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ABSTRACT OF THE DISSERTATION

Applied Partial Differential Equations
in Crime Modeling and Biological Aggregation

by

Nancy Rodriguez
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Professor Andrea L. Bertozzi, Chair

Recently, there has been sustained interest in the use of partial differential equa-
tion (PDE) models to obtain insight into biological and sociological phenomena.
This work is separated into two parts were we study the well-posedness two such
PDE systems.

In particular, in the first part we study a fully-parabolic system of PDEs for
residential burglary ‘hotspots’ (spatio-temporal areas of high density of crime).
Although crime is a ubiquitous feature of all societies, certain geographical loca-
tions have a higher propensity to crime than others. In fact, residential burglary
data exhibit areas of high crime density surrounded by areas of low crime den-
sity. There have been many studies indicating that the “repeat and near-repeat
victimization effect,” which states that crime in an area induces more crime in
that and neighboring areas, leads to the residential burglary hotspots seen in real
data. Short et al. develop in [92] an agent-based statistical crime model whose
dynamics rely on this repeated victimization effect. The formal continuum limit
of this model is a nonlinear couple system of PDEs. This models exhibits the

right qualitative behavior (with certain parameters), that is, the existence of
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crime ‘hotspots’. In this work we are concerned with the existence and unique-
ness of solutions of this model. In two-dimensions we prove local existence and
uniqueness of classical solutions with H™-initial data on periodic domains. Fur-
thermore, we prove a continuation argument that provides a sufficient condition
for global existence of the solution. More specifically, we prove that |Vp|| is
a controlling quantity; hence, the solution continues to exist while this quantity
remains bounded. Finally, motivated by the relation between this PDE system
and the Keller-Segel model for chemotaxis (the movement of cellular organisms
in response to some chemical concentration in their environment), we conclude
this section by studying a modified model; which provides insight into the global
theory of the original model.

In the second part we study an aggregation equation with degenerate diffusion.
Aggregation equations have been studied for a wide variety of biological applica-
tions in migration patterns in ecological systems and Patlak-Keller-Segel models
for chemotaxis. We study the local and global well-posedness of weak-solutions
of an equation that models the competition between aggregation (modeled via a
convolution with a kernel) and over-crowding effects (modeled via general degen-
erate diffusion). We divide they system into three types: subcritical, supercritical,
and critical. We prove global existence for subcritical problems, which correspond
to the diffusion dominating aggregation. We prove finite time blow-up for a sub-
class of supercritical problems, which correspond to the aggregation dominating
the diffusion. Finally, we show that there is a critical mass phenomena for the
critical problems, which correspond to the aggregation and diffusion balancing

out.
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Part I

A PDE Model Residential

Burglaries



CHAPTER 1

Introduction and Background

1.1 Introduction and Motivation

The study of crime hardly needs motivation, it is a phenomenon that affects all
individuals. The city of Los Angeles, nicknamed the “Gang Capital of the Na-
tion,” is of particular interest. Violent and non-violent crimes from burglaries
to drive-by-shootings have affected the citizens of this city since the beginning
of the 20th century. One of the most frequently occurring crimes is residential
burglaries, a crime which will affect most people at some point. The observation
that residential burglaries are not spatially homogeneously distributed and that
certain neighborhoods have more propensity to crime than others led Short et
al. to study the dynamics of residential burglary hotspots[92]. A hotspot is a
spatio-temporal aggregation of criminal occurrences and the understanding how
they evolve can be extremely useful. For example, it can help the police force
mobilize their resources optimally. This would ideally lead to the reduction or
even eliminations of these crime hotspots. This spatial heterogeneity in crime
can be seen in Figure The figure on the left is a snapshot of The Times’s
database of Los Angeles crime reports. The Times creates and updates this crime
map of over 200 neighborhoods in the Los Angeles area daily using data provided
by the Los Angeles Police Department and the Los Angeles County Sheriff’s De-

partment. The figure on the right is a density map of residential burglary data



from Long Beach, CA for three consecutive months (this figure taken from [92]).
A theoretical understanding of dynamics of hotspots can help predict how these
hotspots will change and thus aid law enforcement agencies fight crime.

Short et al. modeled the dynamics of hotspots using an agent-based statisti-
cal model based on the ‘broken window’ sociological effect [108].The idea of the
‘broken window’ effect is that crime in an area leads to more crime. It has been
observed in the residential burglary data that houses which are burglarized have
an increased probability of being burglarized again for some period of time after
the initial burglary. This increased probability of burglary also affects neighbor-
ing houses and is referred to as the ‘repeat near-repeat effect’ [4], (60, 61], [62] 94].
Figure shows burglary data from from Long Beach binned by two-week in-
tervals (this figure was taken from [94]). The model is based on the assumption
that criminal agents are walking randomly on a two-dimensional lattice and com-
mitting burglaries when encountering an opportunity. Furthermore, there is an
attractiveness value assigned to every house, which refers to how easily the house
can be burgled reduces negative consequences for the criminal agent. The crim-
inal agents, in addition to walking randomly, have a biased movement toward
areas of high attractiveness values and move with a speed inversely proportional
to the value in their current position. Let A(x,t) and p(x,t) be the attractive-
ness value and the criminal density at position x and time ¢ respectively, then

the continuum limit of the agent-based model gives the following PDE model:

% =nAA—- A+ Ap+ A°, (1.1a)
P _
a—f = Ap—2V - [pVx(A)] + B — Ap; (1.1b)

where x(A) = log(A). A formal derivation of this model can be found in [92].
From (1.1)) we observe that criminal agents are being created at a constant rate B

and are removed from the model when a burglary is committed. In essence, the



number of burglaries being committed at time ¢ and location x is given by the
A(z,t)p(x,t). Furthermore, the attractiveness value increases with each burglary.
As we will discuss later the system can be seen as a nonlinear version of
the Keller-Segel model for chemotaxis with growth and decay. The Keller-Segel
model is a reaction-diffusion system that models the movement of some mobile
specie that is being influenced by an external chemo-attractant |26} [38, 43, 50,
106, 97]. In the Keller-Segel model literature the function y(A) is referred to
as the sensitivity function. Various forms of the sensitivity function have been
analyzed including log A and A |71}, 91]. For these cases global existence has been
proved in one-dimension [36] [85]. Furthermore, in two-dimension global existence
has been proved for small enough initial mass of the cell density [I5, 28]. Tt is
important to note that these models do not include growth or decay. Although
the logarithmic sensitivity function has been analyzed most of the research done
on the Keller-Segel model has been for y(A) = A. Recall that the model
is the continuum limit of an discrete agent-based model. In the discrete model
the probability of an agent moving from node s to node n is given by the ratio
of the attractiveness value at node n over the sum of attractiveness values of the
neighboring nodes of node s. This gives the logarithmic sensitivity function we
see in . Therefore, it makes sense for us to analyze the more complicated
sensitivity function. In fact, we will see later that the logarithmic velocity field
helps prevent finite time blow-up. From the numerical analysis performed in
[92] this model seems to have appropriate qualitative properties, i.e. existence of
hotspots. However, to show that this model is truly robust the unique existence

of a solution, which does not blow-up in finite time, is essential.
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Figure 1.1: Left — Snap shot of The Time’s database of Los Angeles crime report
(red corresponds to violent crimes, orange corresponds to property crime, and
purple corresponds to both). Right — Density map of burglary data from Long
Beach, CA from June 2001-August 2001.

1.2 Background Work

Despite the recent introduction of the system there has been a significant
amount of research done on the model, particularly qualitative analysis, see for
example [02, 93]. In the original work, Short and collaborators determined the
parameter regimes that lead to hotspots via the use of linear stability analysis.
Furthermore, in [93] the authors studied the suppression of hotspots via the use
weakly-nonlinear analysis. The effect of different policing strategies on hotspots,
see [63], and strategies to measure and model the ‘repeat and near-repeat victim-
ization’ effect have also been studied, see [94]. In the following sections we give

a brief summary of these works.
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Figure 1.2: Probability distribution of the time interval 7 between repeated of-
fenses computed from residential burglary data from Long Beach, CA using a

moving window method.

1.2.1 Linear Stability Analysis

The motivation for the development of was the need to understand the
spatio-temporal dynamics of residential burglary hotspots. Hence, one would
expect the PDE system to reproduce similar behavior. In fact, one can study the
existence and nonexistence of hotspots via linear stability. The system has

one flat steady-state given by

A, =A"+ B and p, = (1.2)

A+ B
Linear stability analysis gives that the system has some unstable modes pro-

vided the parameters and steady-state solutions satisfy the following inequality
3ps —nAs — 1 > 2y/nAs. (1.3)

When the parameters satisfy condition ((1.3)) then numerical simulations per-
formed in [92] show that stationary hotspots appear (see Figure[L.3). When this
condition is not satisfied then hotspots do not appear. Simulations of the dis-

crete model show a third parameter regime: transient hotspots. This regime is



t =730 days, 169 criminals

Figure 1.3: Numerical simulation of the continuous system. Figure (a) shows the
hotspot-free parameter regime. Figures (b) and (c) show the hotspot regime with

different hotspots sizes (Figured obtained from [92]).

not observed in the numerical simulations for continuous model. The transitiv-
ity is predicted to be a consequence of the stochasticity of the discrete model,
which is lost in the continuous system. Examining further, one can see that
hotspots can only be formed if areas of high attractiveness value are separated

enough, the diffusion coefficient 1 playing a key role in this.

1.2.2 The Effects of Law Enforcement Agents

One weakness of the is that it lack the effect that law enforcement agents
have on deterring and stopping crime. In [63] the authors extended the agent
based model from [92] to include the effect of law enforcement agents. This en-
abled the authors to study the effectiveness of different police deployment strate-
gies. While law enforcement agents play multiple roles in the reduction of crime
only the deterring effect was considered. Hence, for example the incarceration of
criminals was not considered. Studies have shown that presence of police force

can be sufficient to prevent crime (see for example [37]). Two different methods



of modifying the behavior of criminal agents in response to the presence of the
police are discussed in this work. The first via the attractiveness value. That is,
assuming that the presence of law enforcement agents decrease the attractiveness
value of an area automatically leads to a reduction of criminal agents in that
area. The second method is to consider the direct interaction between the law
enforcement agents and the criminal agents. This interaction leads to the removal

of the criminal agent, as they are motivated to return home.

The authors also considered and modeled various policing strategies. Three
strategies are considered: random policing, cops on the dots, and peripheral inter-
diction. In the random policing strategy law enforcement are deployed on random
routes, mathematically this lead to diffusion of the law enforcement agents. If
k(x,t) corresponds to the police density then the corresponding equation is the
heat equation

1
Rt = ZAH

In the cops on the dots strategy the law enforcement agents behave similar
to the criminal agents. They walk randomly with a bias towards areas of high

attractiveness values. As expected, the corresponding equation is
1 1
Ky = ZAK — EV - (kVA).

Finally, the peripheral interdiction takes into account the limited resources.
They use the fact that the area of a hotspot grows quadratically with the growth
of the radius while the perimeter grow linearly. Hence, the strategy is to deploy
the law enforcement agents to the perimeter of the hotspots. One disadvantage of

this strategy is the difficulty of expressing this with a partial differential equation.

These different strategies where explored with computer simulations and the

authors found that the cops on the dots and peripheral interdiction strategies



are more effective in reducing crime than the random strategy. Furthermore, the
authors observed that in certain cases seemingly eradicated hotspots re-emerged
in the same or nearby locations. We discuss this in more detail in the following

section.

1.2.3 Bifurcation Theory

While the linear stability analysis answers some questions on the qualitative
behavior of , it does not provide a full picture and many questions remain
unanswered. In particular, the question of the effectiveness of hotspot policing is
especially important. This is a point of contention between criminologist that can
be observed in the literature. Indeed, some studies claim that hotspot suppression
can successfully eliminate hotspots (see for example [88] [66]), while others claim
that this strategy only displaces crime (see for example [24]). In [93] the authors
explore the question of whether or not the policing strategy of hotspot suppression

is an effective strategy via the use of weakly-nonlinear analysis (see [40], T04]).

Another way to understand the linearly stability of the steady state
depends on the parameter A°. If A° is less than some critical A* and linearly
stable for A° > A*, where

o 20 1 s 2 [
A < A= SA - oA = Ty nA.

In fact, a deeper mathematical analysis shows that there are three differ-
ent parameter regimes: linearly unstable, weakly nonlinearly unstable, and lin-
early stable. In the linearly stable regime hotspots are never formed. On the
other hand, the two other regimes do result in hotspots. The linearly unstable
regime parameters lead to supercritical hotspots. The weakly nonlinearly unsta-

ble regimes are those whose parameters lead to a steady state which is linearly



stable. However, these parameters are close enough to the the critical A* that
the solutions develop hotspots in the slow time scale. Hence, parameters in this
regime lead to subcritical hotspots. Interestingly, these two types of hotspots
react differently to hotspot suppression. The authors of [93] showed the exis-
tence of two qualitatively different hotspots, supercritical and subcritical, which
react very differently to crime suppression. The suppression was included in the
reaction term of criminal density equation of . while suppression can de-
stroy subcritical hotspots, it tends to only displace supercritical hotspots. More
specifically, for the supercritical case, the effect of crime suppression is to push
the burglaries outwards, forming an annulus-shaped area of high crime density
with interior and exterior areas of low crime density. These ring solutions then
break up into multiple hotspots; hence, with respect to the model described by
, crime suppression in supercritical hotspots is qualitatively different than

suppression for subcritical hotspots.

1.3 Outline

In Chapter [2 we first prove local existence of classical solutions and a continuation
argument, which gives a necessary and sufficient conditions for global existence
in R2. In Chapter [3|we first discuss the Keller-Segel model for chemotaxis and its
relation to residential burglaries system . We then explore the importance
of the logarithmic velocity field in the prevention of finite time blow-up. Please
refer to each individual chapter for a more detailed outline. This work is in
collaboration with Andrea Bertozzi. In particular, Chapter [2]and in Chapter
are part of published work, see [90].
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CHAPTER 2

Existence and Uniqueness of Classical Solutions

In this section we analyze the well-posedness of classical solution the in R2.
Assuming that the criminals entering the city and the criminals leaving are ap-
proximately the same we consider no-flux boundary condition in a bounded do-
main  C R?:

DA }
Sln =0 and (~Vp+ 2%%4) pa = 0; (2.1)

where v is the outer normal vector. The initial conditions are given by:

Outline: This chapter is divided into two sections. In we prove local
existence and uniqueness to ((1.1]) with no-flux boundary conditions. In we

prove a continuation theorem.

2.1 Local Existence and Uniqueness in R?

2.1.1 Definitions and Notation

We begin this section by establishing the notation that will be used throughout
the paper. The proof of the main result follows the techniques used in [82] for
the Navier-Stokes Equation in 3-D (see also [102] Taylor for symmetric hyperbolic

systems). In the Keller-Segel literature there are two principal methods used to

11



prove global existence of solutions to various versions of the model[57]. The first
one involves finding L> estimates for the advection term. The second method
involves finding a Lyapunov function. Both of these methods use fixed point
theory to obtain local solutions. Since we do not know of the existence of a
Lyapunov function for our method is more closely related to the first method
mentioned. We use an abstract version of Picard’s Theorem for ODEs to obtain
a local solution to . We will see that global existence depend on some L>

estimates.

2.1.1.1 Notation

We have a initial-boundary value problem with no-flux boundary conditions. For
simplicity assume that our domain is a square. This problem can be mapped
into the periodic problem with symmetry on a domain four times the size of the
original domain. This is true provided A° and the initial data satisfy reflection
symmetry, in which case the model preserves symmetry. Hence, from now on we
work with periodic boundary conditions and Q = T? unless otherwise specified.

It is useful to define the following notation:

/vdx:/vdx,

Q

ol = [ v
Q

The notation ||ul|;, = [u|, will be used interchangeably throughout this work
to denote that LP-norm. Furthermore, for a multi-index o = (aq, o, ..., ay),

a; € ZT U {0}, we define the H™(2)-norm as follows:

2

loll,, = >_ ID*lg | - (2:3)

laj<m

Finally, we define the spaces with their corresponding norms to be used:

12



e For X a Banach Space with norm ||-|| -, C ([0, 7] ; X) is the space of contin-

uous functions mapping [0, 7] into X. This space has the following norm:
HUHC([O,T];X) = sup |[jvf|x-
0<t<T

e L..(0,7;X) is the space of functions such that v(t) € X for a.e. t € (0,7

has finite norm:

[0l 0,7:x) 7= ess sup [[o(t)]|x -
te(0,7T)

e [*(0,T; X) is the space of functions such that v(t) € X for a.e. t € (0,7T)

T 3
2
ol a0z, = ( / Hv(t>llxdt>

Definition 1. The space C**([0,T]; H*())) denotes continuity on the interval

with finite norm:

0, T'] with values in the weak topology of H*. In other words, for any fired ® € H®,
(P, u(t))s is a continuous scalar function on [0,T]. The inner-product of H® is

given by:

(u,v)s = Z / D% - D%vdzx. (2.4)

a<s

The Hilbert spaces we will be working on for most of the time is:
V™ ={(u,v) € H™(Q) x H™(Q)}. (2.5)

Since we are working extensively with different bounds and the constants are
not always important, we introduce the notation A < B to mean that there exists
a positive constant ¢ such that A < ¢B. This notation will be used when the

constants are irrelevant and become tedious.

13



2.1.1.2 Main Result and Outline of its Proof

Our main contribution is to prove local existence and uniqueness of solutions to

the system ((1.1). More precisely, we prove the following theorem.

Theorem 1 (Local Existence of Solutions to the PDE Residential Burglar-
ies Model). Given initial conditions (Ao(x), po(z)) € V™ for m > 3 such that
Ao(z) > A° there exists a positive time, T > 0, such that A, p € C([0,T]; C*(2))N
CH[0,T];C(2)) form a unique solution to (1.1)) on the time interval [0, T].

We first modify the system by regularizing it, for the purpose of bounding
differential operators in . This is useful because finding a family of solutions to
the regularized system is straightforward. Given v € LP(T?) for 1 < p < oo we
define the mollification of v by

Joo(w) =Y (k)e Ik r2mike (2.6)

keZ2

where 0(k) = [, v(z)e"***dz. The mollified function, J.v., has many useful
properties, some of which are summarized in the following lemma. For more
details we refer the reader to [I1]. Furthermore, a proof can be found in [51]. We
note that this is analogous to mollification by convolution with smooth functions

in R?. The interested reader is referred to [48].

Lemma 1 (Properties of Mollifiers). Let J. be a mollifier defined in (2.6)). Then

Jev € C™ and has the following properties:
1. Vv € CYQ) Jov — v uniformly and
|Jev|, < |v], -

2. Mollifiers commute with distribution derivatives,

D%Jov=JD% VY |af/<m,veH™

14



3. Yu,ve L*Q),

[t = [ Gajus

4. Y v e H(Q), Jow converges to v in H® and the rate of convergence in the

H*=' norm is linear in €:

lig o — vll, =0,

[Jev = vl -y < Cello,-

5. Yve H™(Q), v, ke ZtU0, and0 <e<1:

C
1 evlly < = 010 s
€Y

Ck

k
|[JeD*] < s Mol

Once the original system has been regularized it is easy to show that the
assumptions of the Picard Theorem on a Banach Space are satisfied by the reg-
ularized model for any fixed ¢ > 0. We now state this theorem along with its
natural continuation theorem. A proof of the following two theorems can be

found in [53].

Theorem 2 (Picard Theorem on a Banach Space). Let O C B be an open subset

of a Banach Space B, and let F': O — B be a mapping satisfying:

1. F(z) maps O to B

2. Fis locally Lipschitz continuous i.e. for any x € O there exists L > 0 and

an open neighborhood U, C O of x such that for all x,z € U, we have

|1F(x) = F(@)llp < Lllz = 2 5
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Then for any x, € O, there exist a time T such that the ODE

da:_

p =F(z), =zlp=2x(0)€O

has a unique local solution x € C*((=T,T);0).

Theorem 3 (Continuation on a Banach Space). Let O C B be an open subset
of a Banach Space B, and let F': O — B be a locally Lipschitz-continuous map.
Then the unique solution X € C'([0,T);0) to the autonomous ODE

d:v_

—= = F(z), z|o==x(0)€ O,

either exists globally in time, or T' < oo and X (t) leaves the open set O ast — T.

We will see that the above theorem can be applied provided an appropriate
functional framework is chosen. We use some calculus inequalities in the Sobolev
Spaces to show that this theorem can be used to obtain a family of solutions
which depend on the regularizing parameter €. Refer to [82] for a proof of the
following lemma in the case when = RY. The proof for the case when (Q is the

torus follows exactly.

Lemma 2 (Calculus Inequalities in the Sobolev Spaces).

1. Vm e Z"U 0, there exists ¢ > 0 such that for all u,v € L>®(Q) N H™(Q):
[uvlly, < c{lul [[D™0llg + [[D™ullg vl }

S™ D% () — ubDe]ly < e {[Vul, [ Do, + D™l ]} -

0<|ar|<m

2.V s> %, H*(Q) is a Banach algebra. That is, there exists ¢ > 0 such that
for all u,v € H*(Q):

[uolly < ellull o]l -
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The next step is to pass to the limit as € — 0. Energy estimates, which are

independent of the regularizing parameter, are essential for this purpose.

2.1.2 Local Existence and Uniqueness for a Regularized Crime Model

We consider the following regularization of (|1.1)):

AE
a&t = nJ2AAT — AC 4 prAT + A°, (2.7a)
ape _ € pe € € A€ )

oy = JJep) =20V - (3 IV A = A+ B, (2.7b)

This choice of regularization will become clear when we perform the energy es-
timate calculations. The goal of this section is to prove the local existence and
uniqueness of solutions to the system for fixed e. Consider the function
space for the solution to to be the Banach Space V2, m = 2 in (2.5, with
norm [[(4, )= = [A]l, + 1ol

Theorem 4 (Local Existence of solutions to the Regularized Residential Burglary
Model). For any € > 0 and initial conditions (Ao(x), po(x)) € V?* such that
Ao(z) > A° there exists a solution, (A, p¢) € C1([0,T.);V?), for some T. > 0,

to the regularized system (2.7). Furthermore, the following energy estimate is

satisfied,

d € € e €\||3 € €\]2 € €

2 1A% )2 < s I(A% )l + 2 (A% )l + e I(A% ) 25 (28)
where ¢y, co, and cs are constants that depend only on ﬁ, € andn.

Proof. Define the map F€ = [Ff, F5] : O C V2 — X. To use Theorem [d we need
a suitable set O such that F'* maps O to V?, (i.e. X = V?). Defined the function
by:

FE(AS, pf) = nJ2AAS — AC + pfAS 1+ A°, (2.92)
FE(AS, p) = J2Ap — 2J.[V - (%JEVAe)] — pA°+ B. (2.9b)
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Hence, if v¢ = (A<, p°) € V2, the original model reduces to an ODE in V2

dv® .
o = F(v), (2.10a)
v°(0) = (Ao(x), po()). (2.10b)

With this framework we can prove that the conditions of Theorem [2] are satisfied.
Let vf = (AS,pf) € V2 (i = 1,2), we drop € for notational convenience. By

definition of the V2-norm and F we have:

[ F'(v1) = F(v2)|ly2 = [ F1(v1) = Fi(v2)ly + [[F2(v1) — Fa(va)]f, -

After substituting ([2.9) above and using (5) of Lemma|l]and (1) of Lemma [2| we

obtain a suitable bound for F}. Initially we have:
1P (v1) = Fi(va)lly <n || JEA(AL = As)[|, + [ AL = Aslly + [l Ar — Aspall,

The last term in the above inequality will appear repeatedly and can be bounded

using (2) of Lemma [2| by:

|p1 A1 — Aapally S llp2llo [[AL — Aslly + [[ ALy (o1 — p2ll5 - (2.11)

Using ([2.11)) we easily obtain the final estimate for F7:

U
1F1(v) = Fi(wa)lly S (5 + 1+ llpzlly) [[Ar = Aelly + [ Adlly lor = poll, - (2.12)

For F; we only state the final bound, refer to Appendix A.1 for more detailed

computations. If we define the open set

1

O:{(U,U)GVZI ‘E <K1,HUH2<L1,HUH2<L2},

’ o0

we obtain similar estimates for F5. In particular, if v, vo € O then

| Fa(v1) — Fa(u)l|5S Ci | A1 — Aslly + Ca [l — pally; (2.13)

18



where,

— Kl
¢, = = (lpally + K1 (| Adlly o1l + K ([ Aslly [lp2]ly + KT 1| A2]l5 (| p2]l,)
K3 K
+— [ ALl [ A2ll5 Nl p2ll, + = 1p1loe + 2]l

— 1 C?
Go= 5+ Al + S Aally A, (14 K3 Aol + K3 A

The important thing to note is that Cy and C, depend only on [|A;||5, || pill,;

¢, and K for ¢ = 1,2. Combining (2.12)) and (2.13) gives:

[ F'(v1) = F(v2)[yo <C(, L, Lo, Ky, €) [[A1 = Aal|, +C (L, Lo, Ky, €) [|p1—pall, -
(2.14)

Setting Ay = 0 and p; = 0 we see that F' does map O to V2. Furthermore,
F : O — V?islocally Lipschitz therefore the conditions of Theorem [2hre satisfied
for fixed e. Consequently, we obtain a family of unique local solutions to (12.7)),
{(A, p°)}ogs such that (A5, p°) € C([0,7:);V?> N O). A careful look at the
computations performed (see enables us to see that the constants in the
above inequality are at most cubic in ||(A4, p)||;2. Once again, setting Ay = 0 and
p2 =01in from we obtain the desired inequality . Note that the
constants ¢y, ¢y and c3 depend solely on (', €, and . We by taking K; = ﬁ we
obtain the dependence on L. O]

Ao

2.1.3 Local Existence and Uniqueness to Crime Model

In the previous section we successfully showed the unique existence of a solution
to on [0,7;) for fixed e. The next step is to show that a subsequence of
these solutions converge to a solution of the original system . To do this we
need estimates that are independent of €. The following section is devoted for

this purpose.
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2.1.3.1 Energy Estimates

From Theorem (|4 we see that the time interval on which the solutions to ex-

ist depend on €. To be able to pass to the limit it is essential that we find a uniform

time interval of existence. To obtain such an interval we look at energy estimates

which are essential to show that the solution to (2.7)) is in C ([0,7); V™). We

will see that provided m is chosen large enough then we obtain that the solution
1

is classical. For simplicity from now on we denote C; = ;.

Proposition 1 (Higher-Order Energy Estimates). Let (A€, p¢) be a solution to
the regularized system with initial conditions (A€(0), p<(0)) € V™, where V™
1s defined by form > 3, such that Ao(x) > A°. If M is chosen large enough
then E¢ (t) =4 |A<|2. + || p°|I2, satisfies the following differential inequalities:

o Form =3: 4ps(t) S C(M,Ch) (B + C(A°, B, M).
o Form > 3:
d

SEL(0) S C (M0 Al ol |96 IVA) By () + C(A° B, M),

The proof of this proposition requires a sequence of lemmas. For these lemmas

we let A and p° be as in Proposition

Lemma 3. If M is an arbitrary constant then the following holds:

M d € € € M o € € €
o 2 1AM S =M lTVAG, + = A%l + M (VAT o+ 0]+ [ALe) 1AL,

+ M (VA + AL 16 - (2.15)
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Proof. Following standard procedure we first look at the time evolution equation
of ||A||2,. We drop e for notational simplicity. Recalling the multi-index notation

from Section 2.1 and using the chain rule we obtain:

m

LAk =3 [(eaypeaydr.

laf<m

For fixed a substitute in and obtain:
/ (D*A)(D*Ay)dzx = / (D*A)D*(nJ?AA — A+ Ap + A%)dx
=~ DA~ |D*ALE + [ (DAY (DA%
+ /(DQA)(DQ(Ap))dx.

Note that the third term of the last equality will only contribute when o = 0.

For now consider the case o # 0. The Cauchy-Schwarz inequality gives:
/(D“A)(D“At)dl“ < = [[JD*VA|g — [ID*Allg + | D*All | D*(Ap)ll, - (2:16)

To simplify the computations we first look at the following claim. The derivation
can be found in Appendix A.2 and uses part (1) of Lemma .
Claim 1:

D Dl 1D (wo)lly S (IVulo + lul o + [ol) lully, + (1l + lul ) 1ol -

la|<m
Adding (2.16)) over |a| < m:
1 d € o « «
5 77 145, <=0 17 VAL LA+ Ao Al 1D Al 1D (Ap)ll, -

laj<m

Applying Cauchy-Schwarz Inequality to M||A°[|, |4, and Claim 1 to the

summation term gives the final result. O]

Since the computations for p are more complicated we first look at the advec-

tion term.
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Lemma 4. For I, = [ {D*(J.Vp*)- D" (Q—ZfVAE)} dx the following estimate
holds for any 0 < 6 < 1:

C1Cy)?
2 1o S5Vl + % (PAZE B

1

S (€ VAL 1,

la|<m
1 m—1 2
€ € € € Val e|k+1 €2
+ 5(01 IVt CF 16100 VAL + 10 > CrCFF2 [V ALS ) [N
k=0
The proof can be found in the appendix. We note that the power 10 in the
energy inequality for the case when m = 3 in Proposition 1| is comes from that

fact that we are taking multiple derivatives of 1/A.

Lemma 5.
1 d € € € L= 2 1 € € €
s S A= 1TVl + 3 1Bl + 5 1ol + B AN + Ba I
(2.17)
C105)?
+ 152> [PAZS[

where,

o 81 =Vpltploct G (16 Lot 1 0] [V ALt 0] S CaCE T [V
o By = |Vplo + 1A% + 0l + 5O IVAL.
Proof. For fixed « substitute in :
/(Dap)(Dapt) dr = /(D%)Da (Jpr _2JV- (%JWA) —Ap+ E) dz
< —[|7°D*Vpllg + 1Dl [ DBl + 1D*pllo [ID*(Ap) i,
+ 2/Da(J6Vp) . D° (%JEVA) dz.

-~

Io

Simply using Lemma |4 and Claim 1 we obtain the final estimate for p given by
@17). O
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Combining Lemma [3] and Lemma [5] gives the proof of Proposition [I}

Proof. (Proposition (1)) Recalling that we have the estimate |p|_ < c||pl|, then

lpo(2)],, < cLg =: Cy. Combine (2.15) and (2.17)) by first fixing 6 < 1 and then
choosing M > %(0102)2. In fact, if 5 = (1—0) > 0 and 6y = Mnd—(C1C3)* > 0
then:

d

B (1)1 172482 | TV A2, < Dy | A 2+-Ds | 24047, B M),

(2.18)

where,

o C(A°B,M) =2 4°2+1|B

2
0’

o Dy =i+ M(IVA +[p] + 14]),
o Dy =+ M([VA, + |Al,).

Observe that the coefficients of ||p¢||>, and ||A¢||?, depend only on [V A¢|_, V<],
|A¢| ., |pfl, and C;. From Sobolev embedding estimates we have |Vu| <
c|lu||5; hence, it is natural to first consider the case m = 3. This case is useful to
get an initial estimate of T from . Indeed, we obtain the desired result for

this case:

%E?)(t) S C (M, Cl) (Eg)w + C<A07§7 M) (2‘19)

The power ten on Ej5 in (2.19)) comes from Lemma . Fortunately, this estimate is
independent of the regularizing parameter €. Hence, there exists a positive time,
T, such that the H*norms of A and p are bounded on [0,7]. Considering the

case where m > 3 gives the second desired inequality:

d _
CBn(t) + 61 IV, + 0, TV A2 S CEn(t) + C(A% B, M), (2.20)

with C = C (M, Cy, Al . ol . IV o<l . IV A9|L). .
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Remark 1. Note that for the above argument we needed |p| ., < Ca. Due to the
Sobolev Embedding Theorem the Lo.-norm is controlled by the H*-norm. From
Theorem [{] each € > 0 we know that ||p°||, < Ly fort € [0,T.). However, we know
that [0,T] C [0, T).

The bound on the higher-norms of the regularized solutions prove to be
extremely useful in multiple ways. To begin with, all higher-order norms are
bounded on [0,7]. Moreover, we know that there exists some 7 > 0 such that
A(z,t) > A° for all (z,t) € Q x [0,7] if A(x,0) > A°. Indeed, if we define
AS = mingeq A°(z,t) then we have a point-wise bound on its time derivative

*

thanks Proposition [I} In fact, we know that:

<n]AAT|  + AT+ AP+ A°|

d A
dt

< [JAAY, + [|A°+ A% + A%,

where we need A° € H™ for m > 4 to use I of Lemma [Il and then Sobolev
embedding estimates. Since ||A€||, is bounded independent of € then A > A°
on [0, 7] for some 7 € [0,T]. For simplicity let "= min{7, 7}, from now on we
interval [0, 7] to be the interval on which the higher-order norms are bounded and
A€ > A°. Now that we have a non-trivial interval on which all the higher-order
norms are bounded we show that the family of solutions to the regularized system
@7, {(A4%, p°)} -, form a Cauchy sequence in the L?-norm. This enables us to

obtain the necessary limiting functions A, p, which are a solutions to (1.1J).

Lemma 6. The family of solutions {(A<, p°)} .., to (2.7) form a Cauchy sequence
in C([0,T]; L*(Q2) x L*(Q)). In particular, there exists a constant C and a time
T > 0 such that for all € and €

sup {HAe _ Ae’ pe _ pe’

0<t<T

< .
O—i—‘ 0}_C'max(e,e)
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Proof. Let (A, p¢) and (A€, p¢) solve their respective regularized systems (2.7)
and satisfy the conditions of the lemma. Take the inner-product of A¢ — A€ and

As — A

/ <A€—AE') (A;—A;') dz

_ / (4=a7) (n284 g 2AA7) do- | A=A i

0

vl

_|_/ (AE—Ael) <A€p€fAE/p€/> de =1 + I + I3.

Since I has a negative sign it is not problematic. The other two terms can be

easily dealt with using (4) of Lemma

I = — A9

2 !
(O + n/(Jf — P2)AA(AC — AC)da

;112
— )|+ nmax(e, ) 4], |4

— A€
0

For the last term,

Iy — /pE(A€ — A9z + /A€’ (A€ . Af’) (;f . p6l> d
< (et gl ) Jac- af il

Combine these inequalities and return to the initial estimate to obtain:

< (It 491 Jaa”
2

1
—_ |A¢€
+ 514

1 €
514

‘Ae A€

+77max(e ¢ ||A||3HA6 A

2dt
(2.21)

Perform a similar computation for p:

;jt 2— /(pe - p€/> (pi - pf) dx
:/<p6—p6,> (JprE—JfAﬁ’) d:l:—l—/(pe—pE/) (Ae,oe—Aelpa) dx
+/ (pe _ pe’) (JE (v - Z—iJNAe) 'y <v : Z—ije,vm’)) dr

=+ Fy + Fs.

/
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The terms F; and F3 are dealt with exactly as was done for the attractiveness

value. F3 is not as straight forward but it can be simplified using Cauchy-Schwarz
inequality:

s )

We can extract an e at the expense of a higher-order norm and the loss of a

- :
/ c —Jr A€
J. (V e )

pe—p°

Ae 0

J. (V - 'O—JGAG)

.

0

mollifier. For example we have:

‘ J. (v : p—€J€VA€)
pE . . pE
sl Jovatoewa o ()]}

<e€
A€ -
From the proof of Lemma [4| refer to the inequality (B.3]), the above inequal-

pe
AE
e gy

2

ity has a bound that depends only on |[|p|l,, [[A®l;, and C;. Define v* =

| Ac — A (2)—1— I —pelﬂj Since ||A||; and ||p||, are bounded on [0,7] then

we have the following differential inequality:

d
pr < C(max(e, €) + v).

Notice that the constant depends on C1, ||p¢||, and ||A¢||;. The above differential
inequality gives v(t) < e (v(0) + max(e, €')) — max(e, ¢). Since (A€, p°) and

(A, p') satisfy the same initial conditions we have that v(0) = 0, which implies:

sup v(t) < C'max(e, €).
0<t<T

2.1.3.2 Existence and Uniqueness of Solutions to the Original Resi-

dential Burglary Model

We have all the tools to prove Theorem ; however, we first state and prove
the result for uniqueness of solutions. More precisely, if we assume that we have

existence of a smooth enough solution to ((1.1)) then this solution must be unique.
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Lemma 7 (Uniqueness of Smooth Solutions). Let (A, p1), (Aa, p2) be local-in-
time solutions, with a common interval of existence [0,T], to the system .
Furthermore, suppose these solutions are smooth enough and with the same initial
data in V™, for m > 3, which satisfy the conditions stated in Theorem 1| then
Ay = Ay and py = pe on [0,T].

Proof. We consider the difference of both variables u = A; — Ay and v = p; — po.
From ([1.1)) we can see that u and v satisfy the following system:

uy = nAu — u + pru + Asv, (2.22a)
v=Av—2V- [ LLva, - P2v4,) — pou— As. (2.22b)
A Ay

The time evolution of the L?-norm of u multiplied by a constant M (the same

M used in Lemma [1]) satisfies the following inequality:

d M

1 M
g TulE < =M 170l (loloo Ml 1) Bl + 5 Ll Tl

(2.23)

The above inequality can be seen simply by taking the L2-inner product of u; and
u. Substituting (2.22al) for u; into this inner product and integrating by parts
gives ([2.23]). The same is done for v. The following inequality holds:

a1

79 Iollg SCECEIVullg +C (1ol IV Azlo) lullg +C (11, [V A2l [ A1l o) 10115 -

(2.24)

For detailed computations of the upper bound given by (2.24)) refer to Appendix
A.3. Define F(t) = & |ju(t)7 + 1 |v(t)|5, again choosing M > %(0102)2 then
from ([2.23)) and (2.24]) we see that F'(t) satisfies the following ode:

%ﬁt) < CuF(1). (2.25)



In the constant Cyy = Cy(M, |p1] s | A1l s |42l , VAl ,C1). We are
set to apply a Gronwall’s lemma [82]. Applying this lemma to gives that
supg<i<r {F (1)} < F(0)e“T. All terms that compose Cyy are bounded on the
interval [0,7]. Since the two solutions satisfy the same initial conditions then

F(0) = 0, which implies uniqueness of the solution.

We now progress to the proof of the main result.

Proof. (Theorem (1)) From Theorem || we have that given the initial conditions in

the hypothesis of Theorem [1], there exists a family of solutions {(A€, p)} ., to

e>0
the regularized problem (2.7]). These solutions exist on the time interval [0, T7).
The interval of existence depends on the regularizing parameter; however, from

Lemma [1] we know that the V% norm of the solutions are bounded independent

of e. This gives a uniform interval of existence [0,7]. Furthermore, from Lemma

[6] we conclude that there exist A, p € C([0,T]; L*(€2)) such that:
sup {[|A° = Ally + [0 = pllo} < Ce.
0<t<T

Therefore, the solutions converge strongly in the low-norm. We state an inter-
polation lemma needed to show strong convergence in intermediate norms. This
lemma offers a connection between Lemma [I] and Lemma [6] which leads to the

desired result.

Lemma 8 (Interpolation in Sobolev Spaces). Given s > 0, there exists a constant

Cs so that for allv € H*(Q2), and 0 < s’ < s the following inequality holds:

1—¢' /
olly < ollg™"* oll*.

To use Lemma [8| having strong convergence in the L?-norm and some bounds on

the higher norms is essential. For m > 3 we apply the above lemma to A = A°— A
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and p = p° — p.

o 0B} S (A AL + il 1)

Al
< (™ eim e,

The estimate implies that A¢, p® are uniformly bounded in H™, for m >
2. Therefore, the above inequality implies strong convergence in C([0,7], V™).
Taking m’ to be larger than three implies strong convergence in C([0,T], C*(f2))
due to the Sobolev Embedding Theorem [46]. Now, we simply need to verify that
the limits A and p actually satisfy (L.1]). Since (A€, p°) = (A4, p) from we see
that A¢ converges to nAA — A+ Ap+ A° in C([0,T],C(Q2)). Correspondingly, p§
converge to V- [Vp — Z%VA] + B — Ap. Finally, since A — A, and p§ — p, then
A and p are classical solutions of . Since the solutions satisfy the smoothness

requirements of Lemma [7| they are unique. O

2.2 Continuation of the Solutions to the Residential Bur-

glary Model

In the previous section we proved that if the initial data (A(0,x), p(0,z)) € V™
then there exists some positive time 7', such that there exists a classical solution
(A(z,t), p(x,t)) to on [0, T]. We are interested in whether this solution can
be continued for all time or if there exists a blow-up in finite time. A natural
subsequent step is to prove a continuation argument which gives necessary and
sufficient conditions for global existence. Recall that we used the Picard Theorem
on a Banach Space to prove local existence, for fixed €, to the regularized system
in Lemma This theorem has a natural continuation argument. The
family of solutions can be extended in time provided |1/A¢|_, [|A¢,,, and | p°|,,

remain bounded [82]. This argument does not directly apply to the solution of
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the original system and to prove a similar result we need the following theorem.

Theorem 5 (Continuity in the High Norms). Given initial conditions (Ag, po) €

V™ form > 3, which satisfy the conditions stated in Theorem. Let {(A%, p%)}ap

be the family of solutions to (2.7)) and (A, p) be the solution described in Theorem
[1. The following hold:

1. {(A% p)} oo and (A, p) are uniformly bounded in C****([0,T]; V™).
2. (A,p) € C([0, T;; V™) nCY[0, T]; V™m=2).
Proof. From Lemma [1| we conclude that:
Sup (A% p)lym < K. (2.26)

Furthermore, automatically from (|1.1)):

<K. (2.27)
ym—2

d € €

sup
0<t<T

We need to show that the limiting solution is continuous in the weak topology
of V™(€2). From Definition 1 in Section 2 it suffices to show that (A, ¢;),, and
(p, 2)m, where these inner-products are defined by , are continuous scalar
functions V ¢1, ¢ € H™. Actually, since H™™ is the dual of H™ we simply need
to prove that for all v € H™™ the following is true: (¢, A)r2 — (¢, A)r2. The
same needs to hold for p. Previously we proved that A° — A in the intermediate
norms, i.e. in C([0,T); H™), where m’ < m. This implies that A° — A. Consider
the L%inner product of ¢y € H™™ and A€ — A:

(6, A= A)a = (& — 0. AV + (B, A= A)pa + (0 — 0, A)ps, (228)

where {¢; }j cn 1s a sequence in H —m’ which converges strongly in H~™ to ¢. Such

. —m! . —
a sequence exists because H~"™ is dense in H~". These terms are bounded above
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on [0, T]:

(v — ¢y, A2 < |l — o5l 1A%, < K6/3,
(05, A° = A)rz < |5, [|A° = All,,,, < K30/3,

(65 =, Az < [ = o5l _,, [ All,,, < K6/3.

These inequalities substituted into (2.28)) gives that (¢, A“—A)r2 — 0. The same

argument can be made for p and this wraps up the proof of part 1.

We are left to prove that (A,p) € C([0,T;V™(Q)) N CY[0,T]; V™ 2(Q)).

Thanks to part I it suffices to show that ||A(¢)|],, and ||p(t)],, are continuous

[

functions in time. We take advantage of (2.20) by integrating it on the interval
[0, T7:

T T T
En(T)+ 01 [ 1950 de b [ AT AT dt S B+ [ {CEA(0) + Do} e
0 0 0

Applying Gronwall’'s Lemma we obtain that E,,(T) < (E,(0) — Dy/C)eT +
Dy/C. Taking the limit as 7" — 07 we see that E,,(t) is continuous at ¢t = 0%,
Furthermore, being that E,,(t) is bounded on [0, 7] and 01,2 > 0 the inequality
above implies that (4,p) € L*([0,T); V™T(Q)). Thus, for a.e ty € [0,T] then
(A(to), p(tg)) € V™1 Indeed, the initial conditions have gained regularity. Take
an arbitrarily small ¢y and let (A(%o), p(t9)) to be a new set of initial conditions.
Running through the same existence and uniqueness arguments we obtain a so-
lution (A, p) which exist on an interval [to, T1], (A, p) € C([to, T1]; V™), where
now m’ < m + 1. In view of the fact that for m > 3, E,, and E,,,; satisfy the
same differential inequality then 77 > T'. Uniqueness and the arbitrary choice
of to implies that (A, p) € C([0,T]; V™). Furthermore, by virtue of the equation
then (A, p) € CH([0,T]; V™2). O

Remark 2. From (2.20) we know we have control of the V™™ norm as long as

31



we have control |A(to)|.., |p(to)l., IVA(to)|., [Vp(to)|,, and M. Furthermore,

control of |1/A(ty)|,, implies control of M.

o0

Fortunately, we find that the terms mentioned in Remark [2| are interdependent
and we can obtain a dominating term. However, before we discuss this we state

and prove a regularity argument.

Theorem 6 (Regularity). The solutions A, p of the system (1.1)) obtained from
Theorem [1] are in the space C*((0,T) x €2).

Proof. Since (A, p) € C([0,T]; V™) N CY([0,T]; V™ 2) from Sobolev embedding
estimates (A, p) € C([0,T]; C™*)NC* ([0, T|; C™~27%) for s > 1. This will give us
smoothness in space. To obtain smoothness in time we simply look at the time-

derivates of the system of equations ([1.1)) and use a bootstrap argument. O

Next we show that if the appropriate initial and boundary data are chosen for A
then only control of |Vp(t)|, is needed to continue the solution. We prove this
in the following sequence of lemmas. The first one states that |Vp|_ and |[VA|__
controls |p|  and |A|_ respectively. This holds because there is a bound for the

mass of p and A on any finite time interval.

Lemma 9. Let A and p be solutions from Theorem/[1j with initial conditions Ag(x)
and po(x), for 1 < p < oo the following estimate holds for A and p on [0,T] for

any T > 0:
lu, )l < el Vull, + (B + AT, (2.29)
for all t € [0,T].

Proof. Adding both equations in the system (1.1]) we obtain that [ p(z,t)dx <
(F + A") t. The same estimate holds for A. Since (2 is the unit torus the average
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value of a function  is given by @ = [ udz. Now, by Poincaré inequality ||ul|,, <

c||Vul|;, + ||T]|;,. This gives the final result.

O

Furthermore, since there is a max principle for the attractiveness value equation
we prove that if A(z,0) > A° # 0 for all = then A(z,t) > A° during the interval

of existence. We state this result formally in following lemma.

Lemma 10 (Lower-Bound of Attractiveness Value). Let Q = T? and A, p €
C([0,T]; C*(2)) N CH([0,T]; C(Q)) be a solutions to (1.1) with initial conditions:

A(z,0) = Ao(z) > A°,
p(x,0) = po(x).

Then A(x,t) > A° in Q for all t € [0,T].

Proof. We see directly from ([1.1)) that A, p > 0. Let w = A° — A then w satisfies:

wy = nAw — w + wp — A°p. Since both p and A° are nonnegative then we have:
wy — nAw — Aw <0, (2.30)

where A = supg,<r |p(+,t) — 1. Then w = eMv satisfies if v satisfies
vy —nAv < 0. From the initial data we know that w(z,0) < 0 for all x € Q
and the same is true for v. By continuity in time v must remain nonnegative for
some nontrivial time interval say 0 < t < t5. Assume that at ¢, we have that
v(xg,tg) = 0 for some zy. This means that v;(xg,t9) > 0 and since we have a
maximum then —Awv(zg,ty) > 0 which is a contradiction unless v(z,ty) = 0 for
all z € Q. Therefore, v(x,t) < 0 and since w and v have the same sign then

w(z,t) < 0. This proves the result.
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Lemma [10] tells us that if |p|  is bounded then A > A° provided we have
appropriate initial and boundary data. We also need for the solutions to the
regularized model to remain bounded from below. However, we know that this
is true on [0,7] as was discussed earlier. In addition, we prove that if |Vp|_
remains bounded then |V A|_ also remains bounded. This will be demonstrated

in the following two lemmas.

Lemma 11. Let (4, p) satisfy (1.1)) in the classical sense and assume that |Vp||
is bounded on [0,T], for T > 0 then

IVAC, O3 < (IVAC,0)[72 = ) COlAABDT 1 & (2.31)
where C' = C(n,|Vpl,,,A° B). This holds Vt € [0, T).

Proof.

1d

§£/]VA|2dx:/VA'VAtdx

:/VA-v<nAA—A+Ap+AO)dx

—77/|AA|2d:p—/|VA|2da:+/VA-V(Ap)dx
:—ﬁ/\AA\zdx—/\VAIQd:U—l—/\VA]dex —|—/AVA-V,0dx
cretrsers < |AA[IZ + (1ol = DIIVAIZ + Vol (141172 + [V A]72)

< CO 1ol VL) VAL + C( 5l 4° B,T).

Integrating this and using (2.29) for p = co gives the desired result (2.31). [

Lemma 12. Let (A, p) satisfy (1.1)) in the classical sense and assume that |Vp|
is bounded on [0,T], for T > 0 then

VAC, ), < comax{|VAC,0)l, (IVAG,0) 5 = C) T+ (2.32)

Vt € [0,T]. The constants C' and C are defined as in Lemma .
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The proof of Lemma |12 uses the Moser-Alikakos iteration [2].
Proof. Let s > 2:
1d
- / IVA|® do = / VA" VAdx
sdt
_ / VAUV (pAA — A+ Ap+ A°) da
< —n(s—1) / VA" ? |AA| dx — / |VA|® dz + / |V A|® pdx

+ /A|VA|S‘1 V| da

older’s Ineq. 4?7 S — 1 s 2 S
e < SR (1917 [+ 1901 1AL 141
+ (1ol — D IVAL
4 —1 2
2:29) _ _—77(582 ) ]v (|VA|S/2) \B +or [[VA[lL + e,

where ¢; = ¢1(|Vp|. , ol s A°, B) and ¢y = c2(A°, B). Multiplying both sides by

s, § > 2 gives:

d S S 2
E/|v,4| dr < —21 Hv (Ivar”) )L2 +ser |[VA

25 + SCo.
We need to make use of an extended Sobolev inequality:[49)

(1—-¢

2
— IVl < -

2 c 2
[Jullzs + = [Jwl|7s - (2.33)

A derivation of (2.33) can be found in Appendix A.4. Taking u = |[VA|*/? gives:

S
LS + S5Ca,

d s 2n(1 — e s G s
[ varae < =09 a4 DAl +as VA

€

Choose e = - noting that s > n € [0, 1] (refer to [92]) then:

y
E/'VA

By multiplying both sides by e¢*! the above inequality is equivalent to

Todr < —c¢s||VA

1o+ 38t [[VA|S.s + sca.

% {eclst ”VA”S} S 6clst (0382 ||VA

is/? + 023) .
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Integrating this over [0, ] gives:

t t
e VAC Y5 < [IVA(,0)||; +sup [|[VA(-,7) SLS/Q/CgsZeClsTdT —|—/czeclsTsdT
0<r<t 0 0

<[IVAC, )15 +sup [ VAC, Il cas(e 1) + 5= 1).
0<r<t

Therefore,

[VACOI < (VACO) L+ ¢0)" +eas sup [VACOI5e. (234)
<7<t

where cg = max{1, c5}.

Define M(s) = max{|VA(-,0)| + cs supocs<r | VA(, 1)

s} From (2.34]) we

conclude that
M(s) < (ers)Y*M(s/2). (2.35)
Let s = 2F for k € N the recursive relation (2.35)) gives:
M(2%) < (en) == (2% M().

Since both sums Zle 277 and Zle j277 converge as k — oo taking the limit as

s — 00 we get:

IVA(-, T)|.. < lim M(s)

§—00

< (ep) == (2227 M (),

Applying Lemma [11] gives the final result.

]

From Theorem [5| and Lemma proved above we obtain necessary and suffi-
cient conditions for the continuation of the solution to (|1.1f).
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Corollary 1. Given initial conditions (A(x,0),p(z,0)) € V™, m > 4 such
that A(z,0) > A° and ‘no-flux’ boundary conditions, there exist a mazimal
time of existence 0 < Tpae < 00 and a unique solution (A(z,t),p(x,t)) €
C([0, Thnaz); V™)NCH([0, Trnaa); V™2) the the system (L1)). Furthermore, if Tpas

is finite then limy 7, . |Vp| = co.
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CHAPTER 3

Modified Residential Burglaries Models

Though we succeeded in proving local existence and uniqueness of solutions to
the question of whether the solutions can be extended for all time has not
been addressed. To be confident that we have a robust model, suitable for the
target application, we need insight on global existence and/or possible finite time
blow-up. Working with a strongly coupled system of nonlinear PDEs makes it
difficult to apply the usual techniques to prove well-posedness. In this section,
we take advantage from the relation of the original model to a well-studied
model of chemotaxis, known as the Keller-Segel model, to obtain insight into
the global theory. Indeed, we see that from the work done in this model that we
expect that the logarithmic velocity field will be necessary if we want all solutions,

regardless of initial mass, to be global in time.

Outline: This chapter is divided into three sections. In §3.1| we discuss the
Keller-Segel model for chemotaxis and its connection to the system . Moti-
vated by this connection we considered alternate crime pattern formation models
in §3.2] In particular, we study the behavior of solutions to a system with loga-
rithmic velocity field vs. linear velocity field. Finally, in §3.3| we prove blow up

of a modified parabolic-elliptic model.
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3.1 Keller-Segel Model for Chemotaxis

There is an evident relation between the model for residential burglaries and the
Keller-Segel model for chemotaxis, developed in [65] by Keller and Segel in 1971.
Chemotaxis is the influence of a chemical substance in the environment on the
movement of a mobile species. This process is key in cellular communications.
Keller and Segel developed a general model for the chemotaxis phase of aggre-
gation of slime mold, i.e Dictyostelium Discoidium in [65]. There has been a
great deal of analysis on various versions of the Keller-Segel model since it was
developed and research is still in progress [34] [41), [45] [47, 55 68, 42]. Thus far

the most studied version is:

% = kAu — xV - (uVv), (3.1a)
6% = k.Av — av + fu. (3.1b)

with Neumann boundary conditions. In u is the myxamoebae density of
slime mold and v the chemo-attractant concentration. Comparing this model
to we can see that the chemo-attractant density is comparable to the at-
tractiveness value. It is worth noting that chemotaxis is sometimes modeled
by an elliptic-parabolic system; however, in the residential burglaries model the
timescale of the change in attractiveness value is similar to the change in crim-
inal density. From we see that the myxamoebae move up gradients of
chemo-attract concentration like criminals move up gradients of attractiveness
value. Global existence and finite time blow-up of the is highly dependent
on the dimension. In one-dimension finite time blow-up cannot occur [36]. In
two-dimensions it has been shown, by Corrias and Calvez [2§], that the solu-
tion exist globally in time if the initial mass is below the critical quantity 8.

If the initial mass is above 87 then aggregation occurs in the case when € = 0
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[55, B4]. As far as we know of the blow-up results for the fully parabolic system
has not been proved. For higher dimensions, d, there exists a similar critical
quantity that is governed by the L%?-norm of the initial myxamoebae density.
Although the most studied version of the Keller-Segel model is various vari-
ations of the model have also been analyzed. A comprehensive summary of much
of this work can be found in [57] and [58]. It is not surprising that is
the most studied version of the Keller-Segel model since is possesses properties
that facilitates mathematical analysis. There are three properties worth noting.
First, the system conserves mass of the cell density. Furthermore, one can
express the chemo-attractant concentration as the convolution of the Bessel Ker-

2|2
nel, B,(z) = & [ Le” @i 'dt, and the cell density. In two-dimensions this is

dnm t
especially useful for proving blow-up results given large enough initial mass of
the cell density. Most importantly, his model, after non-dimensionalization, has

a Lyapunov functional [28]:

1
]-"(t):/ulogu dx—/uv dx+§/|Vv|2d:c—|—/owzdx.

This functional is key in proving global existence. This connection motivates us

to study alternative residential burglary models.

3.2 Crime Models with General Velocity Field

In this section we assume that the attractiveness value increases proportionally
with the criminal density, as opposed increasing with the number of crimes. In-
deed, criminals walking around an area may automatically increase the vulner-
ability of a neighborhood. This is still modeling the ‘broken-window’ effect but
not the ‘repeat and near-repeat victimization effect’. This assumption leads to

a linear equation for the attractiveness value. In particular, the model we now
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consider is

Ay =nAA— A+ Bp+ Arp(x) (3.2a)
pi =V -(Vp—pVx(A)) — Ap+ B(x), (3.2b)

with f > 0 and n € [0,1] defined as in Chapter 1. Similar models have been
studied in [I6} 14, 17]. Note that the nonlinearities in the criminal density remain
the same. From the modeling perspective criminals should be removed at the
rate which crimes are committed. Furthermore, as we will see in the subsequent
work the logarithmic velocity field plays an important role in the prevention of
aggregation of criminals. We will pay special attention x(A) = log A, which
gives the original velocity field seen in (L.I)), and linear x(A) = A. In this
section we explore the difference between these two velocity fields. Recall, that
the original system is the formal limit of the agent based system modeling
certain criminology theories deemed to be reasonable. The goal of studying the
well-posedness of the the system is to obtain insight into the robustness of the
model. Indeed, in Chapter [2] we sought classical solutions. However, physical
solutions need not be classical. For example, finite time blow-up in the gradient
of criminal density is perfectly reasonable. Physically, what is required is control
of the criminal density it self. Hence, we expect that |p| remains bounded for
the solutions to be physical. We look for weaker solutions, which are physical
solutions, but not necessarily classical. Furthermore, we will see the importance

of the logarithmic velocity field for global existence of solutions.

3.2.1 Global Existence for Logarithmic Velocity Field

A key ingredient missing in our analysis of the original residential burglary system
(1.1 is an energy functional that remains bounded for all time for its solutions.

This is problematic because that we do not obtain enough control over the the
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criminal density to extend our local solution to a global one. One advantage ((3.2)

has over (|1.1]) is that the following functional

Fiog(t) = /p(logp — %log A)dx (3.3)

is a bounded above for all time for A and p solutions to . The functional
Fiog(t) is not necessarily dissipated; however, an upper bound proves to be suffi-
cient for the purpose of our analysis. We take advantage of the specific form of
the velocity field , i.e. Vlog A. For the purpose of this work we only provide
a discussion of the importance of the control of Fj,,(t) for global existence, and
all of the computations are formal. However, we note that this can all be made
rigorous. We consider free boundary conditions for the attractiveness value and

no-flux boundary conditions for the criminal density, i.e.
A=Gyx (Bp+A°2)) and (~Vp+ pVx(A)-Tloo =0,  (34)

where G, is the fundamental solution to the d; — nA 41 in R" X R*. Now, from
the integral representation of A(z,t) one can prove that there exists a function
Apmin(t) which is a lower bound for A(z,t) for all x € Q. Recall from Chapter
that if the solutions have enough regularity then A(z,t¢) remains above A,
(provided the initial condition is larger than A,). However, we can not assume
such regularity a priori. We first state the relevant bounds on the mass of the

criminal density and the attractiveness value.

Lemma 13 (Bounds on Mass of p and A). Let M, = [ |v|dz and let A, p be
solutions to (3.2)) with initial data (Ao, po) then A, p satisfy the following bounds

Mp(t) < Mgt+ HPOH1 ) (3.5a)

Ma(t) < C(8, Mp)t* + C(I A%y, I poll )t + [[ Aol - (3.5b)

The proof of Lemma |3.5]is simple and we omit the details.
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Proposition 2 (Bounds on the Energy Functional). Let A, p be solutions (3.2)
with x(A) =log A and initial data, (A.(x), po(x)) > (As,0), such that Fiy(0) is

positive and finite then Fioy(t) is bounded from above t > 0, i.e.
Fiog(t) < e 4mintP(1) < oo (3.6)

Proof. We look at the evolution equation of Fj,,(t). We do not specify the domain

of integration for notational simplicity.

jfzog() /(logp——logA) (V'(VP—pA‘IVA)_Ap+§>

/Pt——//)A A,
_ /|vy+ /Alvp VA——/ VAP A +/ /Ap

+/(B Ap)(log p — —logA)—l/pA (NAA — A+ Bp+ A?)

(.

-~ -~

R1 722

We can simplify the last term of the above inequality by integrating by parts

—Ry = g/A_1Vp-VA - g/pA_2 VA
o tafont from
< g/A1Vp-VA - g/pA2 VAP + %Mp(t).
Substituting this back into the evolution equation gives
Fu(t)+ 49 < / Vol + 5@+ 471V V4
= 3 [ VAP A 4 M M (1) + Ry

2 2
1
o5 < Mg—l— §Mp(t) -+ Rl.
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Note that this holds for all n = 1 and the only term left to control is

— 1 1
Ry = /B(logp— élogA) — /Ap(logp— §logA)
< 1Bl My(t) + 5 108 Apin ()] M5 — Apin(t) P (1)

Since the initial energy is positive then the second term in the above equality will

contribute to the decay of the energy. Combining everything gives

%Jl—"log(t) + /Ap < aft) = Apmin(t) Fiog(t),

where a(t) = Mg(1 + £ |log Anmin(t)]) + M,(t)(5 + ‘B‘ . We can integrate this

in time to obtain

t . 1 t 1 t
< o fO Amin(s) ds . )
]—"log(t)—ir/o /Ap <e (.7:109(0) Amm(t)/oa(S)dS) + Amm(t>/oa(s)ds

This proves (3.6)). ]

The importance of this Proposition [2| can be seen in the following corollary

Lemma 14 (Entropy Bound). Let A and p be weak solutions to (3.2)) then
[ plog pdx < P(t) < oo, for all t > 0.

Proof. We prove a lower bound we fix t* > 0 and for notational simplicity we
will suppress the time dependence let M, = M,(t*) and dp = Mip note that then
[ du = Mip [ p(z,t*)dz = 1. We will apply Jensen’s inequality with the measure

I

= M,log M, — MplogMA.
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This implies that

/plogpz/plogA—l—MplogMp—MplogMA.

Now, one use this to bound the entropy [ plogp dx
1 1 1
5 plogp < plogp—éplogpg P logp—élogA dx + Pa(t)
S ]:log(t) + PQ(t)
where Py(t) := M,(t) (log Ma(t) — M,(t)). O

Lemma [14] gives us a global bound on the entropy, which turns out to be key in

extending the solution to global ones.

Remark 3. We can easily see the importance of the logarithmic velocity field via

the Young type inequality

/|uv| dxﬁ/ulogu dw—i—/e”‘lda:

Indeed, this provides a better bound that provided by the Lemma. For the loga-
rithmic case we have [|plog Al < [ plogpdx + e [ A. Then

1 —1

1 e
§/p10gp§ /plogp— §plogp§}"zog(t)+7MA(t).

3.2.2 Linear Velocity Field

In this section we consider a linear velocity field, y(A) = A. It will be come
apparent in this section why the log velocity field is important for the global
existence. The corresponding energy functional for (3.2)) with this velocity field
is
1
Fr(t) = /p(logp — A)dzx + 3 /Ade + g / IVA|® dz — /AA"dx

= Su(t) + Wi (t), (3.7)
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where S;.(t) = [ p(logp — A)dz and the remaining part corresponds to Wi (t).
As in the previous section, this energy remains bounded along trajectories of the

dynamical system associated with our system with linear velocity field.

Proposition 3 (Bounds on Energy for the Linear Velocity Field). Let A, p be
solutions (3.2) with x(A) = A and initial data, (A.(x), po(x)) > (As,0), such
that F1,(0) is positive and finite then F(t) is bounded from above t > 0.

Proof.

iSL(t) = / (logp — A) (V- (Vp—pVA) — Ap + B(z)) dx

dt
—I—/pt—/Atpdx

— [ pIVtogp~ A)do+ [(1ogp - A)(E - Ap)da

+/§dx—/Apd:v—/Atpdx.

Now, multiplying (3.2a)) by A; and integrating gives

d 1d
/|At\2dx: —ga/wmzdx— §E/A2dx+ﬁ/pAt+/AoAtdx.

From this we see that the time evolution of F(t) is bounded as follows

d
7t = —/p!V(logp—2A)\2d$—/\Atl2d:E—/Apdx

+(5-2) [ pAda + M+ [ (logp = 2A)(B - Ap)is

The last term in the above inequality can be bounded as was done in §3.2.1]
Hence, if 2 > /3 the energy F(t) remains bounded for all ¢ > 0. O

As in the case with logarithmic velocity field we have an upper bound on Fp ().
However, recall that control of [ plog |p| dz is ultimately what provided the global

existence. To obtain this we need a lower bound on F,(t) as well. To explore this
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issue we will make use of a generalized Moser-Trudinger inequality (see [35]-Prop.

2.3).

Lemma 15 (Generalized Moser-Trudinger Inequality). Let v € H* (), Q with

piecewise C? boundary and minimal interior angle of corners 6 then

/e <C’eXp<1 +—/|Vv| dx).
Q

Our objective now is to try to obtain a lower bound for Sy, following the proof

vdx

for the lower bound of Fj,,(t) we get
A
p e

=—-M, | —log|— |d

”/ M, ( p) ’

1

> —M,log (—/eAdx)

P Mp
> M,log M, — M, log / etdx.

Immediately we see that this lower bound is not as nice that the one obtained

from the logarithmic velocity field. We use Lemma [15| to bound the last term in
the above inequality

g </ eAdl,> < log {Cexp( ‘ /IVA|2)}

1

We conclude that
M, ( )

0 S5(8)+ My{1)C + M) + = [VAR = My (1) og My (1)

— o (M) /|VA|2dx— 5 [ 141 do + B

Therefore, if 2N, (L) < 801, (3.8)

then this implies that F;, controls |[VA|,, which then provides controls of
[ plog |p| dz. However, since our bound on the mass of p is only linear we cannot

verity that (3.8]) holds for all £ > 0.
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3.3 Blow-up for Model with Linear Velocity Field and
Bounded Mass

In the previous section we saw that we could not prove global existence to
with a linear velocity field for arbitrary mass. This problem was caused because
the linear upper-bound on the mass was was not good enough. Motivated by
this problem we consider another modification to . This will ease the math-
ematical analysis while maintaining fundamental assumptions made in [92]. The

model we propose is:

e% =nAA— A+ Bp+ A°(x), (3.9a)
% = Ap—2V - (pVA) + B(x) — f(A)p. (3.9b)

From now on we work in all of R2. Notice that now A° and B are functions of
the space variable and must have sufficient decay as |z| — co. Model makes
three simplifications to . First, the advection speed is now given simply by
|V A|. The second modification is that the attractiveness value increases with the
number of criminals with constant of proportionality 3, i.e we replace Ap with
Bp in (1.1a). We have no reason to believe that this modification will decrease
the accuracy of the model. Finally, the criminal density decays with a rate of

f(A) and we assume that f(A) has a lower and upper bound.

3.3.1 Useful Properties of the Modified Residential Burglaries Model

The model (3.9)) does not possess these exact properties; however, it does possess
ones which are useful enough. For v € L'(Q) let M,(t) = [,v(z,t)dz. As an
example of a useful property if A, p are solutions to (3.9)) then M,(t) is bounded
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above and below. Define f,,;, = mingcr+ f(A) then:

M,(t) < e Fmint (MP(O) — ;WB) + J{W—B (3.10)

Replacing frin with fie, gives a similar lower bound for M, (t). Another key
property is the explicit expression of the attractiveness value in terms of the

criminal density in the quasi-static case, i.e € = 0:
A(z) =B, = (Bp+ A°) (3.11)

We conjecture that solutions to satisfy an energy functional whose upper
bound can be controlled with time. Being that this is beyond the scope of this
paper we only mention that proving such an energy functional is important for
proving global existence via the Lyapunov functional method discussed in the

introduction.

3.3.2 Blow-up of a Modified Residential Burglaries Model

In this section we explore the possibility of blow-up in finite time of the solution
to the modified residential burglaries model in the case where ¢ = 0. It turns
out, that similar to the Keller-Segel model, if the lower-bound on the mass of the
criminal density is large enough there is mass concentration on a set of measure
zero. Let MJ¥" = min {M,(0), M5/ fmae} and M]"** = max {M,(0), M5/ fmin}
and for a function v we denote the finite second moment by I, = [ |z|* vdz. We

state this blow-up result in the following theorem.

Theorem 7 (Blow-up of a Modified Residential Burglaries Model). Let

(A(z,0), p(x,0)) € L'(R?) be initial data such that (BM"™ — 4x) MM > 1.
Furthermore, let p be the non-negative smooth solution to and that A has
reached a steady state and is defined by , then A, p are a non-negative
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smooth solutions to (3.9) (when ¢ = 0). Then, if the initial second moment is

small enough. That is if

1 5 min min ?
/\:U] pdr < — o2 [(;Mp —4) M} —131 ) (3.12)

3/2+ ay (M;:wx)l/z} ;

and C a constant, then there exists a finite time

where I5(x) = [ Bdz, K = [%C’ (M;,mx)
a = 4I|V5n(93)|\1|f40($)|

o0

singularity.
Proof. Consider the time evolution of the second moment of p, I(t) = [g. |2|* pda:

—/ 7|? (Ap — 2V - (pVA) — f(A)p + B) dx

R2

§4/pda:+4ﬁ p(x-VBn*p)dm+4/p(x-VBH*AO(x))dx—l—IB.
R2 R? R?

(3.13)

The third term of on the right in the above inequality can be bounded above

using Cauchy-Schwarz Inequality and Young’s inequality for convolutions [110]:

4/ p|x||VB, x A°(z)|dx < 4|V B, * Ao(a:)|oo/p x| dx.
R2

< 4|VB, |, |A°@),, MPPOVIT)  (3.14)

al

We use the explicit expression of the gradient of the Bessel Kernel, VB, (z) =

sz
s ds and

27r | f°° —s—ifs ds to bound the second term. Let g,(z fo

dA = dxdy then, omitting the time dependence, we obtain

(x

23 -y)
18 px- B, e p o< =2 [ [ pla)x o))y

< é//p(l‘)[l — gn(z —y)] p(y)dA - g//p(fc)p(y)dfl

Do+ 2 // 1= gyl — )] ply)dA.
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Observe that g¢,(z) is a positive, radially symmetric, decreasing function with
maximum of one. This implies that 0 < (1 —g,(z)) < 1. Now, consider the

derivative of (1 — g,(r)) with respect to r = |z|:

d T OO]_ r2
—(1 — < — — o 571 sd
Fa—a) <5 [ e

— 2n 5
2m r
B (—
< 1(\/7—])
2m
< — sup (7B1(7)),
i 1)( 1(7))
where, 7 = \/Lﬁ for 0 <r < n. IfC = Tmax(supr601 {FB1(7)},1) then
(1 —g,(2)) < C|z|. Hence, we have:
B2 2p
AB[ p(x- VB, * p)dx < —;Mp (t) + ?C’Mp(t) px,t) |x| dx
R? R?
C.S. B 2p 3/2
< ——Mp (t) + ?C’ (M,(1)) I(t). (3.15)

Substituting (3.14)) and (| into gives:

Qﬁ

=

hs)

Q.
1=
VAN
N
W
|

(t)) M,(t) + Z=CM3P()\/1(t) + ai M, (4)\/1(t) + I
paQA@@> (5CMW%>+mm@%w)¢uw+fB
Mmm> M ( 200 (MY gy (M) 2) VI + I

=

< (a-
g

In the last inequality we use the fact that the initial conditions are chosen so that

W~
|
3w 3 3

(e

-~

K

BM ™ > 4mr. Integrating on [0,t) gives the integral inequality:

I(t) < I(0) + /Otg(l(s))ds, (3.16)
where g(I(t)) = (4— ZMm) Mm" + K\/1(t) + I. The function g(I) is contin-

uous, increasing and such that ¢g(I(¢*)) = 0 for ¢* > 0 such that:

2
](t*> ;2 |:(6Mmm _ 4) M;nm _ IB:| 7

o1



where K is defined in the theorem. Since I(0) < I(t*) by continuity of g there
exists a t > 0 such that fjg([(s))ds < 0. Hence, I(t) < I(0). Repeating this
process will eventually give that I(¢f) = 0 for some positive ¢t which proves the

result.

O

From Theorem [7| we conjecture that a logarithmic sensitivity function is more
suitable than a linear sensitivity function. Moreover, from the maximum principle
of the attractiveness value a lower bound on f(A) is implicit in the original model.
Hence, setting f(A) = A is only eliminating the upper bound on f(A). This would
only help prevent blow-up. The remaining difference between the two models is
less obvious to analyze. We conjecture that the nonlinear Ap aids blow-up more
than Sp. This is because we expect, and indeed we observe numerically, that A
and p grow and decay together. Hence, we have that Ap ~ p? which would aid

blow-up more so than Sp would.

3.3.3 Exploring Blow-up of a Modified Residential Burglaries Model
in 1D

Although we see blow-up in the modified model for large enough mass of the
initial criminal density in two dimensions, a similar type of blow-up in finite
time of the model cannot occur in one dimension. This is due to change of
properties of the Bessel Kernel in one dimension. In fact, a simple computation
shows that the second moment will always be bounded below by something pos-
itive. For simplicity of notation we take n = 1, in this case in one-dimension we

z|? co 2|2
have that B(z) = ﬁ%fooo #e’%’tdt and 9,B(z) = — = [ 41tgﬁe’%’tdt =
L2

L N—.} . .
—\/%7 fo e 12 % ds. In contrast to the previous section we now seek a bound

from below for the second moment.
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% = 2Mp(t)+4ﬁ/p (0B * p) dx—i—4/p (x0,B x A°(x)) dz —/f(A) |z *pda+I5
R2 R2 R2

> M+ Ig+AB | p (20,8 * p) dx+4/p (0B * A°(x)) de —fmae I (1)

R2 R2

> M g e D (8) — [41Bal., (8 (M) + |47, e )| 1)
> C) — Col(t),

where, C] = QM;,nm'i‘]ﬁ -0 [4 |Bw|oo (5 (]w/:rmj)g/2

4], o) | and €, =
% — fmaz- We choose 0 small enough such that C; > 0. This implies that
I(t) > e (1(0) — C, /Cq) + Cy /Oy, which has a bound from below for all time.
Hence, if there is blow-up in finite time we cannot show it via this method.

This agrees with preliminary numerical results which show finite time blow-up in

two-dimensions but not in one-dimension.
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Part 11

Biological Aggregation and

Dispersal
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CHAPTER 4

The Aggregation Diffusion Equation with

Degenerate Diffusion

4.1 Introduction and Motivation

Nonlocal aggregation phenomena have been studied in a wide variety of biological
applications such as migration patterns in ecological systems [23], 103, [84], 52|
25] and Patlak-Keller-Segel (PKS) models of chemotaxis [47, 87 [54) 65, [71].
Diffusion is generally included in these models to account for the dispersal of
organisms. Classically, linear diffusion is used, however recently, there has been
a widening interest in models with degenerate diffusion to include over-crowding
effects [103] 25]. The parabolic-elliptic PKS is the most widely studied model
for aggregation, where the nonlocal effects are modeled by convolution with the
Newtonian or Bessel potential. On the other hand, in population dynamics,
the nonlocal effects are generally modeled with smooth, fast-decaying kernels.
However, all of these models are describing the same mathematical phenomenon:
the competition between nonlocal aggregation and diffusion. For this reason,
we are interested in unifying and extending the local and global well-posedness

theory of general aggregation models with degenerate diffusion of the form

ur + V- (ut) = AA(u) in[0,7) x D, (4.1a)

U= VK *u. (4.1b)
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Mathematical works most relevant this paper are those with degenerate diffu-
sion [10], 08| @99, 100} 20, [70, 69, 27] and those from the classical PKS literature
[59, 44, 22, 21]. See also [64].

Existence theory is complicated by the presence of degenerate diffusion and
singular kernels such as the Newtonian potential. Bertozzi and Slepcev in [10]
prove existence and uniqueness of models with general diffusion but restrict to
non-singular kernels. Sugiyama [100] proved local existence for models with
power-law diffusion and the Bessel potential for the kernel, but uniqueness of
solutions was left open. We extend the work of [L0] to prove the local existence
of with degenerate diffusion and singular kernels including the Bessel and
Newtonian potentials. The existing work on uniqueness of these problems in-
cluded a priori regularity assumptions [70] or the use of entropy solutions [25]
(see also [30]). The Lagrangian method introduced by Loeper in [79] estimates
the difference of weak solutions in the Wasserstein distance and is very useful for
inviscid problems or problems with linear diffusion [78, 8, 33]. In the presence
of nonlinear diffusion, it seems more natural to approach uniqueness in H~!,
where the diffusion is monotone (see [I05]). This is the approach taken in [6, [10],
which we extend to handle singular kernels such as the Newtonian potential,
proving uniqueness of weak solutions with no additional assumptions, provided
the domain is bounded or d > 3.The main difference is the use of more refined
estimates to handle the lower regularity of V K *u, similar to the traditional proof
of uniqueness of L' N L>®-vorticity solutions to the 2D Euler equations [111, [81]
and a similar proof of the uniqueness of L' N L solutions to the Vlasov-Poisson
equation [89].

There is a natural notion of criticality associated with this problem, which
roughly corresponds to the balance between the aggregation and diffusion. For

problems with homogeneous kernels and power-law diffusion, I = ¢ |x|2_d and
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A(u) = u™, a simple scaling heuristic suggests that these forces are in balance
if m =2—2/d [20]. If m > 2 — 2/d then the problem is subcritical and the
diffusion is dominant. On the other hand, if m < 2 — 2/d then the problem is
supercritical and the aggregation is dominant. For the PKS with power-law dif-
fusion, Sugiyama showed global existence for subcritical problems and that finite
time blow-up is possible for supercritical problems [100, Q9] 98]. We extend this
notion of criticality to general problems by observing that only the behavior of
the solution at high concentrations will divide finite time blow-up from global
existence (see Definition . We show global well-posedness for subcritical prob-
lems and finite time blow-up for certain supercritical problems.

If the problem is critical, it is well-known that in PKS there exists a critical
mass, and solutions with larger mass can blow-up in finite time [22], 59, T3], 44} 2T,
28, 20), 98, [99], 27]. For linear diffusion, the same critical mass has been identified
for the Bessel and Newtonian potentials [22, 28]; however for nonlinear diffusion,
the critical mass has only been identified for the Newtonian potential [20]. In
this paper we extend the free energy methods of [20, [44], 27, 21] to estimate the
critical mass for a wide range of kernels and nonlinear diffusion, which include
these known results. For a smaller class of problems, including standard PKS
models, we show this estimate is sharp.

The problem (4.1)) is formally a gradient flow with respect to the Euclidean

Wasserstein distance for the free energy
F(u(t)) = S(u(t)) = W(u(t)), (4.2)
where the entropy S(u(t)) and the interaction energy W(u(t)) are given by

S(ult)) = / u(z, 1))d,

// (2, K (z — y)uly, t)dwdy.
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For the degenerate parabolic problems we consider, the entropy density ®(z) is

a strictly convex function satisfying

() = @, (1) =0, ®(0)=0. (4.3)

See [32] for more information on these kinds of entropies. Although there is
a rich theory for gradient flows of this general type when the kernel is regular
and A-convex [83, B, BI] the kernels we consider here are more singular and
the notion of displacement convexity introduced in [83] no longer holds. For this
reason, the rigorous results of the gradient flow theory are not directly applicable,
however, certain aspects may be recovered, such as the use of steepest descent
schemes [I8, [19]. Moreover, the free energy is still the important dissipated
quantity in the global existence and finite time blow-up arguments. The free
energy has been used by many authors for the same purpose, see for instance
[98, 22], 27, 20, [7, 21]. For the remainder of the paper we only consider initial
data with finite free energy, although the local existence arguments may hold in
more generality.

There is a vast literature of related works on models similar to . For
literature on PKS we refer the reader to the review articles [58], 57]; see also [56],
42, 28] for parabolic-parabolic Keller-Segel systems. For the inviscid problem, see
the recent works of [72, [7, 6] [, 3T]. For a study of these equations with fractional
linear diffusion see [73, [74, 12]. When the diffusion is sufficiently nonlinear and
the kernel is in L', (4.1)) may be written as a regularized interface problem, a
notion studied in [95]. Critical mass behavior is also a property of other related
critical PDE, such as the marginal unstable thin film equation [109] 9] and critical
nonlinear Schrédinger equations [107, 67].

QOutline: This chapter was work done in collaboration with Jacob Bedrossian

and Andrea Bertozzi and was published in [5]. In we discuss the definitions
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and notation that will be used in the remainder of the chapter. Note that this
might differ from the notation used in Part I of this work. We also summarize
the results in this section. Following, in we prove the uniqueness of weak
solutions. We remark that this section was done exclusively by Jacob Bedrossian.
The local existence is proved in §4.4 A continuation argument is proved in

§4.5, which connects the local theory to the global theory. The global theory is
discussed in §4.6]

4.2 Definitions and Notation

We consider either D = R¢ with d > 3 or D smooth, bounded and convex with

d > 2, in which case we impose no-flux conditions
(—=VA(u) + uVK*u)-v=00ndD x [0,T), (4.4)

where v is the outward unit normal to D. We neglect the case D = R? for
technicalities introduced by the logarithmic potential.

We denote Dy := (0,7) x D. We also denote [|ul|, := ||lu[|,py where L is the
standard Lebesgue space. We denote the set {u >k} := {x € D :u(z) > k}, if
S C R? then |S| denotes the Lebesgue measure and 1g denotes the standard
characteristic function. In addition, we use [ fdz := [, fdz, and only indicate
the domain of integration where it differs from D. We also denote the weak LP

space by L7 and the associated quasi-norm

1/p
T (sup apAf<a>) |
a>0

where Af(a) = [{f > a}| is the distribution function of f. Given an initial con-
dition u(z,0) we denote its mass by [wu(x,0)dz = M. In formulas we use the

notation C'(p, k, M, ..) to denote a generic constant, which may be different from
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line to line or even term to term in the same computation. In general, these
constants will depend on more parameters than those listed, for instance those
associated with the problem such as K and the dimension but these dependencies
are suppressed. We use the notation f <, ¢ to denote f < C(p,k,..)g where

again, dependencies that are not relevant are suppressed.

We now make reasonable assumptions on the kernel which include important
cases of interest, such as when I is the fundamental solution of an elliptic PDE.

To this end we state the following definition.

Definition 2 (Admissible Kernel). We say a kernel KC is admissible if K € Wbt

loc

and the following holds:

(R) K € C3\ {0}.

(KN) K is radially symmetric, K(x) = k(|x|) and k(|z|) is non-increasing.

(MN) k"(r) and k' (r)/r are monotone on r € (0,9) for some § > 0.

(BD) |D*K(x)| S ||~
This definition ensures that the kernels we consider are radially symmetric, non-
repulsive, reasonably well-behaved at the origin, and have second derivatives
which define bounded distributions on L? for 1 < p < oo (see Section §4.2.1]).
These conditions imply that if K is singular, the singularity is restricted to the
origin. Note also, that the Newtonian and Bessel potentials are both admissible

for all dimensions d > 2; hence, the PKS and related models are included in our

analysis.

We now make precise what kind of nonlinear diffusion we are considering.
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Definition 3 (Admissible Diffusion Functions). We say that the function A(u)

is an admissible diffusion function if:

(D1) A e C'([0,00)) with A'(z) > 0 for z € (0,00).
(D2) A'(z) > c for z > z. for some ¢, z. > 0.

(D3) fol A(2)z7 Nz < .

This definition includes power-law diffusion A(u) = u™ for m > 1. Note that
(D3) requires the diffusion to be degenerate at u = 0, however it is permitted to
behave linearly at infinity. Furthermore, on bounded domains condition (D3) can
be relaxed without any significant modification to the methods. Following [10],
the notions of weak solution are defined separately for bounded and unbounded

domains.

Definition 4 (Weak Solutions on Bounded Domains). Let A(u) and K be admis-
sible, and ug(x) € L®(D) be non-negative. A non-negative function u : [0,T] x
D — [0,00) is a weak solution to (A1) if u € L>(Dyr), A(u) € L*(0,T, H'(D)),
u; € L*(0, T, H (D)) and

/ / wey ddt = / o(2)6(0, 2)dx + /0 ' / (VA(u) — uVK %) - Vé dudt,

(4.5)
for all ¢ € C>(Dr) such that ¢(T) =
It follows that uVK x u € L*(Dr); therefore, definition [4] is equivalent to the
following,
(ug(t), @) = / (=VA(u) + uVK xu) - Vo dx, (4.6)

for all test functions ¢ € H' for almost all ¢ € [0,7]. Above (-,-) denotes the
standard dual pairing between H' and H~!. Similarly for R? we define the

following notion of weak solution as in [10].

61



Definition 5 (Weak Solution in RY d > 3). Let A and K be admissible, and
ug € L®(RY) N LYRY) be non-negative. A function u : [0,T] x RY — [0, 00)
is a weak solution of if u € L=®((0,T) x RY) N L°(0, T, LY(RY)), A(u) €
L2(0,T, HY(RY)), uVK % u € L*(Dy), u, € L*(0,T, H"(RY)), and for all test
functions ¢ € HY(RY) for a.e t € [0,T) holds.

We show below (Theorem that weak solutions satisfying Definition {4 or
are in fact unique. Moreover, we show the unique weak solution satisfies the

energy dissipation inequality (Proposition ,
t
1
F(u(t)) +/ /E |A'(u)Vu — uVK * ul dedt < F(uo(z)). (4.7)
0

As (4.7)) is important for the global theory, one could also refer to these solutions
as free energy solutions, as is done in [20]. Uniqueness implies that there is no

distinction between free energy solutions in [20] and weak solutions.

Since conserves mass, the natural notion of criticality is with respect to
the usual mass invariant scaling uy(z) = Au(A\r). A simple heuristic for under-
standing how this scaling plays a role in the global existence is seen by exam-
ining the case of power-law diffusion and homogeneous kernel, A(u) = u™ and

K(z)= |x|_d/ P Under this mass invariant scaling the free energy (4.2)) becomes,
Fluy) = A0S (u) — AXPW(u).

As A — o0, the entropy and the interaction energy are comparable if m =
(p+ 1)/p. We should expect global existence if m > (p + 1)/p, as the diffusion
will dominate as u grows, and possibly finite time blow-up if m < (p+1)/p as the
aggregation will instead be increasingly dominant. We consider inhomogeneous

kernels and general diffusion, however for the problem of global existence, only
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the behavior as u — oo will be important, in contrast to the problem of local

existence. Noting that |z|~%?

is, in some sense, the representative singular kernel
in LP*> leads to the following definition. This critical exponent also appears

indirectly in [77].

Definition 6 (Critical Exponent). Let d > 3 and K be admissible such that
KK e L for some d/(d —2) < p < co. Then the critical exponent associated to

loc

IC is given by

1<m*:1i1

<2-2/d.
If D*K(z) = O(|z|?) as  — 0, then we take m* = 1.
Remark 4. The case m* = 1 implies at worst a logarithmic singularity as x — 0

and if d = 2 then all admissible kernels have m* = 1.

Now we define the notion of criticality. It is easier to define this notion in terms

of the quantity A’(z), as opposed to using ®(z) directly.

Definition 7 (Criticality). We say that the problem is subcritical if

/
lim inf A Ez)l = 00,
z—o00 gMm—
critical if
A/
0 < liminf Ez)l < 00,
z—o0 gMm—
and supercritical if
Al
liminf A5 _ g,

z—o0 M —1

Notice that in the case of power-law diffusion, A(u) = u™, subcritical, critical
and supercritical respectively correspond to m > m*,;m = m* and m < m*.
Moreover, in the case of the Newtonian or Bessel potential, m* = 2—2/d and the

critical diffusion exponent of the PKS models discussed in [99] 98] 20] is recovered.
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The proof of local existence follows the work of Bertozzi and Slepcev [10],
where (4.1)) is approximated by a family of uniformly parabolic problems. The
primary new difficulty, due to the singularity of the kernel, is obtaining uniform
a priori L* bounds, which is overcome here using the Alikakos iteration [2].

Solutions are first constructed on bounded domains.

Theorem 8 (Local Existence on Bounded Domains, d > 2). Let A(u) and
K(z) be admissible. Let ug(x) € L®(D) be a non-negative initial condition,
then has a weak solution uw on [0,T] x D, for some T > 0. Additionally,
u e C([0,T); LP(D)) forp € [1,00).

In dimensions d > 3 we also construct local solutions on R? by taking the

limit of solutions on bounded domains.

Theorem 9 (Local Existence in R?, d > 3). Let A(u) and K(x) be admissible.
Let ug(z) € L®(R?) N LY (RY) be a non-negative initial condition, then ([£.1]) has
a weak solution u on R%, for some T > 0. Additionally, u € C([0,T]; LP(R?))

for all 1 < p < co and the mass is conserved.

As previously mentioned, the free energy is a dissipated quantity for weak

solutions and is a key tool for the global theory.

Proposition 4 (Energy Dissipation). Weak solutions to (4.1) satisfy the energy
dissipation inequality (4.7) for almost all t > 0.

As in [10], uniqueness holds on bounded, convex domains in d > 2 or on R?
for d > 3. The proof also holds for more general diffusion (e.g. fast or strongly

degenerate diffusion) or no diffusion at all.

Theorem 10 (Uniqueness). Let D C R? for d > 2 be bounded and convez, then
weak solutions to (4.1)) are unique. The conclusion also holds on R for d > 3.
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We also prove the following continuation theorem, which generalizes similar
theorems used in for instance [22] 20]. The proof follows the well known approach
of first bounding intermediate L norms and using Alikakos iteration [2] to con-

clude the solution is bounded in L (for instance, see [69] 100, 20, 39} (59, 22]).

Theorem 11 (Continuation). The weak solution to (4.1) has a maximal time

interval of existence T, and either T, = oo or T, < oo and

lim limsup ||(v — k)4 2-m > 0. (4.8)
k—oo t /Ty 2—m*

Here m is such that 1 < m < m* and liminf, .. A'(2)z™™ > 0. In particular,

for allp > (2—m)/(2—m*),

i Jull, = co.

Remark 5. Note that the order of the limits in Theorem 1s important. In

fact, if the ordered is reversed the limit is always zero.

For the case m* = 2 — 2/d, Blanchet et al. [20] identified the critical mass for
the problem with the Newtonian potential, K = ¢4 |z|* %, and A(u) = u™.The
authors show that if M < M, then the solution exists globally and if M > M,

then the solution may blow-up in finite time. There M, is identified as

5 1/(2—m*)
Mc == 5
<(m* — 1)Cm*cd)

where C),+ is the best constant in the Hardy-Littlewood-Sobolev inequality given

below in Lemma It is natural to ask the same question for more general
cases. In this work we generalize these results to include inhomogeneous kernels
and general nonlinear diffusion. First, we state the generalization of the finite

time blow-up results.
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Theorem 12 (Finite Time blow-up for Critical Problems: m* > 1). Let D either
be bounded and convex with a smooth boundary or D = R, Let K and A(u) be

admissible and satisfy

(B1) K(z) = c|z|~ " + o(|z| ") as x — 0 for some ¢ > 0 and d/(d—2) < p <

0.
(B2) z-VK(z) < —(d/p)K(z) + C, for all z € R?, for some C;y > 0.
(B3) A'(z) = mAz""' 4+ o(z™1) as z — oo for some m > 1, A > 0.

(B4) A(z) < (m —1)®(z) for all z > R, for some R >0 .

Suppose the problem is critical, that is m = m*.

— 1/(2—m*)
(e
(m* = 1)Cec

and for all M > M, there exists a solution to (4.1)) which blows up in finite time
with ||ugl|l, = M.

Then the critical mass M,

satisfies

Theorem 13 (Finite Time blow-up for Supercritical Problems). Let D be as
in Theorem[13 Let K satisfy (B1) and (B2) in Theorem[13 and A(u) satisfy
(B3) and (B4) in Theorem [14 with 1 < m < m*. Then for all M > 0 there

exists a solution which blows up in finite time with |||, = M.

The Newtonian and Bessel potentials both satisfy these conditions with C; =
0 (Lemma 2.2, [98]), and so the results apply to PKS with degenerate diffusion.
Due to the decay of admissible kernels (Definition [2)) condition (B2) should only
impose a significant restriction on the behavior of K at the origin. Power-law
diffusion satisfies conditions (B3) and (B4); however, (B4) is also restrictive,

for example, A(u) = u™ — u for u large does not satisfy the condition.
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The accompanying global existence theorem is significantly more inclusive
than the blow-up theorems, both in the kinds of kernels and nonlinear diffusion
considered. As in Theorem [12] the estimate of the critical mass only depends
on the leading order term of an asymptotic expansion of the kernel at the origin
and the growth of the entropy at infinity. The approach used here and in [20),
22] relies on using the energy dissipation inequality and the continuation
theorem (Theorem . The third key component is an inequality which relates
the interaction energy W(u) to the entropy S(u). For m* > 1 this is the Hardy-
Littlewood-Sobolev inequality given in Lemma [I9] In this case, the estimate of
the critical mass is given by .

Theorem 14 (Global Well-Posedness for m* > 1). Suppose m* > 1. Then we

have the following:

(i) If the problem is subcritical, then the solution exists globally (i.e. T, = c0)

and is uniformly bounded in the sense u € L*((0,00) x D).

(i1) If the problem is critical then there exists a critical mass M, > 0 such that if
lluoll, = M < M., then the solution exists globally and is uniformly bounded

in the sense u € L>((0,00) x D). The critical mass is estimated below in

[E9).

Proposition 5 (Critical Mass For m* > 1). If K = ¢ |z| 7" +o(|z|~**) as x — 0

for some ¢ >0 and p, d/(d —2) < p < oo, then M. satisfies,

@ * *
lim 2G) _ G e (4.9)

200 ZM* 2

If c =0 orlim, . ®(2)z2™™ = co then we define M, = .

Remark 6. By Lemma (38, if K € L}:>° then 36,C > 0 such that Va, |z < 6,

loc

Kx) <C |x|7d/p. Then, if the kernel does not admit an asymptotic expansion as
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in Proposition [§, the critical mass M, can be estimated by,

tim 2 Cme oy oo

2—00 ZMm* 2

Remark 7. Note, lim,_,o, ®(2)2™™" is always well-defined but is not necessarily
finite unless
limsup A’(2)2™™" < oo.
Z—r 00

™" > 0 so there always

If the problem is critical then necessarily lim,_,., ®(z)z
exists a positive mass which satisfies (4.9). Moreover, if the problem is subcritical

then necessarily lim,_, @(z)z_m* = 00.

The case m* = 1 is analogous to the classical PKS problem in 2D, where linear
diffusion is critical. For the 2D PKS, the critical mass is given by M. = 87 for
both the Newtonian and Bessel potentials [22 28]. In this work we treat the
m* = 1 case for d > 2 on bounded domains, recovering the critical mass of the
classical PKS, although (D3) technically requires the diffusion to be nonlinear
and degenerate. The case d > 3 and m* = 1 is approached in [64], but the
optimal critical mass is not identified. Our estimate is given below in (4.10]). As
above, the critical mass only depends on the asymptotic expansion of the kernel
at the origin and the growth of the entropy at infinity. We first state the analogue
of Theorem [121

Theorem 15 (Finite Time blow-up for Critical Problems m* = 1). Let D be a

smooth, bounded and convex domain and d > 2. Suppose K satisfies

(C1) K(z) = —cln|z| + o(In|z|) as x — 0 for some ¢ >0 .
(C2) z-VK(z) < —c+ Clz| for all x € RY, for some C >0 .

(C3) A(z) < Az for some A > 0.
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Then the critical mass M, satisfies

Mc:%a
C

and for all M > M, there exists a solution which blows up in finite time with

luoll, = M-

The corresponding global existence theorem includes more general kernels and
nonlinear diffusion. The proof is similar to Theorem [14] except that the loga-
rithmic Hardy-Littlewood-Sobolev inequality (Lemma is used in place of the

Hardy-Littlewood-Sobolev inequality.

Theorem 16 (Global Well-Posedness for m* = 1 on Bounded Domains). Suppose
m* =1 and d > 2, let D be bounded, smooth and convex. Then we have the

following:

(i) If the problem is subcritical, then the solution exists globally and is uniformly

bounded in the sense u € L>((0,00) x D).

(i1) If the problem is critical then there exists a critical mass, M. > 0, such
that if ||uoll, = M < M., then the solution exists globally and is uniformly

bounded in the sense u € L*((0,00) x D). The critical mass is estimated

below in (4.10)).

Proposition 6 (Critical Mass for m* = 1 on Bounded Domains). If K(z) =
—cln|z| + o(ln |x|) as © — 0 for some ¢ > 0, then M, satisfies,

d

Q) ey (4.10)

Z—00 2 11’1 V4 2d c

Ifc=0 orlim, o, ®(2)(2In2)"' = oo then we define M. = cc.
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Remark 8. By (BD) and (MN), 36,C > 0 such that Yz, |z| < §, K(z) <
—C'Inz. Therefore, if the kernel does not have the asymptotic expansion required

in Proposition ] then the critical mass M. may be estimated as,

o(z) C
——M.=0.
ZEEO zlnz  2d ¢ 0

Remark 9. These theorems include many known global existence and finite time
blow-up results in the literature including [99, [98, (99, (10, (20, [69, [27]. Our main
contributions to the existing theory is the unification of these results and the
estimate of the critical mass for inhomogeneous kernels and general nonlinear
diffusion. In the case of the Newtonian potential Blanchet et al. showed in [20]
that solutions at the critical mass also exist globally. See [[4), [13, [21] for the

corresponding result for classical 2D PKS.

4.2.1 Properties of Admissible Kernels

Definition [2| implies a number of useful characteristics which we state here and
reserve the proofs for the Appendix [C.3] First, we have that every admissible

kernel is at least as integrable as the Newtonian potential.

Lemma 16. Let K be admissible. Then VK € L4/(d=1).00 If d > 3, then K €
1,4/(d-2),00

In general, the second derivatives of admissible kernels are not locally integrable,
but we may still properly define D2k * u as a linear operator which involves a
Cauchy principal value integral. By the Calderén-Zygmund inequality (see e.g.
[Theorem 2.2 [96]]) we can conclude that this distribution is bounded on L for
1 < p < oo. The inequality also provides an estimate of the operator norms,

which is of crucial importance to the proof of uniqueness.
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Lemma 17. Let K be admissible and t = VK xu. Then ¥p, 1 < p < oo, 3C(p)
such that |V, < C(p) ||lul|, and C(p) Sp for2 <p < oco.

One can further connect the integrability of the kernel with the integrability of
the derivatives at the origin, which provides a natural extension of Lemma

through the Young’s inequality for L.

Lemma 18. Let d > 3 and K be admissible. Suppose v is such that 1 < v < d /2.

Then K € L?O/c(d/v_Q)’oo if and only if D*KC € L>°. The same holds for VK €
[ 4/(d/7-1),00

loc

. In particular, m* = 1+ 1/y—2/d for some 1 <~ < d/2 if and only
if D2K € L. Moreover, m* = 1 if and only if D*K € L¥/**.

loc loc

The following lemma clarifies the connection between the critical exponent and

the interaction energy.

Lemma 19. Consider the Hardy-Littlewood-Sobolev type inequality, for all f €
LP, ge LY and K € L for 1 < p,q,t < oo satisfying 1/p+1/q+ 1/t = 2,

[ [ st - pasas] <151, Ul Il @
See [75]. In particular, if (p+1)/p = m* > 1, then for allu € L* N L™,
[u@uto) e = o iy < Co ull ™ . @12)

Here C,,«, depending only on p and d, is taken to be the best constant for which

(4.12) holds for all such u.

Remark 10. [t is not necessarily the case that C,+ is easily related to the optimal
constant in ({4.11). It is shown in [20] that Cy_s,q is acheived for a fairly explicit
family of extremals, but to our knowledge, extremals of (4.12) have not been

constructed for other values of m*.
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If m* = 1 then we will need the logarithmic Hardy-Littlewood-Sobolev inequality,

as in for instance [44) 21].

Lemma 20 (Logarithmic Hardy-Littlewood-Sobolev inequality [29]). Let d > 2
and 0 < f € L' be such that |fflnfdx| < 00. Then,

I
d

[ [ t@remle - sldedy < P8 [ i gae s cqil). @
RIxR4 Rd

4.3 Uniqueness

We now prove the uniqueness of weak solutions stated in Theorem [I0]

Proof. ( Theorem The proof follows [6, 10] and estimates the difference
of weak solutions in H !, motivated by the fact that the nonlinear diffusion is
monotone in this norm [105]. To this end, if the domain is bounded, we define

¢(t) as the zero mean strong solution of

A¢(t) = u(t) —v(t) in D (4.14)

Vo(t)-v =0, on 0D, (4.15)

where v is the outward unit normal of D. If the domain is R? for d > 3, we let
o(t) = =N * (u — v) where N is the Newtonian potential. In either case, by the
integrability and boundedness of weak solutions u(t) and v(¢) we can conclude

o(t) € L=(Dy) N C([0,T]; HY), Vo(t) € L=(Dy) N L*(Dy) and ¢, solves,
Agbt == @u - 8tv.

Then since |u(t) —v(t)| g2 = [[Vé(t)|l,, we will show that [|[Ve(t)], = 0.
During the course of the proof, we integrate by parts on a variety of quanti-
ties. If the domain is bounded, then the boundary terms will vanish due to

the no-flux conditions (4.4),(4.15). In R? the computations are justified as
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VK % u, VA(u), VK x v, VA(v), V¢ € L*(Dr).

By the regularity of ¢(¢) and the no-flux boundary conditions (4.15)), (4.4) we

have possibly up to a set of measure zero,

1d

37 / V()| dr =< Vé(t), 9V (t) >= — < Qu(t) — l(t), ¢(t) > .

Therefore, using ¢(t) in the definition of weak solution and (4.15)) we have,

s [ IwoPdr = [(Vawv) - vAw®) - Vo(bis

_ /(u —)(VK % u) - Vodr — /U(VIC * (u—w))- Vodz.
= [1 + IQ + 13-

We drop the time dependence for notational simplicity. Since A is increasing, we

have the desired monotonicity of the diffusion,

L =- / (A(u) — A(v)) (u —v)dz < 0.

We now concentrate on bounding the advection terms.

We follow [I0]. By integration by parts we have,
i,9 ,J
If the domain is bounded, we may apply integration by parts,

> / 0ip(0;K * u)Oypde = = / 0ij00;K * udipdr — Y / 8,0(8;,K  u)d;pda

+Z/ 10:¢|” 8;K * uv;dS,
i; oD

where v is the unit outward normal to D. As in [10], we have VK x*u-v < 0 on 0D

since D is convex and K is radially decreasing, so that term is non-positive. If the
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domain were R, such boundary terms would vanish. Therefore by integration

by parts again we have,
1

Z/ 00K * )y < —2 /(AIC «u) | Vol d,

2%
which together with (4.16]) implies,

I < / | D*K s ul V| da.
By Hélder’s inequality, Lemma [17|and V¢ € L*(Dr) for p > 2,
(r—1)/p
/ | D*IC s u| Vo[ do < || D*K x| (/ e dx)
o/ ) (r—1)/p
S ollal, Vo2 ( [ 1v02 o)

(p—1)/p
< ( / \de) , (4.17)

where the implicit constant depends only on the uniformly controlled LP norms

of v and wv.

As for I3, we compute as in [I0]. By the computations in the proof of Lemma

we may justify integration by parts on the inside of the convolution, that is,

‘Z/aﬂc(x—y)@jmdw S Vel
J 2
which by Cauchy-Schwarz implies,
I3 < ol IVl - (4.18)

Letting n(t) = [ V(1)) dz, (#.17) and (.18) imply the differential inequality,

% (t) < Cpmax(n(t) 7, (1)),
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where C again depends only on the uniformly controlled L” norms of u,v. The
differential equality does not have a unique solution, but all of the solutions are
absolutely continuous integral solutions bounded above by the maximal solution
7(t). By continuity, for ¢ < 1/C' the maximal solution is given by 7j(t) = (Ct)?,
hence,

n(t) <7(t) = (C1)”.

For t < 1/(2C) we then have
n(t) <m(t) <277,

and we take p — oo to deduce that for ¢ € [0,1/(2C)), n(t) = 0, therefore the
solution is unique. This procedure may be iterated to prove uniqueness over
the entire interval of existence since the time interval only depends on uniformly

controlled norms. O

4.4 Local Existence

4.4.1 Local Existence in Bounded Domains

Let A(z) be a smooth function on Rt such that A’(z) > 5 for some n > 0. In
addition, let ¥ be a given smooth velocity field with bounded divergence. Classical

theory gives a global smooth solution to the uniformly parabolic equation
uy = AA(u) — V - (ud) (4.19)

(see [76]). The solutions obey the global L> bound

lev-o|

ot
”UHLOO(D) < ||U0||LOO(D) € B (4.20)

We take advantage of this theory to prove existence of weak solutions to (4.1)

by regularizing the degenerate diffusion and the kernel. Consider the modified
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aggregation equation
uy = AA“(u) = V- (u (VI x uf)), (4.21)
with corresponding no-flux boundary conditions (4.4]). We define

A(z) = /OZ a.(z)dz, (4.22)

where a.(2) is a smooth function, such that A'(z) + € < al(z) < A'(z) + 2¢, and
the standard mollifier is denoted J.v. We first prove existence of solutions to the

regularized equation (4.21]), this is stated formally in the following proposition.

Proposition 7 (Local Existence for the Regularized Aggregation Diffusion Equa-
tion). Let € > 0 be fized and ug(x) € C=(D), then (&.21) has a classical solution
u on Dy for all T > 0.

We obtain the proof of Proposition [7] directly from Theorem 12 in [I0]. The
proof requires a bound on [|[VA<|| s p, ., for some T > 0. We state this lemma

for completeness but reference the reader to [10] for a proof.

Lemma 21 (Uniform Bound on Gradient of A(u)). Let € > 0 be fized and u® €
L>®(Dz) be a solution to (4.21). There exists a constant such that:

IVA“ ()| 2y < C (4.23)
where, C' = C(T, | VIK * u[| oo ) » [ ) -

Remark 11. The estimate given by (4.23)) is independent of e.

Proposition [7| gives a family of solutions {u}.~q. To prove local existence to the
original problem (4.1f) we first need some a priori estimates which are independent
of e. Mainly, we obtain an independent-in-e¢ bound on the L*> norm of the solution

and the velocity field. This is the main difference in the local existence theory
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from [10]. Due to the singularity of the kernels significantly more is required to
obtain these a priori bounds. We first state a lemma, due to Kowalczyk [69] and

extended to d > 2 and R? in [27]. The proof is based on the Alikakos iteration.

Lemma 22 (Iteration Lemma [69, 27]). Let 0 < T < oo and assume that
there exists a ¢ > 0 and u. > 0 such that A'(u) > ¢ for all w > u.. Then if
IV« ul|, < Cy on [0,T] then ||ul, < Co(Cr)max{l, M, ||ug|l,} on the same

time interval.

Lemma 23 (L* Bound of Solution). Let {u}_, be the classical solutions to
on Dy, with smooth, non-negative, and bounded initial data J.ug. Then
there exists C = C(||luoll; , luoll) and T'= T(||uoll; , [[uoll,) for any p > d such
that for all e > 0,

[u (Ol oo (py) < C (4.24)
for all t € [0,T].

Proof. For simplicity we drop the e. The first step is to obtain an interval for
which the LP norm of u is bounded. Following the work of [59] we define the
function uf, = (u¢ — k)4, for & > 0. Due to conservation of mass the following
inequality provides a bound for the LP norm of u given a bound on the L” norm

of uy,
Jullp < C(p) (B~ fully + [ul]})- (4.25)

We look at the time evolution of ||lug|, and make use of the parabolic regulariza-

tion (4.22)).

7



Step 1:

d
Ll =p [ (A0~ uT T+

=-plp—1) /AE'Vuk - Vudz — p(p — 1) /uuZZVJJC *u dz.
Ap—1 2
< —% /A'(u) ‘V“Zﬂ‘ dr +p(p—1) /ui_lwk VIK xu du
+kp(p—1) /UZZVuk -VIK *u dx,

where we used the fact that for [ > 0

u(up)' = (ug) ™+ kul.. (4.26)

Hence, integrating by parts once more gives

4(p —1 2
%Huknpg %/A/(u) \vugﬂ‘ dx—(p—l)/uiAjglC*udx

—kp / u T ATK * uda
< W) /A’(u) v
+ OOk llunlly ™ IATK < ul],
< )[4 |val?| o+ 00) (Junlth + )

+ )k (llual? + 1) -

2

dz + C(p) [lu sy AT 5 ull

p+1

/2
Vuj,

In the last inequality we use Lemma [17, Now, using (.25 we obtain that

2

dz + C(p) lluxlly iy

d ,
G luell de < —Co) () [9

An application of the Gagliardo-Nirenberg-Sobolev inequality gives that for any
p such that d < 2(p+ 1) (see Lemma [33|in the Appendix):

lallp iy S ullp? a5
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where oy = d/p, ay = 2(p + 1) — d. From the inequality a"b*~") < ra + (1 —17)b

(using that a =6 ||up/2HivL2 and r = a;1/2) we obtain
1 1 2
lullpis < 5 llully? +76% ([ Va2, + 6 Jull;

Above B, B2 > 1. For k large enough we have that A'(u) > ¢ > 0 over {u > k};

hence, if we choose ¢ small enough we obtain the final differential inequality:

d 2
7 lully < Cp) gl + C(p, &, 70) fuslly + C(p, k, Iluoll,)- (4.27)

The inequality in turns gives a T), = T'(p) > 0 such that [Jug[|, is bounded
on [0,7,]. Inequality gives that [lu||, remains bounded on the same time
interval. Next we prove that the velocity field is bounded in L*°(D) on some
time interval [0, 7']. This then allows us invoke Lemma [22| and obtain the desired
bound.

Step 2:

Since VK € Lj,, and VK1ga 5,0y € L? for all ¢ > d/(d — 1) (by Lemma , we

loc

have for all p > d/(d — 1),
1], = IV * ull, < |V, lull, + [|VELza\, 0], M.
By Lemma [17] we also have, for all p,1 < p < o0,
IVall, = | DK ul|, < [lull, -

By Morrey’s inequality we have ¢ € L*(Dr) by choosing some p > d and invok-
ing step one, and Lemma [22| concludes the proof. Note that the bound depends
on the geometry of the domain through the constant on the Gagliardo-Nirenberg-
Sobolev inequality (Lemma . However, this constant is related to the regular-

ity of the domain, and not directly to the diameter of the domain. O]

In addition to the a priori estimates the proof of Theorem [§| requires precompact-

ness of {u}eso in LY(D7).
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Lemma 24 (Precompactness in L'(27)). The sequence of solutions obtained via

Pmpositz'on@ {uc}eso, which exist on [0,T), is precompact in L*(Dr).

The proof of Lemma [24] follows exactly the work in [I0]. The key is to prove that
the sequence satisfies the Riesz-Frechet-Kolmogorov Criterion. This relies on the

fact that [|A(u)| 20751 (py < C uniformly.

Proof. (Theorem For a given ¢ > 0, if we regularize the initial condi-
tion wuf(z) = Jeup(x), Proposition [7| gives a solution u® to (4.21). Further-

more, the proof of Proposition [7] and Lemma gave uniform-in-e bounds on

HAe(u)”L2(O,T,H1(D))7 ||u€||L°°(DT)> and ||u§||L2(O,T,H*1(D))' By Lemma all solu-
tions exist on [0, 7], with 7" independent of €. Also, recalling that A¢(z) > A(z)

and al(z) > A'(z) gives that

HA(UE)”LQ(O,T,Hl(D)) <C,

where C is independent of €. Since L?(0, T, H'(D)) is weakly compact there exists
a p such that some subsequence of {u}__, converges weakly, i.e A(u“) — p in
L*(0, T, H'(D)). Precompactness in L' implies strong convergence of u% to some
u € L'(Dr); therefore, A(u) = p. In fact, the L®(Dr) bound on u® gives
strong convergence in LP(Dr), for 1 < p < oo, via interpolation. Also, Young’s

inequality gives
||u€fV$jK xu — uVEK uHLl(DT) < ull poo (py) ||V.7EJJC xu — VI x uHLl(DT)
+ HV‘ZJ'IC *u ||L°°(DT) [ UHLl(DT)
Sl e oy IV g + IV 50 e )
Ju — uHLl(DT) : (4.28)

Therefore, by interpolation u satisfies (4.5)). Furthermore, we obtain that u €
C([0,T); HY(D)). To prove that u(t) is continuous with respect to the weak
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L? topology one uses standard density arguments. Since D is a bounded, u is
therefore also continuous in the weak L' topology. To prove continuity in the
strong L? topology we define F(z) = [ A(s)ds and show that it is continuous in
the strong L' topology. Indeed, Lemma [30]in the Appendix, see [10] for a proof,

gives

lim

B0 /(FW@)) — F(u(t +h))) dx

Recall that ||A(u)l|peip,y < Alllullpe(p,y) and so A(u) € L*(0, T, HY(D)).

Therefore, the left hand side of (4.29) goes to 0 as h — 0. Now, we can invoke
Lemma [31]in Appendix, [10], to obtain that u € C([0, T]; L*(D)). Using interpo-

t+h
= lim/ < Ur, A(T) > dr. (4.29)
h—0 J,

lation the L*> bound of u gives that u € C([0,T]; L*(D)), for 1 < p < oc. O

4.4.2 Local Existence in R

Now we consider solutions to (4.1)) in R? for d > 3. We obtain such solution
by taking the limit of the solutions in balls centered on the origin with increas-
ing radius n, denoted by B,. Once again, following [I0] we state the following

definition.

Proof. (Theorem [9) Let B, be defined as above and consider the truncation of
the initial condition on B, i.e. uf = 1p,uo. By Theorem [§ we have a family of
solutions {uy, }n~o on B, for all t € [0, T|. Define a new sequence, {ty, }n>0, where
Uy is the zero extension of u,. The previous work for bounded domains gives the
uniform bounds

[ oo ey < Ch, (4.30)

IVA(Un) | p2ga) < Co (4.31)

The bounds may be taken independent of n since the constant in the Gagliardo-

Nirenberg-Sobolev inequality, Lemma [33] does not depend directly on the diam-
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eter of the domain and may be taken uniform in n — oc.

Therefore, there exist u,w € L*(R%) for which @, — u and VA(@,) — w in

L*(R4). Furthermore, (4.30)) implies [ull oo mgy < C1- Precompactness of {uy,} .

in L'(B,) for fixed n > 0 and Theorem 2.33 in [I] gives that {t,},~o is precom-

pact in L} (R%). Therefore, up to a subsequence, not renamed, @, — w in

L} (R%); thus, w = VA(u). Also, the L> bound gives that @, — w in L (R?)
for 1 < p < 0.
In addition, we have the estimate

10 VK % il sty < IV % il e gy il e (4:32)

Therefore, we can extract a subsequence that converges weakly to some w; €
L*(R4). Since ulp, € L*°(0,7,L'(R%)) and ulp, ,* u by monotone conver-
gence u € L>®(0,T, L*(R%)). Once again, from the estimates performed in the

bounded domains i, VK * @, — uVK *u in L} _(R%). Therefore, we can identify

loc

w; = uVI x u.

We now show that u € C([0,T]; L},

loc

that u € C([0,T); L*(D)). Let t, — t € [0,T] then for all R > 0 we have,

(RY)), which we know to be true, implies

/ lu(t,) — u(t)| de = /B lu(t,) —u(t)| de + / |u(t,) — u(t)|dz.  (4.33)

R%\Bg
The first term on the right hand side of (4.33) can be bounded by €/2, provided
n is chosen large enough, since u € C([0, T]; L},.(R%)). To bound the second term

we first show that A(u) € L'(R%). By (D3) we can deduce lim, _,q A(z)27* = 0.

Then, for k > 0 there exists some 0 < C} < oo such that if z < k then A(z) < C=z.
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Hence,

Alu)dr = A(u)dz Alu)dz
e s | a0
< CM + A(|lul| ) Au(k) < oo

Therefore, |A(u)]|;ira) < C(M, |ull)T. Now, let w(z) be a smooth radially-
symmetric cut-off function with w(z) = 0 for |z| < 1/2 and w(z) =1 for |z| > 1.

Then consider the quantity, Mg(t) = [uw(x/R)dz. Then formally,

%MR(t) _ % / w - (V) (z) R)d + % A(u)(Aw)(x/R)dz.

Estimating terms in L*° gives,

_M t < Zfeo 1L + - A d.]:.
M) S R?/ )

Formally, then
Mg(t) S Mr(0) + M vl o,y B+ 1AW s opyxmey B (4:34)

Since A € LY((0,t) x RY) and Mgp(0) — 0 as R — oo, by choosing R suf-
ficiently large, the last term of can be bounded by €/2. Hence, im-
plies that v € C([0,T]; L'(R?)). Furthermore, via interpolation we obtain that
u € C([0,T]; LP(R)) for 1 < p < oo,

Conservation of mass can be proved similarly using a cut-off function w(x) =1
for |z] <1/2 and w(z) = 0 for || > 1, see the proof of Theorem 15 in [I0] for a

similar proof. O

We are left to prove the energy dissipation inequality (4.7]). As expected, the
approach is to regularize the energy and take the limit in the regularizing param-

eters.
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Proof. (Proposition |4]) Define
UAI
h(u) = / ﬁds,
1

s
then ®(u) = [ h(s)ds. The regularized entropy is defined similarly with a.(u),
as defined in (4.22)), taking the place of A'(u). Given a smooth solution u° to

(4.21)) one can verify,
t
1
[ [ bV = eV e = FLAO). (039
0

Here F.(u(t)) denotes the free energy with the regularized entropy and kernel.
Once again we take the limit e approaches zero to obtain (4.7). We first show

that the entropy converges.

Step 1: The parabolic regularization gives

hz)+elnz < h(z) <h(z)+2Inz forl<z,

h(z) 4+ 2€elnz < h(z) < B (z)+elnz forz <1.
Therefore, writing ®(u) = f h(s)ds + [ h(s)ds one observes that
O(u) — 26 < D (u) < P(u) + 2e(ulnu),. (4.36)
This will allow us to show convergence of the entropy. In fact,
‘/¢€(u€) — ®(u)dx| < /|<I>6(u€) |dm—|—/|<1> u)| dx

< 26/(1 +uInuc) dr + ||CI>HCl([07”u6”OO]) / |u€ — ul| dx.

< 2¢ (|D] + [l luglly) + Cflu = ul]; -

Conservation of mass, boundedness of smooth solutions, and precompactness in

Ll

1o 1IMply there exists a subsequence, such that as ¢; — 0,

/q)ej(u;)d:v — /(IJ w)dx
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Step 2: To show convergence of the interaction energy we need that for a.e t €

(0,7)
/ue(t)jJC *u(t)de — /u(t)lC s« u(t)de. (4.37)

Since K € L}, (D) we know that ||K *u||,; is bounded; hence, replacing VK

with K in (4.28)) gives the desired result. Finally, we are left to deal with the

entropy production functional.

Step 3: From Lemma 10 in [32],

1 1
/— |A' (u)Vu — uVEK % ul” de < liminf/ — |d.(u) Vst — u VI *u | da.
u "

e—0

(4.38)

We also note that this was proved in [10]. The proof of (4.38) relies on a result
due to Otto in [86], refer to Lemmal[32]in the Appendix. In our case, u¢ € L*(Dr)
and J, = VA (u) — u*VK x u® € L, .(Dr). Furthermore, up to a sequence not

loc

renamed, u¢ — u € L? and J, — J in L?, therefore, we can apply Lemma

For the energy dissipation estimate in R? we again consider the family of so-
lutions {u,} to on B, (for simplicity let u, denote the zero-extension of
the solutions). Since u,(0)15,  u(0) by monotone convergence we obtain that
F(u,(0)) = F(u(0)). Noting that K € L¥(@=2) allows us to make a modification
to and obtain that u, K * u,, — uk *u in L?(R%). Furthermore, im-

plies that u, xu, — uxuin L}

loc*

We are left to verify the uniform integrability

over all space. First note that Morrey’s inequality implies

1K+ | 0, S NIVE 5l oo 4 (1K 5 ua ],

< VK s ull o + KN pasa—2y0 [1nll gy ayap)
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Hence, taking p sufficiently large we obtain that K * u,, is bounded in L*°(Dr).

Therefore,

/ U IC * updr < ||IC>|<un||OO/ Updx.
R\ By, R4\ B,

This fact along with (4.34)) gives that for any € > 0 there exists a k. sufficiently
large such that for all k£ > k.

/ U, JC * u,dr < €.
R

4\ By,
This gives convergence of the interaction energy. The result follows from the

weak lower semi-continuity of the entropy production functional and [ ®(u)dz in

L. [l

4.5 Continuation Theorem

Continuation of weak solutions, Theorem [T} is a straightforward consequence of
the local existence theory and the following lemma, which follows substantially
the recent work in [20, 69, 22]. This lemma provides a more precise version of

Lemma [23] and has a similar proof.

Lemma 25. Let {u}__, be the classical solutions to (4.21)) on Dr, with non-

e>0

negative initial data J.ug. Suppose there exists Ty, 0 < Ty < 0o, such that

sup lim sup ||(u®— k)4l 2-m =0, (4.39)

e>0 k=00 1c(0,1p) 2-m*

where m is such that 1 < m < m* and liminf, ,,, A'(2)z'™™ > 0. Then there

exists C = C(M, ||uol|,) such that for all € > 0,

sup [lu(t)]l, < C.
te(0,70)

In particular, if Ty = oo, then {u}_, are uniformly bounded for all time, and

therefore the weak solution u(t), is uniformly bounded for all time.
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Proof. (Lemma Let § = (2—m)/(2 —m*) > 1. It will be convenient to
define v, 1 < < d/2 such that m* = 1+1/y—2/d. We first bound intermediate
LP norms over the same interval, (0,7p). Then we use Morrey’s inequality and

Lemma [22] to finish the proof.
Step 1:

We have two cases to consider, m* = 2 — 2/d and m* < 2 — 2/d, which oc-
curs if D*K € L’ for v > 1 (Lemma . In the former we show that for any
p € (g, 00) we have u(t) uniformly bounded in L> (0,7p; LP). In the latter case
we only show that for § < p < /(7 — 1) we have u¢(¢) uniformly bounded in
L (0, Ty; L?). In either case, this is sufficient to apply Lemma 22| and conclude

the proof.

Let k > 0 be some constant to be determined later and let vy, = (u—k),. We have

dropped the € and time dependence for notational convenience. By conservation
of mass and (4.25), it suffices to control |[u]|,, for any k > 0. Thus, using (4.25)

we obtain

d
at Jugll < —p(p—l)/ui_QA’(u) Vul? dx—i—p(p—1)/(ui_1+ku£_2)Vu-j€VlC*udx.
Then,

d
G luell < ~a - 1) [ A [vur?

2
dr — /((p — Dl + kpud ) TAK + udz.

(4.40)

Since the constants are not relevant, we treat the cases together only noting minor

differences when they appear. If m = 2 — 2/d we may use Holder’s inequality
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and then Lemma [I7 to obtain a bound on the first term from the advection:

‘/uijeAlC * udx

Swc N[kl lull,gq

On the other hand, if v > 1 we have from the generalized Hardy-Littlewood-
Sobolev inequality (4.11)) (Lemma ((19),

[ g s ute] S Tl ol + €O Ll

with the scaling condition 1/a + 1/t 4+ 1/ = 2. Choosing t = ap implies that

1_2-1/y (4.41)
o 1+1/p '

Notice that from our choice of p then 1 < 1/p+1/~; thus, 1/a < 1. Note that in
the case when m = 2 —2/d then t = ap = p+ 1. Thus we estimate the advection

terms,

'/U,ZJEAIC * udx

Soc unllap 1ullap + C M) [ull;
1 1
S Ml + llulle,” + C (M) sl

S leally” + OO ully + Ok, M) (4.42)

The lower order terms in the advection can be controlled using Holder’s inequality

and Lemma (17,
[ g s uda] 5,

< gl + ully

S llurlly + C(k, M). (4.43)

We now aim to compare the dissipation term in (4.40) with the estimates (4.42))
and (4.43). We use the Gagliardo-Nirenberg-Sobolev inequality (Lemma [33),

a1

u](cp+m71)/2‘

lnllap S Nuellz? s (4.44)
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with

a:2_d( (p—q/a) >
oo \g—d) +dp+dim—1))°

ag=1—a;(p+m—1)/2>0.

and

By the definition of § and (4.41]) we have that,
ar(p+1)/2 =1, (4.45)

which implies,

fonltt 5 e ([ wo [ga). 0

If d = 2 then necessarily m = m* = 1 and this inequality will be sufficient.

p/2

However, for d > 3, more work must be done. Define,

[:/ ’Vup/2

Then, for 51 < aj and (p+m —1)5,/2 < 1,

2d(1—g/(p+m—1))
72—d)+dp+dim—1)

and fo =1 — [1(p+m —1)/2 > 0, we have the following by Lemma

(p+m—1)pB1/2
/ Z—i—m 1dCL’< ||u ||p+m 1)B2 <I+/ p+m— ld[L‘)
(p+m—1)B1/2
Sy (romnr s (fpmeias) ™)

Therefore, by weighted Young’s inequality for products,

dx.

b=

[ S a0 1)+ el (447

for some 7y > 0, the exact value of which is not relevant. Putting (4.46)) and
(4.47) together implies,

luelify’ S Plurllg) I + Cluelly), (4.48)
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where P(z) denotes a polynomial such that P(z) — 0 as z — 0. By definition
of m, 3 0 > 0 such that for k sufficiently large then v > k implies A’(u) >

du™ ! Therefore, combining (4.40]) with ( - and (4.43) implies,
AT c<w/
— u J—
de "l = TP

+ C(M, p) llurlly + C(k, M, p)

)
= " P(lwly)

+ C(M, p) luxlly + C(k, M, p, [ull).

“de + C(p) k%,

lurllZy +C ) lurllty!

By interpolation against L', conservation of mass and o > 1 we have
|p+1

[l Sar 1+ [lux|

Therefore, by assumption (4.39) we may choose k sufficiently large such that

there exists some 7 > 0 which satisfies the following for all ¢ € (0,7}),
d P P
o el < =nlluxll, + C(k, M, p, [Jurllg).

It follows that [lug, is bounded uniformly on (0, 7p).
Step 2:

The control of these P norms will enable us to invoke Lemma 22] and conclude
u(t) is bounded uniformly in L*>(Dy,). Since VK € L}, and VK1ga\ p, (o) € L*
for all ¢ > d/(d — 1) (by Lemma [16), we have for any ¢ > d/(d — 1)

17, = IV * ull, < |[VKLp, ], lull, + [ VELra\g, 0|, M-

If v > 1, then we may choose ¢ € (d/(d — 1),7/(y — 1)], since in this case

necessarily d > 3. Otherwise we may choose ¢ > d/(d—1) arbitrarily. Then, step
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one implies ¥ € L*>((0,Ty); L?). If v > 1 then, noting that Definition [2| implies
DQIC:le\Bl(O) € L9 for all ¢ > 1,

||V17||d+1 = HD2IC * qu-ﬁ-l < ||D2IC131(0)||L%00 ”qu + HVICIRd\Bl(O)“dJrl M,

for p=~(d+1)/(d(y — 1) + 2y —1). Note that

v(d+1) <
dy—-1)+2y—-1"~v-1

l<p=
On the other hand, if m* = 2 — 2/d then the above proof shows that u(t) is
bounded uniformly in L>((0,7Tp); L?) for all p < co. Therefore, by Lemma
we have ||V, < [[ull, $1, for all 1 < p < oo. In either case, this is sufficient
to apply Morrey’s inequality and conclude that ||¢]|__ is uniformly bounded on
(0,7p). By Lemma 22| we then have that u¢ is uniformly bounded in L*(Dg,)
and we have proved the lemma. As in Lemma the uniform bounds depend

on the domain but not it’s diameter. O

Remark 12. The proof of this lemma directly implies global well-posedness in
the subcritical case since 15 only necessary in the critical and supercritical
cases. Moreover, in the critical case, one may prove directly that there exists some
My such that if M < My the solution is global. However, My will generally depend
on the constant of the Gagliardo-Nirenberg-Sobolev inequality, as in [99, 100, [59].
As discussed in the recent works of [20, [22], the use of a continuation theorem
will allow for a more accurate estimate of the critical mass through the use of the

free energy.

Proof. (Theorem Suppose, for contradiction, that the weak solution cannot
be continued past T, < oo and (4.8]) fails. As the regularized problems are
bounded, this implies the hypotheses of Lemma 25| are satisfied on (0,7}), and

therefore sup..sup,er, [[u®)|l, < nast T, for some p > g and n > 0.

I,

91



By the proof of Lemma 23] for any n > 0 there exists a 7 = 7(n, M) > 0 such
that if [Jul[, <7 then [[uc]|, < C for all € > 0. Therefore, we may choose some
t, < T, such that 7 satisfies t,, + 7 > T} and, by Theorems [8| and @, we construct
a solution u(x,t) on the time interval [t,, ¢, + 7). By uniqueness, @(z,t) = u(z,t)
a.e. fort € [t,,T}); hence, it is a genuine extension of the original solution u(x,t).

However, it exists on a longer time interval which is a contradiction. O]

4.6 Global Existence

We now prove Theorem We first note that the entropy is bounded below

uniformly in time, which is a consequence of assumption (D3) of Definition [3|

Lemma 26. Let u(z,t) be a weak solution to ([4.1)). Then,
/@(u(t))dm > —-CM.
Proof. Let h(z) = [{ A'(s)s~'ds. By Definition , (D3), for z <1,
h(z) > —C > —oc.
Therefore,

/ B(u)dz / /O " () dzde > / Lpuer) /0 B2z + 1 /0 ' h(z2)ded

> — / 1{u51}(]u - 1{u21}0d$

> =2C [|ull; -

where the last line followed from Chebyshev’s inequality. O
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4.7 Theorem [14: m* > 1

Proof. (Theorem We only prove the second assertion under the hypotheses
of Proposition [5] as the subcritical case follows similarly. By the energy dissipa-

tion inequality (4.7) we have for all time 0 < t < T,
S(u(t)) = W(u(t)) < Flug) := Fp. (4.49)

We drop the time dependence of u(t) for notational simplicity. By the assumption

on K, Ve > 0,35 > 0 such that |K(z)| < (¢ + ) |z| " for |z| < 6. By Lemma
[19] we have,

1 7m* m* 1
[ Ba)ds = 5032 e ) ull < Fot 5 Kl M2

By (4.9) and M < M., there exists ¢ > 0 small enough and «, k > 0 such that

* 1 *
O(z)z7™ — 5 s M2 (e +€) > a >0, for all z > k. (4.50)

By Lemma [26] we have,

* * ]. * ]. * *
/ u™ (q)(u)um — —Cps M*™™ (e + e)> dr — —/ Cons M*™ (e + €) u™ dz
{usk} 2 2 J{u<ky

ngFb +'(j(5aﬂl)a

and by (£50),

* 1 * *
a/ u™ dx—§C'm*M2_m (c—}—e)/ u™ dx < Fy + C(M,0).
{ {

u>k} u<k}

By mass conservation we have that ||u||, . is a priori bounded independent of time
and Theorem [11] and Lemma [25( implies global existence and uniform bounded-

ness. O
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4.8 Theorem [16: m* =1

The proof of Theorem (16| follows similarly, but requires the logarithmic Hardy-
Littlewood-Sobolev inequality (Lemma as opposed to Lemma .

Proof. (Theorem [16))

We only prove the second assertion under the hypotheses of Proposition 6], as the

subcritical case follows similarly. We will again use Theorem [L1| and prove

sup /(ulnu)+da: < 0.

te(0,00)

By the energy dissipation inequality (4.7]) we again have (4.49). By the assump-
tions of Proposition [6], for all € > 0 there exists § > 0 such that,

/@(u)da: +(c+ 6)%//|_ ‘Qigx)u(y) In|z — y| dedy < C(Fo, 6, M).

By D bounded, the logarithmic Hardy-Littlewood-Sobolev inequality (4.13]) im-
plies,

/@(u)dm — (c+ 6)2—]\§ /ulnudm < C(Fy, 0, M,diamD).

Choosing k > 0 large and recalling Lemma [26] implies

d M
/ ulnu( () —(c+e)—> dx—(c—i—e)/ ulnudx < C(Fy,, M,diamD).
{u>k} ulnu 2d {u<k}

As in the proof of Theorem [14] by conservation of mass, (4.10) and M < M., we

may choose € > 0 small enough and £ large enough such that

/ ulnudr < C(Fy, M,diamD).
{

u>k}
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4.9 Finite Time blow-up

In this section we prove Theorem [13] and Theorem [I12 We prove Theorem
as it is somewhat easier, though the technique is the same as that used to prove

Theorem [12

4.10 Supercritical Case: Theorem

For Theorem we state the following lemma, which provides insight into the

nature of the supercritical cases. The proof and motivation follows [20].

Lemma 27. Define Yy = {u € L' N L™ :u >0, ||ull, = M}. Suppose K sat-
isfies (B1) and A(u) satisfies (B3) for some m > 1,A > 0. Suppose further
that the problem is supercritical, that is, m < m*. Then infy  JF = —oco. More-
over, there exists an infimizing sequence with vanishing second moments which

converges to the Dirac delta mass in the sense of measures.

Proof. Let 0 < 0 <1, @ = d/p. Then by Lemma [19| there exists h* such that,

_ S @) () e =yl dady] _

_— 27 * * _—
[ | P

0C, Coe. (4.51)

We may assume without loss of generality that h* > 0, since replacing h* by |h*|
will only increase the value of the convolution. By density, we may take h* € C2°

and therefore with a finite second moment.

Let p = ||h*||}/d M=Y4 X > 0 and hy(z) = Ah*(\ux). First note, by (B3),
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Ve > 0, 4 R > 0 such that,

h,\ SA/
/ ®(hy)de = / / / ) - dsda
o J1 =
hx  pmax(s,R) RA/
g// / (mA+e)ZMde—|—/ (Z)dzdsd:c
0 JR 1 <

A+te m
< = Il + C(R) 1), (4.52)

By (B1) and h* € C2°, Ve > 0, 3\ > 0 sufficiently large such that,
u—2d+o¢>\o¢
W < (-9 [ [ @@l -yl "dedy. @53

Combining (4.53)),(4.52) with (4.51) and Lemma we have for A\, R sufficiently

large,

F(hy) < m

M

\dm—d g . C . ||h* “ —2+04/g_ .
- - A h* m_)\a 0_ —mr 1 h* m h*
ey e A o1 = oo = o % (1) e g

2
+ (R~ [n]],
By supercriticality, we have @ = dm* — d > dm — d, and so for € < 0, we take
A — oo to conclude that for all values of the mass M > 0 we have infy, F = —o0.

Moreover, since h* € C'2°, the second moment of hy goes to zero and h, converges

to the Dirac delta mass in the sense of measures. O

Proof. (Theorem We may justify the formal computations for weak solu-
tions using the regularized problems and taking the limit but we do not include
such details. We treat both bounded and unbounded domains together pointing

out the differences when they appear. Let

I(t) :/|x|2u(x,t)d:p.
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If the domain is bounded then by (4.4]),

%I(t) = Qd/A(u)d:L' +2 / / w(z)u(y)z - VK(z — y)dzdy — - A(uw)z - vdS
= Qd/A(u)dx +//(x —y) - VK(z — y)u(z)u(y)dzdy —/aDA(u)x -v(x)dS,
(4.54)

where the second integral was obtained by symmetrizing in x and y, the time
dependence was dropped for notational simplicity and v(x) denotes the outward
unit normal of D at x € dD. By translation invariance and convexity of D, we
may assume without loss of generality that x-v(z) > 0. For the rest of the proof

we may treat bounded domains and D = R? together, since for each,

We use (B2) on K, to obtain

%I(t) < Qd/A(u)dx —2d/pW(u) + CLM?.

By (D3), (B4) and Lemma [26]

/ Alu)dz = /{ A+ /{ A
< C(M) + (m — 1)/ () dx

{u>R}

<C(M)+ (m— 1)/¢(u)dx.

Using that 2d(m — 1) < 2d(m* — 1) = 2d/p we have,

%[(t) < 2d(m —1)F(u) + C(M, CY).

We use the energy dissipation inequality (4.7)) to bound the first term,

%I(t) < 2d(m — 1)F (uo) + C(M, Cy).
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From this differential inequality, the second moment will be zero in finite time

and the the solution blows up in finite time if

C(Ma Ol)
Flug) < ————=.
(1) 2d(m — 1)
By Lemma [27] we may always find initial data with any given mass M > 0 such
that this is true, since there exists infimizing sequences with vanishing second

moments. The final assertion follows from Theorem Indeed, we have

1(0)
B = S dtm = 1) F(ug) + COM.Cy)’

4.11 Critical Case: Theorems 12 and 15

The proof of Theorem [12] follows the proof of Theorem [I3]

Lemma 28. Define Yy = {u € L' NL>®:u>0,|ull, = M}. Suppose K satis-
fies (B1) and A(u) satisfies (B8) for m > 1 and A > 0. Suppose further that
the problem is critical, that is, m = m* and let M. satisfy . If M satisfies
M > M., then infy, F = —oo. Moreover, there exists an infimizing sequence
with vanishing second moments which converges to the Dirac delta mass in the

Sense Of measures.

Proof. We may proceed as in the proof of Lemma 27, but instead choose 6 €
((MC/M)Q_m*, 1). Let o = d/p. By optimality of C,,«, as before there exists h*

such that,

0C, e < JIh (gj)h;,yrij%yi* dudy| <
L | |l |

As above, we assume h* > 0 and h* € C2°.

Che. (4.55)
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Let p = |[R*]}/* M4 X > 0 and hy(z) = Mh*(Auz). By (B1) and (B3),
Ve > 0 there exists a A and R sufficiently large such that by h* € C°,

Flhn) <M g e+ Cmy |
A) = * * € m* H
=D, !
_ (‘9 — E)Cm* Hh*Hl ~2ta/d )\a Hh*HQ—m* ”h*Hm*
2 M 1 m*

However, in this case « = dm — d and m = m*, therefore by (4.55)) and Lemma
19

et | M(A+e 0 — )Cm (1] 200, o
Flha) < X ﬂmnwlwﬂ_nwg,—( S (1) )
1

Then,

P A 6=,
F(h S)\dm d|| m [ _ Cm*MQ a/d ]
) NN

Then since A/(m* — 1) = Cpp» M27™" /2 and a/d — 1 = 2 — m* we have,

() () -0

Since § > (M,/M)?>~™" we may take € sufficiently small and A — oo to conclude

—a 1l 2-a/d
F(hy) < M -d o M/
2|12l

that infy  JF = —oo. As before, hy converges to the Dirac delta mass in the

sense of measures. ]

Proof. (Theorem The theorem follows from a Virial identity as in Theorem
L3l [

Proof. (Theorem As in Theorem (13| we have by (C2), (C3) and if D is

bounded, the convexity of the domain,

%[(t) < de/A(u)dac + //u(x)u(y)(x —vy) - VK(x — y)dzdy

— cM
< 2dM (A _ Z—d) O MPRTV2,
Clearly, if M > M. then I — 0 in finite time if 7(0) is sufficiently small. O
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APPENDIX A

Appendix: Mathematical Theory

A.1 Newtonian Potential

One of the mathematical tools which will play a key role in much of this work is

the Newtonian potential, A (z), which is the fundamental solution to Laplace’s

equation Au =0

in R? for d > 2. Recognizing that Laplace’s equation is invariant under rotations

one can find that that

L =
N(z) = 5= log |z| n=2 (A1)

2
n(njl)an |l‘| " n Z 37

where «, is the volume of the unit ball in R", see for example [46]. The singularity
of at the origin and the slow decay as |x| — oo is an issue which we have to deal
with through a lot of this work. By taking the derivatives directly to (A.1]) we
obtain that

VN < Cfz[™
AN < C |z 2.

Because of the singularity mentioned N (z) ¢ LP(R™) for any p. However, N, VN
are locally integrable for n > 3. This is not true for AN. Therefore, it will be

convenient to use weak LP spaces (LP>).
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A.2 Weak LP Spaces

In the previous section we saw that the Newtonian potential does not have enough
decay as |z| — oo to be in any L” spaces. This is just one example that might
motivate generalizing L” spaces. One generalization, known as Lorentz Spaces
LP>° was introduced by George Lorentz [80]. Given a measure space (S, i) these

spaces are equipped with the semi-norm (triangle inequality fails)
[f1l oo = nf{C | Ap(t) < CP/tPV £ > 0}, (A2)

where A\f(t) = p{z € S: f(x) > t}. For p > 1 these spaces are Banach spaces

and L? C LP> [50]. The Newtonian potential characterizes these weak L? spaces.

A.3 Sobolev Spaces

Sobolev spaces can be extended for s € R by defining the norm

(L+[¢)2f

1
1 e = 5= ,
(27)d/2 L

this definition is inspired by the Fourier Transform (see for example [101]). For

s € N this definition is equivalent to ([2.3)). Furthermore,

lally < llull g llwll g (A.3)

A.3.1 Sobolev Embeddings

Theorem 17 (Extended Sobolev Inequalities in Bounded Domains). Let 2 be
a bounded domain with O in C™, and let u be any function in W™ (2) N
LP(Q2), 1 < r,q < oo. For any integer j, 0 < j < m, and for any number a

in the interval j/m < a <1, set
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%:i+a<1—@)+u—aﬁ.

n romn q
If m — j — n/r is a nonnegative integer, then

1D7ul|,, < ClJull$ymn ull S (A4)

If m — 7 — n/r is a nonnegative integer, then (A.4) holds for a = j/m. The

constant C' depends only on Q, r, q, m, j, a.

Theorem 18 (Gagliardo-Nirenberg inequality in RY). Let 1 < p < ¢ < oo and

s > 0 be such that

for some 0 < 6 < 1. Then for any u € W*P we have

1-60 . 110
lully Sapas llull, ™ llellyss -
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APPENDIX B

Appendix: Part 1

B.1 Chapter [2| Additional Computations

B.1.1 Computations for Theorem

Computations for F;

JezA(pl_p2>H2+2 Al A2

2

1Fs(v1) — Fa(va)], < | J. {v PLvA -V -&LVAQ}

+ leAl - A2p2||2 = Sl + SQ + 53.

The terms S; and S3 appeared in the inequality for F}; therefore, we are only

concerned with Ss:

55 AL WAL 1
< 612 ( Z_ll DT (A= Al + [V (A = Azl HD (%) 0)
+ 612 (|J6VA2|OO HD (51_11 - Z—Z) & 51_11 - Z—Z ) HDJeWhIIo)

1
:6—2(R1+R2+R3+R4).

R can be easily bounded, without any additional factors of 1/¢, by
|AT |oo Ip1] o |41 — Azll,. On the other hand, for R, we need to use () of Lemma
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2.1 and (1) of Lemma 2.2. More precisely, we have:

1 1 12
RzN;Hz‘h—AzIIQ A, Oollp1||1+ N OQIIA||1I/)1|Oo :

The next term requires more work, basically repeated applications of the Lemma

2l

—_

Aspr — Aips

R3 5 - HA2H2 A1A2

[

1

1 1
lly { || oae = sl + b = a0 ()

1 1
S - [ Az]], {’m‘m [p1 A2 — paAully + |p1As — P2A1|oo} :

—_

S

J

€

Since, |v| S ||v]|, and

2 2

1 1 1 1 1
D <= = A | = A
H <A1A2> 0o ‘AIL Ay OOHV 2”0+‘A2L A OOHV tlo-
we have:
1 1 1 1 1 1 1
< - lA | = | = |4 — =] |4
R3 ~ e || 2”2 (‘Al‘oo A2 OO+ Al . A2 OOH 2||1+ ‘AQ'OO ‘Al OOH 1”1) X
lpr Az — p2Aill,
Finally,

Ro< || | 14 e
B.1.2 Computations for Higher-Order Energy Estimate Estimates
Claim 1:

> ID%ullg 1D (o)l S (IVul + ful, + [0l) lully, + (1Vuly + ) o7, -

|a|<m
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Proof.

DD ully D (uv)lly < Y 1D ully {1D* (wv) — uD*lly + [ul . D0y}

la|<m la|<m
<ull,, | D ID*(ww) —uDl, + lul, |loll,,
la|<m

< cllull,, {IVuly [D™ ol[g+ D™ ully o]+ Tl [0, }

o |

This proves the claim. O

Lemma 29.

m—1

m 1 - ek m—k pe
HD (E) =X afg| Ivatomead, (B.1)
k=0
where the C}.s are constants.
Proof. Using (1) of Lemma [2| and dropping the constants we get:
m 1 _ m—1 V_A
PG Ge)l,
swar ot ()| +[a] 1etea)
~ > A2 o 1Al ’
S|VA|L | IVA] ||[D™ 2 I+ 1 |D" 2V A||
~ > > A2 o 1Al ’
1w
17 OO||D Allg
< m—1 m—k
sivaz ot ()|« 5[ vak jomeal,
m—1 1 k+2
2 vAl|Ipral,.
k=0 |77 lo0
O
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Proof. (Lemma

I
A

YDQ(Jevp) D (Lva) & < D"V, | (Lrva)
< 1D (Vp)ly | (5awa) - LD(sva)|
+10°( )| 5| 1D IV Al

0

Summing over |a| < m gives:

YA PAZ Y HDO‘ (%JEVA> - %DQ(JNA)HO + ‘%‘w VAl

|| <m |a| <m

U (7 (§) 10705l 195105 o 5] 1)

We bound the first term |V (4)|_ < (C1|Vpl,, + |plo IVA| CF). Therefore, the

above inequality can be bounded by:

Y L SVl (CoIVol + 1ol [V AL CF) 1AL,

la<m

1950l (15 AL [DE|| +|&]_1val,). B2

-

The term ||D™ can be bounded by simpler terms using part (1) of Lemma .

all
Allo

In particular,

p 1
Dm—H < D= D™l ) - B.
o, < (et fom5]| +inomn,) (B.3)

Here we make use of Lemma [29) by substituting (B.1]) into (B.3)). From (B.2)
after applying a Cauchy inequality of the form 2ab < da® + %62 we get the desired

result. O
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B.1.3 Computations for L?-Cauchy Sequence

1 1
105 (|| 100 2991+ 191 19 HD (—)

)

Ae
< | 1AL o+ [ D20A | 190} | | 190 VA9 A
1 112
sc ( Al T ) A5 ([1oMl5 + 1415 [12]3)

similarly,

1 1
mse(|g] Ipwana, sl o (L)

)

<c

(o5 + A1)

Ae

[e.9]

Computations for Lemma [7]

1d
ST /’Uzdx = /v [Av -2V - (fﬁVAl AQVAZ) — Aip1 + A2p2:| dx

—/A2v2d:c— /pluvd:ﬁ

1 o 1 2
5 Lol Il + 5 Lol 01

CI
| o]

2

<[ Sva- Zva,

0

Unfortunately, the advection term leaves a term which still has to be dealt with:

P1 P2 2 P1 2 A2p1—A1p2 2
A A < |— 2 A 2 A2p1 — A1p2
'Alv 1= 294, O_‘Al Il 1 2|oo‘ wa
P1 2 1
—‘A_loo VAL (Iml ull? + A2 o)1) -

Making use of the fact that [1/A| < C4 gives the final result.
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B.1.4 Sobolev Inequalities

Deriving Inequality ([2.33))

Applying (A.4) for p = 2 gives:

2
[ullzz = Cllullyz llull

C
2 2 2
< € (llulfze + IVullza) + — Il
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APPENDIX C

Appendix: Part 11

C.1 Auxiliary Lemmas

Lemma 30. Let F be a convexr C' function and f = F'. Assume that f(u) €
L*(0,T,H (D)), w € H'(0,T,H (D)) and F(u) € L>(0,T, L'(D)). Then for

almost all 0 < s, 7, < T the following holds:

/ (F(u(z, 7)) - Fu(z,s))) de = / " fun, Fult))) dt.

Lemma 31. Let F(u,t) € C?%([0,00),[0,00)) be a convex function such that
F0) =0 and F”" > 0 on (0,00). Let f,, forn = 1,2,..., and f be a non-
negative function on D bounded from above by M > 0. Furthermore, assume
that f, — f in L'(D) and F(f,) — F(f) in L'(D), then || fo — fllp2py — 0 as

n — 0.

Lemma 32 (Weak Lower-semicontinuity). Let p. be non-negative L}, .(Dr) and f.

a vector valued function in L} (D) such that V¢ € C®(Dr)andé € C2(Dy,RY)

loc

Dy

/ pepdrdt — podxdt
Dy

fe - &dxdt — f - &dxdt.
DT DT

Then

1 1
/ —\f|2da:dt§liminf/ —|f6‘2dxdt
Dy P e—0 Dy Pe
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C.2 (Gagliardo-Nirenberg-Sobolev Inequality

Gagliardo-Nirenberg-Sobolev inequalities are the main tool for obtaining LP es-
timates of PKS models and are used in many works, for instance [69, 20, 99, £9].
The following inequality follows by interpolation and the classical Gagliardo-

Nirenberg-Sobolev inequality.

Lemma 33 (Inhomogeneous Gagliardo-Nirenberg-Sobolev). Let d > 2 and D C
R? satisfy the cone condition (see e.g. [1]). Let f: D — R satisfy f € LP N L4
and V f¥ € L". Moreover let 1 <p <rk <dk, k < q<rkd/(d—r) and

1—S——<O. (C.1)

Then there exists a constant Cays which depends on s,p,q,r,d and the dimen-

sions of the cone for which D satisfies the cone condition such that

1£llze < Cans I N F e (C2)
where 0 < o satisfy
1 = a1k + a, (C.3)
and
%—%:@1(§+%—§). (C.4)

Proof. We may assume that f is Schwartz then argue by density. Let [ satisfy
max(q,rk) < f < rkd/(d — r). First note by the Gagliardo-Nirenberg-Sobolev

inequality, [Theorem 5.8, [1]], we have

—0 0
170 Sotrs IFE N

(A=0)(1-1) || 1k (1-6) 0
3 Vi ke (VA pomal 1 1o
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for p € (0,1) determined by interpolation and § = s~(d/r — dk/B) € (0,1).
Moreover, the implicit constant does not depend directly on the size of the do-

main. Therefore,

ka”ﬁ/k: < HfH(l 0)(1—p)/(1—p(1— G)kaH;//slr#l 9))

Now, where A € (0,1) determined by interpolation,

Ak

Ll < IS 45

(1=N)+(1=60)(1—p) /(1—p(1—6)) A9/krk(19))
o 1 o el VAl (A

C.3 Admissible Kernels

We now prove Lemmas and [I8] We begin with the following characteriza-

tions of LP°°.

Lemma 34. Let F(z) = f(|z|) € L, . NC°\ {0} be monotone in a neighborhood

loc

of the origin. If =P = o(f(r)) asr — 0, then F ¢ L™

loc *

Proof. Since we have assumed f to be monotone in a neighborhood of the origin,
without loss of generality we prove the assertions assuming f > 0 on that neigh-
borhood, since corresponding work may be done if f is negative. For any o > 0,
by monotonicity, we have a unique 7(«) such that f(r) > a,Vr < r(a). We thus
have that Af(a) = war(a)?, where w,y is the volume of the unit sphere in R%
By the growth condition on f and continuity we also have that for a sufficiently
large,

“r(@) " < flr(a) = o
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Now,

aPAp(@) = waalr(a)?

Hence, by (C.3)) we have Ve > 0 there is a neighborhood of infinity such that,
waoPr(a)d > P

We take € — 0 to deduce that F' ¢ L.

]

Lemma 35. Let F'(z) = f(|z|) € Li,,NC°\ {0} be monotone in a neighborhood

loc

of the origin. Then f € LP'> if and only if f = O(r=%?) as r — 0.

loc

Proof. Since we have assumed f to be monotone in a neighborhood of the origin,

without loss of generality we prove the assertions assuming f > 0 on that neigh-

borhood.

First assume that f # O(r~%?) as r — 0, which implies that for all §, > 0 and

every C' > 0 there exists an r¢ < g such that
flre) > Crg?.

We now show that in a neighborhood of the origin, the function f(r) — Cr=%/»
is strictly positive for < r¢. Suppose not. Since both f,r~%? are monotone,
there exists ro such that f(r) < Cr=%? for r < ry. However, this contradicts

f# O(r=%7) as r — 0. Thus, we have that
f(r)>Cr=/r

in a neighborhood of the origin (r < r¢). Since for all ¢ > 0 we can find a

corresponding r¢, this is equivalent to r~%? = o(f(r)), and by Lemma [34] we
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have that f ¢ LP°°.

On the other hand, if f = O(r~%?) as r — 0 there exists § > 0 and C' > 0 such
that for all r < 9,
f(r) < Ccrd, (C.5)

By monotonicity, for all & > 0 there is a unique r(«) € [0, d] such that
f(r) > a, for r <r(a), (C.6)

where we take r(a) = 0 if f(r) < a over the entire neighborhood. By (C.5) and
(C.6), we have, necessarily that r(a) < a~?/?. Therefore,

aPAf(@) = aPwgr(a)® <1,
which implies f1p, ) € LP>. O
Remark 13. Similar statements may be made about the decay of F(x) at infinity.

Proof. (Lemma By the fundamental theorem of calculus and condition
(BD),

10,0, K(2)] < /OO
1

—d
Sl

0, 0,00, K (rz)| dr

Similarly, this argument also implies |VA| < |z|'™, which in turn implies VK €
LA/(d=1)2¢ Tf ¢ > 2 then we can carry out this argument another time and show
that |K| < |z[*"% Moreover, in d = 2 we see that K could have, at worst,

logarithmic singularities at zero and infinity.
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Proof. (Lemma We compute second derivatives of the kernel X in the sense

of distributions. Let ¢ € C2°, then by the dominated convergence theorem,

/ 02, K0, ¢dx = lim 02, K0y, ¢dx

e—0 |z|>e
= —lim [ 0, K(z)~L¢(x)dS — PV / Oy, K.
e—0 |Z“:€ 7 ’SL’| !

By VK € L@ and Lemma , we have VK = O(|z|'™) as © — 0. There-

fore for € sufficiently small, there exists C' > 0 such that,

K(x) 1-d s
’L|eaij(x)|x|¢(x)dS‘ < C/ze\x] ()|

e / e g(ex)| 41dS = C6(0)].
|z|=1

Similarly, we may define DK * ¢ and we have,

D26l < el + [PV [ 00 Kiwhota i

p

Therefore, the first term can be extended to a bounded operator on LP for 1 < p <
oo by density. The admissibility conditions (R),(BD) and (KN) are sufficient
to apply the Calderén-Zygmund inequality [Theorem 2.2 [96]], which implies that
the principal value integral in the second term is a bounded linear operator on
LP for all 1 < p < oo. Moreover the proof provides an estimate of the operator

norms,

< ZﬁHqu l<p<?2

~Y

Hpv/axi,zjlc(y)u<x —y)dy
P pllull, 2<p<oo.

]

Proof. (Lemma The assertion that D?K € L)>° implies K € LY /=)0

loc loc

follows similarly as in Lemma [16]
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Now we prove the reverse implication. Let K € L;io/c(d/ 772 We show that
DK = O(r~%7) as r — 0. Assume for contradiction that D2/ # O(r=47)
as r — 0. This implies that k" # O(r~%7) or that k'(r)r=' # O(r=%7) as
r — 0. These two possibilities are essentially the same, so just assume that
k" # O(r=%7). By monotonicity arguments used in the proof of Lemma |35 this
in turn implies =% = o(k"). However, this means that for all ¢, there exists a
d(e) > 0 such that for r € (0,9(¢)) we have,t

k(r) — k(5()) = — /5 Koy = /5 . /5 KOs+ (= 5K (5(0)

> 6—1T2—d/’y+ 17

~Y

which contradicts the fact that k(r) = O(r>=%7) as r — 0 by Lemma .

The assertion regarding VI is proved in the same fashion.
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