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Abstract

In this paper we shall discuss the numerical simulation of higher or-
der geometric flows by level set methods. Main examples under consid-
erations are surface diffusion and the Willmore flow as well as variants
and of them with more complicated surface energies. Such problems
find various applications, e.g. in materials science (crystal growth,
thin film technology), biophysics (membrane shapes), and computer
graphics (surface smoothing and restoration)

We shall use spatial discretizations by finite element methods and
semi-implicit time stepping based on local variational principles, which
allows to maintain dissipation properties of the flows by the discretiza-
tion. In order to compensate for the missing maximum principle, which
is indeed a major hurdle for the application of level set methods to
higher order flows, we employ frequent redistancing of the level set
function. We shall review suitable schemes used for redistancing in
two and three spatial dimensions.

Finally we also discuss the solution of the arising discretized linear
systems in each time step and some particular advantages of the finite
element approach such as the possibility of local adaptivity around the
zero level set.
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1 Introduction

Higher order geometric flows received growing attention in the recent years
due to emerging applications in various fields, where higher order typically
means higher than second order intrinsic derivatives of the surface appear-
ing in the evolution equations. Significant advances have been made in the
modelling and understanding of certain flows, while the rigorous mathemat-
ical analysis and the construction of flexible computational schemes still lack
behind. In particular the use of level set methods, which became popular
for lower order flows in the last decade, is not yet well understood. Major
obstacles for level set methods in higher order flows are the absence of maxi-
mum and comparison principles, which excludes global level set approaches,
and the stiffness of the problems, which excludes explicit time stepping to a
large extent.

In this paper we develop level set methods for the simulation of higher-
order flows based on finite element discretizations in space and semi-implicit
time discretizations. The issue of the missing maximum principle is resolved
by frequent redistancing. This corresponds to a paradigm for local level set
formulations in the continuous setting: a level set solution to a higher-
order flow would be an evolving signed distance function that satisfies the
geometric evolution equation on the interface (the zero level set) only.

The basis of our approach is a variational formulation of the geometric
flows as metric gradient flows (cf. [1, 2, 14]). This means that the compu-
tation of an evolving (embedded) curve or surface Γ(t) is determined by an
energy E (defined on a class of shapes) and a metric structure on a manifold
of curves and surfaces. The evolution is determined via the normal velocity
vn, which satisfies an equation of the form

〈vn, ψ〉M(Γ(t)) = −e′[Γ(t)]ψ, (1)

for all suitable test velocities ψ, where the scalar product is determined by
the metric structure M(Γ(t)). The right-hand side e′[Γ(t)]ψ denotes the
variation of the energy functionals with respect to infinitesimal perturba-
tions of the shape with a vector field ψn (which can also be interpreted as a
shape derivative, cf. [22]), where n denotes the unit outward normal. Under
suitable conditions the shape derivative e′[Γ(t)] is a continuous linear func-
tional on the space of test velocities. The most important choices of scalar
product in this context are the L2 and H−1 scalar product. In the case of
M(Γ) denoting the L2-scalar product on Γ(t), we obtain∫

Γ(t)
vnψ dσ = −e′[Γ(t)] ∀ ψ ∈ L2(Γ(t)).
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Hence, the normal velocity is just the L2-representation of the linear func-
tional e′[Γ(t)]. In the case of e being the area functional, i.e.

e[Γ] =
∫

Γ
1 dσ,

the variation is computed via the mean curvature h of the surface as

e′[Γ]ψ =
∫

Γ
hψ dσ.

Thus, one sees that the associated L2-gradient flow yields the mean curva-
ture flow vn = −h.

In the case of the H−1-scalar product we have

〈vn, ψ〉M(Γ(t)) =
∫

Γ(t)
∇σWvn · ∇σWψ dσ, (2)

with the tangential gradient ∇σ and Wψ defined by the Laplace-Beltrami
equation

−∇σ · (∇σWψ) = ψ, on Γ(t) (3)

with the additional normalization condition
∫
Γ(t)Wψ dσ = 0. In the case of

the area functional the equation for the normal velocity becomes

−
∫

Γ(t)
Wvnψ dσ = −

∫
Γ(t)

Wvn∇σ · (∇σψ) dσ =
∫

Γ(t)
∇σWvn · ∇σWψ dσ

=
∫

Γ(t)
hψ dσ

and hence, Wvn = −h. An application of the Laplace-Beltrami operator
finally yields vn = ∇σ · (∇σh), i.e. motion by the Laplacian of curvature,
which is the simplest form of a surface diffusion law. Thus, we see that the
choice of the H−1 scalar product automatically leads to higher order flows,
in the above example to a fourth order one.

Another source for higher order geometric flows are simply higher order
terms in the surface energy, such as curvatures or even intrinsic derivatives
of curvatures. A simple and well-known example is the so-called Willmore
energy

e[Γ] =
1
2

∫
Γ
h2 dσ. (4)

Since the energy includes second order derivatives via the mean curvature h,
its variation (more precisely the L2 representation) corresponds to a fourth
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order differential operator. Thus, in the L2 scalar product one obtains a
fourth order flow, the so-called Willmore flow, and by analogy to the above
computation we even obtain a sixth order flow in the H−1 scalar product.

The paper is organized as follows: In Section 2 we derive level set formu-
lations for the geometric evolution laws, directly from the metric gradient
flow formulation. In Section 3 we introduce the finite element formulation
for spatial discretization, which is indeed straight-forward. As a consequence
of the gradient flow formulation, we construct local-in-time variational prob-
lems corresponding to implicit time discretizations, and by further quadratic
approximations of the energy functional we obtain semi-implicit schemes in
Section 4. In Section 5 we discuss some aspects of redistancing on triangu-
lar finite element grids in two and three spatial dimensions. Details about
implementation and numerical results are presented in Section 6.

2 Level set formulation of the models

In this section we discuss the level set formulation of the higher order flows
distinguishing two cases, namely lower order energies such as the area func-
tional or classical surface energies appearing in materials science, and higher
order energies such as the Willmore energy. This distinction is due to the
fact that we try to split the higher-order flows into second order systems
by the introduction of new variables such as the mean curvature (and con-
straints defining the new variables in terms of the level set function). In
the case of low order energies these variables have to be introduced only
in order to approximate the metric, which happens in a very natural way,
whereas in the case of higher order energies additional variables are needed
in dependence on the metric. In both cases, the constraints can be modeled
by using associated Lagrange functionals, the Lagrangian variables will turn
out to obey very simple relations in several cases and sometimes also provide
interesting new quantities as we shall see below.

2.1 Basic Notations and Level Set Formulations

We start with some basic notations for level set formulations, avoiding a too
detailed discussion of level set methods at this point (cf. [37, 36] for further
detail). We assume Γ(t) ⊂ Ω ⊂ Rd to be the union of evolving curves or
surfaces, which are embedded, i.e.

Γ(t) = ∂Θ(t) \ ∂Ω.
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The level set approach chooses a function φ : Ω× R → R such that

Γ(t) = {φ(., t) = 0}, Θ(t) = {φ(., t) < 0}.

It is well-known (cf. e.g. [36]) that the unit outward normal vector n
(pointing into Ω \ Θ(t)), the normal velocity v, and the mean curvature h
of the evolving surface can be represented as

n =
∇φ
|∇φ|

|Γ(t), vn = − ∂tφ

|∇φ|
|Γ(t), h = ∇ ·

(
∇φ
|∇φ|

)
|Γ(t), (5)

where we assume that ∇φ 6= 0. Note that with this sign convention a
closed sphere with outer normal n has positive mean curvature h > 0. For
simplicity we impose in the following natural boundary conditions for φ (and
other variables) on the boundary of the computational domain ∂Ω.

2.2 Level Set Formulation I: Low Order Energies

We start with low order energies, i.e., energy functionals of the form

e[Γ] =
∫

Θ
f(x) +

∫
Γ
g(x, n) dσ, (6)

where n denotes the outward unit normal. In many cases f and also parts
of g arise through nonlocal interactions, usually modelled via partial differ-
ential equations with boundaries or coefficients dependent on Γ. However,
such situations can be incorporated via Lagrange functionals, so that the
effective functional to be minimized or differentiated with respect to the
shape variable always ends up in the form (6).

In the level set context we average the energy over all level sets of φ,
which yields a new energy on all level sets, respectively on the level set
function φ directly. For the sake of simplicity we assume that extensions
F : Ω → R and G : Ω × Rd → R of f and g are known (with G being one-
homogeneous in the second variable), if not the extensions can be computed
in a rather standard way (e.g. constant in normal direction, cf. [36]). Then
we obtain the energy from the layer-cake and co-area formula as

E[φ] =
∫ φmax

−∞

∫
{φ=α}∩Ω

G(x,
∇φ
|∇φ|

) dσ dα+
∫ φmax

−∞

∫
{φ<α}∩Ω

F (x) dx dα

=
∫

Ω
G(x,∇φ) dx+

∫
Ω
F (x)(φmax − φ(x)) dx,
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where φmax is greater than the maximal value of φ appearing in Ω. Since
constant terms do not matter for the minimization and variations with re-
spect to φ we define the averaged energy as

E[φ] =
∫

Ω
G(x,∇φ) dx−

∫
Ω
F (x)φ(x) dx. (7)

In order to compute variations in normal directions we recall the basic level
set equation

∂tφ = −Vn|∇φ|,

for Vn being an extension of the normal velocity vn. Hence, we compute
variations of φ only for directions of the form −Vn|∇φ|. It is easy that the
identity

E′[φ](−Vn|∇φ|) =
∫ φmax

−∞
e′[{φ = α}]Vn dα (8)

holds for such variations.
In a similar way we can average the scalar products used in the definitions

of the geometric flows. The L2 scalar product can be averaged with the co-
area formula as∫ φmax

−∞

∫
{φ=α}

ψ1ψ2 dσ dα =
∫

Ω
ψ1ψ2|∇φ| dx = 〈ψ1, ψ2〉φ. (9)

For the H−1 scalar product we use the weak formulation of the Laplace
Beltrami Operator and the simple relation

∇σW = P∇W, P = I − n⊗ n = I − ∇φ
|∇φ|

⊗ ∇φ
|∇φ|

for the tangential derivative to obtain the scalar product 〈ψ1, ψ2〉φ as∫ φmax

−∞

∫
{φ=α}

∇σWψ1∇σWψ2 dσ dα =
∫

Ω
(P∇Wψ1) · (P∇Wψ2)|∇φ| dx,

(10)
where a function Wψ is defined as a weak solution of the (averaged) Laplace-
Beltrami equation, i.e.∫

Ω
(P∇Wψ) · (P∇η)|∇φ| dx =

∫
Ω
ψη|∇φ| dx (11)

for all suitable test functions η.
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Now we can simply reformulate the geometric gradient flow as a metric
gradient flow on the level set functions via (note that for a variation ψ, the
function − ψ

|∇φ| is an extended normal variation)

〈Vn,−
ψ

|∇φ|
〉φ = −〈 ∂tφ

|∇φ|
,− ψ

|∇φ|
〉φ = −E′[φ](ψ),

or, equivalently

〈 ∂tφ
|∇φ|

,
ψ

|∇φ|
〉φ = −E′[φ](ψ). (12)

In the case of the area functional (F ≡ 0, G ≡ 1) and the L2 scalar
product we thus obtain the well-known (weak) level set formulation of the
mean curvature flow∫

Ω

∂tφψ

|∇φ|
dx = −

∫
Ω

∇φ · ∇ψ
|∇φ|

dx =
∫

Ω
Hψ dx, (13)

for all suitable test functions ψ, where H = ∇ · ( ∇φ
|∇φ|) is the extended mean

curvature. For the H−1 scalar product we use the variable W := WVn and
the identity ∫

Ω
(P∇W ) · (P∇W− ψ

|∇φ|
|∇φ| dx = −

∫
Ω
Wψ dx

to obtain in an analogous way the (weak) level set formulation of the simple
surface diffusion law, i.e., ∫

Ω
Wψ dx =

∫
Ω

∇φ · ∇ψ
|∇φ|

dx (14)∫
Ω
(P∇W ) · (P∇η)|∇φ| dx = −

∫
Ω
∂tφη dx (15)

for suitable test functions ψ and η. One observes that we have automatically
splitted the problem in a system of second order equations incorporating the
new variable W , which actually equals the extended mean curvature H.

We mention that the derivation of the level set formulations could also
be made by directly rewriting the evolution law in terms of the level set
function. For complicated energies, this procedure is rather tedious since
one needs to compute the shape derivative first (which can be a hard task
for itself) and then one has to compute transformations of higher deriva-
tives to the level set form. This can be avoided in the above approach, one
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can directly convert the energy to level set form and then compute classi-
cal variations in a function setting (with particular form of the variations).
Clearly the above derivation also provides a natural weak level set formula-
tion, which directly leads to finite element discretizations of the equations.
Also these formulations have been derived by sometimes tedious calculations
in previous work (cf. e.g [19, 24]).

For more general metrics we can formulate the above procedure as rewrit-
ing the metric via a Lagrange-functional of the form

〈 ∂tφ
|∇φ|

,
ψ

|∇φ|
〉φ = ∂φL[∂tφ,W,Q;φ]ψ, (16)

where W is the collection of mW ∈ N0 new variables introduced to rewrite
the metric and P are the mW Lagrange multipliers (dual variables) associ-
ated to the new constraints defining W . These variables are defined via the
conditions

∂WL[∂tφ,W,Q;φ] = 0, ∂QL[∂tφ,W,Q;φ] = 0.

In the case of the H−1 scalar product above we have

L[ψ,W,Q;φ] =
1
2

∫
Ω
|P∇W |2 dx+

∫
Ω

((P∇W )(P∇Q) + ψQ) dx.

It is easy to see from the specific form of the functional that the condition
∂WL[∂tφ,W,Q;φ] = 0 implies Q = −W . Moreover, ∂QL[∂tφ,W,Q;φ] = 0
yields (15). Finally, inserting Q = −W in (16) and (12) yields (14).

We shall assume in the following that L depends at most quadratically
on ∂tφ and W and linearly on Q. The assumptions on ∂t and W are easy
to achieve due to the bilinear nature of the scalar product, and the linearity
with respect to the dual variable Q is a natural property of Lagrange func-
tionals. The only nonlinear dependence in L thus appears with respect to
the level set function φ itself, which can be taken care of easily in the time
discretization.

2.3 Level Set Formulation II: Higher Order Energies

The second case we consider are higher-order energies such as the Willmore
functional. Then we have to introduce mU ∈ N0 further variables U for
the splitting and another Lagrangian functional Λ in order to take care of
the constraints defining the new variables (and mU associated Lagrangian
or dual variables R). Hence, we shall write

E[φ] = Λ[φ,U,R], (17)
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with U and R being defined via

∂UΛ[φ,U,R] = 0, ∂RΛ[φ,U,R] = 0. (18)

Consequently, with the scalar product defined through a Lagrange functional
L we equivalently rewrite (12) as

∂ψL[∂tφ,W,Q;φ] = −∂φΛ(φ,W,Q). (19)

We illustrate the procedure for the L2 gradient flow of the (level set
averaged) Willmore functional

E[φ] =
1
2

∫
Ω
H2|∇φ| dx =

∫ φmax

−∞

∫
{φ=α}

h2 dσ dα.

Here we can simply introduce the variable U = H and the Lagrange func-
tional

Λ[φ,U,R] =
1
2

∫
Ω
U2|∇φ| dx+

∫
Ω

(
−UR+

∇φ · ∇R
|∇φ|

)
dx.

Note that ∂RΛ[φ,U,R] = 0 yields exactly the weak formulation of the
equation U = ∇ · ( ∇φ

|∇φ|), which defines mean curvature. Moreover, from
∂UΛ[φ,U,R] = 0 we conclude R = U |∇φ|. Thus, the dual variable is ex-
actly the curvature concentration introduced for the level set formulation
of the Willmore flow directly in [24]. One could now use this identity to
eliminate U in favour of R as in [24] and one observes that in the general
approach above it does not matter which variable we choose for splitting. If
we would choose U = H|∇φ| directly as the curvature concentration, then
we would obtain the mean curvature as the dual variable.

2.4 Energy Dissipation for the Level Set Formulation

In the following we verify the enery dissipation for (19). For this sake use
the test functions ∂tφ, then we have

〈∂tφ, ∂tφ〉φ = ∂ψL[∂tφ,W,Q;φ]∂tφ
= −∂φΛ[φ,U,R]∂tφ

= −E′[φ]∂tφ = − d

dt
E[Φ],

or in other words,
d

dt
E[Φ] = −〈∂tφ, ∂tφ〉φ = −‖∂tφ‖2

φ. (20)

The energy dissipation property will play a central role in the later time
discretization of the flows.
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3 Spatial Discretization

In the following we discuss the spatial discretization of the higher order
flows or more precisely their level set formulation (19) introduced above. We
assume that the new splitting variables have been introduced such that the
highest arising differential operators are of second order, which means that
only up to first derivatives of all variables appear in the Lagrange functionals
L and Λ. Consequently, and also due to the dissipative nature of the flows, it
is natural to use finite element methods (with standard Lagrangian elements
for time discretization) for the spatial semi-discretization, which we shall
briefly discuss in this section.

We choose appropriate finite element subspaces Vh ⊂ V and look for
weak solutions satisfying the variational problems in a product of this sub-
space. Here we shall use V = H1(Ω) and the standard piecewise linear
elements

Vh = { v ∈ C(Ω) | v|T is linear polynomial for T ∈ T }, (21)

where T is a decomposition of the polygonal domain Ω into triangles (2D)
or tetrahedra (3D). Moreover we assume natural boundary conditions for
all variables on the boundary ∂Ω. For the sake of simplicity we assume here
that all variables can be discretized robustly by the same kind of elements,
i.e., we look for

(φh,W h, Uh, Qh, Rh) ∈ Ph = Vh × (Vh)mU × (Vh)mW × (Vh)mU × (Vh)mW .

This assumption roughly means that our splitting variables do not include
flux-type variables (like ∇φ or the normal ∇φ

|∇φ|). The justification of this
assumption can be made through appropriate inf-sup conditions on the La-
grange functionals in the above subspaces (as standard in mixed finite ele-
ment discretizations, cf. [9]), at least after linearization of the system. We
do not go into detail at this point for the sake of brevity, but just mention
that these conditions are indeed satisfied for all the examples of flows and
splitting variables we use here.

The finite element semi-discretization of the geometric flow defined via
(19) is then given by the Galerkin discretization

∂ψL[∂tφh,W h, Qh;φh]η1 + ∂φΛ(φh, Uh, Rh)η1 = 0 ∀ η1 ∈ Vh (22)
∂WL[∂tφh,W h, Qh;φh]η2 = 0 ∀ η2 ∈ (Vh)mW(23)
∂QL[∂tφh,W h, Qh;φh]η3 = 0 ∀ η3 ∈ (Vh)mW(24)

∂UΛ(φh, Uh, Rh)η4 = 0 ∀ η4 ∈ (Vh)mU(25)
∂RΛ(φh, Uh, Rh)η5 = 0 ∀ η5 ∈ (Vh)mU .(26)
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It is easy to see that the discretized problem (22)-(26) still satisfies an
energy dissipation property. For this sake we choose η1 = ∂tφ and obtain

∂ψL[∂tφh,W h, Qh;φh]∂tφh = −∂φΛ(φh, Uh, Rh)∂tφh.

Using (25) und (26) we deduce

d

dt
Λ(φh, Uh, Rh) = ∂φΛ(φh, Uh, Rh)∂tφh + ∂UΛ(φh, Uh, Rh)∂tUh +

∂RΛ(φh, Uh, Rh)∂tRh

= ∂φΛ(φh, Uh, Rh)∂tφh.

Now we define the discrete energy functional

Eh[ϕh] = Λ(φh, Uh, Rh) (27)

with Uh and Rh determined by (25) and (26), and a discrete scalar product

〈ψh1 , ψh2 〉φ,h = ∂ψL[ψh1φ
h,W h, Qh;φh]ψh2 .

Then the semi-discrete energy dissipation becomes

d

dt
Eh[φh] =

d

dt
Λ(φh, Uh, Rh) = −〈∂tφh, ∂tφh〉φ,h.

We finally mention that in the case of lower order energies, where we need
not apply any approximation of E by a Lagrange functional, we indeed
obtain E = Eh, i.e., energy dissipation with respect to the original energy
E.

4 Time Discretization

In the following we discuss the implicit and semi-implicit time discretization
of the geometric flows (19), respectively the semi-discrete problems (22)-
(23). We mention again that due to the missing maximum principle these
discretizations have to be interpreted in a local way, i.e., after computing
one (sufficiently small) time step of the level set equation we will perform
a redistancing step, with the details of redistancing to be discussed in the
next section.

The time discretization will be carried out at the time steps 0 = t0 <
t1 < . . . < tN = T , with local time step τk = tk+1 − tk < τ . We shall denote
the discrete solution by φh,τk = φh,τ (tk) ∈ Vh (with analogous notation for
the other variables).
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4.1 Implicit Time Stepping

In order to gain further insight into the time discretization based on the La-
grange functionals introduced in the previous session we start with a simple
implicit time discretization at least with respect to the energy functional.
This means we approximate the scalar product at the previous time step,
more precisely we approximate all terms depending on φh,τ in L by values
at the previous time step, and we use the backward Euler approximation

∂tφ
h,τ (tk+1) ≈

1
τk

(φh,τk+1 − φh,τk ).

These decisions yield the implicit scheme

1
τk
〈φh,τk+1 − φh,τk , η1〉k = −∂φEh[φh,τk+1]η1 = −∂φΛ[φh,τk+1, U

h,τ
k+1, R

h,τ
k+1]η1

for all η1 ∈ Vh, where we use the short-hand notation

〈ψ1, ψ2〉k := 〈ψ1, ψ2〉φh,τk = ∂ψL[ψ1,W1, Q1;φ
h,τ
k ].

In terms of the Lagrange functionals we can write down the fully discrete
implicit scheme as the solution

1
τk
∂φL[φh,τk+1 − φh,τk ,W h,τ

k+1, Q
h,τ
k+1;φ

h,τ
k ]η1 + ∂φΛ(φh,τk+1, U

h,τ
k+1, R

h,τ
k+1)η1 = 0(28)

∂WL[φh,τk+1 − φh,τk ,W h,τ
k+1, Q

h,τ
k+1;φ

h,τ
k ]η2 = 0(29)

∂QL[φh,τk+1 − φh,τk ,W h,τ
k+1, Q

h,τ
k+1;φ

h,τ
k ]η3 = 0(30)

∂UΛ(φh,τk+1, U
h,τ
k+1, R

h,τ
k+1)η4 = 0(31)

∂RΛ(φh,τk+1, U
h,τ
k+1, R

h,τ
k+1)η4 = 0(32)

for all (η1, . . . , η5) ∈ Ph. with respect to

(φh,τk+1,W
h,τ
k+1, U

h,τ
k+1, Q

h,τ
k+1, R

h,τ
k+1) ∈ P

h.

One observes that after time discretization all variations of Lagrange
functionals are taken with respect to φh,τk+1 using the fixed previous time
value φh,τk . Hence, the first equation (28) can also be reformulated as a
minimization with respect to φh,τk+1. Also the other equations are optimality
conditions of an optimization problem, and taking into account the usual
convention for Lagrangians (minimization with respect to primal and max-
imization with respect to dual variables) we actually compute the variables
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at the next time step (φh,τk+1,W
h,τ
k+1, U

h,τ
k+1, Q

h,τ
k+1, R

h,τ
k+1) as a solution of the

saddle point problem

inf
φ,W,U

sup
Q,R

(
1
2τ
L[φ− φh,τk ,W,Q] + Λ[φ,W,Q]

)
(33)

over the discrete subspaces. We can also rewrite the discrete problem in the
form of minimizing movements for a gradient flow (cf. [2])

φh,τk+1 ∈ argmin
φ

(
1
2τ
‖φ− φh,τk ‖2

k + Eh[φ]
)
,

with the squared norm

‖φ− φh,τk ‖2
k := inf

W
sup
Q
L[φ− φh,τk ,W,Q]

and
Eh[φ] := inf

U
sup
R

Λ[φ,U,R].

For illustration purpose we mention the implicit schemes for mean cur-
vature flow ∫

Ω

(φh,τk+1 − φh,τk )η

τ |φh,τk |
dx+

∫
Ω

∇φh,τk+1 · ∇η
|φh,τk+1|

= 0, (34)

and the simple surface diffusion flow∫
Ω
Qh,τk+1η1 +

∫
Ω

∇φh,τk+1 · ∇η
|φh,τk+1|

dx = 0∫
Ω
(Pk∇(W h,τ

k+1 +Qh,τk+1)) · (Pk∇η2) dx = 0

1
τ

∫
Ω
(φh,τk+1 − φh,τk )η3 dx+

∫
Ω
(Pk∇Qh,τk+1) · (P∇η3) dx = 0,

with Pk = I − ∇φh,τk
|∇φh,τk |

⊗ ∇φh,τk
|∇φh,τk |

. As in the continuous setting we can still

deduce Qh,τk+1 = −W h,τ
k+1 from the second equation and eliminate the dual

variable in order to obtain an analogous form to (14), (15). For the Willmore
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flow with U = H we obtain∫
Ω

[
(φh,τk+1 − φh,τk )η1

τ |φh,τk |
+

1
2
Uh,τk+1

φh,τk+1 · ∇η1

|φh,τk+1|
+

Pk+1∇η4 ·Pk+1∇η1

τ |φh,τk+1|

]
dx = 0∫

Ω
(Uh,τk+1|φ

h,τ
k+1| −Rh,τk+1)η4 dx = 0∫

Ω
(−Uh,τk+1η5 +

∇φh,τk+1 · ∇η5

|φh,τk+1|
) dx = 0

with Pk+1 = I− ∇φh,τk+1

|∇φh,τk+1|
⊗ ∇φh,τk+1

|∇φh,τk+1|
.

4.2 Semi-Implicit Time Stepping

As one observes from the previous examples, the implicit schemes require the
solution of strongly nonlinear systems in each time steps, which is a rather
undesirable property and can be an issue with respect to computational
efficiency. Indeed, the only implicit scheme in this context is the one by
Chambolle (cf. [15]) for mean curvature flow, which is exactly (34) with an
intermediate redistancing step. In order to overcome the difficulties with
nonlinearities we consider semi-implicit time stepping, which has developed
almost as a standard for numerical simulations of higher-order geometric
flows, either for parametric (cf. [7, 20, 29, 30, 31, 39]), level set (cf. [24, 40]),
or diffuse (cf. [8, 28]) representations of the surfaces.

In order to obtain a semi-implicit scheme with linear systems to be solved
in each time step we need to construct a quadratic approximation of the
energy, respectively the Lagrange functional Λ. This means we replace Λ in
each iteration step by a functional Λ̃k quadratic with respect to φ and U ,
and linear with respect to R. The corresponding discrete energy functional
is given by

Ẽkh[φ] = inf
U

sup
R

Λ̃k[φ,U,R].

In order to obtain a consistent approximation of the flow, the condition

(Ekh)
′(φh,τk ) = E′

h(φ
h,τ
k )

is needed, which can be translated into a condition on the Lagrange func-

14



tional as

∂φΛ(φh,τk , Uh,τk , Rh,τk ) = ∂φΛ̃k(φ
h,τ
k , Ũh,τk , R̃h,τk )

∂UΛ(φh,τk , Uh,τk , Rh,τk ) = ∂U Λ̃k(φh,τk , Ũh,τk , R̃h,τk ) = 0

∂RΛ(φh,τk , Uh,τk , Rh,τk ) = ∂RΛ̃k(φh,τk , Ũh,τk , R̃h,τk ) = 0.

Note that this condition includes the primal and dual variables (Uh,τk and
Rh,τk )), which can be computed given φh,τk through the Lagrangian Λ. These
may differ from the approximating ones (Ũh,τk and R̃h,τk )), which would usu-
ally be computed from the last time step of the scheme. Hence, the deriva-
tion of a consistent scheme (and also a stable one, see below), could enforce
additional computations for the computation of quadratic approximations
(such as Taylor expansions). E.g., for Willmore flow one would have to
compute the mean curvature variable from∫

Ω
Uh,τk ψ dx = −

∫
Ω

∇φh,τk · ∇ψ
|∇φh,τk |

dx ∀ ψ ∈ Vh.

The next time step in a semi-implicit time scheme is then given by

φh,τk+1 ∈ argmin
φ

(
1
2τ
‖φ− φh,τk ‖2

k + Ẽkh[φ]
)
, (35)

i.e., as the minimizer of a quadratic optimization problem, and consequently
as the solution of a linear system (the first-order optimality condition). If Ẽkh
is convex, or τ is sufficiently small, then the resulting quadratic functional
is strictly convex and thus, the level set function in the next time step is
unique.

For lower order energies, the construction of an approximation is again
straight-forward, the approximating energy is of the form

Ẽkh[φ] = Eh[φ
h,τ
k ] + E′

h[φ
h,τ
k ](φ− φh,τk ) + F kh [φ− φh,τk ], (36)

with a quadratic energy F kh . A natural choice for the quadratic term might
be the second variation F kh [ψ] = 1

2E
′′
h[φ

h,τ
k ](ψ,ψ), so that Ekh would become

the second-order Taylor expansion of E around the last time step. However,
this choice is not essential for deriving a consistent scheme, one can instead
use the appropriate quadratic functionals for increasing the stability of the
scheme as we shall argue below.
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For higher-order energies we construct an approximation of the La-
grangian via

Λ̃k[φ,U,R] = Λ[φh,τk , Uh,τk , Rh,τk ] +

Λ′[φh,τk , Uh,τk , Rh,τk ](φ− φh,τk , U − Uh,τk , R−Rh,τk ) +
∂2

∂φ∂R
Λ[φh,τk , Uh,τk , Rh,τk ](φ− φh,τk , R−Rh,τk ) +

∂2

∂U∂R
Λ[φh,τk , Uh,τk , Rh,τk ](U − Uh,τk , R−Rh,τk ) +

F kh [φ− φh,τk ] +Gkh[U − Uh,τk ]−Ψk
h[R−Rh,τk ]

with convex quadratic functionals F kh , Gkh, and Ψk
h. Note that for appro-

priate choices of this functionals we obtain that the inf-sup (over U and
R) of the approximate Lagrange functional Λ̃k at φ = φh,τk is attained at
Ũh,τk = Uh,τk = R̃h,τk = Rh,τk , and the consistency is a direct consequence.

4.3 Stability and Energy Dissipation

Ideally we would like to obtain semi-implicit schemes that yield energy dissi-
pation as the original geometric flows. A sufficient condition on Ẽkh yielding
energy dissipation is

Ẽkh[φ
h,τ ] = Eh[φh,τ ], Ẽkh[φ] ≥ Eh[φ] ∀ φ ∈ Vh. (37)

Together with the definition of φh,τk+1 as a minimizer of (35) we conclude

1
2τ
‖φh,τk+1 − φh,τk ‖2

k + Eh[φ
h,τ
k+1] ≤ 1

2τ
‖φh,τk+1 − φh,τk ‖2

k + Ẽkh[φ
h,τ
k+1]

≤ Ẽkh[φ
h,τ
k ] = Eh[φ

h,τ
k ].

We mention that (37) can be relaxed to

c

2τ
‖φh,τk+1 − φh,τk ‖2

k + Ẽkh(φ) ≥ Eh[φ] ∀ φ ∈ Vh, (38)

for some c < 1, which implies by an analogous argument

1− c

2τ
‖φh,τk+1 − φh,τk ‖2

k + Eh[φ
h,τ
k+1] ≤ Eh[φ

h,τ
k ].

For a higher-order energy approximated by a Lagrangian, the first prop-
erty in (37) is achieved if

inf
U

sup
R

Λ̃k[φh,τk , U,R] = inf
U

sup
R

Λ[φh,τk , U,R], (39)
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which is automatic for the approximation derived in the previous section.
The second (majorization) property is achieved if

inf
U

sup
R

Λ̃k[φ,U,R] ≥ inf
U

sup
R

Λ[φ,U,R] ∀ φ ∈ Vh, (40)

whose verifications turns out to be very hard for energies like the Willmore
functional.

4.4 Examples for Higher-Order Flows

In the following we provide some examples of semi-implicit schemes con-
structed in the above manner for some higher-order flows of particular in-
terest:

Example 1: Mean Curvature Flow. As a first example we consider
the (averaged) area functional

Eh[φ] = E[φ] =
∫

Ω
|∇φ| dx.

We look for a quadratic approximation as above with an energy of the form

F kh [ψ] =
1
2

∫
Ω
ak|∇ψ|2 dx.

Then the consistency and the first property of (37) are automatically satis-
fied. The majorization property can be rewritten as∫

Ω
|∇φ| dx ≤

∫
Ω
(|∇φh,τk |+

∇φh,τk · (∇φ−∇φh,τk )

|∇φh,τk |
+
ak
2
|∇φ−∇φh,τk |2) dx

=
∫

Ω
(
∇φh,τk · ∇φ
|∇φh,τk |

+
ak
2
|∇φ−∇φh,τk |2) dx.

Thus, the majorization property is achieved if

2|∇φ| |∇φh,τk |+ 2(bk − 1)∇φh,τk · ∇φ ≤ bk|∇φ|2 + bk|∇φh,τk |2,

for all admissible φ, where we have used the notation bk = ak|∇φh,τk |. For
bk ≥ 1 we obtain by the geometric-arithmetic mean inequality that

2|∇φ| |∇φh,τk |+ 2(bk − 1)∇φh,τk · ∇φ ≤ 2bk|∇φ| |∇φh,τk |
≤ bk|∇φ|2 + bk|∇φh,τk |2,
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hence the majorization property holds. On the other hand, for bk < 1 one
can immediately see a violation via the choice φ = −φh,τk . Hence bk = 1
yields the minimal energy of the above form that satisfies the majorization
property (and consequently yields stability). The resulting energy for bk = 1
can be written as

Ẽkh[φ] =
1
2

∫
Ω

|∇φh,τk |2 + |∇φ|2

|∇φh,τk |
,

and the resulting semi-implicit scheme for mean-curvature flow is∫
Ω

(φh,τk+1 − φh,τk )η

τ |φh,τk |
dx+

∫
Ω

∇φh,τk+1 · ∇η
|φh,τk |

= 0,

which is exactly the one used in [18]. Also the schemes used in [19] for
weighted area functionals can be derived from analogous arguments on en-
ergy approximation.

Example 2: Isotropic Surface Diffusion. As a second example
we consider the surface diffusion flow with the energy equal to the area
functional. We therefore use the same approximation of the energy as in the
previous example

Ẽkh[φ] =
1
2

∫
Ω

|∇φh,τk |2 + |∇φ|2

|∇φh,τk |
,

which yields unconditional stability. Together with the approximation of
the H−1-metric described above we arrive at the semi-implicit scheme∫

Ω
Qh,τk+1η1 dx +

∫
Ω

∇φh,τk+1 · ∇η
|φh,τk |

dx = 0∫
Ω
(Pk∇(W h,τ

k+1 +Qh,τk+1)) · (Pk∇η2) dx = 0

1
τ

∫
Ω
(φh,τk+1 − φh,τk )η3 dx+

∫
Ω
(Pk∇Qh,τk+1) · (Pk∇η3) dx = 0,

which is a level set analogue of the scheme used in [20] for graph represen-
tations.

Example 3: Willmore Flow As an example with an higher-order
energy we consider the Willmore flow, characterized by the L2-metric and
the energy and average energy functional, respectively,

e[Γ] =
1
2

∫
Γ
h2 dx E[φ] =

1
2

∫
Ω
H2|∇φ| dx

18



with the mean curvature h and its averaged version H. Obviously we use the
same approximation of the L2-metric as in the case of the mean curvature
flow, so that it only remains to derive an energy approximation.

As noticed in Section 2, the energy functional can be calculated from
the Lagrangian

Λ[φ,U,R] =
1
2

∫
Ω
U2|∇φ| dx+

∫
Ω

(
−UR+

∇φ · ∇R
|∇φ|

)
dx.

We can then compute the variations

∂φΛ[φ,U,R]η1 =
∫

Ω

(
U2

2
∇φ · ∇η1

|∇φ|
+

(P∇η1) · ∇R
|∇φ|

)
dx

∂UΛ[φ,U,R]η2 =
∫

Ω
(U |∇φ| −R)η2 dx

∂RΛ[φ,U,R]η3 =
∫

Ω
(−Uη3 +

∇φ · ∇η3

|∇φ|
) dx

∂2
φ,RΛ[φ,U,R](η1, η3) =

∫
Ω

(P∇η1) · ∇η3

|∇φ|
dx

∂2
U,RΛ[φ,U,R](η2, η3) = −

∫
Ω
η2η3.

In order to complete the derivation of the semi-implicit scheme with the
above quadratic form of an approximate Lagrangian Λ̃k it remains to specify
the functionals F kh , Gkh and Ψk

h. We shall highlight one possibility in the
following, which actually yields a similar scheme as used in [24]. The idea of
the choice is to look at the energy term (the first integral in Λ) for fixed U
and fixed φ, respectively. For fixed U we obtain a weighted area functional
and consequently use an analogous approximation as for area functionals
above, namely

F kh [φ] =
1
4

∫
Ω
(Uh,τk )2

|∇φ−∇φh,τk |2

|∇φh,τk |
dx.

For fixed φ the functional of U is already quadratic, so it seems natural to
use the second-order term in the Taylor expansion

Gkh[U ] =
1
2

∫
Ω
(U − Uh,τk )2|∇φh,τk | dx.
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Altogether, this yields the approximate Lagrangian

Λ̃k[φ,U,R] =
1
2

∫
Ω

(
U2|∇φh,τk |+ (Uh,τk )2

|∇φ|2 − |∇φh,τk |2

2|∇φh,τk |

)
dx+

+
∫

Ω

(
−UR+

(Pk∇φ+ (I−Pk)∇φh,τk ) · ∇R
|∇φh,τk |

)
dx.

The resulting semi-implicit scheme is∫
Ω

(
(φh,τk+1 − φh,τk )η1

τ |∇φh,τk |
+ (Uh,τk )2

∇φh,τk+1 · ∇η1

|∇φh,τk |

)
dx = 0∫

Ω
(U |∇φh,τk | −R)η2 dx = 0∫

Ω

(
−Uη3 +

(Pk∇φ+ (I−Pk)∇φh,τk ) · ∇η3

|∇φh,τk |

)
dx = 0.

for all test functions ηi ∈ Vh.

Example 4: Regularized Anisotropic Motion Laws. As a final
example we consider the curvature regularization of an anisotropic surface
energy, i.e.

e[Γ] =
∫

Γ
(γ(n) +

ε2

2
h2) dσ,

which is of particular interest when γ (respectively its one-homogeneous
extension to Rd) is not convex. The averaged version of the energy is given
by

E[φ] =
∫

Ω
(γ(∇φ) +

ε2

2
H2|∇φ|) dx.

In this case it is of practical interest to consider both the mean-curvature
type flow (L2-metric) and the surface diffusion flow (H−1-metric) for this
energy (cf. [11, 13])

For the approximations of the L2-metric or H−1-metric we can use ex-
actly the same schemes as for the mean curvature or for the surface diffusion
flow, respectively. Moreover, we can use the same approximation of the cur-
vature dependent term as for the Willmore flow. Thus, we only provide an
approximation of the first term in the energy

E1[φ] =
∫

Ω
γ(∇φ) dx.
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A simple appoximation with isotropic higher-order part is given by

Ẽk1 [φ] =
∫

Ω

(
γ(∇φ) + (∇γ)(∇φ)(∇φ−∇φh,τk ) +

λ

2
(∇φ−∇φh,τk )

|∇φh,τk |

)
dx.

If λ is chosen large enough it is easy to see that Ẽk1 actually majorizes E1.
A detailed discussion of semi-implicit schemes for regularized anisotropic
motions can be found in [13].

5 Redistancing

It is worth noticing that for energy functionals depending on higher than first
derivatives, the ”global” level set approach is not well-defined. In this case
the resulting evolution equation is a partial differential equation of higher
than second order, and therefore does not satisfy a comparison principle.
Consequently, even if a solution to the equation for the level set function
φ exists, one cannot guarantee that φ is continuous and that its level sets
are still the boundary of the sublevel sets (due to possible intersection and
annihilation of level sets). This means that the level set approach can only
be interpreted in a local sense, i.e., the level set function only satisfies the
partial differential equations at the zero level set. Since one is not really
interested in the other level sets of φ, one can use an arbitrary extension
such as the signed distance function. In a theoretical approach this means
one looks for a solution φ, which satisfies the partial differential equation
only on the implicitly defined set {φ = 0}, and is a signed distance function
in the remaining part of Ω. In a practical approach one first computes
one small time-steps of the partial differential equation (i.e., one violates
the constraint of being a signed-distance function) and then performs a re-
distancing step (i.e., one computes a suitable projection to the constraint
set of signed-distance functions).

As any redistancing slightly changes the interface, it should only be done
if necessary. In our implementation we check the norm of the gradient of
the level set function φ in a band around the zero level set which is about
the grid size. If the norm differs too much from one, redistancing is carried
out.

Our redistancing algorithm is an approach for unstructured grids based
on a local Hopf-Lax formula which was introduced in [10] and given in detail
for two dimensions therein. In [41] it was extended to three dimensions. In
the following we give a brief outline of the idea behind and describe the
algorithm in detail. Let φ̃ be a level set function which gives implicitly
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the interface Γ, i.e. Γ = {x ∈ Ω | φ̃(x) = 0 }, and Ω+ = {x ∈ Ω | φ̃(x) >
0 },Ω− = {x ∈ Ω | φ̃(x) < 0 } denote the domain with positive and negative
level sets respectivly. We want to construct a signed distance function with
respect to the zero level set of φ̃. It is sufficient to calculate a distance
function. The sign then can easily be added with the help of φ̃.

The eikonal equation

|∇u| = 1 on Ω
u|∂Ω = g

with adequate function g is a Hamilton-Jacobi equation of the type

H(x,∇u) = 1 on Ω (41)
u|∂Ω = g. (42)

In can be shown that under certain assumptions on H and g a solution of
(41), (42) is given by the Hopf-Lax formula. For the eikonal equation where
H(∇u) = |∇u| − 1 the Hopf-Lax formula reads

u(x) = min
y∈∂Ω

(g(y) + |x− y|).

The principle idea of the redistancing algorithm is to apply the Hopf-Lax
formula on a local discretized problem.

Let Ωh be a polygonal approximation of Ω, Th the corresponding trian-
gulation and Vh the set of linear finite element functions on Ωh. We denote
T I
h the set of elements σ ∈ Th which are cut by the interface (”interface

elements”), i.e.
T I
h = {σ ∈ Th |σ ∩ Γh 6= ∅},

with Γh the discretized interface given implicitly by the level set function
φh ∈ Vh, and

ΩI
h =

⋃
σ∈T Ih

σ.

We are looking for the solution of the discretized problem

|∇φh| = 1 on Ωh (43)
φh|∂ΩIh

= gh, (44)

where for a vertex xh the value gh(xh) is the distance of xh to the discretized
interface Γh. For each vertex xh /∈ ΩI

h and its local element patch ωh(xh)
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which is defined as the interior of the union of all elements σ ∈ Th\T I
h

containing xh, a solution of the local discretized problem

|∇φ∗h| = 1 on ωh(xh)
φ∗h|∂ωh(xh) = gh

is given by the local Hopf-Lax formula

φ∗h(xh) = min
y∈∂ωh(xh)

(gh(y) + |xh − y|).

The solution of (43), (44) results now from an iterative application of the
local Hopf-Lax formula for the vertices xh of the triangulation. We define
the local Hopf-Lax update by

(Λhφh)(xh) =

 min
y∈∂ωh(xh)

(φh(y) + |xh − y|) for xh /∈ ΩI
h

φh(xh) for xh ∈ ΩI
h.

A possible redistancing algorithm consists in traversing all vertices xh until
the Hopf-Lax updates do not give new values or to be more precise until for
any small tolerance tol we have |(Λhφh)(xh)− φh(xh)| ≤ tol for all vertices
xh. Because our approach is a slight variation of this idea, we give a short
explanation for the convergence of the Hopf-Lax updates which is based on
a monotonicity argument: The sequence (unh)n≥0 defined through

φ0
h(xh) =

{
∞ for xh /∈ ΩI

h

gh(xh) for xh ∈ ΩI
h

and
φn+1
h = Λhφnh

is decreasing monotonously,

φn+1
h ≤ φnh ≤ . . . ≤ φ1

h ≤ φ0
h.

As for each vertex xh there is the lower bound

φnh(xh) ≥ min
yh∈ΩIh

gh(yh) for all n ≥ 0,

the sequence converges uniformly to a function φh.
Our approach uses an element based Hopf-Lax vertex update

(Λhφh)(xh, σ) =

 min
y∈∂(ωh(xh)∩σ)

(φh(y) + |xh − y|) for xh /∈ ΩI
h

φh(xh) for xh ∈ ΩI
h.

(45)

We make use of the following redistancing algorithm:
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Figure 1: 3d-Hopf-Lax vertex update algorithm: Shows the rotation of an
element with respect to φh (on the left) and restrictions to the existence of
this rotation (on the right).

1. For all vertices xh in ΩI
h:

Calculate the distance gh(xh) to the discretized interface.

2.

φh(xh) =

{
∞ for xh /∈ ΩI

h

gh(xh) for xh ∈ ΩI
h

3. Do
For all grid elements σ:

For all vertices xh in σ:
If (|(Λhφh)(xh)− φh(xh)| > tol)
φh(xh) = (Λhφh)(xh).

While (Hopf-Lax vertex update has been performed during grid
traverse).

The algorithm finishes after a finite number of iterations because the
monotonicity property is maintained. In the rest of the chapter we describe
in detail the algorithm for the calculation of the Hopf-Lax vertex update
(45). It only makes use of geometric considerations. For dimensions two, it
is quite short, the implementation only takes a few lines. The algorithm is
given in [10]. We now describe an algorithm for dimensions three.

We denote HL 2d(xh, σ), HL 3d(xh, σ) the Hopf-Lax vertex update for
the vertex xh in element σ for dimensions two and dimensions three respec-
tivly. To explain the algorithm we employ a geometic interpretation of the
Hopf-Lax vertex update HL 3d(xh, σ). Denote uh, vh, wh the vertices in σ
in the face opposite to xh. Now we place σ in three-dimensional space such
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Figure 2: 3d-Hopf-Lax vertex update algorithm: Possible positions of the
projection point D with respect to 4ABC .

D ∈ P ABC : HL 3d(xh, σ) = distance of xh to x-y-plane
D ∈ P A : HL 3d(xh, σ) = φh(uh) + |xh − uh|
D ∈ P B : HL 3d(xh, σ) = φh(vh) + |xh − vh|
D ∈ P C : HL 3d(xh, σ) = φh(wh) + |xh − wh|

D ∈ P AB : HL 3d(xh, σ) = HL 2d(xh,4xhuhvh)
D ∈ P AC : HL 3d(xh, σ) = HL 2d(xh,4xhuhwh)
D ∈ P BC : HL 3d(xh, σ) = HL 2d(xh,4xhvhwh)

Table 1: 3d-Hopf-Lax vertex update algorithm: Calculation formula for the
Hopf-Lax update depending on the position of D (see Figure 2).

that uh has the height φh(uh) over the x-y-plane, vh the height φh(vh) and
wh the height φh(wh). That means the x-y-plane serves as an approximation
of the interface, see the left picture in figure 1. If the perpendicular line from
the rotated xh to the x-y-plane passes through 4uhvhwh the Hopf-Lax vertex
update is the distance of xh to the x-y-plane. In other cases we need further
geometric arguments. Denote A the projection of uh on the x-y-plane, B
the projection of vh, C the projection of wh and D the projection of xh.
Then the position of D can be described by the areas defined in figure 2.
Let y(xh) be defined through

y(xh) = argminy∈∂(ωh(xh)∩σ)(gh(y) + |xh − y|).

The position of D gives the position of y(xh). For example, if D is situated
in the area P AB, the point y(xh) lies on the edge of σ containing uh and vh.
That means the Hopf-Lax vertex update is obtained as the two-dimensional
Hopf-Lax vertex update on a face of σ, namely

HL 3d(xh, σ) = HL 2d(xh,4xhuhvh).
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Or, if D lies in the area P C, we have y(xh) = wh. Thus depending on
the position of D, the three-dimensional Hopf-Lax vertex update can be
calculated as in table 1. Our algorithm now consists in first performing the
above rotation with respect to the distances φh(uh), φh(vh) and φh(wh), and
then calculating the update as in table 1.

In some cases the rotation is not possible. Let us consider the rotation
to be done in three steps: First we arrange the vertices uh, vh and wh such
that

φh(uh) ≤ φh(vh) ≤ φh(wh). (46)

Then the edge [uh, vh] is rotated appropriatly. This is only possible if

φh(vh)− φh(uh) ≤ |vh − uh|. (47)

And finally we position the edge [uh, wh]. The right picture in figure 1 shows
a rotation of 4uhvhwh into the x-z-plane and illustrates that the second
rotation is only possible if

0 ≤ α+ β ≤ π/2 (48)
φh(wh)− φh(uh)

|wh − uh|
≤ sin(α+ β), (49)

with the angles α and β defined in the figure. The algorithm for the three-
dimensional Hopf-Lax vertex update HL 3d(xh, σ) is now as follows:

1. Arrange uh, vh and wh as in (46).

2. If (rotation of σ is possible, i.e. (47)-(49) are fulfilled)
Rotate σ and calculate HL 3d(xh, σ) as in table 1.

Else
HL 3d(xh, σ) is the minimum of the two-dimensional
Hopf-Lax vertex updates for xh on the faces of σ
containing xh.

The described algorithm is well suited for unstructured grids. Further
speed up can be achieved by an ordered element travers, in which elements
near the interface are visited first.

6 Implementation and results

The derived numerical schemes are implemented in the adaptive finite el-
ement toolbox AMDiS [4]. The toolbox provides a framework for the effi-
cient solution of systems of partial differential equations by adaptive finite
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elements on unstructured grids. For details on the software we refer to
[42, 41, 43].

Inorder to reduce the computational overhead associated with the level
set method we use adaptive mesh refinement and coarsening. Thus only
within a small neighborhood (narrow band) arround Γ(t) = {φ(·, t) = 0} we
allow for a fine resolution of the grid. Whereas away from the zero level set
the grid is coarsend. As an indicator for refinement and coarsing serves the
signed distance function.

In all simulations we use piecewise linear finite elements and solve the
resulting linear system using a Schur complement and a GMRES solver.

As examples we consider variants of the H−1-gradient flow of the energy

e1[Γ] =
∫

Γ
γ dσ, and e2[Γ] =

∫
Γ
h2 dσ,

with γ = γ(n). Fig. 3 shows the evolution of a cube to a sphere by sur-
face diffusion (γ = 1). It is an example for a fourth order equation. The
discretization is described in detail in Section 4.

As an example of a sixth order equation we use a combination of the
energies e1 and e2

e3[Γ] =
∫

Γ
γ +

ε2

2
h2 dσ,

with ε a small parameter. Such energies arise in materials science with γ
being non-convex [23, 33, 27, 38]. Thus the curvature term can be viewed as
a regularization. For an approach to discretize the equations resulting from
the anisotropic term we refer to [13]. The discretization of the remaining
terms is described in detail in Section 4. Fig. 4 shows the evolution of a cube
to the Wulff shape by curvature regularized anisotropic surface diffusion.
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Figure 3: Evolution by surface diffusion (isotropic evolution). Simulation
parameters: [0, 4]×[0, 4]×[0, 4] grid, grid size h = 0.05, timestep 4t = 10−6.
From top left to bottom right: t = 0.0, 0.001, 0.005, 0.01.
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Figure 4: Evolution by curvature regularized surface diffusion (anisotropic
evolution). Simulation parameters: [0, 4] × [0, 4] × [0, 4] grid, grid size h =
0.05, timestep 4t = 10−6. From top left to bottom right: t = 0.0, 0.001,
0.005, 0.01.
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