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Abstract We study a few interesting issues that occur in multiscale modeling and
computation for oscillatory dynamical systems that involve three or more separated
scales. Averaging in the fastest time scale may indicate a new type of slow variables
which do not formally have bounded derivatives. We present afew systems which
have such new slow variables and discuss their characterization. The examples mo-
tivate a numerical multiscale algorithm that uses nested tiers of integrators which
numerically solve the oscillatory system on different timescales. The communi-
cation between the scales follows the framework of the Heterogenous Multiscale
Method. The applicability and efficiency of the method are demonstrated by exam-
ples.

1 Introduction

In this paper we study a few interesting phenomena occurringin oscillatory dynam-
ical systems involving three or more separated time scales.In the typical setting,
the fastest time scale is characterized by oscillations whose periods are of the or-
der of a small parameterε. Classical averaging and multiscale methods consider
the effective dynamics of such systems on a time scales whichis independent ofε.
However, under this scaling, many interesting phenomena, e.g. the nontrivial energy
transfer among the linear springs in a Fermi-Pasta-Ulam (FPU) lattice, occur at the
O(1/ε) or even longer time scales. This motivates our interest in ordinary differen-
tial equations (ODEs) with three or more well separated timescales. A good amount
of development in numerical methods for long time simulations has been centered
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around the preservation of (approximate) invariances. In the past few years, many
numerical algorithms operating on two separated scales have been proposed, see
e.g. [17, 25, 23, 14, 15, 27, 12, 8, 13, 11, 1, 2, 3, 24, 7, 26]. Toour knowledge, very
few algorithms were developed considering directly three or more scales.

For our purpose, it is convenient to rescale time so the slowest time scale of
interest is independent of the small parameterε. Accordingly, the basic assumption
underling our discussion is that solutions are oscillatorywith periods that are of the
order of some powers inε: ε0,ε1, · · · ,εm. We will study the few issues arising from
multiscale modeling and computations for ODEs in the form

ẋ =
m

∑
i=0

ε−i fi(x) ; x(0) = x0 (1)

where 0< ε ≤ ε0, x = (x1, . . . ,xd) ∈R
d. We further assumed that the solution of (1)

remains in a domainD0 ⊂ R
d which is bounded independent ofε for all t ∈ [0,T].

For fixedε and initial conditionx0, the solution of (1) is denotedx(t;ε,x0). For
brevity we will write x(t) when the dependence onε andx0 is not directly relevant
to the discussion.

We will focus only on a few model problems involving three time scales. Our
goal is to compute the effective dynamics of such a system in aconstant, finite time
interval[0,T], for the case 0< ε < ε0 ≤ 1. We will characterize the effective dynam-
ics by some suitable smooth functionsx that change slowly along the trajectories of
the solutions, albeit possibly having some fast oscillations with amplitudes that are
of the order ofε p, p≥ 1. Naturally, the invariances of the system will be of interest.

As a simple example, consider the following linear system
{

ẋ1 = 1
ε x2+ x1

ẋ2 =− 1
ε x1+ x2,

(2)

with initial conditions (x1(0),x2(0)) = (0,1). The solution is readily given by
(x1(t),x2(t)) = (et sin t

ε ,e
t cost

ε ). TakingI = x2
1+x2

2, we notice thatI has a bounded
derivative, i.e., thaṫI := (d/dt)I(x1(t),x2(t)) = 2I is independent ofε. For this par-
ticular example one can easily solve forI , I(t) = I(0)e2t . In fact, the uniform bound
on İ indicates the ”slow” nature ofI(x1(t),x2(t)) when compared to the fast oscil-
lations in(x1(t),x2(t)). This type of characterization of the effective dynamics of
highly oscillation systems are commonly used in the literatures. See for example
[18, 19, 20, 13, 16, 1, 2]. Other approaches to find slow variables includes, e.g.
[5, 6]. We formalize this notion with the following definition.

Definition 1. We say that the functionξ : x ∈ A 7→ R has abounded derivative to
order−k for 0< ε < ε0 along the flowx(t) in A if

sup
x∈A ,ε∈[0,ε0]

|∇ξ (x) · ẋ| ≤Cε−k, (3)
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whereA ⊂R
d is an open connected set andC is a constant, both independent ofε.

For brevity, we will say thatξ has a bounded derivative alongx(t) if (3) holds with
k= 0. Such functions are commonly referred to as slow variablesof the system.

When only two separated time scales are considered, the effective behavior of a
highly oscillatory system,x(t), may be described by a suitably chosen set of vari-
ables whose derivative is bounded. In the literature the time dependent function
x1 = sin(t) with |ẋ1| = O(1) is naturally regarded as slow andx2 = sin(t/ε) with
|ẋ2|=O(ε−1) is fast. Similarlyx3 = sin(t)+ε sin(t/ε) is slow. However, when more
than two time scales are involved, we also need to considerx4 = sin(t)+ε sin(t/ε2)
as slow even if|ẋ4|=O(ε−1). It will be regarded as slow because|x4−sint|=O(ε)
andsin(t) is slow.As a further example, consider the linear system

{

ẋ1 =
1
ε2 x2+

1
ε + x1, x1(0) = x10

ẋ2 =− 1
ε2 x1+ x2, x2(0) = x20

(4)

The solution is
(

x1(t)
x2(t)

)

=

(

Aet sin(ε−2t +φ)− ε3

1+ε4

Aet cos(ε−2t +φ)− ε
1+ε4

)

, (5)

whereA andφ are determined by the initial conditionsA = x2
10+ x2

20 and tanφ =
x10/x20. As above, we look at the square amplitudeI = x2

1+ x2
2. Its time derivative

is bounded to order−1 since

İ = 2ε−1x1+2I . (6)

However, substituting (5) into (6) we find thatI(t) = 2A2e2t +O(ε). Hence, even
though the derivative ofI(t) is not bounded for 0< ε < ε0, I(t) consist of a slowly
changing part and a smallε-scale perturbation. This example demonstrates that the
bounded derivative characterization is not necessary for determining this type of
effective property.

Accordingly, Section 2 gives a definition for the time scale on which a certain
variableα(x) evolves under the dynamics of ODEs in the form (1). These ideas are
further generalized to describe local coordinate systems.In section 3, the dynamics
of the variables is analyzed using the operator formalism for homogenization of dif-
ferential equations, see for example [22]. We focus the discussion to a few example
systems in which the singular part of the dynamics is linear.Our observations are
discussed in the settings of integrable Hamiltonian systems that can be written in
terms of action-angle variables [4].

Another immediate question for problems involving more than two time scales
concerns the possible emergence of ”stochastic” behaviors. The operator formalism
for homogenization is a useful tool in the determination of stochasticity.

Section 4 presents a numerical method that uses nested tiersof integrators which
numerically solve the oscillatory system on different timescales. The communi-
cation between the scales follows the framework of the Heterogenous Multiscale
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Method (HMM) [10, 9]. Section 5 presents a few numerical examples. We give
conclusion in section 6.

2 Effective behavior across different time scales

In this section we discuss some of the mathematical notions which we use to study
systems containing several well-separated time scales.

2.1 Slowly changing quantities

Definition 2. A smooth time dependent functionα : [0,T] 7→ R
n is said toevolve

on theεk time scale in[0,T] for some integerk and for 0< ε < ε0, if there exists a
smooth functionβ : [0,T] 7→ R

n and constantsC0 andC1 such that

sup
t∈[0,T]

∣

∣

∣

∣

d
dt

β (t)
∣

∣

∣

∣

≤C0ε−k,

and
sup

t∈[0,T]
|α(t)−β (t)| ≤C1ε.

This motivates the following definition for a variable,α(x), that evolves on theεk

time scale along the solutions of (1).

Definition 3. A function ξ (x) is said toevolve on theεk time scale along the tra-
jectories of (1) in[0,T] and in an open setA if, for all initial conditionsx0 ∈ A ,
the time dependent functionξ (x(t;ε,x0)) evolves on theεk time scale in[0,T]. For
brevity, we will refer to quantities and variables that evolve on theε0 time scale as
slow.

In particular, the above definition suggests that the limit

ξ0(s;x0) = lim
ε→0

ξ (x(εks;ε,x0)) (7)

exists for alls∈ [0,T] and x0 ∈ A . For instance, in both examples (2) and (4),
the square amplitudeI = x2

1 + x2
2 evolve on theε0 time scale. The difference is

that (according to Definition 3),I has a bounded derivative of order 0 along the
flow of (2) but not along the flow of (5). More generally, considering α(t) to be
the image ofξ (x(t)), Definitions (2) and (3) allows the inclusion of functions such
asα(t) = ε sin(ε−2t)+ sin(t) (with unbounded derivatives) to be characterized as
slowly evolving.

Next, we consider the following slightly more general system
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dx
dt

=
i

ε2 x+ fI (x,y, t), (8)

dy
dt

=
1
ε

g(x)y+ fII (x,y, t). (9)

Introducingx= exp(it/ε2)z, we obtain

dz
dt

= exp(− it
ε2 ) fI (exp(

it
ε2 )z,y, t), (10)

dy
dt

=
1
ε

g(exp(
it
ε2 )z)y+ fII (exp(

it
ε2 )z,y, t). (11)

If
∫ t

0
g(x(s))ds= O(ε), t > 0

theny can be bounded. This is possible since the oscillations inx occur on a time
scale that is much faster than theε-scale:

d
dt

g(x(t)) = O(ε−2).

Thus, ifg(x− x̄0) is an odd function for

x̄0 := lim
ε→0+

∫ t

0
x(s;x0)ds,

then the singular term in they equation produces only small scale perturbation to
the evolution ofy(t) as it only produces fast oscillations ofO(ε) amplitude in the
trajectories ofy. In this case,y(t) is a slowly changing quantity along the trajectory,
i.e, it evolves on theε0 scale. Alternatively, ifg(x− x̄0) is even theny evolves on
theε time scale. Note that additional restrictions are requiredto insure thaty does
not blow up on theε scale but stays bounded in the domainD0. This observation
also suggests that in determining ify changes slowly in time, we may test ifg is odd
around a neighborhood of the averages ofx. If so, one can simply ignore the term
containingg in solving fory.

The above simple example suggests a way to detect functions which are slow
but which do not have bounded derivatives. algebraically, without integrating along
the fast solutions for long time. Letx be a quasi-periodic solution of an highly
oscillatory system withO(ε−2) frequencies. Furthermore, assuming thatx has an
average ¯x0 asε → 0. Considerα(t) := ξ (x(t)) with

d
dt

α(t) =
1
ε

r(x(t)).

Thenα is may be slow ifr(x− x̄0) is an odd function.
Finally, we point out that the emergence of a slow variable whose time derivative

along the oscillatory trajectories may come from a multiscale series expansion of
parts of the solution. Consider again equations (8) and (9).The leading order term
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comes out naturally wheny has an expansion of the form

y(t) = y0(t)+ εh(x(t))+ · · · .

Hence, we expect that the homogenization approach described in the following Sec-
tion should capture such type of effective behavior of a dynamical system.

2.2 Multiscale charts

Given an oscillatory dynamical system inRd, special functions may be used to
analyze the structure of the dynamics. For example, the action and angle variables
for a given Hamiltonian system provide a coordinate system in the phase space
such that the resulting Hamiltonian dynamics is separated into evolutions on certain
invariant tori (oscillations) as described by the angle variables, and non-oscillatory
evolutions described by the action variables [4]. For example, the functionI defined
for (2) together with arctan(x2,x1) corresponds to such a situation in whichI is
non-oscillatory along the dynamics and provides a coordinate perpendicular to the
trajectories. In previous work, we propose the use of a similar strategy for a different
class of dynamical systems [1, 2].

Consider the oscillatory dynamical system (1), and a familyof trajectories
x(t;ε,x0) in a open setA ⊂ R

d. Let Φ : A ⊂ R
d → U ⊂ R

d be a diffeomor-
phism that is independent ofε. ThusΦ is a local coordinate system (chart) for
A ⊂ R

d. We denote the vectorΦ(x) by (φ1(x),φ2(x), · · · ,φd(x)), whereφ i(x) is
a real valued function defined inRd. We shall refer toφ i as thei-th coordinate.
Let n(Φ,k;x(·;ε,x0)) denote the number of coordinates inΦ that evolve along
x(t;ε,x0) on time scales that are smaller or equal tok. We have the following defi-
nition:

Definition 4. A chartΦ is said to be maximally slow if for any other chartΦ̃ defined
onA , n(Φ,k;x(·;ε,x0))≥ n(Φ̃,k;x(·;ε,x0)) for all k.

Loosely speaking, the coordinates ofΦ are as slow as possible. A numerical method
for identifying a maximally slow chart for the case in which the singular parts of the
dynamics is linear is describes in the appendix.

Let ξ denote a maximally slow chart withk time scales, i.e.,

ξ = (ξ 1, . . . ,ξ k)

whereξ i ∈ R
di are the variables evolving on thei-th time scale,i = 1, . . . ,k. Using

the principle of averaging iteratively for each scale, effective equations for each time
scale can be constructed and their solutions that approximates the exact dynamics of
the coordinatesξ i in the corresponding time scale. To obtain these equations,faster
time scale components are averaged while keeping the slowerones fixed. Formally,
we write

ξ̇ i = ε−iF i(ξ i;ξ 0, . . . ,ξ i−1)+O(ε),
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with appropriate initial conditions. The effective equations hold for a time scale
which is of the order ofε i . Furthermore,F i can be obtained iteratively by averaging
over the effective dynamics of the fasteri +1 scale. Accordingly, we say that the
chartξ is effectively closed.

3 An homogenization approach

The multiscale structure of a system can be analyzed using the operator formalism as
presented in [22], which in turn, formally generalizes the work of Papanicolau [21].
Motivated by perturbed integrable systems, in which the dynamics can be written
in terms of action-angle variables, we concentrate on example systems in which the
singular part of the dynamics is linear.

The analysis motivates a numerical multiscale algorithm along the lines of the
HMM framework [1, 9, 12]. The algorithm does not assume that the system is given
in the convenient action-angle coordinates, but only that such a transformation ex-
ists.

Consider a general ODE system whose right hand side depends on ε

dx
dt

= fε (x).

The associated Liouville equation takes the form

∂tu
ε + fε ·∇xu

ε = 0, (12)

where∂x denotes partial differentiation with respect toX. This is a linear equation
whose characteristics coincide with solutions of the ODE. We begin by matching
powers ofε in the multiscale expansion of the operatorLε := fε ·∇ε and that of the
solutionuε . Formally, we write

Lε =
1
ε2 L2+

1
ε

L1+L0, (13)

and
uε = u0+ εu1+ ε2u2+ . . . (14)

Substituting the above expansions into (12) yields

∂tu0 =
1
ε2 L2u+

1
ε
(L2u1+L1u0)+ (L2u2+L1u1+L0u0)+O(ε).

Comparing orders ofε, we have
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1
ε2 : L2u0 = 0,

1
ε

: L2u1 = −L1u0,

1 : ∂tu0 = L2u2+L1u1+L0u0.

We see that a closed effective equation foru0 can be derived if bothL2u2 andL1u1

can be approximated by operations onu0 only. This closure is typically done by
averaging over some invariant manifolds. In the following subsections, we apply
this procedure to some model problems.

3.1 A two scales example

For completeness, we recall the application of the operatorformalism in a two-scale
highly-oscillatory ODE system. Let

{

ẋ= 1
ε y+ f (x,y)

ẏ=− 1
ε x+g(x,y),

(15)

with some non-zero initial condition. Changing into polar coordinates(r,θ ) ∈ R×
S1 yields

{

ṙ = (x f(x,y)+ yg(x,y))/r

θ̇ =− 1
ε +(xg(x,y)− y f(x,y))/r2.

It is clear that the amplituder is a slow variable while the phaseφ is fast. Hence, we
can naively average the right hand side of the equation forr with respect to the fast
phase. This yields an effective equation for the amplitude

ṙ = F(r)

F(r) =
1
r

∫

S1
[x(r,θ ) f (x(r,θ ),y(r,θ ))+ y(r,θ )g(x(r,θ ),y(r,θ ))]dθ .

(16)

The effective dynamics can be also derived using the operator formalism [22].
The backwards, or Liouville equation associated with the ODE is

∂tu= Lu ; u(0,x,y) = ψ(x,y), (17)

whereL is the generator, or the Liouville operator

L =
1
ε

L1+L0

L1 = y∂x− x∂y

L0 = f (x,y)∂x+g(x,y)∂y,

(18)
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Noting thatL1 = ∂θ , the Null space ofL1 =−L∗
1 is

Null L1 = Null L∗
1 = {ξ = ξ (x2+ y2)},

where[·]∗ denotes the dual. LetP denote projection on NullL1, which can be per-
formed by averaging over the fast angleθ , P[·] =

∫

S1[·]dθ := 〈·〉. Substituting the
asymptotic expansion foru, Eq. (14), into the backwards equation (17) yields

{

L1u0 = 0

L1u1 = ∂tu0−L0u0

The equation foru0 implies thatu0 ∈ Null L1, i.e.,u0 = u0(t, r). Formally, we write

Pu0 = u0. (19)

The solvability condition foru1 is

[∂t −L0]u0 ⊥ Null L∗
1.

Substituting (19) yields
P[∂t −L0]Pu0 = 0.

This gives the effective equation foru0

∂tu0 = PL0Pu0,

where we used the fact thatu0 does not depend onθ , and can therefore be taken out
of the averaging. This can be rewritten as

∂tu0 = 〈 f (x,y)∂xu0+g(x,y)∂yu0〉.

Using the chain rule yields

∂tu0 =
1
r
〈x f(x,y)+ yg(x,y)〉∂ru0,

which is nothing but the Liouville equation associated withthe effective ODE (16).

3.2 Three scales - example 1

Consider the following three-scale system which involves slow variables whose
derivatives are not bounded.











ẋ1 = 1
ε2 x2+ fI (x1,x2,y)

ẋ2 =− 1
ε2 x1+ fII (x1,x2,y)

ẏ = 1
ε x1+ fIII (x1,x2,y)

(20)
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To get some intuition, consider the unperturbed casefI = fII = fIII = 0 with initial
conditions(x1,x2,y) = (1,0,1). The solution is

x1(t) =−cos(ε−2t)

x2(t) = sin(ε−2t)

y(t) = 1− ε sin(ε−2t).

Hence, we can see that the system has two variables which evolve on theO(1) time
scale:I = x2

1+ x2
2 andy. In the unperturbed case, both variables are constants.

Getting back to the full equation (20), the Liouville (backward) equation associ-
ated with the ODE is

∂tu= Lu ; u(0,x1,x2,y) = ψ(x1,x2,y). (21)

whereL is the generator of the process

L =
1
ε2 L2+

1
ε

L1+L0

L2 = x2∂x1 − x1∂x2

L1 = x1∂y

L0 = fI ∂x1 + fII ∂x2 + fIII ∂y.

The Null space ofL2 =−L∗
2 is

Null L2 = Null L∗
2 = {ξ = ξ (r,y)},

wherer2 = x2
1+x2

2. Let P denote projection on NullL2, which can be performed by
averaging over the fast phaseθ = arctanx2/x1. Let P denote projection on NullL2.
As before, averaging over the fast phaseθ is denoted by〈·〉.

Substituting the asymptotic expansion foru, Eq. (14), into the backwards equa-
tion (21) and comparing powers ofε yields











L2u0 = 0

L2u1 =−L1u0

L2u2 = ∂tu0−L1u1−L0u0.

(22)

Leading order equation:

The equation foru0 implies thatu0 ∈Null L2, i.e.,u0 = u0(t, r,y). Formally, we write

Pu0 = u0 (23)
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Order 1/ε equation:

The solvability condition foru1 in (22) implies

L1u0 ⊥ Null L∗
2, (24)

which is equivalent to
PL1u0 = 0.

This holds since

PL1u0 = P[x1∂t ]u0(x
2
1+ x2

2,y) = 〈x1∂yu0(x
2
1+ x2

2,y)〉=
= 〈x1〉∂yu0(x

2
1+ x2

2,y) = 0.

Hence, we formally write
u1 =−L−1

2 L1u0. (25)

Order 1/ε equation:

The solvability condition foru2 in (22) is

[∂t −L1u1−L0u0]⊥ Null L∗
2.

Substituting in the formal solution (25) yields

P
[

∂t −L1L−1
2 L1−L0

]

Pu0 = 0.

For the example at hand, we have

u1 =−L−1
2 x1∂tu0.

Furthermore,∂yu0 has the formg(x2
1 + x2

2,y), which implies that∂tu0 ∈ Null L∗
2.

Also, L2x2 =−x1. Hence,

L−1
2 L1u0 = u1 = x2∂yu0.

We conclude that
L1L−1

2 L1u0 = x1∂yx2∂yu0 = x1x2∂yyu0.

This yields the effective equation foru0

∂tu0 = 〈x1x2∂yyu0〉− 〈 fI ∂x1u0〉− 〈 fII ∂x2u0〉− 〈 fIII ∂yu0〉 (26)

As before,∂yyu0 ∈ Null L2 and

〈x1x2∂yyu0〉= 〈x1x2〉∂yyu0 = O(ε).
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The effective equation (26) becomes

∂tu0 =−〈 fI ∂x1u0〉− 〈 fII ∂x2u0〉− 〈 fIII ∂yu0〉,

which can be rewritten as

∂tu0 =−1
r
〈x1 fI + x2 fII 〉

∂u0

∂ r
−〈 fIII 〉∂yu0.

This equation can be identified as the Liouville equation associated with the ODE
{

ṙ = 〈x1 fI + x2 fII 〉/r

ẏ= 〈 fIII 〉.
(27)

We conclude that, to leading order inε, u0, and hencer andy, evolve on theO(1)
time scale and are deterministic.

3.3 Three scales - Example 2

We consider a simple system involving three time scales

d
dt

(

x
y

)

=
1
ε2

(

−y
x

)

+ f (x,y,w,z),

d
dt

(

w
z

)

=
1
ε

(

−z
w

)

+g(x,y,w,z).

If f = g = 0, then(x,y) and (w,z) are decoupled harmonic oscillators with fre-
quencies 2π/ε2 and 2π/ε, respectively. The associated Liouville equation (12) has
parameters

L2 =

(

−y
x

)

·∇x,y

L1 =

(

−z
w

)

·∇w,z

L0 = f (x,y,w,z) ·∇x,y +g(x,y,w,z) ·∇w,z

(28)

where∇A,B denotes the gradient with respect to the variablesA andB, for example,
∇x,y = (∂x,∂y)

T . We further denote a change of variables into polar coordinates:
(x,y) 7→ (r,θ ) and(w,z) 7→ (ρ ,φ) and note thatL2 = ∂θ andL1 = ∂φ . These are also
the action-angle variables of this system.
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Leading order equation:

L2u0 = 0 implies thatu0 must be constant inθ (x,y), u0 = u0(r,w,z). The Jacobian of
these variables, which define the null space ofL2 =−L∗

2, has full rank at the entire
domain of relevance. As before, letP denote projection on the NullL∗

2 andPu= 〈u〉
denotes averaging with respect toθ .

Order 1/ε equation:

The equation takes the form
∂θ u1 =−∂φ u0.

The solvability condition is〈−∂φ u0〉= 0. However, sinceu0 does not depend onθ ,
we must have∂φ u0 = 0. In other words,u0 = u0(t, r,ρ) We conclude thatr andρ are
the only slow variables (evolve on theε0 time scale). Both variables have a bounded
derivative (of order 0). Further more, the first order perturbation,u1, vanishes.

Order 1 equation:

Substitutingu1 = 0, the equation foru2 is

∂θ u2 =−∂tu0+L0u0.

The solvability condition is
∂tu0 = 〈L0〉u0. (29)

However, (29) is not closed since〈L0〉 involvesφ .
In order to bypass this difficulty we notice that in the example at hand, the dy-

namics ofφ andθ are decoupled and the invariance measure for both variables(with
r andρ fixed) is uniform over a 2D torusT2. This occurrence is not incidental, but
actually the general case since the angle variable in systems which are given in
action-angle coordinates undergo uniform rotations on a torus [4]. Therefore, (29)
can be closed by averaging both sides over bothθ andφ ,

∂tu0 =

∫

T2
L0dθdφu0, (30)

where we used the fact thatu0 is independent of both angles.

3.4 Observations

Following this methodology, we have the following observations:
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• The commonly slow variables as defined in Definition 3 withk= 0 lie in the Null
space of bothL2 andL1.

• Variables with a bounded derivative need only lie in the Nullspace ofL2.
• The homogenization approach picks out the new type of slow variables as defined

in Definitions 2 and 3 withk = 0. See (27) which is derived from the system
defined in (20).

• The effective slow dynamics in all the examples presented inthis manuscript
is found to be deterministic. However, for a large class of equations involving
chaotic solutions [22], the effective PDEs are diffusive. This means that the ef-
fective behaviors of the original dynamical systems can be approximated by so-
lutions of the corresponding stochastic differential equations weakly.

4 Numerical algorithms

In this section, we discuss an approach which invoke our previous HMM algorithms
[1, 2, 3] hiarchically for problems involving more than two time scales. We consider
the time scalesO(ε2), O(ε), andO(1).

Suppose we obtain a maximal slow chart, for example, using the method de-
scribed in the Appendix for identifying polynomial variables evolving on differ-
ent time scales. We denote this system of coordinatesξ = (ξ 1,ξ 2,ξ 3), where
ξ i = (ξ i

1, . . . ,ξ
i
di
) are the variables evolving on thei-th time scale.

The HMM to be constructed should evaluate the rate of change of ξ along the
flow of the original oscillatory system. This typically involves numerically averag-
ing over the fast oscillations in the system. For the three scale problems that we
consider, we will be required to average over theO(ε2) scale oscillations as well as
theO(ε) scale oscillations, thus obtaining a numerical approximation for the effec-
tive equation for the slow variablesξ 0. The method is schematically illustrated in
figure 1.

Our goal is to numerically integrate the effective equationfor ξ 0, which is not
known. Following HMM, this equation is approximated by averaging the dynamics
of the system over a short-time calculation of the slower,O(ε) scale. Hence, when-
ever the algorithm needs to take a coarse,O(1) step, we call an auxiliary function
whose role is to calculate the dynamics on that time scale. This requires approximat-
ing the dynamics ofξ 1 for a time segment of orderO(ε). However, with three scales
the dynamics ofξ 1 is given by an effective equation which is itself not known, but
can nonetheless be approximated with a second tier of HMM integrator. This second
tier approximates effective dynamics ofξ 1 by numerically averaging the dynamics
on theO(ε2) scales, namelyξ 2. Note that this is possible because we only require
to solveξ 1 on a time segment of orderε. Longer time scales of order 1 are not
accessible as the error of using the effective averaged equation rather than the full
one becomes large.
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O(ǫ2)

O(ǫ)

O(ǫ2)

Fig. 1 An illustration of a three scale algorithm.

5 Examples

In this section we demonstrate the new multi-tier HMM algorithm in a few exam-
ples.

5.1 Harmonic oscillators

Consider the following system describing two coupled harmonic oscillators in res-
onance























ẋ1 =− 1
ε2 y1+

1
ε y2

2−3x1x2
2

ẏ1 = 1
ε2 x1+

1
2y1

ẋ2 =−
(

1
ε2 +

1
ε

)

y2− x2

ẏ2 =
(

1
ε2 +

1
ε

)

x2− y2+2x2
1y2

(31)

As depicted in Figure 2, all four state variables oscillate with a period which is of
the order ofε2. Hence,x1, y1, x2 andy2 evolve on theε2 time scale.

In order to find a maximally slow coordinate system, we changeto polar coordi-
nates(xi ,yt) 7→ (Ii ,ϕi), i = 1,2 and introduce a polynomial variableθ that describes
the 1:1 resonance between the oscillators

I1 = x2
1+ y2

1

I2 = x2
2+ y2

2

θ = x1x2+ y1y2

cosϕ1 = x1/
√

I1.

(32)

The corresponding time derivatives are
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İ1 =
2
ε

x1y2
2−3x1x2

2+ y2
1

İ2 = 2x2y2−2x2
2−2y2

2+4x2
1x2y2

θ̇ =
1
ε
(x2y2

2+ y1x2− x1y2)+ (y1x2− x1x2−3x1x
3
2+2x2

1y1y2)

ϕ̇1 =
1
ε2 .

(33)

It appears as if(I1, I2,θ ,ϕ1) is a chart in whichϕ1 evolves of theε2 time scale,I1 and
θ evolve on theε time scale whileI2, which has a bounded derivative, evolves on the
O(1) scale. The dynamics of the three slow variablesI1, I2 andθ on theO(ε) scale is
depicted in figure 3. The figure suggests that bothI1 andI2 are practically constant
on theε scale. Indeed, it can be shown that the average ofx1y2

2 on any segment
of length O(ε) and larger is of orderε2. Therefore, the averageḋI1 is bounded
independent ofε and I1 evolves on theO(1) time scale, rather than the expected
O(ε). The time evolution ofI1 andI2 on the slowestO(1) time scale is depicted in
figure 4. In addition, the figure shows the results of the two-tier HMM integrator
described in section 4. The HMM algorithm approximates the slow O(1) dynamics
using macroscopic steps which are independent ofε. The integration is done using a
fourth order method (in the macroscopic step size) and it’s efficiency is independent
of ε.

0 0.5 1 1.5 2
x10

-5

 1

 0.5

0

0.5

1

X1

X2

y1,y2

Fig. 2 The dynamics of (31) on theε2 time scale.ε = 10−3

5.2 An example motivated by the Fermi-Pasta-Ulam problem

The following example, which consists of three coupled oscillators, is motivated
by a version of the FPUα model with periodic boundary conditions. The system is
described by the Hamiltonian
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0 0.01 0.02
−1

0

1
I
1

θ 

I
2

Fig. 3 The dynamics of (31) on theε1 time scale.ε = 10−3

0 2 4 6 8 10
0

1

2

3

4

I
1

I
2

t

Fig. 4 The dynamics of (31) on theε0 time scale.ε = 10−3. plus signs are results of a 2-tier HMM
with fourth order RK on all scales.

H =
1
2

3

∑
i=1

p2
i +

3

∑
i=1

[

1
2
(qi+1−qi)

2+
ε
3
(qi+1−qi)

3
]

, (34)

whereq0 = q3 andq4 = q1. The dynamics, which is given by Hamilton’s equations
of motion, preserves the Hamiltonian. Accordingly, the purpose of this example
is to demonstrate the advantages of the HMM multiscale method for Hamiltonian
systems compared to reversible and symplectic integrators.

Rescaling time,s= ε2t, and denoting[·]′ = (d/ds), the dynamics is given by







































q′1 = 1
ε2 p1

p′1 =− 1
ε2 (2q1−q3−q2)− 1

ε (q2−q3)(2q1−q3−q2)

q′2 = 1
ε2 p2

p′2 =− 1
ε2 (2q2−q1−q3)− 1

ε (q3−q1)(2q2−q1−q3)

q′3 = 1
ε2 p3

p′3 =− 1
ε2 (2q3−q2−q1)− 1

ε (q1−q2)(2q3−q2−q1)

(35)
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Due to the periodic boundaries the total momentum is preserved. Hence, without
loss of generality we pick initial conditions such that the center of mass is fixed at
the origin,ptot = p0+ p1+ p2 = 0 andqcm= q0+q1+q2 = 0. Using the algorithm
detailed in Appendix 6, we identify five variables evolving on the 1 time scale:

ptot = p1+ p2+ p3

qcm = q1+q2+q3

I1 = 3q2
2+ p2

2

I2 = 3q2
3+ p2

3

θ = 3q2q3+ p2p3

(36)

Differentiating with respect to the rescaled time and usingthe fixed center of mass
assumption yields

ptot′ = 0

q′cm = 0

I ′1 =
18
ε

p2q2(2q3+q2)

I ′2 =−18
ε

p3q3(2q3+q2)

θ ′ =
3
ε
(p2q2− p3q3)(2q3+q2)

(37)

Figure 5 compares HMM with Verlet using the initial conditions (q1,q2,q3) =
(0.3,−0.4,0.1) and(p1, p2, p3) = (0.3,−0.4,0.1). Takingε = 10−4, parameters are
chosen to give an error of about 1%. HMM parameters areH = 10, η = 75.1ε2,
h = ε2/20. The micro-solver is Verlet. The macro-solver is the midpoint rule, the
kernel is exponential [12]. Solving the system using Verletwith ε = 10−4 is practi-
cally impossible. However, in order to achieve the desired accuracy the values ofε
can be increased artificially [28]. Since we require a relative error of order 0.01, we
takeε = 0.01 and decrease step size until the energy drift is of the sameorder. This
requiresh= ε/100. With these parameters HMM runs over 300,000 time faster. It
is interesting to note that the efficiency of both methods is independent ofε. Hence,
the gain in efficiency does not depend onε as long as it is small enough. Lastly,
the energy drift with HMM is small, but seems to increase. At longer time segments
time reversible schemes, as developed in [3], may be advantageous.

6 Summary

In this paper, we investigate several issues related to the design of multiscale algo-
rithms for computing the effective behavior of highly oscillatory dynamical systems
involving more than two separated scales. We discuss a type of effective behavior
(slowly changing quantities) which do not have bounded derivatives. Consequently,
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Fig. 5 Left: slow variables. Dotted line - Verlet with an adjusted value ofε , plus signs - HMM.
Right: energy drift. With simulation parameters tuned to give comparable errors in the total energy,
HMM runs over 300,000 times faster.

they cannot be found by using a common homogenization technique based on multi-
scale expansions. We further demonstrate that this type of effective behavior cannot
be ignored in our numerical examples.
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Appendix: Finding polynomial slow variables

In many highly oscillatory physical systems the leading order oscillations are har-
monic. It can then be shown [1, 4] that slow variables can be polynomials. In [1] we
suggest a variational method to automatically identify thepolynomials making up
maximally slow charts using the bounded derivative concept. As was demonstrated
in this paper, with three or more well-separated scales, thebounded derivative con-
cept is not sufficient to determine the time scale on which a variable evolves. Hence,
it cannot be used to construct maximally slow charts. Accordingly, the purpose of
this appendix is to modify the variational method of [1] to use the new concept of
slow variable, Definition 3. The main idea is to compare two trajectories with differ-
ent values ofε and find a polynomial that takes similar values on both trajectories.

Let p(x) denote a polynomial inRd. Following Definition 3,p(x) evolves on the
εk time scale if, for all 0≤ i ≤ k, the limit

lim
ε→0

p(x(ε is;ε,x0)) (38)
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exists for alls∈ [0,S] andx0 ∈ A , a connected open set. BothA andS are inde-
pendent ofε. Changing variablesτ = εkt, the general ODE (1) becomes

ẋ =
m−k

∑
i=0

ε−i fi+k(x)+O(ε) (39)

Let x0 ∈ A and consider two solutions of (39) with the same initial condition
x0 but differentε. Using the notations of Section 1, the first solution, obtained with
a small parameterε is denoted byx(τ;ε,x0). The second solution, obtained with a
small parameter 2ε, is denoted byx(τ;2ε,x0). Furthermore, letxε

1, . . . ,x
ε
2m−kN

de-

note a numerical solution ofx(τ;ε,x0) at timest j = ε−m+kH j that are computed
by some integrator with constant step sizeεm−kH. Here,H is a constant which is
independent ofε. Similarly, letx2ε

1 , . . . ,x2ε
N denote a numerical solution that approx-

imatex(τ;2ε,x0) at timessj = (2ε)−m+kH j. Note thatsj = t2m−k j . Then, if p(x) is

slow of orderεk we have that

|p(xε
2m−k j)− p(x2ε

j )|= o(1) (40)

for all j = 1. . .N, N independent ofε.
Consider,

Q(p) =
N

∑
i=0

[

p(xε
2m j)− p(x2ε

j )
]2
. (41)

Then, a polynomialp(x) that minimizesQ(p) is a good candidate for a variable
that evolves on theεk scale. SinceQ(p) is quadratic in the coefficients ofp, the
minimizer can be found using least squares.

Finally, the process described above can be repeated, starting with the slowest
orderε0 and gradually moving to faster time scales. Each time a slow variables is
identified, one can add a penalty that forces subsequent minimizers to be orthogonal
to it in the space of polynomial coefficients. The method is described in [1].
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