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Empirical wavelet transform

Jérdme Gilles

Abstract—Some recent methods, like the Empirical Mode De-
composition (EMD), propose to decompose a signal accordingly
to its contained information. Even though its adaptability seems
useful for many applications, the main issue with this approach
is its lack of theory. This paper presents a new approach to
build adaptive wavelets. The main idea is to extract the different
modes of a signal by designing an appropriate wavelet filter bank.
This construction leads us to a new wavelet transform, called the
empirical wavelet transform. Many experiments are presented
showing the usefulness of this method compared to the classic
EMD.

Index Terms—Wavelet, Empirical mode decomposition, Adap-
tive filtering

I. INTRODUCTION

DAPTIVE methods to analyze a signal is of great in-

terest to find sparse representations in the context of
compressive sensing. “Rigid” methods, like the Fourier or
wavelets transforms, correspond to the use of some basis
(or frame) designed independently of the processed signal.
The aim of adaptive methods is to construct such a basis
directly based on the information contained in the signal.
A well known way to build an adaptive representations is
the basis pursuit approach which is used in the wavelet
packets transform. Even though the wavelet packets have
shown interesting results for practical applications, they still
are based on a prescribed subdivision scheme. A completely
different approach to build an adaptive representation is the
algorithm called “Empirical Mode Decomposition” (EMD)
proposed by Huang et al. [9]. The purpose of this method
is to detect the principal “modes” which represent the signal
(roughly speaking, a mode corresponds to a signal which have
a compactly supported Fourier spectrum). This method has
gained a lot of interest in signal analysis this last decade,
mainly because it is able to separate stationary and non-
stationary components from a signal. However, the main issue
of the EMD approach is its lack of mathematical theory.
Indeed, it is an algorithmic approach and, due to its non-
linearity, is difficult to model. Nevertheless, some experiments
[5]-[7] show that EMD behaves like an adaptive filter bank.
Some recent works attempt to model EMD in a variational
framework. In [4], the authors proposed to model a mode
as an amplitude modulated-frequency modulated (AM-FM)
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signal and then use the properties of such signals to build
a functional to represent the whole signal. Then they are able
to retrieve the different modes by minimizing this functional.
Another proposed variational approach is the work of Hou
et al. [8] where the authors also use the AM-FM formalism.
They propose to minimize a functional which is build on
some regularity assumptions about the different components
and uses higher-order total variation priors.

In this paper, we propose a new approach to build adaptive
wavelets capable of extracting AM-FM components of a
signal. The key idea is that such AM-FM components have
a compact support Fourier spectrum. Separating the different
modes is equivalent to segment the Fourier spectrum and to
apply some filtering corresponding to each detected support.
We will show that it is possible to adapt the wavelet formalism
by considering distinct Fourier supports and then build a set
of functions which form an orthonormal basis. Based on this
construction, we propose an empirical wavelet transform (and
its inverse) to analyze a signal.

The remainder of the paper is organized as follows. Section II
has two distinct subsections: in II-A, we recall the principle
of the EMD algorithm and the AM-FM model; while in II-B,
we recall some wavelet formalism which will be useful in
our own construction and we discuss some of the existing
adaptive wavelet methods. In section III, we build the proposed
empirical wavelets and give some of their properties, then the
empirical wavelet transform and its inverse are introduced.
Section IV show many experiments based on simulated and
real signals. The time-frequency representation based on the
Hilbert transform is introduced in section V. In section VI,
we address the question of the estimation of the number of
modes. An extension to 2D signals (images) is presented in
section VII. Finally, we conclude and give some perspectives
in section VIIIL.

II. EXISTING APPROACHES
A. Empirical Mode Decomposition

In 1998, Huang et al. [9] proposed an original method
called Empirical Mode Decomposition (EMD) to decompose
a signal into specific modes (we define the meaning of
“mode” hereafter). Its particularity is that it does not use any
prescribed function basis but it is self adapting accordingly
to the analyzed signal f(¢). In this paper, as we will use the
Fourier formalism in section III, we adopt the description used
in [4] which is slightly different from the original used in [9].
EMD aims to decompose a signal as a (finite) sum of N + 1
Intrinsic Mode Functions (IMF) f.(t) such that

N
F) =" fu(d). (1)
k=0
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Fig. 1.  EMD: basic IMF detection. Envelopes detection on top (thin
continuous: f, dashed: f and f and thick continuous: m). On bottom: the
first IMF candidate 1. -

An IMF is an amplitude modulated-frequency modulated
function which can be written in the form

Jr(t) = Fr(t) cos (¢r(t)) where Fy(t), o), (t) >0 Vt.

2
The main assumption is that Fj and ¢) vary much slower
than ¢g. The IMF f;, behaves as a harmonic component.
Originally, the method of Huang et al. [9] to extract such
IMFs is a pure algorithmic method. Candidates for an IMF are
extracted by first computing the upper, f(¢), and lower, f(t),
envelopes via a cubic spline interpolation from the maxima
and minima of f. Then the mean envelope is obtained by
computing m(t) = (f(t) + f(¢))/2 and finally the candidate
by r1(t) = f(t) — m(t) (see Fig. 1). Generally, r(t) does
not fulfill the properties of an IMF. A good candidate can be
reached by iterating the same process to 7 and the subsequent
7). The final retained IMF is f;(t) = r,,(¢). Then the next IMF
is obtained by the same algorithm applied on f(¢)— f1(¢). The
remaining IMFs can be computed by repeating this algorithm
on the successive residues.

The interesting fact about this algorithm is that it is highly
adaptable and is able to extract the non-stationary part of
the original function. However, its main problem is that it is
based on an ad-hoc process which is mathematically difficult
to model. Consequently it is difficult to really understand
what the EMD provides. For example, some problems appear
when some noise is present in the signal. To deal with this
problem, an Ensemble EMD (EEMD) was proposed in [17].
The authors propose to compute several EMD decompositions
of the original signal corrupted by different artificial noises.
Then the final EEMD is the average of each EMD. This
approach seems to stabilize the obtained decomposition but
it increases the computational cost.

Another EMD approach is proposed in [8]. The authors
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Fig. 2.  On top: dyadic wavelet tiling of the frequency line. On bottom: a

wavelet packet like tiling.

proposed to minimize a functional which looks for a sparse
representation of f in a dictionary of IMFs. This variational
method provides similar results as the original EMD algorithm.
However, this functional is based on a scheme which uses
higher order total variation terms, this makes the method
sensitive to the presence of noise and some filtering must be
added to the method.

B. Wavelets approaches

Nowadays, wavelet analysis is one of the most used tool in
signal analysis. Let us fix some notations and recall the very
basics about wavelet theory. For further details, we refer the
reader to the extensive literature about the wavelet theory, see
for example [3], [10], [12], [14]. The Fourier transform and
its inverse are denoted f and f, respectively. In the temporal
domain, a wavelet dictionary {1, s} is defined as the dilated,
with a parameter s > 0, and translated by u € R of a mother
wavelet 1 (of zero-mean) as

Vs (1) = % (t - ”) - 3)

Then the wavelet transform of f is obtained by computing
the inner products Wy(u,s) = (f, 1y, s). If s is a continuous
variable then Wy (u, s) is called the continuous wavelet trans-
form while if s = a’ then Wy(u, s) = Wy(u, j) is called the
discrete wavelet transform. A useful property of the wavelet
transform is that it can be viewed as the application of a filter
bank (each filter corresponds to one scale). In practice, the
most used case is the dyadic case, s = 27. Tt can be shown
that such a case corresponds to tile the time-frequency plane
like in top of Fig. 2.

As we are interested in developing adaptive representations,
we recall some existing tentatives of adaptive wavelets con-
struction. As far as we know there are a very few attempts in
the literature. Probably the most known method is the wavelet
packets in a basis pursuit framework based on successive scale
refinements of the expansion. It provides an adaptive time-
frequency plane tiling like in bottom of Fig. 2. Even though
the wavelet packets are useful in many applications, they use
a constant prescribed ratio in the subdivision scheme, which
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limits their adaptability.

Another approach, called the Malvar-Wilson wavelets [10],
[13], tries to build an adaptive representation by segmenting
the temporal signal itself in order to separate the time intervals
containing different spectral information. While the original
idea is interesting, it turns out that the temporal segmentation
is a difficult task to perform efficiently.

In [15], the authors propose a method, called the brushlets,
which aims to build an adaptive filter bank directly in the
Fourier domain. Basically, it uses the idea of the Malvar-
Wilson wavelets but segments the Fourier spectrum of the
signal, instead of the signal itself. Conceptually the ideas in
this work are really interesting, however the proposed con-
struction is quite complicated and is also based on prescribed
subdivisions.

The last work we want to mention is a recent work of
Daubechies et al. [4] entitled “synchrosqueezed wavelets”.
This approach combines a classic wavelet analysis and a real-
location method of the time-frequency plane information. This
algorithm permits to obtain a more accurate time-frequency
representation and consecutively it is possible to extract spe-
cific “modes” by choosing the appropriate information to keep.
All the above methods use either a prescribed scale subdivision
schemes or a smart utilization of the output of a classic wavelet
analysis. As far as we know, no work exists which aims to
build a full adaptive wavelet transform. The remaining of the
paper will addresses such construction.

III. EMPIRICAL WAVELETS
A. Definition

We propose a method to build a family of wavelets adapted
to the processed signal. If we take the Fourier point of view,
this construction is equivalent to building a set of bandpass
filters. One way to reach the adaptability is to consider that
the filters” supports depend on where the information in the
spectrum of the analyzed signal is located. Indeed, the IMF
properties are equivalent to say that the spectrum of an IMF is
of compact support and centered around a specific frequency
(signal dependent). For clarity, we only consider real signals
(their spectrum is symmetric with respect to the frequency
w = 0) but the following reasoning can be easily extended
to complex signal by building different filters in the positive
and negative frequencies, respectively. We also consider a
normalized Fourier axis which have a 27 periodicity, in order
to respect the Shannon criteria, and we restrict our discussion
to w € [0,7].

Let us start by assuming that the Fourier support [0, 7] is
segmented into N contiguous segments (we will discuss later
how we can obtain such partitioning). We denote w,, to be the
limits between each segments (where wg = 0 and wy = m),
see Fig. 3. Each segment is denoted A,, = [wy,_1,wy], then it
is easy to see that Ufj:l A,, = [0, 7]. Centered around each
wp, we define a transition phase (the gray hatched areas on
Fig. 3) T}, of width 27,,.

The empirical wavelets are defined as bandpass filters on
each A,,. To do so, we utilize the idea used in the construction
of both Littlewood-Paley and Meyer’s wavelets [3]. Then Vn >

271 L2 ™
R ARy : 0 zz |
w1l W2 w3
Fig. 3. Partitioning of the Fourier axis

0, we define the empirical scaling function and the empirical
wavelets by expressions of equations (4) and (5), respectively.

1 if|w|§wn_7-n
- cos [15 (L(|w|—w + 7 ))]
fnlw) = LBT A T @
ifw, — 1 < |w| <wp + 7
0 otherwise
and
1 ifw, + 7 < |wl <wpt1 — Tna
cos [gﬂ (27-:+1 (lw| = wWnt1 + Tnt1)
. _ if g1 — Tg1 < |w| < Wng1 + Tt
Pn(w) =

sin [ 38 (54 (wl = wn + ) )|

ifw, — 71 < |w| <wp + 7

0 otherwise.
4)
The function 3(x) is an arbitrary C*([0, 1]) function such that
and 8(z)+B(1—z)=1 Vzel0,1].

0
(6)

Many functions satisfy these properties, the most used in the
literature [3] is

B(x) = 2*(35 — 84a + 702 — 2023). (7)

ifz <0
ifx>1

Concerning the choice of 7, several options are possible. The
simplest is to choose 7, proportional to wy,: 7, = yw, where
0 < v < 1. Consequently, Vn > 0, Eq. (4) and (5) simplify to
Eq. (8) and (9)

1 if Jw| < (1—7)wn
fud 1 L
fn(w) = cos {25 (2wn (Jwl = (1 V)Wn))]
if (1 - 'Y)Wn < |(U| < (1 + 'y)wn
0 otherwise,
®)
and
1 if (1+7)wn < Jw| < (1 =) wni1

cos [26 (s (ol — (1= )]
. if (1 —9)wnt1 < |w| < (14 7)wnt1
Pn(w) = !
sin [28 (55 (1wl — (1= )n))|
if (1 —y)wn < [w| < (147)wn
0 otherwise.

9
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Fig. 4. On left: Fourier transform of the scaling function for v, = 1,7 =

0.5. On right: Fourier transform of the wavelet function for v, = 1,vy,41 =
2.5,y =10.2.

An example of q}n for v, = 1,7 = 0.5 and ﬂn for v, =
1,vp41 =2.5,v = 0.2 is given in Fig. 4.

B. Segmentation of the Fourier spectrum

How we segment the Fourier spectrum is important as it is
the step which provides the adaptability with respect to the
analyzed signal to our method. We aim to separate different
portions of the spectrum which correspond to modes e.g
centered around a specific frequency and of compact support.
In this paper, we assume that the number of segment, [V, is
given (in section VI we propose a method to estimate the
number of bands). This implies that we need a total of N + 1
boundaries, but 0 an 7 are always used in our definition
and consequently we need to find N — 1 extra boundaries.
To find such boundaries, we first detect the local maxima in
the spectrum and sort them in decreasing order (0 and 7 are
excluded). Let us assume that the algorithm found M maxima.
Two cases can appear:

e M > N: the algorithm found enough maxima to define
the wanted number of segments, then we keep only the
first N — 1 maxima,

e M < N: the signal has less modes than expected, then
we keep all the detected maxima and reset N to the
appropriate value.

Now, equipped with this set of maxima plus 0 and 7, we define
the boundaries w,, of each segment as the center between two
consecutive maxima.

C. Frame

The following proposition shows that, by properly choosing
the parameter v, we can obtain a t&ght frame.

Proposition 1: If v < min, :"37:;’"), then the set

{61(), {tn () }N_1} is a tight frame of L?(R).
Proof: We follow the idea behind the construction of

Meyer’s wavelet.
The set {¢1(t), {1 (t)})_, } is a tight frame if

+o0 9 N )
> (‘dﬁ(w+zlm)’ +Z‘1ﬁn(w+2lm)‘ ) =1. (10)
=— n=1

Accordingly to the 27 periodicity (see Fig. 5), it is enough to
focus on the interval [0, 27]. Following the previous notations,
we can write

N N
0,27] = [ A U | Ao (11)
n=1 n=1
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Fig. 6. Example of a Fourier partitioning of an empirical filter bank (see

text for details)

where A, (,) is a copy of A, but centered at 27 — v, instead

vy,. First, it is easy to see that for w € (Uﬁf-i-l A/ Ui:[-&-l Tn) U
(ngl Ag(n)/ U712[+1 Tg(n)) we have

. 2 . 2

[61@)] +[d1w —2m)| + (12)

(

n=1

D (w — 277)’2) ~ 1

A ‘2+

n(w)

Then, it remains to look at the transition areas. Because of
properties of (3, this result also holds in T3, if consecutive T},
do not overlap:

Tn + Tnt1 < Wpt1 — Wp (13)

& Ywn + Ywn41 < Wpyl — Wn (14)

sy < “Wntl T~ Wn (15)
Wn+1 + wn

This condition must be true for all n which is equivalent to

said that condition (15) must be true for the smallest 7;, and
w::1+w: : .

Fig. 6 gives an empirical filter bank example based on the
set w, € {0,1.5,2,2.8, 7} with v = 0.05 (the theory tells us

that v < 0.057).

finally we get the result if v < min,,

D. Empirical wavelet transform

From the previous section, we know how to build a tight
frame set of empirical wavelets. We can now define the
Empirical Wavelet Transform (EWT), ng (n,t), in the same
way as for the classic wavelet transform. The detail coefficients
are given by the inner products with the empirical wavelets:

Wi(n.t) = () = [ F@VG—0dr (6)
N ——\ Vv
= (f@)dn))
and the approximation coefficients (we adopt the convention
W]‘? (0, 1) to denote them) by the inner product with the scaling

a7
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function:
WE0.0) = (fon) = [ £V = Dy
= (f@h@) ",

(18)

19)

where 1, (w) and ¢, (w) are defined by Eq. 9 and 8, respec-
tively. The reconstruction is obtained by

M=

FE) = WE(0,8) % ¢1(t) + Y W5 (n,t) x ¥ (t) (20)

n

—

- (Wﬂo,wml(w) +

—

Wi (mw)%(w)) . @n

i

Following this formalism, the empirical mode fy, as defined
in section II-A, is given by

fo(t) = WE(0,) x ¢1(t),
Fu(t) = Wi (k, 1) % P (8).

(22)
(23)

IV. EXPERIMENTS

A. Test signals

We propose to test the Empirical Wavelet Transform on four
different signals: three are artificial signals taken from [8] and
one real electrocardiogram signal. Their description is given
hereafter.

a) Simulated fgig1: The first test signal, Sig/, is made
with the sum of three distinct components (for ¢ € [0, 1]) (see
Fig. 7):

fer(t) =6t (24)
fea(t) = cos(8t) (25)
fea(t) = 0.5 cos(407t) (26)
and then
fSigl(t) == fcl (t) + fc2(t) + fc3(t) (27)

b) Simulated fs;42: The second test signal, Sig2, is made
with the sum of three distinct components (for ¢ € [0, 1]) (see
Fig. 8):

fei(t) = 6t2 (28)
fea(t) = cos(107t + 107t?) (29)
) cos(807t — 157) ift > 0.5
fealt) = {cos(GOmf) otherwise G0
and then
fsiga(t) = fer(t) + fea(t) + fes(t) (31

0.2 0.4 0.6 0.8 1.C

:\ A

-05F

—-10*F

SN,

NI

Fig. 7. fsig1 test signal: signal on top. From second to last row: the different
components constituting Sig/.

c¢) Simulated fs;g3: The third test signal, Sig3, is made
with three distinct components (for ¢ € [0, 1]) (see Fig. 9):

far(t) = m (32)
fea(t) = m (33)
fes(t) = cos(327t + cos(647t)) (34)
and then
fsiga(t) = fer(t) + fea(t) fes(t) (35)

Let notice that for this signal there is only two additive
components: f.; and the product f.o fc3.
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Fig. 8. fsig2 test signal: signal on top. From second to last row: the different
components constituting Sig2.
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d) Real signals fsiga and fsigs: The two last signals
are a real electrocardiogram (ECG) signal fs;g4 and seismic
waveform fg;¢5 illustrated in Fig. 10 and Fig. 11, respectively.

B. Comparison EMD vs. EWT

In this section, we compute the Empirical Mode Decom-
position and the Empirical Wavelet Transform of the four
signals described in the previous section. While the EMD
automatically estimate the number of modes, we fix a priori
the number of modes, N, for the EWT. Consequently, the
EWT output is composed of the filtering with the scaling
function and the N wavelets. For the different signals, we
use NSigl = 2, Nsl-gg = 3, st‘gg, = 2, NSig4 = 5 and

IEEE TRANS. ON SIGNAL PROCESSING, VOL. XX, NO. XX, FEBRUARY 2013
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Fig. 9.  fsig3 test signal: signal on top. From second to last row: fc1 and
fe2 fe3, respectively.

Ngigs = 50. Figures 12 shows the respective spectra of
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Fig. 11.

fsigs: real seismic waveform signal.

each test signal and the detected boundaries for each filter
support. We can observe that the algorithm is able is isolate the
different modes. The corresponding filtered signals W}:(n, t)
are presented in Fig. 13, 14, 15 and 17; while the EMD outputs
are given in Fig. 18, 19, 20 and 21, respectively.

We can observe that for the simulated test signals, the EMD
always overestimates the number of modes and then sepa-
rate some information which is originally part of the same
component. Except for the high frequencies, it is difficult
to interpret the EMD outputs compared with the known
“true” components constituting the test signals. Concerning
the results given by the EWT, we can see that it is able to
detect the presence of modes in the spectrum and provides
different components which are close to the original ones.
However, in the case of fg;42, we can note that the algorithm
separates the two last modes which were initially parts of the
same component. In fact, this is not completely surprising
as those modes have significant individual energy and can
be considered as independent modes. About fg;43, another
phenomenon appears. The initial part f.; is decomposed as
the sum of two modes (this sum is given in Fig. 16). If we
look more closely, the detected boundaries, shown in Fig. 12,
we can see that the scaling function is built upon a very small
support while the next support contains the main information
of f.1. If we ask the EWT to consider only N = 1 (as it
supposed to be from the construction of fg;43), the first two
supports shown in Fig. 12 are merged except that its boundary
is moved closer to the zero frequency. This change in the
boundary position has the consequence that some information
of f.1 is now on the second support and then appear in the
second mode instead the first one. In some sense, if we ask
to use NV = 1, we get a perturbed decomposition. This issue
comes from the method we use to detect the boundaries of the
Fourier support and suggests more investigations.

Experiments on the real ECG signal seem to give the ad-
vantage to the EWT because the EMD provides too many
modes. Typically, the EMD modes six to nine are really
difficult to interpret as such behavior is clearly not visible
in the signal itself. A contrary, the EWT focuses on the

0o H Vo
R i
avol| ! : L
i : -
m—\: : .
w | 1
wop s
0.05 0.10 015 02 04 06 08
fsig1 Isig2
o0 2507’.
2500 ":
150 " ! o
1500 | b N N N
| &l w\ ne
=) bl |
\ ) 2 AU S i
' 005 010 015 020 025 030 " T o062 o4 006 008 010 o012 014
fsiga fsiga
Fig. 12. Detected Fourier supports for signals fg;q1 to fsiga.
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5,
4F
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2,
1,
10t
05¢
-05; \/6'2 \y/ W 0'\/ 10
-10¢
Fig. 13.  Modes extracted by the Empirical Wavelet Transform for fg;g1.

oscillating patterns we can observe in fg;g4. Of course it will
be very interesting to have the opinion of a cardiologist about
the medical interpretation of such components. The different
modes for the seismic signal are not provided here but we
will present its time-frequency representation in section V as
it more relevant for analysis purposes.

V. TIME-FREQUENCY REPRESENTATION

The time-frequency representation is useful to have the
information of all components summarized in a single domain.
In this paper, we follow the idea used in the Hilbert-Huang
transform [9]. First, let us recall the definition of the Hilbert
transform of a function f:

“+oo
He(t) = %p.v./ Mdr

oo T

(36)

where the integral is defined by using the Cauchy principal
value (p.v.) [11]. The Hilbert transform can be used to derive
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Fig. 14. Modes extracted by the Empirical Wavelet Transform for fg;g2.

the analytical form f, of f: f,(t) = f(t) + «Hs(t). The
Hilbert transform has the interesting property that in the
case of AM-FM signals f(t) = F(t)cos(t), it provides
fa(t) = F(t)e**) which permits to extract the instanta-
neous amplitude F'(¢) and frequency ¢’ (t). The Hilbert-Huang
transform consists in applying the Hilbert transform to each
extracted IMF and then plotting each curve ¢ (t) in the time-
frequency plane where the intensity of the plot is given by
Fy(t). For a time-frequency representation based on the EWT,
we can apply the same process by evaluating the Hilbert
transform of each filter output. For instance, figures 22 and 23
give the time-frequency representation of fs;42 and f;44 based
on the EMD and EWT, respectively. We can notice that in the
case of the Hilbert-Huang transform some artifacts appear in
the low frequencies while representations based on the EWT
avoid such problems. These artifacts are mainly due to the fact
that the EMD decomposition forces the extraction of IMFs
even if the initial components are not. Figure 24 gives the
time-frequency representations obtained from the EMD and
the EWT of the seismic signal fg45 given in Fig. 11. For
such signals the EWT seems to provide a more consistent
representation during the earthquake while the EMD shows a
sparse representation which is difficult to interpret.

VI. AUTOMATIC DETECTION OF THE NUMBER OF MODES

If for a given class of signals it should be possible to guess
the best number of mode N, this is not the case in general
where no a priori information are available. In such cases, it
should be interesting to estimate the appropriate number of
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Fig. 15. Modes extracted by the Empirical Wavelet Transform for fg;43.
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Fig. 16.  Sum of the two first EWT modes of fg;43.

modes. In general such task is difficult, hereafter we present a
simple way to estimate N but a deeper analysis is necessary
to provide a more robust method. We follow the idea that
the most important maxima in the magnitude of the Fourier
transform of the input signal (corresponding to the center of
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Fig. 17. Modes extracted by the Empirical Wavelet Transform for fg;g4. Fig. 18. Empirical Mode Decomposition of fg;g1.

each desired Fourier segments) are significantly larger than detected maxima in the magnitude of the Fourier spectrum.
the other existing maxima. Let denote {Mi}ﬁil the set of M  Without any loss of generality we assume that this set is sorted
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Fig. 19. Empirical Mode Decomposition of fg;g2. Fig. 20. Empirical Mode Decomposition of fg;g3.

by decreasing values (M; > My > ... Mjs) and normalized keep all maxima which are greater than some amount of
n [0;1]. In this framework, the above idea is equivalent to the difference between the bigger maximum and the smaller
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maximum. We can formulate it as “keeping all maxima larger
than the threshold My, + (M7 — My;)” where « corresponds
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Fig. 22. Time-frequency representation based on the EMD (Hilbert-Huang
transform) for signals fs;42 (top) and fs;g4 (bottom).

a | feigr | fsig2 | fsigz | fsiga
0.1 4 17 7 24
0.3 3 9 4 5
0.4 3 9 4 4
0.5 2 7 4 3

TABLE 1

NUMBER OF BANDS AUTOMATICALLY DETECTED FOR DIFFERENT o FOR
EACH SIGNAL.

to the relative amplitude ratio. Table I gives the number of
detected bands for each signal according to different values of
o. We can see that values of o around 0.3 and 0.4 seems to
give consistent results which correspond to a trade off between
too much detection and a good separation of the information
in the Fourier spectrum.

VII. EXTENSION TO IMAGES

In this section, we address the opportunity to extend the
previous EWT to 2D signals (images). The basic idea to
built such 2D-EWT is to use a tensor product as for classic
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Fig. 23. Time-frequency representation based on the EWT for signals fs;42
(top) and fs;g4 (bottom).

wavelets, which means process the rows and then the columns
of the input image by using the ID-EWT defined previously.
If this idea seems obvious to adopt, it turns out that two
main issues arise: there is no guarantee that two different rows
(or columns) will have the same number of Fourier supports;
even if we have the same number of bands for each rows
(or columns), the supports corresponding to the same band
number can be very far away from each other. The direct
consequence is that in the output image corresponding to a
specific band, very different frequency modes can be mixed
providing a “strange” representation. In order to avoid these
issues, a solution consists to use the same filters for each
rows (or columns). A simple way to build such solution is
to consider a mean spectrum for the rows (or the columns),
then perform the detection of the Fourier supports based on
this mean spectrum and finally use the same filters for all rows
(or columns). The complete algorithm corresponds to perform
the following steps (we denote f the input image):

1) Take the 1D FFT of each rows i of f; f(z',oi); and
compute the mean row spectrum magnitude: Fr . =

time

Fig. 24. Time-frequency representation based on the EMD (on top) and the
EWT (on bottom) for the seismic signal.

Nrow £(:
N1 220" Fiw), .
2) Take the 1D FFT of each columns j of f; f(w,j);
and compute the mean row spectrum magnitude:

T D S fw,9),

3) Perform the boundaries detection on F,.,,, and build the
corresponding filter bank {¢}°%, {yrew}Ne 1

4) Perform the boundaries detection on Feoiumns
and  build the corresponding  filter = bank
{égjolumns’{wzolumns}ggl ,

5) Filter f along the rows with {¢7°%, {7°*} N5 1 which
provides N + 1 output images,

6) Filter each previous output image along the columns
with {ggolumns fqpcolumnsiNe 3 - ihis provides at the
end (Ng + 1)(N¢ + 1) subband images.

Jrcolumns =

In order to illustrate this 2D version of the EWT, we perform
the previously described algorithm on the synthetic image
given in left of Fig. 25. In order to see the adaptability of
the 2D-EWT, this image is composed of objects and different
2D AM-FM components as shown in the Fourier domain (right
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Fig. 25.
right.

Test image on left and the logarithm of its Fourier transform on

Fig. 27.

Resulting partitioning of the 2D Fourier domain.

of Fig. 25). We fix the maximum number of band per direction
to two. The resulting subband images are given in Fig. 26 and
the corresponding empirical tilling of the Fourier domain in
Fig. 27. We can see that the algorithm is capable to isolate
each AM-FM component in different Fourier domains as we
expected.

13

VIII. CONCLUSION

In this paper, we proposed a novel approach to build
wavelets adapted to represent the processed signal. The key
idea is to build a wavelet filter bank based on Fourier supports
detected from the information contained in the processed
signal spectrum. We showed that it is possible to build a tight
frame set of wavelets and then defined the Empirical Wavelet
Transform (EWT) and its inverse. Like the classic wavelets,
the proposed empirical wavelets correspond, in the temporal
domain, to dilated versions of a single mother wavelet. The
new insight lies in the fact the corresponding dilation factors
don’t follow a prescribed scheme but are detected empirically.
Some experiments made on simulated and real signals showed
that this approach is able to separate different AM-FM modes
composing the input signal. A comparison with the Empirical
Mode Decomposition (EMD) showed that the EWT gives
a more consistent decomposition while, generally, the EMD
exhibits too much modes, which are sometime really difficult
to interpret. Another advantage of the EWT compared to the
EMD is that we can adapt the classic wavelet formalism to
understand it. We also proposed a 2D extension based on the
tensor product idea to process images. In this case, the 2D-
EWT provides an adaptive tilling of the 2D Fourier plane.
However, in some cases, the proposed method can fail (like
any other wavelet approaches) compared to the EMD. For
instance, if the input signal is composed of two chirps which
overlap in both the time and frequency domains then the EWT
will not be able to separate them while the EMD is supposed
to be able to extract the most oscillating part first and the
lowest one next. Such cases should probably be addressed by
building adaptive frames with enough redundancy.

We also want to mention the differences with local cosine
(sine) bases [1], [2]. Local cosine bases use a similar idea
in their construction by splitting the time axis into several
subintervals. Then a set of cosine wave forms, modulated by a
bell function defined on each subinterval, is built and provides
a basis of L? over the considered segment. If the general theory
considers arbitrary segments, in practice it is too difficult to
empirically determine the best segmentation and the existing
algorithms return to the use of a tree structure based on
prescribed dyadic subdivisions. Differences with the proposed
approach are in the sense that we perform a real empirical
segmentation in the Fourier domain instead of the temporal
domain and we don’t use a set of predefined functions.

In the future, we plan to investigate many directions based on
the EWT. First, a full study about how to perform spectrum
segmentation is necessary to design the best way to extract
the different modes. Indeed as shown in the decomposition
of fsigz in the experiment section, taking the center between
two local maxima does not use the information of the spectrum
shape and return “perturbed” modes. Concerning the automatic
detection of the number of modes in the signal, it could be
interesting to use the concept of best basis like in the wavelet
packets transform. This question can be also related to the
previous one (how to detect the modes) if we take a clustering
point of view where the estimation of N corresponds to the
estimation of the number of clusters. It will also be of interest



to consider other kind of filters based on independent supports
(like splines) and study their properties.

If the tensor product idea to generalize the proposed method
to signals of any dimension arise naturally, we are extending
the empirical adaptivity to other approaches like the ridgelet
and curvelet transforms. The most general solution should be
to directly perform a segmentation of the Fourier spectrum but
this leads us to difficult and still open questions we expect to
address in the future.

Another important direction to explore is the usefulness of
this adaptive representation for applications like denoising,
deconvolution, .... These questions will be addressed in a
forthcoming paper.

We also want to mention that a Matlab toolbox to perform the
EWT will be available soon on the Matlab Central website.
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