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2.1

2.2

2.3

2.4

2.5

2.6

L1sT OoF FIGURES

The structure of a manifold. An atlas is a family of charts that
jointly form an open covering of the manifold . . . ... ... ..

(A). Conformal net and critical graph of a closed 3-hole torus sur-
face. There are 4 zero points, the critical horizontal trajectories
partition the surface to 4 topological cylinders, color encoded in the
3rd frame. Each cylinder is conformally mapped to a planar rect-
angle. (B). Conformal net and critical graph of a open boundary
4-hole annulus on the plane. There are 3 zero points; the critical
horizontal trajectories partition the surface to 6 topological disks.
(C). Each segment is conformally mapped to a rectangle. The tra-
jectories and the boundaries are color encoded and the corners are

labelled. . . . . . . .

[lustration of the conformal parameterizations of different sur-
faces. The parameterizations are computed by integrating the
holomorphic differential one form defined on the surfaces. (A),
(B), (C) and (D) show the conformal parameterizations of a 2-
torus, a human face, a lateral ventricular surface and a human
brain cortical surface [1] respectively. . . . . . . . ... ... ...

(A) shows the conformal texture mapping of the human brain.
The brain is mapped conformally to a sphere. (A) left shows the
texture mapping of the sphere. (B) shows the texture mapping
of the brain. Note that the right angle is well-preserved, meaning
that conformal mapping is angle-preserving. (B) shows the texture
mapping of the human face. The face is conformally mapped to
a 2D rectangle. The right angle is also well preserved under the
conformal map. . . . . ... ...

Discrete Laplace-Beltrami operator. Edge {v;, v2} has two corners
against it «, 8 The edge weight is defined as the summation of the
cotangents of these corner angles. . . . . . . ... ... ... ...

The top and bottom show the global conformal parameterization
of Brain 1 and Brain 2 onto the spheres respectively. They are
colored based on the mean curvature. Note that the geometry of
the sulci are well preserved on the spherical domain, meaning that
the conformal parameterization can preserve the local geometry
effectively. . . . . . . .
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2.7

2.8

29

3.1

3.2

3.3

3.4

Homology basis (cutting boundaries) on different surfaces. (A)
shows the homology basis {e1, es}on a genus one torus. (B) shows
the homology basis of a genus two surface, which consists of 4
cutting boundaries. (C) shows the homology basis of a genus four
surface, which consists of 8 cutting boundaries. . . . . . . . .. ..

[ustration of how the conformal parameterization can be com-
puted by introducing suitable cutting boundaries. The top shows
how a genus one surface can be mapped to a 2D rectangles by
cutting along the suitable cutting boundaries. The bottom shows

how a genus two surface (2-torus) can be mapped to two rectangles. 26

Mlustration of how the normal curvature is defined. Consider the
intersection of the surface with a plane containing the normal vec-
tor and one of the tangent vectors at a particular point. The in-
tersection is a plane curve and has a curvature. This is the normal
curvature, and it varies with the choice of the tangent vector.

Manually labeled landmarks on the brain surface. The original
surface is on the left. Its conformal mapping result to a sphere is
ontheright. . . . . . . .. ... o

Mobius transformation to minimize the landmark mismatch error.
The blue curve represented the important landmarks. Note that
the alignment of sulci landmarks is quite consistent. . . . . . . . .

In (a), the cortical surface C; (the control) is mapped conformally
(A = 0) to the sphere. In (d), another cortical surface C; is mapped
conformally to the sphere. Note that the sulcal landmarks appear
very different from those in (a) (see landmarks in the green square).
In (g), the cortical surface Cy is mapped to the sphere using our
algorithm (with A = 3). Note that the landmarks now closely
resemble those in (a) (see landmarks in the green square). (b) and
(c) shows the same cortical surface (the control) as in (a). In (e)
and (f), two other cortical surfaces are mapped to the spheres.
The landmarks again appears very differently. In (h) and (i), the
cortical surfaces are mapped to the spheres using our algorithm.
The landmarks now closely resemble those of the control.

Histogram (a) shows the statistics of the angle difference using
the conformal mapping. Histogram (b) shows the statistic of the
angle difference using our algorithm (A = 3). It is observed that
the angle is significantly preserved. . . . . . .. .. ... ... ..
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3.5

3.6

3.7

3.8

3.9

4.1

4.2

Diagram that shows how the harmonic energy and landmark mis-
match energy change at each iteration. The left shows how the
landmark mismatch energy changes. The right shows how the
harmonic energy changes. . . . . . . . ... ... ... .. .. ..

The average map of the optimized conformal parametrization using
the variational approach. 40 landmarks are manually labelled.
Observed that the important sulci landmarks are clearly shown.
It means that the landmarks are consistently aligned . . . . . ..

The average map of the optimized conformal parametrization by
the two different approaches. . . . . . . . . ... ... ... ...

Histogram showing the percentage change in the conformal factor
with different algorithm. The left shows the percentage change in
the conformal factor using the variational approach with A = 3.
The right shows the percentage change in the conformal factor
using the variational approach with A = 6. Note that the confor-
mality is well preserved. However, more conformality will be lost
with larger A\. . . . . ..o o

This figure shows how the harmonic energy and landmark energy
change, as the number of iterations increases, using our steepest
descent algorithm. Initially, the rate of change of the harmonic
energy is small while the rate of change of landmark energy is
comparatively large. Note that a Lagrange multiplier governs the
weighting of the two energies, so a compromise can be achieved
between errors in landmark correspondence and deviations from
conformality. . . . . . . ...

The plot of the conformal factor A of a human face verses u and v of
the parameter domain. The conformal factor is a smooth function
which describe the stretching effect under the conformal parame-
terization. Observe that the approximation of the conformal factor
function is reasonably smooth. . . . . . . ... ..o

(A) shows the conformal coordinates grid on the dog surface in-
troduced using the conformal parameterization. (B) shows the
histogram of g;5 = g1 of a Riemann surface under the conformal
parameterization. Observe that g;o = go1 are very close to zero at
most vertex. It means the Riemannian metric is a diagonal matrix,
which results in simple expression for the covariant derivatives. . .

64



4.3

4.4

4.5

4.6

4.7

This figure demonstrates the importance of including the confor-
mal factor in computing the differential operators on the manifold.
(A) shows a unit sphere (minus a hole near the south pole) with
noise introduced near the south pole. The surface is parameterized
conformally to the 2D parameter domain with large stretching near
the south pole. (B) shows the graph of the Eulcidean TV norm of
the noise: TV, (g9) = |[Vyg|. (C) shows the manifold version of the
TV norm (with conformal factor included): T'V,,anifora(9) = %|Vg|.
(D) shows the denoising result which minimize the Eulcidean TV
energy. The noise cannot be removed. (D) shows the denoising
result which minimizes the manifold TV norm. The noise is suc-
cessfully removed. . . . . . .. ..o L

Mlustration of the TV image denoising on a dog surface. With
covariant derivatives, the 2D TV color image denoising model is
extended to the 3D Riemann surface. (A) shows the noisy image
on the dog surface. (B) shows the denoised image on the surface.
As shown in the figure, the noise are mostly removed and the
reconstructed surface is significantly improved. . . . . . . . . ..

Iustration of the TV surface denoising on a human face. With co-
variant derivatives, the 2D TV image denoising model is extended
to 3D Riemann surfaces. (A) shows the original surface of a hu-
man face. In (B), the random gaussian noise is added to the face.
(C) shows the denoised/smoothed surface. As shown in (C), the
reconstructed surface approximates the original surface very well,
except for a little bit smoothing. . . . . . . ... ... ... ...

[lustration of the extraction of texture on the surface. With co-
variant derivatives, the 2D Chan Vese (CV) segmentation model is
extended to 3D Riemann surfaces. The left shows the a bird sur-
face with some texture (chinese character) on it. On the right, we
applied the CV segmentation model to extract the texture. The
intensity is defined as the distance between the original surface
and the smoothed out surface. As shown in the figure, the initial
contour (green) evolves to the final contour (blue) that encloses
the texture in few iterations. . . . . . . . .. ...

A simple example that illustrates image inpainting on the bird
surface. We extend the 2D image inpainting model to 3D surface
(A) shows some simple textures on the bird surface with occlusion.
We applied the image inpainting model to inpaint the image. The
black region is the inpainting domain. (B) shows the inpainted
result. . ...
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4.8

4.9

4.10

4.11

5.1

5.2

"1 am not ugly! Please remove the bad words on my body.” Illus-
tration of image inpainting on the dog surface. We extend the 2D
image inpainting model to 3D surface to remove unwanted words
on the dog surface. (A) shows a dog surface with some unwanted
words on it. We applied the image inpainting model to inpaint the
image. (B) shows the inpainted result. As shown in the figure, the
words are successfully removed. . . . . . . ... ...

Nlustration of the algorithm for inpainting surface holes. We ex-
tend the 2D image inpainting model to 3D surface to fill in surface
holes. (A) shows a human face with several holes on it. We applied
the surface holes inpainting model to inpaint the occlusion region
on the surface. (B) shows the inpainted result. As shown in the
figure, the occlusion can be filled reasonably well, which results in
a smooth surface. . . . . . ... oo

Ilustration of Navier-Stokes equation on the surface. This example
simulates the snow flowing down the bird surface. The external
force used is the downward gravitational force projected to the
tangent space of the surface. . . . . ... ... ... ... . ...

(A) shows a simulation of fluid flow on a bunny surface by solving
Navier-Stoker’s equation at different iterations. A circular force
field is applied on the surface. (B) shows another example of fluid
flow on a bird surface. (C) shows how solving surface fluid flow
by Navier-Stoke’s equation can be applied for surface decoration
to generate texture on surfaces. . . . . . . ... ... ... ...

This figure shows some of the most important sulci on a human
brain cortical surface. A, B, C and D represents the central sul-
cus, precentral sulcus, postcentral sulcus and intraparietal sulcus
respectively on the human brain surface. They are projected onto
a sphere through a conformal map for easier visualization. They
are labelled as A’, B’, C” and D’ respectively. . . . . . . . . .. ..

Left: Global conformal parametrization of the entire cortical sur-
face onto the 2D rectangle. By introducing cutting boundaries on
the cortical surface, the genus of the surface is increased. Holomor-
phic 1-form and the conformal parametrization can be found. The
boundaries of the rectangle corresponds to the cutting boundaries
on the surface. Right: A single face (triangle) of the triangulated

xii



5.3

5.4

5.5

5.6

5.7

5.8

Top : The value of E,incipar at each iteration is shown. En-
ergy reached its steady state with 30 iterations, meaning that
our algorithm is efficient using the CV model as the initializa-
tion. Bottom : Numerical comparison between automatic labeled
landmarks and manually labeled landmarks by computing the Eu-
clidean distance Egifference (0n the parameter domain) between
the automatically and manually labeled landmark curves, which
are unit-speed parametrized. These manually-labeled sulcal land-
marks are manually labeled directly on the brain surface by neu-
roscientists. . . . . . . L L

The figure demonstrates the meaning of E,incipar- It measures the
difference between the tangent vector field along the curve and the
principal direction field V. The resulting minimizing curve is the

curve that is closest to the curve traced along the principal direction.115

The figure summarizes the five steps of our automatic landmark
tracking algorithm. . . . . . . . . ... ... oL

Sulcal region extraction on the cortical surface by Chan-Vese seg-
mentation. We consider the intensity term as being defined by
the mean curvature. Sulcal locations can then be circumscribed
by first extracting out the high curvature regions. (A) shows the
result of extraction using a circular initial contour. (B) shows the
result of extration using a larger initial circular contour. More
sulcal regions can be extracted . . . . . ... ..o

Detection of end points of the landmark curve. Umbilic points are
located on each sulci region, which are chosen as the end points of
the landmark curves. . . . . . . .. ... L

Automatic landmark tracking using a variational approach. Top :
With the global conformal parameterization of the entire cortical
surface, we trace the landmark curves on the parameter domain
along the edges whose directions are closest to the principal di-
rection field. It gives a good initial guess of the landmark curve
(blue curve). The landmark curve is then evolved to a deeper re-
gion (green curve) using our variational approach. Bottom : Ten
sulcal landmarks are automatically traced using our algorithm. . .
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5.9

5.10

6.1

6.2

6.3
6.4

Top : The value of E,incipar at each iteration is shown. En-
ergy reached its steady state with 30 iterations, meaning that
our algorithm is efficient using the CV model as the initializa-
tion. Bottom : Numerical comparison between automatic labeled
landmarks and manually labeled landmarks by computing the Eu-
clidean distance Egifference (0n the parameter domain) between
the automatically and manually labeled landmark curves, which
are unit-speed parametrized. These manually-labeled sulcal land-
marks are manually labeled directly on the brain surface by neu-
roscientists. . . . . . . L L

Optimization of brain conformal mapping using automatic land-
mark tracking. In (A) and (B), two different cortical surfaces are
mapped conformally to the sphere. The corresponding landmark
curves are aligned inconsistently on the spherical parameter do-
main. In (C), we map the same cortical surface of (B) to the
sphere using our algorithm. Note that the alignment of the land-
mark curves is much more consistent with the those in (A). (D),
(E), (F) shows the average surface (for N=15 subjects) based on
the optimized conformal re-parametrization using the variational
approach. Except in (F), where no landmarks were defined auto-
matically, the major sulcal landmarks are remarkably well defined,
even in this multi-subject average. . . . . . . . ... ...

The figure shows the correspondece between landmark curves ob-
tained through unit speed reparameterization. (A) and (B) shows
two different surfaces. The correspondence between landmark curves
are labeled with yellow dots. Note that the correspondence does
not follow any shape information (corners are not mapped to cor-
ners). The ideal correspondence based on the shape information
of the curve is shown in (C). . . . . ... ... .. ... ...

(A) and (B) shows two surfaces. (C) shows the averaging result of the
two surface with arc-length correspondence between landmarks curves.
Note that the shape of the landmarks is averaged out and cannot be
preserved. (D) shows the averaging result with shape correspondence
between landmark curves. Note that the shape of the landmark curve
iswell preserved. . . . . . . ...

The figure show the framework of our algorithm. . . . . . . . . . ..

The figure shows the level set representation for C' (Brown open curve),

C={¢p=0}NA. Ais the shaded region, {¢ = 0} is the circle.
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6.5

6.6

6.7

6.8
6.9

6.10

6.11

[lustration of how exact matching of landmark curves can be en-
sured by the projection of vector field. As shown in (A), the exact
matching of landmark curves can be guranteed by restricting the
vector field on C' is parallel to the tangential direction of C'. This
requirement is satisfied by projecting the vector field along C' to
the horizontal component. . . . . . .. ... ... .. ... ...

The figure shows matching result of the synthetic data with two sharp
COTTIETS. .« o v v e e e e e e e e e e e e e e e e

The figure shows matching result of the synthetic data with three sharp
COTTIETS. .+ o v v e e e e e e e e e e e e e e e e e

The figure shows two different cortical surfaces with sulcal landmarks.

This figure shows the result of matching the cortical surfaces with one
landmark labeled. (A) shows the surface of Brain 1. It is mapped to
Brain 2 under conformal parameterization, as shown in (B). (C) shows
the result of matching using our proposed algorithm. (D) and (E) show

the standard 2D parameter domains for Brain 1 and Brain 2 respectively.144

Illustration of the result of matching the cortical surfaces with several
sulcal landmarks. (A) shows the brain surface 1. It is mapped to brain
surface 2 under the conformal parameterization as shown in (B). (C)
shows the result of matching under our proposed parameterization. . .

The left shows the histogram of g2 = go1 of the brain surface under
the parameterization computed with our algorithm. The right shows
the shape energy at different iterations. . . . . . . . . . .. ... ..
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Numerical data from our experiment. The landmark mismatch
energy is significantly reduced while the harmonic energy is only
slightly increased. The table also illustrates how the results differ
with different values of \. The landmark mismatch error can be

reduced by increasing A, but conformality will increasingly be lost.

Numerical data from our experiment of the two different approaches.

Although the Mobius transformation approach generate a map
which is conformal, the landmark mismatch energy is not reduced
as effective as the variational approach. The landmark mismatch
energy is significantly reduced with the variational approach. The
table also illustrates how the results differ with different values of
A. The landmark mismatch error can be reduced by increasing A,
but conformality will increasingly be lost. . . . . . .. ... ...

The list of three common methods that solve variational prob-
lems/PDEs on general surfaces. . . . . . ... ... ... .....

Ilustrates a list of formulas for some standard differential operators
on a general manifold. . . . .. ... ... 0000

Comparison between 2D Euclidean differential operators and man-
ifold differential operators under conformal parameterization. . . .
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ABSTRACT OF THE DISSERTATION

Computational Conformal Geometry and its
Applications to Human Brain Mapping

by

Lok Ming Lui
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2008
Professor Tony F. Chan, Chair

Analyzing the data and performing computation effectively on surfaces with com-
plicated geometry is an important research topic, especially in Human Brain
Mapping. In this work, we are interested in computing the conformal structure
of the Riemann surface and applying it to Human Brain Mapping. In order to
analyze the brain data efficiently, the complicated brain cortical surface is usually
parameterized to a simple parameter domain such as the sphere or 2D rectan-
gles. This allows us to transform the 3D problems into 2D problems. In order to
compare data more effectively, the parameterization has to preserve the geometry
of the brain structure while aligning the important anatomical features consis-
tently. Conformal parameterization, that preserves the local geometry, is often
used. In our work, we propose algorithms to compute the optimized conformal
parameterization of the brain surface which aligns the anatomical features con-
sistently while preserving the conformality of the parameterization as much as
possible. With the conformal parameterization, we can solve variational problems
and partial differential equations on the surface easily by solving the correspond-

ing equations on the 2D parameter domain. The computation is simple because

xxi1



of the simple Riemannian metric of the conformal map. Finally, we develop an
automatic landmark tracking algorithm to detect the sulcal landmarks on the
brain cortical surface, which involves solving variational problems on the brain

surface.
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CHAPTER 1

Introduction

Rapid development of computer technology has accelerated the acquisition and
databasing of brain data. Analyzing the data and performing computation effec-
tively on the brain surface with complicated geometry has become an important
research topic in the Human Brain Mapping research. An effective way to do so is
to parameterize them into a canonical space while retaining the original geometric
information as far as possible. In this dissertation, we are interested in computing
the conformal structure (or conformal parametrization) of the Riemann surface

and applying it to brain mapping research.

Generally speaking, every Riemann surface (metric surface) admits a confor-
mal structure. A conformal structure is a natural geometric structure on the
Riemann surface, which governs many physical phenomena and embeds many
geometric information of the surface. Specifically, a conformal structure is an
"angle preserving” atlas of the surface, such that angles among tangent vectors
can be coherently defined on different local coordinate systems. Consequently, a
conformal parameterization of a surface preserves the local geometry of the sur-
face. It is the main reason why conformal mapping is often used in the Human
Brain Mapping research. With the conformal structure, concepts in complex
analysis can be defined on the surface and it makes computation possible and
easier on the surface. It is important in medical research such as solving varia-

tional problems or PDEs on brain cortical surfaces to analyze brain data. In this



dissertation, we focus on the discussion of how we can compute the optimized
conformal parameterization that aligns the landmark features while preserving
the conformality as much as possible , and also how the conformal parameteriza-
tion can be applied such as solving PDEs on brain surfaces, automatic detection

of anatomical features and so on.

The organization of the dissertation is as follow. In Chapter 2, we briefly
describe the mathematical background related to our work. These includes the
basic mathematical definition from the conformal geometry, different approaches
to compute the conformal structure of the Riemann surface, definition of geomet-

ric variants and so on.

In Chapter 3, we describe a variational method to compute the optimized
conformal parameterizations of cortical surfaces which improve the alignment of
the important anatomical features (landmarks) while preserving the conformality
as much as possible. Here, we assume the landmarks are already labeled and
the correspondence between landmarks on different cortical surfaces are known.
This is done by minimizing a compounded energy which consists of the harmonic

energy and the landmark mismatch energy.

In Chapter 4, we describe an explicit method to solve variational problems on
general Riemann surfaces, using the conformal parameterization and covariant
derivatives defined on the surface. This is done by mapping the surface confor-
mally to the two dimensional rectangular domains, by computing the holomorphic
1-form on the surface. The conformal parameterization has a simple Riemannian
metric. As a result, any PDEs or variational problems on the surface can be
formulated to a 2D problem with a simple formula and can be efficiently solved

by well developed numerical scheme on the 2D domain.

In Chapter 5, we present an algorithm to automatically detect sulcal land-



mark curves on cortical surfaces . This is done by two steps. First, we obtain a
hypothesized landmark region using the Chan-Vese segmentation method, which
solves a Partial Differential Equation (PDE) on a manifold with global confor-
mal parameterization. Second, we propose an automatic landmark curve tracing

method based on the principal directions of the local Weingarten matrix.

In Chapter 6, we describe an algorithm to find parametrizations of the cortical
surfaces that are close to conformal and also give a shape-based correspondence
between embedded landmark curves. Here, we assume the sulcal landmarks are
labeled but the correspondence between landmarks on different cortical surfaces
are not known. We propose a variational approach by minimizing an energy
that measures the harmonic energy of the parameterizations, and the shape dis-
similarity between mapped points on the landmark curves. The parameteriza-
tions computed are guaranteed to give a shape-based diffeomorphism between
the landmark curves. We formulate our problem as a variational energy defined
on a search space of diffecomorphisms generated as integral flows of smooth vector
fields. The vector fields are restricted only to those that do not flow across the

landmark curves, so as to enforce the exact landmark matching.



CHAPTER 2

Mathematical Background

In this chapter, we describe briefly the basic mathematical background related

to our work in this dissertation.

2.1 Basic Definitions in Conformal Geometry

A surface with a conformal structure is called a Riemann surface. All metric
surfaces are Riemann surfaces. Mathematically, a Riemann surface (S, g) (with
Riemannian metric ¢) is a real differentiable two dimensional manifold S in which
each tangent space is equipped with an inner product g in a manner which varies
smoothly from point to point. This allows one to define various notions such as
angles, lengths of curves, areas (or volumes), curvature, gradients of functions and
divergence of vector fields [2][3][4]. Specifically, a Riemannian metric g = {g,}pes

on S is a family of inner products:

g T,SxT,S—R, pels (2.1)

such that, for all differentiable vector field X, Y, the application p — ¢,(X (p), Y (p))

is differentiable. Let {(32-),}; be a basis of tangent vectors over p € S. Then,

the coefficients

35(0) =< (G () > 22)



induces a metric tensor, which is called the first fundamental form:
]

Every Riemann surface admits a conformal structure. A conformal structure
is a special atlas of the surface, such that angles among tangent vectors can be

coherently defined on different local coordinate systems.

An atlas of a Riemann surface S is a family of charts {U,, ¢} for which U,
constitutes an open covering of S. As shown in Figure 2.1, suppose {U,, ¢, } and
{Us, ¢} are two charts on the surface S, U, N Uz # 0, then the chart transition

function, ¢, is defined as:

Gap = 050 b5 Pa(Ua N Us) = ¢5(Ua N Up) (2.4)

L0

\ //
¢, U,) 95U p)

Figure 2.1: The structure of a manifold. An atlas is a family of charts that jointly
form an open covering of the manifold

An atlas {U,, ¢} on a surface is called conformal if all chart transition func-



tion are holomorphic. A chart {U,, ¢o} is compatible with an atlas A if the union
AUA{U,, ¢} is still a conformal atlas. Two conformal atlases are compatible if
their union is still a conformal atlas. Each conformal compatible equivalence
class is a conformal structure. Strictly speaking, a two-manifold with a confor-
mal structure is called a Riemann surface. It has been proven that all metric

orientable surfaces are Riemann surfaces and admit conformal structures [5][6].

With the notion of conformal structure, holomorphic and meromorphic func-
tions and differential forms can be generalized to Riemann surfaces. A holo-
morphic 1-form w is a complex differential form, such that in each local frame
< Uq,Va >, Za = Uq + iU4, Where i = /—1, the parametric representation is
w = f(24)dzq and f(z,) is a holomorphic function. On a different chart {Ugs, ¢35},

with another local frame (ug,vg), 23 = ug + ivg, where i = /—1,

dz
w = fa(zp)dzs = fﬁ(zﬁ(za))ﬁdza (2.5)
then fg(%) is still a holomorphic function. For a genus g closed surface, all

holomorphic 1-forms form a 2g real dimensional linear space [7].

At a zero point p € M of a holomorphic 1-form w, any local parametric

representation has

w = f(24)dza, f|, = 0. (2.6)

According to the Riemann-Roch theorem, in general there are 2g — 2 zero points

for a holomorphic 1-form defined on a closed surface of genus g, where g > 1.

A holomorphic 1-form induces a special system of curves on a surface, the so-
called conformal net [8]. Horizontal trajectories are the curves that are mapped
to iso-v lines in the parameter domain. Similarly, vertical trajectories are the

curves that are mapped to iso-u lines in the parameter domain. The horizontal



Figure 2.2: (A). Conformal net and critical graph of a closed 3-hole torus surface.
There are 4 zero points, the critical horizontal trajectories partition the surface
to 4 topological cylinders, color encoded in the 3rd frame. Each cylinder is
conformally mapped to a planar rectangle. (B). Conformal net and critical graph
of a open boundary 4-hole annulus on the plane. There are 3 zero points; the
critical horizontal trajectories partition the surface to 6 topological disks. (C).
Each segment is conformally mapped to a rectangle. The trajectories and the
boundaries are color encoded and the corners are labelled.

and vertical trajectories form a web on the surface. The trajectories that connect
zero points, or a zero point with the boundary are called critical trajectories. The
critical horizontal trajectories form a graph, which is called the critical graph. In
general, the behavior of a trajectory may be very complicated, it may have infinite

length and may be dense on the surface. If the critical graph is finite, then all

the horizontal trajectories are finite.

The critical graph partitions the surface into a set of non-overlapping patches

that jointly cover the surface, and each patch is either a topological disk or a



topological cylinder [9]. Each patch Q@ C M can be mapped to the complex plane
by the integration of holomorphic 1-form on it. The structure of the critical
graph and the parameterizations of the patches are determined by the conformal
structure of the surface. If two surfaces are topologically homeomorphic to each
other and have similar geometrical structure, they can support consistent critical
graphs and segmentations (i.e., surface partitions), and their parameterizations
are consistent as well (a possible metric to evaluate how similar two surfaces’
geometrical structures are is proposed as Eg;s in [10]). Therefore, by matching
their parameter domains, the entire surfaces can be directly matched in 3D. This
generalizes prior work in medical imaging that has matched surfaces by computing

a smooth bijection to a single canonical surface, such as a sphere or disk.

Figure 2.2 (A) and (B) show the conformal net and critical graph on closed sur-
face and open boundary surface, respectively. The surface segmentation results
are also shown. Figure 2.2 (C) illustrates how a segment in (B) is conformally
mapped to a rectangle. In (C), conformal nets are labeled with different colors.
In the parameter domain, we can also find the right angles between the conformal
net curves are well preserved. The zero point on the left is mapped to two points

on the opposite edges.

We call the process of finding the critical graph and segmentation as holomor-
phic flow segmentation, a process that is completely determined by the geometry
of the surface and the choice of the holomorphic 1-form. Note that this differs
from the typical meaning of segmentation in medical imaging, and is concerned
with the segmentation, or partitioning, of a general surface. Computing holomor-
phic 1-forms is equivalent to solving elliptic differential equations on the surfaces,
and in general, elliptic differential operators are stable (their solutions tend to be

smooth functions and the boundary conditions of the Dirichlet problem can be



(©) (D)

Figure 2.3: Ilustration of the conformal parameterizations of different surfaces.
The parameterizations are computed by integrating the holomorphic differential
one form defined on the surfaces. (A), (B), (C) and (D) show the conformal
parameterizations of a 2-torus, a human face, a lateral ventricular surface and a
human brain cortical surface [1] respectively.

fulfilled). Therefore the resulting surface segmentations and parameterizations
are intrinsic and stable, and are applicable for matching (potentially noisy) sur-
faces that are derived from medical images and topologically homeomorphic to
each other [1]. Because the behavior of horizontal trajectory is solely determined
by the conformal structure and the cohomology class of the holomorphic 1-form.
In surface matching application, we guarantee that the cohomology classes are
consistent on two surfaces and the two surfaces are with similar conformal struc-

tures, therefore, the corresponding trajectories will behave in the similar way.

2.2 Conformal Parameterization of the Riemann Surface

In this section, we talk about the conformal parameterization of the Riemann

surface.



All Riemann surfaces are locally Euclidean. Given two Riemann surfaces M
and N. We can represent them locally as ¢p(z1,20) : R? — M C R3 and
én(z1,29) + R? — N C R3 respectively, where (z1,7s) are their coordinates.
The inner product of the tangent vectors at each point of the surface can be
represented by its first fundamental form. The first fundamental form on M

can be written as ds3, = ), ; gijda’dz’, where g;; = oy . Sou

and 7,7 = 1,2.
Similarly, the first fundamental form on N can be written as dsi = Y, ; gi;dz"da’

0 d
where g;; = a(iliv . a‘ifjv

and 7,5 = 1,2. Given a map f : M — N between the
M and N. With the local parameterization, f can be represented locally by its
coordinates as f : R?* — R? f(x1,22) = (fi(z1,72), fo(71,22)). Every tangent
vectors U on M can be mapped (push forward) by f to a tangent vectors f.(v)
on N. The inner product of the vectors f,(v1) and f.(v3)), where v; and v5 are

tangent vectors on M, is:

Jr(dsyy)(v1,09) == < fu(v1), fu(v2) >
= Gf(v) - f(v)

~ (9 i a 7
= Z( Gmn axfm 83{”)%%)

.7 m,n

Therefore, a new Riemannian metric f*(ds%/) on M is induced by f and ds%,
called the pull back metric. We say that the map f is conformal if it preserves

the first fundamental form up to a scaling factor. Mathematically, it means:

f(ds%) = My, z2)ds3, (2.8)

The scaling factor A is called the conformal factor.

A parameterization ¢ : R? — M is a conformal parameterization if ¢ is a

10



conformal map.

Intuitively, a map is conformal if it preserves the inner product of the tangent
vectors up to a scaling factor, called the conformal factor \. An immediate

consequence is that every conformal map preserves angles.

Figure 2.3 shows several examples of conformal parameterization examples.
Figure 2.3(A), 2.3(B), 2.3(C) and 2.3(D) show the conformal parameterizations of
a 2-torus, a human face, a lateral ventricular surface and a brain cortical surface

respectively [1].

As an illustration of how conformal maps are angle-preserving, Figure 2.4(A)
shows the texture mapping of a human brain. The brain is conformally mapped
to a sphere. The sphere is mapped to the plane by sterographic projection. The
planar coordinates are used as the texture coordinates. This texture parameter is
mapped to the brain surface through the conformal mapping between the sphere
and the brain surface. Note that all the right angles in the texture are preserved
on the brain surface. Figure 2.4(B)shows the texture mapping of the human face.
The face is conformally mapped to a 2D rectangle. The right angle is also well

preserved under the conformal map.

Several research groups have reported work on brain surface conformal map-
ping. Brain surface parameterization has been studied intensively. Schwartz et
al. [11], and Timsari and Leahy [12] compute quasi-isometric flat maps of the
cerebral cortex. Drury et al. [13] present a multiresolution flattening method for
mapping the cerebral cortex to a 2D plane [14]. Hurdal and Stephenson [15][16]
reported a discrete mapping approach that uses circle packing to produce “flat-
tened” images of cortical surfaces on the sphere, the Euclidean plane, or the
hyperbolic plane. They obtained maps that are quasi-conformal approximations

to classical conformal maps. Haker et al. [17][18] implemented a finite element

11
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Figure 2.4: (A) shows the conformal texture mapping of the human brain. The
brain is mapped conformally to a sphere. (A) left shows the texture mapping
of the sphere. (B) shows the texture mapping of the brain. Note that the right
angle is well-preserved, meaning that conformal mapping is angle-preserving. (B)
shows the texture mapping of the human face. The face is conformally mapped
to a 2D rectangle. The right angle is also well preserved under the conformal
map.
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approximation for parameterizing brain surfaces via conformal mappings. They
represented the Laplace-Beltrami operator as a linear system and solved it for
parameterizing brain surfaces via conformal mapping. Gu et al. [19] proposed a
method to find a unique conformal mapping between any two genus zero man-
ifolds by minimizing the harmonic energy of the map. They demonstrated this
method by conformally mapping the cortical surface to a sphere. For general
surfaces, Wang et al. [20][1][21] proposed a method to compute the conformal
structures of high genus surfaces using the holomorphic 1-forms. They illustrated
this ideas by computing conformal structures for several types of anatomical sur-
faces in MRI scans of the brain, including the cortex, hippocampus, and lateral
ventricles. Based on the Riemann surface structure, they then canonically par-
titioned the surface into patches and each of these patches can be conformally
mapped to a parallelogram. Ju et al. [22] present a least squares conformal map-
ping method for cortical surface flattening. Joshi et al. [23] propose a scheme
to parameterize the surface of the cerebral cortex by minimizing an energy func-
tional in the p™ norm. Recently, Ju et al. [24] report the results of a quantitative
comparison of FreeSurfer [25], CirclePack [15], and least squares conformal map-

ping (LSCM) [22] with respect to geometric distortion and computational speed.

In our work, we apply the global conformal parameterization algorithms to
parameterize the genus zero Riemann surface to a sphere and parameterize higher
genus surface to the 2D rectangles [1][26][27]. The algorithms are described as

below.

13



2.2.1 Computation of Conformal Parameterization of Genus Zero sur-

face

For a diffeomorphism f : S; — S5 between two genus zero surfaces, a map is
conformal if it minimizes the harmonic energy, Epormonic(f) [28]. Let ¢g; and
go are the metric on S; and Sy respectively. The harmonic energy Eparmonic 1S

defined as:

1

Eharmonic(f) = 5 S |Vg1f|§2d51 (29)
1

where V, is the gradient operator with respect to the metric g and | - |,, is the
norm in the image space with respect to the metric go. (In coordinates, we have
Vo fI2, = tr(*0f0f), where 0f is the matrix of partial derivatives expressed in

bases orthonormal with respect to g; and gs.

Based on this fact, we can compute the conformal mapping by a variational
approach, which minimizes the harmonic energy. The Euler-Lagrange equation

of the harmonic energy is:
d t

0 Ay f (2.10)

where A, f is the Laplacian operator with respect to the metric g; and is a

tangent vector on .Ss.

In this section,we will formulate the basic mathematical theory in a rigorous
way. The harmonic energy and its derivative will be defined. Since we are working

on a triangulated mesh, their discretized version will be discussed.

Let K and H represent the simplicial realization (triangulation) of the Rie-
mann surface S; and Sy respectively, u, v dentote the vertices, and [u, v] denote
the edge spanned by u,v. Now, we use CP*(K) to denote the vector space of all

piecewise linear functions defined on K. Suppose a set of string k, , are assigned

14



to each edge [u,v]. An inner product can be defined on CT*(K) as follow:

<[ h>= % Y kuo(f(u) = f(©))(A(u) = h(v)) (2.11)

[u,w]eK

The string energy is defined as:

B =< f,f >=5 3 hulflu) = F(0)) (212)
[

u,v]€K

Suppose edge [v1,v2] has two adjacent faces T,,Tps, with T, = {vy,v2,v3},
T3 = {v1,ws, va}. Define the parameters on T,
(v1 — v3) - (V2 — v3)

Tors = (0, ~ug) X (vg — vs)] (2.13)

. 214)
’ 2|(vg — v1) X (v3 — v1)|
5 = g ) 215)
’ 2‘(1]3 — UQ) X (Ul — ’U2)|
Parameters on Tj are defined similarly. Let ky, ., := 3(cota + cotB) = a ,, +
awa. The string energy obtained is the harmonic energy Eparmonic(f)-

— —
For amap f € CPE f = (fo, f1, f2), we define the harmonic energy as:

2
Eharmnoic(?) = Z Eharmonic(fi) (216>
=0

For a map between two genus zero surfaces, the map is conformal if the map is
the minimizer of the harmonic energy Fharmnonic- Lhe harmonic energy is always
a quadratic form and is positive definite. This will guarantee the convergence of

the steepest descent method.
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via 1, Tﬁﬁv4

V;

Figure 2.5: Discrete Laplace-Beltrami operator. Edge {v;,v2} has two corners
against it «, § The edge weight is defined as the summation of the cotangents of
these corner angles.

To minimize the harmonic energy by the steepest descent method, we define
the piecewise Laplacian. The piecewise Laplacian is the linear operator Apr(f) :

CPL — CPL on the space of piecewise linear functions on K, defined on the

formula

App(f) =) kuo(f(u) = f(v)) (2.17)

For a map f = (fo, f1, J2), the piecewise Laplacian of f is defined as:

—

Apr(f) = (Apc(fo), Apr(fi), Dpr(fe)) (2.18)

A map f is harmonic if and only if Ap; only has a normal component, and its

tangential component is zero. That is:

— —

Apr(f) = (Apcf)* (2.19)
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We can now minimize the harmonic energy by steepest descent algorithm:

df(t) =
—— = Df (2.20)

where D ft is the absolute derivative that is defined as:
Dft = Apft = (Appfi)* (2.21)

Using the algorithm, we can easily parameterize a genus zero surface conformally

onto a unit sphere S

In order to get a unique solution, we add the zero center of mass constraint
to the minimization problem. Mathematically, the map f 0 S1 — 9, satisfies the

zero center of mass constraint if and only if

fdS; =0 (2.22)
S1

In particular, all conformal maps from a surface S; to the sphere S? satisfying

the zero center of mass constraint are unique up to the Euclidean rotation group.

To summarize, the computer algorithm for computing the conformal param-

eterization of the genus zero surface onto the sphere is as follow:

Algorithm 2.2.2.1 : Genus zero surface

Input : (mesh K of genus 0, step length ¢, energy difference threshold 6 F),

Output :(f : Cy — S?), which minimizes E.

1. Given a Gauss map I : Cy — S%. Let f = I, compute Ey = Epep (1)

—

2. For each vertex v € K, compute D f(v)



—

3. Update f(v) by 6f(v) = =D f(v)dt
4. Compute energy F, e,

5. If Fpew — Fg < 0F, return f. Otherwise, assign E to Ey. Repeat steps 2 to
5.

Figure 2.6 shows the conformal parameterizations of two different brain cor-
tical surfaces onto the spheres. They are colored based on the mean curva-
ture. Note that the geometry of the sulci are well preserved on the spherical
domain, meaning that the conformal parameterization can preserve the local ge-
ometry effectively. After the brain is parameterized onto the sphere, spherical
harmonic analysis can be done on the surface easily to study medical disease

[29](30][31][32][33][34]

2.2.2 Computation of Conformal Parameterization of Higher Genus

surface

Sometimes it is of great interest to parameterize a compact surface onto 2D rect-
angular domains. To parameterize a compact surface onto 2D rectangles, one
intuitive technique is to cut it open along some suitable cutting boundaries. For
example, a torus of genus one can be cut open and mapped to a rectangle along
two cutting boundaries. Similarly, a torus of genus two can also be mapped to
two rectangles by introducing suitable cut (See Figure 2.8 ). If the cut is suitably
chosen, the parameterization could be conformal. In the algorithm that we use
to parameterize the surface, we search for the suitable cutting boundaries on the
surface in order to get a conformal map. This is done by computing the holomor-
phic one form on the surface. The holomorphic 1-form w is a complex analytic

differential form. A conformal parameterization from the surface onto the 2D
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Conformal Parameterization
of Brain 1

Brain 1

Brain 2 Conformal Parameterization
of Brain 2

Figure 2.6: The top and bottom show the global conformal parameterization of
Brain 1 and Brain 2 onto the spheres respectively. They are colored based on the
mean curvature. Note that the geometry of the sulci are well preserved on the
spherical domain, meaning that the conformal parameterization can preserve the
local geometry effectively.
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domain can be obtained by integrating the holomorphic one form [21][35][26][20].

To compute the holomorphic 1-form, we start by computing a harmonic 1-
form w on the surface. Similar to complex analysis, we can compute a harmonic
conjugate *w of w, which is called the Hodge star conjugate, such that W :=

w + i * w is a holomorphic (analytic) 1-form.

The basis of harmonic 1-form can be computed from the dual basis of the
homology basis. All curves on a surface form a homology group. The homology
basis is a set of non-constant closed curves (up to homotopic) on the surface
that can be deformed to any closed curves on the surface by operations including
replicating, merging and splitting. A surface can be cut along a homology basis
(a cut graph) to a topological disk, which is called a fundamental domain. For
example, Figure 2.7 shows the homology basis on different surfaces. (A) shows
the homology basis {ej, es}on a genus one torus. (B) shows the homology basis
of a genus two surface, which consists of 4 cutting boundaries. (C) shows the
homology basis of a genus four surface, which consists of 8 cutting boundaries.
As we cut along the suitable cutting boundaries of the surface, we can map the

surface onto the 2D rectangles.

We firstly explain the concept of homology and cohomology in a rigorous way.
Let K be a simplicial complex whose topological realiation |K| is homeomorphic
to a compact 2-dimensional manifold. Suppose there is a piecewise linear embed-
ding, F': |K| — R3. The pair (K, F) is called a triangular mesh and we denote it
as M. Let [vg, v1, ..., v,] be the p-cells of K. The p — chain is defined as a linear

combination of ¢ — simplies,

Z C[Uoﬂfl,---ﬂ)p} [an U1, "')Up] (223)

[vo,v1,...,vp]EK

20



Denote the set of all p-chains by C, K. We can define the boundary operator
0:C,K — C, 1K by:

p

o, V1, s Up) = D _[V0, ey Vimt, Vst -oes V) (2.24)

=0
We can define chain complex as C.K = {C,K,0,},>0 and cochain complex as

C*K = {CPK,P},>0, where CPK = Hom(C,K; R) and Pwo = wiyi10, w €
CPK and 0 € Cp1 K. Now, the p-th homology group is defined as:

H,K = Z,K/B,K (2.25)

where Z,K is the kernel of 0, and B, is the image of J,1;. Similarly, the p-th

cohomology group can be defined as:
HPK = ZPK/B’K (2.26)

where ZPK is the kernel of 6 and B, is the image of 67"

Given a homology basis {ej,...,es,} on the surface, we can compute a set
(basis) of the harmonic 1-forms {wy, ...,wsy} (cohomology). According to Hodge
theory, given 2g real numbers ci, cs, ..., cag, there is a unique real gradient field w

which satisfies the following system of equations:

dw =33 w(luj_1,u,]) = 0, Y[ug, ur, us] € M, ug = us (closedness);
Aw =37, e @([u,v]) = 0V[u, 0] € M (harmonicity);

fei w=>y" w([ué_l, ué]) = 0;;Ve; = 2?21[10;—17 u;], uy = ul,  (conjugacy).
(2.27)

where [ug, u1, us] represents a face on M; [u, v] represents an edge on M; ky, =

(cotar + cotf3) in which «, 3 are the angles against the edge [u, v].
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The equation dw = 0 indicates w is closed, where d is the exterior differential
operator. The equation Aw = 0 represents the harmonicity of w, where A is the
Laplacian-Beltrami operator. The equation feiw = ¢, 1 = 1,2,...,2¢g restricts
the cohomology class of w by the values of the integration along the homology
basis e;’s. In order to get a basis of the conformal gradient fields, we choose 2g
sets of {c;}, where the jth set is {d}}. It can be shown that the linear system of

equations is of full rank.

After we have computed w, we can compute the xw by using the discrete
Hodge star operator. Intuitively, the Hodge star operator *w can be obtained by
rotating w about the normal 7 on the tangent plane at each point of the surface.
Suppose {wi,ws, ...,wq,} are a set of basis of all the solution of the system 2.27.

Therefore, we can represent *w as a linear combination of w;’s:

29
*o = Z \iw; (2.28)
i=1

We can solve for \; through a linear system by considering the relationship be-

tween the wedge product A and star wedge product *A.

Given two 1-forms w and 7, the wedge product on smooth surface S is defined

as the following integration:

/w/\T:/wXT-ﬁdS (2.29)
S S

where 77 is the normal field on S. Suppose {dy, d1,ds} are the oriented edges of a

triangle T', their lengths are {lo,l1,l>}, and the area of T' is s, then the discrete
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wedge product A is defined as:

1
/Tw/\TZE T(do) T(dl) T(dg) (230)

The star wedge product *A of w and 7 on smooth surface S is defined as follows:

/w*AT:/w/\*T:/wx*T-ﬁ (2.31)
S S s

The discrete star wedge product on mesh 7T is defined as

/w « AT =UMVT, (2.32)
T
where
—412 B+03-03 B+13-08
1
M=o | B+B-8 -4  B+5-1 (2.33)
Br—0 B+32—12 -4

and vectors U,V are
U = (w(do),w(dr),w(d2)); V = (7(do), 7(d1), 7(d2)) (2.34)
Based on the formula:

/wi/\*w:/wi*/\w,i: 1,2,...,2g, (2.35)
S S

we can expand each term with the discrete wedge product and discrete star wedge
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product to get the following linear system:
WA=B (2.36)

where W has entries w;j = ZTG S fT w; A wj, A has entries \; and B has entries
bi =D res fT w; * Aw.

After we get the holomorphic 1-form, we can compute the conformal param-
eterization ¢ by integrating the one form: ¢(p) = f,y w= f7 f(24)dz4, where v is

any path joining p to a fixed point ¢ on the surface and w = f(z,)dz,.

Double covering techniques are applied to surfaces with boundaries to con-
vert them to closed symmetric surfaces. Suppose surface S has boundaries, we
construct a copy of S denoted as S’. We reverse the orientation of S’ by changing
the order of vertices of each face from [u, v, w] to [v,u, w]. We then glue S and S’
together along their boundaries. The resulting mesh is denoted as S, and called
the double covering of S. The double covering is closed and so we can apply the

holomorphic segmentation algorithm to compute the conformal parameterization.

To summarize, the algorithm for computing the conformal parameterization

of higher genus surfaces are as follow:

Algorithm 2.2.2.2 : Higher genus surface

1. Given a high genus surface, find the homology basis {1, ..., &a,} of its ho-
mology group.

2. Given the homology basis {£1, ..., 2}, compute its dual basis {wy, ..., wa, }

which is called the cohomology basis.

3. Diffuse the cohomology basis elements to harmonic 1-forms. This can be

done by solving the following simultaneous equations: (1) dw = 0 (closedness)
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(A) (B) (C)

Figure 2.7: Homology basis (cutting boundaries) on different surfaces. (A) shows
the homology basis {ej, es}on a genus one torus. (B) shows the homology basis
of a genus two surface, which consists of 4 cutting boundaries. (C) shows the
homology basis of a genus four surface, which consists of 8 cutting boundaries.

(2) Aw = 0 (harmonity)  (3) f& w; = 0;; (duality). The existence of

solution is guaranteed by Hodge theory.
4. Compute the Hodge star conjugate {*ws,...," wo,} of {wy, ..., way}

5. Integrate the holomorphic 1-form and get the conformal mapping: f(z) =

f7 w + *w, where w = X \;w;

This method for parameterizing surfaces onto 2D rectangular domains has

been effectively used in medical research for disease analysis [36][37][38][39][1]

2.3 Geometric invariants on the Riemann Surface

Geometric invariants are quantities defined on the Riemann surface. They de-
scribe the geometric properties of the surface and are useful for distinguishing

different surfaces. They are also useful for determining a surface. For exam-
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A0

Handle Separator

Figure 2.8: Illustration of how the conformal parameterization can be computed
by introducing suitable cutting boundaries. The top shows how a genus one
surface can be mapped to a 2D rectangles by cutting along the suitable cutting
boundaries. The bottom shows how a genus two surface (2-torus) can be mapped
to two rectangles.

ple, the mean curvature and surface normal can be used to reconstruct a surface
uniquely up to a rigid motion. In this section, we describe the definition of sev-
eral important geometric variants such as mean curvature, gaussian curvature,
principal curvature, conformal factor and so on. We also describe briefly how

these geometric variants can be computed.

An important geometric variant is the curvature. There are different types of
curvature including principal curvatures, mean curvature and gaussian curvature.
Intuitively, curvature is the amount by which a geometric object deviates from

being flat.

For space curve, curvature is a value that measures how curved is the curve
at a point on a curve. At any point P on the curve, there is a circle of right size,
called the osculating circle, that touches P and fits the most. The flatter the curve
at P, the larger is its osculating circle. The sharper the curve at P, the smaller
is its osculating circle. Thus, we can define the value of curvature as 1/r, where

r is the radius of the osculating circle. When the osculating circle is large, the
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curvature 1/r is small. Mathematically, let (s) be a regular parametric curve,
where s is the arc length, or natural parameter. It determines the unit tangent
vector T, the unit normal vector N, the curvature s(s), the signed curvature k(s)

and the radius of curvature r at each point:
T(s) ='(s), T'(s) = k(s)N(s), w(s) = [y"(s)| = |k(s)], 7(s) = —  (2.37)

The curvature of a straight line is identically zero. The curvature of a circle
of radius R is constant, i.e. it does not depend on the point and is equal to the
reciprocal of the radius:

K== (2.38)

For a Riemann surface, consider the intersection of the surface with a plane
containing the normal vector and one of the tangent vectors at a particular point.
The intersection is a plane curve and has a curvature. This is the normal cur-
vature, and it varies with the choice of the tangent vector. The maximum and
minimum values of the normal curvature at a point are called the principal cur-
vatures, k; and ks, and the directions of the corresponding tangent vectors are
called principal directions. The gaussian curvature K is defined as the product
of the principal curvatures K = ki1ky;. The mean curvature H is defined as the

average of the principal curvatures H = @

Mathematically, the curvatures can be computed from the second fundamental
form. Consider the tangent plane T, M of the surface M for each point p € M.

We have the surface normal n(p), which varies smoothly with p. Then we have a

map n : M — S2. It is called the normal map or Gauss map.

The second fundamental form is the tensor field ZZ on M defined by ZZ,(&,n) =
—(Dn,(€),n,&,n € T,M where (,) is the dot product of R*, and we consider the
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«  —— Osculating circle

- |
-.\:_;HJ
Vv

Figure 2.9: Illustration of how the normal curvature is defined. Consider the
intersection of the surface with a plane containing the normal vector and one of
the tangent vectors at a particular point. The intersection is a plane curve and
has a curvature. This is the normal curvature, and it varies with the choice of
the tangent vector.

tangent planes of surfaces in R? to be subspaces of R3.

The linear transformation Dn,, is in reality the tangent mapping Dn,: T,M —
Ty S?, but since T, ) S? = T,M by the definition of n, we prefer to think of
Dn, as Dn,: T,M — T, M.

The tangent map Dn, is often called the Weingarten map.

We can compute the matrix representation W, called the Weingarten matrix,
for —Dn in u, v-coordinates. Now, the normal curvature k,, of a Riemann surface
in a given direction is the reciprocal of the radius of the circle that best approx-
imates a normal slice of the surface in that direction, which varies in different
directions. The Weingarten matrix satisfies:

e
n =VIWv =v" d v (2.39)

I g

for any tangent vector v. Its eigenvalues and eigenvectors are called principal

curvatures and principal directions respectively. The mean of the eigenvalues is
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the mean curvature. A point on the Riemann surface at which the Weingarten

matrix has the same eigenvalues is called an umbilic point.

The mean curvature and gaussian curvature can be computed from the con-
formal factor [40][41]. Given the conformal parameterization of the surface, we
can obtain a conformal factor function A. By definition, the conformal parame-

terization has a simple Riemannian metric, namely,

A if i =7,
0 ifi#j.

gij =

In other words, the four metric coefficients are reduced to one coefficient
metric A, called the conformal factor. With this property, surface differential op-
erators can be expressed within the conformal coordinates with simple formulae.
The expressions are similar to the usual Euclidean differential operators, except
for a scalar multiplication of the conformal factor. The conformal factor at a
point p on the surface S can be determined by computing the scaling factor of

a small area around p under the parameterization ¢ : R?> — S. Mathematically,

Ap) = Ar(‘;‘&;ﬁ(f(é%)))’ where B(p) is an open ball around p of radius p. After

we have computed the conformal factor, we can compute the mean curvature and

gaussian curvature easily. This can be described by the following theorems.

Lemma 2.3.1:

K = —[(I%)u = (TT)y + PRIy + T = THIS, — TLILI/E (240)
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Lemma 2.3.2:

Suppose ¢ is orthogonal (F' = 0). The gaussian curvature K can be computed

by:

1 E, Gy

Proof :
: _ 2 _ Gu. 72 _ Ey,. 71 _ Ey. 71 _ Ey. 72 __ Ey,. 72 _ E

Putting them into equation 2.40, we have:

SR Ey; | Gi | EG, BuGu

2G’" T V2G7Y 4EG T 4G2 T 4G?  4EG

_ _[(Guu @ " <Em, B Eva) B . G2 . EG, EuGu]/E
2G  2G? 2G  2G?’ 4EG ' 4G?2 ' 4G®  4EG

Guw  E, E G E,G, E,G,

- _[2EG 0BG 4E2G 4EG2) CAEG? 4E2G]

K=

SN R S
= wc\vee" T VEe

(2.42)

Theorem 2.3.1 :

Suppose ¢ is conformal with £ = G = X and F' = 0, where X is the conformal

factor. The gaussian curvature K can be computed by:

1
K = —ﬁAlog A (2.43)

Proof :

Suppose ¢ is conformal and A = A(u,v) is the conformal factor with respect to
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¢. Put E = G = X into equation 2.41, we have:

- __[(_)v + (_)u] (244)

Theorem 2.3.2 :

Suppose ¢ is conformal with £ = G = X and F' = 0, where X is the conformal

factor. The mean curvature H can be computed by:

1 . 1
H = =sign(6)|A0] = +lou + b (2.45)

<A¢,]\7> T

where N is the (unit) surface normal, sign(¢) = 7

Proof :

Suppose ¢ is conformal and A = A(u,v) is the conformal factor with respect to
0.

We have < ¢, ¢y >=< ¢y, ¢, >= X and < ¢,, ¢, >= 0. By differentiation, we
have:

< ¢uu7 ¢u >=< ¢vu>¢v >= =< ¢u7 ¢vv >

We get: < ¢duuy + v, @ >= 0. And similarly we get: < ¢uu + Pupw, @ >= 0.

Therefore, A¢ is parallel to N and sign(¢) = <A|§;F> = +1.

Now, o
o 1Eg—2fF+G€_ 1g+6_ 1<¢uu+¢vv7N>

2  EG-—F? 2 0\ 2 A
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So,
_1<A¢,]\7>_1<A¢,]\7>

H = —
2 A 2 A\

1.
0] = sign(6)|Adl
Q.ED.

Another important geometric variant on the surface is the geodesic curve.
Let M be a Riemann surface with Levi-Civita connection V. The solution to the
equation V.7 = 0 defined in the interval [0, a], is called a geodesic or a geodesic
curve. When M is compact, the curve v is the shortest possible curve between the
points v(0) and 7(a), and is often referred to as a minimizing geodesic between
these points. Conversely, any curve which minimizes the distance between two
arbitrary points in a manifold, is a geodesic. Therefore, on a compact Riemann
surface M, we can regard a geodesic between two points to be the shortest path

joining the two points.

We can compute a smooth approximation of the geodesic on the spline (smooth)
mesh using the conformal parameterization. This can be described by the follow-

ing theorem.

Theorem 2.3.3 :

Let S be a Riemann surface. Suppose ¢ is the conformal parameterization of .S
with conformal factor A\. Then the geodesic between ¢(p) and ¢(q) on S can be

computed on the 2D parameter domain by minimizing the following energy:

E(e(t) = /0 (L)@ (t)]|*dt (2.46)

where ¢(0) = p and ¢(0) = q.

The geodesic on S will be ¢(c(t)).
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The energy can be minimized iteratively by:

Cnpa(t) = Cu(t)
dt

= BO)[=[1E,OIPVAE(1) + (MEn(1)E, (1))] (2.47)

_ 1
where (3(t) = e?e ""21-21, The multiplication of 5(¢) is to make sure that the

curve is evolved with the end points fixed.
Proof :

Let @:[0,1] — S be any curve on S. By Cauchy-Schwartz inequality,

/ () dt)?
oy / N (1) dt)?
< / 1dt)? /| 1)2dt) = Es(@)

So, L(a@)? < Eg(q).
Let 4 : [0,1] — D be the projection of a minimizing geodesic curve on S onto

D. We have:
Dv
dt

= =/

=0=<79,7y >=0

Thus, < 7,5 >= k for some constant k.

Now, L(¥ fo |’ (t)|dt)* = k = E(¥) and so E(§) = L(¥)? < L(a)* <
E(a).

As a result, let ¢ : [0,1] — D be any curve on the parameter domain D

and T : [0,1] — D be the projection of 4 onto the parameter domain, we have:

E(&) = Es(¢(2)) < Es(6(T)) = Es(Y).
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Now, let w(t) = B(H)[]|Z ()|PVA@H) + (A@)@(#))]. Consider:

S0 BE) + 5i0)) = frluco [ @)+ swDIIEE) + s ()|

/ 12 BIPVA@R) - B + A (1)) - @ (t)de
- / 117 ()| PYAE) — (@) (1)) - @bt
- / | 11E () IPYAEE) — AED)E (0)|Pdt < 0

Thus, the energy can be minimized iteratively by:

) 260 _ il IPYAE®D) + (EMGD)] (248)

I
where (1) = e?e I-21-21,

QE.D.
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CHAPTER 3

Optimized Brain Conformal Parameterization

and Its Application to Human Brain Mapping

3.1 Introduction

Rapid development of computer technology has accelerated the acquisition and
databasing of brain data. An effective way to analyze and compare brain data
from multiple subjects is to map them into a canonical space while retaining the
original geometric information as far as possible. Surface-based approaches often
map cortical surface data to a parameter domain such as a sphere, providing a
common coordinate system for data integration [28, 42]. One method to do this
is to conformally map cortical surfaces to the sphere. It is well known that any
genus zero Riemann surface can be mapped conformally to a sphere. Cortical
surface is a genus zero surface. Therefore, conformal mapping offers a convenient
method to parameterize cortical surfaces without angular distortion, generating
an orthogonal grid on the cortex that locally preserves the metric. Although
conformal mapping preserves the local geometry well, the important anatomical
features, such as the sulci landmarks, are usually not aligned consistently. To
compare cortical surfaces more effectively, it is advantageous to adjust the con-
formal parameterizations to match consistent anatomical features across subjects

[43][44]. Here we refer to these anatomical features as landmarks. Some exam-
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ples of landmarks are shown in Figure 3.1. This matching of cortical patterns
improves the alignment of data across subjects, although it is more challenging
to create a consistent conformal (orthogonal) parameterization of anatomy across
subjects when landmarks are constrained to lie at specific locations in the spher-
ical parameter space. Here we describe and compare two methods to accomplish
the task. The first approach is based on pursuing an optimal Mobius transforma-
tion to minimize the landmark mismatch error. The second approach is based on
a new energy functional, to optimize the conformal parameterization of cortical
surfaces by using landmarks. Experimental results on a dataset of 40 brain hemi-
spheres showed that the landmark mismatch energy can be significantly reduced
while effectively preserving conformality. The key advantage of these conformal
parameterization approaches is that any local adjustments of the mapping to
match landmarks do not affect the conformality of the mapping significantly. A
detailed comparison between the two approaches will be discussed. The first ap-
proach can generate a map which is exactly conformal, although the landmark
mismatch error is not reduced as effective as the second approach. The second
approach can generate a map which significantly reduces the landmark mismatch

error, but some conformality will be lost [45][46][47].

Conformal
Mapping
—_

Figure 3.1: Manually labeled landmarks on the brain surface. The original surface
is on the left. Its conformal mapping result to a sphere is on the right.
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3.2 Previous works

Optimization of surface diffeomorphisms by landmark matching has been stud-
ied intensively. Joan et al. [48] proposed to generate large deformation diffeo-
morphisms of the sphere onto itself, given the displacements of a finite set of
template landmarks. The diffeomorphism obtained can match the geometric fea-
tures significantly but it is, in general, not a conformal mapping. Leow et al. [49]
proposed a level set based approach for matching different types of features,
including points and 2D or 3D curves represented as implicit functions. Corti-
cal surfaces were flattened to the unit square. Nine sulcal curves were chosen
and were represented by the intersection of two level set functions, and used to
constrain the warp of one cortical surface onto another. The resulting transfor-
mation was interpolated using a large deformation momentum formulation in the
cortical parameter space, generalizing an elastic approach for cortical matching
developed in Thompson et al. [50]. Duygu et al. [51] proposed a more auto-
mated mapping technique that results in good sulcal alignment across subjects,
by combining parametric relaxation, iterated closest point registration and in-
verse stereographic projection. Gu et al. [19] proposed to optimize the conformal
parametrization by composing an optimal Mdobius transformation so that it min-
imizes the landmark mismatch energy. The resulting parameterization remains
conformal. In this chapter, we are going to compare this method with a varia-

tional approach that gives an optimized brain conformal parameterization.

3.3 Optimization of Brain Conformal Parametrization

In this section, we describe two methods to adjust conformal parameterizations

of the cortical surface so that they match consistent anatomical features across
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subjects. This matching of cortical patterns improves the alignment of data
across subjects, e.g., when integrating functional imaging data across subjects,
measuring brain changes, or making statistical comparisons in cortical anatomy

[52].

3.3.1 Optimal Mobius Transformation

In this approach, the brain conformal parametrization is improved by compositing
it with an optimal Mobius transformation which reduces the landmark mismatch

error.

By definition, a Mobius transformation is a bijective conformal map of the
extended complex plane C=CUoo (i.e. the complex plane augmented by the

point at infinity) of the form:

az+b

)= (3.1)

where z,a,b, c,d are complex numbers satisfying ad — bc # 0. It can be usefully

expressed as a matrix £:
a b

H = (3.2)

c d
The condition ad — be # 0 is equivalent to the condition that the determinant
of above matrix be nonzero (i.e. the matrix should be non-singular). Note that
multiplying $ by any complex number A\ gives rise to the same transformation.
Such matrix representations are called projective representations. 1t is often con-

venient to normalize $ so that its determinant is equal to 1. The matrix § is

then unique up to sign. To preserve the orientation, we can assume ad — bc = 1.

The set of all Mobius transformation forms a group, called the Mobius trans-
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formation group. The Mobius transformation can be regarded as a bijective
conformal diffeomorphism of the sphere S? using the sterographic transforma-
tion. A sterographic projection ¢ : S? — Cis a bijective map between the
sphere S? and the extended complex plane C. Therefore, a Mobius transformation
f C — Ccan be regarded as a bijective conformal diffeomorphism f:S?— 82

of the sphere S? by the following:

f=¢lofog (3.3)

We define an energy to measure the quality of the parameterization. Suppose
two brain surfaces 51,9, are given, conformal parameterizations are denoted as

f1:8? — Spand fy : S* — Sy, we can define the matching energy as:
B(fif) = [ 1fi(u,0) = falu, o)l Pduds (3.4
SQ

We can compose an optimal Mobius transformation 7 with f; which minimizes

the landmark matching energy. That is,
E(f1, fao7) = minceaE(f1, f20()) (3.5)

In order to match the important geometric features on the brains, landmarks
are commonly used. Suppose the landmarks are represented as discrete point
sets and denoted as {p; € S1} and {¢; € S2}, p; matches ¢;, ¢ = 1,2,...,n. The

landmark mismatch functionl for u € Q is as follow:

E(u) = |17 (p) = u(fs (@)1 u € Qp; € 81,4 € S (3.6)

=1
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We next convert the nonlinear variational problem into a least square problem.
We project the sphere to the complex plane, then the Mobius transformation is
represented as a complex linear rational formula. If we assume u maps infinity
to infinity, then u can be represented in a linear form as u = az + b. Then E(u)

can be simplified as:

E(u) =) g(z)laz +b— 7 (3.7)

i=1
where z; is the stereographic projection of ¢;, 7; is the projection of p;, g the

conformal factor from the plane to the sphere which can be simplified as:

9(2) = 4/(1+ |*) (3-8)

The problem becomes a least squares problem. The solution (a,b) € C? of u can
be solved easily by the following linear system:

Y9z Yingzm | (e _ [ Tihigk)am (3.9)

Yo 9(z)z Yoy 9(z) b Yo 9(z)T

This algorithm allows us to produce an optimal map that preserves exactly the
conformality. However, since this method minimizes the energy with respect to
the six degree of freedom of the Mdbius transformation group, the minimization
of the landmark mismatch error is not as effective as our second approach, the

variational approach, which will be discussed in the next section.

3.3.2 Variational approach

The second method, which is based on a new energy functional, optimizes the
conformal parameterization of cortical surfaces by using landmarks. This is done

by minimizing the compound energy functional E,.., = Erarmonic + AFandmark
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where Ejqrmonic 1 the harmonic energy of the parameterization and Ejungmark
is the landmark mismatch energy. We prove theoretically that our proposed
E,ew is guaranteed to be decreasing and studied the rate of changes of Epqrmonic
and Figndmark- Experimental results show that our algorithm can considerably
reduce the landmark mismatch energy while effectively retaining the conformality
property. Based on these findings, we argue that the conformal mapping provides
an attractive framework to help analyze anatomical shape, and to statistically

combine or compare 3D anatomical models across subjects.

The proposed algorithm is a variational approach that optimizes the confor-
mal parameterization using discrete landmarks. This algorithm optimizes the
landmark mismatch energy over all degrees of freedom in the reparameteriza-
tion group. The map obtained can considerably reduce the landmark mismatch

energy while retaining conformality as far as possible.

Suppose 7 and Cy are two cortical surfaces we want to compare. We let
f1: C1 — S? be the conformal parameterization of C| mapping it onto S?. We
manually label the landmarks on the two cortical surfaces as discrete point sets, as
shown in Figure 3.1. We denote them as {p; € C1}, {¢; € C>}, with p; matching ;.
We proceed to compute a map fo : Cy — S? from Cy to S?, which minimizes the
harmonic energy as well as minimizing the so-called landmark mismatch energy.
The landmark mismatch energy measures the FEuclidean distance between the
corresponding landmarks. Note that it makes sense to use Euclidean distance
instead of geodesic distance. On S?, all the geodesic curves move along the
great circle. As the Euclidean distance decreases, the geodesic distance will also
decrease. In other words, the computed map should effectively preserve the
conformal property and match the geometric features on the original structures

as far as possible.
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Let h : Cy — S? be any homeomorphism from C, onto S?. We define the
landmark mismatch energy of h as, Ejunamart(h) = 1/23 0 [|h(q:)) — fr(pi)|
where the norm represents distance on the sphere. By minimizing this energy
functional, the Euclidean distance between the corresponding landmarks on the

sphere is minimized.

To optimize the conformal parameterization, we propose to find f5 : Cp — S?
which minimizes the following new energy functional (instead of the harmonic en-
ergy functional), Eyew(f2) = Enarmonic(f2) ¥ A Eandmark (f2), where X is a weighting
factor (Lagrange multiplier) that balances the two penalty functionals. It con-
trols how much landmark mismatch we want to tolerate. When A = 0, the new
energy functional is just the harmonic energy. When A\ is large, the landmark
mismatch energy can be significantly reduced. But more conformality will be lost

(here we regard deviations from conformality to be quantified by the harmonic
energy).

Now, let K represent the simplicial realization (triangulation) of the brain
surface Cy, let u,v denote the vertices, and [u,v] denote the edge spanned by

u,v. Our new energy functional can be written as:

Bueolf) = 5 3 uallfolw) = L) + Z||f2 @)~ K0P

[uv]eK
= % Z Euollfo(u) — fa(v)|]* + Z||f2 (u))I1*xar (w)
[u,v] €K uEK

where M = {q1,....,qn} ; L(q;)) = p; if u=¢q; € M and L(u) = (1,0,0) otherwise.
The first part of the energy functional is defined as in [?]. Note that by minimizing
this energy, we may give up some conformality but the landmark mismatch energy

is progressively reduced.
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Figure 3.2: Mobius transformation to minimize the landmark mismatch error.
The blue curve represented the important landmarks. Note that the alignment
of sulci landmarks is quite consistent.
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3.3.3 Optimization of Combined Energy

We next formulate a technique to optimize our energy functional. Suppose we
would like to compute a mapping f, that minimizes the energy E,c,(f2). This
can be solved easily by steepest descent.

Definition 3.2.3.1 : Suppose f € CFPE, where CTl represent a vector space

consists of all piecewise linear functions defined on K. We define the Laplacian
as follows: Af(u) = 31, ex Fuo(f(u) = f(0)) + A2 e (fa(u) = Lw))xar(w).
Definition 3.2.3.2 : Suppose 7 € CPL, 7 = (fo, f1, f2), where the f; are
piecewise linear. Define the Laplacian of 7 as A? = (Afo(u), Af1(u), Afa(u)).

Now, we know that fo = (fa0, fo1, foo) minimizes FE,.,(f2) if and only if the
tangential component of A fo(u)= (A fao(u), Afor(u), Afea(u)) vanishes. That is
A(f2) = A(f2) "

In other words, we should have PrAfy(u) = Afy(u) — (Afa(u) - W) 7 = 0.

We use a steepest descent algorithm to compute f, : Cy — S%: ‘g—f = —PzAfs(t).

Algorithm to Optimize the Combined Energy E,cw

Input : (mesh K, step length ¢, energy difference threshold JF),

Output :(fy : Cy — S?), which minimizes E.
1. Given a Gauss map I : Cy — S?. Let fo = I, compute Ey = e, (1)
2. For each vertex v € K, compute Pz A fa(v)
3. Update fo(v) by 0f2(v) = —PrAfa(v)dt
4. Compute energy e,

5. If Epew — Eg < 0F, return fy. Otherwise, assign E to Ey. Repeat steps 2
to 5.
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Figure 3.3: In (a), the cortical surface C (the control) is mapped conformally
(A = 0) to the sphere. In (d), another cortical surface Cy is mapped conformally
to the sphere. Note that the sulcal landmarks appear very different from those in
(a) (see landmarks in the green square). In (g), the cortical surface C5 is mapped
to the sphere using our algorithm (with A = 3). Note that the landmarks now
closely resemble those in (a) (see landmarks in the green square). (b) and (c)
shows the same cortical surface (the control) as in (a). In (e) and (f), two other
cortical surfaces are mapped to the spheres. The landmarks again appears very
differently. In (h) and (i), the cortical surfaces are mapped to the spheres using
our algorithm. The landmarks now closely resemble those of the control.
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Figure 3.4: Histogram (a) shows the statistics of the angle difference using the
conformal mapping. Histogram (b) shows the statistic of the angle difference us-
ing our algorithm (A = 3). It is observed that the angle is significantly preserved.
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Figure 3.5: Diagram that shows how the harmonic energy and landmark mis-
match energy change at each iteration. The left shows how the landmark mis-
match energy changes. The right shows how the harmonic energy changes.
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Figure 3.6: The average map of the optimized conformal parametrization using
the variational approach. 40 landmarks are manually labelled. Observed that
the important sulci landmarks are clearly shown. It means that the landmarks
are consistently aligned

Mobius Transformation Variational Method with 4 =6

( 40 landmarks added )

Figure 3.7: The average map of the optimized conformal parametrization by the
two different approaches.
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Figure 3.8: Histogram showing the percentage change in the conformal factor
with different algorithm. The left shows the percentage change in the conformal
factor using the variational approach with A = 3. The right shows the percentage
change in the conformal factor using the variational approach with A = 6. Note
that the conformality is well preserved. However, more conformality will be lost
with larger \.

3.4 Experimental Results

In our experiment, we tested our algorithm on a set of left hemisphere corti-
cal surfaces generated from brain MRI scans of 40 healthy adult subjects, aged
27.5+/-7.45D years (16 males, 24 females), scanned at 1.5 T (on a GE Signa
scanner). Data and cortical surface landmarks were those generated in a prior
paper, Thompson et al. [52] where the extraction and sulcal landmarking proce-
dures are fully detailed. Using this set of 40 hemispheric surfaces, we mapped
all surfaces conformally to the sphere and optimized the conformal map by the
two approaches. In our first approach, we optimized the conformal map by com-
posing it with an optimal Mobius transformation, which reduced the landmark
mismatch error. Note that the optimized maps we get remains exactly conformal.
Figure 3.2 shows some of our experimental result. Note that the alignment of

sulci landmarks are quite consistent after optimizing the map with the optimal
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Moébius transformation.

In our second approach, we mapped the cortical surfaces conformally to the
sphere and minimized the compound energy matching all subjects to a randomly
selected individual subject (alternatively, the surfaces could have been aligned to
an average template of curves on the sphere). An important advantage of this
approach is that the local adjustments of the mapping to match landmarks do
not greatly affect the conformality of the mapping. In Figure 3.3(a), the cortical
surface C (a control subject) is mapped conformally (A = 0) to the sphere. In
(b), another cortical surface Cy is mapped conformally to the sphere. Note that
the sulcal landmarks appear very different from those in (a) (see landmarks in the
green square). This means that the geometric features are not well aligned on the
sphere unless a further feature-based deformation is applied. In Figure 3.3(c), we
map the cortical surface Cy to the sphere with our algorithm, while minimizing
the compound energy. This time, the landmarks closely resemble those in (a)

(see landmarks in the green square).

In Figure 3.4, statistics of the angle difference are illustrated. Note that under
a conformal mapping, angles between edges on the initial cortical surface should
be preserved when these edges are mapped to the sphere. Any differences in
angles can be evaluated to determine departures from conformality. Figure 3.4(a)
shows the histogram of the angle difference using the conformal mapping, i.e.
after running the algorithm using the conformal energy term only. Figure 3.3(b)
shows the histogram of the angle difference using the compound functional that
also penalizes landmark mismatch. Despite the fact that inclusion of landmarks
requires more complex mappings, the angular relationships between edges on the
source surface and their images on the sphere are clearly well preserved even after

landmark constraints are enforced.
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In Figure 3.8, statistic of the percentage change in the conformal factor are
illustrated. The left shows the percentage change in the conformal factor using
the variational approach with A = 3. The right shows the percentage change in
the conformal factor using the variational approach with A = 6. Note that the
conformality is well preserved. However, more percentage change in conformality

is observed with larger A.

A=3 A=6 A=10
Eharmonic of the initial
(conformal) parameterization: 100.6 100.6 100.6
AEjandmark Of the initial (conformal)
parameterization: 81.2 162.4 270.7
Initial compound energy
(Eha'rmonic + )‘Elandmm“k) : 181.8 263.0 371.3
Final Eparmonic 109.1 (" 8.45%) 111.9 (" 11.2%) 123.0 (/" 22.2%)
Final AEjqndmark 11.2 (\\ 86.2%) 13.7 (\\, 91.6%) 15.6(\, 95.8%)
Final compound energy
(Bharmonic + MElandmark) 120.3 (\, 33.8%)  125.6(\,52.2%)  138.6 ( \, 62.7%)

Table 3.1: Numerical data from our experiment. The landmark mismatch en-
ergy is significantly reduced while the harmonic energy is only slightly increased.
The table also illustrates how the results differ with different values of A\. The
landmark mismatch error can be reduced by increasing A, but conformality will
increasingly be lost.

We also tested with other parameter \ with different values. Table 3.1 shows
numerical data from the experiment. From the Table, we observe that the land-
mark mismatch energy is significantly reduced while the harmonic energy is only
slightly increased. The table also illustrates how the results differ with different
values of \. We observe that the landmark mismatch error can be reduced by
increasing A, but conformality is increasingly lost. Figure 3.5 shows how the
harmonic energy and landmark energy change in each iterations with different
values of A\. Again, more landmark mismatch error can be reduced with larger \,

but more harmonic energy (the conformality) is lost.
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To visualize how well the alignment of the important sulci landmarks is, we
took average of the 15 optimized maps using the variational method. Figure 3.6
shows average maps at different angles. In (b) and (c), sulci landmarks are clearly
preserved inside the green circle where landmarks are manually labelled. In (d),
the sulci landmarks are averaged out inside the green circle where no landmarks
are manually labelled. It means that our algorithm can significantly improve the

alignment of the anatomical features.

Note that our first algorithm is different from the second one in that the
first method can generate an optimized map which remains exactly conformal,
although the reduction in the landmark mismatch error is not as effective as the
second approach. Table 3.2 shows the numerical data of our experiment. From
the Table, we observe that the variational method can reduce the landmark mis-
match error more effectively than the optimal Mobius transformation approach.
It is also observed that more landmark mismatch can be reduced by larger value
of \. Figure 3.7 shows the average maps of the optimized conformal maps we got
by the two different approaches. Figure 3.7(a) shows the average maps of the
optimal Mdbius transformation approach. Figure 3.7 (b) shows the average map
of the variational approach. Note that the sulci landmarks are better preserved

using the variational approach.

3.5 Conclusion

In conclusion, we have described two algorithms to compute a map from the
cortical surface of the brain to a sphere, which can effectively retain the original
geometry by minimizing the landmark mismatch error across different subjects.
The first method, which is based on the optimal Mobius transformation, can

generate an optimal map that is exactly conformal. However, the landmark mis-
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Mobius Transformation  Variational A =3  Variational A = 6

Ejandmark of the initial
(conformal) parameterization: 160.33 160.33 160.33

Elandmark of the final (Optimized)
parameterization: 73.75 19.24 9.62

Table 3.2: Numerical data from our experiment of the two different approaches.
Although the Mobius transformation approach generate a map which is confor-
mal, the landmark mismatch energy is not reduced as effective as the variational
approach. The landmark mismatch energy is significantly reduced with the vari-
ational approach. The table also illustrates how the results differ with different
values of . The landmark mismatch error can be reduced by increasing A\, but
conformality will increasingly be lost.

match error is not reduced as significant as the second approach. Our second
method is a variational approach which minimizes a compound energy. The de-
velopment of adjustable landmark weights may be beneficial in computational
anatomy. In some applications, such as tracking brain change in an individual
over time, in serial images, it makes most sense to place a high priority on land-
mark correspondence. In other applications, such as the integration of functional
brain imaging data across subjects, functional anatomy is not so tightly linked to
sulcal landmarks, so it may help to trade landmark error to increase the regularity

of the mappings.

3.6 Appendix

Monotonic decrease of energy

Claim : With our algorithm, the energy is strictly decreasing.
Proof : Our energy (in continuous form) can be written as: E(u) = 1/2 [ ||Vu|[*+

A [ 0g||(u—v)||* where v is the conformal mapping from the control cortical sur-
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Figure 3.9: This figure shows how the harmonic energy and landmark energy
change, as the number of iterations increases, using our steepest descent algo-
rithm. Initially, the rate of change of the harmonic energy is small while the rate
of change of landmark energy is comparatively large. Note that a Lagrange mul-
tiplier governs the weighting of the two energies, so a compromise can be achieved
between errors in landmark correspondence and deviations from conformality.

face to the sphere. Now,

LloE(u+tw) = [Vu-Vw+ A [dp(u—0v) - w= [Auw+ X [dp(u—2v) w
In our algorithm, the direction w is taken as: w = —Au — AMdg(u — v). Sub-
stituting this into the above equation, we have 4|,_oE(u + tw) = — [(Vu)? —
(A)? [dg|lu — v||* < 0. Therefore, the overall energy of the mapping is strictly

decreasing, as the iterations proceed.

Rate of changes in E}monic and Ejgpdmark

To explain why our algorithm can effectively preserve conformalilty while greatly
reducing the landmark mismatch energy, we can look at the rate of change of
Erarmonic and Ejgnamark- Note that the initial map u we get is almost conformal.

Thus, initially Aw is very small.
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Claim : With our algorithm, the rate of change of Ejurmonic(t) is O(||Au||s) and
the rate of change of Einamart 18 A Elandmart (¢) + O(]|Aul|s). Here the norm is

the supremum norm over the surface.

Proof : Recall that in our algorithm, the direction w is taken as: w = —Au —

Ap(u —v). Now, the rate of changes are

d
Eharmonic = ’%lt:OEharmonic(u + tw)| = ‘/vu : VU}’ = ‘/AU : U)’

_ |/||Au||2+/5EAu-(u—v)\

< |JAulf% + 8A7||Aul | = O(|| Au||)
Eiandmare = ’%h:OElandmark(u_"tw)‘
— | [ wt [ outu—v)-dul
< N Eiandmark (1) + 87| At = N Eignamarn (1) + O(||Aul|s)

Since initially the map is almost conformal and Aw is very small, the change
in harmonic energy is very small. Conversely, initially the landmark energy is
comparatively large. Since the rate of change of Ejgndmark 15 A\ Elandmark(t) +
O(||Aul|s), the change in landmark energy is more significant (see Figure 3.9 for

an illustration).

o4



CHAPTER 4

Solving Variational Problems on Riemann

Surfaces with Conformal Parameterization

4.1 Introduction

Solving variational problem is an important topic in mathematics. A lot of daily
life problems can be solved by formulating them as variational problems that
minimize certain kind of energy functionals. This type of problem has a very
long history and has found various applications in different research areas such
as physics, control theory, statistics as well as image processing. For example, a
lot of partial differential equations (PDESs) in physics are derived from the Euler-
Lagrange equations of the variational problems. In computer vision research,
many problems, such as image denoising and image segmentation, can also be

solved by variational approaches [53][54][55][56][57].

Solving variational problems in the usual Euclidean domain has been studied
extensively [58]. Recently, researchers have been more and more interested in
solving variational problems on general surfaces or manifolds. Applications exist
in different areas of research, such as computer vision, computer graphics, image
processing on the surface, geometry modeling, medical imaging as well as mathe-
matical physics. In medical imaging research, variational methods are often used

for surface registration, feature extraction, surface parameterization and so on
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[19][45][46]. Besides, a lot of 2D image processing techniques can be extended
to the surface by variational methods on the manifolds [59], such as image de-
noising, image inpainting on the surface, brain mapping, etc [60][61][62][63][36].
Geometry modeling can also be done via variational methods. Examples include
surface smoothing, filling missing holes on the surface, etc [64]. In fluid dynamic,
researchers are interested in simulating the fluid flow and solidification on the
surface, via solving different flow models [65][66].Some other applications in-
clude texture synthesis [67][68], vector field visualization [69], weathering [70],
interpolation process [71][72] and inverse problem [73]. Therefore, it is of great
interest to develop a general and efficient method to solve variational problems

on the surface.

In this chapter, we describe an explicit method to solve variational problems
on general Riemann surfaces, using the conformal parameterization of the surface
[63]. In general, variational problem is usually solved by computing its Euler-
Lagrange equation, which is essentially a partial differential equation. Therefore,
it is important to understand how to do calculus on general manifolds. On
Riemann surfaces, differential operations are done through covariant derivatives
[74][2][75]. Essentially, they are a set of coordinate invariant operators for taking
directional derivatives of the functions or vector fields defined on the surface.
Covariant derivatives are defined locally through the local parameterization of
the manifold [2]. With arbitrary parameterization, the formulae for the covariant
derivatives are generally very complicated. It results in computational difficul-
ties and numerical inaccuracies. Here, we propose to parameterize the surface
conformally with the minimum number of coordinates patches. The Riemannian
metric of the conformal parameterization is simple, which is just the scalar multi-
plication of the conformal factor, A\. The covariant derivatives on the surface can

be computed on the 2D domain with simple formula. The corresponding formula
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for the covariant derivatives on R? are similar to the usual Euclidean differential
operators, except for a scaling factor A. Therefore, with the conformal param-
eterization, the variational problems on general surfaces can be transformed to
the 2D problems with much simpler equations. The problem can then be solved

by using some well-known numerical schemes.

The key advantages of this method are as follow:

e Firstly, by mapping the surface to the 2D domain, the problem on the
surface are transformed into the 2D problem. It can then be solved by
efficient 2D numerical methods, instead of solving it on the complicated

surface.

e Secondly, the simple Riemannian metric of the conformal parameterization
allows us to have a simple formula for the covariant derivatives on the 2D
domain. It makes computation much easier and reduces numerical inaccu-

racy.

e Thirdly, in our algorithm, covariant derivatives are computed via conformal
parameterization without the orthogonal projection of the normal. It is
different from some other methods, in which orthogonal projection is needed
to ensure the approximated covariant derivatives are tangent to the surface.
In our algorithm, the surface is identified with the 2D parameter domain
with a specific Riemannian metric. Every tangent vector of the surface is
represented by a 2D vector in the parameter domain and thus orthogonal
projection is unnecessary. It simplifies the problem and avoids possible

error arising from the inaccurate approximation of the normal.

e Fourthly, our algorithm allows us to compute the conformal parameteriza-

tion of the surface with the minimum number of coordinate patches. For

o7



most of the classical parameterization methods, the surface is segmented
into many portions and each portion is mapped to the 2D parameter do-
main. In our algorithm, we parameterize the surface with the minimum
number of coordinate patches and the parameterization results are con-
sistent along the patch boundaries because of its global parameterization
nature. Specifically, the number of coordinate patches is 2¢g — 2, where g
is the genus of the surface. The parameterization is intrinsic and depends
on the holomorphic 1-form, which is in a finite dimensional linear space.
Since our segmentation is based on the holomorphic 1-form, the segmenta-
tion result is finite and purely determined by holomorphic 1-form selection.
Thus we could always select the segmentation that is the most appropriate

to solve the PDEs.

e Finally, the conformal metric on the 2D parameter domain is induced by
the actual metric of the original surface. As a result, by computing the
derivatives on the 2D domain with respect to the conformal factor, we are

computing the actual covariant derivatives on the surface.

4.2 Previous Works

Solving variational problems or PDEs on surfaces has been studied extensively. A
popular method to solve the PDEs on surfaces is to discretize the problem on the
surface triangulation [60][76][66][77]. In this approach, the covariant differential
operators on the surface are approximated by finite element methods on the

triangulation grids.

Another common approach is to solve the PDE on the implicit manifold, which

is based on the level set method [78][79][80][81][82][83][84]. In this approach, the
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surface is the zero set of level set function defined in R?, in which the surface is
embedded in. The PDE on the surface is extended to be defined on a narrow
band of the surface. Recently, Ratz et al. [85] proposed to solve the PDEs on the
surface implicitly by reformulating the problem on a larger domain in one higher
dimension and introduce a diffuse interface region of a phase-field variable, which
is defined in the whole domain. The surface of interest is now only implicitly

given by the %—level set of this phase-field variable.

Variational problems or PDESs on surfaces can also be solved by parameterizing
the surface onto the 2D parameter domain [86][65][63]. Differential operators on
the surface are expressed within the coordinates system. The complexity of the
differential operators’ expression depends mainly on the parameterization, which
may result in more derivative terms and non-constant coefficients. To improve
this method, our group have recently reported briefly about using conformal
mapping to parameterize the surface. The formula of the covariant derivative
under conformal parameterization are comparatively simple [63]. To test the
method, we have also reported application of the algorithm to feature extraction

in the brain mapping research [46][1].

We have summarized the three common parameterization methods in Table

4.1.

4.3 Theoretical Background

4.3.1 Differential operators on general manifolds

The calculus of variation has found various important applications. Differentia-
tion and integration are the basic tools for solving this kind of problem. In order

to extend the calculus of variation on the 2D domain to 3D Riemann surface,
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Table 4.1:

lems/PDEs on general surfaces.

The list of three common methods that solve variational prob-

Method [

Principle

[ Comments

|

Discretization on sur-
face triangulation [60],
[76], [66]

Covariant differential operators on
the surface are approximated by fi-
nite element methods on the trian-
gulation grids.

Orthogonal projection is needed in
some cases to ensure the approx-
imated covariant derivatives to be
tangent to the surface.

Level set approach [80],

The surface is represented by the

Equations can be solved by Carte-

tion [86], [65], [63]

simple domain such as the 2D rect-
angle. Differential operators on the
surface are expressed within the co-
ordinates system.

[81] zero set of a level set function and | sian grid methods on the narrow
the PDE on the surface is extended | band.
to a PDE that is defined on a nar-
row band of the surface.

Surface parameteriza- | The surface is parameterized to a | The complexity of the differen-

tial operators’ expression depends
mainly on the parameterization,
which may result in more deriva-
tive terms and non-constant coef-
ficients.

we need to define differential operators on functions and vector fields that

coordinate invariant.

are

In Euclidean space, we conventionally differentiate the vector field (x1(¢),...,

x,(t)) on a curve pointwisely to get (z)(t), ..., x

/
n

(t)). However, pointwise differen-

tiation does not work for general manifolds because it is not coordinate invariant.
For example, consider the parameterized circle in the plane given in Euclidean co-
ordinate (z(t),y(t)) = (cos t,sin t). Its acceleration at time t is (—cos t, —sin t).
However, in polar coordinates, the same curve is described as (r(t),0(t)) = (1,t)

and the acceleration is (0, 0).

The problem is this: In order to differentiate a vector field ‘_/(t) along a curve,
we have to write a difference quotient involving V(t) and X_/(to) which live on two
different tangent spaces. Therefore, it doesn’t make sense to subtract. Secondly,
even if we can differentiate the vector field pointwisely, it is not guaranteed that

the ’derivative’ is a tangent vector on the manifold.

We therefore need to define a differential operator on the vector field, which is
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coordinate invariant. This can be done by covariant differentiation VxY, where
X is called the direction of the differentiation. To do so, we need to develop a
way to compare tangent vectors at different points. On R2, we usually parallel
translating the vectors and subtract. But on general manifolds, we do not have
the concept of parallel translation. So, what is parallel translation on a surface
M C R3? We say that a vector field 7(7(25)) along a curve (t) is parallel if:
Dt‘_/(’y(t)) = projection of %7(7@)) onto the tangent space = 0. We have the

following important fact:

Parallel Translation : Given a curve v : I — M and a vector ‘_/0 € Ty M,

there exists a unique parallel vector field Vv along v with ‘_/>(t0) =V.
With the parallel translation along a curve 7, we can define an operator:
Pl TyayM — T M by setting Ptotl(‘_/o) = V/(t;) where V is the parallel

vector field along v with X_/(O) = ‘_/0. This is clearly an linear isomorphism.

Now, we can define: VxY], as follow: Let v : [0,1] — M be a curve such

that v(0) = p and 7/(0) = Y|,. We define:

Fo Y (3(t)) — Y(p)

VY], = lim_o (4.1)

It is called the covariant derivatives. Essentially, they are a coordinate invari-
ant set of operators for taking directional derivatives of the functions or vector

fields defined on the surface S.

Generally, the covariant derivative V x F', where X is a tangent vector on S, F’

is either a function or a vector field defined on .5, satisfies the following properties:
(I) VxF is linear in X over C®°(S): Vix,4gx, F' = fVx, F + gV, F.
(II) VxF is linear over R in F: Vx(aF| + bF,) = aVxF, + bV x F.

(III) V satisfies the product rule: Vx(fF) = fVxF + X(f)F
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(Here, we define X(f) = £4|,_of(a(t)) where a : (—=1,1) — S is a curve on S
such that o/(0) = X.)

This basically defines the covariant derivatives. VxF' is called the covariant

derivative of F' in the direction X.

Let ¢ : R? — S be a parameterization of S (not necessarily conformal). Define
9 = (9ij)i,j=1,2 Where g;; = @, - o, are the Riemannian metric coefficients. Let
F = Flo,, + Fyp,, and X = X9, + Xop,, be a vector field and a tangent
vector on S respectively. Let f: S — R be a function defined on S. Then:

2
Vxf= Z (9" 0if) X
ij,k=1
2
VxF =Y (XFi+ X;FiT})ps,

1,7,k=1

(4.2)

where T¥, = X, 56" (9,951 + 9;9u — 919:5) and (¢7); j—1,2 is the inverse of g.
Note that the complexity of the covariant derivative depends solely on the
complexity of the Riemannian metric g. An arbitrary parameterization might
have a very complicated g. It is thus important for us to look for a parameter-
ization that gives simple Riemannian metric g. It turns out that the conformal

mapping is such a map that has simple Rimannian metric.

With covariant derivative, we can define other useful differential operators on
S, which are analogous to those on R?. We are going to list several of them

below.

Firstly, the gradient of the function f, Vg f, is characterized by the fact that:

X(f) =<< ng,X >g (43)
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Figure 4.1: The plot of the conformal factor A of a human face verses u and
v of the parameter domain. The conformal factor is a smooth function which
describe the stretching effect under the conformal parameterization. Observe
that the approximation of the conformal factor function is reasonably smooth.

By simple checking, we get that V f has the following coordinate expression:

2
Vsf= 970 ¢, (4.4)

ij=1
Secondly, we can define divergence on S as follow:

2
1
Vs Fim ——— N au(/detg) ) (4.5)
det(g) ;
With the definition of the gradient and the divergence, we can define the

Laplacian operator on S as follow:

Nsf:=Vs-(Vsf)=Vs- (> g70.f)

1,j=1

_ ﬁzmm >_9"0;1)

(4.6)

A more complete development of various differential operators on the surface

can be found at [1].
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Figure 4.2: (A) shows the conformal coordinates grid on the dog surface in-
troduced using the conformal parameterization. (B) shows the histogram of
g12 = go1 of a Riemann surface under the conformal parameterization. Observe
that g12 = g1 are very close to zero at most vertex. It means the Riemannian
metric is a diagonal matrix, which results in simple expression for the covariant
derivatives.

4.4 Solving variational problems on Riemann surface with

the conformal parameterization

In section ITI(B), we have described how differential operators are defined on the
surface with the given parameterization. With the concept of differentiation and
integration on the surface, we can use calculus of variation to solve variational
problems on surfaces. In this section, we will describe how covariant derivatives
can be easily computed using the conformal parameterization and how it can be

applied to solve variational problems.
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(A)

(D) (E)

Figure 4.3: This figure demonstrates the importance of including the conformal
factor in computing the differential operators on the manifold. (A) shows a unit
sphere (minus a hole near the south pole) with noise introduced near the south
pole. The surface is parameterized conformally to the 2D parameter domain with
large stretching near the south pole. (B) shows the graph of the Eulcidean TV
norm of the noise: TV, (g9) = |Vg|. (C) shows the manifold version of the TV
norm (with conformal factor included): T'Vianifora(g) = %]Vg|. (D) shows the
denoising result which minimize the Eulcidean TV energy. The noise cannot be
removed. (D) shows the denoising result which minimizes the manifold TV norm.

The noise is successfully removed.
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4.4.1 Computation of convariant derivatives using conformal param-

eterization

Given a parameterization of the surface S, we can express the surface differential
operators within its coordinates. In section III(B), we have discussed how covari-
ant derivatives can be computed with the various formulae defined on R?. The
formulae consists of the Riemannian metric coefficients g;;, which are functions
defined on S. With an arbitrary parameterization, the Riemannian metric can
be complicated. As a result, the equation of the surface differential operators can
become substantially complex when written in the coordinate system, involving
non-constant coefficients and more derivative terms. Therefore, it is important
to look for a parameterization with simple Riemanninan metric.

As described in section III(A), the conformal parameterization has a simple
: : . Aiti=7; :
Riemannian metric, namely, g;; = In other words, the four metric
0 ifi+# 7.
coefficients are reduced to one coefficient metric A, called the conformal factor.
With this property, surface differential operators can be expressed within the con-
formal coordinates with simple formulae. The expressions are similar to the usual
Euclidean differential operators, except for a scalar multiplication of the confor-

mal factor. The conformal factor at a point p on the surface S can be determined

by computing the scaling factor of a small area around p under the parameteriza-

. . 2 . _ Ar (Be( )) 1
tion ¢ : R? — S. Mathematically, \(p) = Area(jﬁl (B’: oy Where Be(p) is an open
ball around p of radius p. Figure 4.1 shows the plot of conformal factor A verses u
and v of the parameter domain. The conformal factor is a smooth function which
describe the stretching effect under the conformal parameterization. Observe that

the approximation of the conformal factor function is reasonably smooth. Figure

4.2(B) shows the histogram of gj5 of the Riemann surface under the conformal
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Table 4.2: Illustrates a list of formulas for some standard differential operators

on a general manifold.

L Vuf=>,970;f0, where (g”) is the inverse of the
Riemannian metric (g;;). With the conformal parametrization ¢,
the conformal factor A,

VMf D, fi+ Dy fj,

Where 8x/\/<£’%>’@/\/<8_y’8_y>
_ 1 (2
- T z’ d_
2. Suppose h : M — R is a smooth function,
f

Length of h=1(0) = [, 6(h)v/< Vah, Vyh >dS
= [y V< VuH(h), Vi H(h) >dS
= o 6(ho ¢)VX ||[Vho ¢||dxdy
= Jo VAIIVH(h o ¢)||dudy
where H is the Heaviside function.
3. For a differential operator on vector field, the covariant derivative
satisfies the following properties:
(P1) Vixigx,Y = fVx,Y + gV, Y for f,g € C*(M);
(P2) Vx(aY; +bYs) = aVxY1 +bVxYs, a,b € R;
(P3) Vx(fY) = fVxY + (Xf)Y for f € C=(M).
Suppose {0;} is the coordinate basis of the vector field, then
< Vy,05,0 >=1/2(0;9;51 + 0,91 — 01945)
V,0; = L1 0hm,
where T} = %(E)igjm + 0 9mi — OmGij)-
4. For the divergence and Laplacian we have
divas (S, Xil) = Y22, 10,(X0N),
Apf = Z?:l(l/)‘) (9J3Jf.
5. Suppose C is a curve represented by the zero level set of
¢: M — R,
Geodesic curvature of C' = divy(

Vume )
IVaoll/”

parameterization. Note that by definition, g12 = go1 = ¢y ¢y, Where ¢(u, v) is the
conformal parameterization of the surface. Observe that gi2(= go1) are very close
to zero at most vertex. It means the Riemannian metric is a diagonal matrix,
which results in simple formulae for the covariant derivatives. It turns out that
the manifold differential operators expressed on the conformal parameter domain

is very similar to the 2D Euclidean version 4.3.
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Table 4.3: Comparison between 2D Euclidean differential operators and manifold
differential operators under conformal parameterization.

2D Euclidean Manifold
Gradient V= (3, ) Vsf = (39,197
Laplacian Af:%—i—% ASf:%ﬁ'i-%TJ;
Divergence V- (X,Y) = %%f + %% Vs (X,Y) = %G(AX) + 1 (5\3/)

We will now express some of the most important surface differential operators
under the conformal parameterization ¢ of the surface. From section III(B),
we have discussed the expression of Vgf, Agf, Ffj and VxY under general
parameterization of the surface, where f : S — R, X,Y are vector fields defined
on S. Substituting g1; = g22 = A; g12 = go1 = 0 into the equations (3)(4)(5), we
obtained simple formulae for these important surface differential operators within

the conformal parameter domain:

Vsf = D.fi+D,fj

10 10
divgX = Xa_()\Xl) Xy —(AXy) (4.7)
1 92 1 9?
Ngf = X@(foﬁb) + Xa_y?(fogb)

where D, f = \}ax op;Dy,f = }ayf o;

i i
( ) (ax/ E)x’az >S7ay/ §y7ay >5); a%' ai and = 8‘5 are the

projected tangent vectors of e; = (1,0) and ey = (0,1) onto the surface under
the conformal parameterization ¢ respectively; X = (X1, X5) = Xla% + X28%;
f S — Ris asmooth function on S.

As shown above, the expressions for the surface differential operators are

very similar to the usual Euclidean differential operators, except for a scalar
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multiplication of the conformal factor A. It means the conformal parameterization
provides a natural coordinates grid on the surface. Intuitively, the conformal
parameterization preserves the inner product up to a scaling factor and so the
local geometry is preserved up to a scaling of A\. As a result, the differentials on
S are well-preserved, except for a multiplication of v/, to adjust for the length
stretching and A for area distortion. With this conformal grid on the surface,
we can consider D, f and D,f as the analogous partial derivatives on S. For
example,
o —fo

D.f = jim ! dc)zgt?qbéxiylx)g(f)(f =
i o0+ Axy) — fod(zy)
Azr—0 VAT

1 9fo9g
TV oz

Several important equations that are useful for the calculus of variation on
R? are also valid on general surfaces. For example, we have the integration by

part formula on surface:

/(UASU —vAgu)dV = / (uVgv - N - vVgu - ﬁ)dv (4.8)
s a3

The analogous Green’s formula on the surface is:

/ < Vou, X >gdV = — / udivy SdV +/ u< X,N>dV (4.9)
S S oS

where N is the unit normal vector.

Furthermore, given a smooth function A : S — R, the length L of the zero

69



level set h=1(0) of h, which is a curve on the surface, can be computed similarly

as in R?:

L= /5(h)\/< Vsh, Vsh >dA
S

= / /< VsH(h),VsH(h) >dA
o (4.10)
= / 5(h o )V ||Vh o ¢||dxdy
RQ
— [ VAIVH(o0)ldudy
R2
where H is the Heaviside function.

Proof :

Recall that the Co-area formula reads:

| twwlvadedy= [ [ feg)anar (4.11)
QCR2 R J{u(z,y)=r}

where H is the Hausdorff measure.

Let ¢ be the conformal parametrization of the surface M and ¢ = uo¢. Then,
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[ Wt @lads = [ 5(6)196)VAdedy

_ /R /{ o VAS(C)dsdr

= / ds
{¢(x,y)=0}

= /1 VI (t)|dt
- / Vlse (bl

= length of {u =0}
where c(t) is the parametrization of ((z,y) =0

Q.E.D.

The geodesic curvature G of h=1(0) can also be computed as:

. Vsh
= divg(rer 4.12
G wS(HVshH) (4.12)

similar to the case in R2.
Proof :

Recall that the geodesic curvature of of a curve:
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\/ < D¢y, Dy > <Dﬁﬁ'> - <§7Dﬁl >

5 = =

<79 > <FASE <, >

<D},DV> < D#,7> <74,DAt>

<7,9> <FASE <, >

<D, D> < D#7> <7 DA+ >

<7,9> <FASE <, >
W< D@, DA > <D#Ay>  <9,DF->
<9,7 > <FAS < F, G >

(4.13)

Let the parametrization of the zero level set of ¢ be ¥ = (X(¢),Y(t)). Then

P(X (1), Y (1)) = 0.
This implies (1):

< Vug,7 >=0

and (2):

Now, D,V (t) = Y2 (Vi + T7:V)) 0

Thus, for conformal parametrization we have (3):

I ) W I LY
1 O\ 10X\

)XY)

(o)X =V = (g
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(4.15)



and (4):

. 1 o\ 10X
Dt(VM¢) = <¢x + (5%)((%02 - ¢y2) - <X8_y¢m¢y) 9
. 1 O\ 10\
by — (ﬁa—y)(@f —¢,°) — (X%)%% )
. 1 O\ 10\
Di(Vai) = (62 1 (55, 5)(00" = 6,°) = (55, 040) -
Gby - (5%)(9% - ¢y )_
10\
(X%M’”% )

Combining (1), (2), (3), (4), we have: X% +Y? = (1 + (¢./b,)?) X? and

<DL > kv
< 7,7 >
A 0, X2 126, XV + 6, VAKX — X (X2 V(D)
¢y Tx Ty Yy 2\ 8y

10X

+Y(X%+ YQ)(Q)\ 81:)

73



So,

¥, DAY > MXY —YX)

" <<? F>8/2 \32(X2 4 Y2)3/2
- R e o)
- P e+ )
:%v (;z‘) )\i/Zng VA
]
- %V ()\(\/< VZ:ZQSVMqﬁ >))
Varo

(

|
&
~.
S
S

V< Vud, Vo >

QED.

4.4.2 Examples

Since the important equations useful for the calculus of variation on R? can be
extended to general surfaces, we can solve the variational problems on the surface
easily using the differential operators defined in III(B). In this section, we will

demonstrate the theoretical concept by considering two examples.
Example 1 : (Harmonic Energy)

Suppose S is a Riemann surface with boundary 0S. Let ¢ : R? — S be its
conformal parameterization. We are interested in looking for a smooth function

f S — R that minimizes: E(f) = [4||Vsf]|3dS and f =0 on 9S.
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Consider:

d
GhaB(F +19) = [ Vsl + t9) s
= / < (st + tng), (st + tVSg) >g dS
S
= 2/ < st, ng >qdS
S

—2 /S (Dsf)gdS.

So, the Euler-Lagrange equation is:

dft
é = —2Agf! or

dftO(b__i

T

on the parameter domain.

(4.16)

(4.17)

It is observed that the Euler Lagrange equation of the harmonic energy on

the surface is the same as its 2D version, except that the differential operators in

the equation have to be replaced by the manifold operators. The corresponding

equation on the parameter domain is similar to its 2D version on R?, except for a

scaler multiplication of the conformal factor. When A = 1, the Riemann surface

is flat and so it becomes identical to its 2D version.

Example 2 : (Total Variation)

Suppose now we are interested in looking for a minimizer f : S — R of E(f) =

J51IVsfllsdS where f =0 on 0S. Consider:
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d
GliolB(f +19) = [ 1Vs(7 + t9)sas

= /S V< (Vsf +tVs9), (Vsf +1tVsg) >5dS

4.18)
Vsf (
:2/ < ———,Vsg >5 dS
s IVsflls
: Vsf
= 2/dw ———)gdS.
TS
So, the Euler Lagrange equation becomes:
df* , Vs f' df' o ¢ 2 . Vsflogd
— = —2div or = ——divg(r=—"7— 4.19
@ werts & @~ 3" Gepeery) 4

on the parameter domain.

Again, the Euler Lagrange equation of the Total Variation energy is the same
as its 2D version, except for the replacement of the 2D differential operators by
the manifold differential operators. The corresponding equation on the parameter
domain is also similar to its 2D version on R?, except for the scaling of the

conformal factor.

In general, the Euler Lagrange equation can be obtained easily from its 2D
version by replacing the 2D differential operators by the manifold differential
operators. The corresponding equation on the 2D parameter domain is similar

to its 2D version, except for a scaling of the conformal factor.

4.4.3 The meaning of including the conformal factor

Intuitively, the meaning of scaling the differential operators by the conformal

factor A is to adjust the length and area distortion. With the angle preserving
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property of the conformal parameterization ¢, a natural coordinates grid can be
introduced on the surface by mapping a regular grid on R? onto the surface (See
Figure 4.2(A)). However, the grid sizes are different at different points because of
the stretching effect of the parameterization. The conformal factor A is defined as
the stretching factor of the inner product on the tangent plane of the surface under
é. We can therefore adjust the length and area distortion by v/A or A. Specifically,
the stretching factors of the length and area under ¢ are v/ and A respectively. In
order to have a more accurate approximation of the surface differential operators,
we need to scale the usual Euclidean differential operators by A. For example,
the partial derivative D,f on the surface at the point ¢(p) is: D, f(o(p)) =

SJod _ 1 97°¢() Here, the grid size Az is scaled by v/ to adjust the

limAm_@ NAe — Vx oz
length distortion. Similarly, Agf(¢(p)) = limaz ay—o Awf\izfzoqs) + Aymﬁ%).

Also, the surface area differential d.S is equal to Adzdy, so as to adjust for the

area distortion.

To demonstrate the importance of including the conformal factor in the for-
mula of the covariant derivatives, we consider a simple example on the unit sphere.
4.3(A) shows a unit sphere (minus a hole near the south pole) with noise intro-
duced near the south pole. It is conformally parameterized onto the 2D param-
eter domain, with large stretching near the south pole. 4.3(B) shows the graph
of the Eulcidean TV norm of the noise: TV, (9) = |Vg|. Observe that it does
not reflect the noise on the surface due to the stretching effect near the south
pole. 4.3(C) shows the manifold version of the TV norm (with conformal factor
included): T'Vianifoia(g) = %]Vg|. It effectively reflects the noise on the sur-
face. (D) shows the denoising result which minimize the Eulcidean TV energy:

FEeuer.(9) = [ TVeya.(g). The noise cannot be removed. (D) shows the denoising
result which minimizes the manifold TV norm: E,unifod(9) = [ TVeua.(9). The

7



noise is successfully removed. This example illustrates the importance of the
conformal factor for adjusting the length and area distortion introduced through

the conformal parameterization.

4.4.4 Numerical Analysis

An important question one may ask is the numerical accuracy of the algorithm.
Since the conformal parameterization is only an approximation, it is of interest to
examine how the numerical accuracy of the algorithm will be affected by the con-
formality of the parameterization. The accuracy in apprroximating the solution
of the variational problem depends on the accuracy of the approximated covari-
ant derivatives. Generally speaking, the accuracy of the approximated covariant

derivatives depends on two factors:

(1) Given a Riemann surface M, the accuracy in the approximation of the con-

formal parameterizaton (Z ‘R?> — M.
(2) The accuracy in the approximation of the partial derivatives in R?.

In this section, we will examine the accuracy in the approximation of several
important covariant derivatives with respect to the above two factors. This can

be summarized by the following three theorems.

THEOREM 4.4.4.1 :

Given a compact Riemann surface M and its approximated conformal parame-
terization ¢ : D C R?2 — M. Let (§¥) be its approximated inverse Riemannian
metric of ¢, where §!! = 3?2 = A™ and §'2 = §2' = 0. Let (¢%) be its actual
inverse Riemannian metric. Assume that |§” — ¢“| are bounded by the error

€. Given f : M — R. Suppose that the error in approximating the partial
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derivatives of f o 5 are bounded by h. We have:

A4C\/2(A + 2 h
(v g - Vi il < (22Dt

AN — 2¢)

where C'is some real constant. Vi7" f and V7¢e f are the approximated gradient

and the actual gradient of f respectively.

PROOF :

The actual gradient of f is given by:

real _ ((922)3f (921)af) 0 n ((911)3f (912)3f)£ (4.20)

D

dy

ox

D

dy

where D = ¢11g22 — g12921 is the determinant of the Riemannian metric. The

approximated gradient of f is given by:

19f. 0 19f. 9

Vit f=Ga) 5, T G o) oy (4.21)
where é—z and g—z are the approximation of 8f °¢ and 8f ¢ respectively. So,
V57 f = Vi fllar
<lvres - (2D Q0D (00D (100D gy,

< \/2<A+e><A(f—f€2€)>2 PGS+ |20+ 2

(40\/ )\+26 \/mg

A — 2¢)

since D > (A — €)? — €%, Here, C is the upper bound of % and 2L, Also, M is
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compact and so the function |{] is bounded. Q.E.D.

Therefore, the accuracy in the approximation of the surface gradient depends
on the accuracy in the computation of the conformal parameterization and also
the accuracy in the approximation of the partial derivatives. Specifically, it de-
pends on how accurate the partial derivatives on R? are approximated and how
closely the conformal factor A could approximate the Riemannian metric (g;;).
Suppose the surface is a compact surface, the function |§| is bounded. So if the
errors in both approximations are small, the error in approximating the surface

gradient will also be small.

THEOREM 4.4.4.2 :

Let D = g11g22 — g12921. Assume that [g;; — g5, |8x(\g/zi)| and ]@(?L” are all

bounded by €. Given f: M — R. Suppose that the error in approximating the
partial derivatives of f o Js are bounded by h. We have:

2 h
)\(/\_26)4—)\(/\_26))64—— (4.22)

G = AR | < AC( :

where C' is some real constant. AP f and A1 f are the approximated Lapla-

cian and the actual Laplacian of f, respectively.

PROOF :
The actual Laplacian of f is given by: Am%! f = LQ(gﬁ)a—f — L0 (92)0f _
\lﬁgy(\g}l)ai + %%(%)g—g + %% 29#% + %?;TJ;. The approximated

Laplacian of f is given by: AYP"™ f = %
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A f = AN ]

10%f  10°f L% 1

S\A’ﬁalf—(X@era—yg)! (59,2 Xa—yz)—ﬁﬁm'ﬂ
S(C!%—i +CI%—§!+%+%)+%

— A\ -2 2 4 2
i R R R
< )\(A4— 20 A . 20))¢ +§
= 4C( )\()\1_ 20 A\ 2_ 2t ;

since D > (X — €)% — €%

Here, C' is the upper bound of %, %, % and 2L Q.E.D.

We see that the accuracy in the approximation of the Laplacian depends on
the accuracy in the computation of the conformal parameterization and the upper
bound of the partial derivatives of %. These conditions are well satisfied if the
approximation of the conformal parameterization is accurate enough. % is close
to 1 when ¢ = j and is close to 0 if ¢ # j. The conformal parameterization is
computed as the integral of the holomorphic one form w + iw* that preserves the

harmonicity. Therefore, \g/% are smooth and its partial derivatives are close to 0.

In general, one can easily show that the approximated covariant derivatives
converges to the actual ones when the approximation of the conformal parame-
terization and the approximation of the partial derivatives are accurate enough.

It can be explained by the following claim:
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THEOREM 4.4.4.3 :

Let X = X1% + Xgé% and Y = Yi% + Yga% be two vector fields on the surface
M. Suppose that X; and Y; are bounded by C. Suppose that the errors in
approximating the partial derivatives of X; o $ and Y; o % are bounded by h. We

have:

[VEP*Y — VY || < [BC2AV2(N + 2€)]e + 2C/2(\ + 2€)h

where A is a real constant. ViP77”Y and V™Y are the approximated covariant

derivative and the actual covariant derivative of Y in the direction X respectively.

PROOF :

The actual covariant derivative is: V’"e“lY = (Xl% + Xg%—il + X\l +
X1Yol fpt- Xo Vil + X0 Yo 50) (X1 G2+ X0 G2+ X1 Vil 4+ X1 Yo+ Xo Y5, +
X2Y2F§2)6%. We write he approxunated covariant derivative as: V7Y =
(G20 4+ X600 + XViDL + XYl + XoVils + XoYalh) 2 + (X, 22 +
X, 92 f"YQ - lelr 2+ X1 Yol2, + XoViT2, + X2Y2F22) , where T, and 3Y1 are the

approx1mati0ns of Ffj and %. It can be shown easﬂy that |FZ - FZ\ < Ae for
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some fixed positive constant A. Therefore,

VY — VY ||
aY; Y,

< ||VTXealY - (X1% + Xza—y + X1Y1F111 + X1Y2F121
B
+ XoYiTo !t + Xz%Fég)%
oY, oY, B
_ (Xla—; 1+ X a_; F X2+ X Yel% + X VT2 + X2§/2P§2)8—y||M
Y, Y, )
F (X o+ X + X VT + X Yol 4+ XYyt 4 X, Yol ) —
ox dy ox
Y, oY,
+ (= + XQa—; + X Vil + X Va2, + XoYiT%
8 a’ 0.
+ Xﬁ/‘zrgz)a—y — VY || i
oY, oY, oYy, 0Y, 0
X (= - = )=
S 1(8x 8:10) 2(8y dy ))8x
Y, 0OY, oY, 0OY, 0

+(X1(%—%)+ 2(33/ 3y ))a_yHM

—~1 —~1
+ | [(X1Y1(Tyy —F111)+X1Y2(F12 —F121)

1 ~1 0
+ XoY1 (T —F211)+X2Y2((F22 —Fzzl)))%

—~ 2 —~ 2
+ (XY — Fnz) + X1V — F122)
0

+XY1 (T = Ton®) + XoYa((Ta” — F222)))a_y||M
< [BC2AV/2(\ + 2€)]e + 2C/2(\ + 2€)h

Here, C' is the upper bound of X; and Y;. Q.E.D.

Again, the numerical accuracy of the covariant derivatives in general depends
on the accuracy in the computation of the conformal parameterization and also
the accuracy in the approximation of the partial derivatives. For detailed proof

of the theorems, please refer to [87].
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4.5 Experimental Examples

4.5.1 Image denoising on the surface

With the advance of the 3D acquisition systems, images on the surface can be
effectively captured and stored as digital data. Nevertheless, noise is inevitably
introduced during the transmission process. Therefore, it is of interest to look
for an efficient algorithm to denoise the digital image defined on the surface. It
has also been widely studied by different research groups [88][89][90][91]. On R?,
total variation (TV) denoising has been extensively used for image restoration
that well-preserves edges [55]. It is then natural to extend the 2D TV denoising
model to surfaces. With the conformal parameterization, the TV image denoising

model can be easily extended.

On R2, the TV model reads:
Erv(w) = [ [Vl + (u = f)dzdy, (1.2
D

where f : D C R? — R is the noisy gray-level image in R?. We will look for
a minimizer v : D — R of Epy to approximate the original clean image. The

Euler-Lagrange equation of it is:

du Vu

The TV model can also be modified to denoise the color image on R? [56]:

3
> [Vul2 + Ji — f1*]dxdy (4.25)

=1

ETVcolm"(ﬁ) :/

D

[
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where f = (f1, fo, f3) : D — RZ? is the noisy color image; @ = (u1, us,u3) : D —
R? is the approximation of the original clean color image. The minimizer of

Erveoor can be found via its Euler-Lagrange equation:

du;
d—l;:div(

VUZ‘

\/ E?:1 |Vui|2

These two models can be extended easily to the surfaces. On the surface, the

) —2(u; — fi) for i =1,2,3. (4.26)

gray-level TV image denoising model reads:
Bfv(w) = [ (I sulls + fu = 17108, (1.27)

where f : S — R is a gray-level image defined on the surface. Replacing the
Eulcidean differential operators by the modified differential operators in (20), we

get the Euler-Lagrange equation of B2

du _ divS(M) —2(u—f) or

@~ " [sally s
duo¢p 1 . Vu . '

= —div(V A ) —2(uo ¢ — f) on the parameter domain,

at A IVl

where ¢ is the conformal parameterization of S.

The color TV image denoising model can also be extended to the surface:

S _
ETVcolor - /[
S

where f = (fi, f2, f3) : S — R is a color image defined on the surface. By

3
> IVsuill + |l — flIglds (4.29)
=1

replacing the Euclidean differential operator by the manifold differential operator,
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we get the Euler-Lagrange equation of 5y,

d (2 (2 .
Yi_ = divg( Vst ) —2(u; — f;) fori =1,2,3 or

@Z IV sl

duZz;¢ ld'”(\/_ 1o ) = 2Muj0 ¢ — fiog) fori=1,2,3.
¢ZZ Vu;0 6P

(4.30)

on the parameter domain.

The two energy functions of the denoising models can be minimized by steep-
est descent algorithm. Notice that the corresponding Euler-Lagrange equation
on the parameter domain is very similar to the 2D version, except for a scaler
multiplication of the conformal factor. These two denoising models can effectively
denoise the gray-level and color image defined on the surface, which well-preserves
the edges. Figure 4.4 illustrates the TV color image denoising on a dog surface.
The top shows the noisy color image on the dog surface. The denoised color im-
age is shown at the bottom. As shown in the figure, the noise are mostly removed

and the reconstructed surface is significantly improved.

4.5.2 Denoising/Smoothing of Riemann surface

Riemann surfaces are usually obtained by laser scanning or other medical image
generation methods such as MRI devices, CT and so on. The surfaces are usually
represented as triangular meshes. During the construction process, geometric
noise is inevitably introduced. Therefore, surface denoising/smoothing, which
adjusts the vertices positions so that a smoother surface can be obtained, has

become a very important research topic.

Here, we applied the TV denoising technique on the Riemann surface to de-

86



(A)

Figure 4.4: Tlustration of the TV image denoising on a dog surface. With co-
variant derivatives, the 2D TV color image denoising model is extended to the
3D Riemann surface. (A) shows the noisy image on the dog surface. (B) shows
the denoised image on the surface. As shown in the figure, the noise are mostly
removed and the reconstructed surface is significantly improved.

noise the noisy surface S. Given a conformal parameterization ¢ : R?> — S.
Let g(:c,y) = (X(z,v),Y(z,y), Z(x,y)). The functions X, Y and Z can be
regarded as functions defined on the surface S. If S is a smooth surface, X, Y
and Z are also smooth. By extending the TV denoising technique to the 3D
Riemann surface, we can smooth the surface by minimizing the following energy

functionals:

— — -
E(V) = [ [[Vs¥]lsdS+p|¥ — ¢|
S
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(V) (B) ©)

Figure 4.5: Illustration of the TV surface denoising on a human face. With co-
variant derivatives, the 2D TV image denoising model is extended to 3D Riemann
surfaces. (A) shows the original surface of a human face. In (B), the random
gaussian noise is added to the face. (C) shows the denoised/smoothed surface.
As shown in (C), the reconstructed surface approximates the original surface very
well, except for a little bit smoothing.

Or equivalently, we are minimizing the following three energy functionals:
E(X) = / Vs X||sdS + p(X — X)*
s
E(Y) = [ IVsPllsdS + (¥ - ¥V’
S

B(Z) = /S Vs Zl5dS + (7 — 2)?

The Euler Lagrange equations of them are:

0X VX -

T2 Ve (52 ) 1 2u(X — X))
T s (HVSXHS) 1 )
oY VY ~

— =Vs - (——=—)+2uY =Y);
ot IVsYlls

07 VsZ

==V (—Z )+ 2u(Z - Z)
ot IIVsZ]|s
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With the conformal parameterization ¢, we can solve these partial differential

equations on the 2D domain with the following three equations:

G)N(ogb_l '\/X—V)N(Ogb 2u(X 0 — X o ¢);
Y oo 1 VY o ¢ -
- _Vv. - - 7 200Y op — Y 0 9);
gy TV ||VYo¢+e||)+ n(Y oo 9);
0229 _1g (i Y220 | ouFoo—1zo

where A is the conformal factor of ¢. € is a small regularization constant to
handle with the case when |[[VX o ¢|| =0, [[VY 0 ¢|| =0 or |[VZ o ¢|| = 0. In
practice, we usually take ¢ = 0.01. We note that the Euler Lagrange equations
are very similar to well-known 2D TV denoising equation, except for the scalar
multiplication of the conformal factor A\. Therefore, we can solve the problem by

simple modification of the existing 2D TV denoising solver.

Figure 4.5 illustrates the idea of surface denoising/smoothing on a human
face with our method. Figure 4.5(A) shows the original human face surface. In
Figure 4.5(B), the random gaussian noise is added to the surface of the human
face. In Figure 4.5(C), we applied the method we described to denoise the surface.
The parameter chosen are: p = 5, ¢ = 0.01 and the number of iterations is 50.
Note that the denoised surface approximates the original surface well, except for

a little bit smoothing.

The intuitive meaning of including the conformal factor A into the TV model
is that it fixes the distortion caused by the stretching. Basically, the TV model
denoises the data by smoothing out the high frequency (rapid jump) region. Due
the the stretching of the conformal parameterization, the low frequency regions

might become the high frequency region in the parameter domain, whereas the
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high frequency regions become the low frequency region in the parameter domain.
As a result, the low frequency regions will be smoothed out and a wrong denoising

result will be obtained.

4.5.3 Texture extraction on the surface

The extraction of features on surfaces has been studied widely [92] and has found
various applications in different areas of research. For example, texture extrac-
tion is an important process in texture synthesis to transfer textures from one
surface to another. In human brain mapping, the feature extraction technique
is used to detect important anatomical features on the brain surface to study
brain diseases. In this section, we will describe an effective variational method

for feature extraction, using the Chan-Vese segmentation model on the surface.

The algorithm consists of two steps. Firstly, we compute the feature intensity
on the surface, which encodes the feature information. The feature intensity

I; : S — Ris a function on S defined as:

I1(¢(p)) = [6(p) = Psmootn (D), (4.31)

where @gmoorn : B2 — S represents the smoothed surface of S, using the TV
surface smoothing algorithm introduced in VI(B). Specifically, ¢smootn is obtained
iteratively using the gradient descent algorithm to minimize the energy functional
in the TV surface smoothing model (See equation ). The feature intensity Iy

effectively represents the feature information on the surface.

After computing the feature intensity Iy, the second step is to extract the
feature with the Chan-Vese segmentation model on the surface, using Iy as the

intensity. We proceed to look for ¢/ : S — R that minimizes the following energy
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functional:

Fler, e2,9) = /(If — ) H(¥)dS + /(If —c2)’(1— H(v))dS + V/S Vs H()|dS

s S
(4.32)
The Euler Lagrange equation is:
0 , \Y
B = 2000 v () = (1 = ) = (1 = e or
oY o 1 . Vi o
ErL = Mo 03 din( VAL = (T 06— e = (06— )]
(4.33)
on the parameter domain, where:
o _ I lro e y) H{Y o o(x, y))A(w, y)dudy
1 Jo HW o 6(z,y))A(w, y)dady (430

o Jplredl@y)(1 = H(Y o ¢(x,y))A(x, y)drdy
1 [ (= H(W 0 d(z, )Mz, y)dudy

The zero level set of the minimizer ¢ : S — R encloses the boundary of the
feature on the surface effectively. To illustrate the idea, we apply the algorithm
to extract the Chinese character on the cylinder. Figure 4.6(left) shows the a
surface with some texture (chinese character) on it. In Figure 4.6(right), we
applied our proposed algorithm to extract the feature. The intensity is defined
as the distance between the original surface and the smoothed out surface. As
shown in the figure, the initial contour (green) evolves to the final contour (blue)

that encloses the texture in few iterations.
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Figure 4.6: Illustration of the extraction of texture on the surface. With covari-
ant derivatives, the 2D Chan Vese (CV) segmentation model is extended to 3D
Riemann surfaces. The left shows the a bird surface with some texture (chinese
character) on it. On the right, we applied the CV segmentation model to extract
the texture. The intensity is defined as the distance between the original surface
and the smoothed out surface. As shown in the figure, the initial contour (green)
evolves to the final contour (blue) that encloses the texture in few iterations.

4.5.4 Inpainting surface holes

3D surface model are usually obtained from range scanners. Very often, surfaces
obtained from range scanner have holes and so resulting in incomplete surface
meshes. This may be due to low reflectance, occlusion, scanner placement, inade-
quate coverage of the object and so on. Recently, reseachers have been interested
in inpainting surface holes to reconstruct the incomplete surface and it has become
an important research topic [64][93]. In this section, we present an algorithm to
solve this problem which involves solving PDEs on the surface. Inpainting can
be regarded as a process of interpolating data on the occluded region from the
known data on its neighborhood. Our algorithm is an extension of 2D image

inpainting. To inpaint an occlude 2D digital image, we can fill in the missing
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(A) (B)

Figure 4.7: A simple example that illustrates image inpainting on the bird surface.
We extend the 2D image inpainting model to 3D surface (A) shows some simple
textures on the bird surface with occlusion. We applied the image inpainting
model to inpaint the image. The black region is the inpainting domain. (B)
shows the inpainted result.

(B)

Figure 4.8: "I am not ugly! Please remove the bad words on my body.” Hlustra-
tion of image inpainting on the dog surface. We extend the 2D image inpainting
model to 3D surface to remove unwanted words on the dog surface. (A) shows a
dog surface with some unwanted words on it. We applied the image inpainting
model to inpaint the image. (B) shows the inpainted result. As shown in the
figure, the words are successfully removed.
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region by solving the Perona-Malik diffusion model that reads:

% — div(g(|Vu|)Vu) on D;

w = on D¢,

where D is the occluded region; v : D¢ — R is the original image with occlusion;
u is the approximated (inpainted) image; g : R — R is an increasing function
such that ¢(0) = 0 and g(co) = co. Note that if we replace g by -, we get
the familiar TV smoothing model. The TV smoothing model is well-known to
be preserving edges. The major drawback of it is that it does not restore well a
single object when its disconnected remaining parts are separated far apart by
the inpainting domain. In order to solve this problem, we add the function g
into the diffusion model which enhances the diffusion across the boundary of the
inpainting domain. Sometimes, it may be more beneficial to let g depend on the
curvature Kk = div(‘g—Z') and so the model depends on the geometry of the image.
Here in our application to inpaint surface holes, we have found that letting g

depend on the isophote |Vu| is already good enough to get a reasonably good

result.

The 2D inpainting model can be easily extended to surfaces by using our algo-
rithm. Figure 4.7 shows a simple example that illustrates image inpainting on the
bird surface. We extend the 2D image inpainting model to 3D surface (A) shows
some simple textures on the bird surface with occlusion. We applied the image
inpainting model to inpaint the image. The black region is the inpainting domain.
(B) shows the inpainted result. Figure 4.8 shows the image inpainiting result on
the dog surface. To inpaint surface holes, we apply the image inpainting model
on the surface S. Again, we can regard X : S - R/ Y : S —> Rand Z2:5 — R

as three smooth functions defined on S. Given the conformal parameterization
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(A) (B)

Figure 4.9: Mlustration of the algorithm for inpainting surface holes. We extend
the 2D image inpainting model to 3D surface to fill in surface holes. (A) shows
a human face with several holes on it. We applied the surface holes inpainting
model to inpaint the occlusion region on the surface. (B) shows the inpainted
result. As shown in the figure, the occlusion can be filled reasonably well, which
results in a smooth surface.
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¢: R? — S of S, we can have the following surface holes inpainting model:

86_)? = divg(g(||VX]||s)VsX) on Dg;

N — divg(g(||VY]s)VsY) on Ds;

) 92" _ divg(g(||VZ||s)VsZ) on Dg;

X=X, on D¢;
Y=Y, on D¢;
\ 70 =7, on D¢;

where Dy is the occluded region on the surface; X,,Y,, Z, are the X, Y, Z coor-
dinates of the original surface mesh with occlusion. We can solve this system of

partial differential equations iteratively on the parameter domain:

([ 2X'%¢ _ Lijiy(g(VA|VX 06|)VX 06) on ¢~ (Ds);
Mot — 1in(g(VAIVY 0 $))VY 0 6) on ¢ (Dg);
2220 — Ldiv(g(VAIVZ 0 ¢|)VZ o $) on ¢~} (Ds);
XYop=X,00¢ on ¢~ 1(Dg);
Y0op=Y,00¢ on ¢~ 1(Dg);

| Z°0¢=2Z,00¢ on ¢~1(DS);

To illustrate the idea, we test our algorithm to fill in the holes on a human
face. Figure 4.9(A) shows a human face with several holes on it. We applied
the surface holes inpainting model to inpaint the occlusion region on the surface.
Figure 4.9(B) shows the inpainted result. As shown in the figure, the occlusion

can be filled reasonably well, which results in a smooth surface.
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4.5.5 Fluid Flow on Surfaces

In this subsection, we illustrate how we can apply the algorithm to simulate
fluid flow on surfaces with arbitrary topologies. This is done by projecting the
Navier-Stokes equation on the surface onto the 2D parameter domain using the
conformal parameterization. We then use the stable fluid solver [65, 7] on the

2-D domain to solve the problem.

On R2?, fluid flow is governed by the Navier-Stokes equation. For incompress-

ible fluid flow, we have the following (*):

g—ltl =—(u-v)u+oViu+f (4.35)
and
V -u = 0 (imcompressibility) (4.36)

where u = (u!,u?) is the fluid’s velocity, v is the viscosity and f = (f!, f?) are

external forces.

We can simulate the fluid flow as follow: we first use the stable fluid solver
to solve (*). Then update the position of the fluid by x"* = x°? + udt, where
x"" = yupdated position of the fluid particle and x°"“= previous position of the

fluid particle.

To simulate fluid flow on the Riemann surface, we have to modify the 2D
Navier-Stokes equation by the manifold version of gradient and lapacian. Replac-
ing the gradient and laplacian by the manifold version of gradient and laplacian,

we get the corresponding Navier-Stokes equation for the Riemann surface S:

ou

Frie —(u-Vg)u+vAgu+f (4.37)
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where u is the velocity field which is a vector field on S.

Let ¢ be the conformal parametrization of S and w = uo ¢. We have:

ow 1 1

We can next use the Stable Fluid Solver introduced by Stam to solve the

Navier-Stokes equation. We describe the algorithm as follow:

Step 1 : (Adding force) We solve: aggl = f. The iterative scheme is: w; =

owz __

Step 2 : (Diffusion equation) We solve: <

%vAwl. We use a simple
implicit solver to get the iterative scheme: (I — dt%v&)wg = wj.

Step 3 : (Advection equation) We solve: % = —5(w2 - v)ws. We use a

semi-Lagrangian to get an iterative scheme: wy = wy(x — dt;wa(x))

Step 4 : (Projection) We project w onto its imcompressible (divergence free)

component. For this, we first solve the Poisson equation

We then update: wy = w3 — %V(p. Update w = wy.

|»

Step 5 : (Update fluid position) Update x by x" = x% + w - ( )dt

9
ox?

QD

Y

As an example, we simulate the snow flowing down the surface based on the
Navier-Stokes equation in Figure 4.10. Figure 4.11(A) shows a simulation of
fluid flow on a bunny surface by solving Navier-Stoker’s equation at different
iterations. A circular force field is applied on the surface. Figure 4.11(B) shows
another example of fluid flow on a bird surface. Figure 4.11(C) shows how solving

surface fluid flow by Navier-Stoke’s equation can be applied for surface decoration
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Figure 4.10: Illustration of Navier-Stokes equation on the surface. This example
simulates the snow flowing down the bird surface. The external force used is the
downward gravitational force projected to the tangent space of the surface.
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Figure 4.11: (A) shows a simulation of fluid flow on a bunny surface by solving
Navier-Stoker’s equation at different iterations. A circular force field is applied
on the surface. (B) shows another example of fluid flow on a bird surface. (C)
shows how solving surface fluid flow by Navier-Stoke’s equation can be applied
for surface decoration to generate texture on surfaces.
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to generate texture on surfaces., we simulate fluid flow on a bunny surface by

adding a S-shaped force.

4.6 Conclusion

In conclusion, we describe a method in this paper to solve variational problems
on general surfaces with arbitrary topologies using the global conformal param-
eterization. With the conformal parameterization of the surface, the problems
can be greatly simplified and are transformed into 2D problems on the param-
eter domain. The conformal parameterization has a simple metric (g;;) = AId.
Under the conformal parameterization, the surface differential operators can be
computed easily on the 2D parameter domain with simple formulae. The formu-
lae are very similar to the formulae for the 2D Euclidean differential operators,
except for the scalar multiplication of the conformal factor A. Therefore, using
the conformal parameterization to transform the variational problems on general
surfaces to the 2D problems on the parameter domain has much easier equations
than using other arbitrary parameterizations. The problem can then be solved

easily by other well-known numerical schemes.

We have tested our algorithm on solving different image processing and surface
processing problems on different surfaces, which require solving different varia-
tional problems. The experimental results show that our proposed algorithm can
effectively solve the variational problems on the surface. Numerical analysis on
the proposed algorithm has also been done to determine how the accuracy of
the algorithm is affected by the accuracy in the approximation of the conformal

parameterization.
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CHAPTER 5

Automatic Brain Anatomical Feature Detection

with Conformal Parameterization

5.1 Introduction

One important problem in human brain mapping research is to locate the im-
portant anatomical features. Anatomical features on the cortical surface are
usually represented by landmark curves, called sulci/gyri curves. These land-
mark curves are important information for neuroscientists to study brain disease
and to match different cortical surfaces [94][95][96]. Manual labelling of these
landmark curves is time-consuming, especially when large sets of data have to
be analyzed. Therefore, an automatic or semi-automatic way to detect these
feature curves is necessary.In this paper, we present algorithms to automatically
detect and match landmark curves on cortical surfaces to get an optimized brain
conformal parametrization [97][39][38]. We trace the landmark curves on the cor-
tical surfaces automatically based on the principal directions. Using geometric
variants to detect features has been commonly used [98][99][100][101]. Suppose
we are given the global conformal parametrization of the cortical surface. Fixing
two endpoints, called the anchor points, we trace the landmark curve iteratively
on the spherical/rectangular parameter domain along one of the two principal

directions. Consequently, the landmark curves can be mapped onto the cortical
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surface. To speed up the iterative scheme, a good initial guess of the landmark
curve is necessary. Therefore, we propose a method to get a good initialization
by extracting the high curvature region on the cortical surface using Chan-Vese
segmentation [54]. This involves solving a PDE (Euler-Lagrange equation) on
the manifold using the global conformal parametrization as described in Chapter
4. As an application, we used these automatic labeled landmark curves to get
an optimized brain conformal mapping, which can match important anatomical
features across subjects. Similar to Chapter 3, this is done by minimizing a com-
bined energy E,c., = Enharmonic + AFandmark, Which produces a close to conformal
parameterization of the cortical surface while matching the important anatomical

features as much as possible.

5.2 Previous works

Automatic detection of sulcal landmarks on the brain has been widely studied
by different research groups. Prince et al. [102] has proposed a method for auto-
mated segmentation of major cortical sulci on the outer brain boundary. This is
based on a statistical shape model, which includes a network of deformable curves
on the unit sphere, seeks geometric features such as high curvature regions, and
labels such features via a deformation process that is confined within a spherical
map of the outer brain boundary. Lohmann et al. [103] has proposed an algorithm
that automatically detects and attributes neuroanatomical names to the cortical
folds using image analysis methods applied to magnetic resonance data of human
brains. The sulci basins are segmented using a region growing approach. Zeng et
al. [104] has proposed a method to automate intrasulcal ribbon finding, by using
the cortex segmentation with coupled surfaces via a level set methods, where

the outer cortical surface is embedded as the zero level set of a high-dimensional
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distance function. Recently, Kao et al. [105] presented a sequence of geomet-
ric algorithms to automatically extract the sulcal fundi and represent them as
smooth polylines lying on the cortical surface. Based on geodesic depth informa-
tion, their algorithm extracts sulcal regions by checking the connectivity above
some depth threshold. After extracting endpoints of the fundi and then thinning
each connected region with fixed endpoints, the curves are then smoothed using

weighted splines on surfaces.

5.3 Sulci/Gyri on brain cortical surfaces

The human brain cerebrum is a convoluted surface with very complicated ge-
ometry. There are bumps and grooves on the cerebrum, called sulci and gyri
respectively. Each hemisphere of the cerebral cortex is divided into four lobes by
various sulci and gyri. In neuroanatomy, a sulcus is a depression in the surface of
the brain that surrounds the gyri. The sulci and gyri on the cerebrum create the
characteristic appearance of the brain in humans. Generally speaking, the sulci
are the grooves and the gyri are the "bumps” that can be seen on the surface of
the brain. Large furrows (sulci) that divide the brain into lobes are often called
fissures. For example, the large furrow that divide the two hemispheres is called
the interhemispheric fissure. The folding of the cerebral cortex produced by these
bumps and grooves increases the amount of cerebral cortex that can fit in the
skull. They are usually considered as important landmark features that provide
useful anatomical information. The most common sulcus and gyrus include cen-
tral sulcus, postcentral sulcus and precentral sulcus. The central sulcus is the
most well-known of these landmarks. It protrudes into the brain at the central
location from the top down, separating the parietal lobe from the frontal lobe

and the primary motor cortex from the primary somatosensory cortex. The post-
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Conformal

Figure 5.1: This figure shows some of the most important sulci on a human
brain cortical surface. A, B, C and D represents the central sulcus, precentral
sulcus, postcentral sulcus and intraparietal sulcus respectively on the human
brain surface. They are projected onto a sphere through a conformal map for
easier visualization. They are labelled as A’, B’, C” and D’ respectively.

central sulcus lies immediately posterior to the central sulcus, and the precentral
sulcus lies immediately anterior to the central sulcus. While most people share
the same patterns of gyri and sulci on the cerebral cortex, the precise pattern
can vary considerably from person to person. Figure 5.1 shows some of the most
important sulci on a human brain cortical surface. On the left, A, B, C and D
represents the central sulcus, precentral sulcus, postcentral sulcus and intrapari-
etal sulcus respectively on the human brain surface. They are projected onto a
sphere through a conformal map for easier visualization on the right. They are

labelled as A’, B’, C” and D’ respectively.

5.4 Basic Mathematical Theory

The brain surface is a convoluted surface with very complicated geometry. It is

difficult to do calculation directly on the brain surface. In order to simplify the
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calculation, we parameterize the brain surface onto the 2D rectangle through a
conformal map and solve everything on the 2D domain. Recall that a diffeomor-
phism ¢ : M — N is a conformal mapping if it preserves the first fundamental
form up to a scaling factor (the conformal factor). Mathematically, this means
that ds3; = \¢*(ds%), where ds3; and ds3 are the first fundamental form on
surfaces M and N, respectively and X is the conformal factor. Consequently,
the conformal parameterization of the brain surface preserves angles and thus
preserves the local geometry. Also, the Jacobian of the conformal map is just
the conformal factor. This is beneficial when conformal map is used to solve

equations on the brain surface (See Chapter 4).

In order to detect the anatomical features, we need to have some shape de-
scriptors defined on the brain surface which can delineate the sulci or gyri. In
our project, we have found that the mean curvature and principal directions are
good shape descriptors that well describe the sulci or gyri. The mean curvature
and principal directions can all be computed from the Weingarten matrix. Recall
that the normal curvature k, of a Riemann surface in a given direction is the
reciprocal of the radius of the circle that best approximates a normal slice of the
surface in that direction, which varies in different directions. It follows that:

o

p =V IIv=v \% (5.1)

I g

for any tangent vector v.

IT is called the Weingarten matrix and is symmetric. Its eigenvalues and
eigenvectors are called principal curvatures and principal directions respectively.
The mean of the eigenvalues is the mean curvature. A point on the Riemann

surface at which the Weingarten matrix has the same eigenvalues is called an
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Figure 5.2: Left: Global conformal parametrization of the entire cortical surface
onto the 2D rectangle. By introducing cutting boundaries on the cortical surface,
the genus of the surface is increased. Holomorphic 1-form and the conformal
parametrization can be found. The boundaries of the rectangle corresponds to
the cutting boundaries on the surface. Right: A single face (triangle) of the
triangulated mesh.

umbilic point. The detailed algorithm for computing the Weingarten matrix is

described in Section.

5.5 Solving PDEs on surfaces using the global conformal

parameterization

Our automatic landmark tracking algorithm involves solving partial differential
equations on the surface. Solving equations directly on the brain surface is very
difficult because of its complicated geometry. We propose to solve PDEs on the

brain surface by using the global conformal parametrization. The main idea is
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to map the surface conformally to the 2D rectangles with the minimum number
of coordinates patches. The problem can then be solved by solving a modified
PDE on the 2D parameter domain. To do this, we have to use a set of differential
operators on the manifold, namely, the covariant derivative. With the conformal
parametrization, the covariant derivative can be formulated easily with simple
formulas on the paramter domains. Once the PDE on the 3D surface is refor-
mulated to the corresponding PDE on the 2D domain, we can solve the PDE on
2D by using some well-known numerical schemes. Since the Jacobian of the con-
formal mapping is simply a multiplication of the conformal factor, the modified
PDE on the parameter domain will be very simple and easy to solve. For detail,

please refer to Chapter.

5.6 Algorithm for automatic landmark tracking

In this section, we discuss our algorithm for automatic landmark tracking.

5.6.1 Computation of principal direction fields from the global con-

formal parametrization

In order to detect the anatomical features, we need to have some shape descriptors
defined on the brain surface which can delineate the sulci or gyri. In this project,
we use mean curvature and principal directions as the shape descriptor. They
can all computed from the Weingarten matrix. We firstly describe how we can

compute the Weingarten matrix.

Denote the cortical surface by C. Let ¢ : D — C be the global conformal
parametrization of C' where D is a rectangular parameter domain. Let A be the

conformal factor of ¢. Similar to Rusinkiewicz’s work [106], we can compute the
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principal directions, and represent them on the parameter domain D. This is
based on the following three steps:

Step 1: Per — Face Curvature Computation

1

Let v = VA and v = be the directions of an orthonormal

1
0 A

coordinate system for the tangent plane (represented in the parameter domain
D). We can approximate the Weingarten matrix Il for each face (triangle). For
a triangle with three well-defined directions (edges) together with the differences
in normals in those directions (Refer to Figure 5.2 right), we have a set of linear
constraints on the elements of the Weingarten matrix, which can be determined

using the least square method.
Step 2 : Coordinate system Transformation

After we have computed the Weingarten matrix on each face in the (uy,vy)
coordinate system, we can average it with contribution from adjacent triangles.
Suppose that each vertex p has its own orthonormal coordinate system (u,,v,).
We have to transform the Weingarten matrix tensor into the vertex coordinates
frame. The first component of II, expressed in the (u,,v,) coordinate system,

can be found as:

ep fp
Io 9p

(1,0

ep = ug]ﬂlup = (1,0)

Thus,

ep = (up - up,up - vp) My - up,up - Uf)T

We can find f, and g, similarly.

Step3 : Weighting
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The question about how much of the face curvature should be accumulated at
each vertex is very important because different meshes have different resolution
at different position. Thus, an aprropriate weighting function can help to reduce
the error in the curvature approximation significantly. For each face f which is
adjacent to the vertex p, we take the weighting wy, to be the area of f divided by
the squares of the lengths of the two edges that touch the vertex p. The weighting
function we use can take care of the different resolution at different location of the
mesh and effectively produce more accurate estimation of the curvature, normal

and so on.

5.6.2 Extraction of Sulcal Region by Chan-Vese Segmentation

In order to speed up the landmark tracking algorithm, we begin with extracting
the sulcal regions on the brain surface. This is done by extracting the high mean
curvature regions on the cortical surface using the Chan-Vese (CV) segmenta-
tion method [107][105], based on the Mumford-Shah functional for segmentation
[108][54][97]. After the sulcal region is extracted, we pick an arbitrary curve lying

within the sulcal region as an initial guess of the sulcal landmark.

CV segmentation is a well known segmentation method on the 2D domain. We
can extend the CV segmentation on R? to the brain cortical surface M through

conformal parameterization.

Let ¢ : R? — M be the conformal parametrization of the surface M. We

propose to minimize the following energy functional:
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Fley, c3,10) = / (o — ¢1)2H(1)dS

M

" /M (0 — e2)*(1 — H())dS

-+ L’d/p |‘7A[}J<Qb)|hfdé;
M

where ¢ : M — R is the level set function and | - |y = /< -, - > and ug is

the mean curvature function on the cortical surface.

With the conformal parametrization, we have:

Flevent) = [ Muyos— ) H(o o)dsdy

R2

+ [ Aunoo =P - Hwoo)dsdy
R2
—i—y/ VAVH @ o ¢)|dzdy
R2

For simplicity, we let ( = o ¢ and wy = ug o ¢. Fixing ¢, we must have:

 JawoH(C(tx, ) Adady
N Jo HC(t, z,y))Adady
 Juwo(l = HC(t 7, y)Adady
 Jo(T=H((t, 2, y)))Mdxdy

Cl(t)
Cg(t)

Fixing ¢y, ¢, the Euler-Lagrange equation becomes:

9¢

o = A v

o 7 (VAger) = (o — er)? + (wo = 2

1 Ve
A V¢l
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Now, the sulcal landmarks on the cortical surface lie at locations with rela-
tively high mean curvature. As shown in Figure, the brain surface is mapped to
a 2D parameter domain with the conformal parameterization. It is colored with
the mean curvature information. Note that the sulcal region has darker color,
meaning that the sulcal region has higher mean curvature. To formulate the CV
segmentation to extract the sulcal region, we can consider the intensity term as
being defined by the mean curvature. Sulcal locations can then be circumscribed
by first extracting out the high curvature regions. Fixing two anchor points in-
side the extracted region, we can get a good initialization of the landmark curve
by looking for a shortest path inside the region that joins the two points. We
select two umbilic points as the anchor points. By definition, an umbilic point
on a manifold is a location at which the two principal curvatures are the same.
Therefore, the umbilic points are the 'singularities’ of the surface. Also, the um-
bilic points are the positions where the principal directions are not well-defined.
In other words, Epyincipar is not well defined at these points. If there are multiple

umbilic points are found in one region, we select the two that are furthest apart.

5.6.3 Variational Method for Landmark Tracking

After the sulcal region is extracted, we can get an initial guess of the sulcal
landmark by choosing an arbitrary curve joining the two feature points (umbilic
points). This initial guess may not be the most accurate approximation of the
sulcus and may not lie on the deepest region. We can iteratively improve the
curve such that it moves to the deepest valley of the sulcal region. This is done
by a variational approach to get a minimizing curve that follows the principal
curvature as much as possible. We have found that the principal directions can

effectively be used to trace the sulci and gyri. As shown in Figure 5.3, the red
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Figure 5.3: Top : The value of Epincipa at each iteration is shown. Energy
reached its steady state with 30 iterations, meaning that our algorithm is effi-
cient using the CV model as the initialization. Bottom : Numerical comparison
between automatic labeled landmarks and manually labeled landmarks by com-
puting the Euclidean distance Ey;fference (0n the parameter domain) between
the automatically and manually labeled landmark curves, which are unit-speed
parametrized. These manually-labeled sulcal landmarks are manually labeled
directly on the brain surface by neuroscientists.
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arrow represents the principal direction field with smaller eigenvalues at each
points on the brain surface. They follow the direction of the sulci. (B) shows the
principal directions with larger eigenvalues at each points on the brain surface.

They follow the direction of the gyri.

The principal direction field \_/>(t) with smaller eigenvalues on the cortical
surface C' can be computed as described in Section. With Y_/(t), we propose
a variational method to trace the sulcal landmark curve iteratively, after fixing
two anchor points (a & b) on the sulci. Let ¢ : D — C be the conformal
parametrization of C, < -,- > to be its Riemannian metric and A to be its
conformal factor. We propose to locate a curve ¢ : [0,1] — C with endpoints a

and b, that minimizes the following energy functional:

=4
C —
Epmnczpal ? / ’ - _>/ —Voe ’Mdt / ‘|—>,’ 7)’26%

c,c />M

where 7 = ¢ o ¢! : [0,1] — D is the corresponding iteratively defined curve
on the parameter domain; G \/TV 2, =< - >y and |- |
is the (usual) length defined on D. By minimizing the energy F, we minimize
the difference between the tangent vector field along the curve and the principal
direction field \7 The resulting minimizing curve is the curve that is closest to

the curve traced along the principal direction (See Figure 5.4).

Let:
— _ 7)/ _ —
G = (G1,GQ,G3); K = (K17K2,K3) =T (7)
—_

— (17070) 717 . — (07170) 727 . — (07071) WéV
L 1 L 2 — TR JER L 3 — =1 T T=/3
7'l 7l 7'l 7l

Based on the Euler-Lagrange equation, we can locate the landmark curve

iteratively using the steepest descent algorithm:
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" = tangent field on the cmve
—o

=

:,/! V' = principal divection field

/ E

=
F: oo 2
pr mcapaf / | /7 = I w |."‘|Idt
¢ 0 V< ELE >

Figure 5.4: The figure demonstrates the meaning of E, incipar- It measures the
difference between the tangent vector field along the curve and the principal
direction field V. The resulting minimizing curve is the curve that is closest to
the curve traced along the principal direction.

d7 3 7

With this iterative scheme, the energy K, incipa 1s actually decreasing.

Proof :

dEpm'ncipal

ds 320(7 + 87)

— — —
= [V | DT G (7 + s 2t

|77 +su’|
1, =7 =1 T el —
= Jo(F = G- [Z7 — T3 - /(7)) - Wldt
1, =1 T el —
= [ (& - G- [Z — T2t — G'(7) - wlat

= [ % 3 K, L] + KiVGy - <0

if we let w = X2 {[K; L, |+ Ki;VG;}.
(Here, G;, K;, L; are defined as in Section 4.3)
Thus, the energy E, incipar 18 decreasing. QED

Our automatic landmark tracking algorithm is summarized in Figure 5.5
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3. Detection of the end
points (umbilic)

1. Conformal 2. Extraction of Sulcal region
Parameterization

4. Initial guess of landmark
curve (shortest path ona

graph)

5. Iteratively improve the landmark curve
l\’Iinjmizing Epl‘i.nripal

Figure 5.5: The figure summarizes the five steps of our automatic landmark
tracking algorithm.
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5.7 Optimization of brain conformal parametrization

In brain mapping research, cortical surface data are often mapped conformally
to a parameter domain such as a sphere, providing a common coordinate sys-
tem for data integration. As an application of our automatic landmark tracking
algorithm, we use the automatically labeled landmark curves to generate an op-
timized conformal mapping on the surface, in the sense that homologous features
across subjects are caused to lie at the same parameter locations in a confor-
mal grid. This matching of cortical patterns improves the alignment of data
across subjects. We apply the algorithm introduced in Chapter 3 to get the
optimized brain conformal parameterization which minimizes the compound en-
ergy functional F,c, = Eharmonic + AEandmarks Where Epgrmonic 18 the harmonic
energy of the parameterization and FEjngmart is the landmark mismatch energy.
Here, instead of using the manually labeled discrete landmark points, automati-
cally traced landmark (continuous) curves are used. Also, in our previous work,
correspondences between discrete landmark points have to be manually speci-
fied. Here, the correspondence are obtained automatically using the unit speed

reparametrization.

Suppose 7 and Cy are two cortical surfaces we want to compare. We let
¢1 : Cp — S? be the conformal parameterization of C| mapping it onto S2.
Let {p; : [0,1] — S?} and {g; : [0,1] — S*} be the automatic labeled landmark
curves, represented on the parameter domain S? with unit speed parametrization,
for C; and Oy respectively. Let h : Oy — S? be any homeomorphism from Cj
onto S?. We define the landmark mismatch energy of h as: Elandmark(h) =
/25", fol [|h(qi(t)) — é1(pi(t))||*dt, where the norm represents distance on the
sphere. By minimizing this energy functional, the Euclidean distance between

the corresponding landmarks on the sphere is minimized.
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5.8 Experimental Results

In one experiment, we tested our automatic landmark tracking algorithm on a set
of 40 left hemisphere cortical surfaces extracted from brain MRI scans, acquired
from normal subjects at 1.5 T (on a GE Signa scanner). In our experiments,
10 major sulcal landmarks (central/precentral) were automatically located on

cotical surfaces.

Figure 5.6 shows how we can effectively locate the initial landmark guess
areas on the cortical surface using the Chan-Vese segmentation. We consider the
intensity term as being defined by the mean curvature. Sulcal locations can then
be circumscribed by first extracting out the high curvature regions. (A) shows
the result of extraction using a circular initial contour. Notice that the contour
evolved to the deep sulcal region. (B) shows the result of extration using a larger

initial circular contour. More sulcal regions can be extracted.

In Figure 5.7, we locate the umbilic points in each sulcal region, which are

chosen as the anchor points.

Our variational method to locate landmark curves is illustrated in Figure 5.8.
With the initial guess given by the Chan-Vese model (we choose the two extreme
points in the located area as the anchor points), we trace the landmark curves
iteratively based on the principal direction field. In Figure 5.8 (left), we trace the
landmark curves on the parameter domain along the edges whose directions are
closest to the principal direction field. The corresponding landmark curves on the
cortical surface is shown. Figure 5.8 (left) shows how the curve evolves to a deeper
sulcal region with our iterative scheme. In Figure 5.8 (right), ten sulcal landmarks
are located using our algorithm. Our algorithm is quite efficient with the good

initial guess using the CV-model. (See Fig 5.9 Top) To compare our automatic
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Conformal

‘ Final iteration (B)

Figure 5.6: Sulcal region extraction on the cortical surface by Chan-Vese segmen-
tation. We consider the intensity term as being defined by the mean curvature.
Sulcal locations can then be circumscribed by first extracting out the high cur-
vature regions. (A) shows the result of extraction using a circular initial contour.
(B) shows the result of extration using a larger initial circular contour. More
sulcal regions can be extracted
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Figure 5.7: Detection of end points of the landmark curve. Umbilic points are
located on each sulci region, which are chosen as the end points of the landmark
curves.

landmark tracking results with the manually labeled landmarks, we measured the
Euclidean distance Eg;yference (0n the parameter domain) between the automati-
cally and manually labeled landmark curves. Figure 5.9(Bottom) shows the value
of the Euclidean distance Eg;f ference = fol 17C principat(t) — € manuat (t)||?dt between
the automatically and manually labeled landmark curves at different iterations for
different landmark curves. The two landmark curves are unit-speed parametrized,
denoted by € principat (t) and € panuar (t) Tespectively. The manually-labeled sulcal
landmarks are manually labeled directly on the brain surface by neuroscientists.
Note that the value becomes smaller as the iterations proceed. This means that
the automatically labeled landmark curves more closely resemble those defined
manually as the iterations continues. Figure 5.10 illustrates the application of
our automatic landmark tracking algorithm. We illustrated our idea of the opti-
mization of conformal mapping using the automatically traced landmark curves.

Figure 5.10 (A) and (B) show two different cortical surfaces being mapped con-
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Figure 5.8: Automatic landmark tracking using a variational approach. Top :
With the global conformal parameterization of the entire cortical surface, we
trace the landmark curves on the parameter domain along the edges whose di-
rections are closest to the principal direction field. It gives a good initial guess
of the landmark curve (blue curve). The landmark curve is then evolved to a
deeper region (green curve) using our variational approach. Bottom : Ten sulcal
landmarks are automatically traced using our algorithm.
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Energy value at each iteration

Data: L1680.m (left hemisphere)

Location: Central sulci landmark -

£ 2+ -
=
%
10 i
*
a8k * R
.
* * + +
B 1 1 | 1 1 1 | 1
0 3 [ 9 12 15 18 21 24 27
Iteration
Difference between the two landmarks is measured by:
"1
Erhffrm nee — ] ||?};rn‘irﬁr'i;!rif (f) - ?rxf anuwal (f )H_’(H
0
L1627.m Central Pre-central Post-central
Iteration O 1.28 1.31 1.27
lteration 30 | 0.21 l, 83.6% | 0.22 J,83.2% 0.21 l, 83.5%
L1680.m Central Pre-central Post-central
Iteration 0 1.33 1.35 1.26
lteration 30 | 0.24 ¢82.0% 0.28 J, 793% | 0.26 l 79.4%
Figure 5.9: Top : The value of Ep incipa at each iteration is shown. Energy

reached its steady state with 30 iterations, meaning that our algorithm is effi-
cient using the CV model as the initialization. Bottom : Numerical comparison
between automatic labeled landmarks and manually labeled landmarks by com-
puting the Euclidean distance Ey;fference (0n the parameter domain) between
the automatically and manually labeled landmark curves, which are unit-speed
parametrized. These manually-labeled sulcal landmarks are manually labeled

directly on the brain surface by neuroscientists.
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(D) (E) (F)

Figure 5.10: Optimization of brain conformal mapping using automatic landmark
tracking. In (A) and (B), two different cortical surfaces are mapped conformally
to the sphere. The corresponding landmark curves are aligned inconsistently on
the spherical parameter domain. In (C), we map the same cortical surface of (B)
to the sphere using our algorithm. Note that the alignment of the landmark curves
is much more consistent with the those in (A). (D), (E), (F) shows the average
surface (for N=15 subjects) based on the optimized conformal re-parametrization
using the variational approach. Except in (F), where no landmarks were defined
automatically, the major sulcal landmarks are remarkably well defined, even in
this multi-subject average.
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formally to the sphere. Notice that the alignment of the sulci landmark curves
are not consistent. In Figure 5.10 (C), the same cortical surface in (B) is mapped
to the sphere using our method. Notice that the landmark curves closely resem-
ble to those in (A), meaning that the alignment of the landmark curves is more
consistent with our algorithm. To visualize how well our algorithm can improve
the alignment of the important sulcal landmarks is, we took average surface of
the 15 cortical surfaces by using the optimized conformal parametrization algo-
rithm [109]. Figure 5.10(D), (E) and (F) shows the average surface (for N=15
subjects) based on the optimized conformal re-parametrization using the varia-
tional approach. Except in (F), where no landmarks were defined automatically,
the major sulcal landmarks are remarkably well defined, even in this multi-subject
average. As sown in (D) and (E), sulcal landmarks are clearly preserved inside
the green circle where landmarks were defined automatically. In (F), the sul-
cal landmarks are averaged out inside the green circle where no landmarks were
defined. This suggests that our algorithm can help by improving the alignment
of major anatomical features in the cortex. Further validation work, of course,
would be necessary to assess whether this results in greater detection sensitivity
in computational anatomy studies of the cortex, but the greater reinforcement of
features suggests that landmark alignment error is substantially reduced, and this

is one major factor influencing signal detection in multi-subject cortical studies.

5.9 Conclusion

In this paper, we propose a variational method to automatically trace landmark
curves on cortical surfaces, based on the principal directions. To accelerate the
iterative scheme, we initialize the curves by extracting high curvature regions

using Chan-Vese segmentation. This involves solving a PDE on the cortical man-
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ifold. The landmark curves detected by our algorithm closely resembled those
labeled manually. Finally, we use the automatically labeled landmark curves to
create an optimized brain conformal mapping, which matches important anatom-
ical features across subjects. Surface averages from multiple subjects show that

our computed maps can consistently align key anatomic landmarks.
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CHAPTER 6

Shape Based Landmark Matching

Diffeomorphism between Cortical Surfaces

6.1 Introduction

As it was mentioned in earlier chapters, finding meaningful parametrization of
the cortical surface is a key problem in brain mapping research. Applications
include the registration of functional activation data across subjects, statistical
shape analysis, morphometry, and processing of signals on brain surfaces (e.g.,
denoising or filtering). Applications that compare surface data often make use
of surface diffeomorphisms that result from parameterization. For the above
diffeomorphisms to map data consistently across surfaces, parametrizations are
required to preserve the original surface geometry as much as possible. Parame-
terizations should also be chosen so that the resulting diffeomorphisms between
surfaces align key anatomical features consistently. This kind of parameteriza-
tions with good anatomical features alignment is particularly important for brain
disease analysis such as building the average brain shape. This is advantageous
as the surface average of many subjects would retain features that consistently
occur on sulci, while uniform speed parameterizations may cause these features
to cancel out. Figure 6.2 gives an illustration of features can be canceled out with

poor correspondece between landmarks when computing the surface average.
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Conformal mapping [17][19] is particularly convenient for genus-zero corti-
cal surface models since it gives a parameterization without angular distortions,
and comes with computational advantages when solving PDEs on surfaces using
grid-based and metric-based computations [63]. However, the above parameter-
ization is not guaranteed to map anatomical features, such as sulcal landmarks,

consistently from subject to subject [20][19].

Landmark-based diffeomorphisms [20]{19][48][49][51][110] are often used to
compute, or adjust, cortical surface parameterizations. Similarly to the above
works, given two cortical surfaces with anatomical landmarks (sulci curves), we
propose a method to find close to conformal parameterizations for the surfaces
driven by shape based correspondences (registration) between the curves. Our
work has three main contributions; first, the surface diffeomorphism resulting
from our parameterization maps the sulcal curves exactly; second, the correspon-
dence is shape based, i.e., maps similarly-shaped segments of sulcal curves to
each other; finally, the conformality of the surface parameterizations is preserved

to the greatest possible extent [37].

6.2 Previous works

Optimization of surface diffeomorphisms by landmark matching has been studied
intensively. As described in Chapter 2, Gu et al. [19] proposed to optimize the
conformal parametrization by composing an optimal Mobius transformation so
that it minimizes a landmark mismatch energy. The resulting parameterization
remains conformal. Glaunes et al.[48] proposed to generate large deformation
diffeomorphisms of the sphere onto itself, given the displacements of a finite set of
template landmarks. The diffeomorphism obtained can match landmark features

well, but it is, in general, not a conformal mapping, which can be advantageous
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for solving PDEs on the resulting grids. Leow et al.[49] proposed a level-set based
approach for matching different types of features, including points and 2D or 3D

curves represented as implicit functions.

Tosun et al. [51] proposed a more automated mapping technique that results
in good sulcal alignment across subjects, by combining parametric relaxation, it-
erative closest point registration and inverse stereographic projection. In Chapter
3, we [20] proposed an energy that computes maps that are close to conformal and
also driven by a landmark matching term that measures the Euclidean distance
between the specified landmarks. We proposed to use discrete landmark points
in Chapter 2, where correspondence between landmarks are labelled manually.
In Chapter 5, we proposed to use landmark curves which are automatically de-
tected. The correspondence between landmark curves are obtained automatically
through unit speed reparameterization. It has a drawback because the correspon-
dence between landmark curves does not follow any shape information and thus
affecting the quality of the optimized conformal map (See Figure 6.1 and Fig-
ure 6.2). (A) and (B) shows two different surfaces. The correspondence between
landmark curves are labeled with yellow dots. Note that the correspondence does
not follow any shape information (corners are not mapped to corners). The ideal

correspondence based on the shape information of the curve is shown in (C).

Many of the above methods e.g. [20][48] require corresponding landmark
points on the surfaces to be labeled in advance. Secondly, the landmark match
measures used above are based on Euclidean distance, or overlap of level set
functions representing the landmarks, and do not use shape information to guide
correspondences of features within curves. So, the resulting correspondences
would be unreliable in the case of landmark curves that differ by non-rigid de-

formations. Finally, constraining the surface diffeomorphism to exactly align the
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landmark curves during minimization is difficult, e.g. [20][51].

To resolve the above issues, we propose a method to optimize the confor-
mal parameterization of the surfaces while non-rigidly registering the landmark
curves. Specifically, we formulate our problem as a variational energy defined on
a search space of diffeomorphisms generated as flows of smooth vector fields. The
vector fields are restricted only to those that do not flow across the landmark
curves (to enforce exact landmark correspondence). Our energy has 2 terms:
(1) a shape term to map similar shaped segments of the landmark curves to
each other, and (2) a harmonic energy term to optimize the conformality of the

parametrization maps.
6.3 Basic Mathematical Background: Integral Flow on
Surfaces

In this section, we introduce briefly the concept of integral flow of a vector field

on a Riemann surface.

Let V be a smooth vector field on a Riemann surface M , which associates a
tangent vector to every point on S. Given the vector field ‘7, we can try to define

curves yon S such that for each ¢ in an interval

V() =V((@); 7(0)=p (6.1)

If V is Lipschitz continuous we can find a unique C'-curve 4% for each point z in

S so that:

Y:(t) = V(1) (te(-e+e) CR);  7(0) == (6.2)
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On a compact Riemann surface S, any smooth vector field V is complete
meaning that every integral curve is defined for aa t € R. We can define a map,

called the integral flow of V, o(t,x) : R x S — S as follow:

¢(t,x) = 72 (1) (6.3)

Fixing ¢, ¢'(x)é(t,x) is a diffecomorphism of the surface S. Therefore, we can
regards the integral flow as a collection of diffeomorphisms of S. Interestingly,

the integral flow follows the group law meaning that ¢’ o ¢%(z) = ¢t (x).

In this work, we consider the search space of diffeomorphisms as the integral of
smooth vector fields. By looking for a smooth vector field which satisfies certain
energy functional, we can ensure that the map obtained is a diffeomporphism

which matches landmarks based on the shape information.

6.4 Model

Given two cortical surfaces M; and Ms, with sulcal landmark curves C’l and C’g la-
beled on them. The curves C; have the same topology relative to M;. These land-
marks curves can be detected automatically by the automatic landmark tracking
technique as described in Chapter 5 [97]. Here, we want to find a diffeomorphism
F: My — M; between M and M such that F' maps similarly shaped segment
of C; and (s to each others. In particular, we want to find parameterizations
fi:QCR2 = M, fo: Q— M, of My and M, onto the 2D parameter domain
Q) such that the diffeomorphism F' = f2 ) ff !| is a shape based diffeomorphism

that maps Cy exactly onto Cy. Also we want ﬁ to be as conformal as possible.

To simplify our computations, M; are firstly conformally parameterized onto

the conformal parameter domain D; by ¢; : M; — D,;. Assume that C’Z are
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mapped to C; on the parameter domain D;. Thus, we can reduce our problem to
the 2D problem of finding diffeomorphism f; : Q — D; such that f5 o ff ey = Cy
is a shape-based diffeomorphism onto C5. The shaped based landmark matching
diffeomorphism between M; and Ms, that is close to conformal, can be obtained

from the composition of maps F' = g, ' o fa0 fl_ Lo gy.

We propose our problem as the minimization of a variational energy with
respect to diffeomorphisms fz : 2 — D;, subject to the correspondence constraint
fg 0 ff 1(C1) = Cy. The energy consists of two terms. The first term measures
the harmonic energy of the maps fi, and the second term measures the shape
dissimilarity between Cy and f, o f;1(C}).

To handle the above correspondence constraint, we move all our computations
to the parameter domain €2 using initial diffeomorphisms fy; : @ — D;. Let
C C Q be a topological representative of C;, the common representation of C;
on 2. We assume the initial map satisfies fo,;(C) = C; (See Figure 6.3). With
the above framework, the energy is formulated over €2, and the search space of
diffeomorphisms f; : Q@ — D;, subject to f o ffl(C’l) = (y, can be constructed as
time-1 flows of smooth vector fields on €2 that do not flow across C'. For the shape
term, we measure the shape dissimilarity between the corresponding landmarks
which minimizes the difference in geodesic curvatures on the corresponding pairs

of points on C and Cy. We discuss the details in the following sections.

6.4.1 Formulation

The initial diffeomorphisms fj; give us a convenient way to perform our compu-
tations on the domain 2. Diffeomorphisms ﬁ : Q) — D, with fQ 0 ff YCy) = Cy
can be realized through unique diffeomorphisms f; : Q@ — Q with f;(C) = C,
satisfying f; = foi o fi (Fig. 6.3(left)). Thus we formulate our problem as the
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(A) (B) (€)

Figure 6.1: The figure shows the correspondece between landmark curves ob-
tained through unit speed reparameterization. (A) and (B) shows two different
surfaces. The correspondence between landmark curves are labeled with yellow
dots. Note that the correspondence does not follow any shape information (cor-
ners are not mapped to corners). The ideal correspondence based on the shape
information of the curve is shown in (C).

(A) (B) © (D)

Figure 6.2: (A) and (B) shows two surfaces. (C) shows the averaging result of the two
surface with arc-length correspondence between landmarks curves. Note that the shape

of the landmarks is averaged out and cannot be preserved. (D) shows the averaging
result with shape correspondence between landmark curves. Note that the shape of
the landmark curve is well preserved.
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Figure 6.3: The figure show the framework of our algorithm.

Figure 6.4: The figure shows the level set representation for C' (Brown open curve),
C ={p=0}NA. Ais the shaded region, {¢ = 0} is the circle.
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(A) (B)

Figure 6.5: Illustration of how exact matching of landmark curves can be ensured
by the projection of vector field. As shown in (A), the exact matching of landmark
curves can be guranteed by restricting the vector field on C' is parallel to the
tangential direction of C'. This requirement is satisfied by projecting the vector
field along C' to the horizontal component.

minimization of the following energy over diffeomorphisms f; : 2 — Q with

f:(C) = C. Denote f; = foio fi, F = [flan])
Elfi. fo] = / VAR + V2 de+ A / (s1(f1) = a(f2))? [Fe A Fy ds  (6.4)
Q C

The first term is the harmonic energy of f, The second term is a symmetric
shape term defined as an arc length integral over F/(C'), similar to Thiruvenkadam
et al. [111]. Here, the shape measure k;(p;) is determined by the geodesic curva-
ture of M; corresponding to the point p;. Defining the symmetric shape measure
over F'(C') makes the term independent of the choice of the initial maps fj;, and

also avoids local minima problems that occur while matching flat curve segments.

In the above energy, using a search space of diffeomorphisms f; : Q — Q, and
then imposing f;(C) = C as a constraint during minimization is difficult. Hence

we propose a method to directly consider a reduced search space of diffeomor-
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phisms f; : Q — Q that satisfy f;(C) = C.

6.4.2 Level Set Representation for C

Since we are dealing with the sulcal curves as our landmarks, we assume that
C = UN_ T}, a union of open curves 'y C Q. We represent C' implicitly in level
set form to be able to write the second integral in energy (6.4) with respect to
x. Being the union of open curves, C' can be represented as the intersection of
the 0-level set of a signed distance function ¢, and a region A (Fig. 6.3(right)).
Then the arc length integral of C' becomes

/C ds = [ xa IVH(©)] do

where H (t) is a regularized version of the Heaviside function.

6.4.3 Modelling the Search Space for f;

To construct an appropriate search space for f;, we consider smooth vector fields,
X, = aia% + 51%7 where a;,b; : Q — R are C! functions with compact support.

Then the flow of X;, &% (x,t) is given by the differential equation,

oD% T
N (x,t) = X; (DY (x, 1)),

o (x,0) = x.
Then the time-1 flow ®X: (x,1): Q — Q is a diffeomorphism.

Now let 77 := & (¢) xaV ¢, for regularized versions 8, X4 of the Dirac-d function,
and x4. We see that 7 coincides with the unit-normal vector field on C. Let 7,

be a smooth function on € such that n,, = 0 at the endpoints of the open curves
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I',cC,k=1,2,..N. Consider the vector fields Y; that do not flow across C,

This property of the vector field is important to ensure the diffeormorphism
obtained matches landmarks exactly. Figure 6.5 illustrates the idea of how ex-
act matching of landmark curves can be ensured. As shown in (A), the exact
matching of landmark curves can be guranteed by restricting the vector field on
C is parallel to the tangential direction of C'. This requirement is satisfied by

projecting the vector field along C' to the horizontal component.

We notice the following properties for the time-1 flow, @ﬁ'(., 1),

o OVi(.,1):Q — Qis a diffeomorphism since Y; is C.

e Also ﬁ\c is a C' vector field on C. Thus @ﬁ(., 1)|¢ is a diffeomorphism

onto C.

Hence it is natural to set f; = <I>?i(., 1).

6.4.4 Energy

We formulate the energy (6.4) over the space of C' smooth vector fields on €2,
X, = Clia% + bi%y
‘][a”h bl] -

/Q VAP + VA do+ A /Q xa(s1(F) — wa(f))? [VH(S)| |Fy A Fy| da

+ﬁ/ |IDX1|? + |DXs|? da (6.5)
Q
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Here, as before f; = foio fi, and f; = q)?i(., 1), the time-1 flow of the vector
field }7; = PoX;. The last integral in the energy is the smoothness term for the
vector fields )Z'Z

6.5 Minimization of the energy

We are going to briefly describe how we derive the Euler-Lagrange equation of
the energy functional.

In this work, we formulate the energy functional over the space of C'* smooth
vector fields on €2, )ZZ = aia% + bia%’

‘][ai7 bi] =

/Q VAR + VAR dr+ A /Q xa(mr(fy) — ra(f2)? [VH(S)| |Fe A Fy| de

+5/ |DX1|? + |DXs|? da (6.6)
Q

Here, as before f; = fo; 0 f;, and f; = @ﬁ(., 1), the time-1 flow of the vector
field Y; = PoX;. The last integral in the energy is the smoothness term for
the vector fields X;. The Euler Lagrange equations of (6.6) are derived here.
Let DIF = 2 F (v + en) denote the derivative of a functional F with respect to

—

variable v, and for variation 7. Also denote the vector fields e} := a%v €y 1= 8%.
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It follows that,

Do, J(n) = —/QAﬁ- Dfo; D, fi dx + )\/QXA(—l)il(/ﬁ(fl) - /ﬁz(ﬁ))

VD fos DI fIVH(S)| |Fy A F| dx+)\/QXA(ml(fl) =)
1

F, AF| (|Fy|*F, - D] F, + |F,|*F, - DI F, — (F, - F,)(F, - DI F, + F, - D! F,))
z AN Ay

IVH(¢)|dx — / Aa; n dz
Q
(6.7)
Integrating the third term by parts gives,

_)‘/QXAV‘ ((ra(f1) — @(ﬁ))lem—WHFy‘anﬁ — (Fy - )0y fi ;
|F|*0, fi — (Fi - Fy)Owfi]) INH()|D fos DY fidz (6.8

In the first two integrals, the term D{. f; is given by the flow equation of
Yi = PoX;,
oY

% ($,t> - }_}1((1) i(xvt))v

1A

OVi(z,0) = .
Now computing the derivative with respect to a; on both sides, for variation 7
gives the following differential equation, P; := DZ}D?

— —

9 P, 1) = Pods (@7 (2, 1)) + DY@ (2,1) P(a 1)

Py(x,0) = 0. (6.9)

Since DY;(®Yi(x,)) is continuous with respect to ¢, we have the existence of an
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orthogonal fundamental matrix ¥;, for the homogeneous system of (6.9). Then

a solution for the above problem can be easily verified to be

Pi(x,t) = U,(x,t) /0 Uz, )Py (Y (x, 8))n(®Yi(x,5)) ds

Let B; := —Af; Do+ Mxa (=1 (k1 (fi) —ra(f2)) Vi =V -Ci) D foi [VH ()],
where C; = (k1(f1) = ra(2))? i Fol?0ufi = (Fo - B0y fi 5 | a0y fi — (F -
F,)0. fi]. Substituting D% f; = P;(.,1) in (6.7), we have

—

D,,J(n) = /QBz(@ U,(x, 1) /0 Uz, 5) Poé) (9Yi(x,s)) n(®Y(x,s)) dsdr

—/Aaindx
Q

For a fixed s, P (y,s) : Q — Q, is a diffeomorphism; denote the inverse map by

1

qﬁsl, and its Jacobian by ]ngfi\. Change of variables (z,s) — (y = q)?i(x, s),S)

in the first term gives
— 1 — — —
[ Biol ) [ wielw.1) w6 ) Pedi ) IDF )] aty) ds dy
Q 0
Thus the Euler Lagrange equations are

1 N i _
“ / Bi(¥) Wi(6%,1) U (oY) Pocy |DY| ds — fAa;

/ Bi( Y1) U (6T s) Pody |DoY| ds — BAb,,

where: B; := —Af; Dfoi + Axa ((—1)7 (k1(fi)—k2(f2)) Vi —V-C;) Dfo; [VH(o));
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U, is the orthogonal fundamental matrix for the homogeneous system of

%mx,t) = nPeé; (9% (2, 1)) + DY@ () Pi(x.1), Pi(x,0) = 0.

6.6 Computer Algorithm

To summarize, the algorithm for computing the optimized shape-based landmark

matching conformal diffeomorphisms between cortical surfaces is as follow:

Algorithm 6.5.1 : Shape — based landmark matching diffeomorphism

Input : Conformal parameterization ¢; : S7 — D1, ¢9 : Sy — Dy of S7 and S,
respectively. Initial maps fo1 : D1 — Q, fo2 : Dy — (2, time step dt, energy
threshold ¢, (8

Output : Optimized shape-based landmark matching conformal diffeomorphisms

GLQ . Sl — SQ and G271 . SQ — Sl
1. Setn = 0. Set X2 = (a?,b?) = (0,0) everywhere on Q2 for i = 1,2. Compute
energy EO = E[fl, fg]
2. Compute }7;” = PC)?Z-; (b?n :  — ; Orthogonal fundamental matrix U7,
BZ-(qb?n) fori=1,2

3. Update (al',b?) by:

1771

—

1 _ . .,
W:[/ Bi(¢%) W@, 1) U (8, s) Peéy [DOY| ds — BAadt + o
0

(2 S

ds — BAb;]dt + b

1 — — — —
- / Bi(6%) Wi(6¥,1) U7 (6F, s) Pedy |DoY
0

140



4. Compute energy E, 1 = E[f1, fo]

5 If B,y — E, < ¢, stop and return G5 = ¢, ' o fo_21 o fyo f0—11 o ¢y, Gog =

7t o f(]_ll ofio fo_zl o ¢9. Otherwise, repeat step 2 to step 4.

6.7 Experimental Results

We have tested our algorithm on synthetic surfaces. Figure 6.6 shows the match-
ing result of the synthetic surfaces with two sharp corners. Figure 6.6(A) shows
a synthetic surface. It is mapped to another synthetic surface through param-
eterizations without the shape based correspondence between landmark curves,
as shown in (B). Note that the correspondence between the landmark curves
does not follow the shape information ([See the yellow dot]). (C) shows the re-
sult of matching using our proposed algorithm. Note that the correspondence
between the landmark curves follows the shape information (corners to corners
[See the yellow dot]). Figure 6.7 shows the matching result of the synthetic sur-
faces with three sharp corners. (A) shows one synthetic surface with three sharp
corners. Again, it is mapped to another synthetic surface through parameter-
izations without the shape based correspondence between landmark curves, as
shown in (B). The correspondence between the landmark curves does not follow
the shape information. (C) shows the result of matching using our proposed
algorithm. The correspondence between the landmark curves follows the shape
information. We have also tested our algorithm on cortical hemispheric surfaces
extracted from brain MRI scans, acquired from normal subjects at 1.5 T (on a
GE Signa scanner). Experimental results show that our algorithm can effectively
compute cortical surface parameterizations that align the landmark features in a

way that also enforces shape correspondence, while preserving the conformality
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Figure 6.6: The figure shows matching result of the synthetic data with two sharp
corners.

Without shape matching

(B)

Surface 1
(A)

With shape matching

(©)

Surface 2

Figure 6.7: The figure shows matching result of the synthetic data with three sharp
corners.
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of the surface-to-surface mapping to the greatest extent possible. The computed
map is guaranteed to be a diffeomorphism because the map is formulated as the

integral flow of a smooth vector field.

Figure 6.8 shows two different cortical surfaces with sulcal landmarks labeled
on them. We seek parameterizations of these surfaces that align the landmark
features consistently while optimally preserving conformality. A diffeomorphism
between the two surfaces is then obtained by computing the composition of the
two parameterizations. Figure 6.9 shows the result of matching the cortical sur-
faces with one landmark labeled (for purposes of illustration) on each brain.
Figure 6.9(A) shows the cortical surface of Brain 1. It is mapped to the corti-
cal surface of Brain 2 under the conformal parameterization as shown in Figure
6.9(B). Note that the sulcal landmark on Brain 1 is only mapped approximately to
the sulcal region on Brain 2. It is not mapped exactly to the corresponding sulcal
landmark on Brain 2. Figure 6.9(C) shows the matching result under the param-
eterization we propose in this paper. Note that the corresponding landmarks are
mapped exactly. Also, the correspondence between the landmark curves follows
the shape information. It maps the secondary features of one landmark curve to
the secondary features of the other landmark curve (See the black dots). Figure
6.9(D) and (E) show the standard 2D parameter domain of Brain 1 and Brain
2 respectively. The landmark curve is mapped to same horizontal line and the
shape feature are mapped to the same positions (see the black dots). This is
advantageous as the surface average of many subjects would retain features that
consistently occur on sulci, while uniform speed parameterizations may cause
these features to cancel out (please see Figure 6.2 for illustration). Figure
6.10 gives an illustration of the matching results for cortical surfaces with several
sulcal landmarks labeled on them. Figure 6.10(A) shows the brain surface 1 with

several landmarks labeled. It is mapped to brain surface 2 under the conformal
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Brain 1 Brain 2

Figure 6.8: The figure shows two different cortical surfaces with sulcal landmarks.

Brain 1 Brain2 Brain2
(A) (B) (©)
2D domain (Brain 1) 2D domain (Brain 2)
(m (E)

Figure 6.9: This figure shows the result of matching the cortical surfaces with one
landmark labeled. (A) shows the surface of Brain 1. It is mapped to Brain 2 under
conformal parameterization, as shown in (B). (C) shows the result of matching using
our proposed algorithm. (D) and (E) show the standard 2D parameter domains for
Brain 1 and Brain 2 respectively.
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Brain 1

(A) (B)

Brain 2

Brain 2

(©)

Figure 6.10: Illustration of the result of matching the cortical surfaces with several
sulcal landmarks. (A) shows the brain surface 1. It is mapped to brain surface 2 under
the conformal parameterization as shown in (B). (C) shows the result of matching

under our proposed parameterization.

Histogram of g ,= g, verses the number of vertices

Number of vertices

g12= g21

Shape energy at different iterations

Shape energy

Iteration

Figure 6.11: The left shows the histogram of gi12 = go1 of the brain surface under the
parameterization computed with our algorithm. The right shows the shape energy at

different iterations.




parameterization as shown in Figure 6.10(B). Again, the sulcal landmarks on
Brain 1 are only mapped approximately to the sulcal regions on Brain 2. Figure
6.10(C) shows the matching result under the parameterization we proposed. The
corresponding landmarks are mapped exactly. Also, the correspondence between
the landmark curves follows the shape information (corners to corners [See the
black dot]). To examine the conformality of the parameterization, we show in
Figure 6.11(Left) the histogram of g5 = go; of the Riemannian metric under the
parameterization computed with our proposed algorithm. Observe that g1 = g1
are very close to zero at most vertices. This means that the Riemannian metric
is a diagonal matrix, thus the parameterization computed is very close to confor-
mal. It also shows that conformal map being intrinsic to global surface geometry,
is not significantly affected by small changes in the local geometry induced by
the shape term. Figure 6.11(Right) shows that the shape energy is decreasing
with iterations, implying an improving shape based correspondence between the

landmark curves.

6.8 Conclusion

In this paper, we developed an algorithm to find parametrizations of the corti-
cal surfaces that are close to conformal and also give a shape based correspon-
dence between embedded landmark curves. We propose a variational approach
by minimizing an energy that measures the harmonic energy of the parameteriza-
tion maps, and the shape dissimilarity between mapped points on the landmark
curves. The parameterizations computed are guaranteed to give a shape-based
diffeomorphism between the landmark curves. Experimental results show that
our algorithm can effectively compute parameterizations of cortical surfaces that

align landmark features consistently with shape correspondence, while preserv-
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ing the conformality as much as possible. As future work, we plan to apply this
algorithm to cortical models from healthy and diseased subjects to build popu-
lation shape averages. The enforcement of higher-order shape correspondences
may allow subtle but systematic differences in cortical patterning to be detected,
for instance in neurodevelopmental disorders such as Williams syndrome, where
the scope of cortical folding anomalies is of great interest but currently unknown.
Another area of interest is to work on better numerical schemes to improve com-

putational efficiency and accuracy.
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