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Abstract

This paper is devoted to the decomposition of an image f into u + v, with u a
piecewise-smooth or “cartoon” component, and v an oscillatory component (texture or
noise), in a variational approach. The cartoon component u is modeled by a function
of bounded variation, while v, usually represented by a square integrable function,
is now being modeled by a more refined and weaker texture norm, as a distribution.
Generalizing the idea of Y. Meyer [32], where v € F' = div(BMO) = BMO_I, we model
here the texture component by the action of the Riesz potentials on v that belongs to
BMO or to LP. In an earlier work [26], the authors proposed energy minimization
models to approximate (BV, F') decompositions explicitely expressing the texture as
divergence of vector fields in BMO. In this paper, we consider an equivalent more
isotropic norm of the space F' in terms of the Riesz potentials, and study models
where the Riesz potentials of oscillatory components belong to BMO or to LP, 1 <
p < oo (thus we consider oscillatory components in BMO® or in WP, with a < 0).
Theoretical, experimental results and comparisons to validate the proposed methods
are presented.

1 Introduction and motivations

We assume that a given grayscale image f is defined on R"™ or Q = [0,1]" C R". When
f is defined on 2, we assume that f is periodic and 2 is the fundamental domain. Denote
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the function space defined on R" by X (R™) and the function space defined on Q by X ().
When we make no distinction between X (R"™) or X (2), we write X to mean either X (R™)
or X(Q).

An important problem in image analysis is the decomposition of f into u + v, where u
is piecewise-smooth containing the geometric components of f and v is oscillatory, typically
texture or noise. A general variational method for decomposing f € X; 4+ X5 into u+ v, with
u € X7 and v € Xy, can be defined by the minimization problem

(u,v)g)l(f;xXg {Fi(u) + A\F>(v) : f =u+ v}, (1)
where I, F5 > 0 are functionals and X7, X5 are spaces of functions or distributions such
that Fi(u) < oo, and Fy(v) < oo, if and only if (u,v) € X; x X5. The constant A > 0 is a
tuning parameter. A good model for (1) is given by a choice of X; and X3 so that with the
given desired properties of u and v, we obtain Fj(u) << Fy(u) and Fi(v) >> Fy(v).

In more standard or canonical approaches, the space L? is used to model v when f
denotes the image of a real scene, u is a piecewise-smooth approximation of f (made up of
homogeneous regions with sharp boundaries), and v is a residual (additive Gaussian noise or
small details). For example, in the Mumford and Shah model [35] for image segmentation,
f € L>*(Q) C L*(Q) is split into u € SBV(Q) [2], a piecewise-smooth function with its
discontinuity set .J, composed of a union of curves of total finite length, and v = f—u € L*(Q)
representing noise or texture. The (non-convex) model in the weak formulation is [33]

inf {/ [Vul?dz + oH' (Ju) + Bl|v] 720, f:u—i—v}, (2)
O\ J,

(u,0)ESBV (Q)x L2(Q)

where H' denotes the 1-dimensional Hausdorff measure, and «, 3 > 0 are tuning parameters.
With the above notations, the first two terms in the energy from (2) compose Fi(u), while
the third term makes Fy(v). A related decomposition is obtained by the total variation
minimization model of Rudin, Osher, and Fatemi [39] for image denoising. The (convex)
decomposition model is

inf { Alloll2 _ } ;
(U,U)é%VxLQ |U|BV + ||U||L27 f u—+v , ( )
where [ulpy@) = [|Du| (the semi-norm on the space BV) [14], and A > 0 is a tuning

parameter. This model is strictly convex and is easily solved in practice. However, it has
some limitations pointed out by several authors ([44], [45], [32] among others). If f = axp
is a multiple of the characteristic function of a disk D centered at the origin and of radius R,
we would like the minimizer u to be f if R is not too small. However, for any R > ﬁ and

any finite A > 0, we have [32]
—(a- 1 ) 1

The model (3) is of the form |u|gy+ || f—ul/%,, p > 1, ¢ > 1, and the loss of intensity property
is always present when we have ¢ > 1 while keeping the total variation. In particular, we
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no longer have an intensity loss if we substitute || - ||2, in (3) with || - ||z2 or || - ||z1, which
was proposed in the continuous case by Cheon, Paranjpye, Vese and Osher [10], and further
analysis in the L' case was made by Chan and Esedoglu [9], among others).

We are interested in function spaces that give small penalties to oscillations. As noted
in [32], oscillatory components do not have small norms in L? or L'. Moreover, Alvarez,
Gousseau and Morel [19], [1] argue that BV is not a good choice to model natural images.
To overcome these drawbacks, we can relax the condition on Fy(u) = |u|gy or Fa(v) = ||[v]| e,
for p =1 or p = 2. One way is to use a non-convex regularization in u (like in (2), [17],
(7], [48], [29] etc), that is weaker than | - |gy. Another way is to use weaker norms than the
L? norm. Here we keep a convex BV regularization, and consider weaker norms than the
LP norm, following [32]. Mumford and Gidas [34] also show that, under some assumptions,
natural images are drawn from probability distributions supported by generalized functions,
and not by functions.

Y. Meyer [32] questions the model (3) and proposes more refined versions, using weaker
norms of generalized functions to model v, instead of the || - ||3,. Among the spaces proposed
in [32] to better model the texture component, is the space F' and the minimization model

inf  {Juloy + Al f=utol, (4)

(u,v)€BV X F
where F' is defined below.

Definition 1. In two dimensions, the space F' consists of distributions v which can be written
as
v= le(ﬁ) in Dl? g: <g1792) € BM027 with

o] = inf {HngBMo +lgallBrro - v =div(g) in D', §€ BMOQ}.
The space BMO is defined below.

Definition 2. We say that f € L], belongs to BMO [23], [41], if
1
| fllBaro = sup — [ |f — foldx < oo,
Q 1QlJo

where (@ is a square (it is sufficient to consider squares with sides parallel with the axes), and
fo=1Q|™" fQ f(x)dx denotes the mean value of f over the square Q.

An equivalent norm of BM O can be obtained by taking the supremum over dyadic squares
and their 1/3 translations as in [15] by J. Garnett and P. Jones .

In [32], Y. Meyer also proposed two other function spaces to model the oscillatory compo-
nent v, denoted by G and E, with u € BV C L? C G C F C E. The space G is defined like
F but having § in (L*)? instead of (BMO)?, while E = B3}, = A(BL ) is a homogeneous
Besov space of regularity index —1.



Meyer’s G-model is approximated and studied in [49]-[50], [37], [4], [3], [6], [36], [20], [51],
[11], [27], [25], among others. Meyer’s F model was studied and discussed in [5], [16] and
[24].

In [26], the third and fourth authors proposed several methods to numerically compute
the BMO-norm of a function defined on a bounded domain 2, and approximate Meyer’s
F-model (4) by the convex variational relaxed problem,

inf { — = divi]Za i + A [
e {lulvier + il = u = vl + A llrllsvo + Igslavow] } - 6)
As p — o0, this model approximates the model (4). An equivalent model was also proposed
in [26], by setting § = Vg, i.e. v = Ag, and minimizing

inf{|U|BV(Q) +ullf = u = Agllfa) + A [llgellBrow + gyl Brow) )
:ueBV@%%AgEﬁGngGBMO@f}

Formulations (5) and (6) are still approximations to Meyer’s F-model. In these models,
a given image f is decomposed into u + v + 7, where u € BV({2) is piecewise smooth,
v = div(g) € F or v = Ag = div(Vg) € F consists of oscillatory components, and r =
f—u—wv e L*f) is a residual. Numerically, r is negligible. The significance of r is also
discussed in [16].

Other related decomposition models using wavelets are by I. Daubechies and G. Teschke
[13], R. Coifman and D. Donoho [12], J. L. Starck, M. Elad, and D. Donoho [40], F Malgouyres
[31], S. Lintner and F. Malgouyres [30], Haddad and Meyer [20], Haddad, [21], or Gilles [18].

In this paper, we consider an equivalent norm for the space F' in terms of the Riesz
potentials, and study models where the action of the Riesz potentials with the oscillatory
components belong to BMO. In other words, we model the oscillatory component v by
imposing that (—A)®2v belongs to BMO, for some o < 0, i.e. v € BMO®. If a = —1, we
recover the space F', but now the equivalent norm is defined in an isotropic way and we can
obtain exact decompositions (4), and equivalent decompositions as in (5) and (6).

As a byproduct and for comparison, we also consider models when (—A)*%y € LP,
1 < p < o0, i.e. vbelongs to the homogeneous potential Sobolev space We, for some o < 0.
The case 1 < p < oo and a = —1 reduces to the case from [49], [50]. The case p = 2 and
a = —1 reduces to the model from [37] in an equivalent PDE formulation, while the more
general case with a < 0 and p = 2 reduces to the models proposed by L. Lieu [27], [28], and
also related with the proposal from [34].

As noted in [32] in more details, the space F' = BMO™" has also been used in an analysis

of the Navier-Stokes equations by Koch and Tataru [22], where BMO ™" is defined through
another isotropic equivalent norm in terms of the Carleson measure.



2 The homogeneous spaces BMO" and Wa»r

In this section, we consider a general form of function spaces, and in the definitions we make
no distinction between periodic functions or functions defined on R™. We recall the definitions
of the Riesz potential

Lyo(z) = (=0)*u(z) = (2r]€)*0(€))" () = ka * v(2),

with ko () = ((27]€])*)" (), where as usual, * indicates the Fourier transform and ¥ indicates
the inverse Fourier transform.
We also recall the Riesz transforms of a function f in two dimensions:

_— i€ s .
(B;f) (&) = ﬁf(é), ji=12,
having the property
(R1)® + (Ro)* = —1,
where [ is the identity operator. We note that the Riesz operators R; are bounded in BMO:

| R; fll Bao < Coll flBaro,

for some positive constant Cj.
Our main motivation of this work is the following lemma, which provides an isotropic
equivalent norm for F', and easier to use in practice. This will also lead to generalizations.

Lemma 1. The norm ||[v||r is equivalent with the norm ||1_1v| a0 = ||(—A) 20| gaso-
Proof. Again, we note that the Riesz operators R; are bounded in BMO [41],
I1R; fllBro < Collfllsuo,
for some positive constant Cj.
We have:
vo= —((R1)’ + (Ro)*)o = (=) (=2)"2((R1)® + (Ro)*v
= Ri(=D)"2(=Ri(=A)720) + Ry(= 1) /2 (=Ry(=2)?0)
= Rl(_A>1/2.gl + RZ(_A>1/292 = div(gl7g2)7
with g; = —R;((=A)~Y2v).
Then [|g;{|zao = || = B;((=2)72v)lsmo < Coll(=L) 0| pao-
Therefore,
o]l = inf lg1llsao + llgallBaro| < 2Co[l(=2)" 20| Byo-

gEBMOXBMO, divg=v



For the converse inequality, suppose v = div(g1, g2), with g1, go € BMO. Then
v =div(gi, g2) = (=A)*(Rig1 + Raga),

therefore
(=) 7Y% = Ryg1 + Rags,

and then

[(=2)"20llmaio = [ Bags + Rogallsaro < | Bagilsaio + || Ragallmaro
< Gollgsllmato + Collgallzrro = Collgallmo + g2l maro

We conclude that

YN <C inf [ ] _c
I=A)"llswo < Co o inf - Ll9llsaco + llg2llsaso | = Col[vllr,

and therefore the two norms are equivalent, since we have obtained

1 _
e Wl < ll(=2) vl smo < Collv]lr.

]

Thus, for v € F, the quantity |[/_1v|zso = ||(—A)"Y?v||pao provides an equivalent
norm for ||v|| introduced in Definition 1. This isotropic norm can be used as an alternative
way to the models proposed and solved in [26] Moreover, we are led to consider more general
cases, when v is modeled by the space BM 0, a < 0, defined below.

Definition 3. (See Strichartz [42] and [43]) We say that a function (or distribution) v belongs
to the homogeneous space BMO" = I, (BMO), a € R, if

[0l s = [Havl M0 < 00.
Equipped with || - || 55702, BMO® becomes a Banach space.

Elements in BMO or BMO" that are different by a constant are identified. In other
words, we can assume that v has zero mean ([ v(z)dx =0) if v € BMO or v € BMO".

The space BMO® coincides with the classical Triebel-Lizorkin homogeneous space F;Q
[46]. An equivalent norm for BMO" can also be obtained using the Carleson measure,
as in [22]: let ®(x) = Ce ?™*° where C' is chosen so that [®(z) dr = 1, thus ®(z) =
(e727KI”)V (z). Define ®,(x) = t7"®(2), z € R™. For each v € L}, let wy(z) = @ /55 * v(x).
We have the following characterization of BM O using Carleson measure [22], [41].



Definition 4. We say that v € BMO if

ol ( . V(@) dtd)
v = sup v Y
BMO z,R Q(xv R) Q(z,R) JO '

1/2

=sup | —— Vw|* dtdy 7
R (Q(%R) Q(z,r) Jo [Vl (@)
. R2 1/2
2
A Sup —/ / —A)V20|” dtdy < 00,
z,R (Q(Q],R) Q(z,R) JO ’( ) ‘

where Q(z, R) denotes a square centered at x with side length R, and ”~" denotes equivalent
norm.

1/2

Similarly, we have the following Carleson measure characterization of BM O, which could
be another alternative approach to the work in [26].

Definition 5. We say that v belongs to BMO®, o € R, if

47‘(‘ R 1/2
| I%v|| a0 = sup ( / / t|V (@, * (Iw))[? dtdy)
(z,R)
47r 9 12
= sup t|V (D *xv))|” dtdy
Q(z,R)
R2 2 (8>
= sup / / V(I,w)? dtdy
Q(z,R)
2 1/2
=~ leil%j x R / e / |Ia+1/2w‘ dtdy < 0.

Again, "~” denotes equivalent norms.

In the remaining part of this paper, we use Definition 3 for BM O". For comparison,
substituting BM O in Definition 3 by L”, 1 < p < oo, we arrive to the homogeneous potential
Sobolev spaces, which we recall here.

Definition 6. We say that a function (or distribution) v belongs to the homogeneous po-
tential Sobolev space WP for « € R, 1 < p < o0, if

0 [lyiraw = [[Lav]|1r < 00.
Equipped with || - HWa,p, WP becomes a Banach space.

Note that if g € WP o < 0, then fQ g(x) dxr = 0. Some useful properties of BMO" and
WP are recalled below:



e [, is an isometry from BMO® and Wo? to BMO” " and Wo—sp, respectively, for all
s, € R.

o Let 75f(x) = f(0x), 6 > 0, z € R", be the dilation operator. We have

175 flLeny = 077 (| f|| 2o @ny,
_ﬂ+
17/ | iroe@ny = 0°IF aroe @ny: W7o lhiranq@ny = 0771 fllviren ny-

From this dilation property, we see that, for v < 0, || - ||;jr«.» Provides a better separation
among different oscillations compared to || - ||zr, and for the same o < 0, || - ||}i7a,» provides
a better separation among different oscillations compared to || - || 50~ The experimental
results in this paper will support these remarks.

In [16], the authors have numerically considered the case when the oscillatory component
v belongs to B, @ < 0, as a generalization of the space £/ proposed by Y. Meyer. The

following remark shows that B;‘, , and WP are in fact close [47].

Remark 1. If « € R and p > 1, then

B, C W™ C BY .. (9)

3 Modeling oscillations with BMO" and Wor

Given an image f, we would like to decompose it into u + v, where v € BV, and v is
an element of BMO” or WeP for « < 0 and 1 < p < oco. In other words, we consider
modeling oscillatory component v (of zero mean) as Ag, where g € BMO® or W*P, for
s < 2,1 < p< oo, in the minimization problems for image decomposition

int {ulay + ulf = = Mgl + Mgl e} and (10)

inf {Julsv + pllf —u—Aglfz + Mgl }- (11)

The model (10), when s = 1, is equivalent with the model (6). Since v belongs to BMO" or
WP with o = s — 2, we will also consider the exact decomposition models,

inf {|ulpy + Allf = ull g0}, and (12)
inf {|ulpy + Alf = ullypas} - (13)
Thus, when o = —1 in (12), we recover Meyer’s model (4). Theorems 1 and 2 from [16] can

be exactly carried out here to show existence of minimizers for the above models (10), (11),
(12) and (13).



Remark 2. We note here the connections between the above decomposition models (12) and
(13) with the real and the complex methods of interpolation. These connections could be
applied to obtain additional information about the regularity of the data f.

In the real method of interpolation [38], we consider two Banach spaces Xy, X; which
are continuously embedded in a common Hausdorff topological vector space V. Given any
positive number A\, the K — functional is defined by

K\ f) =inf{|Jullx, + M|vllx, : f=u+v, ue Xy, ve Xy}, feXo+ X

Note that for each A, K(\, f) is a norm on X + X equivalent to || - || x,+x; -
Let 1 < ¢ <ooand 0 < @ < 1. The real interpolation space (Xy, X)g,, consists of all
f € Xy + X7 which have finite norm

(om0, nys) it <q < oo,
supro {AUK O )} i g = oo

Thus, we see that computing optimal decompositions f = u + v is necessary to study the
behavior of a given data f.

In the complex method of interpolation, introduced by A. Calderén [8], we consider a pair
of complex Banach spaces Xg, X;, continuously embedded in a complex topological vector
space V. We then consider functions ¢(§), £ = s + it defined on the strip 0 < s < 1 of
the £—plane, with values in Xy + X; continuous and bounded with respect to the norm of
Xo+ X7 in 0 < s <1 and analytic in 0 < s < 1, and such that g(it) € X, is X-continuous
and tends to zero as |t| — oo, g(1+it) € X; is X;—continuous and tends to zero as [t| — oo.
In this linear space of functions denoted by G(Xg, X;), we introduce the norm

1fllo.g =

lgllg = maxsup [lg(i#)[lx,, sup g(1 + it)]lx, )

Then G becomes a Banach space.
Given a real number s, 0 < s < 1, we consider the subspace X, = [Xo, Xi]s of Xy + X3
defined by X = {f| f = g(s), g € G(Xo, X1)} endowed with the norm

1f1lx. = inf{llgll=, g(s) = f}.

Then X becomes a Banach space continuously embedded in Xy + Xj.
We see that the complex method can also be used to analyze the behavior of the data
f € Xo+ X1, but without explicitly computing optimal decompositions f = u + v.

We discuss next scaling properties of the proposed minimization models. Recall the
dilating operator 75f(z) = f(0x), § > 0. We have

175 flBveny = 6" flav @), 75 flzo@ny = 62| £l ooy, (14)
||7'6f||BMo°‘(Rn) = 5a||f||BMoa’p(Rn)a ||T5f||W0uP(]Rn) - 5_n/p+a||f||Wa,p(Rn) (15)

Following [16], we would like to characterize the parameters p and A in the proposed models
(10), (11), (12) and (13) when the image f is being dilated by a factor § (zoom in when
0 < 0 < 1 and zoom out when ¢ > 1).



Proposition 1. Denote
Tia(w) = lulpv@n) + Allf = vl grro @

For a fized f and X > 0, let (uy, vy = f — uy) be a minimizer for the energy Jrr. Then for
N = X" (T5uy, Tsvy) minimizes the energy Jrsp -

Proof. Since (uy,vy = f — uy) is a minimizer, this implies
Tia(ux) = |urlpv ey + Alloall prros@n
is minimal. Applying 75 to f, uy and vy using X', we have

T (Tswn) = [Tsun|vn) + X[ 750Al riror @

= 6"y | pywn) + X% loall prro™ @n)-

We have 0" 17 ;. (7suy) is minimized when X' = \o~""!'=®  Therefore, (suy,7svy) is a
minimizer for Jy, 7y with X' = Ao, ]
Similarly, when || - || ;0= is replaced by || - [|i/es, We have the following result.

Proposition 2. For a fized f and X > 0, let (uy, vy = f—uy) be a minimizer for the energy,
Kra(uw) = ulpv@n) + Allf = uHWam(Rn)
Then for X' = N§CnHD=(n/p4a) - (rouy 750y) minimizes Koy fo.
Using the same techniques, we obtain the following results for the models (10) and (11).
Proposition 3. Fix an f, u >0, and A > 0.
1. Let (uyn, v,0) be a minimizer for the energy from (10), which can be rewritten as
Trua(u) = |ulpy@ny + pll f —u — UH%Q(R") + )‘HUHBMOD‘(R")
Then for p' = pd and N = X" 1% (Tsupn, TsOun) Minimizes Ty x-
2. Let (uyx,vux) be a minimizer for the energy from (11), which can be rewritten as
Ky un(u) = |U|BV(R”) +ullf —u— UH%Q(R") + /\“U”Wavp(Rn)

Then for i/ = ud and X' = A\§CHD=Enpre) - (roy 3 150,0) minimizes Koy -

4 Characterization of minimizers

In this section, we would like to show some results regarding the characterization of mini-
mizers for the exact decompositions (12) and (13) under some assumptions or minor modi-
fications. These can be seen as extensions and generalizations of the results from Lemma 4,
Thm. 3 (page 32), Proposition 4 (page 33) and Thm. 4 (page 4) from [32].
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4.1 The case |u|pv + A|I.(f — w500

We have the following equivalent formulations of BM O for different values of p € [1,00), see
[41] for example. For f € L? ., we have

loc)

a1 L1 = solae < (i [ 1700~ foPaa) ™

1/2
thus if supg, (@1'|f(x) —fQ|2dx) < (), then f € BMO. Conversely, it fe BMO according

to Definition 2, then for any p < oo, f is in L} . and 1‘ fQ |f(x) = folPdz < ¢l [0 fO
all squares Q).
Thus consider the problem with p = 2 in the definition of the equivalent BMO norm,
and we substitute (12) by
irulf F(u),

where
1 2
.7:(u)—|u]BV—i—)\sup—/ |ko * (f —u) — (ko * (f —u))g|"dx, or
e Q| Jo

1
F(u) = lulpy + Asgp@Hka s f — (ko flo = (ka*u — (ko *u)o)lli2(q)

Denote (f,g)r2(0) = fQ fg dx. Consider the quantity || - ||o«, (possibly attains oco),
defined as

o = - |—é§—<k * f— (ka*f)Q,k;a*h—(/{:a*h)Q>L2(Q)

hEBV',|h|Bv7EU |h|BV

)

where Q) satisfies

Q= argénaxﬁ/cg\ka x f — (ko x f)ol?dz, (16)

Definition 7. Let Q) satisfies (16). Given an a € R, we say f satisfies property (P) if for
any h € BV,

lim —— (ko * f = (ka * [)o., , ka * h — (ko % h)q.,

En*O‘QEnl >L2(Q€n)

(17)

|Q| (ko [ — (ko * f)g, ka *h — (kq *h>Q>L2(Q)

for some sequence of squares ()., and of small parameters €, > 0 converging to zero, such
that

Qe, = argénaxﬁ /Q ko * (f — €nh) — (ko x (f — 6nh))Q|2dx'

11



Proposition 4. Let a € R and Q be the square depending on o and f, such that

Q= arg max oy / ko % f — (ko % f)o|*dx. (18)

(i) If | fllae < 55, then u =0 and v = f is a minimizer.
(i) If w =0 and v = f is a minimizer and if, in addition, [ satisfies property (P) from
(17), then || flla, < 55

Proof.
(i) Let h € BV such that

F(h) = |h|Bv+)\supL/ ko % (f — ) — (ko * (f — h))o|*dz < +o0.
o 1QlJq

Since || f|las < 55, we have for all h € BV,

— 2)\’

—2A |<k *f (k *f)ka * h — (k *hQ>L2 _|h|BV7
Then
‘7:( ) |h|BV +/\SUP |Q| ||k *f (ka * f)Q - (ka * h — (ka * h)Q)Hi?(Q)
\h|Bv+/\SHP IQ! ko * f = (ka * flall72()

—2({ka * f = (ko * £)Q ko % h = (Ko * h)Q) p2(q) + Ik * 1 = (ko % h)qllZ2(g)
With @ defined as in (18), we have
1 2
+ =i llka xh = (ko * 1)gl720)

F(h) > |h|pv + >\ ko * f — (ko * f)Q”%z(Q)

Q Q|
—2)\|Q| (ko * [ — (ka *f)Q,ka*h—(ka*h)Q>L2 -
1
=IhIBvHsup—Hk:a*f—(/-ca*f)QHiz Sillka x h = (ka * h)gll72q)

Q| |Q
—2)\ |</€ * f = (ka* f)o ko xh— (ka *hQ>L2

> F(O) ke = (ko % R)gl122(0) = F(0).

IQI

Therefore, u = 0 is a minimizer.
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(i) Suppose now v = 0 and v = f is a minimizer and f satisfies property (P) from (17).
We have

1
o + Astp o /Q (ko # (f = h) = (ko # (f — ))g)Pde
1
> )\sgp@/QWa ¥ f — (ko * f)ol*dz.
Thus

1
|h|BV+)‘Sgp@{/Q|ka*k_<ka*f)Q’2d$
= 2(ka * [ — (ko * [)q, ko *h — (ka*h)Q>L2(Q) (19)

1
+/ |ka*h_<ka*h)Q|2dz} EASUP_/ |ka*f_(ka*f)Q|2d$'
Q e 1QlJo

Let Q be defined as the square depending on f and h that achieves the maximum in
SUbg ﬁ fQ ko # (f = h) = (ko * (f — h))g|*dz.
Then we can rewrite (19) as

1
o+ A [ Mo § = G gl

=2 (ke f = (hox flgihaxh = (Faxh)g) ,

1
+/ \ka*h—<ka*h)Ql2d:c} ZAsup—/ o f = (ko * f)g[*d.
o Q |Q| Q

This implies
1
]h|BV+)\sup—/ ko % f — (ko * fo|*dx
e 1QJqg
A (o [ = (b D b — (k1))

Q|
1 / 1 2
5 |ka*h—(ka*h)A!2dx2>\sup—/!ka*f—(ka*f)cg\ dx.
Q1 Ja ¢ @ 1@l Jq

L2(Q) (20)

+A

Changing h into eh in (20), dividing both sides by ¢ > 0, and taking ¢ — 0, we obtain that
for any h € BV,

o1 (ko f = (ko * flg kaxh — (ka * h)g) 25,

|h| By

1
< —.
T2

Therefore, || f{|a, < 5. O

13



Proposition 5. Assume now ||f|la. > 55
(i) Suppose w is a minimizer and f — w satisfies the property (P) from (17). Then u
satisfies

1 1
5|U‘BV = @ <ka * (f - u) - (ka * (f - u))@u ka *U— (ka * U>Q>L2(Q’) (21>
1
and ko » (F ~ ). = o
where QQ = argmaxQ@1|||ka x (f—u) — (ko x (f — u))QH%Q(Q).
(11) If u satisfies the properties in (21), then u is a minimizer.
Proof.
i) Assume that « is a minimizer. Then, for any small € and any h € BV, we have
(i) y y
1
|u+ eh|py + Asup @Hka w(f = (uteh) = (ko * (f = (u+eh)))olzzg)
’ (22)

1
> |u|py + Asup —

STl ko # (f = 1) = (ko * (f = w)alli2(q)-

Let Q be the square that achieves the maximum in the left-hand-side of the above equation
(22), which depends on k, * (f — (u + €h)). By triangle inequality we obtain

1
i+ [ellblay + A5 [l (7 = ) = (ko x (F = el

—2e<ka*(f—u)—(ka*(f—u))c}aka*h_(ka*h)c?>

L2(Q)
o Ellkaxh = (ko D)l
1
> |ulpv + Asgp @Hka * (f —u) = (ko * (f =)ol 20
Thus,
1
l€l|h] 5y + )\Sgp @Ilk‘a #(f =) = (ko * (f =)l 720
et <ka*(f—u)— (ka*(f—u))Q,ka*h—(ka*h)Q> A
Q| 2(Q)

1
2 2
+ Xe @Hka x h — (k’a * h)QHLQ(Q)

1
> Asup —

up rorllha (/= ) = (ko + (F = w)al Exay

14



Therefore,

1
’€Hh|BV + )\62—AHI€O¢ * h —
Q|

1
a

*(f

(kOé * h’) HLQ(Q

—u) = (ko * (f —u))g, ka*h —

(Ko * h)@>

L2(Q)

Taking in (23) € > 0, dividing by €, and letting ¢ — 0, we have, for any h € BV,

1
|hlpy > 2A =

Q|

(ko (f =

u) — (ko * (f —u))g, ka x h —

(k}a * h)@> .

Similarly, with A = w in (23), € < 0, dividing by ¢, and letting € — 0, we get

|U|BV < 2/\

g ke

*

—u) — (ko * (f —u)g, ka ¥ u —

Therefore, (24) and (25) imply (21).
(ii) Let w € BV arbitrary, and let h = w —u € BV, or w = u + h. We have

F(w) = |w]BV+)\sup

(k:a * U)Q> .

‘Hk‘ *(f —w) — (ko * (f—w))QH%%Q)

Q
= Juct oy + Asup |Q| Voo (f = () = (ko (f = (u+ B)ala(q)
— [u+hlpy + Asu]p{,Q| Vo (f = 0) = (ko * (f = W)al32(q)

1
2@ (ko (f —u) = (ka * (f —u)q, ka * h — (ko * h)Q>L2(Q)

0

|||k = (ko * DallEzg) |

Let @ be the square that achieves the supremum in

We have

|u+h|BV Z 2\

Q)

sup

Q

i<k’a* (f

|||k « (f —u) = (ko * (f =)ol

— ) —

15

(ko * (f —u))g, ko * (u+h) —

(23)

(24)

(25)

(26)

(kOé * (U + h)>Q>L2(Q)



This implies

]:(w)Z2/\L<ka*(f—u)—(ka*(f—u))Q,k:a*u (ko *u)g > 12(Q)

Q|
i 2)\6 (ko (f —u) = (ka * (f —u))g: ko * b — (ka % h)g) 12 )
’Q|I|k *(f —u) = (ko * (f = 0))qll72(0)
- ”!@\ (o % (F = 1) = (ko (F = )b # b = (ko % D))
Aﬁnka #h = (ko * h)lli2(q
= [ulpy + )\‘ Gilke (F =) = (ka * (F = w)allig)
’ka*h (ko * h)gll2q) > Fl(u).
Therefore, u is a minimizer. -

Property (P) from Definition 7 could hold for distributions f, when k, is a sufficiently
smooth kernel. If k, is not sufficiently smooth, we can introduce a very small amount of
smoothing by additional convolution with another kernel, say the Poisson kernel. In other
words, the quantity k, * f could be substituted by Ps* k, * f, where Pj is the Poisson kernel
with some small § > 0.

The following counter-examples in one dimension show that property (P) (with equality
or inequality) may not hold for instance for discontinuous functions f when o = 0 (thus
when k, x f = f).

Ezample 1. Consider on R the intervals I, = [27"7!,27"], n > 0, and let ¢,, be the midpoint
of I,. Let f: R — R be defined by f(z) = 0 outside of [0, 1], and

+(1—-2")ifxe2"e] (n>1),
—(1=2")ifx € [c,,27"] (n>1),

F@ =9 fifae 1,8,
—lifz € [2,1].
Then | f|lzmo = 1 and [3,1] is the interval where the norm is attained. Now let h = —f
on [0, 5] and h = 0 otherwise. Then if € > 0, f — €eh attains its BMO norm on one of the
intervals [27"71,27"] n > 1 (actually the norm increases to 1 + € as n — 00).
But, for n > 1, X

2 n (f f[,)(h hln)d ]-7

while

1
3 [, (I = bz =0,

16



thus (17) with equality = instead of inequality > does not hold. A similar counter-example
can be constructed in two dimensions.

The following counter-example shows that inequality > also may not hold in (17).
Example 2. Similarly, let I, = [27"71,27™), n > 0, and ¢, be the midpoint of the interval I,,.
Let J, =[27""! ¢,] and K,, = [¢,,27™). On Iy let f =h = x;, — Xk, and on I, for n > 1 let
f=0- %)(X J. — XK,)- Splitting each J,, and each K, into two half intervals denoted A,

and B, let h = xa, — Xp,- Then f and h have mean zero over all intervals [,,. Again we
assume that f and h are zero otherwise. We have ) = Iy and

1
i /Q f(@)h(z)dz = 1,

but for n > 1,
1 1
— f(x) —eh(x)]Pde = (1 — =)* 4 €
7 ) @)~ ehfe = (- 3

and

ﬁ /I F@)h(x)dz = 0.

The following example shows that, at least in one dimension, if f and h are sufficiently

smooth (for example polynomials or analytic functions), then property (P) from Definition
7 holds with equality in (17).
Fxample 3. Let f and h be polynomials or analytic functions on a bounded interval I in
R. Let @ = [rg — r,xo + 7], be an arbitrary interval included in I. Then the quantities
%fQ \f = fol*dx, &=(f — fo,h — hq)12(q), and 2—1er |h — hg|*dz remain polynomials or
analytic functions of (o, 7). Let P(e, o,7) = 5 fQ |(f —€h) — (f — €h)g|*dx, polynomial or
analytic function in (xg,r) and quadratic polynomial in e. If (2], ") achieves the maximum
of P(0,x¢,r), and if (z§, ), a bounded sequence, achieves the maximum of P(e, zo,r), then
there is a subsequence (z§*,7¢) and ¢, — 0 such that lim., .o P(e,, x5, ") = P(0, 29, 1),
thus property (P) is satisfied in this case.

4.2 The case of WP

Counsider here the minimization
inf {F(u) = lulpv + Al f = tlliires} (27)

for some a < 0, and 1 < p < co. Thus F(u) is the sum of two non-differentiable functionals
at the origin. Assume that we “regularize” the second term (this is often done in practice, for
valid computational calculations) by smoothing at the origin the LP norm; thus substituting

1/
|f —u|lr by Rs(f —u) = {f 2+ |f - u|2pdx} p, for small § > 0.

17



Therefore, substitute the problem (27) by the regularized functional
inf {F5(u) = |ulpy + ARs(La(f —u))} - (28)

Let f € V = W*?, and let V' be the topological dual of V. We have V' = W~ where
p is the conjugate of p. Denote by (-,-) the duality pairing for V' and V.

Problem (28) can be seen as a particular case of a more general case, where Ry is a
Gateaux-differentiable functional on the Banach space V', with continuous Gateaux deriva-
tive. For (any) fixed f € V, we have R§(f) € V' and (Rs(f), —v) = lim._ M, for
any v € V. For any f € V, define now the quantity || - || (in [0, 4+00]) as

Rii(ko * [), ko * h
o= sup  Holhet ke )
h€BYV, |h|py#0 WBV

We also assume that for any f,h €V,
Rs(f — eh) = Rs(f) + e (R5(f), —h) + O(€%)

in a neighborhood of the origin. Using the notation g(¢) = Rs(f — eh) for fixed f and h, this
is equivalent with
g(e) = 9(0) + €g'(0) + O(€?),
where ¢/(0) = (R(f), —h).
We have the following characterizations of minimizers for (28), a more general case than

(27). Note that these are more general than the quadratic case considered in [32]. For the
converse implications below, to show that some u is a minimizer, we need more conditions

1/
on Rj related to convexity. The functional Rs = { [ A2 +1f— u|2pdx} p, defined in the

particular case of interest to us, satisfies the assumptions mentioned above and the additional
ones that are given below.

Proposition 6.

(i) Assume that u =0 is a minimizer of (28). Then || flax < 3.

(it) Assume that || flla. < 5, and assume that R exists and it is a continuous bilinear
form on V', satisfying R} (v)(h,h) > 0, for any v,h € V. Moreover, we assume that in a

neighborhood of the interval [—1,1] we have
/ 62 1
9(€) = 9(0) + ¢g'(0) + 59" (&),

with & between 0 and €, and g" (&) = RY(f — &h)(—h,—h) > 0.

Then w =0 is a minimizer of (28).

Proof.

18



(i) For any € € R and any h € BV, we have
leh| gy + ARs(ko * (f — €h)) > ARs(kq, * f)

le||hlpv + A | Rs(f) + € (Ri(ko * f), —ka * h) + O(e
le||h| sy + Ae (Rs(ka % f), —ka * h) + AO(€ ) >0

Taking € > 0, dividing by € and letting ¢ — 0, we obtain
Blpy > ARy (ko % ), o+ h) . thus ; > £l
(ii) Conversely, take any h € BV. Then using the assumptions, we have
|hlBy + ARs(ka % (f = h)) 2 A(Rj(ka * f), ka * h) + ARs(a * f)
ARk ), ~Fo )+ 59'(6)
= ARy(ko » )+ 54(62) = ABs(ka * ).

Therefore, u = 0 is a minimizer. O]

Proposition 7. Assume that | f|la,. > T
(1) If u is a minimizer, then

1 /
= W = tllas and Sulpy = (Ry(ka * (f = u)), ka * ).

(ii) Suppose that w € BV satisfies

1 1
1= I = tllas and Slulpy = (Ry(ka * (f —u)), ka xu)

and assume in addition the same conditions from Proposition 6 (ii) on the regularity and
convexity of Rs. Then u is a minimizer.

Proof. By the assumption and the previous result, u = 0 cannot be a minimizer.
(i) If w € BV is a minimizer, then

lu+ eh|py + ARs(ka * (f — (u+€h))) > |u|py + ARs(ka * (f — u)).
Thus

|u + eh|py + ARs(ko * (f —u)) + Ae (Rs(ko * (f —u), —kq * h) + O(€?)

> |u|py 4+ AR5 (ko % (f — u)). (29)

By triangle inequality, we also obtain

lu| + |€||h| gy + ARs (ko * (f —w)) + Ae (Ry(ka * (f —u), —ka * h) + O(€?)
> |ulpy + ARs(ka * (f — u)).
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After terms cancellation and division by € > 0, taking ¢ — 0, we obtain that for any h € BV,

|hlgy > AN (Rs(ko * (f —u), ko x h),

1
therefore X > |If — ullox (30)

Taking now h = u in (29), with —1 < € < 0, after cancellations and division by € < 0 and
letting ¢ — 0, we obtain

lulpy < A (Rs(ko * (f —u), ko *u) . (31)

Combining (30) and (31), we obtain the desired results,

S e 3oy = Ry (o x (F ), Ko xu)
(if) Conversely, by the assumptions and taking ¢ = 1, we have
o Bl ARs(l (= () =+ bliy + ARyl ( = )
PR oce (7 — ), —ho ) + 59" (6)
> X (Ry(ho x (F = ) b (-4 ) + ARs(y (= )
PR (oce (7 = ), ~ho ) + 54"(6)
= lusy + MRk« (f — ) + 54"(&)
> |ulpy + ARs (ko * (f — u)),

thus « is a minimizer. O

5 Numerical minimization algorithms

For numerical studies, we consider spaces of functions or distributions that are periodic
and Q = [0,1]? is the fundamental domain in R%. We give in this section the ingredients
for minimizing in practice the proposed decomposition models from Section 3, in a gradient
descent and purely PDE approach. In other words, we formally compute the associated Euler-
Lagrange equations, which are then discretized and solved by finite differences. In a future
work, related minimization models will be described and solved in a non-PDE framework,
using a multiscale bottom-up approach.

5.1 Algorithms for the decompositions using BV and BM 0"

For a < 0, recall the minimization problem (12) for exact decompositions
inf {E(U) = lulv(e) + AlLa(f = w)llBrow@) = lulBv(@) + Allka * (f — U)||BMO(Q)}7 (32)

20



where we recall that kq(z) = ((27|€))*)” (z), and here the dimension is n = 2.
We show the steps to solve (32). Using the classical definition of the BMO norm, we
re-write (32) as

1
inf {5u:/Vudx—|—/\su —/ ko (f —u)—c d:v},
it g = [ vuar e xs g | ko (=) —col
where o < 0, @) is a square with sides parallel with the axes, and c¢g denotes a constant which
depends on k, * (f —u) in Q. Here we take cg to be the median of k, * (f —u) in Q.

The main steps of the algorithm are as follows (following [26]):

1. Start with an initial guess u°.

2. If u" is computed, n > 0, evaluate k, * (f — u™) using the Fast Fourier Transform and
find a square = Q" that achieves the BMO norm of k, * (f — ) in £ (by one of the
methods proposed in [26]; here, we use the dyadic squares and their 1/3 translations,
as explained in [15]).

3. Fix @) the square obtained at the previous step, denote by x¢ the characteristic function
of this square @, and minimize with respect to u = u"! the energy

1
E(U)—/Q’Vu|dx+)\@/g

and the associated Euler-Lagrange equation in u = u"*! can be computed, and we
obtain using gradient descent

O o (ha (7 )~ o) xal + (o). oY

ko * (f —u) — CQ‘Xde, (33)

with @ = Q" and u = u™**. Note that cg is the median of k, * (f — u) in Q.

4. Repeat steps 2, and 3 using equation (34), until convergence (update v"*! and Q™!
each time and repeat).

Similarly, for the minimization problem (10), again with s <2 (o = s — 2),
inf { A(u,9) = lulavie + ullf == Agltay + MLgl o -
= |ulpv) + pllf —u — Agll7e + Ak QHBMO(Omega)}:
re-written as
inf {A(u,g) = / |Vu|dz + ,u/ |f —u— Ag|*dr + )\supi/ ks x g — CQ\dJ;},
wg o 0 o 1@l Jg

where cq is the median of ks * g over the square (), the main steps are as follows.
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1. Start with initial guess u°, ¢°.

2. If " and ¢g" are computed, n > 0, evaluate ks * ¢g" using the Fast Fourier Transform
and find a square Q = Q" that achieves the BM O norm of kg % g in Q (by one of the
methods proposed in [26]).

3. Fix @) the square obtained at the previous step, denote by x¢ the characteristic function
of this square @, and minimize with respect to u = v"*! and g = ¢"! the energy

Au,g) = /|Vu|dx+,u/|f—u—Ag| dx+)\’Q‘/|k:s*g—cQ|Xde,

by solving the associated Euler-Lagrange equations using gradient descent

ou

EZQM(f—U—Ag)+d1V<V )

[Vul
dg A
o \@r
with @ = Q" and u = u™™', g = g"**. Note that ¢ is the median of ks x (f —u) in Q.

ks # sign [(ks * g — cq) x| + 20D (f —u— Ag)

n+1

4. Repeat steps 2, and 3 using equation (34), until convergence (update u"™!, g and

Q™! each time and repeat).

5.2 Algorithms for the decompositions using BV and Jar

For a < 0, recall the minimization problem (13)
inf {€(w) = [ulpvioy + AN = @) lio() = [ulpviey + Alka * (f = |y}, (30)

which is again minimized using Euler-Lagrange equation and gradient descent, as follows.
Solve to steady state

ou

o7 = Mlka s (= ) iy | ot (f = w)l" a5 (f = ﬂ*d”(éu!)

computing the convolutions using the Fast Fourier Transform.
Finally, for the minimization problem (11), recalled here with s < 2 (a = s — 2),

inf { A(u, ) = [ulpvie) + 1l = 1 = AglEa) + M Lgll oo
— lulvie + #llf = v = AglEa + Alks * gl |

we use again the associated Euler-Lagrange equations and gradient descent, formally written

as
ou

Vu
5 :2,u(f—u—Ag)+d1V<’v ’)
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ot

In practice, the above Euler-Lagrange equations are discretized using finite differences.
The calculations are stable and the numerical energy decreases versus iterations.

Mk 5 gl ot ks * |Iks % 912k, % | + 20 (f = u = Ag),

6 Numerical results and comparisons

Figure 1 shows three test Barbara images, to be used in our experimental calculations.

Figure 2 shows a decomposition of f; from Figure 1 using the Rudin-Osher-Fatemi model
(3). Note the loss of intensity on the face area.

Figure 3 shows a decomposition of f; from Figure 1 using the model (5) from [26]. Here
oscillatory component is modeled as v = div(§), § € (BMO)?. We a obtain an improvement
in the loss of intensity, however vertical and horizontal textures are still kept in u.

Figure 4 shows a decomposition of f; from Figure 1 using the model (6) from [26]. Here
the oscillatory component is modeled as v = Ag, Vg € (BMO)?. The decomposition is now
more isotropic, textures are well captured in v including non-repeated patterns. This comes
from the property of BMO.

Figure 5 shows a decomposition of f; from Figure 1 using the model (11). Here the
oscillatory component is modeled as v = Ag, g € WP, s = 0.2, and p = 1. The parameters
used are: p =1, and A = 1. Now, mostly repeated patterns are captured in v.

Figure 6 shows a decomposition of f, from Figure 1 using the model (10). Here the
oscillatory component is modeled as v = Ag, g € BM O’ with s = 1. The parameters used
are: =1, and A = 0.0011. As remarked earlier, non-repeated patterns are also captured in
v.

Figures 7-8 show decompositions of f, and f3 from Figure 1 using the model (11). Here
the oscillatory component is modeled as v = Ag, g € WP with s = 0, and p = 1. The
parameters used are: =1, and A = 1.

Figures 9-10 show decompositions of fs and f3 from Figure 1 using the model (11). Here
the oscillatory component is modeled as v = Ag, g € W*? with s = 1, and p = 1. The
parameters used are: p = 1, and A = 0.0005.

Figure 11 shows a decomposition of f, from Figure 1 using the model (11). Here the
oscillatory component is modeled as v = Ag, g € WP with s = 1.5, and p = 1. The
parameters used are: p = 10, and A = 5e—05.

Figure 12 shows a decomposition of f, from Figure 1 using the model (12). Here the
oscillatory component v € BMO_O'S, A = 200.

Figure 13 shows a decomposition of f, from Figure 1 using the model (13). Here the
oscillatory component v € W?, o = —0.1, p =1, A = 1.25.

Figure 14 shows a decomposition of f, from Figure 1 using the model (13). Here the
oscillatory component v € Wer o =—0.5p=1,\=15.

Figure 15 shows a decomposition of f, from Figure 1 using the model (13). Here the
oscillatory component v € Wer, o =—0.6,p=1, A= 30.
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Figure 1: Test images to be decomposed.
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v+100

Figure 2: A decomposition of f; from Figure 1 using the Rudin-Osher-Fatemi model (3

v2+100

Figure 3: A decomposition of f; from Flgure 1 using the model (5) from [26]. Here oscillatory
component is modeled as v = div(g), § € (BMO)?.
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v3+100

Figure 4: A decomposition of f; from Figure 1 using the model (6) from [26]. Here the
oscillatory component is modeled as v = Ag, Vg € (BMO)?.

v4+100

Figure 5: A decomposition of f; from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € WP, s = 0.2, and p = 1. The parameters used are:
pw=1 and A = 1.



f—u+100

Figure 6: A decomposition of f, from Flgure 1 using the model (10). Here the oscillatory
component is modeled as v = Ag, g € BM O’ with s = 1. The parameters used are: pu =1,
and A = 0.0011.

f—u+100

Figure 7: A decomposition of f, from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € W*P? with s = 0, and p = 1. The parameters used are:
pw=1and A =1.
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f—u+100

Figure 8: A decomposition of f3 from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € W*P with s = 0, and p = 1. The parameters used are:
pw=1and A = 1.
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f—u+100

Figure 9: A decomposition of f, from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € W*P with s = 1, and p = 1. The parameters used are:
i =1, and X\ = 0.0005.
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f—u+100

Figure 10: A decomposition of f3 from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € W*P with s = 1, and p = 1. The parameters used are:
pw =1, and A = 0.00025.
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f—u+100

Figure 11: A decomposition of f; from Figure 1 using the model (11). Here the oscillatory
component is modeled as v = Ag, g € W*P with s = 1.5, and p = 1. The parameters used
are: u = 10, and A\ = 5e—05.

f—u+100

Figure 12: A decomposition of f; using (12) with p = 1. Here the oscillatory component
v € BMO®, a = —0.5, A = 200.
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f—u+100

Figure 13: A decomposition of f, from figure 1 using the model (13). Here the oscillatory
component v € We?, o = —0.1, p =1, A = 1.25.

f—u-+100

Figure 14: A decomposition of f, from figure 1 using the model (13). Here the oscillatory
component v € Wa’p a=-05p=1, A=15.
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f—u+100

Figure 15: A decomposition of f; from figure 1 using the model (13). Here the oscillatory
component v € WP o= —0.5, p=1, A = 30.
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