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ABSTRACT OF THE DISSERTATION

Contribution to Problems in Image Restoration, Decomposition, and Segmentation

by Variational Methods and Partial Differential Equations

by

Linh Hue Lieu
Doctor of Philosophy in Mathematics, 2006
University of California, Los Angeles

Professor Luminita Vese, Chair

In the first part of this dissertation, we present two models for image reconstruction
and decomposition, based on ideas of Rudin-Osher-Fatemi bounded total variation regular-
ization [57], and on Y. Meyer’s ideas of using distributional normed spaces for modeling
oscillatory functions [46]. Given a degraded image f = Ku + n, where K is a blurring
operator and n represents additive noise, to extract a clean image u, we consider variational
problems of the form inf{ £(u) := AF(u) + F5(f — Ku)}, where F; and F; are function-
als acting on some normed spaces. Inspired by Meyer and motivated by Mumford-Gidas
[49] and Osher-Solé-Vese [52], we propose for the first model Fi(u) = [ |Dul, the total
variation of u, and F»(f — Ku) = ||f — Kul|g-s, the norm on the Hilbert-Sobolev space
of negative exponent. For the second model, we consider for F a general regularization
penalty ®(u) = [ ¢(|Dul)dz < oo, where ¢ is positive, increasing, and grows at most
linearly at infinity, while for F, we propose the dual penalty Fy(f — Ku) = ®*(f — Ku).

We present algorithms for computing the dual ®* and for solving the minimization problem

XV



inf{ E(u) := A®(u) + ®*(f — Ku)}. We also present theoretical and numerical results.
In the particular case when & is the total variation of u, we show that the proposed model
recovers the (BV, BV*) decomposition, as in Y. Meyer’s model.

In the second part of the dissertation, we present a solution to the problem of edge
detection in streak-camera images, which arises from scientific experiments. We present
an adaptation of the Chan-Vese segmentation model [18]: a novel approach in which we
segment two dimensional images by a 1D model.

Numerical results from each model will be presented in each part.
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Notations and Symbols

R RU{—o0,+00}
R* the set of non-negative real numbers, i.e. [0, c0)
Z7T  the set of positive integers, i.e. 1,2,3, ...
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0; the partial derivative with respect to z;, 9; = 0/0x;
R

\Y% the gradient operator, Vf = (01 f,...,0uf)

div, V- the divergence operator, divp'=V - p'= 01p1 + - - - + Oppn

2 abounded domain in R", with Lipschitz boundary
2 the closure of €2 in R"
the boundary of 2, " = 92

v the outward unit normal to I,

Ffor f the Fourier Transform of f (cf definition 2.1.2)

XQ the characteristic function of €2 (cf definition 1.1.3)

C>(R™), C>=(2) the space of infinitely differentiable functions
Ck(R™), C*(Q)  the space of differentiable functions whose partial

derivatives up to order kth are continuous



CHR"™), C*(Q) the space of functions in C*(R"), C*(Q),
with compact support
D(R™), D(Q) the subspace of functions in C'*°(R"), C'*°(£2), with
compact support in R, €; also denoted C2°(R"), C'°(Q2)
S(R™) the space of rapidly decreasing functions of C*°(R")
such that all derivatives satisfy:
|z|*|Df (2)] — Oas || — oo,
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BV (Q), BV(R™) the space of functions of bounded variations on (2, R™
SBV(Q),SBV(R™) the space of special functions of bounded variations on 2, R"

X', or X* the dual of the space X

S'(R™) the space of tempered distributions on R", i.e. the set of continuous
linear functionals on S(R™)

D'(Q) the space of distributions on (2, i.e. the set of continuous linear
functionals on D(€2)

M(Q) the space of Radon measures on 2

LetmeN,;p>1lands e R:

=[P

loc

LP

loc (R™), the space of classes of measurable functions on R", or €2,

or LY () such that | f(x)|P is locally integrable
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L = L=(R"),
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such that | f(x)|? is integrable
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such that | f(x)] is essentially bounded

Sobolev space consisting of all f € LP (resp. f € LP(£2))
such that D f € LP (resp. LP(Q2)), Va € N™, |a| < 'm
the closure of D(2) in W™P(Q)

Wm2 (resp. W™2(Q))
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PART I

IMAGE RESTORATION AND
DECOMPOSITION

This part of the dissertation is devoted to the study of image reconstruction and decompo-

sition via the calculus of variations and partial differential equations.

In Chapter 1, we introduce the problem and outline the mathematical framework of
our study. We also review previous works in image reconstruction that have motivated the

works in this dissertation.

In Chapter 2, we present a new variational model for image restoration and decompo-
sition. The model involves bounded total variation for regularization (in the framework of
Rudin, Osher, Fatemi) and Negative-Hilbert-Sobelev spaces for fitting (following the ideas
of Yves Meyer [46], Mumford-Gidas [49]). We present theoretical results on the existence
and uniqueness of solutions and properties of the proposed model, as well as numerical al-
gorithm for computing discretely the solutions. We end the chapter with numerical results

from our proposed model, and comparisions.

In Chapter 3, we propose a new model for image restoration and decomposition using
dual functionals and dual norms. We impose a standard regularization penalty ®(u) =

[ ¢(IVu|)dz < oo on u, where ¢ is positive, increasing and has at most linear growth at



infinity. On the residual f — K'u we impose a dual penalty ®*(f — Ku) < oco. In particular,
when ¢ is convex, homogeneous of degree one, and with linear growth (for instance the
total variation of u), we recover the (BV, BV*) decomposition of the data f, as in Y.
Meyer [46]. We present a minimization algorithm for solving our proposed model. We

also present experimental results and comparisons to validate our proposed model.



Chapter 1

Introduction And Motivations

In this dissertation, we will consider a gray-scale image as a function defined on a bounded
subset €2 in R?. Generally in practice, €2 is a rectangle. In this dissertation we focus on
studying variational problems, in the framework of functions of bounded variation, arising
from image reconstruction.

During the formation, transmission or recording process, images may be degraded by
noise and blur. Thus, an important problem in image processing is the reconstruction of the
original true image v from an observed image u,. The degradation in wug is generally the
result of two phenomena. The first phenomenon is deterministic and is related to the mode
of image acquisition (e.g. the computation of integral projections in tomography) or to
defects in the imaging system (e.g. blur created by motion, lens adjustment, or atmospheric
turbulence). The second phenomenon is the noise introduced by random distortions in the
signal transmission. We will only consider additive noise. Then, the degradation model in
consideration is:

ug = Ku +n,

where K is a linear operator representing the blur, and 7 is the random noise.



The recovery of u from w( can be considered as an inverse problem which is ill-posed
in general. The information provided by u is not sufficient to ensure existence, uniqueness
and stability of a solution w. It is therefore necessary to regularize the problem by adding an
a-prior constraint on the solution. One common regularization technique, which we shall
consider extensively in this dissertation, is the bounded total variation regularization.

The process of removing noise from a noisy image u, can also be viewed as the de-
composition of 1 into a sum of two parts: uy = u + v, where u is the clean restored image
and v is the residual. When total variation regularization is applied, the « component will
be piecewise smooth. This corresponds to a ’cartoon’ image. Then, the v component will
necessarily contain all oscillatory patterns (such as noise and texture). We shall refer to this
process as a cartoon + texture decomposition.

Our purpose in this dissertation is to study known models and to develop new models
for image restoration and decomposition. In a general setting, the models in which we shall

explore are energy minimization problems of the form

. f F 9 — F ‘I’ AF 5 = K + , 1.1
(uw)eu(axl,xz){ (u,v) 1(u) 2(v), ug u+v} (1.1)

where Fi, F;, are functionals acting on normed spaces X, X5, K is a continuous linear
operator from X; to Xy, ug is the initial data, and A > 0 is a parameter. We shall apply
mathematical tools from the calculus of variations and partial differential equations to our

study of these problems.

1.1 Mathematical Preliminaries

In this section we outline some mathematical background essential to this manuscript. A

significant part of this section covers the theories of the space of functions of bounded



variation (BV'). We will also review briefly the theories on convex optimization and the

calculus of variations.

1.1.1 Convexity and Lower Semicontinuity in Minimization Problems
Definitions 1.1.1 Ler X be a Banach Space with the norm ||z||, and F' : X — R.

e coercivity: F'is X-coercive if

lim F(z)= +o0.
||| =00

e convexity: F'is convex on X if

FAax+(1=MNy) <AF(z)+(1-=MNF(y), Vx,ye X, Xe€][0,1].

e lower semicontinuity:  F'is called lower semicontinuous (l.s.c) if for all sequence
T, — Xo, then

liminf F(z,) > F(zo).

Tn—T0

The same definition can be given with a weak topology, in which case we say F' is

weakly Ls.c.

Proposition 1.1.1 Assume ' : X — R is convex. Then, F' is weakly L.s.c. if and only if F’

is l.s.c.

Consider the following minimization problem

inf F(x).

zeX

To prove existence of a minimizer, we follow the following steps:



(1) Construct a minimizing sequence z,, € X, i.e.

g, ) = Jk F ).
(2) Obtain a weakly convergent subsequence in some way.
For example: If F' is X-coercive, we obtain a uniform bound ||z,|| < C.If X is

reflexive, then x, has a weakly convergent subsequence, x,;, —, for some 2y € X.

(3) To prove that x is a minimizer, it suffices to show

liminf F(x,,) > F(x), (1.2)

-’Enj —Zo

which implies that F'(zg) = inf,cx F(z).

Notice that if F'is weakly l.s.c, then (1.2) is automatically satisfied.

1.1.2 Definitions and Properties of the Space BV

In this section we outline some of the main points on the theory of functions of bounded
variation. For further details, we refer the readers to [30, 8, 11].

Let ) denotes a domain (open, connected) of R™ (n > 1). When 2 is bounded in R",
we also assume the boundary I' = 02 of 2 is Lipschitz.

Let D(Q2) := C°(2) denote the space of infinitely differentiable functions with com-

pact support in 2, and let D’(2) denote the space of distributions on §.

Definition 1.1.1 (Functions of bounded variation) Ler u € L'(Q). We say that u is a

function of bounded variation in € if the distributional derivative of u is representable by



a finite Radon measure, i.e.

/ua_ﬂp _ _/ pd(D;u), Vo CHQ)", j=1,..n, (1.3)
Q Oxj Q

for some R"-valued measure Du = (D1u, ..., Dyu) in €.
The space of all functions of bounded variation in <) is denoted by BV (), and the

total mass of ) in the Du-measure is denoted by || Dul|(€2).

An equivalent definition of the space BV ({) is obtained via the definition of the dual

space as follows:

Definition 1.1.2 Let u € L*(2). The total variation of w in S is defined by

TV (u) := sup {/ udiv(p)dz, o € CH)", |p| < 1} . (1.4)
Q
Proposition 1.1.2 Let u € L'(Q), u € BV(Q) if and only if TV (u) < oco. Moreover,
TV (u) = ||Du||(R2) for all u € BV (Q).

Notation: As a result of Proposition 1.1.2, it is valid to refer to ||Dul|(£2) as the total

variation of u in Q. We will also use the notation [, | Du| for || Dul|(Q2).

For u,v € BV (Q),a € R, we clearly have
a) [[D(u+v)[[(2) < [[Dul[(2) + [|Dv]|(£2), and
b) [[aul|(Q2) = || Dul|(£2).

That is, the variation measure ||Dul|(§2) is a seminorm on BV (2). It is a norm on the
quotient space BV (§2)/FPy(£2) where P,((2) is the space of constant functions on 2. When

refering to the seminorm, we will also make use of the notation

def
vy / Dul.
Q
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The space BV (£) is a Banach space endowed with the norm
def
lullsvie) = llullere) + lulsvie), ue BV(Q).

Example 1.1.1 Suppose that Q) is bounded in R™. Recall W*'(Q) C LY(Q). For v €
WhHL(Q), the weak first derivative Dv exists and belongs to L*(Y). And, for any ¢ €

CH)™, with |p| < 1, we have

/vdivgpdm ::—/Dv-wdx§/|Dv|dx<oo.
0 Q Q

Hence,

Wh(Q) c BV(9Q).

Since Q is bounded, LP(Q)) C L'(Q) for 1 < p < oo, hence
WhP(Q) c BV(Q), foralll < p < oo.
Definition 1.1.3 An L"-measurable subset E € R"™ has finite perimeter in € if
Xe € BV(Q),

where x g is the characteristic function of E defined as

1, z€F
Xe(T) =
0, ¢ FE.
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We shall denote the total variation of x g in €1, called the perimeter of E in (), by
1OE]](€2).

For E with finite perimeter in €2, ||0F|| is the perimeter measure of E, whose value on

any open set U CC Q is

|OE||(U) = sup{/ divp dz, € CHU)™, |p(x)] < 1forx € U}.
E

By the Structure Theorem ([30], Ch. 5), there exists a ||0E/||-measurable function v :

) — R” such that
/divgpd$:/<p-uEd||0E||
E Q

for all o € CH(Q)".

Example 1.1.2 Assume E is a domain with smooth boundary in R™ such that H"~(0F N

K) < oo for each compact set K C Q. Then for any p € C1(Q), |¢| < 1,

/ divy dr = / o-vdH"
E OE

where v denotes the outward unit normal along OF. Hence, for any V CC €2,
/ divep dz = / p-vdH" ' <H" Y OENV) < o0.
E OENV
Therefore E has locally finite perimeter in §). Moreover,

10E||(©) = H" " (0EN Q)
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and

vg=v H" '-ae ondFEUN.
Thus ||0F||() measures the “size” of OF in Q. Since xp & W5 (Q) (according to, for

instance, Theorem 2, Section 4.9.2 in [30]),

Wiee (©) € BVioe(9),

loc

whti(Q) € BV(Q).

Theorem 1.1.1 (lower semicontinuity of variation measure) Supposeu; € BV (Q) (k =

1,...) and uy, — win Li (Q). Then

loc

1Dul|(52) < tim inf || Dus | (2.

Approximation by Smooth Functions:

Definition 1.1.4 Let uy,u € BV (Q), (k = 1,...) We say that uy, strictly converges to u in

BV (Q) if
(i) up — win L*(Q),
(it) [[Dug||(€2) — |[Dul[(2) as k — .
Remark: Note that the second condition does not imply || D (uy — u)||(2) — 0.

Theorem 1.1.2 (local approximation by smooth functions) Assume u € BV (). There

exists a sequence vy, € C*(Q2) N BV (Q) such that ux, — w strictly in BV ().

Theorem 1.1.3 Assume u € BV (Q2). There exists a sequence uy, € C*°(Q) N BV () such

that

13



(i) up — win L*(Q),
(ii) if U CC Qis such that || Du||(0U) = 0, then || Duy||(U) — ||Du]|(U) as k — oo.

Theorem 1.1.4 (compactness) Assume §2 is a bounded domain in R™ with Lipschitz bound-

ary I'. Suppose u, € BV () (k =1,...) is a sequence satisfying
sgp l|ur|| By () < oo.

Then there exists a subsequence uy; and a function u., € BV () such that
U, — Uoo in L'(€).

Remark: For any bounded sequence u; € BV/({2), the Compactness theorem together
with the Lower Semicontinuity of the variation measure imply the existence of subsequence

ug, and a function u,, € BV (Q) satisfying
Up, — Use in L),

|[Duf[(2) < liminf [| Duy, |[(€2).
j—o00

This shall be applied frequently to prove existence of solutions to the variational problems

to be presented in this manuscript.

Traces and Extensions:

Throughout this section, assume 2 is a bounded domain with Lipschitz boundary I.
Then the outward unit normal v(z) exists for H"'-a.e. on I'. The following theorem

guarantees the existence of the trace for functions of bounded variations.
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Theorem 1.1.5 (Trace theorem) There exists a bounded (continuous) linear mapping
T:BV(Q) — L"T,H"™)

such that

/ udiv(p)dr = —/ ¢ -dDu+ / ¢ - vTudH™*
Q ) r

for all u € BV (Q) and ¢ € C'(R™™. Moreover, for any u € BV (Q) and H" '-a.e.

x €', we have
lim —/ lu(y) — Tu(x)|dy = 0,
r—0+ 7" B(z,r)NQ

where B(x,r) is the ball of radius r centered at x.

Theorem 1.1.6 (Extension theorem) Let u; € BV (Q),uy € BV (R™\Q). Define

o(z) = u(z) ifref
uy(x) ifz € R™\Q.

Then v € BV (R") and

1 Dv][(R") = || Dual|(Q) + || Dua[(R™\Q) + / [Tuy — Tug|dH" .
r

Since (2 is compact with Lipschitz boundary I' = 0f), it has finite perimeter, i.e.

H"1(T") < oo. Then Extension Theorem 1.1.6 implies that the extension by zeros

u(z) ifx e
Eu(x) = B
0 ifzeRMNQ

belongs to BV (R™) whenever u € BV ((2).

15



Isoperimetric Inequalities:

Theorem 1.1.7 (Sobolev inequality) There is a constant C' > 0 such that

[ull po/m-v@ny < C||Dul[(R")  for allu € BV(R").

Again, assume (2 is bounded in R™. For u € L'(2), let

o 4 (ﬁ / u(x)daz) Yo 15)

where [Q2| = £"(12) is the volume of {2 in R™.

Theorem 1.1.8 (Poincaré’s inequality) For 2 a bounded domain in R™ with Lipschitz

boundary, there exists a constant C' > 0 depending only on 2 such that
/ lu — ug|dr < Cql|Dul|(2) Yu € BV(Q).
Q

The Sobolev inequality implies BV (R") ¢ L™ ™~V (R™). The following theorem says
that this is also true for bounded domains €2 with Lipschitz boundary. By Holder’s inequal-

ity, we also have BV (Q2) C LP(Q2) forany 1 <p <n/(n —1).

Theorem 1.1.9 (Embedding theorem) Let () C R™ be a bounded domain with Lipschitz
boundary. Then the embedding BV (Q) — L™"=Y(Q) is continuous and BV ()) —

LP(Q) is compact forall 1 < p <n/(n—1).

Theorem 1.1.10 (Sobolev-Poincaré inequality) The Embedding theorem together with the

Poincaré inequality imply the following Sobolev-Poincaré inequality (which is also known
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as Poincaré-Wirtinger inequality):

lu— uall, < Cal|Dul|(?), Vue BV(Q),1<p<

for some Cq > 0 depending only on ).

Decomposition of the Measure Du:

For v € BV (Q2), Du decomposes into three mutually singular measures
Du=Vu-L"+C,+ J,,

where Vu € L'(Q)" is the Radon-Nikodym derivative of Du with respect to the Lebesgue

measure L", C, is the Cantor part, and J,, is the Hausdorff or jump part. We also have

Jo= W —u)v- H‘"S;l,

where S, is the set of jump discontinuities of © whose Hausdorff dimension is at most
(n —1). For H" '-almost all x € S,,, u™(z) — u™(x) > 0 is the height of the jump at =,
and v(r) € S 1.

Thus, || Dul|(Q) = [, [Vuldz + [o\q, [Cul + [5, (ut —u7)dH""

The Space of Special Functions of Bounded Variation (SBV):

Definition 1.1.5 The space of special functions of bounded variation on (), denoted

SBV (Q) is defined as the space of those functions u € BV () for which C,, = 0.

Theorem 1.1.11 Let uy, € SBV(Q2) be a sequence such that there exists a constant C' > ()

with lup(z)] < C ae. x € Qand [, |Vu|*de + H"1(S,,) < C. Then there exists a
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subsequence uy,; converging a.e. v to a function u € SBV (). Moreover, Vuy,; converges
weakly in L*(Q2)" to Vu, and li_m’H"_l(Sukj) > H"(S,).
(See [4] for proof).

Pairings between measures and 51 functions:

Integrability conditions on the divergence of a vector field p'in €2 yield trace properties
for the normal component of p on I' = 0f2, as well as bounded measures that naturally
arise from pairing p with the total variation measure. We will outline here several results
from [60, 8].

Let €2 be a bounded domain in R™ with Lipschitz boundary I' = 0€, and let v(z) denote
the outward unit normal to I

We will consider the following spaces:

e BV(Q). ¥ BV(Q)NL=(Q)NC(Q),

o X(Q), = {7e L*(Q)". div(p) € L/(Q)}

e X(Q), o {p' € L>*(Q)",div(p) is a bounded measure in 2} .

Lemma 1 There exists a bilinear map (p, u)r : X (), x BV (Q). — R such that

(F,u)r = Jpu(x)p(z) - v(z)dH"™ ifpe CHQ)")
(7, w)r] < [[Plloo Jr [u(@)|dH" ™ V(P u) € X(2), x BV (Q)..

Furthermore, there is a linear operator y : X (Q2),, — L*°(T") such that
Pl < [P

(pyu)yr = fr v(P)(2)u(z)dH™™  Yu € BV (Q).

v(P)(x) = plx) - v(x) for all v € T when p € C*(Q)™.
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(Proof of these results can be found in ([8], pp. 311-317))

The function ~(p) is a weakly defined trace on I' of the normal component of . We
shall denote v(p) by p'- v.
Clearly X (€2), C X (), forall p > 1. Thus the trace p-v is defined for any p' € X (2),.

We also have the following Green’s Formula:

Lemma 2 (Green’s Formula) Assume 1 < p < oo, p' = p/(p — 1). Then for all { €
X (Q), and u € WHH(Q) N LY (Q), we have

/Qudiv(@ dx + /917- Vudr = /F(ﬁ V) (z)u(x)dH™ .

Lemma 3 For every u € L™ ™Y(Q) and for every j € L™(Q)" with divp € L™(Q), we

can define a distribution on (), denoted p' - Du, via the formula

- Du.g) = - |

(udivp)pdz — / u(p'- Vo)dz, Ve € D(Q). (1.6)
0

Q

Furthermore, the mapping (u, p) — p-Du is bilinear weakly continuous from L™ 1) (Q) x

X into D'(Q), the space of distributions on ), where
X ={peL"(Q)" divp'e L"(Q)}, (1.7)
which is a Banach Space with the natural norm

1211 x = [[P1]n + [|divp] |- (1.8)

(A proof is in the Appendix).
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Lemma 4 Under the assumptions of Lemma 1 and if moreover v € BV (Q)) and p' €

L*>(Q)", then - Du is a bounded signed measure with

/ 7 Dul < [|7l]oo - / Dul, (1.9)
Q Q

and the following generalized Green’s formula holds

/ﬁ-Du:/u(ﬁ-V)dH"_l —/udiv(ﬁ)dm, (1.10)
Q r Q

(A proof is in the Appendix).

1.2 Rudin-Osher-Fatemi (ROF) and Rudin-Osher Models

Assume (2 is an open and bounded subset of 122, with 99 Lipschitz. For two dimensional
gray-scale images, € is in general a rectangle in the plane.

Assume the observed image u : {2 — R is degraded by an additive noise n : 2 — R

of zero mean and variance o2, i.e.

uo(w,y) = u(z,y) +n(r,y),

where u : {2 — R is the clean unknown image.
The reconstruction of u from ug may be attempted by utilizing the known statistics of

the noise. We may try to find u such that

/u:/uo, and /(u—u0)2:<72.
Q Q Q

The first condition corresponds to the noise having zero mean, and the second to that the
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variance of the noise is 2.

Unfortunately, this problem is ill-posed. Existence, uniqueness, and stability of the
solution w is not guaranteed due to insufficient information provided by w(. Therefore reg-
ularization by adding a-priori constraint on the solution is necessary. It is desirable that the
choice of regularization be made so that sharp edges in 1, are maintained in w.

L. Rudin, S. Osher, and E. Fatemi propose in [57] to regularize u by requiring it to be of
bounded variation. They propose the following constrained minimization problem, refered
to as the ROF model, for reconstructing v from the observed image u :

Minimize [, | Du| 11D

subjectto [, u = [, uo, and 3 [, |u — uo|* = 02|,

where [, |Dul is the total variation of u.
Remark: This ROF model can be applied to decompose a function ug € L*(€2) into a sum

ug = u + v where u € BV (Q) is piecewise smooth and v € L?() is oscillatory.

Assume further that blurring is present in the degradation process, i.e.

U()([E,y) = KU($7y) + 77(377?/),

where K : L?(Q) — L*(Q) is a linear and continuous operator. Rudin and Osher propose

in [56] the following generalized version of (1.11) for recovering u :

Minimize |, | Dul w12

subjectto [, Ku = [, u, and £ [, [Ku — uo|* = o?|Q].

The space of functions of bounded variation (BV") consists of piecewise smooth func-

21



tions. Imposing that the reconstructed u belongs to the space (BV) allows u to have discon-
tinuities, i.e. the reconstructed image is allowed to have sharp edges while having spurious
oscillations such as noise removed. Then, the objects (which are defined by their edges)
will appear sharply in the reconstructed image.

A. Chambolle and P.-L. Lions have shown in [17], via the use of the Lagrange multiplier

A > 0, that problem (1.12) is equivalent to the following unconstrained problem:

A
inf {/ | Du| + —/ lug — Ku|2}, (1.13)
weBV(Q) | Jq 2 Jq

under the following natural assumptions:

Hl1. K is a continuous linear operator of L?((2),

H2. Kxq = xq (equivalently, [, K*v = [, v forallv e L*(12)),

H3. n(x) is an oscillatory function, representing an additive white noise,
H4. [,n=0,and o® = [, |n]? is known,

HS. fQ Ku.n = 0, i.e. the noise n and Ku are totally uncorrelated signals, (this and the

degradation model would imply that ||ug — ugq||2 > o, where ug g := (ﬁ Jo wo)xa-

For fixed uy and €2, the Lagrange multiplier A > 0 corresponds uniquely to the given o,

provided 0 < o < ||ug — ug, |2, (see Lemma 2.3 in [17]).

The unconstrained problem (1.13) can be viewed as a penalty method approach to solv-
ing the constrained problem (1.12). The Lagrange multiplier A > 0 is the penalty (or
regularization) parameter. It controls the tradeoff between the goodness of the fit to the

data, as measured by ||ug — Kul|3, and the variability of the solution u, as measured by

u| v
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Remark: In [57], the authors already used (1.13) as a numerical device. Chambolle and

Lions [17] gave theoretical analysis and proved the equivalence of the two problems.

Notations: We denote
A 2
Jo(u) :== [ |Du|, and F(u):= Jo(u)+ §||u0 — Kull.
Q

Remark: F is strictly convex, i.e. F(3u+3v) < $F(u)+4F(v) forall u # v. This is true
since J(u) is convex and ||-||3 is strictly convex: J(2u+1v) < 2J(u)+3J(v), and || Ku+
sBol3 = glIKull3 + 31 K03 + 5(u,v) < FIIKull3 + K05 + 5l Kull2|[Kv]]2 <

3| Eull3 + 3] K][3.

Existence of a solution of (1.13), for any uy € L*(2) and A > 0, is obtained as follows

(see also [1, 17, 64]):

1. Since F(0) = (A/2)|]uo||3 < o0, inf,epv() F(u) < oo. Therefore, we can find a
minimizing sequence {uy} € BV (Q2), such that Jo(ux) + ||ug — Kug|| < M, for all
k.

2. Sobolev-Poincaré inequalities imply ||u —ur.al|, < CJo(ux) < M, forallk =1, ...,

1 <p <2, where C' > 0 depends only on €2, and uy, o = (%Q fQ U)X Q-

3. M > |lug — K(ug — ugn) — Kugolls > (|[uo — K (up — uro)lle — [|Kug0ll2)?
> [[Kukoll2 ([[Kurallz = 2[|uo — K (ur — ug0)l[2)
> |[Kupoll2(|[Kuralls = 2(]uol |2 + [| K[ - [[(wr — wr0)ll2))-
K continuous and ||(uy — ugo)|ls < M = ||uollz + || K| - |[(ur — ur.0)|]2 < M.

Hence, % | [o ur] = [|[Kukgl|2 < M”. Thus,

Jo, wk| is uniformly bounded.

4. For 1 < p <2, we have ||ug||, = [|ur — uro + urollp < |lue — urallp + | o un| <
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M + M" ie. ||ug||, is uniformly bounded.

5. |Jul|Bvie) := Jo(uk) + ||ug||1 is uniformly bounded. Then, Compactness Theorem
implies existence of a subsequence, still denote uy, and u,, € BV(2) such that

U — Uso in LY(), and up — us, weakly in L2(£2).

7. K is continuous = Kuy — Kus weakly in L?(Q). Then, ||ug — Ku|z <

lim inf ||ug — Kugl|3.
8. Lower-semicontinuity of the variation measure implies Jy (o) < liminf Jo(uy).
9. Therefore, F'(uy,) < liminf F'(uy), hence u., is a minimizer.

Uniqueness of the minimizer is obtained when K is further assumed to be injective.
Suppose that u,v € BV (€)) are two minimizers. F’ is strictly convex; therefore, if Ku #
Kuv, then F(3u + 3v) < 3F(u) 4+ 3F(v) = inf F, which contradicts with « and v being

minimizers. Therefore, K« = Kv. Thus, we obtain uniqueness if K is injective. 0

Remark: We deduce from the existence proof that the functional F'is: (1) lower semi-

continuous with respect to the L? topology (= to the BV -w* topology); (2) BV -coercive;

to see this more clearly (see also [1]), assume v € BV(Q2), and let w = (%5{”) XQ,

v = u — w. Then,

(@) J,vdx =0,s0 |||, < CiJo(v), where C; > 0,1 < p < 2, (by Poincaré-Wirtinger

inequality).

(b) ||Kw||ls = Csyl|w]|1, for some Cy > 0, and ||ug — Kolls < ||K|| - ||v]||2 + ||wo]]2 <
K[| - C1do(v) + [|uollo-

©) |ullpy = ||v+wl||1 + Jo(v+w) < ||w||1 + (C1 + 1)Jp(v).
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d) F(u) = Jo(u) + 3||uo — Kull3

= Jo(v) + 3|l(uo — Kv) — Kwl|3

> Jo(v) + 3 (1(uo — Kv)lla = [|Kw||2)’

> Jo(v) + g1 Ewlla (|| Kw|l2 — 2/|(uo — Kv)[]2)

> Jo(v) + 3Cal[wllr (Callwlly = 2(|| K[| - Crdo(w) + [[uol2)

(e) If Colwly = 2(|| K[| - CiJo(v) + [|uol|2) = 1, then F(u) > 5Chl[wl]y, so [|ul[sy <
(Cr+ D o(v) + [[w]|i < (Cr+ 1+ 55) F(w).

() If Cof [w] |y —2(| | K || C1Jo(v) + [|uol[2) < 1, then [Jw]]y < & (1+2(|| K] Crdo(v) +

[uo]|2)), 5o [lull sy — L2l < (A 1 ¢y 1) P(u).

Thus we can conclude from (e) and (f) that lim|},|| ,, —oc F'(u) = 00.

We can formally solve problem (1.13) via the calculus of variations, in which case we

obtain the following Euler-Lagrange equations:

div Du + AK*(ug — Ku) =0 in Q, (1.14)
| Dul
Du
— .y = Q. 1.1
Dul v=20 ond (1.15)

where K™ is the adjoint of K.
Non-differentiability of the functional J; in (1.13) when Du = 0 presents a computa-
tional disadvantage. Indeed, equation (1.14) makes sense only when |Du| # 0. In [1], R.

Acar and R.C. Vogel consider the following approximation for J:

Ja(u) = / B+ |Dul? dz, (1.16)
0

where 5 > 0. When 3 = 0, this reduces to the original functional .Jy. The authors have
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also established the following results:

RI1. Jo(u) < Jz(u) < Jo(u) + /B|Q|, for any u € L*(€2). Hence, when u € BV (),

li = .
lim Ja(w) = Jo(u)
R2. Jj is convex and weakly lower semicontinuous with respect to the L? topology for

1 <p < oo, forany 3 > 0.

R3. Define Fy(u) := Jg(u) + 5|jug — Ku||3, 3 > 0. Existence and uniqueness of
minimizer of I3 can be shown in the same manner as for problem (1.13).
Remark: Similar to /' in problem (1.13), Fj is strictly convex, BV -coercive, and
lower semicontinuous with respect to L? topology. Notice also that (R1) implies

0 < Fs(u) — F(u) = Jg(u) — Jo(u) < B|Q — 0as 5 — 0.

R4. (Stability of Minimizers) Assume that 1 < p < 2 and that the functionals F,, F}
are BV -coercive, lower semicontinuous with respect to LP-topology and have unique

minimizers u, g, respectively. Assume in addition

(i) (Uniform BV -coercivity) For any v; € BV (2),

lim  Fj(v;) = 400, forallk.

llvjl| BV —o00

(ii) (Consistency) F — F, uniformly on BV -bounded sets, i.e. given B > 0 and

€ > 0, there exists /N such that

|F.(u) — Fo(u)| < e whenever k> N, ||lu|lpy < B.
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Then,

[|ay, = all, — 0.

For p = 2, we replace lower semicontinuity assumption by weak lower semicontinu-

ity assumption, then the convergence is weak:
ap —u— 0 in L*(9).

Example: We will now illustrate an application of the results above.

Assume A\, Ao > 0, with \, — Ao, (k= 1,...). Fix § > 0. Let

A
Fi(u) = Jg(u) + ?k||u0 — Kul|?, fork=0,1,..

Let % denote the unique minimizers of Fj. Clearly the hypotheses in (R4) are satis-

fied. So we have i, —  strongly in LP(§2) forall 1 < p < 2, and @i, — @ weakly in L*(12).

Thus far we have seen that given an observed image u, a blurring operator K, and a
regularization parameter \, problem (1.13) possesses a unique solution. Yves Meyer [46]
have shown that minimizers of (1.13) are characterized by certain properties. We now study
characterizations of minimizers in a similar manner as Theorem 4 in [46].

Denote by (, ) the scalar product in L?(2). For f € L?(Q) of zero mean, let

LY s DA

< 0. (1.17)
heBV(Q), [hlv20 |PlBYV

Remark: If f € L?*(Q) is such that ||f||. < oo, then f has zero mean. Indeed, let

h € BV(Q2) be such that |h|py # 0, or h # constant functions. Let ¢ be an arbitrary
(fhte) _ (fh+Fexa) — ) X9) This has

|h+clBy |h|Bv ~ |rlBV |h|Bv

constant. Then |h + ¢|gy = |h|py and
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to be bounded from above for any constant ¢ having the same sign with (f, xq). This can

hold only if (f, xq) = 0, orif [, f(x)dz = 0. We also deduce that if || f||. < C' < oo

according to the definition (1.17), then (f, h) < C|h|py for any h € BV ().

Theorem 1.2.1 u = 0 is a minimizer of (1.13) if and only if | K* f||. < +.

Proof: Assume that u = 0 is a minimizer of (1.13). Then for any h € BV (€)), we have

A A
S5 < SIER = fI5 + [Alsy,

or

A
A f, Kh) < §||Kh||§ + |h|Bv.

Changing h into eh, with €)0, we obtain
Ay 2
Ae(f, Kh) < SE|KhIl; + elhlsv,
then first dividing by €, and then taking the limit as e — 0, gives
A(f, Kh) < |h|pv, or M(K™ f,h) < |h|pv,

for any h € BV (). Therefore || K* f||. < 1.

1 K*f.h
Conversely, assume that || K* f||. < 5, i.e. SUDyepy (@), by 20 <|th>

< 1. Therefore,

MK*f,hy < |h|gy, for any h € BV (Q2) with |h|gy # 0. Let u = 0. Then, for any

h € BV (), with |h|py # 0, we have:
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A A A
[hlsv + SI1f = KRll5 = [hlsv + SIFI5+ SIEAIE = A(f, Kh)

A A .
= Ihlav + SIFI3+ SUKRIE = (K", h)

A A
> [hlsv + SI/13 + SIKAIE = [blov

A A
= SIAI3+ SIKRI:
A

A
> SfI3 =S — Kull3 + |ulsy.
2 2
Due to the assumption that W = (, itis easy to show that if a minimizer is a constant c,
then ¢ must be zero. Therefore ©v = 0 is a minimizer of (1.13). U
Theorem 1.2.2 If | K* f||. > 1, then u is a minimizer of (1.13) if and only if
1K (f = Ku)lle = 5 and < u, K(f = Ku) >= T ]ulpy. (1.18)
Proof: Assume v is a minimizer. Then, for any h € BV (), we have
A 2 A 2
20 = K+ )l + fu+ ehlsy = S11f = Kully+ uly, or
A
§e2||f<h|y§ — Ne(Kh, f — Ku) + |u+ €h|py > |u|pv. (1.19)

By triangle inequality,

A

S € IERZ = 22e(Kh, f = Ku) + [uly + |el[hlpy > |ulpv,
or, fore > 0,

A
lu|pv + §€||Kh||§ > MKh, f — Kuy).
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As e decreases to 0", we obtain that for any h € BV (),

\h|gy > M(Kh, f — Ku),

and in particular

L (hE(f ~ Ku)
AT |h| By
if |h| gy # 0. Therefore
1
| K*(f — Ku)||« < T (1.20)

Now, letting 2~ = w in (1.19), with —1 < € < 0, we have
A .
§€2||KU||§ + (1 4+ o)|u|lpy > |u|py + Ae{u, K*(f — Ku)), or

A
§E2||KU||§ + €lu|py > Ae(u, K*(f — Ku)).

For —1 < € < 0, after division by € and letting ¢ — 0~, we obtain that
1 N
ylulsy < {u, K*(f — Ku)).

Now, since « is a minimizer, we have that |u|gy # 0. Indeed, if by contradiction u with
|u|py = 0 is minimizer, then © must be a constant ¢; however, ¢ must be zero because f
has zero mean, therefore v = 0 would be a minimizer, contradiction with the hypothesis

and the previous theorem. Therefore,

(u, (= Kw)

<
|u| gy

1
3 (1.21)

Combining (1.20) and (1.21), we obtain (1.18).

Conversely, assume (1.18) for some v € BV ((2). Then ||K*(f — Ku)|. = 5 implies
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that \(K*(f — Ku),u + eh) < |u + €h|gy, for any real parameter € and any h € BV ().
We then have, for any h € BV (12):

juct ehlay + S1f — K(u+ eh)]

= Ju-t el + 17 ~ Kullj+ SN~ Aelf ~ Ku, Kh)

> MKC(f = Kt eh)+ 51 = Kl + 5K = Aelf — K, K1)
= MK (F — Ku),u) + MK (f — Ku), by + 31 — Kl
KB~ AR (f — Ku),h)

= MK*(f — Ku),u) + %llf — Kul) + %eQHKhH%

A A A
= fulpy + 511 = Kull+ SENKAIE > ulsy + S11f — Kull

therefore u satisfying (1.18) is a minimizer. U

To motivate the problems we are studying in this dissertation, we give here some exam-

ples in which exact solutions to the Rudin-Osher-Fatemi model (1.13) are computed.

Example 1.2.1 We first examine a simple example considered in [59]. Assume ) is a
compact domain in R%. Let Q; CC Q with smooth boundary (09, C X0), and define the

function ug as

1 forx ey
up(z) =
0 forxz e Qy:=0\.

Let uy denote the solution of the ROF model (1.13) with initial data uq and a fixed A > 0.

Since ug is piecewise constant and noise-free, we assume that

1+4, forxe )
(52 fOl"J}EQQ,
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for some 01, 65 to be determined. Applying Example 1.1.2 to u, we obtain the total variation

of u in § to be

Jo(u) = |14 01 — 85[0 .

Since |1 + 61 — 0s| is the height of the jumps of the function u at points on 02, we may

assume that 1 + 61 — 0o > 0. The fitting error between u and ug is
/(uo —u)?dx = 02| | + 52|
Q

To find 61, 6o, we solve the following minimization problem

01,02

. A
i { (1481 = o + S(ieu + e2ia) }.
Differentiating with respect to each ¢; yields

A ] + 09 =0 = § = —L24l

(oA

Aol — 0] =0 = 6, = S5b

This Example 1.2.1 shows that the ROF model decreases the height of the jumps dis-
continuities. Then, the residual v = uy — u will contain this lost height. Consequently,
edges will appear in v.

Next we study an example considered in [40] which shows that not all oscillatory func-

tions have small L? norm. Hence, the space L? is not a well-suited space for modeling

oscillatory patterns.

Example 1.2.2 [40, 46] Fixa > 0, n > 1, and let ¢ be a smooth function defined on R
such that
1 forl|z| <mn,

plr) =
0 forlz|>n+1,
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and  is smoothly increasing on [—n — 1, —n| and smoothly decreasing on [n,n + 1]. Let
m > 1 and define

flz) = %gp’(:ﬁ)sm(m@ + ¢(x)cos(mzx).

Then,

fI3 > 2a? [} |cos(mz)*dz = a*(n + 5= sin(2mn)) > a*(n — §) > 0. Therefore,

the L*? norm of f can be quite large.

We conclude from these examples that the ROF model is not very well suited for decom-
position of an image 1 into a sum of a piecewise-smooth component v and an oscillatory

component v : ug = u + 0.

1.3 Yves Meyer’s Models of Oscillatory Patterns

We are interested in an energy minimization model of the form (1.1) that is suitable for
cartoon + texture decomposition. The fact that BV regularization allows discontinuities
makes it an acceptable space for modeling cartoon images. However, as we have seen in
the previous section, L? space is not appropriate for modeling oscillatory patterns. The
idea is to use a norm that has small weights on oscillatory functions, i.e. weaker norm than
the L? norm. Motivated by these observations, Yves Meyer [46] suggests the use of the
dual to the space BV (), which possesses the inclusions BV (Q2) C L*(Q) C (BV(Q))
for any bounded domain €2 in R?, to capture oscillatory functions. However, there is no
known integral representation for continuous linear functionals on BV (2). T. De Pauw
has presented a description of the dual of SBV () in [25], but it leads to a complicated
representation. To overcome this, Y. Meyer [46] suggests to approximate (BV (€2))’ by the

following slightly larger space:

Definition 1.3.1 (The space G(R?)) [46] Let G denote the Banach space consisting of all

generalized functions f(x) which can be written as
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f(a) = div(§(2)) := O1g1(x) + Oega(x),  gl(x) € L*(R?)".

Define the norm ||f||c by

|7 162 inf {Il Vor(eP + 02(0)? Il f = div(d), § € LR}, (1.22)

Recall that the homogeneous Sobolev space WO1 = VVO1 ’1(R2) is defined as the closure
in Wht .= WH(R?) of the Schwartz class S(R?), (see def. 2.1.1). This space G is

identical to 1W~1°°(R?), the dual of IW,"', according to the following lemma:

Lemma 1.3.1 [46] Let BV} be the closure in BV (in the norm | - |gy) of the Schwartz

class S(R?). Then the space G is the dual to the space BVj.

In addition to the space G, Meyer [46] has also suggested two additional spaces £ and
F for modeling oscillatory patterns. For completeness, we shall give the definition of these

spaces here:

Definition 1.3.2 (The space BMO(R?)) [40] Let f € Li (R?). We say that f belongs to

the John-Nirenberg space of bounded mean oscillation, denoted BMO(R?), if

1
— — A
Q/Q|f fol <A,

for all squares () (it is sufficient to consider squares with sides parallel to the axes). Here,

fo = 15} fQ x)dx. The smallest of all upper bounds A is the norm of f in BMO(R?),

denoted || f|| rom2), i.e

def
llswios ™ s 5 [ 17 = fal

Q=square Q
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The spaces F, £ are defined as follows [40]:

Definition 1.3.3 Ler F' be the space consisting of all generalized functions f which can be

written as

f(a) = div(g(z)), g(x) € BMO(R?)".

Define the norm ||f||r by

|£ 1% inf {(lgillmaro) + gzl suoe). f = div(g), § € BMOR??}. (1.23)

Definition 1.3.4 [32] A generalized function f belongs to the space E(R?) if it can be

written as f = Ag, where g satisfies

sup llg(- +y) —29(.) + 9(. = Yl < too.

ly|>0 ‘y‘

-1

00,00

Equivalently, E is the Besov space B which is dual to the homogeneous Besov

space Bj ;.

Remark: The following embeddings hold in R?,
WhcBVCIL*CGCFCE.

The space G possesses the following properties:

Lemma 1.3.2 If g € L*(R?), then

} [ o5 @ia] < flolllle (1.24)
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Lemma 1.3.3 Let f;., k > 1 be a sequence of functions in L*(2) satisfying the following

three conditions:

(a) there exists a compact set K such that the supports of fi. are contained in K, for all

k>,
(b) there exists an exponent q > 2 and a constant C such that || f||, < C, and
(b) the sequence f,, — 0 in the distributional sense.

Then ||f|lc — 0 asn — oo.

Example 1.3.1 We now repeat an example considered in [40] to illustrate Lemma 1.3.3.

Let f be as in Example 1.2.2 and let g(x) = Msm(mﬂc) + ¢, for any ¢ = constant. Then

m

|9(2)||oc = % and f = g'. Thus
. o a
1/llg = mf {[lglloe. f = ¢'s9 € L7} < — — Oasm — oo,

i.e. the G norm of f tends to 0 as the oscillation increases.

Lemma 1.3.3 and Example 1.3.1 show that a function in the space G may have large
oscillations but nevertheless small norm. Therefore the G norm is well suited for captur-
ing the oscillations of a function in an energy minimization model. However, in order to
apply the || - ||¢ norm to our energy minimization problem, we need a proper definition of
G(92) when Q is a compact domain in R? with Lipschitz boundary. A natural definition is

considered in [40] by restricting to €).

Definition 1.3.5 (The space GV (Q)) Let GV (Q) be the space of all distributions T €

D'(2) which can be written as

T =div(g), ge L),
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ie. T(p) = — [ glaml + g2 Z)dz, for all ¢ € D(Q). Define the || - ||qv norm by

|7 o™ int {| V1@ + 9200 e, T =div(), §€ L@} (129)

We again recall that the homogeneous Sobolev space W' (Q) is the closure of D(Q) :=
C>(Q) in W (). Therefore, functions in W, (€2) have zero trace on 92, and is identical
to the quotient space Wh1(Q)/Py(2), where Py() is the set of constant functions on (2.
(If u € Wy (Q) and u = constant then u = 0 a.e.) Thus, ||u||W01,1 = [ |Vuldz is a
norm on I/VO1 ’I(Q), and it is equivalent to the usual W %! norm (by Sobolev inequality ([67],
pp. 56)). Hence, W, () is a Banach space under this norm ||u||WO1,1. Furthermore, the
dual to I/VO1 1(€2) with respect to this norm and that with respect to the usual W' norm
coincide as spaces of distributions, and the dual norms are equivalent. We shall denote by

W=120(Q) the dual to W, (Q).

Theorem 1.3.1 The space GV () under the || - ||qv norm is isometrically isomorphic to
W=12°(Q) under the norm || - ||y -1. dual to the norm || - ||, 11 = = [, |Vuldz. A proof is
given in the Appendix.

In [10], the authors considered a slightly smaller space for a definition of G(2) :

Definition 1.3.6 G*(Q) is the subspace of W ~5>(Q2) given by
GA(Q) = {v e L*Q),v=div(§),§ € L=(Q)*,§-v = 00n 00}

The norm || - ||ga on GA(Q) is given by

[olles = inf {|1/g1()? + g2l oy v = div(7), G- v = 00n o0}

37



Under definition 1.3.6, G*(Q) = {v € L*(Q), [,v =0} . (A proof of this identity is

given in [10]). With this, the inequality from Lemma 1.3.2 is also valid:

< Julvl|v]lga, Vv € G().

' / u(z)o(z)de

Remark: We would like to emphasize that the difference between the space GV () and
GA(9) is that GV (€2) contains generalized functions (since it is identified with W ~1:>°(€2))

while G*(Q) is only the intersection of W ~°°((2) with the space {v € L*(Q0), [,v =0} .

With the definition and properties of the space G given, Meyer proposes for cartoon +

texture decomposition the following minimization problem [46]:

ue}gnvf(m{\u\wm) A ug—u e} (1.26)
We note that upon replacing the || - || norm in (1.26) with the norms || - || and || - || &,

we obtain two additional energy minimization models.

1.4 Vese-Osher and Osher-Solé-Vese Models

Some numerical models [66, 52, 10, 13, 14] have been proposed in literature to solve
Meyer’s minimization problem (1.26), and the one most relevant to this dissertation is
the Osher-Solé-Vese model [52], which in turn is a particular case of an earlier work by
Vese-Osher [66].

The Vese-Osher [66] model is inspired by Meyer’s problem (1.26) and is based on the

following observations:
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e The spaces W~17(Q) are dual to Wol’p/(Q), where % + I% =1.

e On a bounded set, |[\/9} + ¢3]lcc = limp_.o||v/9} + g5|,, therefore, the spaces

W=1P(Q)) approximates W ~1°(2) as p — oo.

e Finally, for any 1 < p < oo, G(Q) C W~'2(Q), hence they allow for different

choices of weaker norms for the oscillatory component v.

Hence, Vese and Osher propose in [66] the following energy minimization problem:

inf G u,_’:/ Du —i-)\/u—u—i-div_’ 2dx
uE€BV (Q),5=(g1,92)€LP ()2 { P( g) Q| | Q‘ 0 ( g)|

+“[/Q <\/g% +g§>pdxdy];}, (1.27)

where A, ;1 > 0 are tuning parameters, and p > 1.

In (1.27), the unknowns are u, g1, g2. The first term ensures that u € BV (), the second
that v = ug — u ~ div(§), and the last that v is approximately in the space W ~1?(Q).

To see that (1.27) is an approximation to (1.26), take A — oo and p — o0, then in the
minimization, uy—u = div(g) a.e. x, for all those g with smallest L>°({2) norm; the middle
term disappears and the last term becomes || ug — u [|g-

In the particular case when p = 2, the residual v = div(§) in (1.27) belongs to H (),

the dual to the space H; (), with the following dual norm:

2 : 2, 2
(% - = inf dx ¢ .
0ll7-1(0) g,GLIQl( 2 {/(91 + 9) }

v=divg

Assume ¢ possesses a unique Hodge decomposition § = VP + Q, where P € H 1)
and div(@) = 0. Then, v = div(VP) = AP (or equivalently P = A~1v).
In fact, if v € L*(Q) and [, vdz = 0, then there is a unique P € H'(Q), [, Pdz =0,
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such that —AP = v, (OP)/(0v)|sa = 0, ([22], pp. 348-380). The uniqueness of P gives
sense to the expression P = A~!v. Then, § = V(A ) + Q. Thus, on the subspace

{v e L*(Q), [, vdz = 0} of H~'(Q), we can write the norm || - || -1 in the form

010y = / VP = / V(A ). (1.28)

With these, Osher, Solé, Vese propose in [52] the following energy minimization prob-

lem:

ueBV (Q

inf ){/Qwu\+A/Q\V(A—1(uo—u))\2}. (1.29)

The solution to problem (1.29) is obtained by solving for steady state solution of the

following fourth-order nonlinear PDE:

(1.30)

: \v4
odiv \V_Z )

|
), o =0, — e =0.

—~

1.5 Mumford-Gidas and Other Related Works

In [49] D. Mumford and B. Gidas apply techniques in statistical inference to analyze images
in various categories, including vegetation, manmade, road surfaces, sky (with clouds), to
name a few. In this work, the authors observe that the statistics of natural images are scale-
invariant. Since there are no scale invariance probability measures supported on a space
of functions, the authors inferred that natural images should be modeled by generalize
functions (distributions in the sense of Schwartz). In particular, the authors mention that
Gaussian white noise, measured by Gaussian probability measure, is supported in

ﬁe>0]¥_n/2_67

loc
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where H ¢ is the Hilbert-Sobolev spaces of negative exponent (see definition 2.1.3). In
short, the Mumford-Gidas advocate, along the lines of Y. Meyer’s, that we search in the
space of distributions for models appropriate for oscillatory functions.

J-F. Aujol, G. Aubert, L. Blanc-Féraud, and A. Chambolle is a group of authors who,
inspired by Y. Meyer’s [46], have work extensively in image decomposition models using
total variation and dual norms, capturing texture with norms on distributional spaces, and
numerical algorithms for computing these norms. We refer the readers to [10, 13, 14, 15]
for all details on their work.

T. Le and L. Vese [40], and also with J. Garnett [32], inspired by Y. Meyer’s, have
proposed various numerical models for image decomposition and modeling texture with
Meyer’s G-norm and F-norm, and also with Besov norms.

For some works in image decomposition via wavelets approach, we refer the readers to
the works by I. Daubechies and G. Teske [20, 21], J.-L. Starck, M. Elad, and D.L. Donoho
[63].

Related to Chapter 2 of this dissertation is a work inspired by the Osher-Soé-Vese and
using the Fourier Transform for computation done by S. Roudenko [55].

For additional recent works in image reconstruction and decomposition using varia-
tional methods and partial differential equations, we refer the readers to the works by E.
Tadmor, S. Nezzar, and L. Vese [62], S. Esedoglu and S.J. Osher [28], S. Kindermann, S.J
Osher, and J. Xu [38], S.E. Levine [41], A. Marquina and S. Osher [44, 45].
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Chapter 2

(BV, H™®) Model

In this chapter we present a new model for image restoration and decomposition. We follow
Yves Meyer’s suggestion of modeling oscillatory patterns with generalized functions and
Rudin-Osher-Fatemi’s idea of regularization by total variation minimization.

The proposed model decomposes a given (degraded or textured) image u into a sum
u—+wv, where u € BV is a function of bounded variation (the cartoon component of u), and
the noisy (or textured) component v is modeled by tempered distributions belonging to the
negative Hilbert-Sobolev space /1 ~°. It can be seen as generalization of Osher-Solé-Vese’s
model and have been motivated also by Mumford-Gidas [49].

We present proofs for existence and uniqueness of solution to the proposed model,
as well as two characterizations of the solution. We also give a numerical algorithm for
solving the minimization problem. And finally, we present numerical results on denoising,
deblurring, and decompositions of both real and synthetic images.

One related work has been done by Daubechies and Teschke [20, 21] via wavelets
approach. In [20, 21], the authors modified the Vese-Osher and Osher-Solé-Vese energies in
(1.27) and (1.29) by replacing BV () in the regularizing term with the space B (L'(Q)),

and limiting themselves to the case p = 2, whereby they arrived to a new minimization
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problem which gives a decomposition ug ~ u + v, withu € B} (L*(Q2)) and v € H'(Q).

Other interesting related work for image decomposition and cartoon and texture sepa-
ration using generalized functions and dual spaces are by Aujol and collaborators [13, 14,
10, 15], Starck, Elad and Donoho [63], Tadmor, Nezzar and Vese [62], Esedoglu and Osher
[28], among others. A related preliminary work inspired from the OSV model[52] and also

using the Fourier Transform for computations and variants is by Roudenko [55].

2.1 Definitions and Assumptions

Definition 2.1.1 (Schwartz Space and Space of Tempered Distributions) [31, 22]

o The Schwartz Space is defined as:

S(R™) o {ue C®R") st.Va €N, 3 €N, |2|*|D%u| — 0as |z| — o0} .

o The dual to S(R™), denoted S'(R™), is called the space of tempered distributions.

Definition 2.1.2 (Fourier Transforms) [22]

o The Fourier Transform of a function f € S(R"), denoted f , is defined by

FOE [ fla)e? e, €€ R, (i=v—1).

R
The Fourier transform f is also well defined for integrable functions f on R™.

o Let the brackets (,) denote the duality pairing between S'(R") and S(R™). The
Fourier Transform of a tempered distribution g is the tempered distribution g defined
by:

(9,¢) = (g,9) forall p € S(R").
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Definition 2.1.3 (The space H°(R")) Forany s € R,
s ny def n s ~ n
H*R") = {ge S'(R") st. (1+[¢[)¥*-g € L*(R")},

where g is the Fourier transform of g.

H*(R™) is a Hilbert space equipped with the inner product

()= [ (4 IePy AT,

and the associated norm || f ||s= /{f, f)s = (fRn(l + |§|2)S|f(§)|2d§)l/2-

Remarks 2.1.1 o When s = m is an integer, then H*(R") is the same as the Sobolev

Space H™(R™) with equivalent norms. The dual to H=*(R") is the space H*(R").

o Ifsg > 89 >0, then | [ ||s,>| f |ls,- Thus we have the following continuous

embeddings (injections) of spaces

SR™) c H*(R") Cc H2*(R") C ---C H'(R") = L*(R") C - -

- C H(R™) c H ' (R") c S'(R").

2.1.1 Extension from () to R?

Often when working with images, we work with functions defined on a bounded domain
Q1 C R2. On the other hand, the H*® norm is given via the Fourier Transform which is
defined only for functions with values given on R2. To resolve this, whenever necessary,
we shall extend a function to R? by setting it to zero at points outside of 2. It is clear

that extension by zeros is a continuous embedding of L?(2) into L?(R?). Moreover, it is
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an embedding of BV () into BV (R?) [30]. In addition, since OS2 is Lipschitz, Poincaré-
Wirtinger Inequality [30] implies that BV (Q) is continuously embedded into L?($2). We
thus have the following continuous embeddings: BV (Q2) C L*(Q2) C L*(R?) C H*(R?),
s> 0.

Henceforth, for analysis in the continuous setting, we will apply extension by zeros
when necessary. We shall assume that the initial data image g belongs to H—*(R?). For
functions u € BV (2), we will first apply the Trace Theorem (1.1.5) to extend u to 2. Then
we extend u = 0 to R?\Q

In practice, we actually work in the discrete setting (for example see Section 2.6). In
this case, we apply the Discrete Fourier Transform (DFT) and the Inverse Discrete Fourier
Transform (IDFT). Then, the explicit extension by zeros of discrete functions outside
is no longer needed. Indeed, observe that when v is defined only on 2, and we apply

extension by zeros to R?, then the Fourier Transform

u(§) = /R2 u(z)e ™ dy = / u(z)e > dy,

Q

Therefore, in the case when €2 is a rectangular domain, we obtain an implicit equivalence
between the Fourier Transform of the extended function and the Fourier Transform on a
torus. Moreover, 4(£) = 0 for all non-integer £ (i.e. £ ¢ Z). That is, the Fourier Transform
of the extended function is nonzero only at integer frequencies.

We are now ready to describe a new model, which we propose for image reconstruc-
tion and decomposition, using bounded total variation regularization and negative-exponent

Hilbert Sobolev fitting.
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2.2 Description of the (BV, H*) Model

From hereforth, s > 0, L? = L[*(R?*), H* = H *(R?), Q is an open, bounded and
connected subset of R? with Lipschitz boundary I' = 9€), and the blurring operator K is
an injective continuous linear operator from L? into L? such that K1¢g # 0.

We propose the following new variational model for image restoration and decomposi-
tion:

. L . 2
uejlgr%/f(Q)F(u) = AMulpv) + || uo — Ku ||Z,, 2.1

where s > 0 is kept as a parameter for the fidelity norm, A > 0 is aregularization parameter,
lulpv() == [, [Dul is the regularization (total variation) term, || ug — Ku ||> = [p.(1 +
1€]2)=2|tlp — Kul|? d€ is the fidelity term.

Observe that the regularizing term is a convex functional on the space BV (€2) which
consists of functions defined only on (2. The fitting term is a strictly convex functional
defined on the space H ~° consisting of generalized functions given on the whole frequency
domain R?. Clearly, the energy F'(u) is convex. Secondly, observe that since the H ~*-
norm is bounded by the L?-norm, the operator K is also continuous in the H ~*-norm on
L? ¢ H~*. Hence, by Hahn-Banach Theorem, K can be extended to a continuous linear

operator K : H™% — H™%.

Remarks 2.2.1 (i) Taking K to be the identity operator and s = 0 and applying Par-
seval Identity [ |g|*dz = [ |g|*dE, (2.1) becomes exactly (1.13), i.e. our proposed

model recovers the ROF model.

(ii) We can obtain an equivalent form of (1.29) from (2.1) by setting s = 1 and writing
| uo —w |[g=oi= J €17 |ag — a|?d¢, that is, we change the H™* norm into a
semi-norm by removing 1 from the first term in the integrand. Thus, we obtain an

equivalent formulation of the OSV model [52].
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Example 2.2.1 In this example, we show that the spaces L? and L' do not always model
oscillatory functions very well, whereas the spaces H~?° for any s > 0 are better candi-
dates for modeling oscillatory functions. (We paraphrase Example 1.2.2 for the sake of
completeness.)
Let p be a fixed positive integer, and denote by x, the characteristic function of the
interval [—p, p|, that is
L ifle| <p,
0, iffe]=p.

Xp(T) =
Let f : [—p,p] — Rbe given by f(x) = cos(2mqx)- x,(x), where q is a positive integer.
We have
(i) 11712 = 2 J? |cos(@rqa) dz = p > 0.
(ii) || fller =2 ) |cos(2mqa)|da > 2 [ |cos(2mqz)|*da = p > 0.

(iii) Since the Fourier Transform of a product is the convolution of the Fourier Trans-

forms,

~

f(§) = F (cos(2mqr)) « F (xp)

L6+ q) + 6y — )] »

sm(zﬂpy)) ©

2 Ty
_ b (sin(27rp(£ +q)) n sin(2mp(§ — q))
21 £+q £—q
_ 1 <sz’n(27rp§) N sz’n(27rp§)) .
2mq \ §/q+1 §/q—1

So, for any s > 0,
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s 1 |sin(2mp€)|?
L e U a0+ e

[sin(2mpe)
* / Elq— 12 rep®

2)sin(2mpe)
* / T D)Ejq—- DI+ ey

IN

(2mq)?’

where C' is a constant independent of p and q. So, as ¢ — +o0, ||f||-s — 0.

Therefore, as the oscillation increases, the H—° norm goes to zero, whereas the L? and
L' norms stay bounded below by p > 0. In other words, in a minimization model, the
oscillatory components will be better captured by a H~° norm with s > 0, rather than by

an LP norm with p > 1.

2.3 Existence and Uniqueness of Solutions

We now prove existence and uniqueness of minimizers for the proposed model, adapting

the techniques from [64, 17, 1] to the (BV, H*) case.

Theorem 2.3.1 Given 2 C R?, open, bounded and connected, with Lipschitz boundary,
up € H=*, X\ > 0, and K : L?> — L? is an injective continuous linear operator such that

K1 # 0, then the minimization problem
inf  F(u) = Mulpv) + || uo— Ku ||>,, s>0,

ueBV(Q)

has a unique solution in BV ().
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Proof: Let u,, € BV (2) be a minimizing sequence. Then there exists a constant M > 0
for which |u,|py ) < M and || ug—Ku, |2, < M forall n. By the Poincaré-Wirtinger

inequality, we have a constant C' > 0 which depends only on €2 such that
1
| w, — @/un lz2@) < Clunlpv) < CM, foralln. (2.2)
Q

Claim 2.3.1 There exists a constant C' > 0 such that ﬁ‘ fQ u,| < C', Vn.

(We postpone the proof to this claim until later).

By the Claim, || w,, ||z2)< M, Vn, implying || u, |11 < M', Vn. Hence
| wn [ Bv) = tn ||L2) +|tnlpv) < M”, Vn.

Therefore there exist a subsequence, still denoted u,,, and a u € BV (2) such that u,, — u
in L'(Q) and

[u|pv(a) < ligiolgf [tn| BV ()- (2.3)

Moreover, by passing to a subsequence if necessary, u,, — u weakly in L*(Q). After
extending u,,, u by zeros to R?, we still have u,, — u weakly in L2. Since K is a continuous
linear operator from L? to L?, [o. Kuy(z)p(z)de = [g un(x)K*p(x)dx, Yo € L2
Therefore, Ku,, — Ku weakly in L.

To show Ku, — Ku weakly in H %, we recall that for any ¢ € H ™%, % €

- € L*(R%C). So F(uf\% ) € L?*(R?*;C). Hence (by sub-

L?(R%; C), therefore (ng'

sequently taking the real part and then the imaginary part and combining them afterwards)

/R2 }“(%) (z) Ky (z)dx — . }"(%) (x)Ku(x)dr asn — oo.

49



Applying [vid = [ tw, we thus have for any p € H*,

oK, )
7d§—>/ _PRY e asn — oo
/R2 (1+[¢%)* re (14 [§]?)8

Therefore, uyg — Ku,, — ug — Ku weakly in H~° and by the lower semi-continuity of

the H ~*-norm, we get
o = Ko |, < limind || g — K |,
Hence,
F(u) = Aulpyioyt | uo = Ku |2, iminf (Mualpyio)+ | uo = Kun |2, ).

So u is a minimizer.
For uniqueness, suppose u,v € BV({2) are two minimizers, i.e. F(u) = F(v) =

inf,epv (o) F(w), and suppose also K'u # Kv. Then we would have

1 1 1
o — 5Ku—5Kv |2, = 7w — Kull,

1
+ §Re<uo — Ku,uy — Kv)_
3w — Ko |2
— Uog — v
4 e =
S luo— Ku |2, +2 || uo— Ko |
9 Uo U || _g 5 Uo V|l_g -
Then || uo—%Ku—%Kv [ +)\|%(U+U)|Bv(g) <l uo—%Ku—%Kv 1%, +)\%(|U|BV(Q)+
wlsvey) < 5 | wo— Ku |2, +3 || uwo — Kv |2, +X53(Julsvie) + [vlsv) =
infuepve)F (w). This implies F(5(u+ v)) < F(u) = F(v), which cannot be so if u

and v are minimizers. Thus, Ku = Kv. Since K is injective, u = v. O
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Proof: (of Claim 2.3.1) [1, 64]
Denote by w, = <|—é“ fQ un‘)xg and v, = u, — w,, where u,, iS a minimizing se-

quence as above. Then clearly w,,, v, € BV (£2). Moreover, we have from (2.2)

1
o el =Tt = [t oy
€2 Ja
for some constant C' > 0 independent of n, for all n. Thus,

M > ug — Kuy |2,
= uo — Kv, — K, |12,
=[| uo — Kv, ||>, + || Kw, ||*, —2Re{ug — Kv,, Kw,)_,
>\ Kwy (12, =2 || uo — Kvg [|-]| Kw, ||
=|| Kwn (= (|| Kwy [|-s =2 [ uo — Kv, |- )-

> K e (1 K s =2 o s+ 1K e 1)),
Denote by z,, =|| Kw,, ||—s and a,, =|| uo ||-s + || K |||| vn ||—s. Then
Tp(ry, —2a,) <M, and 0 < a, <||up ||_s + || K || -C = M’, Vn.
Hence 0 < z,, < a,, + v/a2 + M < M". This implies

1 ‘/
[ un
1211 Jq

< ', Vn.

I Kxe |l-s=Il Kwy < M", Vn.

Therefore, ﬁ‘ Joy tn

Remark: The above existence and uniqueness result also holds for other regulariz-

ing functionals on BV (2) instead of the total variation. For example, |u|gy () can be
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substituted by fQ ¢(Du) defined in the sense of convex functions of measures (see [26],
[64]), where ¢ : R? — [0,00) is continuous, even, convex, and satisfying ¢(0) = 0,
alz] —b < ¢(x) < a|x|+ b for some constants @ > 0 and b > 0, and any = € R?. Examples
are ¢(Du) = |ug, | + |ug, |, ¢(Du) = \/a + [Duf?, ¢(Du) = log cosh(a + |Dul?), with

a > 0.

2.4 Characterization of Minimizers

In this section we present two approaches for characterization of the minimizer of our
proposed model. One approach is to characterize the subdifferential of the functional F' in
(2.1) by studying the duality of convex optimization problems. This is a rigorous way to
derive the optimality conditions which validate that the solution to problem (2.1) is indeed
the solution to its associated Euler-Lagrange equation to be derived in Section 2.5. The
second approach is to utilize the // ~° inner product to define a ’texture’ norm that is dual
to | - |pv, as in Meyer’s [46]. We will show that this “texture’ norm provides a way for

determining how our proposed model discriminate cartoon versus textures.

2.4.1 Characterization of minimizers via duality

We first review the theoretical results in convex analysis which allow us to make an as-
sociation between a minimization problem (P) and a maximization problem (P*), called
the dual problem of (P). We shall apply these results to obtain characterizations of the
solution to problem (2.1), via the properties of the dual problem. We refer the readers to

[27, 64, 26, 61, 54] for all details covered in this section.
Duality in convex optimization:

Assume X is a Banach space, X* is its dual endowed with the weak-star topology, and
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F : X — Ris a functional defined on X.
Definition 2.4.1 (the sub-differential of ') For u € X, we say that ¢ € X* is in the
sub-differential OF of F' at u iff

Fu) e R and F(u)— (¢, u)xxx+ < F(v) — (¢, 0) xxx+, Yv € X.

Theorem 1 F(u) = inf,cx F'(v) if and only if 0 € OF (u).

Definition 2.4.2 (Legendre transform) Assume ® : X — R is linear, the Legendre trans-

form or polar function of ®, is the function ®* : X* — R given by

®*(v) = sup {(v,v") — ®(v)}.

veX

Theorem 2.4.1 (Duality Theorem) Let V,Y be two locally convex topological spaces,
and V*, Y™ their dual. Let A : 'V — Y be linear continuous operator (its adjoint A* :
Y* — V*is linear and continuous). Assume F (resp. G) is a convex lower semi-continuous
function from 'V (resp. Y') into RU{+00}, not identically +00. Denote the primal problem
by (P), i.e.

(P) inf {F(v) +G(Av)}.

Its dual (P*) is:

(P*) sup {—F*(A"p*) —G*(—p")}.

p*ey*
Then,
(1) —oo < sup of P* < infof P < +o0.

(2) The two conditions (a) inf of P is in R, (b) Jug € V s.t. F(ug) < 400 and G is
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continuous at Aug, imply that

Inf'P = Sup P~.

(3) P* has at least one solution.

(4) If P and P* have solutions u, p*, and Inf P = Sup P*, then

F(u) + F*(Ap*) = (AD", w), (2.4)

G(Au) +G*(—p") = —(p*, Au). (2.5)

Characterization of minimizers via duality:

We now follow the theoretical framework set forth above to formulate the dual to our
minimization problem (2.1). This will allow us to characterize the subdifferential of F'
from which we obtain characterizations of the minimizer u of (2.1) by recalling Theorem
1.

First, we extend the functional 7' in (2.1) to the ambient space L?(Q) by setting F'(u) =
+o0 foru € L*(Q)\BV(9).

Now, the Fourier Transform can be written as a sum of two linear continuous operators

in the following way:

Ff=Fcf+iFsf, (i=vV-1).

When f is a function, these are exactly
Fof = | f(x)cos2mz-&)dx, Fsf= | f(x)sin(2rz-E)de.
R2 R2

The definitions of F and Fg can be extended in a natural way to tempered distributions
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f € H by
<fo7 ()0> = <f7‘}tc()0>7 for all ZBS S(R2)

Let F1, Fo : L*(2) — L?(IR?) be linear continuous operators given by
(Fro)(y) = 1+ y1) "2 (FoKvew) (),

(Fao)(y) = (L4 |yI*) =2 (Fs Kvewr)(y),

where v € L?(2), v.; denotes the extension by zeros of v from € to R? and K is the usual
blurring operator.

For the data image uy € H~°, we denote by
3 def S
fily) = (1+ |y*)=*/*(Fouo)(y) and

Faly) € (1 + [y]?)~*/*(Fsuo) (y)-

With these notations, the functional /' can be re-written as

F(u) I/RQ(J'? —flu)2d$+/R2(JE2—-7:2U)2dx+)\/Q|Du|, Yu € L*(Q).

Now, fix u € BV (1), and assume that ¢ € L*(Q) belongs to F (u). Therefore, u is

the minimum on BV (2) of the following problem:

inf F(v) — / ¢ - vdx. (2.6)
Q

veEBV(Q)

The infimum on BV () is the same as the infimum on W1(Q) (see [64]), so we

replace BV (Q2) with W11(Q), and (2.6) becomes

P inf F(v)— [ ¢-vd
(P) el o) (v) ch vdz,
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where

F(v) = / (fr — Frv)¥da —I—/ (fo — Fov)?da + /\/ |Voldz, forv e WHH(Q).
R2 R2 Q

We now formulate the problem (P*) dual to (P). First, recall that the Legendre trans-

form of a linear functional ® : X — R is ®* : X* — R given by

O*(v") = sup {(v,v") — B(v)}.

veX
Let A : WHH(Q) — L*(R?)? x L'()? be the linear continuous operator given by
Av = (Fv, Fov, Div, Dav).
Let F: WHH(Q) - R, G, : L*(R?*) - R, Gy : L*(R?) — R, G5 : L'(Q)? —» R, and
G : L*(R?)? x L'(Q)?> — R, such that
o F(v) = —f(f) vdzx,
o Gi(wr) fRz f1 )2dx, Go(ws) fRz fz )?dx, Gs(w Afg |w|dz,

o G(w) = Gi(wy) + Ga(wy) + G3(w), where w = (wy, wy, w) € L*(R?*)? x L1(Q)%

Then the problem (P) is

(P) inf {F(v)+G(Av)}.

vEWLL(Q)

Since F and G are proper (i.e. not identically +0c0) convex lower semi-continuous

functions, the dual problem (P*) is

(P7) sup {=F"(A"p") = G" (=)},

p* 6L2(R2)2 XLOO(Q)2
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where F* (resp. G*) is the Legendre transform of F (resp. G), and A* is the adjoint of A.

We now compute F*(A*p*) and G*(—p*).

FX(A'p*) == sup (ANp",0)wia)xwii@)- —|—/¢-vdx
vEWL1(Q) Q

= sup <A*p* + @, U>W1v1(Q)><(W1v1(Q))*
veWL1(Q)

0, if A*p* 4+ ¢ =0on Wh(Q),

400, otherwise.

It is easy to see that G*(p*) = Gi(p]) + G5(p5) + G3(p*), where p* = (p7,p3,p*) €

L*(R?)? x L>=(2)2. Applying the same steps above, we have

i1 = [ (B Fomito))
G309 = [ (22 Ropsto))

* [ —% — % — 07 lf |p*| S )\7
G3(p*) = sup /p-p — Alpldx =
Q

peLl () +00, otherwise.

Let K = {p* € L?*(R?)2 x L>(Q)%: |p*| <\, A*p* + ¢ = 0on WLL(Q)}, then prob-

lem (P*) can be re-written as

P (e (5 )
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The condition A*p* + ¢ = 0 on W11(Q) implies

0= (A"p%,w) + (¢, w)
= (", Aw) + (), w)
= (p1, Faw) + (p3, Fow) + (P, Dw) + (¢, w)

= (Fip} + Faps — divp" + ¢, w), Yw € WHH(Q).

Therefore F;p; + F5p; — divp* + ¢ = 0 as a distribution in D’(€2). Now, F;pj,
Fips, ¢ € L*(Q), for p* to satisfy this relation, we must have divp* € L?(2). Therefore,
following the trace theorem from Lemma 1, we can define the trace p* - 7 on I' = 09f),

where 77 is the outward unit normal to I". Moreover, applying integration by parts we get

for all v € WHH(Q),

2
/ -i)vdl = /Z DV dx—i—/ijDvd
7=1

Q
= (F1pi,v) + (F5p5,v) + (6, v)
- <p>{?F1U> - <p§,.7:21)> - <U7¢>

=0.

Thus we deduce that if p* = (p}, p5, p*) € K then p* -7 = 0 dI" — a.e. on I'. Hence, we

can write /C as

K= {p" = (l,p5,5") € LR x L=(Q)*

7 < A Fipi + Fapi — divi + ¢ = 0in D'(Q),p" -7 = Oon T }.

Now, we had assumed that ¢ is in 0F(u), i.e. w is the solution to (2.6). And since
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the infimum of (2.6) is same as the infimum of P, therefore inf P is finite. In addition,

the functional in (P) is convex and continuous with respect to Av in L*(R?)? x L'(Q)%

Thus, by duality theorem, (P*) has a solution M = (M;, My, M) € K and inf P = sup P*

(minimax relation). So we have

/W(fl—f1<u>>2dx+/R2(f2—f2<u>>2dx+A/Q\Du\ _/Qgﬁ.udx
- /R (MT% — flMl) dr — /R (MfQ — f2M2) dz. (2.7)

Since M € K, F; M, + F3 My — divM + ¢ = 01in D'(Q2). So (2.7) becomes

1AM )d 2 AMy ) d
/Rz<4 Jildy x+/RQ g ) de

fi — Fiu)?d fo — Fou)?dz + X [ |D
+/R?(f1 1) x+/RQ(f2 yu) dr + /Q| ul

+ [ My(Fuu)dx + | My(Fou)dr — / u-divMdz = 0. (2.8)
R? R? Q

Following Lemmas (3),(4) we can associate to v and M a Radon measure, denoted

Du - M, defined as a distribution on (2 :

(Du- M, ) = —/Qu(diVM)Q/JdI - /Q M - (V) )udr, Vi € D(Q).

By the generalized Green’s formula,

/Du-M:—/u-divM—i—/u(M-ﬁ)dF.
Q Q r
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Since M -7l = 0 dT-a.e., (2.8) becomes

2 2
/}R2 <MT—f1M1) d$+/R2 (MT—ﬁMz)

fi — Fiu)?d fy — Fou)?dz + X | |D
+ [ (R=Fwpdes [ (fo=Fapdasa [ 1D

+ [ Miy(Fu)dr+ | My(Fou)dr + / Du-M = 0.
0

R2 R2

Applying the decomposition Du = Vudz + C, + (ut —u~)ridH*|s,, where C,(S,) =
0, Vudz is the Lebesgue part, S, is the jump set, J, := (ut — u™)7idH!|s, denotes the

jump part, and C, is the Cantor part, we finally have

2 2
(s ()

+/R2(f1—]-"1u)2dx+/ (f2 = Fou)’d

)\/ |Vu|dx+)\/ |Cu|+)\/ (ut —u”)dH?
0 Q\S. u

+ Ml (flu)dx + MQ(FQU)dZL‘

R2 R2
+/Vu-de+ M-Cu+/ (um —u" )M -idH' = 0. (2.9)
Q (A u
By definition of G (— M), G;(—Ms), and Gi(—M ), we have
o M3 r 3 2
1°. (Tl _ flMl) 4 (fi — Fiu)® + My (Fru) > 0 for dz a.e.
o M3 3 2
2, ( My szQ) 4 (fo — Fou)® + Ma(Fou) > 0 for dz a.c.
3°. Vu - M + A|[Vu| > 0 for dz a.e. in Q.

By the Radon-Nikodym derivative theorem, we have C,, << |C,| and 3h € L'(|C,|)?
such that |h| = 1and C, = h - |C,|. Thus, M - C, = M - h|C,|, hence

4°. (MCy+ NCy|) = (A + M - h)|C,| > 0, since | M| < .
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Finally, when v and u~ are defined on S,,, we have u™ —u~ > 0and A+ M -7 > 0

(since |[M| <)), hence
5°. (ut —u”)(A+ M - ) > 0 for dH! a.e. in S,,.

In order for (2.9) to hold, we must have each of the quantity in 1°, 2°, 3°, 4°, and 5° to

be exactly 0. The quantity in 3° equals 0 implies

Vu- M+ MVu| =0, dz-ae. x € Q.

Hence
- \Y
M = —)\—u, when |Vu| # 0.
Vu
Therefore at points where |Vu| # 0, we have the Neumann boundary condition % .

i = 0 dl-a.e., since M - 7i = 0 d[-a.e. on I. A full characterization of the minimizer u
can thus be obtained by setting all quantities in 1° — 5° to zero, with the above properties
on M, M, and M.

We can now state the characterization of the subdifferential OF (u) of F' at u as follows:

Theorem 2.4.2 Let Fy, Fs, f1, f1 be defined as above. Let ¢ € L?*(Q) and v € BV (Q),
with Du = Vudz + C,, + J,, the decomposition of Du. Then ¢ € OF (u) if and only if there
exists M (z) = (My(z), My(x), M(z)) € L*(R?) x L*(R?) x L*(Q)2, |[M(-)| < A, such

that
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Vu- M+ \Vu| =0, dv a.e. zin , (2.10)

M-v=0dl'a.e.onT = 01}, (2.11)
FiM, + FsMy — divM + ¢ = 0in D'(Q), (2.12)
%f—ﬁwﬁ+ﬂﬁumo:(ﬁ—}mmdxwaxma, (2.13)
%ﬁ—ﬁA@+A@u@o:(ﬁ—}@ﬁdxwaxma, (2.14)
A M-v=0 (ie. |M|=)\) dH' a.e. z € S,, (2.15)
and finally, supp(|C,|) C N, (2.16)

where N' = {x € Q\S,, A+ M (x)-h(x) = 0 where h € L*(|C,|)?, |h| = 1,C, = h|C,|}.

Recall that u is a minimizer of F' if and only if 0 € OF (u). Setting ¢ in Theorem 2.4.2

above to 0 gives characterizations of the solution of problem (2.1).

2.4.2 Characterization of minimizers via ’texture’’-norm

In this section we present some more theoretical results that further characterize the solution
to our proposed problem (2.1). Similar calculations for minimizers of the ROF model have
be done by Y. Meyer [46] (see also [8] for related discussion).

We begin by defining a semi-norm || - ||, on H ~* dual to the | - | gy norm as follows:

Ifl.= sup |Re(f,u) |

, feH™. (2.17)
u€EBV(Q), |ulpy(0)#0 |u|BV(Q)

| - ||« is a semi-norm since for any f,g € H*andu € BV (), Re(f + g,u)_s =
Re(f, u)_+Re{g,u) ,, 50 [Re(f-+g,u) .| < [Re(f,u) .|+ |Re(g,u)_.|. This implics

the triangle inequality. Moreover, it is clear that for any A € R, || Af [[.= |A| || f ||+
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Lemma 2.4.1 If f € H° is such that || f||. < oo, then Re(f,1q)_s = 0.

Proof: Let v € BV (2) be such that |u|gy () # 0. Then for any constant ¢ € R

[Re(f,u+c)_s] |Re(f,u+c)_
lutclsviy  lulsvo
_ [Re((f,u)—s + (f,¢)s)|

[ul By (o)

< [If[l+ < oo

This implies that there is a constant C' such that |[Re(f,c)_¢| < C' < oo for any ¢ € R.

Then |c||Re(f, 1g)_s| < C < oo for any ¢ € R, therefore |Re(f, 1q)_s| must be zero. [

Remark 2.4.1 The above Lemma implies that if || f||. < oo defined by (2.17) is finite, then
[Re(f, u)—s| < |ulpvollfll«for any w € BV ().

Theorem 2.4.3 Fix A > 0. Let u be a minimizer of (2.1) and set v := ug — Ku. Then the

following holds,
(D) || K*ug |[.< 3 if and only if u = 0,v = uy.

(Il) Suppose | K*uo ||.> 5. Then w € BV (),v = ug — Ku is minimizer if and

only if | K*v ||.< 4 and Re{K*v,u)_s = 3|u|py. In both cases, if in addition

lulpv(a) # 0 then || K*v||. = 3.

Proof: (I) The minimizer is u = 0, v = uy if and only if YA € BV () and Ve € R, e # 0,
Neh|pv@y+ || uo — eKh ||2>] uo |2, -
Expanding the term || ug — eKh ||*,, we get

Mellhlpva) — 26 Re{ug, Kh)_s +° || Kh ||>,> 0, forany e # 0.
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Ife >0:
Nellbl v + < | KR P > 2e[Re(uo, Kh) ..

Ife<O:
Nellklsv + & | Kb 12> ~2le[Re(ug, Kb,

Hence,

MNellhlpv + €2 || Kh |2.> 2le|[Re(ug, Kh) |-

Dividing both sides by |¢| and taking |¢| — 0, we obtain

Mhlpv) = |Re(ug, Kh)_| = |Re(K*ug, h)_|, (2.18)

forall h € BV (). Hence, || K*uo [.< 3.
Conversely, if || K *uq ||.< 2, then by the remark after the Lemma, the last inequality
(2.18) holds for any h € BV (). From here, add || uq [|?, to both sides of (2.18) and

| Kh ||2, to the left hand side, we obtain

Mhlsvie)+ | uo 12, —2 Re{ug, K)o+ | Kh [|2.2] uo |I2, -

That is,

Myt [ uo — Kl |22 uo |12, -

This is true for all h € BV (), thus u = 0 is the minimizer.

(IT) We have u € BV (), v = ug — Ku is minimizer if and only if Yh € BV (Q),Ve € R :

AMu + ehlpy+ | v —eKh ||2,> Mulgyoy+ || v |2, -
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Then,

Nellhl v — 22 Re(v, Kh)_, + 2 || Kh |2, 0.

for any € € R, hence
Mellhlavio) + € | Kn||2,> 2le||Re(K v, h) .
Divide both sides by || and taking € — 0, we get
A :
§|h|BV(Q) > |[Re(K*v,h)_4|, Vh e BV(Q).

Hence, || K*v ||.< 3.
Repeat the same calculation with specifically h = uwand —1 < € < 0 (so that 1+ > 0),

we get
ML+ e)ulpyoyt | v 2, —2e Refv, Ku)—s + & || Ku [I2,> Mulpy+ [ v ]2, .
—  Aelulpv) — 2e Re(K*v,u)_s+&* || Ku ||2,> 0. Since ¢ < 0, this is the same as
—Mellulpvio) + 2le|Re(K*v,u) s+ &* || Ku [|%,> 0.
Divide both sides by |¢| and then let ¢ , 0, we obtain

2 R8<K*U,U>_S Z A‘U‘Bv(g)

Since |R9<K*U,U>_S‘ S %‘U‘Bv(g), we get |Re<K*v,u>_s| = %|U|Bv(g) If ‘U‘Bv(g) 7A 0,
then || K*v [[.= 2.

Conversely, suppose v € BV () and v = uo — Ku satisfy || K*v ||.< 4 (with equality
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if |u| gy (o) # 0) and Re(K*v,u)_s = 5|u|pv(a). Then Vh € BV () and ¢ € R,

Mu+ehlpv@+ || v—eKh |2,
> 2Re(K*v,u+eh)_+ || v|?, —2¢ Re(v, Kh)_, +&* || Kh |2,
=l v |2, +2 Re(K v, u)_s +&* || KI |12,

> v |7, +Aulpyv(q)-

Therefore, v is minimizer. U

Remark 2.4.2 Note that if Re{ug, K1q)_s = 0 (can be simply obtained by subtracting a
constant from ), then in part (II) above we always have |ul Bv(Q) 7 0 (because if u is a

constant minimizer, then u must be zero in this case, but this cannot hold in part (II)).

Remark 2.4.3 The above characterization of minimizers holds if the total variation |u| gy ()
is substituted by another functional ® on BV (Q)) that is convex, lower semi-continuous and

positive homogeneous of degree 1.

2.5 Derivation of the Euler-Lagrange Equation

In this section we will formally compute the Euler-Lagrange equation for the minimization

problem (2.1). We have shown in Section 2.4.1, via the dual variable M, that if v is the

Du

minimizer of (2.1), then v automatically satisfies the Neumann boundary condition Dul

ii = 0 for dl-a.e. x € O where |Du| # 0. Recall also that u = 0 outside ) when @

appears. The associated Euler-Lagrange equation for (2.1) is derived as follows:
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Take any test function p € C'*°(12). Define

g(e) = F(u+eyp) (2.19)

o i K)o — <5
:)\/}Du+5D¢‘+/ (it — Ku 5Kg0)(ug v-e So)dg.
Q R2 (1+€]2)*

Recall the two identities [ vidde = [ dwdz and [vivde = [ Gwdz, for any w(z) €

R. Applying these to (2.19), we obtain
Du {LO—KX’UA ﬁo—m?
/
g'(0) = A —~Dg0—/ 71‘(@—/ 2 Ko
O)=2 . 1oul o AR ™ Jo TP
Du Du
=\ — d Al d
[ et s [ (g
G0 — Ku G0 — Ku
— | Fl——e |Kp— | Fl—m | Ko
/R2 <<1+|£|2>s> i / (<1+\5\2>s> v

The first integral vanishes by applying the implicit Neumann boundary condition. The

last two integrals are conjugates of each other. Thus we obtain

_ /Qdiv(é—uMW—2/RQK*<RG{$(%>}>¢

for all p € C*°(12), where K* is the adjoint of K. Thus, the Euler-Lagrange equation is

)\dw( )+K*(2Re{]—“(%)}) —0 inQ
Du 7 =0 ond, (2.20)

|Dul

v =0 outside
Remarks 2.5.1 (i) When s = 0 and K is the identity operator, the Euler-Lagrange
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equation in (2.20) above is the same as that of the ROF model (because ug — u =
F (ifo — ﬁ) when uy and u are real-valued). This proves that the obtained PDE is

consistent with the energy (2.1), (see Remark 2.2.1(i) above).

(ii) When the operator K is convolution with a kernel k, (e.g. K is convolution with a

Gaussian kernel), then owing to the identity Eg\p = l%gb, equation (2.20) becomes

)+ oRe{F( k)L,

Du
MV (D] A+ 1ePr

| Dul

In fact, F ( (fﬁ\gfw k) is real-valued, hence we get

)\dw(‘gu‘) n 2]-‘(%@ — 0. 2.21)

(iii) If we integrate both sides of (2.21) over R?, imposing that u = 0 outside of Q and

@Z‘ 1 = 0 on 071 is the outward normal to OXY), then the first term vanishes, and

we get

ﬁo—z‘aA . . . ao_z‘iaA _

If we write w(§) = %z(f), then w(§) = w(—=¢). Then

—27ri£‘90d€7 (make a Change ofvariables - 5 - 5)7

b

S»
I

I
§<

Therefore, w(0) = w(0) = (iig(0) — k(0)@(0))k(0) = 0. We impose that i:(0) # 0,
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that is, k has nonzero mean, then ty(0) — u(0) = 0, which means that the component

V=Uy— U has Zero mean.

2.6 Numerical Approximation of the Model

We present here a numerical algorithm for solving the proposed model (2.1). We shall
work with the case when the blurring operator K is the convolution with a kernel £, i.e. the

problem we are solving is

o — ki
Lt F(u /|Du|dx—|—/ e (2.22)

Since the total variation is not differentiable at 0, we approximate (2.22) with the fol-

lowing:

inf  F.(u) _A/ \/52+|Du€|2dx+/ 7k“€|d§ (2.23)

Remark 2.6.1 It can be shown that the regularized minimization problem (2.23) has a
unique solution for each \ > 0 and £ > 0 by repeating the steps in Section 2.3. In addition,
following the arguments in [17], it can be shown that as € converges to zero, the unique

solution of (2.23) converges to the unique solution of (2.22).

Applying gradient descent method to solve (2.23), we obtain the following non-linear

PDE:

ou __ . Vu u ku :

. Vu 5 2.24
We n=20 on 02 (2.24)

u = 0 outside €.

\

To proceed with the discretization of (2.24), let us assume that the initial discrete image

ug is of M x M pixels, and that it has been sampled from its continuous version at uniformly

69



spaced points starting at (0, 0), i.e. ug j; = uo(jAz,lAx)for j,l =0,1,---, M —1, where

Az is to be determined.

2.6.1 The ”’force’” term

Computing the force term § <(a0_12a k

(PGB ) in (2.24) requires the Discrete Fourier Transform

(DFT), which is defined for any M x M signal u as

| Mol
U = <75 E wj e 2 Um /M formn = 0,1,--- M — 1.
3,1=0

The Inverse Discrete Fourier Transform (IDFT) for u is defined as
Uy = Upy €2 UMM for 1 =0,1,-- , M — 1.

The DFT array (), , is, indeed, as taken from its continuous counterpart at frequencies
(mAE,nAE) (m,n = 0,1,..., M — 1). The inverse relation between the DFT and IDFT

implies that Az and A¢ are inversely related by

1

A= MAz’

Therefore, to give our numerical computations a balance weight between the spatial terms

and the Fourier frequency terms, we shall choose

1 1
Ner=—— and ANE=—.
SV Vi $=

A final note on computing the force term: before taking the DFT, we multiply (—1)7+!

to the signal. This shifts the origin of the frequency domain to the center of the image. Thus,
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for 0 < m,n < M, the (m,n) entry corresponds to the Fourier coefficient at frequency

((m = )AL, (n— Y)AE). Therefore, we evaluate the weight function = at points

(1+[?)®
61762 - _%A€7 _@Agv R @Ag

2.6.2 The curvature term

For the discrete gradient, we shall use the following usual notations:
Vit = (Viu,Viu), VE u= (Viu,V, u)

V=T = (Vyu,Viu), V> Tu=(Vyu,V,u)

where

+ _ —_
Vou = ujy1; — ujy, \Y%

x = Wyl Uj—1y

ty - _
Vyu = ;41 — ujy, V, = Ui — uji-1.

Y

Since the dual operators to V©+ VT~ V™t V7~ are, respectively, the operators

div=, div™t, divt ™, div™ T, we can write the regularized curvature term in one of four
ways:
_ Vu . Vb
div(——— ) & dwa*ﬂ*( ) (2.25)
Ve + | Vul? Ve 4 | Vabyl?

where div®*?* denotes the dual operator of V% with o, 3 = +, —.

To make our numerical scheme rotationally invariant, we use all four approximations
to the gradient operator by alternating them with each iteration [8]. For example, if ™ was
computed using VT, then we use V*©~ to compute u" ™!, V=" to compute u" 2, and

n+3

V™~ to compute »" ", and then repeat.
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2.6.3 Numerical algorithm

We solve (2.24) with the following iterative semi-implicit scheme [64]:
1. u is arbitrarily given (we can take u" = )

2. Once u" is calculated, compute the forcing term F" = § < 1{% 5“ /%)

3. Compute u?fl, for j,l =1,2,---, M — 2 as the solution of the linear discrete equa-
tion:
n+l _ n A0 ook, B vByntl n
Ui = gt At(mdw <—/7€2 +Va,ﬁun2>jﬁl + 2Fj¢>

with e = &’Az, some ¢’ > 0 small, and the boundary conditions

n+1 n+1 n+1 _ . n+l n+1 n+1 n+1 _ n+1
Ugp = Uyp s Uppqg = Uprops Uj0 U515 Ujpr1 = Ujpo-

To clarify the notations in step 3 of our algorithm, assume that we are solving at pixel

(7,1) the equation

u?;rl + At(

)\ o V+,+un+1 .
(Ag;)dw <\/52 T |v+,+un|2> . 2 j’l>'

Let d;; = (y/e2 4 [V++un|2);,, which is known since u” is already computed. Then

+,+ +1 n _ n+1 n+1 _n n n+1 n+1 _an
div"‘( Voryn ) _ Ui T W Uy uj—l,l_l_uj,l—i-l Ujp Uy Uji_q
Ve + [VHtun|? d;y dj—1y d; dji—1

Basically, we set all terms at the current pixel (7, /) in the curvature term to be unknown.

Setting c;; = dj)l\(iAAtx)’ then we have
n+l _ n n n n n n
(I¢j1a2¢iH¢i-)uf) = Wiytciauf g Gy 600 o+ a-aufy F200E,

Hence, u"Jrl is obtained by dividing the coefficient (1 + ¢;_;; + 2¢;; + ¢;;—1) to both sides

of the equation. We remark here that the semi-implicit scheme above approaches the steady
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state equation much faster than an explicit scheme, and hence, an advantage.

2.6.4 The blurring kernel

In our implementation, we perform blurring directly in the Fourier frequency domain. Since
the Fourier Transform of a Gaussian is again a Gaussian, to blur an image, we multiply
(pixel-wise) a Gaussian kernel to the DFT of the image, then we take the inverse transform.

For a Gaussian kernel we used the form

€%+§§)_

&) = eap( =5

Thus, in our numerical computation, we never compute a discrete convolution.

2.7 Numerical results for image restoration

In this section we present numerical results obtained by applying our proposed new model
to image denoising, deblurring and decomposition. For comparison, we also present results
from application of the ROF model [57] to the same images. In our implementation of both
models (our proposed model and the ROF model), we discretize the curvature term in the
manner given in Section 2.6.2. In our proposed model, s is a parameter. We will show
numerical results obtained with various values of s.

For image restoration, the parameter A was chosen so that the best residual-mean-

squared-error (RM SFE) is obtained. For the RM SE and SN R, we used the expressions

\/ 5 (ugs = tege)’

MN ’

> (i = 53)°
(g — ey — Zl o))

RMSE = SNR =

where .. is the clean image (which is known in all of our experiments), and M, N are the
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size of the image.

We mention that alternative approaches for selecting A is the method proposed by
Gilboa-Sochen-Zeevi [37], where the authors choose A in an optimal way, by maximiz-
ing an estimate of the SN R or by minimizing the correlation between u and f — .

In Figure 2.2, we show the denoising results obtained from our proposed new model
with H~! and H~" norms in the fidelity and the ROF model performed on a synthetic
piece-wise constant image with additive Gaussian white noise of o = 30 (shown in Fig.
2.1). In Figure 2.3, we show more results on the same image from our proposed model
using s = 0.5 and s = 2, respectively, for the 7 ~° norm in the fidelity term. We also show
the results from our model using H; ' semi-norm for the fidelity term (as discussed in
Remark 2.2.1, equivalent case with the model from [52]). The RM SE and SN R, together
with the value of the parameter A, for all results in this experiment are shown in Table 2.1.
Comparing the results, our model with H %% norm gives results with the best RMSE,
while the H ! semi-norm gives results with the best SN R. Visually, the results from our
model with ! norm preserves best the edges in the u component. Overall, our proposed
model performs much better than the ROF model, as expected.

In Figure 2.5 we show results from another denoising application. We applied our
model using H % and H~! and the ROF model to a noisy image of a woman. The noise
is additive white noise with standard deviation o = 20 (see Fig. 2.4). The RMSFE and
SN R of the original noisy image is 0.0762599 and 8.01743, respectively. After denois-
ing, the best results from the ROF, H %, and H ! have the SN R of 30.64769, 32.97592,
32.82501, and the RMSFE of 0.03548729, 0.03461537, 0.03472017, respectively. The
values for ) that yield these results are 14, 0.4, 0.25 for the ROF,H ~%5, H ~! model, respec-
tively. Again, our model yields better results than the ROF model.

We also try texture removal with our H ~!-model and compare with ROF model. The

results are shown in Figures 2.6, 2.7. In Figure 2.6, the texture image is synthetically
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Restoration Model | A RMSE SNR
Noisy Image 0.224578 4.03064
ROF 55 ] 0.0526239 | 51.99021
H° 9.3 ] 0.05204916 | 53.11084
HY5 3 0.04953237 | 58.99322
H1 1.75 | 0.04959289 | 59.41552
H™2 0.9 | 0.05290355 | 52.67199
H? 3.8 10.04977601 | 59.905

Table 2.1: RM SFE and SN R for the denoising results on the synthetic piece-wise constant
image shown in Figures 2.2,2.3.

created, and in Figure 2.7, the image is natural. We can see that the H ~!-norm models
better the texture than the L2-norm.

In Figures 2.8, 2.9, we show deblurring results on a synthetic image and a natural
image of an office. The blur is done as described in Sect. 2.6.4 with « = 0.8. For the
result in Figure 2.8, the blurred image has RMSE = 0.1016. The improved image has
RMSFE = 0.03618513 using the parameter A = 0.0011. For the result in Figure 2.9, the
blurred image has RMSE = 0.181955, and the improved image has RMSE = 0.10373
using A = 0.0004. Visually, we see a significant improvement in the recovered image as
compared to the degraded one.

Our last experiment is recovering from a blurred and noisy image. In Figure 2.10,
we add white noise of standard deviation o = 10 to the blurry image in Figure 2.8. The
degradation has RMSE = 0.121289. The improved image is obtained with A = 0.0675,
and the RMSE = 0.0607262.
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original Noisy 0 = 30

Figure 2.1: A synthetic image and its noisy version with additive Gaussian white noise with
standard deviation 30 and zero mean.

2.8 Conclusion

We have proposed a new variational model for image restoration and decomposition, using
the Hilbert-Sobolev spaces of negative degree of differentiability to capture oscillatory pat-
terns. We have presented an algorithm to solve the proposed variational problem. We have
also presented results of numerical experiments for our proposed model and for the clas-
sical ROF model. In each experiment, we have chosen the parameter A so that the RMSE
measurement is minimized. The results obtained from our proposed model are improved,
visually and quantitatively (in terms of RMSE and SNR), over the ROF model, for values
of s € [0.5, 1]. Outside this interval, we have obtained results similar with those produced
by the ROF model.

In each of our numerical experiments, we choose manually the value for s. The results
from our numerical experiments with synthetic and real images suggest that Gaussian white
noise is captured best by the H~° norm when 0.5 < s < 1. This agrees with Mumford
and Gidas [49] whose work has motivated us to investigate the spaces H ~° for modeling
oscillatory patterns.

We also conclude that the value s = 1 corresponding to H ~! can be used both for image
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UROF vror + 60

U O (%20 + 60

Figure 2.2: Comparison of results from our proposed model (s = 0 and s = —1) with
the ROF model. Top: denoising results obtained from the ROF model. Middle: denoising
results obtained with H ~!. Bottom: denoising results obtained with H°.
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Up—0.5 VHg-0.5 + 60

Figure 2.3: More results from our proposed model, using for the norm in the fidelity term
H=%5 (row 1), H~? (row 2), and H; ' semi-norm (row 3).
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original

Noisy o = 20

Figure 2.4: Lena image and its noisy version with additive white noise.

denoising as well as for cartoon and texture separation. However, we do not focus in this
paper on u + v + w decompositions, with u a cartoon component, v a texture component
and w a noise component, and we leave the study of separating noise from texture in a

future work; we refer the reader to Aujol-Chambolle [15] for a solution in this direction.
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vror + 60

Up—0.5 vy-o5 + 60

Ug-1 V-1 + 60

Figure 2.5: Denoising results on Lena image. Result of ROF model (top), result of our
model with /=% (middle), result of our model with H ! (bottom).
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original

ﬁ

Figure 2.6: Decomposition of a synthetic textured image. Results from ROF model (A =
42) and our model with H~! (A = 0.5).
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original

UROF vror + 60

vg-1 4 60

Ug-1

Figure 2.7: Decomposition of a natural textured image. Results from ROF model (A = 58,
middle) and our model with ! (A = 2.5, bottom).
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original blurred

Figure 2.8: Deblurring on a synthetic image. Result is obtained from our model with H ~*
(A =0.0011).

original

Figure 2.9: Deblurring on image of an office. Result is obtained from our model with H ~*
(A = 0.0004).
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original noisy blurred (o = 0.8, 0 = 10)

V-1 + 60

Figure 2.10: Denoising-deblurring result using our model with ! (A = 0.0675).
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Chapter 3

(®, *) Decomposition Model and

Minimization Algorithms

In this chapter, we consider a decomposition model that imposes the standard regularization
penalty ®(u) = [ ¢(|Vu|)dx < oo on u, where ¢ is positive, increasing and has at most
linear growth at infinity. However, on the residual f — Ku, the model imposes the dual
penalty ®*(f — Ku) < oo, instead of the usual || f — Ku||3. fidelity term. In particular,
when ¢ is convex, homogeneous of degree one, and with linear growth (for instance the
total variation of u), we recover the (BV, BV*) decomposition of the data f, as in Y.
Meyer [46].

We present practical minimization algorithms, together with experimental results and
comparisons to illustrate the validity of the proposed models.

The work in this chapter is jointly done with Triet Le. I thank him very much for his

generous contribution.

We begin with some basic assumptions and motivational background:

Let 2 be an open and bounded subset of R?, with 92 Lipschitz. For two dimensional

85



images, {2 is in general a rectangle in the plane. Again, we assume the linear degradation
model f = Ku + n, where f,u : 2 — R are the degraded and the clean unknown
images respectively, K : L?(Q) — L*(fQ) is a linear and continuous operator, and n
represents additive noise of zero mean. Recall our discussion in Chapter I that the problem
of recovery of the unknown image u, given f and given this degradation model, is known
to be an ill-posed problem. Therefore, regularization techniques as a-priori smoothness on

the unknown wu are usually imposed in a minimization approach, of the form
inf £(u) = R(u) + A\F(f — Ku), 3.1

where the first term acts as a regularization term (usually depending on spatial derivatives
of the unknown u), F'(f — Ku) acts as a fidelity term, and A\ > 0 is a tunning parameter. The
behavior of functionals 12 and F' is chosen function of the a-priori smoothness assumptions
on u and function of the statistics of the noise n. The standard case is when R(u) depends
on the gradient Vu of u and on its discontinuity set S,, and if additive Gaussian noise
of zero mean is observed, then F'(u) = ||f — Ku|3. These cases include the Perona-
Malik model [53] (A = 0), the Mumford and Shah model for image segmentation and
piecewise-smooth regularization, the models of D. Geman, S. Geman and collaborators
[33, 34, 35, 36] in the non-convex regularization, the total variation minimization of Rudin,
Osher and Fatemi [57, 56]. Other related models and analysis in variational approach are
by Acar-Vogel [1], A. Chambolle-P.L. Lions [17], Aubert-Vese [12], Vese [64]. In the PDE
approach, we mention again the Perona-Malik equation [53], as well as the anisotropic
smoothing [16, 9].

More recently, D. Mumford - B. Gidas [49] and Y. Meyer [46] advocated the use of
generalized functions as distributions in dual spaces for modelling images with oscillations,

such as natural images, noise, texture, oscillatory patterns; thus proposing spaces such as
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H~%(£2) [49] and spaces that approximate the dual BV *(€2) of the space BV (2) [46]. Such
oscillatory images are better modeled if weaker (dual) norms are considered as penalty or
assumption, instead of the || - ||2 fidelity penalty.

Here, we follow the approach suggested by Y. Meyer of using duality to obtain weaker
norms to represent the oscillatory component v = f — Ku. When analyzing the Rudin-
Osher-Fatemi model [57] in the book manuscripts by Y. Meyer [46] and Andreu-Vaillo,
Caselles and Mazén [8], the dual functional ®*(v) of the total variation ®(u) = |Du|(12)
already appears in the characterization of minimizers. We propose in this paper minimiza-

tion models of the form

irulf<I>(u) + A\O*(f — Ku).

We will consider in particular the penalty u € BV(2), or more generally of the form
#(|Du|)() < oo, with ¢ convex and of linear growth (¢(t) = [t|, ¢(t) = V1 + 2,
¢(t) = log cosh(]t])), as well as non-convex potentials. In the convex case these include the
total variation minimization proposed by L. Rudin, S. Osher, and E. Fatemi [57]. Related
recent work is proposed by J.-F. Aujol and A. Chambolle [15], and by S. Levine [41], where
the authors use the duality given by the Legendre-Fenchel transform to solve cartoon and
texture decomposition models. However, our approach proposed here is different.

In Vese-Osher [65, 66], Osher-Sole-Vese [52], Aujol and collaborators [13, 14], ap-
proximations to the (BV, BV*) model of Y. Meyer have been previously proposed.

The use of the dual norm of the total variation has also appeared, independently and
contemporaneously, in S. Kindermann, S. Osher, and J. Xu’s work [38] in a different frame-

work.

87



3.1 Description of the Model and Properties

Assume we have a normed space £ and E* its dual space. Let & : £ — [0, 00| be any

function. Let us define ®* : E* — [0, o], by

®*(v) = sup { (v, u) cue LB},

with the convention that § = 0, 2 = 0. Here, (v,u) = v(u) denotes the duality pairing.

0 _
Note that ®*(v) > 0, for any v € E*. Note also that the supremum is attained on the
set of u € E such that (v, u) > 0. Note also that we have the following Cauchy-Schwartz

inequality

(v,u) < &*(v)®P(u), if ®(u) > 0.

We are interested in image decomposition models of the form
1nf{<1>(u)+AcI>*(v), weE, ve B, f:u—i—v} (3.2)

where f € E* is a given data. The component © models the cartoon part of f, while the
component v models the rough, oscillatory, or noise part of f. We will choose ® so that if
®(u) < oo, then u is a piecewise-smooth function, with homogeneous regions and sharp

boundaries.

3.2 (¥,d*) Decomposition Model

Consider the following general decomposition model:

) f —w)w dz
inf / o(|Vul) de + A sup {2 (3.3)
! { 2 w fp s((vulz0 Jo S(IVw]) dw}
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In the form of (3.2), ®(u) = [, ¢(|Vu|) dz. We assume that ¢ is a differentiable,
increasing function on |0, oo), possibly non-convex, with at most linear growth at infinity,
and satisfying ¢(0) > 0 again to avoid division by zero. In the convex case, ¢(|Dul) is
well defined for u € BV(£2), convex and lower semi-continuous, as a convex function
of measures (see Demengel-Temam [26]). In the non-convex case, we work with u €
Whi(Q) c BV(Q) C L*(Q) and the distributional gradient Vu, as a function in (L*(2))2.

In a time-dependent approach, the solution of (3.3) is obtained as follows: start with
(u?,w®) = (u(0,z),w(0,z)), and solve for ¢ > 0 the following evolutionary coupled

system in the unknowns u, w

ow Jo(f —u)wdz d Vw

= = f—u+f9— v (o (190l) ) G4
ou (wlBv) ..

o = w+ S i (¢ Vu “\v |) (3.5)

Details of this minimization algorithm is given in Section 3.3.1 for the particular case

when ®(u) = [, [Vu|dz.

3.3 (BV, BV*) Image Decomposition

Recall that u € L' (£2) has bounded variation in {2 if

/ | Dul & sup{/udiv¢dx: ¢ € CHQ, R?), |¢] < 1} < 00
Q Q

The total variation of u in €, denoted |u|py () = [, |Dul, is a seminorm on the space
BV (£2) and vanishes only for constant functions. Therefore it is a norm on the quotient
space BV (2)/Py(2) o BY(Q) (i.e. functions in BV (€)) that are different only by a

constant are identified).
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Recall also the Poincaré-Wirtinger inequality: in two dimensions, for u € BV (£2),

lu - walls gc/ Dul,
Q

Jo u(z)dx

] denotes the mean of « in €.

where ug =

Now, let us consider the particular case £ = L*(Q), E* = E = L*(Q), (v,u) =

wvdzx, for u,v € L?(), and
Q

D) = Jo | Dul ifu € BV (), 3.6
+ooifu € L*(Q) \ BV(Q).

Let X = {ve L*(Q): [,v(x)dr =0}. Forv e X, define

vwdx vwdx
[v]l« == ®*(v) = sup Jovwde sup %7' (3.7)
wEBV(Q) |w|BV(Q weBV(Q) |w|BV(Q
|w|pv(a)#0 |w| gy ()70
| [ vwdz| \fQ v(w+c)dz|

Note that when |w|py ) # 0 and v € X, then , for any real

lw| By () |lwtelpvn)
constant c¢. Therefore, the supremum in the definition of ||v||. can be computed over the
quotient space BV (2).

Note also that, if v € L?(€2) and ||v||. < oo, then v € X. In other words v necessarily

has zero mean. To see this, take any such v and any w € BV (2) with |w|gy(q) # 0. Then

for any constant c,

Jov(w+c)de  [qu(w+c)de [ vwde +c [ vde

lw + ¢|pyv @) B lw| By () B lw| v ()

< [Jvfl+ < oo.

This can hold if and only if [, v(z)dz = 0, therefore v € X.

We make the following observations:

90



1. || - ||+ is a norm on X. Furthermore, X is a complete space under this norm. This is
clear, since if v,, € X is a sequence that converges to some v in this || - || norm, then

for some index N, ||vy — v||, < oo implying vy —v € X, sov € X.

2. Forany v € X andw € BV, |[,vwdz| < |Jv||.]w|py.

3. ®isanormon BY and ®* defined via duality is a norm on X. We note that X is only
a closed subspace of F, € BV*(€2), the dual of (BV(2), | - |Bv(q))-

Jqw(z)dz

i the mean on 2 of a

Let us provide more details to item 3. Denote by wq :=
function w € L*(Q2). To any v € X, we associate a linear functional F,, : BV(Q) — R

defined by F,(w) = [, vwdz. If v € X, then

IFy(w)] = | / vwdz] =< |||l v = Clulsvi. (3.8)
Q

Therefore, F, is linear and bounded (hence continuous) functional on BV(?), i.e. F, €
BY* (). Note that not all elements of BV*({2) can be expressed in this way (see T. De
Pauw [25] for a characterization of the dual of SBV(£2), of special functions of bounded
variation).

Finally, since |F,(w)| < [[v]«|w|pvq) for all w € BV(12), we have || F,| gy~ =

||v||«, recertifying || - ||« is a norm on a subspace X of BV*.

Recall the notation X(Q), % {pe L*(Q)2 div(p) € LP(Q)}. It is shown in [8],

Chapter 1, that
®*(v) = inf {||Flee : § € X(Q)2, v=—div(§)inD'(Q), §g-v=01},
where v denotes the outward unit normal to 0f) and ¢ - v is the trace of the normal com-

ponent of g. Recall from definition 1.3.6 the space G*(f2) and the norm || - ||ga on
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G4(Q). It is shown in [10] that G*(Q) = X = {v € L*(Q), [, vdz = 0}. Thus, || - ||
is a different way to define the norm || - ||g4 on the space X, and we have the identity
(GA, ] - [lga) = (X ]| ]

Recall also the space GV (€2) in definition 1.3.5. (This space is isometrically isomorphic
to (Wy''(Q))* = W~1°°(Q) under the norm || - ||w-1.00(2) dual to | - |gy). The norm on
GV (Q) is defined as ||v]|gv = inf{|||7]||ec, v = div(§),F € L>®(Q)?}. Now, if v € X,
then for any § € L>(Q)* with v = div(g), 0 = [,vdx = [, div(§) = [, 7 - vds. This
implies g - v = 0. Therefore, based on the above remarks, we conclude that for any v € X,
0]« = ||v]lw-1.0(0). Thus, (X, || - ||.) is a closed subspace of W ~1>°(2) under the same

norm as the ambience space.

Application to image decomposition:

Since at every pixel the light intensity has finite energy, we can assume that an image f
belongs to L>(Q) C L?(Q) (since € is bounded). Indeed, it is not too restrictive to assume
that f € L*(Q).

We are interested in decomposing f into v + v, withu € BV (Q)and v := f —u € X.
The first term u corresponds to a cartoon component, while v corresponds to an additive
oscillatory component of zero mean (such as additive noise or texture).

One of the minimization model that we would like to solve is, given f € L*(),
inf{E(u,v) = |u|pvi) + Av]|l., f=u+v, ue BV(Q), ve X},
which is equivalent with

inf  E(u) = — ., .
et o) (u) = |u|lpv) + Allf — ul| (3.9
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where

| [ vwdz| vwdzx

ol = sup  HLuedsl_ o, Juwds
wEBV(Q) \w|BV(Q) weBV(Q) \w|BV(Q)
[wl B (2)#0 lwl By (a)#0

Remark 3.3.1 We can assume without loss of generality that the data f € L*(Q) has zero
mean, i.e. [, f(x)dx = 0. Then f € X and | f||. < co. Therefore, if we take u(x) = 0 for
all x € Qin (3.9), then E(u) = \|| f||« < 0o. This shows that the functional in (3.9) has a
finite infimum. Moreover, the functional ®*(v) = ||v||« defined in (3.7) for v € X is convex,

lower-semicontinuous and positive homogeneous of degree one (see [8], Chapter ).

We do have existence of minimizers for the problem (3.9). Indeed, let u,, be a mini-
mizing sequence such that F(u,) < E(0) < co. Therefore u, € BV (Q2) € L*() and
|Un| (@) < O, forall n > 0. Also, || f — uy,||« < C < oo. This implies that f — u,, € X,
i.e. f — u, has zero mean. Applying Poincaré inequality, we deduce that u,, is uniformly
bounded in BV () and in L?(£2). We then obtain existence of a subsequence, still denoted
by u,, and u € BV (), such that u,, converges to u strongly in L' (£2), weekly in L?(()
and weekly in BV — w*(£2). In conclusion, by the lower semi-continuity of | - | gy /() and
| - ||+, we deduce that

E(u) < liminf E(u,) = }anﬁ(m E(w),
n—oo we

in other words, u is a minimizer. It is posisble to show that there is no uniqueness of

minimizers for this model (Y. Meyer [47]).

3.3.1 (BV,BV*) Minimization Algorithm

We now give an algorithm for solving the minimization problem 3.9. We shall use the
notation |u|py = [, |Du|dx for the total variation of u.

e Start with u°.
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e For integers n > 0, if u" is known or previously computed, estimate w" by the

maximization process:

" f(f—u”)wdx
If—ulor s LY wwdr
weBv(©Q) [ /€ + |Vw|?dz

|w|pv ()70

Remark: In the calculation of the supremum, with e-regularization of the total variation,
|w|py will never become zero, because if it does, then w =constant, which makes the

. J vwdz . .
uvantity —————— — (), hence cannot be the supremum, unless f — v = 0.
q Y T o 0, p f—u=0

The associated PDE in w = w", (to obtain w"™), formally is

f—u folf —wwds ¢ Vw
0= d 3.10
fQ\/e2—|—|V1,U|2alxjL (Jo V€ + [Vw|?dz)? 1V<\Vw\)’ (3.10)
or
Jo(f —uMwdz Vw
0=(f—-u" d 3.11
[~ )+f9\/62+|Vw|2dx lv(|Vw|>’ S

with associated natural boundary condition g—f = 0 on 0.

e Once w" is computed, we compute u"*! by minimizing with respect to u = u"* the

energy
J(f = u)w"dzx

[w"| By (@)

E(u):/|Vu\dx+>\
Q

which formally yields the associated Euler-Lagrange equation in u = u"!:

AW Vu
0= 1 div , 3.12
w0 () G-12)
or
B \w|pv) .. ( Vu
0=w+—= dWQVM) (3.13)
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with 2% = 0 on 05
Remark: Integrating (3.11) in space, we obtain that [,,(f —u")dz = 0.

In a time-dependent approach, the main algorithm is summarized as follows: start with

(u®, w®) = (u(0,z), w(0,x)), and solve for ¢ > 0

ow Jo(f —wwdz  / Vw

— = f—u+ div( —— ), 3.14
ot Jfou Jo V€ + [Vw]dz 1V<|Vw|> 19
ou . |w|BV(Q) . Vu

% w + — dlv(—|vu‘). (3.15)

We note that when u = u" fixed, in the maximization process in w, if we start with w°
such that [,(f —u)w’dz > 0, then [, (f — u)wdx > 0, because we increase the energy in
w with the right choice of At (in the supremum formula) at any step. If this is a problem,
then we can keep the absolute value in the definition of the supremum, to avoid numerical

instability.

3.4 Application to Image Denoising and Decomposition

We have applied the (®, *) model introduced above to image denoising and also to cartoon
+ texture separation. In addition to the convex case where ®(u) = [, |Du|, have also

considered the case when @ is not convex.

3.4.1 (BV,BV*) denoising and decomposition results

In practice, to solve (3.9) for the (BV, BV*) model, we use the time dependent equations
for gradient ascent in w and gradient descent in u, as given in (3.14)-(3.15).

We will compare the proposed (BV, BV*) model with the Rudin-Osher-Fatemi ( BV, L?)
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model,
inf f(u):/wu\ dm—i—)\/|f—u|2dm. (3.16)
Q Q

u€BV ()

Recalling from Section 1.2, a minimizer of (3.16) satisfies the Euler-Lagrange equation,

) Vu

Ou_ Loy (V—Z) (). (3.18)

We use explicit central schemes for all the partial differential equations, with the diver-

gence operator in expanded form:

. ( Vu U U — Qg Uiy Uy + Uy U2
div <|Vu|) (2 + ug)?’/z . (3.19)

Our numerical computations use Az = Ay = 1, and At = 0.001.

We summarize again the main steps of the algorithm:

1. Start with initial guesses for uy = f, and wy, such that fQ |Vwg| # 0.

2. Given u,, and w,, , we then compute w,, 1 using equation (3.14) for 10 iterations.
3. With u,, and w,,.; known, we then compute u,,; with method (3.15).

4. Repeat step 2 — 3 until Max_Iter is reached.

In all of our numerical computations, Max_Iter = 1000. In each figure, w denotes the

rescaling of w to be in the range [0, 255].

Let @ be the true image of size N x M, and u be the recovered image. To quantify how

good the recovered image is, and to choose the parameter A\, we use the root mean square
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€rror

Vi [y — ey
NM '

rmse —

The following experimental results and comparisons show improvement over the (BV, L?)

model.

3.4.2 Denoising and Decomposition with non-convex functional ¢ and

its dual o~

Similarly, the decomposition model (3.3), with ¢(¢) non-convex function, can be minimized
by the algorithm given in (3.4)-(3.5). Here we will consider two choices (see [33], [34],

[35], [36] for non-convex regularizations):
ot)=t|’, 0<p <1, (3.20)

and

o) = — 1
1+ alt|e’

0<a<l, qg>1. (3.21)
Through out our numerical computations, we use p = 0.75 in (3.20) and o = 0.001 and
q = 2 in (3.21). The following experimental results with a non-convex potential are again

much improved over the ROF model, and we no longer see “geometry” in the v component,

both in the denoising and decomposition results.
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(a) clean

(¢c) clean

Figure 3.1: Data images.
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(a) clean

Figure 3.2: Data images.
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f—u+100

f—u+100

Figure 3.3: Denoising results of our proposed (BV, BV*) model and ROF model applied
to noisy image in Fig. 3.1(b). Top: ROF using (3.18) with A = 2.04, rmse = 0.01020834.
Bottom: (BV, BV*) using (3.14) and (3.15) with A = 1900, rmse = 0.009918792.
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f—u-+100

f—u-+100

Figure 3.4: Denoising results of our proposed (BV, BV*) model and ROF model applied
to noisy image in Fig. 3.1(d). Top: ROF using (3.18) with A = 7.92, rmse = 0.0645842.
Bottom: (BV, BV*) using (3.14) and (3.15) with A\ = 5000, rmse = 0.06406284.
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f—u+100

f—u+100

Figure 3.5: Denoising results of our proposed (BV, BV*) model and ROF model applied
to noisy image in Fig. 3.1(b). Top: ROF using (3.18) with A = 63.75. Bottom: (BV, BV'*)
using (3.14) and (3.15) with A = 2000.
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u f—u+100

Figure 3.6: Denoising result of (BV, BV*) model applied to noisy image in Fig. 3.2(d)
using (3.14) and (3.15) with A = 2500.
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original

Figure 3.7: Decomposition result of our proposed (BV, BV*) model.
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u f—u+100

Figure 3.8: Denoising result of (¢, ®*) model with non-convex @ in (3.20) applied to noisy
image in Fig. 3.1(b), rmse = 0.00746253, A = 10.
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u f—u+100

Figure 3.9: Denoising result of (®, ®*) model with non-convex ® in (3.20) applied to noisy
image in Fig. 3.1(d), rmse = 0.05111486, A = 8.
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u f—u+100

Figure 3.10: Denoising result of (¢, ®*) model with non-convex ® in (3.20) applied to
noisy image in Fig. 3.2(b), rmse = 0.02197276, A = 110.
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u f—u+100

Figure 3.11: Denoising result of (¢, ®*) model with non-convex ® in (3.20) applied to
noisy image in Fig. 3.2(d), rmse = 0.04416518, A = 100.
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u f—’LL—|—100

Figure 3.12: Denoising result of (¢, ®*) model with non-convex ® in (3.20) applied to
noisy image in Fig. 3.2(d), rmse = 0.04296311, A = 120.
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u f—u+100

Figure 3.13: Denoising result of (¢, ®*) model with non-convex ® in (3.21) applied to
noisy image in Fig. 3.1(b), rmse = 007092052, A = 1.

110



u f—u+100

Figure 3.14: Denoising result of (¥, ®*) model with non-convex ® in (3.21) applied to
noisy image in Fig. 3.1(d), rmse = 0.04810694, A = 0.4.
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Figure 3.15: Denoising result of (¢, ®*) model with non-convex ® in (3.21) applied to
noisy image in Fig. 3.2(b) rmse = 0.02260758, A = 5.
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u f—u+100

Figure 3.16: Denoising result of (¢, ®*) model with non-convex ® in (3.21) applied to
noisy image in Fig. 3.2(d) rmse = 0.04596249, A = 7.
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u f—’LL—|—100

Figure 3.17: Denoising result of (¢, ®*) model with non-convex ® in (3.21) applied to
noisy image in Fig. 3.2(d) rmse = 0.04297547, A = 9.
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3.5 Application to Image Deblurring

The above model (3.9) can also be applied to image deblurring. We give a description of
the algorithm in the section below. Following the description, we present numerical results

from our experiments.

3.5.1 Description of the algorithm

Let K : L*(Q) — L*(Q) be a linear and continuous operator (sometimes, we have to
assume in addition that K does not anihilate constants). If we assume the degradation
model f = Ku + n, where K denotes a blurring operator and n denotes additive noise of

zero mean, then we propose the following restoration model:

inf  E(u) = — Kull,, 22
et ) Bw) = lulpviey + A f = Kul (3.22)

or
inf  Eu) = ® \O*(f — K 3.23

with ® defined in (3.6). We apply the same steps in the minimization algorithm as before,

and the associated time-dependent Euler-Lagrange equations formally are:

_ — Ku)wd

ow _ f-Ku | Jolf - Kujuds iv( v ) (3.24)
ot Jo Ve +IVulPde ([, /€ + |Vw|?dz)? [Vw]

ou o " |w|BV(Q) . Vu

o = Kwe fdw(W), (3.25)

where K* denotes the adjoint operator of /K. Note that here, we no longer have to invert

K*Ku as it is obtained when the fidelity term is || f — Kul|3.
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3.5.2 (BV,BV*) Image deblurring results

We apply the deblurring model (3.22), and solve the coupled system (3.24)-(3.25). The
blur operator K is given by a convolution with a 5x5 (symmetric) blurring mask (or kernel

k) of the form:

%'72641 26 |7

The equation in v from (3.25) is discretized using a semi-implicit scheme, as in [12, 64],
while the equation in w from (3.24) is discretized by a fully explicit scheme. We run 30
iterations in w for every iteration in u. Also, Ax = Ay = 1. The root mean square error

/2 (w0 (i.5)—u(i,j))?
MN

(RMSE =

for an image of size MxN) is being used to measure the
quality of the restoration, and to find the optimal parameter .

Below, for the purpose of validation, we give experimental results obtained with our
proposed (BV, BV*) deblurring method and those obtained with the Rudin-Osher model
[56].

I. For results in Figure 3.18 (Deblurring the synthetic image) :

(1) Original RMSE = 0.0812219
(i1) ROF : 6000 iterations, RMSE = 0.03262219, A = 13.5

(i) (BV,BV#*): 1000 iterations, RMSE = 0.03408236, A = 24,000
II. For results in Figure 3.19 (Denoising and deblurring) :

(1) Original RMSE = 0.105052
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Figure 3.18: A synthetic image, the blurring kernel represented as an image, and the blurry
version of the synthetic image (top). Deblurring with ROF and deblurring with (BV,BV*)-
model (bottom).

(i) ROF : 6000 iterations, RMSE = 0.0573248, A = 0.4

(iii) (BV,BV¥*) : 6000 iterations, RMSE = 0.06060835, A = 10,000
ITI. For results in Figure 3.20 (Deblurring the office image)

(i) Original RMSE =0.111223
(i) ROF : 3000 iterations, RMSE = 0.04248943, \ = 60

(iii) (BV,BV¥*): 6000 iterations, RMSE = 0.04450807, A = 250,000

3.6 Conclusions

We have presented numerical algorithms for minimizing functional energies consisting of

the sum of a functional ¢ and its dual ®*. We have shown in the particular case when the
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UROF vror+100

u v+100 )
u‘ . ..1_1 L

Figure 3.19: A synthetic image and its noisy-blurred version (top). Reconstruction using
ROF (middle). Reconstruction using (BV,BV*)-model (bottom).
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Figure 3.20: Original image of an office and a blurry version (top). Deblurring with ROF
(middle). Deblurring with (BV,BV*)-model (bottom).
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functional is the total variation of functions in the quotient space BV(2) = BV (Q2)/Py(12),
then its dual coincides with the norm || - ||yy—1.0(2) on a closed subspace of W~1>°(0).
We have validated our algorithms with experimental results of image denoising, image
decomposition, and image deblurring. For image denoising and decomposition, we have
considered the cases when ® is convex and nonconvex. For image deblurring with or
without noise, we have considered the case when & is the total variation. Our results show
an improvement over the (BV, L?) model in cartoon + texture separation, especially for the

case of non-convex O.
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PART II

IMAGE SEGMENTATION

This part of the dissertation is devoted to image segmentation. We are presented with an
edge detection problem arising from the analysis of image data collected by streak cameras
during scientific experiments at Los Alamos National Lab (LANL). We consider the two
well known models in image segmentation, Mumford-Shah [50] and Chan-Vese [18], for
our edge detection problem.

In the next chapter, we give a description of our research problem. Then we review
in details the Mumford-Shah and Chan-Vese models. We show how the Chan-Vese model
performs when applied to our problem. And finally, we present a modification of the Chan-
Vese model that better fits our purpose and improves overall performance.

This research is part of a summer project sponsored by the Los Alamos National Lab

which was supervised by Professor Andrea Bertozzi of UCLA and Larry Hill of LANL.
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Chapter 4

Edge Detection in Streak-Camera

Images

4.1 Description of the Research Problem

During a detonation of explosives experiment, data is collected with a rotating lense, which
deflects a ray of lights across the surface of a film. The result is a two dimensional image on
film. We then scan the films to obtain digital streak-camera images, such as those in Figure
4.1. The vertical direction in the image is the time dimension, and the horizontal is the
spatial dimension. Each line across the spatial dimension corresponds to one rotation in the
lense. We want to warn the readers that this description of streak-camera image acquisition
is only the general idea. It is not at all a thorough description.

The task at hand to determine the edge in the image (which in many cases describes
the detonation waves). We want to detect the edge as accurately as possible, so that we can
further determine various information concerning the waves. For example, we would like
to be able to determine the rate of change and the curvature of the edge.

Since these images consist of two homogeneous regions of approximately the same
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gray scale intensity, we consider the Chan-Vese ”Active Contour Without Edges” model
for our problem. In this chapter, we will describe in details the Chan-Vese model. But,
to better understand the Chan-Vese model, we will first study the Mumford-Shah model
[50] in Section 4.2. In Section 4.3.4, we will give some numerical results to illustrate the
drawback in application of Chan-Vese model to our problem. In Section 4.4, we present
a modified version of the Chan-Vese model adapted to our problem, together with the

improved numerical results.

|

Figure 4.1: Examples of streak-camera images.

4.2 Mumford-Shah Segmentation Model

Throughout this chapter, we will denote by I : 0 — R? the two-dimensional gray-scale
image in consideration. Solid objects in an image generally appear as regions where the
values of I vary smoothly, and the boundary of these regions appear in the image as a result
of marked changes in /. In other words, edges appear because of discontinuities in the
intensity function. Thus, the problem of edge detection is actually the problem of finding
a discontinuity set that corresponds to the edges. Unfortunately, oscillatory patterns such

as texture and noise also belong to the discontinuity set of /. The question then is how to
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formulate an automated process that detects edges (boundary of objects) and ignore small
oscillatory details (texture and noise).

D. Mumford and J. Shah suggest to solve the problem by finding an optimal approxi-
mation u of I such that: (i) u is piecewise smooth in €2, and (ii) the set of discontinuities of
u, denoted by K, is the union of piecewise smooth boundaries of disjoint connected open
subsets of €. More precisely, Q\ K = UR;, where R; C (2 are open connected sets with
piecewise smooth boundary, and u is continuously differentiable on each 12;. In [50] the

authors propose the following variational approach to image segmentation:

Minimize F(u, K) = /
Q

(u—])2dx+oz/ |Vu|*dx + BH'(K), 4.1)

Q\K

where [ is assumed to belong to L>°((2), o, 3 > 0 are fixed parameters, K varies in the
class of one dimensional closed subsets in (2, and u varies in C''(Q\ K).

The first term in (4.1) demands that « approximates /, the second term that « is smooth
in Q\ K, and the third term that length of K be minimized.

As observed in [11], the difficulty in studying problem (4.1) is that it involves two
unknowns of different nature: « is a function defined on two-dimensional space, while K
is a one-dimensional set. The map R — H'(OR) is not lower semicontinuous with respect
to any compact topology, therefore it is not possible to prove existence of solutions for (4.1)
by direct method of the calculus of variations. A variant formulation of (4.1) is necessary.
The idea is to set K = .9, the set of jumps discontinuities of u. Then problem (4.1) has

the following weak formulation:

Minimize F'(u) = /

(w—I)*dx + a/ |Vu|?dx + BH'(S.,). (4.2)
Q

Q\ S

Existence of solutions for (4.2) in the space SBV (2) N L>(£2) is a direct consequence
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of Theorem 1.1.11 (see also [19]). The minimizers u; of I are piecewise C'' functions,
and (see [4]) if we set K = QN S, then (up, K) solves (4.1), (see also [24]).

For the purpose of practical computation of a minimizer, L. Ambrosio and V.M. Tor-
torelli [5, 6] have proposed two approximations for the Mumford-Shah functional. The

simpler of the two is the following elliptic approximation [6]:

—1)?
Ge(u,v) = / |:€|VU|2 + a(v? + o.)|Vul|* + (v ” ) + Blu — I*|dxdy, 4.3)
Q

where ¢ | 0, and o, is any non negative infinitesimal quantity approaching 0 faster than ¢.

The authors have shown in [6] that if w. = (uc,v.) minimizes G, then (passing to
subsequences) u. is an approximation of a minimizer u of the Mumford-Shah problem in
(4.1),and v. — 1 as e — 07 in the L?(Q)-topology.

Here, v. < 1. Indeed, it is equal to less than 1 only in a small neighborhood of S,
which shrinks as ¢ — 0.

Minimizing (4.3) with respect to v and v, we obtained the associated Euler-Lagrange

equations

u = gFdiv [(112 + og)Vu} +17 inQ),

v(é+a|Vu|2) = eAv+ 4 in Q,
(v +o0)2 = 0 on 09,
\ % =0 on 0f).

In [50], Mumford and Shah have also considered the particular case of (4.1), the case
of minimal partition problem in which u is constrained to be piecewise constant. In this

case, the segmentation problem reduces to:
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Minimize Ey(u, K) = [,(u— I)*dz 4+ SH'(K), @)
subjectto Vu =0 in Q\K.

Proof of existence of solutions for (4.4) can be found in [48].

Ambrosio and Tortorelli have also proposed an approximation to (4.4) [6]:

—1)2
Eg(u,v):/ [g\Vv\2+(M€U2+0€)|Vu\2+ (v 45) + Blu— I?|dzdy,  (4.5)
Q

where M, — +oo as ¢ — 0T, and o, is as before.

The associated E-L equations in this case will be:

u = %div[(Mav2 +0.)Vu| + 1,

v(é + M8|Vu|2> = eAv+ 4,

A variant formulation of (4.4), in the level-set approach, has been done by Chan and

Vese [18]. We will study this in the next section.

4.3 Chan-Vese Active Contours Without Edges

The Chan-Vese model is derived from the Mumford-Shah model by restricting the Mumford-
Shah energy to the space of binary piecewise constant functions. In the level-set formu-
lation, the model is written in an elegant way as a minimization problem of a functional
energy. We now give a full description of the Chan-Vese model and implement the model

in application to our problem of edge detection.
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4.3.1 Description of the Chan-Vese Model

The basic idea in the Chan-Vese Active Contours Without Edges model [18] is to partition
the pixels in an image into two sets: one contains pixels belonging to the objects in the
image and the other contains pixels belonging to the background. Given an image [ : {2 —

0, L], the Chan-Vese model searches for a binary piecewise-constant function u such that
(a) w best approximates /,

(b) the boundary of the two level sets of u is the desired segmentation contours C, and

¢y = average of I on the ’inside’ of C
() u=
co = average of I on the "outside’ of C'

The Chan-Vese model is the following variational problem:

inch(cl, c2,C) = pLength(C) + v Area(inside(C))
C1,C2,
+A1 / 1(z,y) — c1]*dady (4.6)
inside(C)

+X / 1, y) — cof*dady,
outside(C)

where 1 > 0, v > 0, Ay > 0, Ay > 0, are parameters which can be adjusted to weigh the
importance of each of the terms in the energy.

The parameter p in the Length term controls the smoothness and total length of the
contours C'. When y is small, it allows the contours C' to have larger length, hence it can
be oscillatory. When p is large, C has to have small length, hence no oscillations. So when
we want to detect many small objects, choose i to be small because the contours C' need
to wrap around many regions in the image resulting in larger length. Similarly, choose p

large when we want to detect few large objects.
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In practice, the parameter v is set to 0, so the energy can be written without the Area
term. This is because Area(inside(C)) < const-(Length(C))™/ (=1 when C lies in Q C
R™ (n > 1). Hereafter, we will remove the Area term completely from our discussion of
the model. The last two terms in the energy are simply least-square fitting of two constants

c1, ¢ to the values of I in the regions inside(C') and outside(C'), respectively.

4.3.2 Level-Set Formulation

In this section, we review the level set formulation of the Chan-Vese model. The level set
representations offer unambiguous reference to the ’inside’ and the ’outside’ of the contour
C. It is as follows (see [51] for details on level set methods):

Let ¢ : {2 — R be a Lipschitz function such that
o C={(z,y) €Q : ¢(z,y) =0},
o inside(C) = {(z,y) € Q : ¢(x,y) > 0}, and

o outside(C) = {(z,y) € Q : ¢(z,y) < 0}.

Example: Assume the contour C is the unit circle C' = (z,y) € R?, 2% + 4* = 1. Then
inside(C') is the unit disk (see Fig. 4.3.2) and the level set function ¢(z, y) can be defined

as the signed distance function

¢(r,y) =1 - Va2 +y

Using the Heaviside function H and the one-dimensional Dirac measure dy, namely

1, ifz>0
H(z) =
0, ifz <0, So(2) = LH(z),
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C={¢=0]

inside G
=0

outside G
<0

Figure 4.2: Tllustration of different regions defined by the unit circle C.

we can express the length term as

mew¢=mw3£WHw@wwmw=A%wmevaammw.

Then we have the following mathematical expression for the Chan-Vese model:

inf inf E(cp,co,0) = ,u/50(¢(x,y))|v¢(x,y)]dxdy
¢ c1,c2 Q

+MLH@W%%$H@@MMMy @.7)

+MAU@&%%#U—HWmeM@-

4.3.3 Algorithm and Numerical Approximation

We apply the following iterative algorithm to find a minimizer for (4.7):

e Starting with any initial level set function ¢°.

e Forn=20,1,2,...,do
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1. Solve inf,, ., E(cy, c2, o).
Obtain ¢ (¢"), co(¢™) = argminkE(cy, co, ™).

2. Solve infy E(ci(¢"), ca(9™), ¢) via Steepest Gradient Descent.
Obtain ¢" ™' = argminE(c,(¢"), ca(9"), P).

3. Solve inf,, ., E(cy, ca, ™).

Obtain c1(¢" ™), co(¢™ ) = argminE(cy, ¢, ™).

4. Stop if solution (c1(¢™ 1), c2(¢™ 1), ¢™1) is stationary.

If not, continue.

This process is convergent to a stationary point, since the energy is strictly decreasing

at each step.

Steps 1 and 3 can be solved directly from the Euler-Lagrange equations associated with
minimizing £ in (4.7) with respect to c¢; and cs.

The Euler-Lagrange equation associated with minimizing £ with respect to ¢y is

/Q T, y) H(¢(x y))dady — o1 / H((x, y))dady = 0.

If [, H(¢(x,y))dzdy = 0, we have no constraints on ¢;. Otherwise,

_ Jo Iz, y)H(¢(x, y))ddy

o fQ H(¢(x,y))dzdy (4.8)
Similarly,
o Jo @ y)(1 = H(o(x,y)))dady .
T H(d(w, y)))dady |

provided [, (1 — H(¢(z,y)))dzdy > 0. Otherwise, ¢, can be any value.
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Remark: The optimality conditions for ¢; and ¢, dictate that ¢; and ¢, be the average of
I ’inside’ and ’outside’ of C, respectively. This is expected because we know that the
solution to a least-square fitting has to be the average.

To solve Step 2, we need to compute the first variation of £ with respect to ¢. Since the
Heaviside function H is not differentiable at 0, we approximate it with a smoother H.. In
addition, we add an artificial time variable ¢ > 0 to ¢ to parameterize the descent direction.
Let 7i and 0¢ /07 denote the outward unit normal to the boundary 02 and the outward

normal derivative of ¢ on 02, respectively. Then, the evolution PDE for ¢ is:

a_f = 6.(9) [udw(lv—‘z’) M(I = 1)+ Mo — 02)2] in 2 x (0, c0),

¢(0,-) = ¢°() in €2,
f%(i;f% =0 on 99 x (0, 00),

where the Neumann boundary condition is implicit (see [64]).

Finally, the ¢"! in Step 2 is computed via the following semi-implicit scheme:

(bn-i-l (bn
At

= 60" [pdiv (o) = AT = a6+ Mol = ex(@"))] @10)

Numerical Approximation:

We give here the discretization of (4.10) as given in the original Chan-Vese paper [18].
Basically, only the second order term in (4.10) needs to be addressed. Recall the following

standard notations:
e Az, Ay are spatial step size
o ¢ ;= P(ilx,jAy),1 <i< M, 1<j5<N.

® Dybij=¢ij— birg, DIdij= dir1j— bijy Dydij = dit1j— i1
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Dy ¢ij = bij— Gij-1, Dydij = ijir— big, Dydij = dijsr — dij1.

Following the ideas in [57], we apply the following discretization for the second order term

in (4.10):

din( Y0 LD;< (D g™/ A )
ZU( |V on| ) Ax \/52+ (%)2 N (D28A¢yn)2
L (Dye™)/Dy )

)

Y Y < DO 2 +
o 09 D¢
\/52 + (m) + (Z—y

where we add a small 4 to avoid dividing by zero.
To obtain the Neumann boundary condition, we extend the boundary points of ¢". This

makes ¢, become (M + 2) x (N + 2). Then we compute ¢! at all grid points using

n
ext*

This semi-implicit scheme is unconditionally stable (see [12] for details).

We initialize ¢° by a periodic function whose zero level set is many small circles (see
FIG. 4.3). Distributing the initial curves everywhere in the image has the advantage of
faster detection of the segmentation edge.

For a smooth approximation of the Heaviside function H, we use

H.(z) = %(1 421 arctan(g)). @.11)

™

Because the energy F' is nonconvex, there may be many local minima, hence the so-
lution may depend on the initial ¢°. With this choice of H,, the Euler-Lagrange equation
in ¢ can act on all level curves of ¢. This allows the attainment of the global minimizer

independent of the initial curve.
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Figure 4.3: Initial Contours.

Although in theory the numerical scheme is unconditionally stable, in practice we set
At = 0.1 to control the speed down the gradient flow. This helps when the image is highly
blurred and degraded. We set ¢ = Ax = Ay = 1 pixel and solve the linear system at each

time step by Gauss-Seidel iterative method.

4.3.4 Numerical Results

We first apply the Chan-Vese model to the streak-camera images in Fig. 4.1. The results
are shown in Fig. 4.4 and Fig. 4.5.

In Fig. 4.4 the segmentation completely misses the edge toward the right of the image.
Recall that the Chan-Vese model is simultaneously minimizing the length of the contours
and obtaining the best-fit of the two (dark and bright) regions in the image to their averages.
Since the region in the upper right corner of the image is so much closer to the (bottom)
darker region than the bright (upper left) region, the optimal segmentation obtained by the
Chan-Vese model failed to recognize the edge as the human eyes can. As an attempt to

solve this problem, we decrease the value of the parameter \; to relax the constraint on
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(a) (b)

Figure 4.4: Segmentation result of Chan-Vese model. The parameters are: for (a) u =
0.8 - maz?, A\ = 0.5, Ay = 1, for (b) p = 2.2 - maz?, N\; = 0.05, Ay = 1 (where
mar=maximum intensity value of image /).

the best-fit of the regions to their averages and increase the value of 1 to impose that the
length of the segmentation contour be shorter. An example is shown in Figure 4.4(b). We
can see that the strong regularization on the length of the contour makes it almost a straight
line. And in trying to best-fit the regions to their averages, the contour misses the true edge
completely.

Similar behaviors can be seen in the results in Fig. 4.5. When the regularization pa-
rameter p is small, the contour length is large, resulting in erroneous segmentation. We
increased the value in ;4 and got better result. However, we still get the unsatisfactory seg-
mentation. The contour caves into regions called 'dropped-out’ regions. Further increase

in 1 will make the contour disappear, i.e. we get the trivial solution.
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Figure 4.5: Segmentation result of Chan-Vese model. The parameters are : (a) p = 0.05 -
max?, A\; = 1, Ay = 1 and (b) p = 0.15 - max?, \; = 1, Ay = 1 (where mar=maximum
intensity value of image /).

4.4 1-D Modified Chan-Vese Model

4.4.1 Formulation of the Model

Since our interest lies solely in detecting the edge that characterizes wave front, we consider
defining our level set function ¢ via the graph of a function f : [0,a] — [0, b]. That is, we
restrict the Chan-Vese energy to the space of functions defined as follows: assuming that
Q= (0,a) x (0,b), let ¢(z,y) = y — f(x) for all (z,y) € Q. The zero level set of ¢ is

exactly the curve y = f(x). In this setting, we produce the following simplified energy
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whose unknown is in one dimension:

E~(Clac2af) 2 /0 |f,(l)|2d1

+A2[;(Mmy>—c92(1—1¥@——f@»)¢uw,

Anologous to the two dimensional case, c; and ¢, are the averages of [ in the region
above and below the graph of f(x), respectively. However, instead of imposing a penalty
on the length of the contour, which is length := foa \/st, we impose a stronger
regularizing condition on f, requiring it to be in the Sobolev space H'((0,a)). (We shall
clarify our preference of H* regularization at the end of Section 4.4.2). Another difference
in this modified model from the original Chan-Vese model is that we are able to compute
exactly the length of the contour instead of an approximation via the use of H..

The optimality conditions for ¢; and ¢, are similar to above case in two dimension:

_ Jol@yH(y — f@)dedy — _ JoI(z,y)(1 — H(y — f(x)))dzdy
Jo Hly— f@)dedy " 7= Jo(1= Hly — f(2)))dady

¢ , (4.13)

provided the denominators are nonzero, i.e. when the intersection between the graph of
f and the open rectangle (0,a) x (0,b) is nonempty. In the case that f(z) < 0 for all
x € |0, a], then the optimal ¢, is the average of [ in 2, and ¢ can be anything. Similar, if
f(x) > bfor all z, then the optimal ¢, is the average of [ in {2, and ¢; can be anything.
Since the given image [ is defined on the rectangle 2 = (0,a) x (0,b), how the graph
of f behave outside of {2 does not matter to our minimization problem in (4.12). Therefore,
it makes sense to search for a solution in the space Y = H'((0,a)) N {f(z)| 0 < f(x) <
bVz € (0,a)}. To prove existence of a minimizer for problem (4.12), we recall a definition

and a theorem:
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Definition 4.4.1 (Holder Continuous with Exponent v) Assume U C R" is open and
0 < v < 1. A function f : U — R is said to be Holder continuous with exponent -y if

there is a constant C such that

[f(x) = f(y)| < Cle —y[" forall z,y € U.

The space of all such Holder continuous functions with exponent vy, denoted by C%7(U), is

a Banach space under the v'"-Hélder norm

def |f(z) - f(y)}
A7) = 7 -+ su - 1~ (-
||f||CO”f(U) ||f||C(U) x?pr{ lz — gy
zHy

Theorem 4.4.1 (General Sobolev Inequality [29]) Let U be a bounded open subset of

R"™, with a C* boundary. Assume v € W*P(U). If k > », then u € Co7(U), where

2] +1-—2 if 2 is not an integer,
N = P P P
any positive number < 1, if % is an integer,

where |-| is rounding down to the nearest integer. In addition, we have the estimate

|[ullcon@y < Cllullwrrwy,

where the constant C' depends only on k,p,n,~y, and U.

Theorem 4.4.2 (Existence of Solution) Suppose 2 = (0,a) x (0,b), and define the set
Y = HY(0,a))N{0 < f(z) <b, Vz € (0,a)}. If I(z,y) € L*(), then the minimization
problem (4.12) has a solution in'Y.

Proof: Forany f € Y, denote by I'(f) = {(z, f(2)),0 < z < a} (the graph of f in 2),

x1 = H(y— f(x))and xo = 1 — H(y — f(x)) the characteristic functions of two disjoints
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sets F1, 5 in §) above and below the curve I'(f), (with E; U Ey UT'(f) = ). Then we

can write problem (4.12) as

fey

inf £(f) = & /0 alf’(x)PdHZAi /Q (1w.y) — ) xededy,  (414)

where ¢;(x;) == ([, I(z, y)x: dedy)/( [ xi dzdy).

Since E(0) = Ay [,(I—Io)?dady < 0o, (In is the mean of I in ), the infimum is finite
and we can construct a minimizing sequence f; € Y, (i.e. limg_, E( fr) = inf ey E( )R
such that E(f,) < B for all k.

By General Sobolev Inequality, the space H'((0, a)) consists of %th—Hélder continuous
functions. (In fact, since we are in one dimension, fj, are absolutely continuous on (0, a),

see [29], pp.246). Since E(fi) < B, || fx|] D < C, for some C > 0. Thus (see [31],

%% ((0,a
. . h . . .
pp-138), there is a subsequence, still denoted as f, and a %t -Holder continuous function

fo such that fi, — fo uniformly on [0, a], and

|(fe(x) = folx)) = (fr(y) = fo(y))]

sup |fr(x) — fo(x)] + sup — 0, 4.15)
z€(0,a) z,y€(0,a) |517 - y|1/2
TFy
as k — oo.

Since f, € H'((0,a)), the usual derivative of f}, exists a.e. Then, fora.e. z € (0,a) :

fu(z+h)—fx (m))
0 h

limy oo f1(2) = limy_o (hme
— limy, o (hmkw %>

= Jo(x),

where we are able to interchange the order of the limits because the limit exists with respect
to each h and k, and in addition, f; are absolutely continuous and satisfy (4.15).

Clearly f, € L*((0,a)). Therefore we have shown that there exists fo € Y such that
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fr — fo uniformly on [0,a] and f; — f{ a.e. on (0,a). This clearly implies [;'|f'|* <
lim infy .o fo | /1%

Denote x1 = H(y — fi(2)), x10 = H(y — fo(2)), xox = 1 — H(y — fi(x)), and
X2.0 = 1—H(y—fo(x)). Then, fi — fo uniformly on [0, a] implies x; , — X;,0 pointwise in
Q, fori =1, 2. Clearly ¢;(x;x) — ci(xi0) as k — oo, (just apply Dominated Convergence

theorem). Therefore, we have
E(fo) < liminf £(fi),

i.e. fois a minimizer to (4.12). OJ
Formally solving problem (4.12) yields the following evolution equation for f in the

Gradient Descent direction of E:

8f_,uf”( +>\1f0 (z,y) — c1)?0(y — f(x))dy
—A2 fo (,y) = c2)?0c(y — f(2)dy, w€ [0, al, (4.16)
f1(0) = f'(a) =

where J, := d%H ¢, the derivative of the approximated Heaviside function.
We solve equation (4.16) using the fixed-point method given in the last section, where

the discretization in time is:

P = (7)) 4+ M Sy (L, y) — 1)?0.(y — f7(2))dy
_)‘2 fo l’ y - 62)25 (y fn( ))dya x € [O,CL], (417)
(f71Y(0) = (f")(a) = 0.

Notice that the two fitting terms that are functions of the x-variable are integrals in the
y-direction. In our numerical computation, for each x, we compute the integral using the

approximated J.. We initialize f° by a constant, and as in the two-dimensional case, we
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Figure 4.6: Segmentation result of 1D modified Chan-Vese model. The parameters are
= 1.5-max? N\ = 1.0, \y = 0.1 (Where maxr=maximum intensity value of image I).

take At = 0.1 and e = Az = Ay = 1 pixel.

4.4.2 Numerical Results

We test the 1D modified model with the same image and are able to detect more accurately
the edge, see Figure 4.6. However, on the right side of the image where the true edge is
barely visible, the computed segmentation still misses the true edge. This is one known
short coming in computer vision when compared to the human eyes.

Another advantage of the 1D modified Chan-Vese model is the ability to detect the
wave-front edge in images that have texture patterns. In Figure 4.7 we show an example
of segmentation by this 1D model. For these types of streak-camera images, the original

Chan-Vese model would fail to detect the desired edge.

Remark on regularization by minimal length

We have also considered for our 1D Modified Chan-Vese model regularization by min-
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Figure 4.7: Segmentation result of 1D modified Chan-Vese model. The parameters are
pw=0.2-mazx* N\ = 1.0, \y = 2.0 (Where mar=maximum intensity value of image I).

Figure 4.8: Segmentation result of 1D modified Chan-Vese model. The parameters are
pw=0.5-max? N\ = 0.8, \y = 2.75 (Where mar=maximum intensity value of image I).
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Figure 4.9: Segmentation result of 1D modified Chan-Vese model with minimal length reg-
ularization. The parameters are ;. = 0.4-maz?, A\; = 0.1, Ay = 0.8 (where mar=maximum
intensity value of image 7).

imal length, in which case the regularizing term is

1
/ V14| fPde.
0
Then the associated PDE has the term

#
in place of f”. A segmentation result is shown in Figure 4.9. Comparing to that in Figure
4.8, the contour tends to be straight line segments. This is expected since the penalty is on
the length of the graph of f. As a result, the contour misses much of the edge to be detected.
Therefore, we conclude that the H' regularization as chosen is better for our application

than minimal length regularization.

4.5 Conclusions

We have examined and applied the Chan-Vese ”Active Contour Without Edges” segmen-

tation model to our problem of detecting the detonation wave edge in streak-camera im-
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ages. We have studied the drawbacks of the Chan-Vese model in our application and have
made modifications to the model by reducing it from a two dimensional problem to a one
dimensional problem. The modified 1D version performs much faster and yields more sat-
isfactory results, especially when texture patterns are present in the image. Moreover, the
strong regularization on f prevents the contour from breaking, hence we are able to detect
the edge in images with three different regions of different gray scale such as that in Figure
4.8. However, at regions in the image where the sharpness of the edge is not well-resolved
(but can still be seen by the human eyes) the 1D version also fails to detect the edge.
Finally, we would like to mention that the idea of using of the graph of a function to
detect an edge in two dimensional image can be generalized to detect a surface in three
dimension. In this case, the function f(x,y) is defined on a two dimensional domain, and

its graph {(z,y, f(z,y))} is a hypersurface in three dimension.
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Appendix

Lemma For every u € L™/~ (Q)) and for every j € L™(Q)" with divp’ € L"(Q2), we can

define a distribution on €2, denoted p'- Du, via the formula

- Du.g) = - |

(udivp)pdz — / u(p'- Vo)dz, Ve € D(Q). (18)
0

Q

Furthermore, the mapping (u, ) — p-Du is bilinear weakly continuous from L™ =1 (Q) x

X into D’'(2), the space of distributions on (2, where
X = {pe L'Q)", divi € L"(Q)}, (19)
which is a Banach Space with the natural norm

D1 x = [121]n + [|divp] - (20)

Proof: The right-hand side of (18) clearly makes sense for u, p, ¢ in the hypotheses. More-
over, for fixed v and p, this expression depends linearly and continously on ¢ under the
norm || - |[c1(q). Hence p'- Du is defined as a distribution (and coincides with the function
p(x) - Vu(zx) if p'and v are smooth enough).

For ¢ fixed, if u,, — w in L™ ™~Y(Q) and p,, — pin X, then by Holder’s Inequality,

— [ o — [ (G V)is — — [ (tiiipds — [ u- Ty
Q Q Q Q

This establishes the continuity of the mapping (u, p) — p'+ Du. O
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Lemma Under the assumptions of Lemma 1 and if moreover u € BV (Q2) and p' € L>=(2)",

then p - Du is a bounded signed measure with

/ 7 Dul < ||l - / Dul, 1)
Q Q

and the following generalized Green’s formula holds

/ﬁ Du = /u(ﬁ v)dH" ™t — / udiv(p)dz, (22)
Q r Q

Proof: First recall that BV (2) C L™= (Q) (by Poincaré’s inequality), and - Du makes

sense by Lemma 1. For (21), let p'and u be fixed. Let p.,; denote the function obtained by

extending p'by 0 outside Q2. Let pj,, € C'(£2)" be an approximating sequence for p obtained

by mollification of the function p,,; and restriction (of the mollified functions) to 2. Then

[Pmllc@n < 1Dl Lo @,
Pm(x) — plx) ae.inQ,

divp,, — divp in L .(£2).
If ¢ € D(2), then by (18) and these convergence results, we have

/(ﬁm - Du)pdr — (- Du, p), as m — oo,
Q

and,

/Q (5 - Dpde| < |[Fnllcion|ello@ / Dul

< Al see 2llo@) / Dul
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so that

(7 Du, @) < [Pl Loe (@

@\\0(9)/ | Dul,
Q

A detailed proof for (22) can be found in ([8], pp. 315-317). ]

for all p € D(2), and (21) is proved.

Theorem The space GV (2) is isometrically isomorphic to T ~1°°(€) under the dual norm
|| - [|w-1. to the norm || - | 11—fQ|Vu\dx
Proof: (This proof is provided by the second author of [40])

We first recall a definition. Two normed spaces X', ) are said to be isometrically iso-
morphic if there is a bijective linear operator L : X — ) such that ||L(x)||y = ||z||x for
allz € X.

Let P : Wy' — (L'(Q))? be a linear operator defined by Pu = Vu for all u €
W,''. Denote by W the range of P. Then W is a closed subspace of (L'(£))?, since W'
is a Banach space. Since ||Pu||(L'(Q))* = [, |Vuldz = |lullyy21, P is an isometric
isomorphism from W, "' (Q) to W.

Suppose L € W1, Define L* : W — R by L*(Pu) = L(u) (this is well defined
since P is an isometric isomorphism). Then L* € W’ and ||L*||w+ = ||L||w-1.~. By the
Hahn-Banach Extension theorem ([2], pp. 6), there is a norm preserving extension of L*,
(still denoted by L*), to all of (L'(Q2))?.

By the Riesz Representation theorem ([2], pp. 47), the dual of (LI(Q))2 is identified
with (L>(£2))?. Hence, there exists § € (L>(£2))? such that L*(@) = [,(« - §)dx, for all
i € (L'(52))?. Therefore, for all u € W, (Q), we have L(u) = L*(Pu) = [,(Vu-§)dx

— J, udiv(g)dz. Moreover,

[ILllw-100 = [IL*|lw = [[L7[| 212y = Mlloe@> = [V (91)* + (92)*[loe. (23)
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On the other hand, for any g such that L(u fQ (Vu - §)dz for all u € VVO , clearly
1L(u)| < |17l fy IVulde. Therefore, HLHW = in{] 7l e} = min[7 (e
over all such g. The infimum is attained at g in (23).

Now, suppose 7' € D'(Q) is defined by T = —div(g), for some g € L>(Q)?,
(e. T(¢) = [,(7- Vo)dx for any ¢ € D(2)). Then L € W~1*(Q) characterized
by L(u) = fQ(Vu - §)dz is an extension of T to ;"' (€2). Moreover, this extension is
unique: let u € W, (Q) and {¢}}r € D(Q) such that ||¢p — UHW&J — 0as k — 0.
Observe that [T(¢) — T(6,)] < | [old - &) — (7 65)dal < [ 13- V(ox — &y)ldw <
91| oo 2|0k — <;5jHW01,1 — 0 as k,j — oo. Therefore {T'(¢y)}x is a Cauchy sequence
in R, and so converges to a limit which we denote by L(u), (since it is clear that if
{or}r € D(Q) with ||p — u||W01,1 — 0 then T'(¢x) — T'(¢x) — 0). Therefore, the func-
tional L thus defined is uniquely identified with 7. And we have just shown that G (Q)

is isometrically isomorphic to W~ in the dual norm ||-||_1 o as defined above. O
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