equation, which slightly reduces the accuracy but in a
controllable way (via a relaxation parameter). From these reasons and from the
detailed elaborations below it seems clear that the ISS can yield some superior
properties compared to IRM, and due to its scale space interpretation it is more

appealing for a wide community in image processing.
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3.2.1 Behaviour for Quadratic Regularization

We start by briefly reviewing the results obtained in [GS00] for the quadratic
regularization (3.2). In this case we obtain from the variation of the functional

J the boundary value problem

—Au = p in €,

% =0 on 0f),

e

Given p with fQ p = 0, there exists a unique solution wu.

A simple manipulation (and the fact that % = 0) leads us to the equation
) .
=)= A7 f) = ~Alu— f),
with the notation A := —(A)~!. Thus, the function w = u— f satisfies an integro-

differential equation (the integral kernel corresponds to the Green’s function of

—A), whose solution is given by
u(t) — f = w(t) = e “w(0) = —e1f.

It is well-known that A is a positive definite operator and thus, e *4 f decays to
zero. As a consequence, the difference u(t) — f = —e "4 f decays exponentially
as t — o0o. Also, as a consequence of the results of the following section, for any
function g for which [|Vg|[z2 < co and [, g = 0, then the error ||V (u(t) — g)||.2
decreases as long as ||u(t)— f|z2 > ||lg— f|| 2. This indicates that the inverse scale

space procedure is a good alternative to the classical Wiener filter or diffusion
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filtering via the heat equation
Oyu(t) = Au(t), u(0) = f.

3.2.2 General Convex Regularization

We consider the case of general convex functionals J : i/ — R on a Banach space
U (the digital image in R is then interpreted as the discretization on a grid).
If J is continuously differentiable, we can compute the implicitly defined primal
variable u = u(p) as the solution of J'(u(p)) = p. Note that if J is smooth and
strictly convex, the Hessian H = J” is positive definite, and hence, the existence
of a solution is guaranteed under a standard condition like J(0) = 0 by the inverse

function theorem.

A possibility to invert the equation for u is the use of the dual functional (or

convex conjugate, cf. [ET99]), defined by

7(p) = s tup) - 700 | (3.6)

u

Then one can easily show that p € 0,J(u) is equivalent to v € 9,J*(p) and we
obtain an explicit relation for u(p) provided we can compute the dual functional
J*.

Under the above conditions, we can obtain some important estimates for the
inverse scale space flow (3.5) associated to J. We start by computing the time-

derivative of the fitting functional and the (partial) time derivative of u:

1d .
S llu®) = fI = (u(t) = £, Buu(t)
duu(t) = (0, (p(1))) = H* (p(t)Oip(t) = —H (p(t))(u(t) — f).
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where we used the notation H* = ﬁng * for the Hessian of the dual functional.

J* is strictly convex, then there exists a constant a > 0 such that

(o, H*(0)) > allelZ2

for all ¢, q € U*. Hence, combining the above estimates we deduce

S llu = fllZe = —(u(t) = £, H*(p(t))(u(t) = f)) < —allu— [l

and using Gronwall’s inequality we have

lu(t) = fllze < e uls) = fllze < eI fll.2

If

if t > s. Thus, as t — 0o we obtain convergence u(t) — f with exponential decay

of the error in the L?-norm.

Note that for the above L2-estimates, we do not need severe assumptions on

f, so that the estimate holds for a clean image as well as for a noisy version used

in the algorithm. If we assume that f is a clean image and J(f) < oo, then we

can also obtain a decay estimate on the error in the Bregman distance via

SO (ful) = LI~ T(n) — (f —ult) p(0)]
= — ule). B0} = —Jult) —

We can also have the following convergence of p(t) to ¢ € dJ(f) if we assume

the stronger condition ¢ € L? (a so-called source condition, cf. [BO04]). From
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(3.5) we proceed formally to

1d

5P —dllz: = (Ow(0),p(t) = 4) = (f —u,p(t) =)

= _Dp<f7u)_Dq<u7f)'

So for strictly convex smooth J and for J(f) < oo we have that the subgradient
of u(t) monotonically goes to the subgradient of f in L?. Also, there are subse-
quences in t going to infinity for which both DP(f, u(t)) and D?(u(t), f) converge
to zero. Moreover, we can integrate the last inequality from time zero to ¢, which

gives

(Ip(®) = allz> = 1lp(0) — qllZ2) + /0 [DP(f,u(s)) + D(uls), f)] ds = 0.

DN | —

Since p(0) = 0, ||p(t)—ql|2, and D?(u(s), f) are nonnegative, and DPUE) (f u(s)) >
DPEO)(f u(t)) for s < t, we obtain

g2
o

DP(f,u(t)) <

All results so far give information about the convergence of u to the clean
image f (with a finite value J(f)) only. In a more practical situation, f is the
noisy version of an image g to be restored, and we might even have J(f) = oo,

while J(g) < co. In this case we can state the following proposition:

Proposition 3.2.1. For the above conditions, the Bregman distance DP(g,u(t))

is decreasing with time at least as long as || f —u(t)||z2 > o, where || f —gl[2 < 0.
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Proof. As in the case of the clean image we directly compute

d

al)p(g7 u) = <—atp<t),g — U(t>> = _<f - u(t)vg - u<t)>

= —|f —u®|F:— (f —u®),g— f)

=l N = gllze

<
- 2 2

The last term on the right-hand side is negative if || f — u(t)||2 > || f — gl|2. O

This means that u(t) approaches any “noise free” image ¢ in the sense of
Bregman distance, as long as the residual (the L? difference between u(t) and
f) is larger than the difference between the noisy image f and g. The left-hand
side, namely the residual ||f — u(t)||z2 can be monitored during the iteration,
it only involves the known noisy image f and the computed restoration wu(t).
The right-hand side is not known for the “real” image g to be restored, since g
itself is unknown. However, in typical imaging situations, an estimate for the
noise variance is known, which yields a bound of the form || f — g||zz < 0. The
above estimate guarantees that the distance DP(g,u) is decreasing at least as
long as ||f — u(t)||z2 > o, and one could terminate the inverse scale space flow
for the minimal & such that ||f — u(k)|[z2 = o. This stopping criterion is well-
known in the theory of iterative regularization of inverse problems as the so-called
discrepancy principle (cf. [EHN96, Pla96] for a detailed discussion). This is a

key justification for our denoising approach.

We emphasize this result because the Bregman distance is stronger than L?
for the regularization we are considering here, which is significant for denoising.
1

For example, if J(u) = 1 [, u® = %||u/|3. then the inverse scale space equation is

Owu=f—u, u(0)=0,
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and D(g,u) = 3|lg — ul|3.. Clearly, for any L? function g, we have

d 1
Zllg — ule < 5 (1 = ulls = 1 = gli%).

and ||g — u||p> decreases until || f — u(t)||z2 < ||f — gllz2. This does not imply
any sort of regularization or denoising! If, on the other hand, J(u) = 3 [, |Vul?,

then we have

d 1
SV —wllze < 5 (If = ullza = If = gllz2)

and we do have a regularization effect for [, |[Vg|* < co.

For the total variation functional

I = [ 194l

then, formally,

Vg-Vu Vg Vu
DP — 7 ) = =
(9,v) / ('W' vl ) <V9’ i |Vu|>

(ignoring the case of |Vu| = 0) and this diminishes as the normal to the level
curves {u = c} line up with those of {g = c¢}. Although DP(g,u) can vanish
for g not identical to w, it is fairly easy to show that DP(g,u) = 0 implies that
g = R(u), R being a non-decreasing function. This means that g and u are the
same up to a contrast change. For a discussion of this kind of morphological
equivalence, see [AGL93]. The proof can be outlined as follows: DP(g,u) = 0
implies Vg = |Vg||§—zl. When taking the curl of this equation, the resulting linear
partial differential equation for u has the general solution u = F(|Vg|/|Vul|),

which means that |Vg| = |Vu|r(u) for some nonnegative function r. The solution
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to this eikonal equation is ¢ = R(u), where R’ =r.

3.2.3 Conservation and Scaling Properties

So far we have mainly used dissipation properties to analyze the convergence
behaviour of the inverse scale space approach. Some interesting insights can also

be gained by investigating conserved quantities and scaling properties of the flow.

A natural quantity to be conserved in image processing is the mean value of
the image. Here we assume that fﬂ f =0, and of course a natural regularization

functional for denoising should satisfy the invariance
J(v) = J(v+¢), Vvel,ceR.
Then, for v = u + 1 the subgradient p satisfies

/Qp=<p,1>=<p,v—u> < J(0) = J(w) = J(u+1) — J(u) = 0.

Similarly for v = u — 1 we have fQ p > 0. Consequently

0=%/52p=/98tp=/9(f—%0=—/ﬂu,

i.e., u has mean zero.

Another interesting property concerns the scaling of solutions. We consider
the case f = af for some a € R, and @ (with subgradient p) denotes the solution
of (3.5) with f replaced by f. Then, depending on the scaling properties of the

regularization functional J, we obtain interesting rescalings of the flow.

Proposition 3.2.2. Under the above conditions and notations, there is the fol-

lowing connections between u, p and U, p:
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o If J is quadratic (such as (3.2)), i.e., J(aw) = a*J(v) for allv € U, then

U= au, p= ap.

e [f J is positively one-homogeneous (such as the total variation), i.e., J(av) =

aJ(v) for allv € U, then a(t) = au(a™tt), p(t) = p(a™'t).

o If J is the reqularized total variation, i.e. J(v) = [, \/|Vul? + €2, then
u(t) = au(a™'t), p(t) = p(a™'t) for ¢ = ae.

Proof. For all cases we have
op=f—a=alf—a'w), peadl(q).
In the quadratic case we have d.J(u) = adJ(a~'a) and hence

O(a™'p) = f — (a '), a'p e aJ(ata).

1

This means a4 is a solution of (3.5) with subgradient a~'p, and by uniqueness

U= au, p= ap.
If J is a positively homogeneous of degree one functional like the total varia-
tion, then 0.J(au) = dJ(u). Hence, with the notation as above, we obtain (with

time variable t)
alop=f—(ata), pedlalta).

After an additional time rescaling t = at we obtain again that a~'u(t) is a
solution of (3.5) with subgradient p(¢). Again, by uniqueness, we obtain that

for a solution u of (3.5) with image f, the rescaling cu(a~'t) is a solution with

image f = af.
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In the case of the regularized total variation the proof is analogous, noticing

that
/\/|vay2+52=/ V[V + &.
Q Q

O

Proposition 3.2.2 yields a certain scaling invariance of the algorithm, in any
case the inverse scale space evolution with some image f can be obtained from
the evolution with rescaled image. In the case of regularized total variation it
confirms the rather obvious fact that the regularization parameter ¢ should be

scaled with the image.

3.2.4 Comparison to ROF Scale Space

In contrast to the evolution (3.5) generating u(t) we would like to show why
a different obvious inverse scale space, namely the one generated by varying
the penalty parameter in (3.4), is a less appealing alternative. Note that the
improvement seen with respect to (3.4) seen in numerical experiments is one of
the major motivations for investigating (3.5). Let us consider the inverse scale
space defined by w(t) which satisfies:

ueBV(Q)

t
w(t) = arg min {J(u) + §||u— fH%z}, t>0.

For the sake of simplicity we assume that J is twice differentiable. Clearly w(0) =
0, w(oo) = f if we have the usual hypotheses on J(u) and H(u, f) and consider

the familiar class of examples. The Euler-Lagrange equation is

p(t) +t(w(t) = ) =0,  p(t) = J'(w(t)).
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Differentiating in time yields
Op(t) + toyw(t) = f —w(t). w(0) =0, p(0) = 0. (3.7)

We claim that this evolution equation is not as useful as our inverse scale space
equation (3.5) (which it resembles). To show this, we first examine the conver-
gence to f:

d1

Z5llw = 72 = O, w — f) = =((J"(w) + 1) (w = f),w = f).

This means that [|w — f[|z2 decays to zero, but only at a slow algebraic rate 1,

not exponentially. A more serious drawback comes from the relation

d
EDp(w)(gaw) - _<g - waf - U)> + <g - watatw>7

and an analogous reasoning as in Proposition 3.2.1 is not apparent due to the

second term. In fact, for the quadratic case (3.2) we have

d _
ZIVw =9l = ~(w-gw-f)+t{w=-g (-A+tD) " (w-f))
— (W= g —ACAHD)  w = f),
= (w-fI-T—-t"A)(w-f))
and the discrepancy principle based on the L? distances of f — ¢ and w(t) — g
fails. For the ROF scale space the natural norms would be the ones generated
by I — (I —t"*A)~!, which is on the other hand not the right one to control the

image noise. In particular for low-frequency components of w — g and large ¢,

the evolution is very slow, and this is the reason why the reconstruction obtained
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from (3.4) can lose a lot of the image variation if A < oo (cf. [Mey01]).

3.3 Inverse Scale Space for Signals

In the following we discuss the numerical solution of (3.5) in spatial dimension
one. =1 C R. We recall here that p(t) € 9J(u(t)) and u(t) € 9J*(p(t)).
We consider again the regularized total variation J(u) = [} \/u2 + €2 dx, which

yields

2. (ult)) = — (“—“”) —p(t). (3.8)

ug ()% 4 €2
Note that since dJ(u + ¢) = 0J(u), the solution of (3.8) is not unique if we
take the standard assumption that u satisfies homogeneous Neumann boundary
condition. In this case, the solvability condition is [, p(x,t)dz = 0 for all ¢ and
the conservation of mean value discussed above provides an additional property

implying uniqueness, namely [,udz = [, fdz = 0.

For a fixed time ¢, we have to solve

b
Uy .
— (W) =p 1l I = (a,b), /a Udl' = 0, (39)

Uy

If we denote ¢q := , then

q(z,t) = — /xp(s,t) ds = / p(s,t)ds (3.10)

q

and hence, u, = e————. Therefore,
V1—¢?
v t
u(z,t) = e/ &dy—i-C (3.11)
o V1=t
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where C' is a constant chosen to normalize fab u(z)dr = 0. We mention that
the same formula for v can be obtained by duality arguments, since J* can be

explicitly calculated in spatial dimension one.

Thus, the inverse scale space flow can be computed by two simple integrations.
If we compute first the value of p by explicit time discretization in Oy)p = f — u,

then we can directly integrate to obtain the value of u at the new time step.

3.4 Relaxed Inverse Scale Space Flow

In order to implement the process in any dimension we resort to a new kind of
approximation. First, we would like write the general expressions of the discrete

Bregman procedure and the direct inverse scale space having any convex smooth

fidelity terms H (u, f).

3.4.1 General fidelity term H(u, f)

We rewrite the general form of a convex variational problem (2.10) as

QP{J@)+AHu%ﬁ}, (3.12)

where H (u, f) is usually a fidelity to a known image (or signal) f, (in the L? case
studied before H(u, f) = 3||f — ul|32). Note that the only difference between
(2.10) and (3.12) is that we extract the constant parameter A out of H(u, f).
This will facilitate our discussion in this chapter. We assume for simplicity that

f is normalized beforehand to have a zero mean: [, f = 0. We also assume

p(0) = 0 € 8.J(0).
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The general form of the series of iterative refined variational minimizations is
U = argmin{D”kl(u, uk—1) + AH (u, f)} (3.13)

where uy = 0 and py = 0. Expanding D(-,-) according to (2.16) and omitting

constant parts which are not relevant to the minimization yields
Up = argmin{J(u) — (u, p(ug—1)) + AH (u, f)} (3.14)
The Euler-Lagrange equation of (3.14) is

p(ug) — p(ug—1) + A0 H (uy, f) = 0.

We use 9,H to denote that the variation is taken with respect to u. Assigning
p(ur) = p(u(t)), one can view the iterations in the limit A — 0 as a continuous

process

Op = =0y H(u(t), f), p € 0J(u) (3.15)

with the initial conditions u|;—o = 0, p|=o = 0.

Contrary to standard scale-spaces, where the flow begins with an input image
f and simplifies over time towards zero, this flow begins with © = 0 and converges
to f over time. The flow is such that large scale features appear much faster
than fine scale ones. Therefore this was termed nonlinear inverse scale space.
The process coincides with the linear inverse scale space of [SGO01] (for the case
J(u) = [, [Vul?), which was formulated without explicit relations to Bregman

iterations.
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3.4.2 Relaxed Inverse scale space Method

The concise formulation of (3.15) is not straightforward to compute, as the rela-
tions between p and u are quite complicated in nonlinear cases. Here we present a
relaxed version which aims at having a flow with qualitatively similar properties
to that of (3.15) by using standard variational formulations, which are simple to

compute.

Let us revisit the series of Bregman iterations stated in equation (3.14). Us-
ing the update formula for the decomposed“noise” v, = &t and the first order

optimality conditions, we deduce
Vg = Vg—1 — O H (uy, f), E>1, v9=0
and hence,
k
v = — Z@uH(uj,f), k>1.
j=1

The iteration can then be rewritten via the sequence of equivalent variational

problems

k—1
Uy = arginin {J(u) + AH(u, ) + )\Z(u,auﬂ(uj, f)}} . (3.16)

J=0

or, coupled for u; and vy,

w, = argumin{J(u)—l—)\(H(u, f)—<u,vk1>)},

vy = Vg1 — OuH (uy, f),

(3.17)

where ug = 0,v9 =0, £k =0,1,2,---.

The standard way to solve these iterations for wu; and v (by an explicit
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scheme) is first to evolve a steepest descent flow for uy, having a fixed vy, based

on the Euler-Lagrange equations:

B
a_? = N—BuH(u, f) t o), pedI(), o= up1, (3.18)

where uy = u(t — o0). Note that we assume some regularity in the sequence uy
(such that ||ug — ug_1]|z2 < const) and therefore a good starting point for the
time marching is ug_;. After converging to a minimizer uy it is easy to compute
OuH (ug, f) and update viy;. Then k is incremented by one and the process
resumes, such that in each iteration (3.18) is evolved. Although in practice a

finite stopping time is used, this process is computationally quite intensive.

Our observation is that the update for vgyq in (3.17) can be viewed as an
iterative descent in vy for minimizing H (ug, f). This is an indirect minimization,
which affects u; by its coupling with vg. Let us write the solution for v, in the

following (more complicated) manner:

0-v=—0,H(ug, f), v|r=0 = v, (3.19)

where vg11 = v(7 =1). This extends the definition of the sequence vy to a
continuous formulation. (Note that for a fixed u; and a unit stopping time
the result is a simple linear interpolation between vy and vgy1). In the case of
Bregman iterations, these flows are evolved iteratively, where in each time either

ug, or vy are being fixed while the dual variable is evolved.

We propose to approximate the sequences wug, vy as two continuous flows
u(t),v(t) by evolving both descent flows, similar to (3.18) and (3.19), simul-
taneously. Let us define the relation between the two time variables as 7 = at,

and let v(t) = v(7/a). Replacing vg in (3.18) by v(t) and u in (3.19) by wu(t)
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yields the relazed inverse-scale space (RISS) flow:

atu = —Pp + )‘(_auH(u7 f) + U)a
(3.20)

atv - _aauH(uv f)a

with p € 0J(u) and initial conditions u|;—g = v|4=o = 0.

3.4.2.1 Second order in time formulation

If J and H are smooth, the above flow can also be written as a single equation in
u with second order derivative in the time domain. This can be done by taking
the time derivative of the first equation in (3.20) and substituting for v; by using

the second equation, yielding the following evolution:

Oiu = —0p(u) — N0y (0.H (u, f)) — ad H(u, f)), (3.21)
with initial conditions u|—g = 0, us|;=0 = —AI, H (0, f), which can be written also
as

Oru = —(J"(u) + N2, H (u, f))0u — A\ad, H (u, f). (3.22)

3.4.2.2 Relation to the direct flow

In order to understand the relation to the original inverse scale space formulation

(3.15), we consider the special case H(u, f) = %Hu — f|I32, rescale time to t= L

and define w(t) = M (aAt). In this way we obtain

aXdu = —p+ Af—u)+w,
(3.23)
o;w = f—u
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If A is very small (and « not too large) then the leading order term in the first
equation is p = w, and hence the behaviour is close to the inverse scale space

flow on this time scale.

One can observe the strong similarity of the flows numerically in the one-

dimensional example presented in Section 3.6 (Figures 3.10 and 3.12).

3.4.3 Examples

Below are some examples of processes that can be evolved using different J(u)

and H (u, f):
e Linear model: J = %fQ \Vul|?, H(u, f) = %”U — fli3::

u = Au+ANf—u+wv),

(3.24)
vo= alf—u)
e ROF model: J= [, |Vu|, H(u, f) = 3|lu— f|3:
Vu
t - V p—— A - 7
! V" F-ute) (3.25)
vy = off —u)
o TV-L' model (cf. [CE05]): J = [, |Vul, H(u, f) = ||u— f|p:
Vu ,
u = V- W + A(sign(f —u) +v), (3.26)
v = asign(f —u).

Remark. Note that the L' distance function H is not strictly convex or

smooth here and sign is just the notation for an element in the subgradient
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of H. One way to solve this problem numerically is by using approrimation

H=~\/lu—f]?+¢,0<e<1 and then 0,H(u, f) = \/%’ which is

well-defined and unique for all u.

e Deconvolution by ROF: J = [, |Vu|, H = i||f — Kul|}., where K :

L*(2) — H is a real blurring kernel (see Section 2.3):

Vu
iy = V- — + NK'(f - K ,
! [Vl B — K +) (3.27)

v = aK*(f — Ku),

where K™ denotes the adjoint of K.

3.5 Properties of the Relaxed Method

3.5.1 Linear Model

The linear case is naturally the easiest to analyze. We can write a closed form
solution in the frequency domain and see how the relaxed flow approximates the

direct flow.

It is easy to see that the steady state of these equations (u; = 0,v; = 0) is:
u = f,v={. It remains to analyze the behaviour of the flow for suitable f, and
to show that the solutions converge to this steady state, which we will do in the
linear case below. A general convergence proof by Lie and Nordbotten [LNO5],
which can apply for general convex J and L? squared fidelity term, is discussed

in the next section.

We examine the second order in time formulation (3.22). In the linear case

the subgradient is unique and given by p = —Aw, and 9, H (u, f) = u — f. The
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flow can be written as:

8ttu + (—A + A)atu + dau = )\Oéf, (328)

where uli—g = 0, us|i—0 = Af.

We rewrite the flow in the frequency domain (with variable £), which is ob-
tained by taking the Fourier transform. The characteristic equation is r% + (\ +

|§|2)7‘ + aX = 0, with the solutions

A+ €17 £ /(A + [€]2)? — 4ad
5 .

(3.29)

Using the Taylor approximation /1 +x ~ 1+ , x < 1, one can approximate
(for frequencies for which |¢[* > a))

—A+EP) 1+ (1 — 2%
Y (A +1€]°)( 2( OLIEP) ))7 (3.30)

obtaining two roots with different characteristic behavior: r, ~ —(A+|¢[?), r_ ~

/\_+—°|‘£)“2. The Fourier transform of the solution is
U = (c+e”t +ec e t+ L)F(&) (3.31)
A _ A
where ¢, = al , C_ = +r+'
T+ —Tr_ r_ — T+

We observe that the first part, containing r , corresponds to a Gaussian con-
volution, which decays rapidly with time. The second part, containing r_, corre-
sponds to the inverse scale space solution (with time rescaling by Aa)) which we
actually want to solve. Our numerical results indicate that this kind of behavior

extends to the nonlinear process.

87



From (3.29) we see that for both parts to have decaying exponential solutions
(real valued r4) we should require o« < . In the numerical experiments below
A

we setazz.

3.5.2 ROF Model

The ROF model is a natural choice for image regularization since the solution of
the flow results in sharp and clean approximations of the input image f without
introducing noise (or fine-scale textures in the case of decomposition) up to a

very large time.

3.5.2.1 Convergence to Steady-State

In order to analyze the convergence behaviour we define the following energy
function
1

1 q
e(t) = 5llu—f||ia +£Ilv— Xlliz, (3.32)

where ¢ € 9J(f) is assumed to be an element of L? (this is again a source-
condition on the data). Under this assumption, the following convergence prop-

erty was elegantly proved by Lie and Nordbotten [LNO5]:

Proposition 3.5.1. Let u(0), v(0) be an initial value such that e(0) < oo, and
let u(t), v(t) be the solution of (3.25) with A > 0, o > 0. Then, the energy e(t)
decreases monotonically. Moreover, there exists at least a subsequence t, — o0

such that
If —u(ti)l|ze — 0, DPY(f u(ty)) —0, DI(u(ty),f)— 0. (3.33)

Proof. We just compute the time derivative of the energy and insert the evolution
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law to obtain

de(t)
dt

(= Fou)+ (0= 4 0)

>l >

(= f,—p(w) +A(f —ut ) + (=L a(f —u)

= I~ ulBs — U~ wa = p(w)

= — e~ Do) + Do )

IA

0,

which implies the monotone decrease. Moreover, by integrating the last inequality

with respect to time from 0 to t we have

[ (1= o)+ SO ) + D). 1) ) s < e(0)

From the uniform bound for the integral we deduce the existence of a subsequence

t; — oo such that

1
If = w2 + X(D”(“)(f,U(tk)) + D(u(ty), f)) — 0,
and since the latter is the sum of three positive sequences, each of them converges

to zero. 0

Note that we slightly changed the original proof from [LNO05] by using the
sum of two Bregman distances (just prior to the final inequality), and it is clear
that the result holds for any convex functional J. By this proposition it is clear

that {u = f, v = {} is the only steady-state solution of (3.25).
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3.5.2.2 Initial conditions

We also note that the flow can be extended to arbitrary initial conditions, and we
expect a similar behaviour for large time. Therefore, we would like to illustrate
two examples of the flow when u(0) is non-zero. In Figure 3.1 we present instances
of the flow from three very different initial conditions w(0), with v(0) = 0. In
the top row we use the standard initial condition of the inverse scale space flow
u(0) = 0 (the mean value of the original image is subtracted beforehand and
added back after for visualization). The two other initial conditions are white
Gaussian noise (with zero mean) in the second row and v = f in the bottom row.
All three flows converge to the input f. It appears that after some time (see third
column ¢ = 80) the evolution is fairly similar regardless of the initial condition.
In Figure 3.2 the L? distance to the steady states of u and v and the joint energy
e (Eq. (3.32)) are plotted as a function of time for all three cases of the above
initial conditions. Note that e(t) is monotone in all three cases. Naturally, for

the case u(0) = f we have that ||u — f||7, is not monotone.

Due to the multiscale interpretation of the flow we will however use zero initial
value in most computational examples, and in particular in the case of noise it is

much more reasonable to start with zero than with the noisy image.

3.5.2.3 The parameters o and A

We have seen above that a corresponds to a time rescaling only, and both the
relation to the original model and the convergence proof hold for any positive
«. This allows more freedom in selecting the parameters but raises the issue of
what values of a are preferred. The linear analysis shows that we have complex

modes for a >

>

which causes oscillations in the convergence. A similar phe-

nomenon occurs for the TV-L? case in the analysis of the disk evolution (see
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t = 1000

Figure 3.1: Evolution of u towards a clean image f with different initial con-
ditions. Top u(0) = 0, second row u(0) = n (white Gaussian noise), bottom:
uw(0) = f. [v(0) =0, A =0.02, « = \/4].

Section 3.5.2.5), where we have the same bound on « for monotone convergence.
We show in Figure 3.3 numerically that the value of o has a similar effect also
when a much more complicated image is evolved, such as the Cameraman image.
In Figure 3.4 a somewhat extreme example is shown where o = 16\ (that is, 64
times larger than the upper bound). Though eventually the flow converges (as
seen in the corresponding plot in Figure 3.3), it is highly non-monotone. It is
worth mentioning that even in this regime of « the oscillations are in the contrast

of the entire image and the details within the image do not become oscillatory.

Note that the convergence to steady state is proved to be monotone only for
w and v jointly. From our experiments, it appears that the distance |ju — f]|3. is
decreasing monotonically in most cases for zero initial conditions and a < %. We
have been able to produce rare synthetic cases where ||[u — f|2, is not monotone.

This happens for very large features when X is very large. However, from the
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lu(t) = fl1Za lo(t) = %112 e(t)
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Figure 3.2: Distance from steady state as a function of time: u (left), v (middle)
and the joint energy e (right) for different initial conditions. Top u(0) = 0, second
row u(0) = n (white Gaussian noise), bottom: u(0) = f.

relation to the inverse scale space flow above, a smaller choice of \ seems more

reasonable anyway.

The parameter A\ has a similar role as in the standard variational minimization
in the sense that its value should be lower for noisier images or when larger
features are considered textures in decomposition. In Figures 3.5 and 3.6 we
show the denoising flow (u and the residual f — u, respectively) with various
values of A\. When A is too high (e.g. top row) small features, and consequently
noise, get in too early. Very low values of A, such as in the bottom row (A = 0.005)
produce very good results, though medium values can suffice for a good balance

between performance and short evolution time.
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t
Figure 3.3: |lu — f||3 as a function of time for different values of a:

o€ {4, 1,1,4,16}\. [Cameraman image, u(0) = v(0) = 0, A = 0.02].

Figure 3.4: Example of an evolution with large o.. u(t) (top) and f—u(t) (bottom)
at times: 10, 20,40, 80, for a = 16A. [u(0) = v(0) =0, A = 0.02].
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Clean image g Noisy image f

[u— f]3 = 100

A
0.1 .
0.05 .
0.02 .
. ’
0.005 .

Figure 3.5: Denoising with different values of A. Top row: original image (left)
and noisy image (right). Second to fifth rows: u for the following values of A:
0.1,0.05,0.02,0.005, respectively. Each column, from left to right, depicts the
following L? norm of the residual part ||u — f[|2,: 1002, 502,202, 02, respectively.
[u(0) =v(0) =0, a« = \/4, 0 = 20].



lu— f]3 = 100

0.1

0.05

0.02

0.005

Figure 3.6: Denoising with different values of A\. Top row: f — g, an instance of
white Gaussian noise (¢ = 20) which was added to the clean image. Second to
fiftth rows: f — u for the following values of A: 0.1,0.05,0.02,0.005, respectively.
Each column, from left to right, depicts the following L? norm of the residual
part |ju — f[]3.: 1002, 502,202, 02, respectively.
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3.5.2.4 Complexity

The relaxed inverse scale space flow, in most cases, has about the same complexity
as the standard gradient descent to steady state approach of ROF. The rate of
the flow depends on A and « and the evolution time monotonically increases with
the values of these parameters decreasing. For most applications, however, the
implementation is efficient enough and much faster than an equivalent series of
Bregman iterations. For the linear case of the direct inverse scale space flow,
as shown in [SGO1], we obtain a step size of order one yielding stability, i.e., no

severe restriction on large time steps.

3.5.2.5 Disk example

Analyzing the evolution of a disk image can be very illuminating, since the char-
acteristic function f of a disk is a basic shape with respect to the BV semi-norm
(e.g. satisfies the source condition ¢ € 9J(f) N L?) and in some cases allows a
direct computation of a solution (cf. e.g. [Mey01] for the ROF model). As we
shall see also for inverse scale space methods in the following, this example can
provide insight into the multiscale properties of the flow, at least for piecewise

constant images with smooth discontinuity sets.

Here we will analyze both the direct and the relaxed flows (which are based

on the ROF energy).

For the sake of simplicity we shall restrict our attention to the case of Q C R?
being the ball of radius Ry . We start with the indicator function of height h and

rescale it to a function of mean zero in order to apply the above analysis, i.e., we
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assume

2
h<1—%> if |z < R,
flo) = . (3.34)
—hi otherwise
Rj

for h € R and R € (0, Ry). For convenience we denote ¢y = 1 — g—z and without
0

loss of generality we assume that h > 0.
Let us start with a simple property of subgradients of the total variation

functional at f:

Proposition 3.5.2. Let J : BV (2) — R be the total variation seminorm and let
f be defined via (3.34). Then the function p defined via

2
— otherwise
C()R(Q)

satisfies p € J(f).

Proof. 1t is straightforward to compute

/QPZO, /prIJ(f):%Rh.

Now let ¢ be the unique solution with mean zero of the problem

—Aq = p inQ,

Ong = 0, ondf.
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By a simple computation in polar coordinates it is straightforward to see that

2 2
VT Y if || < R,

2
—ﬂ (1 — r_) otherwise.

One observes that [|[V¢||e < ||¢-]]cc < 1 and hence, by the definition of the total

variation functional

[ o= = [V vou-ain
Q Q
< suwp [ VeCu—J(f) =T = J(f),
Gliclloo<1 /€2
which implies that p is indeed a subgradient. O

This result shows that the subgradient has the same structure as f, namely p
a piecewise constant function with discontinuity at the circle with radius R and

p has mean zero. This motivates to look for solutions of the form

co(ur(t), p1(t), vi(t)) if |z] < R,
(u(x, t)v p(ZL’, t)? U(CL‘, t)) =
(co — 1)(uy(t), p1(t),v1(t)) otherwise.

We start with the original inverse scale space method, where the above Ansatz
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yields the ODE

%(t) =h—wu(t), p1(0) = u1(0) = 0.

By the same technique as in the proof of Proposition 3.5.2 it is easy to see that
for |p1| < R%O, p € 0J(0). Thus, in the initial phase of the evolution, where p;
is still small we will always have v = 0 and p € 0J(0) = 90.J(u). We denote this
time interval by (0,%;) and look for a solution with u = 0 for ¢ < ¢;. This means

that
dpy

S =h = m)=th

Since by the above argument we need |p;(t)| < R%O for t < ¢, this yields

2
= —— 3.36
! RCQh ’ ( )
and by a simple integration
2
t1) =tih=—.
pl( 1) 1 Req

From Proposition 3.5.2 we obtain that p(¢;) € 9J(f) and hence, we can continue
the solution via pi(t) = pi1(t1) and ui(t) = h (and thus u(-,t) = f) for t > ¢4,

which is clearly a solution since

dp1

L) = f —unlt) =0, plt) € DI(f) = 0T (u(-, 1))

Hence, we have found a solution for the original flow in this way, and in particular
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the reconstructed image satisfies

0 t<ty,
() = (3.37)
f t>t.

This means that after an initial time interval of length ¢;, where the image remains
zero and just the dual variable p grows, the reconstruction suddenly jumps to the
correct image f and remains constant afterwards. The length of the time interval
t1 needed to obtain the correct image also gives an indication of the multiscale
properties of the model. Note that the scale of the image can be characterized
by the product of radius and height, i.e., by Rh. Our analysis shows that t;
is inversely proportional to Rh (note that ¢y is of order 1 if Ry is sufficiently
large) and hence, larger scales appear faster than smaller ones. This property
can be seen as the fundamental reason why the inverse scale space method is a
good denoising technique, since it first reconstructs the large scale features and
only later the very small scale ones (which are usually caused by noise). An
appropriate stopping rule as the one proposed above will ensure that the flow is

stopped before too small scales enter.

It is rather straightforward to extend the above reasoning to the relaxed in-
verse scale space method. If we look for an initial time period (¢ < ;) where

= 0, then we are led to the ODE (with the above notation):

Hence, v1(t) = aht and p;(t) = Ah(1+at). We know that p € 9J(0) if |p;| < P%O,
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which means that we obtain

2 — Reoh A \ < 2
tl — Oé)\RhCo - RhCO’ (338)

0 otherwise.

Note that as A — 0, we obtain the same value for aAt; as for the critical time
t; in the original flow, Eq. (3.36) (the additional factor aA corresponds again to
the time rescaling discussed before). In the second phase (¢t > t1) we know that

P = R%O and therefore we can write the evolution as the coupled system

V(1) = ) = wr). Bty = —arr(r) (3:39)

with 7(t) := u1(t) — h and q(t) := My (t) — 2. The eigenvalues of this linear

Rco

dynamical system are given by

Al
ei:—§i§ )\()\—404)
Similar to the linear analysis, in order to have solutions with real roots we require

A > 4o

In the case of unbounded domain Ry — oo and having oo = %, the solution of

the disk problem for the relaxed flow is

0 0<t<t
(—(%(t _ tl) + h)ef(t*tl))‘/2 + h) f(:L‘)7 t] <1< o0

with t; as defined in (3.38). We will use this simple equation as a reference in

the following numerical experiment.
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3.5.2.6 Disk Numerical Experiment

Below we display the results of a numerical experiment of an evolution of a
disk. The disk radius is R = 10 and its height is h = 1. The evolution is for

t € [0,125]. For simplicity, in order not to implement a circular domain, we take a
A
1

the disk should start to appear at t; = 22.2. In Figure 3.7 the original disk f and

large rectangular €2 and use the model for Ry — 0o, ¢g — 1. For A =0.12,a =

u(t) at some time along the evolution (¢ = 50) are shown. In the image of u we
also super-imposed a cross-section at the center of the disk and the center point
of the disk, for which the values are plotted (Figure 3.8). In Figure 3.8, left, the
values of a cross-section of the disk are plotted for 40 equally spaced time points.
On the right of Figure 3.8 the theoretical model of equation (3.40) (dashed, red)
is compared to the simulation at the central point of the disk u(z,,y,,t) (solid,
blue). In our case the mean value is not zero (here the domain is 100 x 100
pixels and therefore the mean value is approximately 7). Therefore the initial
condition u(z,y,0) (plotted in dashed line near 0) is different than Eq. (3.40).

Apart from that, the evolution is quite faithful to the model.

3.5.2.7 The Initial Phase for General Images

In the following we are going to extend the results for the disk to general images,
at least the behaviour in the initial stage. We assume that f € L? is a function
with mean zero. Following Meyer [Mey0Ol] the %-norm (the dual of the BV
seminorm) is defined as
lwll = _inf sup|é]
EVe=w z,y

Then we can use a characterization of subgradients obtained in [Mey01] namely

that p € 0J(0) if and only if ||p||. < 1. Thus, we immediately obtain the following
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Figure 3.7: Disk evolution: f (left) and w (right). The brighter line and point in
u show which values of u are plotted in Figure 3.8.
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Figure 3.8: Disk evolution. Left: plots of a cross-section of u at equally spaced
time points. Dashed - cross-section of f. Right: comparison between the simula-
tion (solid, blue) and the theoretical model (dashed, red).
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generalization of the behaviour in the initial phase

Theorem 3.5.3. Let f # 0 be as above and let t; = Hflll*' Then the solution
(u,p) of (3.5) satisfies

u(-,t) =0, p(-,t)=tf, fort < ty.

Moreover, t1 is mazimal with this property, i.e., u(-,t) is not identically 0 for

t>t.

Proof. For t < t; we obtain that p(-,¢) € 0J(0) from the above reasoning and one
easily checks that (u,p) defined as above is a solution of (3.5). Now assume that
t1 is not maximal, i.e., u = 0 in the time interval (0,ts) for to > t;. Then from
(3.5) we obtain p = tf, but p(-,t) ¢ J(0) for ¢t > ¢; a contradiction. Hence, u is
not identically 0 at least in the time interval (¢;,t; + €) for some € > 0. Since we
know that the residual || f — u(t)]|z2 is non-increasing in time (see Section 3.2.2),

we deduce

If = u(®)ll2 < |If —uls)ll2 < [If = Ol 2

for t > s and s € (t1,t; + €). Hence, u # 0 for all ¢ > ;. O

Note that all computations of the subgradients in the disk example were
implicitly computing the x-norm of the functions f and 0, so this generalization

is not completely surprising.

We can also give a multiscale interpretation of Theorem 3.5.3. We can have f
scaled such that || f||z2 = 1. These properties can always be achieved by rescaling
for f different from a constant (and if f is constant the inverse scale space method
and its relaxed version are both stationary at the correct image anyway). We

can write then ¢; as the ratio t; = ”HffHHLz

which actually can be considered as a
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definition of scale.

Since the L2-norm is stronger than the *-norm, it will be large for high fre-
quency (small scale) features and small for low frequency (large scale) ones. This
again explains to some point why large scale features are incorporated earlier
than small scale ones. We also mention that by a standard inequality for dual

norms (cf. [Mey01, p.32] or [AE84]) we have for “clean images” f € BV (Q)

Il T

tl - = )
[ F—va iy

which yields a similar interpretation of scales in terms of the ratio of total vari-
ation and the L?norm, e.g., in the disk example above one obtains equality in

these ratios as Ry — 00 .

In the following proposition we state the analogue property which holds for

the relaxed flow:

Proposition 3.5.4. Let f #0, [, f =0, A|f|l. <1 and let t; = 1(;/\)['”;;'[*. Then

each solution (u,v) of (3.25) satisfies
u(-,t) =0, wv(-,t)=atf, fort < ty.
Proof. Let us define the following energy
E(t) = J(u) + SI1f + vl

Then the flow of u in (3.25) can be viewed at each time point as a steepest descent

of this energy.

Using the decomposition result of [Mey01, p. 32] and the condition A||f]. <1

we can verify that the initial condition u(0) = 0, v(0) = 0 at time t = 0 is a

105



stationary point, where the energy E(0) = J(0) + 3| f||2; is minimal. Therefore
Oyuli=o = 0 and consequently u|;—o+ = 0. By a similar argument u will stay zero
as long as A|| f + v, < 1. Solving for v we have a simple ODE “£v = af, yielding

v(t) = aft for t € (0,t1). This evolution is valid until at some time ¢; we have
Allf + o)l = 1.

As f#£0, ||f + vl = (1 + at)| f|l« is increasing with time and this equality will

be reached in a finite time. ]

Note that as in the disk example, we can obtain the time of appearance ¢; of
the direct solution (stated in Theorem 3.5.3) by multiplying the expression for ¢;

of the relaxed flow by a\ and letting A — 0.

3.6 Numerical Examples

In this section we present some numerical examples. Some of the results were pre-
viously presented in [BOX05, BGO06]. We show an example of a one-dimensional
(1D) problem solved by the direct inverse scale space flow (DISS, Section 3.3)
and by the relaxed inverse scale space flow (RISS, Section 3.4, Eq. (3.25)) in
order to test and compare their behaviors. The 1D example reveals a striking
resemblance of the direct and relaxed processes, which well justifies our interpre-
tation of the relaxed flow as a good approximation of the direct flow. Motivated
by the agreement between the one-dimensional results, we proceed by processing

images using the relaxed flow.

We focus on denoising by ROF-based flows. A single example of image de-

composition by the TV-L!-based inverse scale space flow (Eq. (3.26)) is also
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given. Further generalizations and experiments with other J and H functionals

are currently studied and will appear in the future work.
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Figure 3.9: 1D signal denoising. From left to right: clean signal g, noisy signal f
(SNR = 12.5); Gaussian noise n, o = ||n||r2 = 10.
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Figure 3.10: 1D signal denoising. From left to right: restored signal u from
ROF, the direct inverse flow (DISS) and the relaxed inverse flow (RISS). SN R:
ROF(u)=17.73, DISS(u)=21.94, RISS(u)=21.95.

Example 1 (1D signal): We first consider a 1D denoising problem. Figure
3.9 shows the clean signal g, the noisy signal f and the Gaussian noise n (o =
In||zz = 10 ~ 25%]|g||z2). Figure 3.10 shows the solutions u obtained by ROF,
the direct inverse flow (DISS) and the relaxed inverse flow (RISS). Figure 3.12
shows a comparison between these solutions at a region [180,220]. The typical
signal loss can be observed in the result of ROF, and, as expected, the loss is
much smaller for the inverse scale space flows. The signal-to-noise-ratio (SN R)
of the inverse flow results (21.94 and 21.95) are also much higher than that of

ROF (17.7). This supports our theoretical arguments (see Proposition 3.2.1 and
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the following discussion) that the TV-based inverse scale space flow yields better

restorations than the original ROF model.

50

DISS: u®® t1) N DISS: u(5d tl) DISS: u(105 tl)
-100 _ _ _RISS: u(® tz) ~100 _ _ _RISS: u(5% tz) ~100 _ _RISS: u(105 tz)
100 200 300 400 100 200 300 400 100 200 300 400
Figure 3.11: 1D signal denoising. Comparisons between the evolu-

tions of DISS and RISS flows at different time points ¢, 50t and 100t
(6t; =2 x 107% = 2 x 10°At; for DISS and dty = 10° = 2 x 10°At, for RISS).
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Figure 3.12: 1D signal denoising. Comparison between the solutions v from ROF,

DISS flow and RISS flow (part, at [180, 220]).

In Figure 3.11 we show a comparison between the evolutions of DISS and RISS
flows at three different time points. We can see that they agree to each other
very well. In Figure 3.12 one part ([180,220]) of the three solutions are plotted on
the same grid, where the direct and relaxed solutions virtually coincide although
the flows’ equations and their implementations are very different. Both SNR
results are also almost identical. This validates our view of the relaxed flow as

a faithful representation of the direct one. We choose ¢ = h = 1 for all three
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experiments, which is a relatively large value, due to the sensitivity of DISS to
numerical errors for small €. Moreover, we used A = 0.01 for ROF, At; = 107

for DISS, A = 1074, Aty = 0.5 for RISS. The difference of At in the two inverse

flow experiments are only due to the different scaling.

EEEEE i L]
EEEEN L_&,—fﬁ"‘f_.. T

o |,5-_.__ il
""".-ﬂ'.!- i rl;%ﬂ Ains R

Figure 3.13: Synthetic shape image. From left to right: original image g; noisy
image f (SNR = 7.4); Gaussian noise n (o = 40).

Example 2 (Synthetic shape image): We now turn to the denoising of 2D
images. In this example we consider an image with different scales and shapes and
corrupted by Gaussian noise, which is shown in Figure 3.13. SNR(f) =7.4,0 =
IIf — gllzz = 40. Figure 3.14 shows the results obtained by ROF, iterated TV
refinement (Bregman ROF, Algorithm 2.1 in Chapter 2) and relaxed inverse TV
flow, column-by-column respectively. The restoration result u, the corresponding
residual part w = f — u and an enlargement of part of w are displayed for each
method (again, to enhance the visibility, we shift w by adding 128 and then plot
its image). One observes that for the ROF model visible components of the clean
signal are contained in w (e.g. the small blocks and grids) whereas almost no
trace of the signal is visible in the other two models. In this example RISS gave
the best SNR result: SNR(u) = 9.9,11.8,12.5 for ROF, iterated refinements
and RISS flow respectively.
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Figure 3.14: Synthetic shape image. Denoising results. From top to bottom:
denoised wu, residual w = f — u and part of w from ROF, Bregman ROF
and RISS flow (column-by-column). SNR : ROF(u)=9.9, Bregman(u)=11.8,
RISS(u)=12.5.

110



Natural images are being processed in the following examples.

Example 3 (Cameraman):. In Figure 3.15 we compare the denoising of
the Cameraman image by ROF and RISS. RISS retains great contrast, which is
most visible in the residual part f — u (bottom row), where the coat, tripod and
camera details are much less degraded. Both methods have the same L? norm

residual ||f — u||z2 = 0. SNR results, ROF: 15.76, RISS: 16.42.

Example 4 (Sailboat): In Figures 3.16 and 3.17 another comparison is
made between ROF and RISS. Here it is very clear that thin lines, which get
eroded by ROF, are better preserved by our method (e.g. the poles and the
number on the sail). Again, in both methods we have ||f — u||;2 = 0. SNR
results, ROF: 11.43, RISS: 11.98.

In Figure 3.18 some more information of the evolution of Examples 3 and 4
is given. Three performance criterion which measure the closeness of u to the
clean image g are shown as a function of the evolution time ¢. In the first row
SNR is plotted (which is based on the L? distance between g and u), the second
row depicts the L' distance, ||g — u|/z1, and the third row depicts the Bregman
distance D(g,u). From the value of SN R and the Bregman distance we can see
that u(t) is approaching g. In the fourth row the L? convergence of u to the
noisy image f is plotted as a function of time. One can observe that || f — ul| 12
is monotonically decreasing in time and it is straightforward to select a stopping

time based on the discrepancy principle.

Example 5 (TV+L! Decomposition, Barbara): In Figure 3.19 we
present one example of image decomposition using the T'V-L! inverse scale space
flow. Eq. (3.26) is evolved in order to separate a clean image f into its geomet-
rical part u and its textural part w = f — u. The stopping time in this case was

chosen manually. We note that qualitatively similar results were obtained within
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[ —ugror f —uRrrss

Figure 3.15: Cameraman image (0 = 20, SNR=9.89). Top row: clean image g
(left), noisy image f (right). Second row: denoised image u by ROF, SNR=15.76
(left) and by RISS flow (Eq. (3.25)), SNR=16.42 (right). Bottom row: corre-
sponding residual parts w = f —u. [A = 0.01].

112



Figure 3.16: Sailboat image (0 = 20, SNR=4.40). Clean image ¢ (left), noisy
image f (right).
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UROF URISS
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Figure 3.17: Sailboat image (cont’). Top row: denoised image u by ROF,
SNR=11.43 (left) and by RISS flow (Eq. (3.25)), SNR=11.98 (right). Bottom
row: corresponding residual parts f —u. [A = 0.01].
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Figure 3.18: Performance and convergence plots as a function of time. From
top: SNR(u), ||lu— gz, D(g,u), ||u— f|lz2. Left — Cameraman image, right —
Sailboat image.
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\

Figure 3.19: Decomposition of part of Barbara using TV-L! inverse scale space
flow (Eq. (3.26)). Top: original. Bottom: geometric part u (left) and textural
part f —wu (right). [A = 0.02].
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quite a large evolution duration, therefore it seems that the process is not sensi-
tive to a very specific choice of the stopping time in order to obtain meaningful
decomposition results. Further study of this evolution and comparison to other

decomposition methods will be studied in the future.

3.7 Discussion and Conclusion

Two new types of nonlinear processes (inverse scale space flow and relaxed in-
verse scale space flow) are presented in this chapter for image simplification and
regularization. Both extend the Bregman iterations procedure introduced in pre-
vious chapter to a continuous formulation, creating stable flows going from a zero

signal to the input image.

Two basic characteristics distinguish these flows from the various variations of
forward linear and nonlinear scale spaces (e.g. [ALM92, GSZ04, KMS00, PM90,
Wei99, Wit83]): First, the flows advance in the inverse direction from the most
simplified image (zero or mean value) to the most detailed image (input image).
This allows fast denoising of large objects, which appear very early in the evo-
lution. Second, the flows are based on both energy terms - the regularization
term J(u) and the fidelity term H(u, f). This is different from forward scale
space methods which, at least in some cases, can be viewed as steepest descent
flows of the regularization term .J(u). Thus it is possible to construct new PDE-
based evolutions for problems which until now were solved primarily in the vari-
ational setting. For example, one may evolve a deconvolution scale space (with
H = 1||f — Kull3,) or to have a flow based on the L' fidelity term for removal
of impulsive noise or for structure-texture decomposition [Nik04, CE05, YGOO05].

Other types of fidelity terms may be considered in the future, for instance ones

based on the *x-norm [AAB05, Mey01, VOO03], H~! norm [OSV03] or on Gabor
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functions [AGCO06]. A scale space, as opposed to the variational setting, naturally
introduces a continuous set of solutions. Whereas for denoising usually a single
solution is selected, for decomposition or segmentation purposes several solutions

may be preferred, understood as a multiscale representation of the input image.

The proposed direct inverse scale space flow is based on evolving in time the
subgradient of the regularized image u. Various theoretical properties are shown
concerning the convergence of the flow to the input f. Moreover, the monotonic
approach of u to the clean image ¢ (in the Bregman distance sense) is proved as
long as the L? norm of the residual is larger than that of the noise. This well
justifies theoretically the use of a discrepancy principle as a stopping criterion.
To the best of our knowledge, no similar property is available in any forward
scale space evolution. We have presented a way to compute the direct flow in one

dimension.

The relaxed inverse scale space flow can be viewed as either two coupled equa-
tions which are first order in time or as a single second order in time PDE. Its
implementation is very standard and can be achieved by applying the ordinary
numerical techniques used in variational minimizations. Although further theo-
retical study is needed we have shown the similarity of the relaxed flow to the
direct flow for small A (after time rescaling). Numerical solutions in one dimen-
sion (in which both flows could be computed and compared) indicate a very high
degree of similarity of the flows. Convergence of the relaxed flow to the input
image f was proved by Lie and Nordbotten [LN05]. The flow produces excel-
lent denoising results and retains very good contrast of larger objects (in some
cases contrast may be even slightly enhanced). Open questions concerning the
relaxed flow include whether in some sense u approaches the clean image g (as

shown for the direct flow) and whether || f —u(¢)| 2 is monotonically decreasing.

118



The numerical indications are promising. The inverse scale space flow can be
generalized to many types of variational models and inverse problems, e.g., see a
recent paper [BFO06] by Burger et. al.. In next chapter we will generalize both
ideas of iterative regularization and inverse scale space to wavelet-based image

restoration.
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CHAPTER 4

Iterative Regularization and Inverse Scale Space
Applied to Wavelet Based Image Denoising

In this chapter we generalize the iterative regularization procedure and inverse

scale space to wavelet based image denoising.

4.1 Introduction

Given an orthonormal wavelet basis {1j(z)}, j = (j1, j2, J3), which is generated by

{p) () Y221 as y(x) = 20U (20 — jy), ji € Z,jy € 2,z € RY, the wavelet

Js=1

transform of an image f can be represented as (cf., e.g., [Dau92, Mey92, CDV93)):
F=Y0Fby =D e,
Jj J

where (-, -) is the L? inner product. We denote f = {f;}.

In general, wavelet shrinkage attempts to denoise images via the following

three steps (cf., e.g., [DJ94, Don95]):

(1) Analysis. Transform the noisy image f to the wavelet coefficients f = { fJ}7

(2) Shrinkage. Apply a shrinkage operator D with a threshold parameter 7

related to the noise level to the wavelet coefficient f: @ := D, (f);
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(3) Synthesis. Reconstruct the denoised solution u from the shrunken wavelet

coefficients:

u=Y dhy =Y D (fi)y.

Remark. In the literature (cf., e.g., [SWB04J) the wavelet basis is di-
vided into two parts: lowpass scaling function(s) p(x) and bandpass wavelet
function(s) ¥(z). Correspondingly the wavelet coefficients are divided into
two parts: scaling coefficients (or “approzimation coefficients”) and detail
coefficients. Then in the shrinkage step above one can choose to apply the
shrinkage operator on all wavelet coefficients or only on the detail ones. In
our discussion in this chapter we will consider shrinkage on all the wavelet
coefficients. Since the summation in our new models is separable, we will
see that our discussion can be easily generalized to the case of shrinkage on

detail coefficients only.

There are various types of shrinkage operators being discussed in the litera-

tures. We list those that we will use here:

e Soft shrinkage (cf. [DJ94]), for 7 > 0

w — 1sign(w),  if jw| > T,
Sr(w) = (4.1)
0, if |w| <.
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e Firm shrinkage (cf. [GB97]), for » > 7 >0

;

w, if |'l,U| > T2,
Frim(w) = & (w—msign(w)), if 7 <|w| <7, (4.3)
To — T1
0, if |w| <.

One important feature of the wavelet-based denoising methods is their simplic-
ity and computational efficiency compared to, e.g. TV-based image restoration.
But their performance is heavily dependent on the type of noise and there may
exist some artifacts in the restored solutions, especially near edges. Some work
has been done to solve these problems, e.g., cf. [DC95] for a translation-invariant
denoising technique. The study of the relation between TV regularization meth-
ods and wavelet-based methods and furthermore combining their advantages is
an interesting research topic and has been investigated by several authors, e.g.,
in [CDL98, SWB04, SED05, DT05]. In this chapter we will generalize the iter-
ative regularization method and the inverse scale space method from previously

discussed TV-based image restoration to wavelet based image restoration.

First we recall that the total variation based ROF model is

mi
ueBV(Q)

A
u=axgmin {ulan + 517 = ol . (4.4

where A > 0 is a scale parameter, BV () is a bounded variation space equipped
with a seminorm |u|gy = [, [Vu|. Then we consider the Besov space Bj (L'(£2)),
which contains, roughly speaking, functions with first order derivatives in L'(€2).
(For formal definition of Besov spaces B (LP(2)), cf., e.g., [DL92b]). It has been
found that the discrete ' norm of the wavelet coefficients is equivalent to the

norm in the Besov space Bi(L'(Q2)), which is a subset of BV(Q) for Q C R?
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(cf., e.g., [Mey90, DL92a, CDL98, CDP99, CDD03, DT05]). Now we replace the

BV-seminorm in (4.4) by the I' norm of wavelet coefficients
J(@) =Y lag] ~ [lull gz z)- (4.5)
J
Here ‘~’ is used to represent the equivalence between the two norms. Using

Parseval’s identity we have
If = ullfe = IIf = a7 = 1 —wl” (4.6)
J

We then approximate the TV-based ROF model (4.4) using the following

wavelet-based method:
. : - Az o
% = argmin J(U)+§||f—UIIL2
. ~ )\ r3 ~ 12
= argmin Z|uj|+52|fj—uj! (4.7)
Jj Jj

where f, are the wavelet coefficients of the noisy image f and the restored image

u is the wavelet reconstruction of .

Note that because the summation in (4.7) is separable, it suffices to solve a

sequence of scalar minimization problems min ¢ 7 (@;), where
a;  Ji

A

¢, (a3) = [u;] + §(fj — 5)°. (4.8)
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The minimizer of (4.7) is

)

i ysen(h), i1 >

0, if |f;] <

Uj:

>l = >
—
N
©
N—

’

which is precisely the soft shrinkage algorithm (4.1) with threshold 7 = $:

This conclusion (of the relation between ROF and soft shrinkage) was observed

by Chambolle et. al. in [CDL98].

Remark.  Denote F(u;) = |4, a scalar function, then J(4) = ZF(%)
J
and we can write the subgradient 0J(t) = {0F(4;)}, where

S/égn(aj)? if aj 7é 0,
0, F (i) = (4.10)
L1, if 4=0.

The Euler-Lagrange equation of (4.7) is
OF (1) + Ni; — f;) 0, for all j,

Denote p; = N f; — ;) € OF (), v = %, then ©; = f; — 4i; and we have a

decomposition f; = u;+ 0;. From (4.9) we have

Y

sign(fy) . if 1fil >

o o B

(4.11)

3
|
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and

N o
~sign(fy), i 1fil >

=4 A7 ’ ) (4.12)
fi i1l < 5

for all j.

Note that although OF (0) = [—1,1] is a multivalued set, p; defined above is

UNIQUE.

4.2 Iterative Regularization Applied to Wavelet Denois-

ing

We start by reviewing the generalized Bregman distance discussed in Section
2.3.1. The generalized Bregman distance associated with J(@) in (4.5) can be
defined as

D (@, @) = J(@) — J(@) — (@ — @, p). (4.13)

where p € 0J(w). Again we note that for w; = 0, 0F (w;) is a multivalued set.
However, as we shall see below, the proposed iterative regularization algorithm

will automatically select a unique subgradient p;.

Following the same idea as in Section 2.3, we replace J(@) in (4.7) by the
Bregman distance (4.13) and then obtain a sequence of minimization problems

on u; and the update of its dual variable p; as follows

=g}

e A
a® = argmin{Dp(k 1)@» (k_l))+§||f_ﬂ||%2}7 (4.14)

PP = D LN (f —a®), (4.15)

with & > 1,4 = 0,5 = 0. We shall show that such p¥) € 9.J(a®).
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If we denote %) = ’#, then 7 = 0, by plugging (4.13) into (4.14) and
dropping the constant terms from the minimization, after some simplification we

can rewrite (4.14) as

NI/ - 5D 2
ak) = argmm{J(a) + = H (f + P Y ) — 1 } (4.16)
u L2

2

or

atk) = argmin{J(ﬁ) + 5 H(J;-l- oy — 4

i} (4.17)

We have the following decomposition for all £ > 1:
FAotD =g® 4 5®), (4.18)

We note that at the £*® iteration we simply replace the wavelet coefficient f in the

20 or equivalently, f + 9~ and proceed

original minimization (4.7) by f +

to solve the same minimization procedure as for (4.7). The minimizer of (4.17)

is then
~ (k— 1 . ~ ~(k— . r ~(k— 1
(fs + o) = Ssign(f+ oY), i f e > 1
(k) _ A A
® _ e ) (4.19)
0, if [f+0;7 ] < %
or simply,
~(k ;o ~(k—
i = 8y (i + 9", (4:20)
where k£ > 1, f)j(o) = (0 and
o™ = f o —al, (4.21)

We have the following observations for the above aJ@ and 17j(k):
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Theorem 4.2.1. For the solutions ﬂ;k) and 17§k) defined in the updates (4.19) and

(4.21), k > 1, we have

(1) — o
f)(,k) _ XSign(fj)’ if |f]| > T? (4‘22)
i .
kfj’ Zf|fJ| = /{)\
and sign( ](k)) = sign(f;).
(2) , ) ) .
i if | fil > [CEES
ﬁ;k) =< kfj— isign(fj), if i < |]EJ] < ﬁ, (4.23)
0, if |f]| = k:/\’

\

and sign(i”) = sign(f;), if @ # 0;
(3) fOT ]33' = /\17_7’, ]5]' S aa]F(QNJ,])

Proof. (1) Plugging (4.19) into (4.21) we have

~(k1|>

)

1 . ~ (ke
—sign(f; + vj( 1)) , o if |fJ

o = ¢ A (4.24)

Sl > =

fi oy if | f;+ oY) <

9

9

for K > 1. Since 27.(0) = 0, we have sign(f;.(l)) = sign(f;). By induction,
2) by induction.

sign( J( )) — sign(f;) for all k > 1. Next we also prove (4.2

For k =1, we have (4.22) from (4.12). For k > 2,

(i) If |f;] > oy then v(k_l) = Lsign(fj), and |fj + *’“ D> A >

k .z
—(kjl)/\ > H‘ From (4.24), © ( ) = %&gn(fj);

(ii) If |f5] < 0 1))\,thenv(k V= (k —1)f; and |fJ+’U \—]kfj\ From
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(4.24), if |kf;| > 1, ie S 1fl > =, then U(k) = 81gn(fJ —|—vk Dy =
<

%agn(fj) otherwise, |k fj] % o) = 7, +Uk 1) s

This validates (4.22).

sk _

(2) Now we prove (4.23). From (4.21) we have u = fi+ . Using

(4.22), for k > 1 we have
(i) if 1fil < 75 < g2 then

~(k— F o ~(k r ~(k
o =k -0f, o =kfi, = @ =0

(i) if | f;| > CESYY 1) =, then

(i) if 5 < |fil < g2 then
S(k=1) _ ;o _ L.z w7 L. oz
05 =(k=1f; o7 = X&gn(fj), = U =kfj — Tsign(fj),

and sign(ﬂék)) = sign(fi)sign(k|fj| — %) = sign(fj).
Note that for k = 1, we have ﬁ = oo and (4.23) reduces to (4.9). This
validates (4.23).

(3) From (4.22) we have

. o F 1
. sign(fy). i il >
5 = (4.25)

. 1
kNS, if | ;] < R

For the first part, we have @ u ) £ 0and 0J(w k)) = sign( J( )) = p§k). For the
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second part, we have ’I~L§k) =0, and |p| <1, p; € 8J(ﬂ§k)). This also shows
that the dual variable 5*) updated via (4.15) is automatically a subgradient
of J(a®).

]

We note that (4.23) gives firm shrinkage (4.3) with thresholds 7" = -1 and

k1) = (kjl) 5. One can also see that these thresholds are monotonically decreas-

ing with respect to the iterates k. Therefore, the iterative soft shrinkage provides
a multiscale wavelet denoising sequence, in the sense that bigger coefficients in

u; are saved earlier than smaller ones.

Now we need a stopping criterion for the iterations. We first observe that
the distance between f and u®, which equals to the distance between f and
%®) | is monotonically decreasing with respect to k. Then we can use the same
stopping criterion as was used for iterated total variation based models: we stop

the iteration (4.14) and (4.15) at the last k = k where

where o = ||f — gllz2 = ||f — §l|1> is the variance of the noise f — g, ¢ is used to
denote the original clean image. Note that this stopping criterion corresponds to
the commonly used L? constraint in denoising problems. In general g is unknown,
however, as we discussed in previous chapter, in typical imaging situations, an
estimate for the noise variance is known, which yields a bound of the form || f —

gllrz <o
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4.2.1 Bregman distance

We are interested in the Bregman distance between the original clean image g
and the restored image u. In the wavelet space, we now turn to compute the

Bregman distance (4.13) between the wavelet coefficients § and %%

Dp-(k) (g,ﬂ(k)) = J(G) — J(ﬂ(k)) — (g — ﬂ(k)’]g(k)>

=) gl - Zﬁﬁk)éj
j j

= S (gl-sien(Ba+ Y (G- kA GE)  (4.26)

FIf1>1/kN B fIS1/EA

0.

v

And we also have

D™ (g, a®) — D7 (g, %)
= —(g.5® - ")
< —(g—a®™p® - p*Y)
= —(g—a® (S —a™))
L = ~(k) |12 Lz ~12
< A5l =@l + 51 - glz)

<0

as long as || — a®||z2 > ||f — gllz2 = 0.

Therefore, the Bregman distance (4.13) monotonically decrease for & less than

k, which is the last iterate such that ||f — a®].2 > 0.
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4.2.2 Limiting case

If we reinterpret A = At as a timestep and kX = t*, then (4.23) becomes

1

o o1 1 L
By(1) = k(fi = gsien(h). if 5 < Uil < g5
I 1
07 lf’f:]|<t_k

Let At ™\, 0, then for k > 1, t — At — t. Dropping k we have the following

solution 1
B f.i7 ’f.l| > 27
uj(t> = B 1

07 |fJ| < ;7

(4.27)

which turns out to be hard shrinkage (4.2) with threshold 7 = 1:

The Bregman distance D(g,u(t)) is same as the one stated in (4.26), with kX

replaced by ¢, i.e.,

D(ga(t) = > (gl —sien(Ha) — > (15 - tfig) (4.28)

BIf1>1/t Bt
4.3 Regularized Wavelet Denoising and Inverse Scale Space

In this section we will generalize the above iterative regularization procedure

to a time-continuous inverse scale space. First we need to borrow the usual

regularization technique from the TV-based imaging community: we approximate
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F(uy) = |ug] as

F(ty) = /45 + €, (4.29)

where € > 0 is a small constant (and independent of j). Note that

(4.30)

is well-defined and unique everywhere now, and we can invert u; from p;.

If we replace F'(u;) with F.(u;) in (4.7), we have

A -
U5 = argmin{, [T + € + E(fj - ﬂj)z}, V. (4.31)
i

The corresponding Euler-Lagrange equation now is

B Mg~ f) = 0. (4.32)

~2
j+€

This is a nonlinear equation for #; which can be solved numerically, e.g., by a
simple fixed point method. A slight extra computational cost comes with it as

compared to (4.23).

4.3.1 Inverse scale space

We start from the Bregman decomposition (4.18). Using o*) = @, we have for

each j,

iY=A= AG )., k> (4.33)

i =" = 0. (4.34)
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Let A = At, kAt — t, the equation becomes

dpJ = fi— 1, @;(0) = 0. (4.35)

dp; € ) -
Since — = ————, we have an inverse scale space flow for each u; as follows
di 2 3/27 J
ay (4 +e)

~ ~2 3/2 B
% - +€€) (fi — 1), 1(0)=0. (4.36)

4.3.2 Convergence analysis

We now study the behavior of the above regularized inverse scale space model

(4.36). First,
d ., = d -
pritie at)z: = pr > (f — )

9 Z(fj — ) <W)
261/2Z(f.] - “J)2

J

=262\ f —a(t)| 2.

IN

IN

From Granwall’s inequality we have

_el/2

If = a7 < N —as)ie, s

If feL? let s=0, we have t — oo,

—l/2(t

If = @)= < DN fl72 N0, as t /' oc.
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Therefore, @(t) — f in L? as t — oo, and as a consequence the reconstructed

result u(t) — f as t — oc.

Second, the Bregman distance between § and @ is ; d;(g;, %;), where

S N - . _OF.
0 < d;(g;,14) = Fe(gj)—Fe(Uj)—(gj—uj)au ()
J
€ + giu
= \/gJ +e— = 3
J~2+e

For any g € Bj (L"),

th( u) = Z(éj—ﬂj)%z—zw—ﬂj)(f—ﬂj)

as long as || f — a(t)l|z2 > [|f — gllz2-

We may rewrite

e(; — ;)

\/ﬂf+e(\/ﬂj2 +e\/§j2 + €+ €+ GiUy)

The factor € can be removed and we may rewrite, for any ¢ > 0

d;(g, U5) = (4.37)

4 DG, 1)
dt ¢

<0, aslongas|f—alp>|f—glle=o

This is an interesting estimate which holds uniformly in e. We also have a stopping
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criterion which is similar to the one for iterative refinement: we can stop the

evolution (4.36) at the last ¢t = £ where || f — @(t)|| 2 > o.

4.4 Numerical Examples

20 1 20

40F 4 4opmECt

60f 4 eof

80 o 80

100 1 1001

120 4 120F

L L L L L L L u L L L L
20 40 60 80 100 120 20 40 60 80 100 120

Figure 4.1: shape image, 128 x 128. left: original image; right: noisy image,
oc=30, SNR =17.29.

In this section we present two numerical examples of the wavelet denoising
with soft shrinkage, hard shrinkage, the new iterative regularization method (W-
IRM, which is equivalent with a sequence of firm shrinkage) and the inverse scale
space (W-ISS) flow we mentioned above in this paper. We add Gaussian i.i.d.
noise to the original clean image g and get a noisy image f to use for experiments.
For different thresholds and parameters, there are two ways to define ‘optimal’
results numerically: (i) the SNR of the restored image u is biggest among all;
(ii) ||f — u|/z2 = 0. In general we may have an estimate of o but no information
about g, therefore we can only use the second criterion in those cases. Moreover,
as indicated in previous sections, (ii) is also our stopping criterion for the iterative

method and inverse scale space flow. To compare results in this numerical section
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we choose thresholds 7 for soft shrinkage and hard shrinkage such that their
results satisfy ||f — ul|;2 = ¢ and we use stopping criterion (ii) for all our new

methods.

Figure 4.1 shows the original image ¢, which is composed of different shapes
and scales, and the noisy image f. o = ||f — ¢||2 = 30, the signal-to-noise-ratio

(SNR) is 7.29.

We choose the Haar basis and level 3 for wavelet decomposition in this ex-
ample. In Figure 4.2, the first row shows the results u from soft shrinkage
(threshold 7 = 49) and hard shrinkage (7 = 101), with their corresponding
SNR = 12.03 and 13.04 respectively; the second row shows the results from iter-
ative regularization (W-IRM, A = 0.001, k = 11) and inverse scale space (W-ISS,
dt = 0.001,# = 0.014,e¢ = 0.01), with their corresponding SNR = 13.56 and
13.45 respectively. We can see that these two new results are close to the result
of hard shrinkage. Their SN Rs are slightly higher than that of hard shrinkage
and much higher than that of soft shrinkage.

In Figure 4.2 there are some artifacts in the results. This is a common defect
of wavelet imaging. We point out here that some techniques such as translation
invariant cycle-spinning (cf. [DC95]) can be easily incorporated into our new
methods. Moreover, in the W-ISS method proposed above, we introduced a
regularized parameter €, which can also be used to decrease the artifacts if its
value is taken to be big. In Figure 4.3 we show a result v of W-ISS with a
bigger ¢ = 10, which has much fewer artifacts than the previous results. The
corresponding SN R = 12.84 is higher than that of soft shrinkage. Furthermore,
we also plotted the residual part v = f —w of this result (to enhance the visibility,
we plotted v + 128 here). We can see that it contains very little visible signal,

which is similar to the residual of hard shrinkage. In soft shrinkage, we removed
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Figure 4.2: First row: denoised results from soft shrinkage (left, SNR = 12.03)
and hard shrinkage (right, SNR = 13.04); Second row: denoised results from
iterative regularization (4.23) (left, SNR = 13.56) and inverse scale space (4.36)
(right, SNR = 13.45). All ||f — ul|z2 ~ o = 30.
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some signal along with the residual.
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Figure 4.3: First row: denoised result u from inverse scale space with € = 10 (left,
SNR = 12.84) and corresponding residual v = f — u (4128, right); Second row:
residuals v + 128 of soft shrinkage (left) and hard shrinkage (right) in Figure 4.2.

In Figure 4.4 we show the result from total variation based relaxed inverse
scale space discussed in previous chapter. The denoised result is better than that
from wavelet methods, with no artifacts and higher SN R, but the computational
cost is much more expensive due to the evolution of nonlinear partial differential

equations.

In the second example we denoised a magnetic resonance (MR) image. Figure
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Figure 4.4: Result from TV relaxed ISS. left: denoised u (SNR = 14.96,
| f — ul|lz2 = o = 30); right: residual v + 128 (v = f — u).

4.5 shows the original image ¢g and noisy image f. 0 = 30 and SNR of f is 4.43.
We use db3 basis and level 3 for wavelet decomposition in this example. Figure 4.6
shows the results: the first row shows u and v from soft shrinkage (7 = 57, SNR =
11.72); the second row shows u from hard shrinkage (7 = 83, SNR = 11.01) and
the W-IRM method (A = 0.0008, k = 16, SNR = 11.01); the third row shows u
from the W-ISS method (dt = 0.001,¢ = 0.012,¢ = 10, SNR = 11.94). In this
example we can see that: compared with soft shrinkage, although the SN Rs of
hard shrinkage and W-IRM are lower, using a relative large ¢ = 10 in W-ISS we

obtained a result with fewer artifacts, higher SN R, and much less visible signal

[ BN B BN B
= = § E =

— e g
— m ae

—— e g

L L L
20 40 60

in the residual.
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Figure 4.5: MR image, 256 x 256. left: original image; right: noisy image, o = 30,
SNR =4.43,

140



50 100 150 200 250 50 100 150

Figure 4.6: First row: denoised result from soft shrinkage (left, SNR = 11.72)
and corresponding residual v = f — u (4+128,right); Second row: denoised re-
sults from hard shrinkage (left, SNR = 11.01) and iterative regularization (4.23)
(right, SN R = 11.01); Third row: denoised result from inverse scale space (4.36)

(left, ¢ = 10, SNR = 11.94) and corresponding residual v + 128 (right). All
IIf — ul|z2 = o = 30.
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4.5 Discussion and Conclusion

We have presented two alternatives to soft shrinkage. These involve the itera-
tive regularization (W-IRM) using generalized Bregman distances and the inverse
scale space (W-ISS) ideas borrowed from total variation based image restoration.
The solution of W-IRM turns out to be a firm shrinkage with the thresholds deter-
mined by the scale parameter A\ and iterates k. It appears that the new methods,
especially W-ISS, perform better than soft shrinkage from the SN R point of view
and result in less loss of signal into the residual. All these methods are fast and
easy to implement. Since the summation part in the minimization functions is
separable, our methods can be easily combined with some other techniques of
wavelet denoising, such as shrinkage on detail coefficients only and keep the scal-
ing coefficients unchanged, and/or cycle spinning. The open questions include
the studies of the scale parameter A in W-IRM and the regularized parameter e

in W-ISS.
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