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H(x,∇φ(x)) = R(x), x ∈ Ω \ Γ, ñ�ò·ó
φ(x) = g(x), x ∈ Γ ⊂ Ω, ñ\ô�ó
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H(x, p) =

|p|H(x, p
|p| ) = |p|V (x)
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î�Û â�ß�Õ£âVÕ�ÞNÛ�Ð?ÖÃÛ3î ï<Û3å�Û3ÖÃá�ßNÛ3×ÔNßvÐ�Ö�Þ�àÁÕ�ßNÑH×fÚÃÐ£ÞNÛaá:Ö�Ý�Ñ=Û3ß�Ò�ÙaÐ�Ó�ÏÂÐ�Ñ=Ò�Ó�Ô�Õ£Ö�ÒãÐ�Ö�Õ�Ö.ÔNß�Ò�Ð£Ö�å£ÝÃÓ�Ð�ÔNÛaá.Ñ=ÛlÞ�æ�ÛlÞ«Ô�Õ}á#ÒãÞNÙ3ßNÛ3ÔNÒ�õ3Û�ÐÙ)Õ�ÖQÔNÒ�ÖQÝÃÕ£ÝÃÞ�Ù)Õ�Ö�é£Û�P}ÏÂÐ�Ñ=Ò�Ó�Ô�Õ£Ö�ÒãÐ�Ö ö Ò�ÖÃÙ3Õ£ß�â�Õ�ß�Ð�ÔNÒ�Ö�å�Ô�æ�ÒãÞ�Ö�Û3îeÖ�Ý�Ñ=Û3ß�Ò�ÙaÐ�Ó¦Ï1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£ÖÒ�Ö�Ô�Õ9Ð9ÞNî+ÛaÛ3â�Ò�Ö�å9Þ�ÔNßvÐDÔNÛaå£è9Õ�Ö=Ý�ÖÃÞ�ÔNß�ÝÃÙ8Ô�Ý�ßNÛlá=Ñ=ÛaÞNæ�ÛaÞ�T òI]O_ è�Ò ÛaÓ�áÃÞÐ�Ö�Ûaî à¯Ð�Þ�Ô�Þ�î�Û3Ûaâ�Ò ÖÃåÑ=Û)Ô�æ�Õ#á}àÁÕ�ß«Þ�ÔvÐDÔ�Ò�Ù�Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö#×fØQÐ£Ù3Õ£Ú�ÒqÛlÜ�Ý�ÐDÔNÒ�Õ£Ö�Þ�Õ£Ö:ÔNß�Ò�Ð£Ö�å£Ý�ÓãÐDÔ�Ûaá:Ñ=ÛaÞNæ�ÛaÞaêë�æ�Û�ß�ÛaÞ�ÔÂÕ£à�ÔNæ�Û�âÃÐ�âVÛ3ß�ÒãÞ1Õ�ßNåQÐ�Ö�Ò�õ3ÛlákÐ�Þ«àÁÕ�Ó Ó�ÕDî«Þaêvb�ÛaÙ)ÔNÒ�Õ£Ö ô â�ßNÛlÞ�ÛaÖQÔ�Þ�ï<Û3å�Û3ÖÃá�ßNÛ3×ÔNßvÐ�Ö�Þ�àÁÕ�ßNÑH×fÚÃÐ£ÞNÛaá?Ö�Ý�Ñ=Û3ß�ÒãÙ3Ð�Ó>ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�ÖÃÞ:àÁÕ£ß ô ×G{ Ð£ÖÃá W ×G{ Ù3Õ£Ö�é£Û7P¨ÏÂÐ�Ñ=Ò�Ó�Ô�Õ£Ö#×ØQÐ£Ù)Õ�Ú�ÒDÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞaêfb�ÛlÙ8Ô�Ò Õ�Ö W á�Û)Ô�Ð£Ò ÓãÞ¦Ö�Ý�Ñ=Û3ß�ÒãÙ3Ð�Ó�Ï1Ð�Ñ=Ò�Ó�Ô�Õ£Ö�ÒãÐ�Ö�ÞVàÁÕ£ß�Ð!Ù3Ó�Ð�ÞNÞqÕ£à#ÜQÝÃÐ�á#ßvÐDÔNÒãÙÏ1Ð£Ñ=Ò Ó ÔNÕ�Ö�Ò�Ð£ÖÃÞaäÃÒ�ÖÃÙ)Ó�ÝÃá#Ò�Ö�å:Ù3Ó�Ð�ÞNÞNÒãÙ3Ð�Ó�Û3ÒEQ£Õ£Ö�Ð�Ó<ÛlÜ�Ý�ÐDÔNÒ�Õ£Ö�Þ3êHb�ÛlÙ8ÔNÒ�Õ£Ö j å£Ò�é£ÛlÞ«Þ�Õ�Ñ=Û�Ð�Ó�å£Õ£×ß�Ò�Ô�æ�Ñ=Ò�Ù�Ð�Ö�á�Ò�Ñ=â�Ó ÛaÑ=Û3ÖQÔ�Ð�ÔNÒ�Õ£Ö=á#Û)ÔvÐ�Ò�Ó�Þaê&b#ÛaÙ8Ô�Ò Õ�Ö|[Âå�Ò é�ÛaÞ éDÐ�ß�Ò Õ�ÝÃÞ Û�P�Ð�Ñ=â�Ó�ÛaÞ�ÔNÕ9á�Û3Ñ=Õ£Ö#×Þ�ÔNßvÐDÔNÛ�Ô�æ�Û>Û)ì-Ù)Ò�Û3Ö�Ù)è}Ð£ÖÃá:Ð�Ù3Ù3Ý�ß�Ð�Ù)èBÕ£à�Ô�æ�Û>Ö�Û3îeÞNÙvæÃÛ3Ñ=ÛaÞaê

ô



} ~����w�!ÇkË:É��0�#È�É&�9Ç��e�DÊ>ÉY�������w�f�!Ë ÇHÌm����É�Î)Í0��������� Î��8È�Ê��
ÇkÎ��9Ç��

���-� �#���H���r�-�J�Y�c����� �e¡v¢H���¤£?���Y¡v¥�¦�§ �r¨©¥
ï<Û3Ô

γ : Sd−1 → R+ Ú�Û=ÐkÙ)Õ£ÖQÔ�Ò Ö�Ý�Õ�ÝÃÞ«àÁÝÃÖÃÙ8Ô�Ò Õ�Ö á#Û7ªÃÖ�Ûaá�Õ£Ö�Ð}Ù)ÝÃßNé�Ûaá�ÞNâÃÐ£Ù3Û
Sd−1 êë�æ�ÛaÖ}Ô�æ�Û�àÁÕ£Ó�Ó ÕDî!Ò�Ö�å=ß�ÛaÞNÝ�Ó�ÔvÞ�æ�Õ£Óãá¦ê

ò êYë�æ�Û�ªÃßvÞ�Ô1ï<Û3å�Û3ÖÃá�ßNÛÂÔNßvÐ�ÖÃÞ�àÁÕ£ß�ÑBÐDÔ�Ò Õ�Ö}Õ�à
γ
ÒãÞ3ð

γ∗(ν) = min
θ·ν>0,|θ|=1

[
γ(θ)

(θ · ν)

]
;

ô ê�Ô�æ�Û9Þ�ÛlÙ)Õ�ÖÃá:ï�Û3å�Û3ÖÃá#ß�ÛÂÔNßvÐ�ÖÃÞ�àÁÕ£ß�ÑBÐDÔNÒ�Õ£Ö:Õ�à γ
Ò�Það

γ∗(ν) = max
θ·ν>0,|θ|=1

[γ(θ)(θ · ν)] .

ë�æ�ÛvªÃß�Þ�Ô�Ð£ÖÃá-ÞNÛaÙ3Õ£ÖÃá-ï�Û3å�Û3ÖÃá#ß�Û!Ô�ß�Ð£ÖÃÞ�àÁÕ�ßNÑBÐ�ÔNÒ�Õ£ÖÃÞYÐ£ßNÛÂá#ÝÃÐ�ÓVÔ�Õ�ÛaÐ�ÙvæBÕ�Ô�æ�Û3ß�Ò Ö}ÔNæ�ÛàÁÕ£Ó�Ó�ÕDî!Ò Ö�åBÞNÛ3ÖÃÞNÛ£ð
(r∗)

∗ = r
Ò à

r
ÒãÞ1Ù3Õ£Ö�é£Û7Pqä�Ð£ÖÃá

(r∗)∗ = r
Ò�à

r
ÒãÞ«âVÕ£ÓãÐ�ßN×fÙ3Õ£Ö�é£Û7P ö ÞNÛ3ÛT ò7j:_ êY« Û9ÙaÐ�ÖkÛ�P�ÔNÛaÖÃá

γ
ÔNÕHÔNæÃÛ>î!æ�Õ£Ó�Û>Þ�âÃÐ�Ù)Û

Rd
Ú�è:á#Û7ªÃÖ�Ò�Ö�å

γ̃(x) = |x| γ

(
x

|x|

)
,

î!æ�ÛaßNÛ�ÔNæÃÛ>Û�P�ÔNÛaÖÃÞ�Ò�Õ£Ö
γ̃
Ò�Þ�æÃÕ£Ñ=Õ£å�Û3Ö�ÛaÕ£ÝÃÞ�Õ�à�á#Ûaå£ß�Û3Û�Õ£Ö�Û>Ð�Ö�á

x ∈ Rd
ê

¬1ÞNÒ ÖÃå�Ô�æ�Û>ï<Û3å�Û3ÖÃá�ßNÛ1ÔNßvÐ�ÖÃÞ�àÁÕ£ß�ÑBÐDÔNÒ�Õ£Ö�ÞYî�Û�ÙaÐ�Ö}ß�Û3î!ß�Ò ÔNÛ«Ô�æ�Û>Ù)Õ�ÖQé�Û�PBÏ1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£Ö
H
Ò Ö.ÛaÜQÝÃÐ�ÔNÒ�Õ£Ö ñ�ò·ó Ò Ö:ÔNæ�Û�àÁÕ�Ó Ó�ÕDî!Ò�Ö�åHàÁÕ£ß�Ñkä

H(∇φ(x)) = max
θ

[(∇φ · θ)w(θ)], θ ∈ Sd−1,

î!æ�ÛaßNÛ
w(θ) = min

ν·θ>0,|ν|=1

[
H(ν)

(ν · θ)

]
ñ�W�ó

í�Ö:ÔNæ�Û>Ð�ÚVÕDé£Û�ä£àÁÕ�ß�ÔNæ�Û>Þ�ÐOQ�Û1Õ�à�Ù)ÓãÐ�ß�Ò�Ô�èBÒ�ÖkÖ�Õ�ÔvÐDÔNÒ�Õ£Ö�äQî�Û�æÃÐ·é£Û�Þ�ÝÃâ�â�ß�ÛaÞ�Þ�ÛláBÔNæÃÛ�á�Û3âVÛ3Ö#×á#ÛaÖÃÙ)Û9Õ£à
H

Õ£Ö
x
ê«í�Ö�Ð£á�á�Ò�Ô�Ò Õ�Ö<äÃÔ�æ�Û

θ
Ö�Õ£Ô�Ð�ÔNÒ�Õ£Ö
î!Ò�Ó Ó�á#Û3ÖÃÕ�ÔNÛ�Û3Ò ÔNæ�Ûaß«ÔNæÃÛ�á#Ò�ßNÛlÙ8Ô�Ò Õ�ÖÃÐ�ÓÐ�ÖÃå£Ó�Û!Õ£ßYÔ�æ�ÛÂÙ3Õ£ß�ßNÛlÞ�âVÕ£Ö�á#Ò ÖÃå�ÝÃÖ�Ò�Ô�é£ÛlÙ8ÔNÕ�ßaäQÐ�ÖÃáHÔ�æ�ÛÂÞNâVÛaÙ)ÒRª�Ù!Ñ=ÛlÐ�Ö�Ò�Ö�å9î!Ò�Ó ÓVÚVÛ1Ù)Ó�ÛaÐ£ßÒ�ÖÔNæÃÛ9Ù)Õ£ÖQÔ�Û�P�Ôaê

¬1ÞNÒ ÖÃåBæ�Õ£Ñ=Õ£å�Û3Ö�ÛaÒ�Ô�èBÕ£à
H
Ò�ÖkÛlÜQÝÃÐDÔ�Ò Õ�Ö ñ�WQó ä�î�Û>Ù3Ð£Ökß�Û3î!ß�Ò ÔNÛ w(θ)

Ð£Þ

w(θ) = min
p

|p|
·θ>0,|p|6=0




H
(

p
|p|

)

(
p
|p| · θ

)




= min
p·θ>0

[
H(p)

(p · θ)

]
. ñjQó

ë�æ�ÛaÖ}Ô�æ�Û>Ñ=Ò Ö�Ò�Ñ=Ò õlÐDÔ�Ò Õ�Ökî!Ò ÔNæ.ß�ÛaÞNâ�ÛlÙ8Ô�ÔNÕ
p
Ò�Ñ=â�Ó Ò�ÛaÞ!ÔNæÃÐ�Ô

θ =
(p · θ)

H(p)
∇pH(p). ñ [ ó

W



k Ù3Ù3Õ£ßvá#Ò�Ö�å�ÔNÕ>Ô�æ�Û1Ñ=Û3ÔNæ�Õ#áBÕ£à�ÙvæÃÐ�ßvÐ£Ù)ÔNÛ3ß�ÒãÞ�Ô�Ò�ÙaÞ àÁÕ£ßYÔ�æ�ÛÂÞ�Ô�Ð�ÔNÒãÙ«Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö#×fØQÐ£Ù3Õ£Ú�ÒÃÛaÜQÝÃÐD×ÔNÒ�Õ£Ö�ä
∇pH(p)

Ò�ÞYÔNæ�ÛÂß�Ð·è�á�Ò ß�ÛaÙ)ÔNÒ�Õ£Ö<ê�ë�æ�ÛaßNÛ3àÁÕ£ß�Û£äDÔ�æ�ÛÂÐ£Ú�ÕDé�Û�Ù3Õ£ÖÃá�Ò�Ô�Ò Õ�ÖBÒ ÖÃá�Ò�ÙaÐDÔNÛlÞ�Ô�æÃÐDÔ
θ
ÒãÞ9Û7P#Ð�Ù8Ô�Ó è ÔNæ�Û:Ó Õ#ÙaÐ�ÓßvÐ·è á�Ò ß�ÛaÙ)ÔNÒ�Õ£Ö ö ÞNÛ3ÛxT ò X _ àÁÕ�ß�Ò�Ó Ó�ÝÃÞ�ÔNßvÐDÔ�Ò Õ�Ö Õ�à�ÔNæ�ÒãÞ�Ò Ö Ð£Ö�Õ�Ô�æ�Û3ßÞNÛ)Ô�Ô�Ò ÖÃåÃê
®«Õ£ÔNÒãÙ)Û�ÔNæ�ÐDÔ«Ò à

H(p)
Ò�Þ1Þ�Ô�ßNÒãÙ8Ô�Ó è}Ù3Õ£Ö�é£Û7P-Ò Ö

p
ä#ÔNæ�ÛaÖkÔNæ�Û>ÑBÐ�âÃâ�Ò ÖÃå

p ∈ {p : H(p) = const.} →
∇pH(p)

|∇pH(p)|
∈ Sd−1

ÒãÞ}Õ�Ö�Û)×KÔNÕ£×KÕ�Ö�Û�Ð�ÖÃá_Õ£ÖQÔNÕ ö Ò�Ö¨ÔNÝÃßNÖ<ä1ÔNæ�ÒãÞ:Ò Ñ=â�Ó�Ò ÛlÞ-Ô�æÃÐDÔkå£Ò�é£ÛaÖ
θ
ÔNæÃÛ3ß�Û�Ò�ÞkÐ�ÝÃÖ�Ò�ÜQÝ�Û

p ∈ {p : H(p) = const.}
Þ�Õ ÔNæ�ÐDÔ=ÛaÜQÝÃÐDÔ�Ò Õ�Ö ñ [ ó æ�Õ£Óãá�Þaê�ë�æ�Ò�ÞHß�Û3ÓãÐDÔ�Ò Õ�Ö�æÃÐ£ÞHÚVÛ3ÛaÖÝÃÞNÛaá.Ò�Ö`T òIV ä ò$^I_ ÔNÕ}àÁÕ£ß�Ñ�Ý�ÓãÐDÔ�Û9âÃÐ£ß�ÐOP�ÒãÐ�Ó�Ð�Ö�ÒãÞ�Õ£ÔNß�Õ£â�ÒãÙ�Û3ÒEQ£Õ�ÖÃÐ�Ó�ÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞ1Ð£ÖÃá
Ò�Ö`T ò X _ÔNÕBá#ÛlÞ�Ò�å£Ö.Ð�à¯Ð£Þ�Ô1Þ�î�Û3Ûaâ�Ò�Ö�å=ÑHÛ3ÔNæ�Õ#á:àÁÕ£ß«Ð£Ö�ÒãÞ�Õ£ÔNß�Õ£â�ÒãÙ1ÛaÒRQ�Õ£ÖÃÐ£ÓqÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞaê

����� �f¯:°±¡�²v¨³�e�2�-�J�Y��´µ�Y¨¶�-�p£?§\¡v���Y¡s¥
ë�Õ-Ò Ó�Ó�ÝÃÞ�Ô�ß�Ð�ÔNÛ�Ô�æ�Û�Òãá#ÛaÐÃäÃî�Û�á#ÛaßNÒ�é£Û�Ô�æ�Û ô ×G{ ÖQÝÃÑHÛaßNÒãÙ3Ð£Ó�Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö�Ò�Ð£ÖmªÃßvÞ�Ôlê#«�Û�Ù3Õ£Ö#×ÞNÒ�á#Ûaß«ÐHÔNß�Ò�Ð£Ö�å£ÝÃÓ�Ð�ÔNÒ�Õ£Ö

Th

Õ�à
Ω
Ò�ÖQÔNÕBÖ�Õ�Ö#×fÕDé£Û3ß�ÓãÐ�â�â�Ò�Ö�å�ä�Ö�Õ�Ö�Û3Ñ=â#Ô�èkÐ�ÖÃá.Ù3Ó ÕQÞ�Ûlá-Ô�ßNÒãÐ�Ö#×å£Ó�ÛaÞ

T
ä�î!Ò ÔNæ�á#ÒãÐ�Ñ=Û)Ô�Û3ß

hT
î!æ�ÒãÙvæ ÒãÞ�ÔNæÃÛBÓ Õ�Ö�å£ÛlÞ�Ô9ÞNÒ�á#ÛBÕ£à�Ð:Ô�ßNÒãÐ�Ö�å�Ó Û

T
ä Þ�Ý�Ùvæ Ô�æÃÐDÔ

Ω̄ · ∪T ∈Th
T
êY« Û9Ð�ÞNÞNÝ�Ñ=Û�ÔNæÃÐ�Ô

Th

ÞNÐ�ÔNÒãÞ�ª�ÛaÞ�ÔNæÃÛ�àÁÕ£Ó�Ó ÕDî!Ò�Ö�å=Ù)Õ£Ö�á#Ò�Ô�Ò Õ�ÖÃÞað
•
Ô�æ�Û3ß�Û9Ð�ß�Û�Ö�Õ=Õ£Ú#Ô�ÝÃÞ�Û�Ô�ßNÒãÐ�ÖÃå£Ó�ÛaÞ ö

•
ÖÃÕBÑHÕ�ßNÛÂÔNæ�Ð�Ö

µ
Ô�ßNÒãÐ�Ö�å�Ó ÛlÞ�æÃÐ·é£Û�ÐBÙ)Õ�ÑHÑ=Õ�Ö:é�Û3ßNÔNÛ�P ö

• h = supT ∈Th
hT < 1 ö

• Th

ÒãÞ«ß�Û3å£ÝÃÓ�Ð£ß!Ò Ö.Ô�æ�Û�ÞNÛ3ÖÃÞNÛ>Ô�æÃÐDÔ«Ô�æ�Û3ß�Û9Û7P�ÒãÞ�Ô�Þ1ÐBÙ3Õ£ÖÃÞ�Ô�Ð£ÖQÔ
ω0
äÃÒ�ÖÃá#Û3âVÛ3Ö�á#Û3ÖQÔÂÕ£à

h
ä¦Þ�Ý�Ùvæ
ÔNæÃÐ�ÔÂÒ à

ρT
ÒãÞ«Ô�æ�ÛHá�Ò�Ð£ÑHÛ3ÔNÛaßÂÕ£à�ÔNæ�Û�Ó�Ð£ßNå�ÛaÞ�Ô1ÚÃÐ�Ó�Ó

B ⊂ T
äVÔNæ�ÛaÖ�àÁÕ�ßÂÐ�Ó�Ó

T ∈ Th, hT ≤ ω0ρT .ë�æ�Û3ß�Û)àÁÕ�ßNÛ�ä£ÛlÜ�Ý�ÐDÔNÒ�Õ£Ö ñ�òló Ò�Þ+Þ�Õ�Ó é�ÛaáHÒ Ö-ÔNæ�Û�á#Õ£ÑBÐ�Ò�Ö Ω
äQî!æ�Ò�ÙvæBæ�Ð£ÞÐ>ÔNß�Ò�Ð£Ö�å£Ý�ÓãÐDÔ�Ò Õ�Ö

Th

ê�«�Û�Ù)Õ£Ö�Þ�Òãá#Û3ß+Û3é�Û3ß�èHé�Û3ßNÔNÛ7P=Ð£ÖÃá-Ð�Ó�Ó�ÔNæ�ÛÂÔNß�Ò�Ð£Ö�å£Ó�ÛaÞ+î!æ�ÒãÙvæ}Ð�ß�Û1á#Ò�ß�ÛaÙ8Ô�Ó èBÐ�ÞNÞNÕ#Ù)ÒãÐDÔNÛláî!Ò ÔNæ ÔNæ�ÒãÞ=é£Ûaß�Ô�Û�P ö ÞNÛ3ÛmS Ò å�Ý�ß�Û ò àÁÕ£ß-Ð é£Ûaß�Ô�Û�P O
Ð£ÖÃá�Ò Ô�Þ

n
ÔNß�Ò�Ð£Ö�å£Ó�ÛaÞ

T1
ä
T2
ä
· · ·
ä

Tn

êuS�Õ�ß�Ð.Ô�è�â�ÒãÙ3Ð£Ó�ÔNß�Ò�Ð£Ö�å£Ó�Û
4OP1P2

ä î+Û:á#Û3Ö�Õ£ÔNÛ
O : (xo, yo)

ä
P1 : (x1, y1)

Ð�Ö�á
P2 : (x2, y2) ö |OP1|

ä
|OP1|

Ð£ÖÃá
|P1P2|

Ð�ß�Û=ÔNæ�Û}Ó ÛaÖ�å�Ô�æÃÞ9Õ£à+Ô�æ�Û-Ûaá�å£ÛaÞ
OP1

ä
OP2Ð�Ö�á

P1P2
äÃßNÛlÞ�âVÛaÙ)ÔNÒ�é£Û3Ó�è£ê

S Ò�å£Ý�ß�Û ò ð k Ö�Û3Ò�å£æ�ÚVÕ£ß�æ�Õ�Õ#á}Õ£à ÐHé£Ûaß�Ô�Û�P}Ò�Ö
Ð�Ô�ßNÒãÐ�ÖÃå£Ý�ÓãÐ�ß�Ñ=ÛaÞNæ<ê

j



{1ÝÃßNÒ�Ö�åBÔ�æ�Û�ÞNÕ£Ó�Ý#ÔNÒ�Õ£Ö.â�ß�Õ#Ù)ÛlÞNÞ!î�Û9Ö�ÛaÛaá
Ð=Ó�Õ#Ù3Ð�Ó Þ�Õ�Ó é�Û3ß«Ð�Ô«ÔNæ�Û�é£Ûaß�Ô�Û�P
O
àÁÕ�ß1ÛaÐ�ÙvæÔNß�ÒãÐ�Ö�å�Ó Û�ê�ë�Õ�Ð£Ùvæ�Ò�Û3é�Û«Þ�Ý�Ùvæ=Ð9â�Ý�ß�â�ÕQÞ�Û�ä£î�Û«Ù)Õ£Ö�Þ�Ô�ßNÝÃÙ)ÔYÔNæÃÛ«Ö�Ý�Ñ=Û3ß�Ò�ÙaÐ�ÓÃÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�Ö-Ð£ÞàÁÕ£Ó�Ó�ÕDî«Þ3ð

Ĥ(∇φ(x)) = max
θ

[(∇̂φ · θ)w(θ)], θ ∈ Sd−1,

î!æ�ÛaßNÛ
∇̂φ · θ

ÒãÞ!Õ£Ú�Ô�Ð�Ò�Ö�Ûlá}Ú�è-â�Ò�ÛaÙ3Û3î!ÒãÞ�Û�Ó�Ò ÖÃÛaÐ�ß«Ð£â�â�ß�Õ$P#Ò ÑBÐDÔ�Ò Õ�Ö<ê
l+Õ£ÖÃÞNÒãá#Û3ß}Ð�é�Û3ßNÔNÛ�P

O
Ð�ÖÃá Ò Ô�Þ-Ð�ÞNÞNÕ#Ù)ÒãÐDÔNÛlá�Ô�ßNÒãÐ�ÖÃå£Ó�ÛaÞ=Ò�Ö_Ð�ÔNß�Ò�Ð£Ö�å£Ý�ÓãÐ�ß=Ñ=ÛaÞNæ_Ð£ÞÞNæ�ÕDî!Ö:Ò�ÖuS Ò å�ê ò ê+ë ÐOQ�Ò ÖÃåHÕ�Ö�Û�Ô�è�â�ÒãÙ3Ð�Ó<ÔNß�Ò�Ð£Ö�å£Ó�Û£äÃÞNÝÃÙvæ.Ð£Þ ∆P2OP1

ä�Ð£Þ!Ð£Ö
Û�P�Ð�Ñ=â�Ó�Û£äÔNæÃÛ>é£ÛaÙ)ÔNÕ�ß�Þ −−→
OP1

Ð�Ö�á −−→
OP2

æÃÐ·é�Û>á#Ò ß�ÛaÙ)ÔNÒ�Õ£ÖÃÐ£Ó<Ð�Ö�å�Ó ÛlÞ
θ1

Ð�ÖÃá
θ2
ä�ß�ÛaÞNâVÛaÙ8Ô�Ò é�Û3Ó�è£êYë�æ�ÝÃÞÚ�è-Ó�Ò Ö�ÛlÐ�ß«Ð£â�â�ß�Õ$P�Ò�ÑBÐDÔ�Ò Õ�Ö<ä�î�Û>æÃÐ·é�Û

φ(P1) − φ(O)

|OP1|
≈ ∇φ · (θ1) = [cos(θ1), sin(θ1)]

[
φx

φy

]
,

Ð�Ö�á
φ(P2) − φ(O)

|OP2|
≈ ∇φ · (θ2) = [cos(θ2), sin(θ2)]

[
φx

φy

]
.

ë�æ�ÝÃÞ
[

cos(θ1) sin(θ1)
cos(θ2) sin(θ2)

] [
φx

φy

]
≈

[
φ(P1)−φ(O)

|OP1|
φ(P2)−φ(O)

|OP2|

]
,

Ð�Ö�á-Ô�æ�Ò�Þ«Ò Ñ=â�Ó�Ò ÛlÞ�ÔNæ�ÐDÔ

∇φ =

[
φx

φy

]
≈

1

sin(θ2 − θ1)

[
sin(θ2) − sin(θ1)

− cos(θ2) cos(θ1)

][ φ(P1)−φ(O)
|OP1|

φ(P2)−φ(O)
|OP2|

]

=
φ(P1) − φ(O)

|OP1| sin(θ2 − θ1)

[
sin(θ2)

− cos(θ2)

]
+

φ(P2) − φ(O)

|OP2| sin(θ2 − θ1)

[
− sin(θ1)
cos(θ1)

]
.

®«ÕDî Ù)Õ�ÖÃÞNÒ�á#Ûaß!ÔNæÃÛ9ß�Ð·è:Þ�ÔvÐ�ßNÔNÒ�Ö�å=àÁßNÕ�Ñ/Ô�æ�Û�ÞNÛ3å�ÑHÛaÖQÔ
P1P2

Ð�ÖÃá.ß�ÛaÐ�Ùvæ�Ò�Ö�å
O
î!Ò�Ô�æÔNæÃÛ�á#Ò�ß�ÛaÙ8Ô�Ò Õ�Ö

θ
äDî!æ�ÒãÙvæ9æÃÐ�Þ<Ô�æ�Û�ÞNÐ£ÑHÛ+Ñ=ÛaÐ�ÖÃÒ Ö�å�Ð£Þ�Ò Ö9ÔNæ�Û�ï<Ûaå£Û3Ö�á#ßNÛÔNßvÐ�ÖÃÞ�àÁÕ£ß�Ñ.ê�ë�æ�ÛaÖ

θ − π
â�Õ�Ò ÖQÔvÞ�ÔNÕHÔNæÃÛ9Þ�ÛlÙ8ÔNÕ�ß«á#Û�ª�Ö�ÛaákÚ�è

P1
Ð�ÖÃá

P2
êYë�æ�ÝÃÞ

̂∇φ · (θ) = −[cos(θ − π), sin(θ − π)]

[
φx

φy

]

≈
φ(O) − φ(P1)

|OP1|

sin(θ2 − (θ − π))

sin(θ2 − θ1)
+

φ(O) − φ(P2)

|OP2|

sin((θ − π) − θ1)

sin(θ2 − θ1)î!æ�ÛaßNÛ
θ1 ≤ θ−π ≤ θ2.

b�Ò�ÖÃÙ)ÛÔNæ�ÛÔNß�Ò�Ð£Ö�å£Ó�ÛYÒãÞ�Ð£Ù3Ý#ÔNÛ�ä
sin(θ2−θ1) > 0

ê&l+Õ£Ö�Þ�ÛlÜ�ÝÃÛ3ÖQÔNÓ�è£ä
î�Û�Ð£Ó�ÞNÕHæÃÐ·é£Û�ÔNæ�ÐDÔ

0 ≤ sin(θ2−(θ−π))
sin(θ2−θ1)

≤ 1
Ð�ÖÃá

0 ≤ sin((θ−π)−θ1)
sin(θ2−θ1)

≤ 1
ê

ë�æ�Û3ß�Û)àÁÕ�ßNÛ�ä�Ó�Õ#Ù3Ð£Ó Ó�è=Ò Ö}ÔNæ�ÛÂÖ�Û3Ò�å£æ�ÚVÕ£ß�æ�Õ�Õ�á-Õ�à
O
ä�ÔNæÃÛÂÖ�Ý�Ñ=Û3ß�ÒãÙ3Ð�ÓVÏ1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£Ö}Ù3Ð£ÖÚVÛ>î!ßNÒ Ô�Ô�Û3Ö.Ð£Þ

Ĥ(∇φ(O); pj
1, p

j
2) = max

θ

{
p

j
1

sin(θj
2 − (θ − π))

sin(θj
2 − θ

j
1)

+ p
j
2

sin((θ − π) − θ
j
1)

sin(θj
2 − θ

j
1)

}
w(θ),

[



î!æ�ÛaßNÛ
p

j
1 =

φ(O) − φ(P j
1 )

|OP
j
1 |

, p
j
2 =

φ(O) − φ(P j
2 )

|OP
j
2 |

;

ÔNæÃÛ9Ï1Ð�Ñ=Ò�Ó�Ô�Õ£Ö#×�ØQÐ£Ù)Õ�Ú�ÒqÛaÜQÝÃÐ�ÔNÒ�Õ£Ö ñ�òló ß�Ûaá#Ý�Ù)ÛaÞ�Ô�Õ

max
θ

{
p

j
1

sin(θj
2 − (θ − π))

sin(θj
2 − θ

j
1)

+ p
j
2

sin((θ − π) − θ
j
1)

sin(θj
2 − θ

j
1)

}
w(θ) − R(O) = 0,

î!æ�ÛaßNÛ
j
ÒãÞ�ÔNæÃÛ>Ò ÖÃá�Û�P}Õ£à�Ð£Ó ÓqÔ�ßNÒãÐ�Ö�å�Ó ÛlÞ!Þ�æ�Ð�ß�Ò Ö�å�ÔNæÃÛ9ÞNÐ£ÑHÛ�é�Û3ßNÔNÛ�P

O
êë�æ�Û>Ù)Õ�ÖÃÞ�ÒãÞ�ÔNÛ3Ö�Ù)è=Õ�à�ÔNæ�Û�Ö�Ý�Ñ=Û3ß�Ò�ÙaÐ�Ó¦Ï1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£Ö

Ĥ
ÒãÞ�Ð�ÞNÒ�ÑHâÃÓ Û>Ù)Õ�ÖÃÞNÛaÜQÝ�Û3Ö�Ù)Û1Õ£àÔNæÃÛ9á#Û�ªÃÖÃÒ�Ô�Ò Õ�Ö<ê

b�Ò�ÖÃÙ)Û
∂Ĥ

∂p
j
1

≥ 0,
∂Ĥ

∂p
j
2

≥ 0,

ÔNæÃÛ:Ð�ÚVÕDé£Û}ÖQÝÃÑHÛaßNÒãÙ3Ð£Ó+ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�Ö�ÒãÞ9Ñ=Õ£ÖÃÕ�ÔNÕ�Ö�Û£äYÐ£ÖÃá�ÔNæÃÛ:ß�ÛaÞNÝ�Ó ÔNÒ�Ö�å�Þ�Ùvæ�Û3Ñ=Û}ÒãÞ�ÐÑ=Õ£Ö�Õ£ÔNÕ�Ö�Û�Þ�Ùvæ�ÛaÑHÛ¸T V$_ ê
����¹ �f¯:°±�-§��J�&�º¥8§\�p»0���2¥
b�Ò�Ñ=â�Ó Ò àÁè�Ò ÖÃå!ÔNæ�ÛYÐ£Ú�ÕDé�Û�á#Ò�Þ�Ù)ß�Û)Ô�Ò õaÛaá�Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö#×fØQÐ£Ù3Õ£Ú�ÒDÛlÜQÝÃÐDÔ�Ò Õ�ÖÂàÁÝÃß�Ô�æ�Û3ßläaî�ÛYÙ3Ð£Ö>Þ�Õ�Ó é�ÛàÁÕ£ß

φ(O)
Ò ÖkÔNÛaßNÑBÞ�Õ£à Ò Ô�Þ�Ö�ÛaÒ å�æ�Ú�Õ�ß�Það

φ(O) = min
θ





(
φ(P j

1
)

|OP
j

1
|

sin(θj

2
−(θ−π))

sin(θj

2
−θ

j

1
)

+
φ(P j

2
)

|OP
j

2
|

sin((θ−π)−θ
j

1
)

sin(θj

2
−θ

j

1
)

)
w(θ) + R(O)

(
1

|OP
j

1
|

sin(θj

2
−(θ−π))

sin(θj

2
−θ1)

+ 1
|OP

j

2
|

sin((θ−π)−θ
j

1
)

sin(θj

2
−θ1)

)
w(θ)





= min
θ

K(θ), ñ�V�ó
î!æ�ÛaßNÛ

θ
j
1 ≤ θ − π ≤ θ

j
2

ä�Ð£ÖÃá
0 < θ

j
2 − θ

j
1 < π

2

êí�ÖQÔNß�Õ�á�ÝÃÙ)Ò�Ö�åHÔNæ�Û�àÁÕ�Ó Ó�ÕDî!Ò�Ö�å�ÖÃÕ�Ô�Ð�ÔNÒ�Õ£ÖÃÞaä

a1 =
1

|OP
j
1 | sin(θj

2 − θ
j
1)

, ñ�^�ó
b1 =

1

|OP
j
2 | sin(θj

2 − θ
j
1)

, ñ�]�ó
f1(θ) = a1φ(P j

1 ) sin(θ − θ
j
2) + b1φ(P j

2 ) sin(θj
1 − θ), ñ X ó

g1(θ) = a1 sin(θ − θ
j
2) + b1 sin(θj

1 − θ), ñ�ò�Z�ó
f(θ) = f1(θ)w(θ) + R(O), ñ�ò£ò·ó
g(θ) = g1(θ)w(θ), ñ�ò·ô£ó

ÔNæÃÛ�àÁÕ£ß�Ñ�Ý�ÓãÐ ñ�V�ó ÚVÛaÙ3Õ£Ñ=ÛaÞ

φ(O) = min
θ

K(θ) = min
θ

f(θ)

g(θ)
,

V



Ð�Ö�áHÔNæ�ÛÂÑHÒ�Ö�Ò�Ñ�Ý�Ñ�Ñ�ÝÃÞ�Ô�Ú�Û�Ð£Ùvæ�Ò�Û3é�ÛaáHÒ�Ö-Õ£Ö�Û1Õ�à¦ÔNæÃÛ«àÁÕ£Ó�Ó�ÕDî!Ò Ö�å�Ô�æ�ß�Û3Û1ÙaÐ£ÞNÛaÞaðYl�Ð�Þ�Û ñ Ò ó
θ

j
1 + π

àÁÕ£ß«ÞNÕ£Ñ=Û
j ö l�Ð£ÞNÛ ñ Ò�Ò ó θ

j
2 + π

àÁÕ�ß«Þ�Õ�Ñ=Û
j ö l�Ð�Þ�Û ñ Ò�Ò�Ò ó argθ{

dK(θ)
dθ

= 0}
ê

¼c½�¾I¿zÀ�Á�Â:Ã ífà
θ = θ

j
1 + π

ä#ÔNæÃÛ3Ö

K(θ) = φ(P j
1 ) +

R(O)

w(θ1 + π)
|OP

j
1 |.

¼c½�¾I¿zÀ�Á�ÁGÂ$Ã ífà
θ = θ

j
2 + π,

Ô�æ�Û3Ö

K(θ) = φ(P j
2 ) +

R(O)

w(θ2 + π)
|OP

j
2 |.

¼c½�¾I¿zÀ�Á�Á�Á�Â:Ã ífà
θ

j
1 < θ − π < θ

j
2

ä�î�Û>Ù3Ð�Öké£ÛaßNÒ àÁèBÔ�æÃÐDÔ dK(θ)
dθ

= 0
è�Ò ÛaÓ�á�Þ

0 = f
′

(θ)g(θ) − f(θ)g
′

(θ)

= (f
′

1g1 − f1g
′

1)w
2 − R(O)(g

′

1w + g1w
′

)

= a1b1(φ(P j
1 ) − φ(P j

2 )) sin(θj
1 − θ

j
2)w

2 − R(g
′

1w + g1w
′

),

î!æ�ÛaßNÛ ′ á#ÛaÖ�Õ�Ô�ÛaÞ�Ô�æ�Û9á#Û3ß�Ò�é·Ð�ÔNÒ�é£Û�î!Ò ÔNæ.ßNÛlÞ�âVÛaÙ)Ô�ÔNÕ θ
êë�æ�ÛaßNÛ3àÁÕ£ß�Û£ä�î�Û�æ�Ð·é£Û

a1b1(φ(P j
2 ) − φ(P j

1 )) sin(θj
2 − θ

j
1)

R(O)
=

g
′

1w + g1w
′

w2
≡ F (θ), ñ�ò�W�ó

î!æ�ÒãÙvæ ÒãÞBÐ�Ö�Õ£Ö�Ó�Ò�Ö�ÛaÐ£ß�ÛlÜ�Ý�ÐDÔNÒ�Õ£Ö àÁÕ£ß
θ
êdS�Õ�ßBÞ�Õ�ÑHÛ.ÞNâ�ÛlÙ)ÒãÐ�Ó«Ù3Ð�Þ�ÛlÞ3ä+Þ�ÝÃÙvæ Ð£ÞHÛ3ÒEQ£Õ�ÖÃÐ�ÓÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞ�Õ£ß=ÜQÝÃÐ£á#ßvÐDÔ�Ò�ÙBÔ�èQâVÛ.Ï1Ð�Ñ=Ò�Ó�Ô�Õ£Ö#×�ØQÐ£Ù)Õ�Ú�ÒÛlÜQÝÃÐDÔ�Ò Õ�ÖÃÞ3ä�Ô�æ�ÒãÞ�ÛlÜQÝÃÐDÔ�Ò Õ�Ö Ù3Ð£Ö�Ú�ÛÞNÕ£Ó�é£Ûaá�Û�P�Ð�Ù8ÔNÓ�è£ê i1ÔNæÃÛ3ß�î!Ò�ÞNÛ£ä�ÖQÝÃÑHÛaßNÒãÙ3Ð£ÓÃÐ�Ó�å£Õ�ßNÒ ÔNæÃÑ=Þ�Ð£ßNÛ!ÖÃÛ3Ûaá�Ûaá�ÔNÕÄª�ÖÃáHÔNæ�Û1ßNÕ�Õ�ÔvÞ�àÁÕ£ß

F (θ) −
a1b1(φ(P j

2 ) − φ(P j
1 )) sin(θj

2 − θ
j
1)

R(O)
= 0.

���Å ¹f¯:°±¡�²v¨³�e�2�-�J�Y��´µ�Y¨¶�-�p£?§\¡v���Y¡s¥
®«Û7P�Ô î�Û�Ù3Õ£ÖÃÞNÒãá#Û3ß ÛaÜQÝÃÐ�ÔNÒ�Õ£Ö ñ�òló Ò ÖHÐÂá�Õ£ÑBÐ�Ò�Ö Ω

Ò�Ö
R3 ä�î!æ�ÒãÙvæ�æÃÐ�Þ�Ð1ÔNß�Ò�Ð£Ö�å£ÝÃÓ�Ð�ÔNÒ�Õ£Ö ThÙ)Õ�ÖÃÞNÒ�Þ�ÔNÒ�Ö�å�Õ�àVÔNÛ3ÔNßvÐ�æ�Ûlá#ßNÕ�ÖÃÞaêe«�Û1Ù)Õ�ÖÃÞ�Òãá#Ûaß�Û3é£ÛaßNè�é£Û3ßNÔNÛ7P�Ð�Ö�áHÐ£Ó Ó�ÔNÛ)Ô�ß�Ð£æ�Ûaá�ßNÕ�ÖÃÞ�î!æ�ÒãÙvæÐ�ß�Û-Ð£Þ�ÞNÕ�Ù3Ò�Ð�ÔNÛlá�Ô�Õ
ÔNæ�ÒãÞ9é�Û3ßNÔNÛ7Pqê k åQÐ�Ò�Ö ÔNæ�Û}ÜQÝ�ÛlÞ�Ô�Ò Õ�Ö ßNÛlá#ÝÃÙ)ÛlÞ�ÔNÕ�æ�ÕDî Ô�Õ�Ù)Õ�Ñ=â�Ý#ÔNÛÔNæÃÛ>ÖQÝÃÑHÛaßNÒãÙ3Ð£Ó¦Þ�Õ�Ó Ý#Ô�Ò Õ�ÖkÐ�Ô!ÔNæ�Û9Ù3Ý�ß�ßNÛaÖ�Ô!Ù)ÛaÖQÔNßvÐ�Ó¦é£Ûaß�Ô�Û�P-àÁÕ�ß!ÛaÐ�Ùvæ-ÔNÛ3ÔNßvÐ�æ�Ûlá#ß�Õ£Ö<êë�Ð<Q�Ò Ö�å Ð
Ô�è�â�ÒãÙ3Ð£Ó�ÔNÛ)Ô�ß�Ð£æ�Ûaá�ßNÕ�Ö�î!Ò�Ô�æ àÁÕ�Ý�ßHé£Û3ßNÔNÛ7P#ÛaÞ

O
ä
P1
ä
P2
äÐ�ÖÃá

P3
Ð�Þ�Ð£ÖÛ�P�Ð£ÑHâÃÓ Û�ä3Ô�æ�Ûé�ÛaÙ8Ô�Õ£ßvÞ −−→

OP1
ä −−→
OP2,

−−→
OP3

æÃÐ·é£ÛYá�Ò ß�ÛaÙ)ÔNÒ�Õ£ÖÃÐ£Ó£Ð�Ö�å�Ó ÛlÞ
(θ1

1 , θ
1
2)
ä
(θ2

1 , θ
2
2)
Ð�Ö�á

(θ3
1 , θ

3
2)
älß�ÛaÞNâVÛaÙ8Ô�Ò é�Û3Ó�è1î!æ�ÛaßNÛ�Ô�æ�Û+ÞNÝ�ÚÃÞ�Ù)ß�Ò�â#Ô�Þ

1
Ð£ÖÃá

2
Ò�ÖÃá#ÒãÙ3ÐDÔ�Û�ÔNæÃÛÐ�Ö�å�Ó ÛlÞ¦Ò�Ö�Ô�Û3ßvÞ�ÛlÙ8Ô�Ò Ö�åî!Ò ÔNæ�ÔNæ�Û

z
×�Ð:P#Ò�Þ�Ð£ÖÃá

x
×�Ð:P#Ò�Þaä�ß�ÛaÞNâVÛaÙ8Ô�Ò é�Û3Ó�è£êBí�Ö�ÔNæÃÛ-Ù)Õ£Ñ=â�Ý�Ô�ÐDÔ�Ò Õ�Ö<ä�î�Û-Ð£Þ�ÞNÝ�Ñ=Û�Ô�æÃÐDÔÔNæÃÛ1Ð�Ö�å�Ó ÛlÞYÚVÛ)Ô�î�Û3ÛaÖ −−→

OP1
Ð�ÖÃá −−→

OP2
ä −−→
OP2

Ð£ÖÃá −−→
OP3

ä −−→
OP1

Ð�Ö�á −−→
OP3

Ð�ß�Û!Ö�Õ£Ö�×KÕ�Ú#ÔNÝÃÞNÛ öÞNÝÃÙvæ�Ð=ÔNÛ3ÔNßvÐ�æ�Ûlá#ß�Õ£Ö.Ò�Þ«ÔNÛaßNÑ=Ûaá
Ð�Ù)Ý#Ô�ÛBT jO_ ê!ífàÐ=ÔNÛ3ÔNßvÐ�æ�Ûlá#ßNÕ�Ö.Ò�Þ1Ö�Õ�ÔÂÐ�Ù)Ý#Ô�Û£ä�ÔNæ�ÛaÖ
Õ£Ö�ÛÑBÐ·è�ÝÃÞNÛ=ÔNæ�Û:Þ�â�Ó�Ò Ô�ÔNÒ�Ö�å�Þ�ÔNßvÐDÔ�Û3å�è�â�ß�Õ£âVÕ�ÞNÛaá Ò ÖdT jO_ Ô�Õ
â�ßNÛ3×KâÃßNÕ#Ù)ÛlÞNÞ�Ô�æ�ÒãÞ�ÔNÛ3ÔNßvÐ�æ�Ûlá#ßNÕ�ÖªÃßvÞ�Ôlêë�æ�ÝÃÞ!Ú�è-Ó�Ò Ö�ÛlÐ�ß«Ð£â�â�ß�Õ$P�Ò�ÑBÐDÔ�Ò Õ�Ö<ä�î�Û�æÃÐ·é£Û
φ(P1) − φ(O)

|OP1|
≈ ∇φ·(θ1

1 , θ1
2) = [sin(θ1

1) cos(θ1
2), sin(θ1

1) sin(θ1
2), cos(θ1

1)]




φx

φy

φz


 ,

^



φ(P2) − φ(O)

|OP2|
≈ ∇φ·(θ2

1 , θ2
2) = [sin(θ2

1) cos(θ2
2), sin(θ2

1) sin(θ2
2), cos(θ2

1)]




φx

φy

φz


 ,

Ð�Ö�á

φ(P3) − φ(O)

|OP3|
≈ ∇φ·(θ3

1 , θ3
2) = [sin(θ3

1) cos(θ3
2), sin(θ3

1) sin(θ3
2), cos(θ3

1)]




φx

φy

φz


 .

ï<Û3Ô
Θ =




sin(θ1
1) cos(θ1

2) sin(θ1
1) sin(θ1

2) cos(θ1
1)

sin(θ2
1) cos(θ2

2) sin(θ2
1) sin(θ2

2) cos(θ2
1)

sin(θ3
1) cos(θ3

2) sin(θ3
1) sin(θ3

2) cos(θ3
1)


 .

ë�æ�ÛaÖ:î�Û>æÃÐ·é£Û

Θ




φx

φy

φz


 ≈




φ(P1)−φ(O)
|OP1|

φ(P2)−φ(O)
|OP2|

φ(P3)−φ(O)
|OP3|


 ,

Ð�Ö�á-Ô�æ�Ò�Þ«Ò Ñ=â�Ó�Ò ÛlÞ�ÔNæ�ÐDÔ

∇φ =




φx

φy

φz


 ≈




Θ11 Θ21 Θ13

Θ21 Θ22 Θ23

Θ31 Θ23 Θ33







φ(P1)−φ(O)
|OP1|

φ(P2)−φ(O)
|OP2|

φ(P3)−φ(O)
|OP3|




cos(θ1
1)Θ1 + cos(θ2

1)Θ2 + cos(θ3
1)Θ3

î!æ�ÛaßNÛ
Θ11 = sin(θ2

1) sin(θ2
2) cos(θ3

1) − sin(θ3
1) sin(θ3

2) cos(θ2
1),

Θ21 = sin(θ3
1) sin(θ3

2) cos(θ1
1) − sin(θ1

1) sin(θ1
2) cos(θ3

1),
Θ31 = sin(θ1

1) sin(θ1
2) cos(θ2

1) − sin(θ3
1) sin(θ3

2) cos(θ1
1),

Θ12 = sin(θ3
1) cos(θ3

2) cos(θ2
1) − sin(θ2

1) cos(θ2
2) cos(θ3

1),
Θ22 = sin(θ1

1) cos(θ1
2) cos(θ3

1) − sin(θ3
1) cos(θ3

2) cos(θ1
1),

Θ32 = sin(θ2
1) cos(θ2

2) cos(θ1
1) − sin(θ1

1) cos(θ1
2) cos(θ2

1),
Θ13 = sin(θ3

1) sin(θ2
1) sin(θ3

2 − θ2
1),

Θ23 = sin(θ1
1) sin(θ3

1) sin(θ1
2 − θ3

1),
Θ33 = sin(θ2

1) sin(θ1
1) sin(θ2

2 − θ1
1),Ð�Ö�á

Θ1 = sin(θ2
1) sin(θ3

1) sin(θ3
2 − θ2

2)
Θ2 = sin(θ3

1) sin(θ1
1) sin(θ1

2 − θ3
2)

Θ3 = sin(θ1
1) sin(θ2

1) sin(θ2
2 − θ1

2).ë�æ�ÝÃÞ

∇φ =




φx

φy

φz


 = Θ−1




φ(P1)
|OP1|
φ(P2)
|OP2|
φ(P3)
|OP3|


− φ(O)Θ−1




1
|OP1|

1
|OP2|

1
|OP3|


 .

]



®«ÕDî Ù3Õ£ÖÃÞNÒãá#Û3ß ÔNæÃÛ�ßvÐ·è>Þ�ÔvÐ�ßNÔNÒ�Ö�åÂàÁßNÕ�Ñ ÔNæ�Û�â�ÓãÐ�ÖÃÛ
P1P2P3

Ð�Ö�á9ß�ÛaÐ£ÙvæÃÒ Ö�å
O
æ�Ð£Þ�ÔNæ�Ûá#Ò�ßNÛlÙ8Ô�Ò Õ�Ö

(θ1, θ2)
ä î!æ�ÒãÙvæ æÃÐ£Þ�Ô�æ�Û:Þ�Ð�Ñ=ÛBÑ=ÛaÐ£Ö�Ò�Ö�å�Ð£Þ>Ò�Ö ÔNæÃÛ:ï<Ûaå£ÛaÖÃá#ß�Û�Ô�ß�Ð£ÖÃÞ�àÁÕ£ß�Ñkêë�æ�ÛaÖ

(π − θ1, θ2 − π)
âVÕ£Ò�ÖQÔ�Þ�ÔNÕ=Ô�æ�Û�â�ÓãÐ�Ö�Û9á#Û7ªÃÖ�Ûlá:Ú�è

P1
ä
P2

Ð£ÖÃá
P3
êYë�æ�ÝÃÞ

̂∇φ · (θ) = −n(θ1, θ2) ·




φx

φy

φz


 = n(θ1, θ2) · Θ

−1p

î!æ�ÛaßNÛ
n(θ1, θ2) =




sin(π − θ1) cos(θ2 − π)
sin(π − θ1) sin(θ2 − π)

cos(π − θ1)


 ,

pt = (p1, p2, p3),

pi =
φ(O) − φ(Pi)

|OPi|
, (i = 1, 2, 3).

b�Ý�Ú�Þ�Ô�Ò�Ô�Ý#ÔNÒ�Ö�å=ÔNæÃÒ�Þ!Ò�ÖQÔNÕHÔNæÃÛ>ÖQÝÃÑHÛaßNÒãÙ3Ð£Ó<Ï1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£Ö<ä#î+Û�æÃÐ·é�Û
Ĥ(∇φ(O); p1, p2, p3) = max

θ

{
(n(θ) · Θ−1p)w(θ)

}
.

Ï«ÛaÖÃÙ)Û�ä�ÔNæ�Û9ÏÂÐ�Ñ=Ò�Ó�Ô�Õ£Ö#×�Ø�Ð�Ù)Õ�Ú�ÒqÛaÜQÝÃÐDÔ�Ò Õ�Ö:ß�Ûaá�ÝÃÙ)ÛlÞ�ÔNÕ

max
(θ1,θ2)




−n(θ1, θ2)

T





Θ−1




φ(P1)
|OP1|
φ(P2)
|OP2|
φ(P3)
|OP3|


− φ(O)Θ−1




1
|OP1|

1
|OP2|

1
|OP3|








w(θ1, θ2)




−R(O) = 0.

ë�æ�ÝÃÞ

φ(O) = min
θ1,θ2





n(θ1, θ2)
T Θ−1




φ(P1)
|OP1|
φ(P2)
|OP2|
φ(P3)
|OP3|


w(θ1, θ2) + R(O)

n(θ1, θ2)T Θ−1




1
|OP1|

1
|OP2|

1
|OP3|


w(θ1, θ2)





î!æ�ÒãÙvæ:è�Ò�Û3Óãá�Þ«Ð�àÁÕ£ß�Ñ�ÝÃÓ�Ð�àÁÕ£ß
φ(O)

Ò Ö:ÔNÛaßNÑBÞ!Õ£à�Ò Ô�Þ!Ö�ÛaÒ å�æ�Ú�Õ�ß�Þaêë�æ�Û
Ù)Õ�ÖÃÞ�ÒãÞ�ÔNÛ3Ö�Ù)è Õ�àÂÔNæ�Û.Ö�Ý�Ñ=Û3ß�ÒãÙ3Ð�Ó!ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�Ö
Ĥ

ÒãÞBÐ Ù3Õ£ÖÃÞNÛaÜQÝ�ÛaÖÃÙ)ÛkÕ�àÂÔNæ�Ûá#Û7ªÃÖ�Ò ÔNÒ�Õ£Ö<ê�ë�ÕHÞNæ�ÕDî?ÔNæ�ÐDÔ�ÔNæ�Û�Ö�Ý�Ñ=Û3ß�Ò�ÙaÐ�Ó¦Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö�Ò�Ð£Ö
Ĥ
ÒãÞ�Ñ=Õ£Ö�Õ£ÔNÕ£ÖÃÛ£ä�î+Û�ß�Û3î!ß�Ò�Ô�ÛÔNæÃÛ>Ñ=Ð�ÔNß�ÒÆP

Θ
Ò�Ö:Ô�Û3ß�ÑBÞ�Õ�à�Ý�Ö�Ò Ô«é£ÛaÙ)ÔNÕ�ß�Þ

ni = (sin(θi
1) cos(θi

2), sin(θi
1) sin(θi

2), cos(θi
1))

t, (i = 1, 2, 3),

Ð�Ö�á
Θt = (n1, n2, n3).ï<Û3Ô�Ô�Ò Ö�å

βt = (β1, β2, β3) = ntΘ−1,

X



î�Û�æ�Ð·é£Û
n = β1 n1 + β2 n2 + β3 n3Ð�Ö�á

Ĥ(∇φ(O); p1, p2, p3) = max
θ

{(β1 p1 + β2 p2 + β3 p3)w(θ)} .

k Ù3Ù3Õ£ßvá#Ò�Ö�å£Ó�è£äQÔNæÃÛ�àÁÕ£Ó�Ó ÕDî!Ò�Ö�åHæ�Õ£Óãá�Það

β1 =
n · (n2 × n3)

n1 · (n2 × n3)
, β2 =

n · (n1 × n3)

n2 · (n1 × n3)
, β3 =

n · (n1 × n2)

n3 · (n1 × n2)
.

®«Õ£ÔNÒãÙ)Û!Ô�æÃÐDÔ
n1 · (n2 ×n3)

ÒãÞ�ÔNæÃÛ«é£Õ�Ó Ý�Ñ=Û!Õ£àVÔ�æ�Û«âÃÐ£ß�Ð£Ó Ó�Û3Ó�Û3âÃÒ âVÛaá�î!æ�Õ�ÞNÛ!Ûaá�å£ÛaÞÐ�ß�Û
n1
ä
n2
ä
n3
ê>ë�æ�ÛaßNÛ3àÁÕ£ß�Û£äqÒ�à

n
Ó Ò�ÛaÞ�Ò�ÖÃÞNÒ�á#Û�ÔNæÃÛHÙ3Õ£Ö�ÛHá#Û�ªÃÖÃÛaá�Ú�è

n1
ä
n2

Ð£ÖÃá
n3
äqÔNæ�ÛaÖî�Û�Ù3Õ£ÖÃÙ3Ó ÝÃá�Û1Ô�æÃÐDÔ

0 ≤ βi ≤ 1(i = 1, 2, 3)
ä�Ð�ÖÃá}ÔNæ�Û�Ñ=Õ£ÖÃÕ�ÔNÕ�Ö�ÒãÙ)Ò Ô�èHÕ£à�Ô�æ�Û�ÖQÝÃÑHÛaßNÒãÙ3Ð£ÓÏ1Ð£Ñ=Ò Ó ÔNÕ�Ö�Ò�Ð£Ö}àÁÕ�Ó Ó�ÕDî«Þaê

Ç È }H�2É Ê=ÌU�9Ë:É&��È�Î)Í��Ë�c� Î��vÈ�Ê9ÇkÎ��9Ç
ífà

H(cos ν, sin ν) =
√

a cos2 ν + b sin2 ν − 2c sin ν cos ν, ñ�ò7j�óî!æ�ÛaßNÛ
a
ä
b
äÃÐ�Ö�á

c
Ð�ß�Û�å£Ò�é£Û3Ö:àÁÝ�ÖÃÙ)ÔNÒ�Õ£ÖÃÞaä#Ô�æ�Û3Ö.î�Û�ÙaÐ�Ö.Ù)Õ�ÑHâÃÝ#ÔNÛ

w(θ)
á#Ò�ßNÛlÙ8Ô�Ó è�ä

w(θ) =

√
ab − c2

a sin2 θ + b cos2 θ + 2c cos(θ) sin(θ)
.

ë�æ�ÛaßNÛ3àÁÕ£ß�Û£ä�Õ£Ö.ÐHÔ�è�â�Ò�ÙaÐ�ÓqÔ�ßNÒãÐ�Ö�å�Ó Û
4OP

j
1 P

j
2

ä�Ú�è-ÛaÜQÝÃÐ�ÔNÒ�Õ£Ö ñ�ò�W�ó î+Û>æ�Ð·é£Û

F (θ) =
g

′

1w + g1w
′

w2
=

sin(θ)(aa2 + cb2) + cos(θ)(bb2 + ca2)√
(ab − c2)

(
a sin2 θ + b cos2(θ) + 2c sin(θ) cos(θ)

) ,

î!æ�ÛaßNÛ
a1

Ð�ÖÃá
b1
Ð�ß�Û>á#Û�ª�Ö�ÛaákÒ�ÖkÛlÜQÝÃÐDÔ�Ò Õ�ÖÃÞ ñ�^�ó Ð£ÖÃá ñ�]Qó ä#ß�ÛaÞNâ�ÛlÙ8ÔNÒ�é£ÛaÓ è�ä

a2 = a1 sin(θj
2) − b1 sin(θj

1),

b2 = a1 cos(θj
2) − b1 cos(θj

1).ï<Û3Ô�Ô�Ò Ö�å
m =

a1b1(φ(P j
2 ) − φ(P j

1 )) sin(θj
2 − θ

j
1)

R(O)
,

ÔNæÃÛ>Ö�Õ£Ö�Ó�Ò�Ö�ÛaÐ£ß�ÛlÜQÝÃÐDÔ�Ò Õ�Ö ñ�òIW�ó ÒãÞ«ÜQÝÃÐ£á�ß�Ð�ÔNÒãÙ1Ò�Ö tan θ
Ò à

cos(θ) 6= 0
ð

q2 tan2(θ) + q1 tan(θ) + q0 = 0,

î!æ�ÛaßNÛ
q2 = (aa2 + b2c)

2 − am2(ab − c2),
q1 = 2(aa2 + b2c)(bb2 + ca2) − 2cm2(ab − c2),
q0 = (bb2 + ca2)

2 − bm2(ab − c2).

òIZ



ífà ÔNæ�Û>Ó�ÛaÐ�á#Ò ÖÃå=Ù3Õ�Û)ì-Ù)Ò�Û3ÖQÔ
q2
ÒãÞ�Ö�Õ�Ô«õaÛ3ß�ÕÃä�î�Û>æÃÐ·é£Û

θj = tan−1

(
−q1 ±

√
q2
1 − 4q0q2

2q2

)
+ kπ, ñ�ò [ ó

î!æ�ÛaßNÛ
k
Ò�Þ�Ùvæ�ÕQÞ�ÛaÖ}Þ�Ý�ÙvæBÔNæÃÐ�Ô

θ
j
1 ≤ θj −π ≤ θ

j
2

Ð�Ö�á
F (θj) = m ö Ò à q2 = 0

ä�Ô�æ�Û3Ö}î+ÛÙvæ�Õ�Õ�ÞNÛ
θj = tan−1(− q0

q1

) + kπ
ê

¹��-� �f¯:°Ì�f��Í §\¡s�Y���eÎ�²s�f£��-§\¡s¥
®«Õ£ÔNÒãÙ)Û�Ô�æÃÐDÔÂàÁÕ£ß!Ô�æ�Û9Û3ÒEQ£Õ�ÖÃÐ�Ó¦ÛlÜQÝÃÐDÔ�Ò Õ�Ö<äÃî�Û>æÃÐ·é£Û

a = b = 1
Ð�ÖÃá

c = 0 ö Ð�Þ«Ð=ßNÛlÞ�ÝÃÓ�Ôläî�Û�æ�Ð·é£ÛÂÔNæ�Û�àÁÕ�Ó Ó�ÕDî!Ò ÖÃå=ÞNÒ�ÑHâÃÓ ÒRªÃÛaákÛlÜ�Ý�ÐDÔNÒ�Õ£Ö�ä
a1b1(φ(P j

2 ) − φ(P j
1 )) sin(θj

2 − θ
j
1)

R(O)
= a2 sin(θ) + b2 cos(θ),

Ó�ÛaÐ£á�Ò Ö�åHÔ�Õ

|OP
j
2 | cos(θj

2 − θ) − |OP
j
1 | cos(θ − θ

j
1) =

φ(P j
2 ) − φ(P j

1 )

R(O)
.

Ï�è-ÝÃÞNÒ ÖÃå�Ô�æ�Û9ÞNÝ�Ú#ÔNßvÐ£Ù)ÔNÒ�Õ£Ö:àÁÕ£ß�Ñ�Ý�ÓãÐ�Õ�à�Ù)Õ�ÞNÒ�Ö�Û£ä#î�Û�æÃÐ·é£Û

sin θ(|OP
j
2 | sin θ2−|OP

j
1 | sin θ1)+cos θ(|OP

j
2 | cos θ2−|OP

j
1 | cos θ1) =

φ(P j
2 ) − φ(P j

1 )

R(O)
.

ï<Û3Ô
a3 = |OP

j
2 | sin θ2 − |OP

j
1 | sin θ1

ä
b3 = |OP

j
2 | cos θ2 − |OP

j
1 | cos θ1

ä�Ð£ÖÃá

c3 ≡
√

a2
3 + b2

3 =

√
|OP

j
1 |

2 + |OP
j
2 |

2 − 2|OP
j
1 ||OP

j
2 | cos(θ2 − θ1) = |P j

2 P
j
1 |.

S�ÝÃß�Ô�æ�Û3ß�Ñ=Õ£ß�Û£ä�Ò ÖQÔ�ßNÕ#á#ÝÃÙ3Û�Ð£Ö�å£Ó�Û
µ
Ú�è-Ó�Û)Ô�Ô�Ò ÖÃå a3

c3

= cos(µ)
Ð£ÖÃá b3

c3

= sin(µ)
êYë�æ�Û3ß�Û)×àÁÕ£ß�Û£ä#î�Û�æÃÐ·é£Û

sin(θ + µ) =
φ(P j

2 ) − φ(P j
1 )

R(O)|P j
2 P

j
1 |

.

iÂÖ�Ó�è-î!æ�ÛaÖ
∣∣∣∣∣
φ(P j

2 ) − φ(P j
1 )

R(O)|P j
2 P

j
1 |

∣∣∣∣∣ ≤ 1, ñ�ò�V�ó
î�Û�æ�Ð·é£Û�ÐBÞ�Õ�Ó Ý#Ô�Ò Õ�Ö}àÁÕ�ß

θ + µ
êYë�æ�ÒãÞ!Ù)Õ�ÖÃá#Ò ÔNÒ�Õ£Ö.ÒãÞ�ÛaÞ�Þ�ÛaÖ�Ô�Ò�Ð£Ó Ó�è}Ð=Ù3Ð£ÝÃÞ�Ð�Ó�Ò�Ô�è-Ù3Õ£ÖÃá#Ò ÔNÒ�Õ£ÖÐ£Þ!Þ�Ô�Ð�ÔNÛlá}Ò�Ö�T ò�]$_ àÁÕ£ß!ÛaÒRQ�Õ£ÖÃÐ£ÓqÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞaêï<Û3Ô�ÔNÒ�Ö�å

ν = arcsin

(
φ(P j

2 ) − φ(P j
1 )

R(O)|P j
2 P

j
1 |

)
,

î�Û�æ�Ð·é£Û
θ = ν − µ

Õ£ß
θ = π − ν − µ.

ò£ò



b�Ò�ÖÃÙ)Û
θ1 < θ − π < θ2

ä�î+Û�Ö�ÛaÛaá:ÔNÕ=æÃÐ·é�Û
θ1 + π + µ < ν < θ2 + π + µ,

Õ£ß
−θ2 − µ < ν < −θ1 − µ.ë�æ�Û9Ð�Ó�å£Õ�ßNÒ ÔNæÃÑ�àÁÕ£ß«Ð�Ô�è�â�Ò�ÙaÐ�Ó�ÞNÒ�ÑHâÃÓ Û7P:Ù3Ð£Ö:ÚVÛ9Þ�ÝÃÑHÑBÐ£ßNÒ�õ3Ûlá:Ð�Þ�ÔNæ�Û�àÁÕ�Ó Ó�ÕDî!Ò ÖÃåÃê

bQÔNÛaâ ò ê¶S Ò�ÖÃá
θ
Ú�è?ÞNÕ£Ó�é�Ò ÖÃå ñ�ò�W�ó àÁÕ£ß.Ð�å£ÛaÖ�Û3ßvÐ�Ó�Ï1Ð£ÑHÒ�Ó ÔNÕ£ÖÃÒ�Ð£Ö Õ£ß ñ�ò [ ó àÁÕ�ßkÐÜQÝÃÐ£á�ß�Ð�ÔNÒãÙBÏ1Ð�Ñ=Ò�Ó�Ô�Õ£Ö�ÒãÐ�Ö�êul+æÃÕQÕQÞ�Û

θ
î!æÃÒ�Ùvæ�Þ�ÐDÔ�Ò�Þ-ªÃÛaÞ

θ1 < θ − π < θ2
êul+Õ�Ñ=â�Ý#ÔNÛ

φtmp = φ(O)
Ò Ö ñ�VQó êbQÔNÛaâ ô êËl+Õ£Ñ=â�Ý�ÔNÛ

φ
tmp
1 = φ(P j

1 ) + R(O)
w(θ1+π) |OP

j
1 |

Ð�ÖÃá
φ

tmp
2 = φ(P j

2 ) +
R(O)

w(θ2+π) |OP
j
21|
ê

bQÔNÛaâ W ê ¬«âqá�Ð�ÔNÛ
φ(O) = min(φ(O), φtmp, φ

tmp
1 , φ

tmp
2 )

ê
ífà¦î+Û!å�Õ�ÔNæ�ß�Õ£Ý�å�æ=ÛaÐ£ÙvæBÞNÒ Ñ=â�Ó�Û�P

j
Õ�Ö�Û!Ú�è�Õ�Ö�Û£äQá#Ý�Û!Ô�Õ�ÔNæ�Û1ÞNæÃÐ£ßNÒ�Ö�å�Õ�à¦é£Ûaß�Ô�Û�P#ÛaÞ�Õ£àÔNæÃÛ�Ð�á$Ð�Ð£Ù3Û3ÖQÔ+ÞNÒ Ñ=â�Ó�Û�P#ÛaÞaäQÔNæ�Û�Ý�âqá�ÐDÔ�Û1àÁß�Õ£Ñ Ð�Þ�âVÛaÙ3ÒÆª�Ù1é£Ûaß�Ô�Û�PBÒ ÖmbQÔNÛaâ ò Ò�Þ�Ù)Õ�ÑHâÃÝ#ÔNÛláÔ�î!ÒãÙ)Û�î!æ�ÒãÙvækÒãÞ�Ý�Ö�ÖÃÛaÙ)ÛlÞNÞ�Ð�ß�è£ê k Ó�ÞNÕÃä�Ð=ÞNÒ Ñ=â�Ó�Û�PkÖ�Û3Ûlá}Ö�Õ£Ô1Ù)Õ�ÖÃÞ�Òãá#ÛaßNÒ�Ö�åHÒ�à�Ú�Õ£ÔNæ

φ(P j
1 )Ð�Ö�á

φ(P j
2 )
Ð£ßNÛYÓãÐ�ß�å£Ûaß¦ÔNæ�Ð�Ö�ÔNæÃÛ+Ù)ÝÃßNß�Û3ÖQÔ�Ö�Ûaî Ù3Ð�Ö�á#Ò�áÃÐDÔNÛé·Ð£Ó ÝÃÛ£ê�ë�æ�ÝÃÞ�Ð!Ñ=Õ£ß�ÛYÛ)ì-Ù3Ò ÛaÖ�Ôî�Ð·è=ÔNÕ=Ò Ñ=â�Ó�Û3Ñ=ÛaÖ�Ô1ÔNæ�Û9Ð£Ú�ÕDé�Û�Ð£Ó å�Õ£ß�Ò�Ô�æ�Ñ Ò�Það

bQÔNÛaâ ò ê0l+Õ£Ñ=â�Ý�ÔNÛ
φv = minj φ(P j

1 ) + R(O)
w(θ1+π) |OP

j
1 |
ê

bQÔNÛaâ ô êÑiÂÖ�Ó�è Ù)Õ�ÖÃÞNÒ�á#ÛaßBÔNæÃÛ�Þ�Ò�Ñ=â�Ó�Û�P
j
ÞNÝÃÙvæ ÔNæÃÐ�Ô}Û3Ò ÔNæ�Ûaß

φ(P j
1 )

Õ£ß
φ(P j

2 )
Ò�Þå£ß�ÛaÐ�ÔNÛaß1Ô�æÃÐ�Ö

φv
êcS Ò Ö�á

θ
Ú�è�Þ�Õ�Ó é�Ò�Ö�å ñ�òIWQó àÁÕ£ß>Ð}å�Û3Ö�Ûaß�Ð£Ó�Ï1Ð�Ñ=Ò�Ó�Ô�Õ£Ö�ÒãÐ�Ö Õ£ß ñ�ò [ ó àÁÕ£ßÐ}ÜQÝÃÐ�á#ßvÐDÔNÒãÙ9ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�Ö<êÄl+æ�Õ�Õ�ÞNÛ

θ
î!æÃÒ�Ùvæ�Þ�ÐDÔ�Ò�Þ-ªÃÛlÞ

θ1 < θ − π < θ2
êÄl+Õ�Ñ=â�Ý#ÔNÛ

φe = φ(O)
Ò�Ö ñ�VQó êbQÔNÛaâ W ê ¬«âqá�Ð�ÔNÛ

φ(O) = min(φ(O), φv , φe)
ê

Ò ÈÓ����Ê>É Î8ÈfÔ����Õ�9Ç:Ë Î7�×Öm���H���!Ç�Èf��È�Î)Ê�Ç
«�ÛHÖÃÕDî á#ÛaÞ�Ù)ß�Ò ÚVÛ�ÔNæ�ÛBÙ)Õ�Ñ=â�Ó Û3ÔNÛ=Ð�Ó�å£Õ�ßNÒ ÔNæ�Ñ6Ù3Õ£Ñ�ÚÃÒ Ö�Ò�Ö�å:ÔNæ�Û=Ó�Õ#Ù3Ð�Ó�ÞNÕ£Ó�é£Ûaß1Û�P#â�ÓãÐ�Ò�Ö�ÛláÒ�Ö:Ô�æ�Û>â�ß�Û3é�Ò�Õ£ÝÃÞ�ÞNÛaÙ8Ô�Ò Õ�ÖÃÞ�î!Ò ÔNækÔNæ�Û�à¯Ð�Þ�Ô«ÞNî+ÛaÛ3â�Ò�Ö�åBÞ�ÔNßvÐDÔNÛaå£è-á#Ûaé£ÛaÓ Õ�â�Ûlá}Ò�Ö�T ò�]$_ ê

•
b�ÔNÛ3â ò ä�Þ�Õ�ß�Ô�Ò ÖÃåÃê b�Õ£ßNÔ«Ð�Ó�Ó¦ÔNæÃÛ>Ö�Õ#á#ÛaÞ ñ é£Û3ßNÔNÛ7P#ÛaÞ ó Ð�Ù3Ù3Õ£ßvá#Ò ÖÃå�Ô�Õ=ÔNæ�Û lp

á#Ò�Þ�Ô�Ð£ÖÃÙ)ÛÔ�Õ-Ð�àÁÛ3îeßNÛ3àÁÛ3ß�Û3ÖÃÙ3ÛÂâVÕ£Ò�ÖQÔ�Þaê�í�Ö.Ð£Ó Ó¦Õ�Ý�ß�ÔNÛlÞ�ÔvÞ!î�Û�Ý�Þ�Û�ÔNæÃÛ
l1
á#ÒãÞ�ÔvÐ�ÖÃÙ3Û£ê

•
b�ÔNÛ3â ô ä<Ò�Ö�Ò�Ô�Ò�Ð£Ó Ò�õaÐ�ÔNÒ�Õ£Ö<ê k Þ�Þ�Ò�å£Ö�Ó�Ð£ßNå�Û=â�ÕQÞ�Ò ÔNÒ�é£Û=éDÐ�Ó�Ý�ÛaÞ�Ô�Õ�Ð�Ó�ÓYé£Ûaß�Ô�Û�P#ÛaÞ�Û7P#Ù3Û3â#ÔÔ�æ�Õ�ÞNÛ�Ô�æÃÐDÔ Ú�ÛaÓ Õ�Ö�å!ÔNÕ1Õ£ß<Ö�ÛlÐ�ß�ÔNæ�Û+Ú�Õ�Ý�ÖÃá�Ð£ßNè ñ ÔNæÃÛÒ�Ö�Ò�Ô�Ò�Ð£Ó£àÁß�Õ£ÖQÔ ó ê�ë�æ�ÕQÞ�ÛÚ�Õ�Ý�ÖÃá�×Ð£ßNè=Ö�Õ#á#ÛlÞ+Ð£ßNÛ�Ð£Þ�Þ�Ò�å£ÖÃÛaá=Û�P�Ð�Ù8Ô+éDÐ£Ó Ý�ÛlÞÕ�ß�Ð£â�â�ß�Õ$P#Ò ÑBÐDÔ�Ûaá=éDÐ�Ó�Ý�ÛlÞÚ�è-Ð�ÞNæ�Õ�Õ�Ô�Ò ÖÃåÑ=Û3ÔNæ�Õ#á¦äÃÐ£ÖÃá:ÔNæ�ÛlÞ�Û�éDÐ�Ó�Ý�ÛlÞ«Ð�ß�Ûsª2P�ÛlákÒ Ö.ÓãÐDÔNÛaß�Ò�Ô�Û3ßvÐDÔNÒ�Õ£Ö�Þ3ê

•
b�ÔNÛ3â W ä�ÞNî+ÛaÛ3â�Ò�Ö�åÃê(bQÔ�Ð£ß�Ô o Ð�ÝÃÞ�Þ�×�b�ÛaÒ�á#ÛaÓÒ ÔNÛaß�Ð�ÔNÒ�Õ£ÖÃÞ�î!Ò�Ô�æ Ð�Ó ÔNÛaßNÖÃÐ�ÔNÒ�Ö�å�ÞNî+ÛaÛ3â#×Ò�Ö�å:Õ£ßvá#Û3ß�Ò ÖÃå�Þ«Ð�Ù3Ù)Õ�ß�á�Ò Ö�å=Ô�ÕBÔNæÃÛHá#ÒãÞ�Ô�Ð�Ö�Ù)ÛaÞ1Õ�àYÖ�Õ#á#ÛlÞ!Ô�Õ-ÔNæÃÛ�Ùvæ�ÕQÞ�ÛaÖ
ßNÛ3àÁÛ3ß�Û3ÖÃÙ3ÛâVÕ£Ò�ÖQÔ�Þaê

òlô



®«Õ£ÔNÒãÙ)ÛBÔ�æÃÐDÔ�ÔNæ�Û:Ó Õ#Ù3Ð£ÓÞNÕ£Ó�é£Û3ß�Ò�Þ�Ù3Ð�ß�ß�Ò Ûlá Õ�Ý#Ô�Ð�Ô�ÛaÐ�Ùvæ�ÖÃÕ�á�Û}Ú�è�Ô�æ�Û-Ô�æ�Û3Õ�ßNÛ3ÔNÒãÙ3Ð�ÓàÁÕ£ß�Ñ�ÝÃÓ�Ð9àÁÕ£ß�Ð�ÜQÝÃÐ�á#ß�Ð�ÔNÒãÙ1ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö�ÒãÐ�Ö}Ñ=ÛaÖ�Ô�Ò Õ�Ö�Ûaá}Ò Ömb�ÛaÙ)ÔNÒ�Õ£Ö W Õ�ß+Ö�Ý�Ñ=Û3ß�ÒãÙ3Ð�ÓVÑ=Ò ÖÃÒ�×Ñ=Ò õlÐDÔ�Ò Õ�Ö<ê�Ï�Ð�Þ�ÒãÙ3Ð£Ó Ó�è>Õ£Ö�Û3×Kß�Ò�Ö�åÂÖÃÛ3Ò�å£æ�Ú�Õ�ßNÒ�Ö�å�é£Ûaß�Ô�Û�P#ÛaÞ�ÐDÔYÛlÐ£Ùvæ�Ö�Õ#á#Û«Ð�ß�Û!Þ�Ô�Õ£ß�Ûaá�Ð�Ô�ÔNæ�ÛÚVÛ3å£Ò�Ö�Ö�Ò�Ö�å:Õ�à�ÔNæÃÛ�Ð�Ó�å£Õ�ßNÒ ÔNæÃÑkê�ë�Ð<Q�Ò Ö�å-ÔNæ�Û�ÔNæ�ß�Û3ÛHá#Ò Ñ=ÛaÖÃÞ�Ò�Õ£Ö�Ð�Ó�Ù3Ð£ÞNÛ�Ð�ÞÂÐ£Ö�Û�P�Ð�Ñ=â�Ó�Û£äÐ�ÔNÛ)Ô�ß�Ð£æ�Ûaá�ß�Ð£Ó�Ñ=ÛaÞNækÒ�Þ�Ù)Õ�ÖÃÞ�ÔNß�ÝÃÙ8Ô�Ûaá-Ú�è-ÞNÝ�Úqá#Ò é�Òãá#Ò�Ö�å=ÛaÐ£Ùvæ:Ù)Ý�ÚVÛ�î!Ò�Ô�æ:ÛaÒ å�æ�Ô�é£Ûaß�Ô�Û�P#ÛaÞÒ�Ö:Ð9ß�ÛaÙ)Ô�Ð£Ö�å£Ý�ÓãÐ�ß+Ñ=ÛaÞNæ}Ò�Ö�Ô�ÕHÞNÒRPHÔ�Û)Ô�ß�Ð£æ�Ûaá#ß�Õ£Ö�ÞÐ£Þ�ÞNæ�ÕDî!Ö-Ò�ÖUS Ò�å£Ý�ß�Û ô ê&{ÂÛ3ÖÃÕ�ÔNÒ�Ö�å�ÔNæ�ÛÖ�ÛaÒ å�æQÚVÕ£ß�Ò�Ö�å=å£ß�Ò�á�Þ
(i − 1 : i + 1, j − 1 : j + 1, k − 1 : k + 1)

Õ£àYÐ=Ö�Õ#á#Û
(i, j, k)

Ð�Þ
v1
ÔNÕ

v27
ä�Ô�æ�Û�Õ£Ö�Û3×Kß�Ò ÖÃå9Ö�Û3Ò�å£æ�ÚVÕ£ßvÞÐ£ßNÛ

v2
ä
v4
ä
v5
ä
v6
ä
v8
ä
v9
ä
v10

ä
v11

ä
v13

ä
v15

ä
v17

ä
v18

ä
v19

ä
v20

ä
v22

ä
v23

ä
v24

ä�Ð�Ö�á
v26

ê=ë�Õ£Ô�Ð£Ó Ó�è.ÔNæ�ÛaßNÛBÐ£ßNÛ òI] Ö�Û3Ò�å£æ�ÚVÕ£ß�Ò ÖÃå}é£Ûaß�Ô�Û�P#ÛaÞî!æ�ÒãÙvækàÁÕ£ß�Ñ j�] á#ÒRgVÛaßNÛaÖQÔ!ÔNß�Ò�Ð£Ö�å£Ý�ÓãÐ�ß�à¯Ð�Ù)ÛaÞ1Ð�ÖÃá ô:j Ô�Û)ÔNßvÐ�æÃÛaá#ßvÐ�ÓqÛ3Ó�Û3Ñ=ÛaÖ�ÔvÞ3êí�Ö.Ð=å�Û3Ö#×Û3ßvÐ�Ó�Ò�ß�ßNÛaå£Ý�ÓãÐ�ß�Ñ=ÛaÞNæ<ä<Ô�æ�ÛBÖ�Ý�Ñ�ÚVÛ3ß9Õ£àÔ�æ�ÛBÖ�Û3Ò�å£æ�ÚVÕ£ß�Ò ÖÃåké�Û3ßNÔNÛ7P�ÛlÞ�Ñ=Ð·è�Ú�Û-á#ÒRgqÛ3ß�Û3ÖQÔaê
S�Õ�Ó Ó�ÕDî!Ò�Ö�å�ÐHÞ�Ò�Ñ=Ò ÓãÐ�ß�Ý�âqá�ÐDÔ�Ò ÖÃåHâÃßNÕ#Ù)ÛlÞNÞ+Ñ=Û3ÖQÔNÒ�Õ£ÖÃÛaá-Ò�Öhb�ÛaÙ)ÔNÒ�Õ£Ö W ê ò ä�î+ÛvªÃßvÞ�Ô#ªÃÖÃá}ÔNæ�ÛÑ=Ò ÖÃÒ Ñ�Ý�Ñ

φv Õ�à ÔNæÃÛ�Ù3Ð£ÖÃá#Òãá�ÐDÔ�Û9éDÐ�Ó�Ý�ÛaÞ!Ú�è:ÝÃÞ�Ò�Ö�åBÕ�Ö�Û9Ö�ÛaÒ å�æQÚVÕ£ß�Ò�Ö�å=â�Õ�Ò ÖQÔ ñ ÔNßvÐ·é£Û3Ó�Ò�Ö�åÐ�Ó�Õ£ÖÃå9Ð9Ó�Ò Ö�Û ó ê b�ÛlÙ)Õ£Ö�á¦ä�î+Û�ª�ÖÃáBÔ�æ�Û1Ñ=Ò�Ö�Ò Ñ�Ý�Ñ
φe

Õ�à¦Ô�æ�ÛÂÙaÐ�ÖÃá�Ò�á�Ð�ÔNÛ«éDÐ£Ó Ý�ÛlÞÚ�èHÝÃÞNÒ Ö�åÔ�î�Õ1Ö�ÛaÒ å�æQÚVÕ£ß�Ò�Ö�å1âVÕ£Ò�ÖQÔ�Þ ñ Ô�ß�Ð·é�Û3Ó�Ò Ö�åÂÕ£ÖHÐ«à¯Ð�Ù)Û ó î!æ�ÛaÖHÐ�Ô Ó�ÛaÐ�Þ�Ô�Õ£Ö�Û�Õ�àÃÔNæ�Û�Ö�ÛaÒ å�æQÚVÕ£ß�Ò�Ö�åâVÕ£Ò�Ö�ÔvÞ�Ò�Þ!ÞNÑBÐ�Ó�Ó Ûaß+Ô�æÃÐ�Ö
φv
êYë�æ�Ò ßvá¦ä#î�Ûsª�ÖÃá-Ô�æ�Û�Ñ=Ò Ö�Ò�Ñ�ÝÃÑ

φt
Õ�à�ÔNæ�Û>Ù3Ð£ÖÃá#Òãá�ÐDÔ�Û�é·Ð£Ó�×Ý�ÛlÞ�ÚQè�ÝÃÞ�Ò�Ö�åÂÔNæ�ß�Û3Û�Ö�ÛaÒ å�æ�Ú�Õ�ßNÒ�Ö�å�â�Õ�Ò ÖQÔ�Þ ñ ÔNßvÐ·é£ÛaÓ Ò�Ö�åÂÔNæ�ß�Õ£Ý�å�æ�ÐÂÔNÛ3ÔNßvÐ�æ�Ûlá#ß�Õ£Ö ó î!æ�Û3Ö=ÐDÔÓ�ÛaÐ£Þ�Ô�Õ£Ö�Û�Õ�à�ÔNæ�Û�Ö�Û3Ò�å£æ�ÚVÕ£ß�Ò ÖÃå�âVÕ£Ò�ÖQÔ�Þ�Ò�Þ!ÞNÑBÐ�Ó�Ó ÛaßÔ�æÃÐ�Ö

φe
ê�í�Ö}Ô�æ�ÒãÞ�î�Ð·è�äQÝÃÖ�Ö�ÛaÙ3ÛaÞ�ÞNÐ£ßNèÙ)Õ�Ñ=â�Ý#Ô�Ð�ÔNÒ�Õ£Ö.Ù3Ð£Ö:ÚVÛ9Ð·é£Õ�Ò�á#Ûlá}Ð�Ô«ÛaÐ£Ùvæ:Ö�Õ#á#Û£ê

S Ò å�Ý�ß�Û ô ð k ÔNÛ3ÔNßvÐ�æ�Ûlá#ßNÕ�Ö�Ñ=ÛaÞNæ ÒãÞ=Ù)Õ�ÖÃÞ�Ô�ßNÝ�Ù8ÔNÛlá�Ú�è�ÞNÝ�ÚVá�Ò é�Òãá#Ò ÖÃå�ÛlÐ£Ùvæ Ù)Ý�ÚVÛ.î!Ò�Ô�æÛ3Ò�å£æQÔ!é£Ûaß�Ô�Û�P#ÛaÞ�Ò�Ö
Ð�ß�ÛaÙ)Ô�Ð£Ö�å£Ý�ÓãÐ�ß�Ñ=ÛaÞNækÒ ÖQÔNÕ-ÞNÒRP-ÔNÛ3ÔNßvÐ�æ�Ûlá#ßNÕ�ÖÃÞaê

Ø Ù Ìm����É Î)Í#�w�`ÚÛ����Ì��vÈf�
Ü��-� �f¯:°ÌÝ�Þ��Y¨©�v���f¥
ßvà ½�áqâ&ã�¿uäMÃ «�Û>Þ�ÔvÐ�ßNÔ+î!Ò ÔNæ}ÔNæ�Û�Þ�Ò�Ñ=â�Ó�ÛaÞ�Ô�Û7P#Ð£Ñ=â�Ó Û�î!æ�ÒãÙvæ-ÒãÞÔ�æ�Û�Û3ÒEQ£Õ£Ö�Ð�ÓVÛaÜQÝÃÐDÔ�Ò Õ�Öî!Ò ÔNækÔNæ�Û�Ý�Ö�Ò ÔÂÞ�âVÛ3Ûlá:àÁÝ�ÖÃÙ8Ô�Ò Õ�Ö<ê�ë�æ�Û>éDÐ�Ó�Ý�Û>Õ�à

φ
ÒãÞ«ÞNâ�ÛlÙ)ÒRªÃÛaá.Ð�Þ

0
ÐDÔ

(x, y) = (0, 0)
ê

òIW



ë�æ�Û�Û�P�Ð�Ù8Ô«Þ�Õ�Ó Ý�ÔNÒ�Õ£ÖkÒ�Þ�Ô�æ�Û9á#ÒãÞ�ÔvÐ�ÖÃÙ3Û�àÁÝ�ÖÃÙ8Ô�Ò Õ�ÖkÔNÕ=ÔNæÃÛ>Õ£ß�Ò å�Ò Ö<ä�ÒKê Û�ê ä
φ(x, y) =

√
x2 + y2.

« Û ªÃß�Þ�Ô<Õ£Ú�Ô�Ð�Ò�Ö9Ð�ÔNß�ÒãÐ�Ö�å�Ý�Ó�Ð£ßNÒ�õaÐ�ÔNÒ�Õ£ÖÂÕ�àQÔNæ�ÛÙ3Õ£Ñ=â�Ý#ÔvÐDÔ�Ò Õ�ÖÃÐ�Ó£á�Õ£ÑBÐ�Ò�Ö
Ω = [−1, 1]×

[−1, 1]
ê ë�æ�ÒãÞ�ÙaÐ�Ö ÚVÛ.á#Õ£Ö�Û:Ú�è ÝÃÞ�Ò�Ö�å(å�ÐDÔ�Ó�Ð£Ú ë�Õ�Õ�Ó ÚVÕ$Pxæ�âqá#Û)Ô�Õ�Õ£ÓÆç}Õ£ßHÕ�ÔNæÃÛ3ßHÑHÛlÞ�æå£ÛaÖ�Û3ßvÐDÔ�Ò Õ�Ö ÞNÕ�à¬Ô�î�Ð�ß�Û£ê�Ï«ÛaßNÛ�î+Û�ÞNÒ�ÑHâÃÓ è ÝÃÞNÛ
ÔNæ�Û�æ�âqá#Û)Ô�Õ�Õ£ÓÆç.Ô�Õ�Õ£Ó�Ú�Õ$P ÔNÕ ÞNâ�ÛlÙ)Ò àÁè ÐÞ�Ü�Ý�Ð�ß�ÛkÙ3Õ£Ñ=â�Ý#ÔvÐDÔNÒ�Õ£Ö�Ð�Ó«á#Õ�Ñ=Ð£Ò Ö?Ð�Ö�á Ô�æ�Û3Ö?å�Û3Ö�Ûaß�Ð�ÔNÛ.Ð�Ö Ò Ö�Ò ÔNÒãÐ�Ó1ÑHÛlÞ�æ�ê_ë�æ�Û
Ñ=ÛaÞNæÙ3Ð£Ö ÚVÛ.àÁÝ�ßNÔNæ�ÛaßBßNÛ7ªÃÖ�Ûaá Ú�è á#Ò�éQÒãá#Ò�Ö�å ÛaÐ�Ùvæ�ÔNß�ÒãÐ�Ö�å�Ó ÛkÒ ÖQÔ�Õ àÁÕ�Ý�ß-ÞNÑ=Ð£Ó Ó�Û3ß=Õ�Ö�ÛaÞaê ë�æ�Ûá�Ð�Ô�Ð î!æ�ÒãÙvæ_Ò�ÖÃÙ)Ó�ÝÃá#ÛlÞ}âVÕ£Ò�ÖQÔ�Þaä!Ûaá#å�ÛaÞaä«Ð�ÖÃá¨ÔNß�Ò�Ð£Ö�å£Ó�ÛaÞ}Õ�à>ßNÛ7ªÃÖ�Ûlá¨Ñ=ÛaÞNæ�ÛaÞ:Ù3Ð�Ö_ÔNæ�ÛaÖÚVÛHÛ7P#â�Õ�ß�Ô�Ûaá
àÁÕ�ß�ÝÃÞNÐ£å£Û�ê9í�Ö(S Ò�å£Ý�ß�Û WÃñ Ð ó ä¦î�ÛHÞNæ�ÕDî Ð}ÔNß�ÒãÐ�Ö�å�Ý�Ó�Ð�ÔNÛlá�Ñ=ÛaÞNæ�î!Ò ÔNæ

448ÔNß�ÒãÐ�Ö�å�Ó ÛlÞ�Ð�Ö�á
249

é£Ûaß�Ô�Û�P#ÛaÞ<àÁÕ£ß�ÔNæ�Û�ÞNÜQÝÃÐ£ßNÛ+á#Õ£ÑBÐ�Ò�Ö<ê�S�Ý�ßNÔNæ�ÛaßNÑ=Õ�ßNÛ�äaÔ�æ�Û�ßNÛ7ªÃÖ�Ûaá9ÑHÛlÞ�æî!Ò ÔNæ ò:^ X ô ÔNß�Ò�Ð£Ö�å£Ó�ÛaÞÂÐ�ÖÃáèX j [=é£Ûaß�Ô�Û�P#ÛaÞ1Ò�Þ�ÞNæ�ÕDî!Ö�Ò�ÖèS Ò å�Ý�ß�Û WÃñ Ú ó ê�í�Ö(S�Ò�å£ÝÃßNÛ j äqî+ÛÞNæ�ÕDî Ô�æ�Û9Ö�Ý�Ñ=Û3ß�ÒãÙ3Ð�Ó�ßNÛlÞ�ÝÃÓ�Ô«Õ�Ö�Ð=àÁÝ�ßNÔNæ�Ûaß1ß�Û�ªÃÖ�Ûlá.Ñ=ÛaÞNæ
î!Ò�Ô�æ ò£ò7j8V<]�] Ô�ßNÒãÐ�Ö�å�Ó ÛlÞ«Ð�Ö�á[ ^�^�ô X1é�Û3ßNÔNÛ�P#ÛlÞ3ê�í�Ö}ë�Ð£Ú�Ó�Û ò ä�Ô�æ�Û l1
Û3ß�ßNÕ�ß�Ò�Þ+Ù)Õ�ÑHâÃÝ#ÔNÛláHàÁÕ£ßYéDÐ�ß�Ò�Õ£ÝÃÞ�Ñ=ÛlÞ�æ�ÛlÞ3ê�«�Û1Ù3Ð£ÖÙ)Ó�ÛaÐ£ßNÓ�è-ÞNÛ3Û�ÔNæ�ÛFª�ß�Þ�Ô�×fÕ£ßvá#Û3ß!Ù3Õ£Ö�é£ÛaßNå�Û3ÖÃÙ3ÛÂÐDà¬Ô�Û3ß�Ô�æ�Û>Ñ=ÛaÞNækÒãÞ#ªÃÖ�Û>ÛaÖ�Õ£ÝÃå£æ<ê
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S Ò å�Ý�ß�Û W ð ñ Ð ó k Ô�ßNÒãÐ�ÖÃå£Ý�ÓãÐDÔ�Ûaá=Ñ=ÛaÞNæ-î!Ò ÔNæ j�j�] ÔNß�ÒãÐ�Ö�å�Ó ÛlÞÐ�Ö�á ô:j X�é£Û3ßNÔNÛ7P#ÛaÞaê ñ Ú ó ë�æ�Ûß�Û�ªÃÖ�Ûlá}Ñ=ÛlÞ�æ.î!Ò ÔNæ ò$^ X ô Ô�ßNÒãÐ�ÖÃå£Ó�ÛaÞ!Ð�Ö�áUX j [�é£Û3ßNÔNÛ7P#ÛaÞaê

ò7j



®1Õ#á#ÛaÞ éYÓ ÛaÑ=Û3ÖQÔ�Þ
L1 ÛaßNß�Õ£ß Õ�ß�á�Û3ß

ôOj X j�j�] Z ê Z<V<Z�ZX j [ ò:^ X ô Z ê Z<W<VQô Z ê ^£ôOVOj
W<V�]�ò ^#òIV<] Z ê Z�ô#ò X Z ê ^OW<Z<Wò7j [ ô X ôO]�V8^£ô Z ê Z�ò£ò�W Z ê X8[ òIW[ ^�^�ô X ò£òIj�V�]<] Z ê Z<Z [�[ ò ê Z<j�W X

ë Ð�Ú�Ó�Û ò ð k Ù3Ù3Ý�ß�Ð�Ù)è Ô�ÛaÞ�Ô�Þ=àÁÕ�ß
|∇φ| = 1

î!Ò ÔNæ
φ(0, 0) = 0

Õ£Ö ÔNæ�Û�á�Õ£ÑBÐ�Ò�Ö
Ω =

[−1, 1]× [−1, 1]
ê

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

S Ò å�Ý�ß�Û j ð |∇φ| = 1
î!Ò�Ô�æ

φ(0, 0) = 0
Õ�Ö�Ô�æ�ÛBá#Õ£ÑBÐ£Ò Ö

Ω = [−1, 1] × [−1, 1]
ê ñ Ð óï<Û3à¬Ôað

φ(x, y)
ê ñ Ú ó y!Ò�å£æQÔaðYë�æÃÛ9Ù)Õ£ÖQÔ�Õ£Ý�ß�Ó�Ò Ö�ÛlÞ!Õ�à

φ
àÁß�Õ£Ñ

φ = 0.1
ÔNÕ

φ = 1.4.

ßsà ½2áqâ�ã�¿ëê�Ã ë�æ�Û1ÞNÛaÙ3Õ£ÖÃáHÛ�P�Ð£ÑHâÃÓ Û!ÒãÞÐ£ÖHÛaÒRQ�Õ£ÖÃÐ£Ó�ÛaÜQÝÃÐ�ÔNÒ�Õ£Ö=î!Ò ÔNæ=Ô�î�Õ>Ú�Õ�Ý�ÖÃá�Ð£ßNèâVÕ£Ò�Ö�ÔvÞ1Ð�Ô
(0.5, 0.5)

Ð£ÖÃá
(−0.5,−0.5)

ê«ë�æÃÛ�Þ�Õ�Ó Ý�ÔNÒ�Õ£Ö�ÒãÞ!Ô�æ�Û�Ñ=Ò�Ö�Ò Ñ�Ý�Ñçá#ÒãÞ�ÔvÐ�ÖÃÙ3Û>ÔNÕÔNæÃÛaÞNÛÂÔ�î�Õ=Þ�ÛaÛaá:â�Õ�Ò ÖQÔ�Þaä�Ð�Ö�á}Ò Ô!Ò�Þ�Ö�Õ£Ô«Þ�Ñ=Õ�Õ�Ô�æ ñ Ö�Õ£Ö#×�á#ÒRgVÛaßNÛaÖQÔNÒãÐ�Ú�Ó�Û ó Ð�Ó�Õ£Ö�å�ÔNæÃÛ>ÛaÜQÝÃÐ�Óá#ÒãÞ�ÔvÐ�ÖÃÙ3Û�Ó Ò�Ö�Û
x+y = 0

ÞNæ�ÕDî!ÖHÒ Ö|S Ò å�Ý�ß�Û�[�ê�í�ÖBë Ð�Ú�Ó�Û ô ä·ÔNæÃÛ�ªÃß�Þ�Ô�Õ£ßvá#Û3ß�Ù3Õ£Ö�é£ÛaßNå�Û3ÖÃÙ3ÛÒãÞ�Õ£ÚÃÞNÛ3ß�é£Ûlá¦ê

ò [



−1 −0.5 0 0.5 1
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−0.5

0

0.5

1

S Ò å�Ý�ß�Û¸[�ð
|∇φ| = 1

î!Ò�Ô�æ
φ(0.5, 0.5) = φ(−0.5,−0.5) = 0

Õ£Ö�ÔNæ�Û:á#Õ£ÑBÐ�Ò�Ö
Ω =

[−1, 1]×[−1, 1]
ê ñ Ð ó ï<Û3à¬Ôað φ(x, y)

ê ñ Ú ó y!Ò å�æQÔað�ë�æ�Û�Ù)Õ�ÖQÔNÕ£ÝÃß�Ó�Ò Ö�ÛlÞ�Õ£à φ àÁß�Õ£Ñ φ = 0.1ÔNÕ
φ = 1.5.

®1Õ#á#ÛaÞ éYÓ ÛaÑ=Û3ÖQÔ�Þ
L1 ÛaßNß�Õ£ß Õ�ß�á�Û3ß

ôOj X j�j�] Z ê Z<] [ ZX j [ ò:^ X ô Z ê Z [ ò�V Z ê ^#ò X ]
W<V�]�ò ^#òIV<] Z ê Z�ôO] [ Z ê ] [ j�Wò7j [ ô X ôO]�V8^£ô Z ê Z�ò7j8W Z ê X�X W [[ ^�^�ô X ò£òIj�V�]<] Z ê Z<Z8^OZ ò ê ZQôOV�ò

ë Ð�Ú�Ó�Û ô ð k Ù3Ù)ÝÃß�Ð�Ù)èkÔNÛlÞ�ÔvÞ�àÁÕ£ß
|∇φ| = 1

î!Ò ÔNæ
φ(0.5, 0.5) = φ(−0.5,−0.5) = 0

Õ£ÖÔNæÃÛ9á#Õ£ÑBÐ�Ò�Ö
Ω = [−1, 1] × [−1, 1]

ê

òIV



ßsà ½2áqâ�ã�¿íì�Ã í�ÖdS Ò å�Ý�ßNÛ V ä+î+Û.Ù)Õ�ÖÃÞ�Òãá#Ûaß�Ô�æ�Û
Þ�æÃÐ£â�Û3×\àÁß�Õ£ÑH×�Þ�æ�Ð£á#Ò�Ö�å�Û7P#Ð£Ñ=â�Ó ÛlÞ3êë�æ�Û9Ù3Õ£Ñ=â�Ý#ÔvÐDÔNÒ�Õ£Ö�Ð�Ó<á#Õ�Ñ=Ð£Ò ÖkÒãÞ�ÔNæ�Û>ÝÃÖ�Ò�Ô1Þ�ÜQÝÃÐ�ß�Û
Ω = [0, 1] × [0, 1]

êYë�æÃÛ>å£ÕDé£ÛaßNÖÃÒ Ö�åÛaÜQÝÃÐ�ÔNÒ�Õ£ÖkÒ�Þ
|∇φ| = f(x, y)î!æ�ÛaßNÛ

f(x, y) = 2π

√
(cos(2πx) sin(2πy))

2
+ (sin(2πx) cos(2πy))

2
.

ë�æ�Û�Ú�Õ�Ý�ÖÃá�Ð£ßNè>Ù3Õ£ÖÃá#Ò ÔNÒ�Õ£Ö�Ò�Þ å�Ò é�Û3Ö�Ð�Ô
Γ =

{
( 1
4 , 1

4 ), ( 3
4 , 3

4 ), ( 1
4 , 3

4 ), ( 3
4 , 1

4 ), ( 1
2 , 1

2 )
} äÙ)Õ�ÖÃÞNÒ�Þ�ÔNÒ�Ö�å}Õ£à\ªÃé�Û�ÒãÞNÕ£ÓãÐDÔNÛlá�âVÕ£Ò�ÖQÔ�Þ�Ð�ÖÃá�ÔNæ�Û=ÚVÕ£Ý�Ö�á�Ð�ß�è
Õ�à

Ω.
«�ÛBÙ)Õ�ÖÃÞ�Òãá#Ûaß1Ô�î�Õká�Ò�à¬×àÁÛ3ß�Û3ÖQÔ«Ù3Ð�Þ�ÛlÞ3ê

l�Ð£ÞNÛ�í8ð
φ(

1

4
,
1

4
) = φ(

3

4
,
3

4
) = 1, φ(

1

4
,
3

4
) = φ(

3

4
,
1

4
) = −1, φ(

1

2
,
1

2
) = 0

Ð�Ö�á
φ(x, y) = 0

àÁÕ£ß
(x, y) ∈ ∂Ω.ë�æ�Û�Û�P�Ð�Ù8Ô«Þ�Õ�Ó Ý�ÔNÒ�Õ£ÖkÒ�Þ

φ(x, y) = sin(2πx) sin(2πy).l�Ð£ÞNÛ�í�í8ð
φ(

1

4
,
1

4
) = φ(

3

4
,
3

4
) = φ(

1

4
,
3

4
) = φ(

3

4
,
1

4
) = 1, φ(

1

2
,
1

2
) = 2

Ð�Ö�á
φ(x, y) = 0

àÁÕ£ß
(x, y) ∈ ∂Ω.ë�æ�Û�Û�P�Ð�Ù8Ô«Þ�Õ�Ó Ý�ÔNÒ�Õ£ÖkÒ�Þ

φ(x, y) =





max(| sin(2πx) sin(2πy)|, 1 + cos(2πx) cos(2πy)),Ò à
|x + y − 1| < 1

2

Ð£ÖÃá
|x − y| < 1

2
| sin(2πx) sin(2πy)|,

Õ�ÔNæÃÛ3ß�î!Ò�ÞNÛ
í�ÖzS Ò�å£Ý�ß�Û V äî�Û.Þ�æ�ÕDî�Ô�æ�Û.Ö�Ý�Ñ=Û3ß�Ò�ÙaÐ�Ó�ßNÛlÞ�ÝÃÓ�ÔvÞ�àÁÕ�ß=Ú�Õ£ÔNæ?Ù3Ð£ÞNÛaÞ�Õ£Ö ÔNæ�Û.Ñ=ÛaÞNæ î!Ò�Ô�æ
458752

Ô�ßNÒãÐ�ÖÃå£Ó�ÛaÞaê ë�æ�Û
Ð£ÙaÙ)Ý�ßvÐ£Ù3è ß�ÛaÞNÝ�Ó Ô�ÞHÒ Ö?ë Ð�Ú�Ó�Û W Ð�ÓãÞNÕ�á#ÛaÑ=Õ£ÖÃÞ�ÔNßvÐDÔ�Û-ÔNæÃÛUª�ß�Þ�ÔÕ£ßvá#Ûaß�Ù3Õ£Ö�é£ÛaßNå�Û3ÖÃÙ3Û£ê

ò$^
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S Ò å�Ý�ß�Û V ð b�æ�Ð�âVÛ)×KàÁßNÕ�Ñ�×�ÞNæÃÐ£á#Ò�Ö�å9Û7P�Ð�Ñ=â�Ó�ÛaÞaê ï�Û)à¬ÔaðYÙaÐ£ÞNÛ1í ö ß�Ò å�æ�Ôlð ÙaÐ£ÞNÛ1íNí ö ÔNÕ£â�ð�Ô�æ�ß�Û3Û)×á#Ò�Ñ=Û3ÖÃÞNÒ Õ�ÖÃÐ�Ó�é�Ò Ûaî ö ÚVÕ�ÔNÔNÕ£Ñ.ðkÙ)Õ£ÖQÔ�Õ£Ý�ß�Ó Ò�Ö�ÛaÞaä ô<Z ÛaÜQÝÃÐ£Ó�ÞNâÃÐ�Ù)Ûaá Ù)Õ£ÖQÔ�Õ£Ý�ß�Ó Ò�Ö�ÛaÞ�àÁß�Õ£Ñ
φ = −0.95

ÔNÕ
φ = 0.95

àÁÕ£ß«Ù3Ð�Þ�Û�í8äÃÐ£ÖÃá-àÁß�Õ£Ñ
φ = 0.05

Ô�Õ
φ = 1.95

àÁÕ�ß«Ù3Ð�Þ�Û�í�í8ê

®«Õ#á#ÛaÞ éYÓ ÛaÑ=Û3ÖQÔ�Þ
L1 ÛaßNß�Õ£ß Õ�ß�á�Û3ß

X j [ ò:^ X ô Z ê Z<V<V<j
W�V<]�ò ^#òIV<] Z ê Z<WOj X Z ê X ô�^:Vò7j [ ô X ôO]�V8^£ô Z ê Z�ò$^ X Z ê X VOj [[ ^�^�ô X ò£òIj�V<]�] Z ê Z<Z X ò Z ê X ]�ò$^ôOW�Z�òIj [ j [ ]8^ [ ô Z ê Z<ZOj8V Z ê X�X Z�ò

®1Õ#á#ÛaÞ éÓ ÛaÑHÛaÖQÔ�Þ
L1 Û3ß�ßNÕ�ß Õ£ßvá#Ûaß

X j [ ò$^ X ô Z ê Z�W8^$j
W<V�]�ò ^�ò�V<] Z ê ZQô#ò£ò Z ê ]�ô<V<Vò7j [ ô X ôO]�V8^�ô Z ê ZÃò£ò7j Z ê ]<]�]<V[ ^�^�ô X ò£ò7j8V<]�] Z ê Z�Z<V<Z Z ê X ô [ WôOW<ZÃò7j [ j [ ]�^ [ ô Z ê Z�Z<W�ò Z ê X�[ ôO]

ë Ð�Ú�Ó�Û W ð k Ù3Ù)ÝÃß�Ð�Ù)èBÔ�ÛaÞ�Ô�Þ!àÁÕ�ß1ÞNæÃÐ�âVÛ)×KàÁßNÕ�ÑH×fÞNæÃÐ£á�Ò Ö�åHÛ�P�Ð£ÑHâÃÓ ÛlÞ3ê�ï<Û3à¬ÔaðHl�Ð£ÞNÛ�í ö y!Ò�å£æQÔaðl�Ð£ÞNÛ�í�í8ê

ßsà ½2áqâ�ã�¿ëîfÃ ®1ÕDî¨î+Û�Ù)Õ£Ö�Þ�Òãá#Û3ß�Ð�Ö�ÒãÞNÕ�ÔNß�Õ£âÃÒ�Ù�ÛaÒRQ�Õ£ÖÃÐ£ÓÃÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞÒ Ö}ÔNæ�ÛÂæ�Ò�å£æ-àÁß�Û)×ÜQÝ�Û3Ö�Ù)è�Ð�Þ�è�Ñ=â#ÔNÕ£ÔNÒãÙ3Þ àÁÕ�ß�Ó Ò�Ö�ÛaÐ£ß�Û3ÓãÐ£Þ�ÔNÒãÙ�î�Ð·é�Û+ÛlÜ�Ý�ÐDÔNÒ�Õ£Ö�Þ3ê&b�Ò Ö�Ù)Û!Õ£ÝÃß�Ð£Ó å�Õ£ß�Ò�Ô�æ�Ñ î�Õ£ß;Q#ÞàÁÕ£ß>Ð:å£ÛaÖ�Û3ßvÐ�Ó�Ù)Õ�ÖQé�Û�P�Ï1Ð£Ñ=Ò Ó ÔNÕ�Ö�Ò�Ð£Ö<ä<î�ÛHÙ3Õ£Ñ=â�Ý#Ô�ÛHÔNæ�ÛHÔNßvÐ·é£ÛaÓ�Ô�Ò Ñ=Û�àÁÝ�ÖÃÙ8Ô�Ò Õ�Ö�àÁÕ£ß�ÔNæ�ÛÜQÝÃÐ£ÞNÒ ×pb#Ï�î�Ð·é£Û�Ò�Ö�ÐHÔ�è�â�Ò�ÙaÐ�Ó�Ð£Ö�ÒãÞ�Õ£ÔNß�Õ£â�ÒãÙ�Û3ÓãÐ£Þ�ÔNÒãÙ�ÑHÕ#á#ÛaÓ\äÃÔNæ�Û9ÔNßvÐ�ÖÃÞNé£Ûaß�ÞNÛ3Ó�èBÒ�ÞNÕ�Ô�ßNÕ�â�ÒãÙ

òI]



ÞNÕ£Ó�Ò�á î!Ò�Ô�æ¨æ�Õ£ß�Ò�õ3Õ£ÖQÔvÐ�Ó«ÞNèQÑ=Ñ=Û)Ô�ßNètT ò [ _ êeë�æ�Û3Ö?Ô�æ�Û�ÜQÝÃÐ£ÞNÒ ×pb#Ï$ÛaÒRQ�Õ£ÖÃÐ£Ó!ÛaÜQÝÃÐ�ÔNÒ�Õ£Ö Ò�Þá#Û7ªÃÖ�ÛaákÚ�èBÔ�æ�Û�àÁÕ£Ó�Ó ÕDî!Ò�Ö�åHÛaÜQÝÃÐ�ÔNÒ�Õ£Ö<ð
1

2
(a11 − a12)φ

2
x + a44φ

2
y = 1,

î!æ�ÛaßNÛ
aij

Ð�ß�Û}å�Ò é�Û3Ö ÛaÓ�Ð�Þ�Ô�Ò�Ù}âÃÐ�ßvÐ�Ñ=Û)Ô�Û3ßvÞ3êèS�Ò�å£ÝÃßNÛ ^#ñ Ð ó ÞNæ�ÕDî«Þ>Ô�æ�Û.Þ�Ò�Ñ�Ý�ÓãÐDÔ�Ò Õ�Ö àÁÕ£ß
a11 = 15.6038

ä
a12 = 6.5616

Ð£ÖÃá
a44 = 3.1258

êvS Ò�å£Ý�ß�Û ^#ñ Ú ó ÞNæ�ÕDî«Þ!Ô�æ�ÛBÙ)Õ�ÑHâÃÝ#×Ô�Ð�ÔNÒ�Õ£ÖÃÐ£ÓYß�ÛaÞNÝ�Ó�Ô>àÁÕ�ß�Ð.Ñ=Õ#á#Û3Ó+î!Ò�Ô�æ Ô�î+Õ
ÓãÐ·è£Ûaß�Þaä�ÞNÕ.ÔNæÃÐ�Ô9ÔNæ�Û:Ù)Õ£ß�ß�ÛaÞNâ�Õ�ÖÃá#Ò�Ö�åkÏÂÐ�Ñ=Ò�Ó�×ÔNÕ�Ö�ï�ØQÐ£Ù3Õ£Ú�Ò�ÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞHæÃÐ·é�Ûká�Ò�Þ�Ù)Õ�Ö�Ô�Ò Ö�Ý�Õ�ÝÃÞ=Ù)Õ�Û)ì-Ù3Ò ÛaÖ�ÔvÞ ö Ô�æ�Û3ß�Û)àÁÕ�ßNÛ�ä�ÔNæÃÒ�ÞBÑ=Õ#á#ÛaÓ!Ò�ÞÝÃÞNÛaá=Ô�Õ9Ô�ÛaÞ�Ô+Ô�æ�Û�Þ�Ô�Ð£Ú�Ò�Ó Ò Ô�èBÐ�ÖÃáBß�Õ£ÚÃÝÃÞ�Ô�Ö�ÛaÞ�ÞYÕ£à¦ÔNæ�Û�ÞNî+ÛaÛ3â�Ò�Ö�å�Þ�Ùvæ�Û3Ñ=Û�ê k Þ�î+Û�Ù3Ð�Ö-ÞNÛ3ÛàÁß�Õ£Ñ Ô�æ�ÛFªÃå£ÝÃßNÛ�ä�ÔNæ�Û�b�ÖÃÛ3Ó�Ó<Ó�Ð·î_àÁÕ£ß«Ð�ÖÃÒ�ÞNÕ�Ô�ßNÕ�â�Ò�ÙÂÑ=Ûaá#ÒãÐ=ÒãÞ�î+ÛaÓ Ó<ÛaÖ#àÁÕ£ßvÙ)Ûlá¦ê
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S Ò å�Ý�ß�Û ^ ð�ï�Û)à¬Ôlð a11 = 15.0638
ä
a12 = 6.5616

Ð�ÖÃá
a44 = 3.1258

ä·Ù)Õ£ÖQÔ�Õ£Ý�ß�á�ÒÆgqÛ3ß�Û3ÖÃÙ3Û
·³Z ê Z [�ä�Ñ=ÛaÞNæ
î!Ò�Ô�æ ò£òIj�V<]�] Ô�ßNÒãÐ�ÖÃå£Ó�ÛaÞ«Ð£ÖÃáu[ ^�^�ô XHé�Û3ßNÔNÛ�P#ÛlÞ3ê�y!Ò�å£æQÔað

a11 = 15.3871
ä

a12 = 3.4993
ä<Ð�ÖÃá

a44 = 5.6074
àÁÕ£ß9ÝÃâ�â�Ûaß9æÃÐ£Ó�à!á#Õ£ÑBÐ£Ò Ö ö a11 = 15.0638

ä
a12 =

6.5616
Ð�Ö�á

a44 = 3.1258
àÁÕ£ßÂÔNæ�Û=Ó�ÕDî+ÛaßÂæ�Ð�Ó à+á#Õ£ÑBÐ£Ò Ö ö Ù)Õ£ÖQÔ�Õ£Ý�ß�á#ÒRgVÛaßNÛaÖÃÙ)Û ·¶Z ê Z [�äÑ=ÛaÞNæ:î!Ò ÔNæ ò�ò7j�V�]<] ÔNß�Ò�Ð£Ö�å£Ó�ÛaÞ�Ð�Ö�ám[ ^<^£ô X9é�Û3ßNÔNÛ7P�ÛlÞ3ê

ßsà ½2áqâ�ã�¿cð�Ã k Ö�Õ£ÔNæ�Ûaß�Ò�Ñ=â�Õ�ß�ÔvÐ�ÖQÔ Ð£â�â�Ó�Ò�ÙaÐDÔ�Ò Õ�Ö>àÁÕ£ß�ÔNæ�Û�ÜQÝÃÐ£á�ß�Ð�ÔNÒãÙ�Ô�è�â�Û�Ï1Ð£ÑHÒ�Ó ÔNÕ�×Ö�ÒãÐ�Ö ñ�ò7j�ó ÒãÞ�ß�Û3ÓãÐDÔNÛlá�ÔNÕ�Ô�æ�Û+å�Û3Õ#á#ÛlÞ�ÒãÙ+á�Ò�Þ�Ô�Ð£ÖÃÙ)Û�Õ£ÖHÐvy!Ò�Û3ÑBÐ£Ö�Ö�ÒãÐ�Ö�ÑBÐ£Ö�Ò�àÁÕ�Ó�á<ê&b�ÝÃâ�â�ÕQÞ�ÛÔNæ�ÐDÔ
P (x, y)

ÒãÞ�Ð�âVÕ£Ò�ÖQÔ�Õ�Ö:Ð�Ñ=Ð£Ö�Ò àÁÕ£Óãá
M

á�Û�ªÃÖ�Ûlá}Ð�ÞÔ�æ�Û�å£ßvÐ�â�æ}Õ�à�ÐHÞ�Ñ=Õ�Õ�Ô�æ-àÁÝ�Ö�Ù8×ÔNÒ�Õ£Ö
f(x, y)

Ð�ÖÃá�ÔNæ�ÐDÔ
γ
Ð�ß�ÛÔ�æ�Û«Ù)Ý�ß�é£ÛlÞ�Ù)Õ£ÖÃÖ�ÛaÙ)ÔNÒ�Ö�å

P
Ð�Ö�á

Γ ⊂ M
Õ£Ö�ÔNæ�Û!ÑBÐ£Ö�Ò�àÁÕ�Ó�á<êë�æ�Û«Ñ=Ò�Ö�Ò�ÑHÒ�õ3Ò�Ö�å�Ù3Ý�ß�é£Û!Õ�à

γ
ÒãÞÙaÐ�Ó�Ó ÛláHÔNæ�Û1å£Û3Õ#á#ÛlÞ�ÒãÙ�ê�ï<Û3Ô

φ
ÚVÛ«Ô�æ�Û1á#ÒãÞ�Ô�Ð�Ö�Ù)Û!àÁÝ�Ö�Ù8ÔNÒ�Õ£ÖÞNÝÃÙvæ}Ô�æÃÐDÔ

φ(x, y) = min
γ⊂M

∫

γ

ds.

ë�æ�ÛaÖ
φ
Ò�Þ�Ô�æ�Û9ÞNÕ£Ó�Ý#ÔNÒ�Õ£ÖkÕ�à

√(
1 + f2

y

1 + f2
x + f2

y

)
φ2

x +

(
1 + f2

x

1 + f2
x + f2

y

)
φ2

y − 2
fxfy

1 + f2
x + f2

y

φxφy = 1, φ|Γ = 0.

«�Û9Þ�æ�ÕDî_ÔNæ�Û>ß�ÛaÞNÝ�Ó Ô!àÁÕ£ß
f(x, y) = cos(2πx) cos(2πy)

Ò ÖhS Ò�å£Ý�ß�Û ] ê

ò X
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S Ò å�Ý�ß�Û ] ð ñ Ð ó ë�æ�Û}ÞNÝ�ß�à¯Ð�Ù)Û f(x, y) = cos(2πx) cos(2πy) ö«ñ Ú ó ë�æ�Û}á#ÒãÞ�Ô�Ð�Ö�Ù)Û}Ù3Õ£Ö#×ÔNÕ�Ý�ßÂàÁßNÕ�Ñ
(x, y, f(x, y)) = (0, 0, 1)

Õ£Ö
Ô�æ�Û
f(x, y) = cos(2πx) cos(2πy) ö Ù)Õ£ÖQÔ�Õ£Ý�ßá#ÒRgVÛaßNÛaÖÃÙ)Û ·ÑZ ê ò£ö ÔNæÃÛ>ÑHÛlÞ�æ
Ù3Õ£ÖÃÞNÒ�Þ�Ô�Þ�Õ£à ò�ò7j�V�]<] ÔNß�Ò�Ð£Ö�å£Ó�ÛaÞ�Ð�Ö�á�[ ^<^�ô X9é�Û3ßNÔNÛ�P#ÛlÞ3ê

®«Õ#á#ÛlÞ éYÓ�Û3Ñ=ÛaÖ�ÔvÞ S Ò�åÃê j S Ò�åÃê [ S Ò�åÃê V l�Ð£ÞNÛ�í S�Ò�åÃê V l�Ð�Þ�Û�í�í
X j [ ò$^ X ô ô ô W W
W�V<]Ãò ^�ò�V<] ô ô j WòIj [ ô X ôO]<V�^�ô ô ô j j[ ^<^£ô X ò�ò7j8V<]<] ô ô j j
®«Õ#á#ÛlÞ éYÓ�Û3Ñ=ÛaÖ�ÔvÞ S Ò�åÃê ^�ñ Ð ó S�Ò�åÃê ^�ñ Ú ó S�Ò�åÃê ]X j [ ò$^ X ô ô ô ò·ô
W�V<]Ãò ^�ò�V<] ô ô ò·ôòIj [ ô X ôO]<V�^�ô ô ô ò·ô[ ^<^£ô X ò�ò7j8V<]<] ô ô ò·ô

ë Ð�Ú�Ó�Û j ðYë�æ�Û�Ö�Ý�Ñ�Ú�Ûaß!Õ�à�Ò�Ô�Û3ßvÐDÔNÒ�Õ£Ö�Þ3ê
Ü���� ¹f¯:°Ì��Þ��Y¨©�v�-�e¥
ßvà ½�áqâ&ã�¿òñ�Ã S Ò å�Ý�ß�ÛaÞ�X ñ Ð ó Ð£ÖÃátX ñ Ú ó Þ�æÃÕDî6ÖQÝÃÑHÛaßNÒãÙ3Ð£ÓÂß�ÛaÞNÝ�Ó Ô�Þ}àÁÕ£ß:ÔNæ�Û�Û3ÒEQ£Õ�ÖÃÐ�ÓÛaÜQÝÃÐ�ÔNÒ�Õ£Ö î!Ò�Ô�æ?á�ÒÆgqÛ3ß�Û3ÖQÔ-ÚVÕ£Ý�ÖÃáÃÐ�ß�è�Ù)Õ£Ö�á#Ò�Ô�Ò Õ�ÖÃÞaê í�ÖaS Ò�å£Ý�ß�Û�X ñ Ð ó ä�Õ£Ö�Û
ÞNÛ3Ûaá âVÕ£Ò�Ö�ÔÒ�Ö ÔNæ�ÛkÙ)Û3ÖQÔ�Û3ß

(0, 0, 0)
ÒãÞ�å£Ò�é£Û3Ö�ê.ë�æÃÛ-Û�P�Ð£Ù)Ô�ÞNÕ£Ó�Ý#ÔNÒ�Õ£Ö ÒãÞ>Ô�æ�Û:á#ÒãÞ�Ô�Ð�Ö�Ù)ÛBàÁÝ�Ö�Ù8ÔNÒ�Õ£Ö�ÔNÕ

(0, 0, 0)
ê>í�Ö�S Ò å�Ý�ß�ÛcX ñ Ú ó ä<Ô�î+Õ.Þ�ÛaÛaá�â�Õ�Ò ÖQÔ�Þaä (−0.5,−0.5,−0.5)

Ð�ÖÃá
(0.5, 0.5, 0.5)

äÐ�ß�Û�å£Ò�é£ÛaÖ<ê+ë�æ�Û�Û�P�Ð£Ù)Ô!ÞNÕ£Ó�Ý#Ô�Ò Õ�Ökî�Õ£ÝÃÓ�ákÚVÛ>ÔNæ�Û�ÑHÒ�Ö�Ò�Ñ�Ý�Ñ Õ�à�Ô�æ�Û�á#ÒãÞ�ÔvÐ�ÖÃÙ3Û�àÁÝ�ÖÃÙ)ÔNÒ�Õ£ÖÃÞÔNÕHÔ�æ�ÛaÞNÛ�Ô�î+ÕBÞNÛ3Ûlá}âVÕ£Ò�ÖQÔ�ÞaêYë�æ�ÛaÞNÛ�Ô�î+ÕBÞNÒ Ñ=â�Ó�Û�Û�P�Ð�Ñ=â�Ó�ÛaÞ�âÃßNÕDé�Òãá#Û>Ð�ÖkÛaÐ£ÞNè}Ùvæ�ÛlÙ�QBàÁÕ£ßÔNæÃÛ>ÖQÝÃÑHÛaßNÒãÙ3Ð£Ó¦Ð£Ù3Ù3Ý�ßvÐ£Ù)è�ê

ôOZ



S Ò å�Ý�ß�ÛëX�ð=ë�æ�Û}Ö�Ý�Ñ=ÛaßNÒãÙ3Ð£Óß�ÛaÞNÝ�Ó�ÔvÞ>àÁÕ�ß�Û3ÒEQ£Õ�ÖÃÐ�ÓÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞ9î!Ò ÔNæ ñ Ð ó Õ£Ö�Û}Ú�Õ�Ý�ÖÃá�Ð£ßNèÙ)Õ�ÖÃá#Ò ÔNÒ�Õ£Ö
φ(0, 0, 0) = 0 ñ Ú ó Ô�î�Õ
ÚVÕ£Ý�ÖÃáÃÐ�ß�è�Ù3Õ£ÖÃá#Ò ÔNÒ�Õ£Ö�Þ φ(−0.5,−0.5,−0.5) = 0Ð�Ö�á

φ(0.5, 0.5, 0.5) = 0
ê�ë�æ�Û1ÒãÞ�Õ#Ù3Õ£ÖQÔNÕ�Ý�ß�Þ+Ð�ß�Û1â�Ó�Õ�ÔNÔNÛláBàÁÕ£ß�Ù)Õ�ÖQÔNÕ£ÝÃß+á#ÒRgVÛaßNÛaÖÃÙ)Û

0.25
ê

ßsà ½2áqâ�ã�¿ôó�Ã í�ÖíS Ò å�Ý�ßNÛ ò�Z ä�î+Û
å�Û3Ö�Ûaß�Ð£Ó Ò�õ3ÛkÕ£ÖÃÛ
Õ�à�ÔNæ�Û�ÞNæÃÐ£â�Û3×\àÁß�Õ£ÑH×�Þ�æÃÐ�á#Ò�Ö�åÛ�P�Ð£ÑHâÃÓ ÛlÞ9Ô�Õ�Ô�æ�Û W ×p{0ÙaÐ£ÞNÛ£ê�ë�æ�Û.Ù)Õ�ÑHâÃÝ#Ô�Ð�ÔNÒ�Õ£ÖÃÐ£Ó�á�Õ£ÑBÐ�Ò�Ö�ÒãÞ�Ô�æ�Û.Ý�Ö�Ò Ô-Ù)Ý�ÚVÛ
Ω =

[0, 1]3
êYë�æ�Û>å£ÕDé�Û3ß�Ö�Ò ÖÃå�ÛaÜQÝÃÐ�ÔNÒ�Õ£ÖkÒ�Þ

|∇φ| = f(x, y, z)

î!æ�ÛaßNÛ
f(x, y, z) = π

√
f2
1 + f2

2 + f2
3 ,Ð�Ö�á

f1(x, y, z) = cos(πx) sin(πy) sin(πz),

f2(x, y, z) = sin(πx) cos(πy) sin(πz),

f3(x, y, z) = sin(πx) sin(πy) cos(πz).

ô#ò



ë�æ�Û�ÚVÕ£Ý�ÖÃáÃÐ�ß�è}Ù)Õ�ÖÃá#Ò ÔNÒ�Õ£ÖkÒ�Þ
φ|∂Ω = 0.

ë�æÃÛ�Û7P�Ð£Ù8Ô1ÞNÕ£Ó�Ý#Ô�Ò Õ�Ö:ÒãÞ
φ(x, y, z) = sin(πx) sin(πy) sin(πz).

ë�æ�ÛBÒãÞ�ÕQÞ�ÝÃß�à¯Ð�Ù)Û�àÁÕ£ß
φ = 0.1

ä
0.4

Ð�Ö�á
0.7

Ð£ßNÛBÞNæ�ÕDî!Ö Ò�ÖqS Ò å�Ý�ßNÛ ò�ZÃñ Ð ó ä ñ Ú ó ä Ð�ÖÃá ñ Ù óÐ�Ö�á-Ô�æ�Û>Ò�ÞNÕ#Ù)Õ�Ö�Ô�Õ£Ý�ß�àÁÕ�ß
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S Ò å�Ý�ß�Û òIZ ð<ë�æ�Û W ×p{ ÞNæÃÐ�âVÛ)×KàÁß�Õ£ÑH×fÞNæÃÐ�á#Ò ÖÃå«Û�P�Ð�Ñ=â�Ó�Û£ê ñ Ð ó ë�æ�Û+Ò�ÞNÕ�ÞNÝ�ßNà¯Ð£Ù3ÛYàÁÕ£ß φ = 0.1
ê

ñ Ú ó ë�æÃÛÂÒãÞ�ÕQÞ�ÝÃß�à¯Ð�Ù)Û!àÁÕ�ß φ = 0.4
ê ñ Ù ó ë�æ�ÛÂÒãÞNÕ�ÞNÝ�ß�à¯Ð�Ù)Û1àÁÕ£ß φ = 0.7

ê ñ Ú ó ë�æ�ÛÂÒãÞNÕ�Ù3Õ£ÖQÔNÕ�Ý�ßàÁÕ£ß
z = 0.5

ßsà ½2áqâ�ã�¿(õeÃ «�Û�á#ÛaÑ=Õ£ÖÃÞ�ÔNßvÐDÔ�Û�Ð�Ö�Û�P�Ð�Ñ=â�Ó�Û�î!Ò ÔNæ�Ð£Ö�ÒãÞ�Õ£ÔNß�Õ£â�è£ê1ë�æÃÛ�å�ÕDé£Û3ß�Ö�Ò�Ö�åÛaÜQÝÃÐ�ÔNÒ�Õ£ÖkÒ�Þ
√

aφ2
x + bφ2

y + cφ2
z − 2dφxφy − 2eφyφz − 2fφzφx = 1

î!æ�ÛaßNÛ
a =

1+f2

y+f2

z

1+f2
x+f2

y +f2
z
, b =

1+f2

x+f2

z

1+f2
x+f2

y+f2
z
, c =

1+f2

x+f2

y

1+f2
x+f2

y+f2
z
,

d =
fxfy

1+f2
x+f2

y+f2
z
, e =

fyfz

1+f2
x+f2

y+f2
z
, f = fzfx

1+f2
x+f2

y+f2
z
.
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Ð�Ö�á
f(x, y, z) = cos(πx) cos(πy) cos(πz).

ë�æ�Û�àÁÝ�Ö�Ù8ÔNÒ�Õ£Ö
w
ÒãÞ

w(θ1, θ2) =

√
1

1 + (fx sin θ1 cos θ2 + fy sin θ1 sin θ2 + fz cos θ1)2

ë�æ�Û ÚVÕ£Ý�ÖÃáÃÐ�ß�è_Ù)Õ£Ö�á#Ò�Ô�Ò Õ�Ö ÒãÞ
φ(0, 0, 0) = 0

Ð�Ö�á_Ô�æ�Û Ù)Õ£Ñ=â�Ý�Ô�ÐDÔ�Ò Õ�ÖÃÐ�Ó>á#Õ�ÑBÐ�Ò�Ö ÒãÞ
[−1, 1]3

êÂë�æ�Û�Ò�ÞNÕ�ÞNÝ�ßNà¯Ð£Ù)Û9àÁÕ£ß
φ = 0.8

ä
1.6
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2.3
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ê ñ Ú ó ë�æ�ÛÒãÞ�ÕQÞ�Ý�ßNà¯Ð£Ù3Û=àÁÕ£ß

φ = 1.6
ê ñ Ù ó ë�æ�Û}Ò�ÞNÕ�ÞNÝ�ßNà¯Ð£Ù)Û=àÁÕ�ß φ = 2.3

ê ñ á ó ë�æ�Û:Ò�ÞNÕ#Ù)Õ£ÖQÔ�Õ£Ý�ß>àÁÕ�ß
z = 0

ôOW



ö ÷ Ê�Ç:Í#�)Ì���Î)Ê9Ç
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Û3ß�ßNÒ�ÑBÐ�Ö<ä�Ð�ÖÃá?Ï�ê ×#9=êGOVæÃÐ£ÕÃê¨ë�æ�Û
å£ÛaÕ£Ñ=Û)Ô�ßNè Õ£à

«¨Ý�ÓRg}Ù)ß�è#Þ�ÔvÐ�Ó�ÞNæÃÐ£â�ÛlÞ�Ð£ÖÃá>Ò Ô�Þ ßNÛaÓ�Ð�ÔNÒ�Õ£ÖÃÞ�î!Ò�Ô�æcy!Ò�Û3ÑBÐ£Ö�Ö�â�ß�Õ£ÚÃÓ ÛaÑ=Þaê£í�ÖR3S������&���50	�7
 	�7T�U&-	��LV�& WX587058�L�Y&-	���50Z ! 	��U&-����(\[  	B]^58(�_�`�a��cb^d�b£ê k Ñ=Û3ßlê:å�ÐDÔ�æ<ê:b�Õ#Ù�ê�ä�.YßNÕDé�Òãá#Û3Ö�Ù)Û£äy!í8ê�ä ò X�X<XÃê

T ò [ _ Ø�ê�üÂÒãÐ�Ö<äQïYê ×fë�ê?l+æ�Û3Ö�å�ä�Ð£ÖÃáBbqê�Ø�ê�i�ÞNæ�Ûaßaê k Ó�Û3é£ÛaÓ�ÞNÛ)ÔÚ�Ð£ÞNÛaáºéYÝ�Ó�Û3ß�Ò�Ð£Ö-Ð�â�âÃßNÕQÐ£ÙvæàÁÕ£ß«Ð£Ö�ÒãÞ�Õ£ÔNß�Õ£â�ÒãÙ1î�Ð·é£Û�â�ß�Õ£âÃÐ£å�Ð�ÔNÒ�Õ£ÖÃÞaêSeR	�f�5g�J���Y&-���Ãä W�^ ð W<V [$ï W�^ X�ä ôOZ<Z�W ê
T òIV:_ Ø�ê?üÂÒãÐ�Ö}Ð£ÖÃá¸« ê�« ê�b�è�Ñ=ÛaÞaê4.�Ð£ß�ÐOP#Ò�Ð£ÓÃÛ3ÒEQ£Õ�ÖÃÐ�ÓVÞ�Õ�Ó é�Û3ßvÞ�àÁÕ£ß�Ð�ÖÃÒ�ÞNÕ�Ô�ßNÕ�â�Ò�Ù1Ü�Ý�Ð£ÞNÒ�×h.ÔNßvÐ·é£ÛaÓ�Ô�Ò Ñ=ÛlÞ3êN�2�������  "! �#�I<���=(,��ä ò:^:W ð ò ï ôOW ä ô<Z<Z�ò ê
T ò$^�_ Ø�ê|üÂÒãÐ�Ö Ð�ÖÃá¶« êº« êºb#èQÑ=ÛlÞ3ê S Ò Ö�Ò ÔNÛ3×fá�ÒÆgqÛ3ß�Û3ÖÃÙ3ÛSÜQÝÃÐ�Þ�Ò ×U. Ô�ß�Ð·é�Û3Ó ÔNÒ�ÑHÛlÞ àÁÕ£ßÐ�ÖÃÒ�ÞNÕ�Ô�ßNÕ�â�Ò�ÙÂÑ=Ûaá#ÒãÐ�êji>5\�  ��=(T&-+8(vä V8^ ð òIj�^ ï ò [�[#ä ô<Z<ZQô ê
T òI]:_ Ø�êMüÂÒ�Ð£Ö<ä�F�ê�ë�ê�OVæÃÐ�ÖÃåÃä�Ð�Ö�á:Ï�ê�9=êLOVæÃÐ£ÕÃêYSÃÐ�Þ�Ô«ÞNî+ÛaÛ3â�Ò�Ö�å=Ñ=Û)ÔNæÃÕ�áÃÞ�àÁÕ£ß!Û3ÒEQ£Õ�ÖÃÐ�ÓÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞ-Õ£Ö ÔNß�Ò�Ð£Ö�å£ÝÃÓ�Ð�ÔNÛaá Ñ=ÛaÞNæ�ÛlÞ3ê þ�ÿ����k�2�N3 ! �R5,7,�>����	�������ä j [#ð ]<W ï òIZ�^ äôOZ�Z8^ ê
T ò X _ Ø�ê�üÂÒãÐ�Ö�ä�F�ê¦ë�ê'OVæÃÐ�ÖÃåÃä¦Ð�ÖÃá Ï9êI9=êIOVæÃÐ£ÕÃêÄSÃÐ�Þ�Ô>Þ�î�Û3Ûaâ�Ò�Ö�å}Ñ=Û)Ô�æ�Õ#á�Þ�àÁÕ£ß�Þ�Ô�ÐDÔ�Ò�ÙÏ1Ð£Ñ=Ò Ó ÔNÕ�Ö#×fØQÐ£Ù3Õ£Ú�ÒÃÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞ�Õ�Ö=ÔNß�Ò�Ð£Ö�å£Ý�ÓãÐDÔ�ÛaáHÑ=ÛaÞNæ�ÛaÞaê@�2�Mþ�+,&-�@�����  ��ä WÃò ð ôOW�^ ïô�^#ò ä ô<Z<Z8^ ê
T ôOZ:_ é«ê#y!Õ£Ý�è Ð�ÖÃá k êë�Õ£Ý�ß�Ò Ö�ê k é�Ò�Þ�Ù)ÕQÞ�Ò Ô�è ÞNÕ£Ó�Ý#ÔNÒ�Õ£Ö�Þ-Ð�â�âÃßNÕQÐ£Ùvæ�Ô�Õ�Þ�æ�Ð�âVÛ)×KàÁßNÕ�Ñ�×ÞNæÃÐ£á#Ò�Ö�å�ê0þ?ÿ����l�2�43 ! �R5,7,�4���"	��Q����ä ô XÃð ]�V8^ ï ]<]<j ä ò X<X ô ê
T ô#ò�_ Ø�ê k êrb#Û)ÔNæÃÒ�Ð£Ö<êGm'5,f�58�4(,5,�:�658�MD�CV=(8ê#l�Ð£Ñ�Ú�ß�Òãá#å£ÛF¬«Ö�Ò�éqêD.Yß�ÛaÞ�Þ3ä ò X<X V ê
T ô£ô$_ Ø�ê k ê�b�Û3ÔNæ�ÒãÐ�Ö_Ð£ÖÃá k ê�n1ÓãÐ£á�Ò Ñ=Ò�ß�ÞQ�è£ê³iÂßvá#Û3ß�Ûaá Ý�â�î!Ò�ÖÃá¨Ñ=Û)Ô�æ�Õ#á�ÞBàÁÕ�ß:Þ�Ô�ÐDÔ�Ò�ÙæÃÐ£ÑHÒ�Ó ÔNÕ£Ö�×RÐ�Ð�Ù)Õ£ÚÃÒ#ÛaÜQÝÃÐDÔ�Ò Õ�ÖÃÞað¦ÔNæ�ÛaÕ£ß�è9Ð�ÖÃá=Ð£Ó å�Õ£ß�Ò�Ô�æ�ÑBÞ3ê�í�Öo<4�%�p�TqBr�_£ê<¬1Ö�Ò�é£Û3ßvÞNÒ�Ô�èÕ�à\l�Ð�Ó�Ò àÁÕ£ß�Ö�Ò�ÐHÐDÔsÏ�ÛaßQ�Û3Ó�Û3è£ä?Ï�Û3ß;Q£ÛaÓ Ûaè£ä2l k X j�^£ôOZ ä ôOZ�Z�ò ê

ô [



T ôOW:_ y>êÃë Þ�Ð�ÒKä�ïYê ×fë�êrl+æ�ÛaÖ�åÃä2b¦êÃØÃêri�ÞNæ�Ûaßaä�Ð£ÖÃá:Ï�ê�9=êLOVæÃÐ£ÕÃêYSÃÐ�Þ�Ô«ÞNî+ÛaÛ3â�Ò�Ö�å=Ñ=Û)Ô�æ�Õ#áàÁÕ£ß�Ð�Ù3Ó�Ð�ÞNÞÕ�à�ÏÂÐ�Ñ=Ò Ó ÔNÕ�Ö#×�Ø�Ð�Ù)Õ£ÚÃÒ�ÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞaê&þ�ÿ0�%�s�2��3 ! �R5,7,�����"	��Q����ä j�ò ð V8^OW ïV X j ä ô<Z<Z<W ê
T ô:jO_ Ø�ê ®�ê�ë�ÞNÒ�ÔvÞ�ÒEQ�Ó ÒãÞaê�é�ì-Ù)Ò�Û3ÖQÔ«Ð�Ó�å£Õ�ßNÒ ÔNæ�ÑBÞàÁÕ£ß�å£Ó�Õ£ÚÃÐ£Ó Ó�è=Õ£â#Ô�Ò ÑBÐ£Ó�Ô�ß�ÐOÐ�ÛaÙ)ÔNÕ£ß�Ò�ÛaÞaêeÿ�E�E�EtD7�	����I� ! �h���R	��Y&-+o�������U7�����ä j�Z ð ò [ ô<] ï ò [ W�] ä ò X�X�[�ê
T ô [ _ F�êVë�ê�OVæ�Ð�Ö�å�ä�Ï9êL9=ê�OVæÃÐ�Õ�ä�Ð�ÖÃá
Ø�êMüÂÒãÐ�Ö<ê+Ï«Ò�å£æ.Õ£ßvá#Û3ß�à¯Ð�Þ�Ô�Þ�î�Û3Ûaâ�Ò ÖÃåHÑ=Û3ÔNæ�Õ#á�ÞàÁÕ£ß«Þ�Ô�Ð�ÔNÒãÙ>Ï1Ð£ÑHÒ�Ó ÔNÕ£Ö�×fØQÐ£Ù3Õ£Ú�ÒqÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞaêN�2��þ4+8&-�N�@���  ��ä ô X�ð ô [�ï�[ V ä ôOZ�Z<V ê
T ôOV:_ Ï9êH9=êHOVæÃÐ£ÕÃêëS�Ð£Þ�Ô�Þ�î�Û3Ûaâ�Ò�Ö�å.ÑHÛ3ÔNæ�Õ#á�àÁÕ�ß>Û3ÒEQ£Õ£Ö�Ð�Ó�ÛaÜQÝÃÐ�ÔNÒ�Õ£ÖÃÞaêp�J	��MD�j�@���  ��ä

^$j ð V�Z<W ï V�ô8^ ä ôOZ<Z [#ê
T ô�^�_ Ï9ê�9=ê�OVæÃÐ£ÕÃêu.�Ð�ßvÐ�Ó�Ó�Û3Ó!Ò�ÑHâÃÓ ÛaÑHÛaÖQÔ�ÐDÔ�Ò Õ�ÖÃÞBÕ£àÂÔ�æ�Û
à¯Ð£Þ�Ô}ÞNî+ÛaÛ3â�Ò�Ö�å Ñ=Û)ÔNæÃÕ�á<êv�2�

�����  "! �#�H�J	��MD��ä ô [#ð jQô�ò ï jQô XÃä ôOZ�Z8^ ê

ôOV


