AN ACCELERATED LINEARIZED ALTERNATING DIRECTION METHOD OF
MULTIPLIERS
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Abstract. We present a novel framework, namely AADMM, for acceleration of linearized alternating direction method of
multipliers (ADMM). The basic idea of AADMM is to incorporate a multi-step acceleration scheme into linearized ADMM. We
demonstrate that for solving a class of convex composite optimization with linear constraints, the rate of convergence of AADMM
is better than that of linearized ADMM, in terms of their dependence on the Lipschitz constant of the smooth component.
Moreover, AADMM is capable to deal with the situation when the feasible region is unbounded, as long as the corresponding
saddle point problem has a solution. A backtracking algorithm is also proposed for practical performance.

1. Introduction. Assume that W, X and ) are finite dimensional vectorial spaces equipped with inner
product (-,-), norm || - || and conjugate norm || - ||.. Our problem of interest is the following affine equality
constrained composite optimization (AECCO) problem:

min  G(x) + F(w), s.t. Bw— Kx =Db, (1.1)
rzeX,wew
where X C X is a closed convex set, G(-) : X — R and F(-) : W — R are finitely valued, convex and lower

semi-continuous functions, and K : X — ), B : W — ) are bounded linear operators.
In this paper, we assume that F'(-) is simple, in the sense that the optimization problem

min ﬁ||w—cH2—|—F(w), where c € W,n € R (1.2)
wEW 2
can be solved efficiently. We will use the term “simple” in this sense throughout this paper, and use the term
“non-simple” in the opposite sense. We assume that G(-) is non-simple, continuously differentiable, and that
there exists Lg > 0 such that

L
Ga2) = G(a1) = (VO(21), 22 = m1) < w2 — 1|, Var € X, € X. (1.3)

One special case of the AECCO problem in (1.1) is when B = I and b = 0. Under this situation, problem
(1.1) is equivalent to the following unconstrained composite optimization (UCO) problem:

Eéi}% f(z) :=G(z) + F(Kx). (1.4)

Both AECCO and UCO can be reformulated as saddle point problems. By the method of Lagrangian
multipliers, the AECCO problem (1.1) is equivalent to the following saddle point problem:
i G F(w) — (y, Bw — Kx — b). 1.5
e pin | max G(z) + F(w) = {y, Bw — Kz = b) (1.5)
The AECCO and UCO problems have found numerous applications in machine learning and image processing.

In most application, G(-) is known as the fidelity term and F(-) is the regularization term. For example,
consider the following two dimensional total variation (TV) based image reconstruction problem

1
min || Az — ¢l* + A Dz, (L6)
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where the field F is either R or C, z is the n-vector form of a two-dimensional complex or real valued image,
D : F" — F?" is the two-dimensional finite difference operator acting on the image x, and

Iyllza =Y I,y ENT s, vy € F",
i=1

where || - ||2 is the Euclidean norm in R?. In (1.6), the regularization term || Dz||2 ;1 is the discrete form of TV
semi-norm. By setting G(x) := ||Az — ¢||?/2, F(-) :== || - |21, K = AD, X = X = F" and W = F?", problem
(1.6) becomes a UCO problem in (1.4).

1.1. Notations and terminologies. In this subsection, we describe some necessary assumptions, no-
tations and terminologies that will be used throughout this paper.

We assume that there exists an optimal solution (w*,z*) of (1.1) and that there exists y* € ) such
that z* := (w*,2*,y*) € Z is a saddle point of (1.5), where Z := W x X x Y. We also use the notation
Z:=Wx X xY if aset Y C Y is declared readily. We use f* := G(a*) + F(w*) to denote the optimal
objective value of problem (1.1). Since UCO problems (1.4) are special cases of AECCO (1.1), we will also
use f* to denote the optimal value G(z*) + F(Kz*).

In view of (1.1), both the objective function value and the feasibility of the constraint should be considered
when defining approximate solutions of AECCO, henceforth the following definition comes naturally:

DEFINITION 1.1. A pair (w,x) € W x X is called an (g, d)-solution of (1.1) if

Gx)+ F(w)— f*<eg, and |Bw — Kz — b|| < 4.

We say that (w,x) has primal residual e and feasibility residual 6. In particular, if (w,z) is an (g,0)-solution,
then we simply say that it is an e-solution.

The feasibility residual § in Definition 1.1 measures the violation of the equality constraint, and the
primal residual £ measures the gap between the objective value G(z) + F(w) at the approximate solution
and the optimal value f*. For an (e, d)-solution (w,z) where § > 0, since (w,x) does not satisfy the equality
constraint in (1.1), it is possible that G(x) + F(w) — f* < 0. However, as pointed out in [31], a lower bound
of G(x) + F(w) — f* is given by

G(z) + F(w) = f* 2 (y*, Bw — Kz = b) > =4|jy"|,

where y* is a component of z* = (w*, z*, y*), a saddle point of (1.5).
In the remainder of this subsection, we introduce some notations that will be used throughout this paper.
The following distance constants will be used for simplicity:

Dy g = ||B(w1 — w*)||, D= i := | K (21 — 27)|[, Dy = |lz1 — 27|, Dy = [ly1 — ¥,

Dx g := sup |Kz1 — Kz, and Dg:= sup ||s1 — sz, for any compact set S. L.7)
z1,w2€X 51,52€8

For example, for any compact set Y C ), we use Dy to denote the diameter of Y. In addition, we use
xpy to denote sequence {z;}!_,, where z;’s may either be real numbers, or points in vectorial spaces. We
will also equip a few operations on the notation of sequences. Firstly, suppose that Vi, Vs are any vector
spaces, vj;11) C Vi is any sequence in V; and A : Vi — Vs is any operator, we use Avj,1 ) to denote the
sequence {Av; fi% Secondly, if 7, 7 C R are any real valued sequences, and L € R is any real number,
then 7y — L7y denotes {n; — L7;}{_,. Finally, we denote by n[_t]l the reciprocal sequence {n; '}{_, for any

non-zero real valued sequence 7.

1.2. Augmented Lagrangian and alternating direction method of multipliers. In this paper,
we study AECCO problems from the aspect of the augmented Lagrangian formulation of (1.5):

. 14 2
m max G F — Bw—-Kz—b —|Bw—- Kz —0b 1.8
mEX,iluneVV yea))}( (z) + F(w) — {y, Bw x—b)+ 5 || Bw x —b|?, (1.8)
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where p is a penalty parameter. The idea of analyzing (1.8) in order to solve (1.1) is essentially the augmented
Lagrangian method (ALM) by Hestenes [26] and Powell [44] (It is originally called the method of multipliers
in [26, 44]; see also the textbooks, e.g., [5, 41, 6]). The ALM is a special case of the Douglas-Rachford splitting
method [19, 16, 32], which is also an instance of the proximal point algorithm [17, 46]. The iteration complexity
of an inexact version of ALM, where the subproblems are solved iteratively by Nesterov’s method, has been
studied in [30]. One influential variant of ALM is the ADMM algorithm [20, 21], which is an alternating
method for solving (1.8) by minimizing x and w alternatively and then updating the Lagrangian coefficient
y (See [7] for a comprehensive explanation on ALM, ADMM and other algorithms). In compressive sensing
and imaging science, the class of Bregman iterative methods is an application of the ALM and the ADMM.
In particular, the Bregman iterative method [24] is equivalent to ALM, and the split Bregman method [23] is
equivalent to ADMM.

We give a brief review on ADMM, and some of its variants. The scheme of ADMM is described in
Algorithm 1.

Algorithm 1 The alternating direction method of multipliers (ADMM) for solving (1.1)

Choose r1 € X, w1 € W and y; € ).
fort=1,...,N—1do

xpy1 = argmin G(z) — (yi, Bwy — Ko — b) + gHBwt — Kz —b|? (1.9)
zeX

Wiyl = argrrvlénF(w) — (yt, Bu — Kap11 — b) + gHBw — Ky — 0%, (1.10)
we

Yt+1 = Yyt — p(Bwiy1 — K1 — D). (1.11)

end for

For non-simple G, a linearized ADMM (L-ADMM) scheme generates iterate z;+1 in (1.9) by

Tip1 = argrr;in(VG(xt), x) + (y, Kz) + gHBwt — Kx — bH2 + ng — :vt||2. (1.12)
S

We may also linearize || Bw; — Kx — b||?, and generate 441 by

i1 = argmin G(z) + (y, Kz) — p(Bwy — Kxy — b, Kz) + g”:z: — x|, (1.13)
reX

as discussed in [18, 10]. This variant is called the preconditioned ADMM (P-ADMM). If we linearize both
G(x) and ||Bw; — Kx — b||?, we have the linearized preconditioned ADMM (LP-ADMM), in which (1.9) is
changed to

Tpp1 = argmin(VG(xy), z) + (yr, Kx) — p(Bwy — Kay — b, Az) + ng — 2|2 (1.14)
zeX

There has been several works on the convergence analysis and applications of ADMM, L-ADMM, and
P-ADMM. It is shown in [10] that P~-ADMM (Algorithm 1 with § = 1 in [10]) solves the UCO problem with

rate of convergence
K| D?
o (1412,
N

where N is the number of iterations and D depends on the distances D,« and D,-. There are also several
works concerning the tuning of the stepsize 7; in L-ADMM, including [50, 51, 11].
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For AECCO problems, in [34] ADMM is treated as an instance of block-decomposition hybrid proximal
extragradient (BD-HPE), and it is proved that the rate of convergence of the primal residual of ADMM for

solving AECCO is
D2
o(%):

where D depends on B, D,+ and D,-. In [25], the convergence analysis of ADMM and P-ADMM is studied
based on the variational inequality formulation of (1.5), in which similar rate of convergence is achieved under
the assumption that both the primal and dual feasible sets in (1.5) are bounded. In [42], it is shown that if X
is compact, then the rate of convergence of ADMM and L-ADMM for solving the AECCO problem is

— Vp >0
N » VP > ’

Ga™) + F(w™) — f* + p|Bu™ — Kz —b||> <O ( (1.15)

where (zV,w") is the average of iterates xpny of the ADMM algorithm. The result in (1.15) is stronger than
the results in [34, 25], in the sense that both primal and feasibility residuals are included in (1.15), while in
[34, 25] there is no discussion on the feasibility residual. However, the rate of convergence of the feasibility

residual is still not very clear in (1.15), considering that G(z™) + F(w”") — f* can be negative.

1.3. Accelerated methods for AECCO and UCO problems. In a seminal paper [39], Nesterov
introduced a smoothing technique and a fast first-order method that solves a class of composite optimization.
When applied to UCO problems, Nesterov’s method has optimal rate of convergence

LegDZ. | ||K|DeDy
O( N TN ’

(1.16)

where Y is the bounded dual space of the UCO problem. Following the breakthrough in [40], much effort has
been devoted to the development of more efficient first-order methods for non-smooth optimization (see, e.g.,
[38, 1, 29, 15, 43, 48, 4, 28]). Although the rate in (1.16) is also O(1/N), what makes it more attractive is
that it allows very large Lipschitz constant L. In particular, Lg can be as large as Q(N), without affecting
the rate of convergence (up to a constant factor). However, it should be noted that the boundedness of Y
is critical for the convergence analysis of Nesterov’s smoothing scheme. Following [40], there has also been
several studies on the AECCO and UCO problems, and it has been shown that better acceleration results
can be obtained if more assumptions are enforced for the AECCO and UCO problem. We give a list of such
assumptions and results.

1). Excessive gap technique. The excessive gap technique is proposed in [38] for solving the UCO problem
in which G is simple. Comparing to [40], the method in [38] does not require the total number of
iterations NV to be fixed in advance. Furthermore, if G(-) is strongly convex, it is shown that the rate
of convergence of the excessive gap technique is O(1/N?).

2). Special instance. For the UCO problem, if K = I and G is simple, an accelerated method with
skipping steps is proposed in Algorithm 7 of [22], which achieves O(1/N?) rate of convergence. The
result is better than (1.16), but with cost of evaluating objective value functions in each iteration.
For AECCO problem with compact feasible sets, it is shown in [33] that if G(-) is a composition of
a strictly convex function and a linear transformation and F'(-) is the weighted sum of 1-norm and
some 2-norms, the asymptotic rate of convergence of ADMM method and its variants is R-linear.

3). Strong convezxity. In [10] for solving the UCO problem in which G is simple, the authors showed
that P-ADMM is equivalent to their proposed method, and furthermore, if either G(-) or F*(-) is
uniformly convex, then the rate of convergence of their method can be accelerated to O(1/N?). It
is worth noting that this rate of convergence is weaker since it uses a different termination criterion.

1Tt is assumed in [40] that X is compact, hence the rate of convergence is dependent on Dx. However, the analysis in [40] is
also applicable for the case when X is unbounded, yielding (1.16).
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In addition, if both G(-) and F*(-) are uniformly convex (hence the objective function in (1.4) is
continuously differentiable), the proposed method in [10] converges linearly. When both G(z) and
F(z) are strongly convex in the AECCO problem, an accelerated ADMM method is proposed in [23],
which achieves the O(1/N?) rate of convergence.

It should be noted that all the methods in the above list require more assumptions on the AECCO and
UCO problems (e.g., simplicity of G(-), strong convexity of G(:) or F(-)), in comparison with Nesterov’s
smoothing scheme. More recently, we proposed an accelerated primal-dual (APD) method for solving the
UCO problem [13], which has the same optimal rate of convergence (1.16) as that of Nesterov’s smoothing
scheme in [40]. The advantage of the APD method over Nesterov’s smoothing scheme is that it does not require
boundedness on either X or Y. The basic idea of the APD method is to incorporate a multi-step acceleration
into LP-ADMM, and this has motivated our studies on accelerating the linearized ADMM method for solving
the AECCO and UCO problems.

1.4. Contribution of the paper. The main interest of this paper is to develop an accelerated linearized
ADMM algorithm for solving AECCO and UCO problems, in which G is a general convex and non-simple
function. Our contribution in this paper mainly consists of the following aspects.

Firstly, we propose an accelerated framework for ADMM (AADMM), which consists two novel accelerated
linearized ADMM methods, namely, accelerated L-ADMM (AL-ADMM) and accelerated LP-ADMM (ALP-
ADMM). We prove that AL-ADMM and ALP-ADMM have better rates of convergence than L-ADMM and
LP-ADMM in terms of their dependence on L. In particular, we prove that both accelerated methods can
achieve rates similar to (1.16), hence both of them can efficiently solve problems with large Lipschitz constant
L¢ (as large as Q(N)). We show that L-ADMM and LP-ADMM are special instances of AL-ADMM and
ALP-ADMM respectively, with rates of convergence O(1/N). To improve the performance in practice, we also
propose a simple backtracking technique for searching Lipschitz constants Lg and || K]||.

Secondly, the proposed framework solve both AECCO and UCO problems with unbounded feasible sets,
as long as a saddle point of problem (1.5) exists. Instead of using the perturbation type gap function in [13],
our convergence analysis is performed directly on both the primal and feasibility residuals. The estimate of
the rate of convergence will depend on the distance from the initial point to the set of optimal solutions.

2. An accelerated ADMM framework. In this section, we propose an accelerated ADMM frame-
work for solving AECCO (1.1) and UCO (1.4). The proposed framework, namely AADMM, is presented in
Algorithm 2.

In AADMM, the binary constant x in (2.2) is either 0 or 1, the superscript “ag” stands for “aggregate”,
and “md” stands for “middle”. It can be seen that the middle point z}"?, and the aggregate points w;'?,, 27,
and y;?, are weighted sums of all the previous iterates {z;}{_;, {w;}*], {z;}}1] and {y;}}11, respectively. If
the weights a; = 1, then z7"? = z; and the aggregate points are exactly the current iterates w1, z441 and
Ye+1. In this case, if x =0, and 0; = 7 = p; = p, then AADMM becomes L-ADMM, and if in addition G is
simple, then AADMM becomes ADMM. On the other hand, if y = 1, then AADMM becomes LP-ADMM,
and if in addition G is simple, AADMM becomes P-ADMM.

In this work, we will show that if G is non-simple, by properly specifying the parameter a;, we can
significantly improve the rate of convergence of Algorithm 2 in terms of its dependence on L¢, with about the
same iteration cost. We call the acceleration for y = 0 the accelerated L-ADMM (AL-ADMM), and call that
for y = 1 the accelerated LP-ADMM (ALP-ADMM).

Next, we define certain appropriate gap functions.

2.1. Gap functions. For any Z = (0, Z,9) € Z and z = (w, z,y) € Z, we define
QU 7, 55,2, ) 1= [G(&) + F(w) — (5, Bw — Ko — b)] - [G(@) + F(@) — (y, Bo — Ki—b).  (28)

For simplicity, we use the notation Q(Zz;z) := Q(w, &, J; w, x,y), and under different situations, we may use
notations Q(Z;w,x,y) or Q(w, Z,y; z) for the same meaning. We can see that Q(z*,z) > 0 and Q(z,2*) <0
for all z € Z, where z* is a saddle point of (1.5), as defined in Section 1.1. For compact sets W C W, X C
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Algorithm 2 Accelerated ADMM (AADMM) framework

Choose 21 € X and w; € W such that Bw; = Kxq +b. Choose Set 219 = 21, wY = wy and y7? = y1 = 0.
fort=1,...,N—1do

2 = (1 — o)z + oy, (2.1)
Tip1 = argmin(VG(x7'?), z) — x0(Bw; — Kz — b, Kx)
rzeX
1—x)0
+(72)()’5||Bwt—Kx—b||2+<yt,K;v>+%Hx—xt||2, (2.2)
2 = (1 — o)z + apwigr, (2.3)
. T
wyrq = argmin F(w) — (y;, Bw) + éHBw — Kaxi1 — 0%, (2.4)
wew
wify = (1 - aw? + awweqa, (2.5)
Yt+1 = Yt — Pt(Bwt+1 — Krpyq — b)a
Yl = (1 —a)y? + ayisr. (2.7

end for
Output 237 = (v, z3).

X,Y C Y, the duality gap function

sup Q(w, T, 7w, z,y) (2.9)
DEW,ZEX JEY

measures the accuracy of an approximate solution (w,z,y) to the saddle point problem

| G(x) + F(w) = (y, Bw — Kz —b).
SEXEW yo i (z) + F(w) — (y, Bu — Kz — b)

However, our problem of interest (1.1) has a saddle point formulation (1.5), in which the feasible set (W, X, )
may be unbounded. Recently, a perturbation-based termination criterion is employed by Monteiro and Svaiter
[35, 36, 34] for solving variational inequalities and saddle point problems. This termination criterion is based
on the enlargement of a maximal monotone operator, which is first introduced in [8]. One advantage of using
this termination criterion is that its definition does not depend on the boundedness of the domain of the
operator. We modify this termination criterion and propose a modified version of the gap function in (2.9).
More specifically, we define

gy (v, 2) := sup Q(w", z%, 4; 2) + (v, 9) (2.10)
geY

for any closed set Y C ), and for any z € Z and v € Y. In addition, we denote

gy (2) =gy (0,2) = §1€15Q(w*,w*,§;2). (2.11)

If Y =Y, we will omit the subscript Y and simply use notations g(v, z) and g(z).

In Propositions 2.1 and 2.2 below, we describe the relationship between the gap functions (2.10)—(2.11)
and the approximate solutions to problems (1.1) and (1.4).

PROPOSITION 2.1. For any Y C Y, if gy (Bw — Kz —b,z) < e < 00 and ||Bw — Kz — b|| < § where
z = (w,x,y) € Z, then (w,z) is an (,d)-solution of (1.1). In particular, when Y =Y, for any v such that
g(v,2) <e < oo and ||v|| <9, we always have v = Bw — Kx — b.
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Proof. By (2.8) and (2.10), for allve Y andY C Y, we have

gy (v,2) = sup[G(z) + F(w) = (§, Bu — Kz = b)] = [G(2") + F(w")] + (v, 9)

= G(z) + F(w) — f* + sup(—y, Bw — Kz — b —v).
yey

From the above we see that if gy (Bw — Kx — b,z) = G(z) + F(w) — f* < e and |Bw — Kx — b|| < ¢, then
(w, 2) is an (e, 9)-solution. In addition, if Y =), we can also see that g(v,z) = 00 if v # Bw — Kx —b, hence
g(v, z) < 0o implies that v=Bw — Kx —b. 0

From Proposition 2.1 we can see that when Y =) and g(v,z) < e, ||v|| is always the feasibility residual
of the approximate solution (w,z). Proposition 2.2 below shows that in some special cases, there exists an
approximate solution to problem (1.1) that has zero feasibility residual.

PROPOSITION 2.2. Assume that B is an one-to-one linear operator such that BW = Y, and F(-) is
Lipschitz continuous, then the set Y := (B*)~!dom F* is bounded. Moreover, if gy (z) < €, then the pair
(0, x) is an e-solution of (1.1), where w = (B*)™'(Kz + ).

Proof. We can see that w is well-defined since BW =Y. Also, using the fact that F(-) is finite valued, by
Corollary 13.3.8 in [45] we know that dom F* is bounded, hence'Y is bounded. In addition, as Bw—Kx—b= 0,

gy (2) = sup[G(x) + F(w) = (¢, Bw — Kz = b)] = [G(27) + F(w")]

jeY
=G(z)+ F(w) — f"+ §1€1$<—Q,Bw — Bw)
= G(z) + F(w) — f* —|—21€15[F(w) — F(w) — (B*g,w — 0)].

If B*Y NOF (w) # 0, then from the convezity of F(-) we have
gy (2) =2 G(x) + F(w) — f7,
thus (W, x) is an e-solution. To finish the proof it suffices to show that B*Y NOF (w) # (. Observing that

Sup <’lI},’lT}> - F*(ﬂ}) = sup <’lI},’lT}> - F*(ﬂ}) = sup <’U~},U7> - F*(’lf}),
weB*Y wedom F'* wew

and using the fact that Y is closed, we can conclude that there exists B*y € B*Y such that B*y attains the
supremum of the function (w,w) — F*(w) with respect to w. By Theorem 23.5 in [45], we have B*y € OF (W),
and hence OF (w) N B*Y # (). O

A direct consequence of the above proposition is that for the UCO problem, if F'(+) is Lipschitz continuous
and gy (z) < g, then (z, Kz) is an e-solution.

2.2. Main estimations. In this subsection, we present the main estimates that will be used to prove
the rate of convergence for AADMM.

LEMMA 2.3. Let

r Iy when oy =1,
Tl —a)li1 whent > 1.

7
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For all y € Y, the iterates {z;'9 }1>1 = {(wi?, 249, y;'9) }i>1 of Algorithm 2 satisfy

t
1 . s o 1—ay 1 a
F_tQ(w )L 7y;zt-ﬁ1) - Z ( T, - Fil) Q(w z”* YYs 2 zq)

=2
< Bi(x", x 4115 0pey) + Be(Ys Yjega)s p[t])+3t(3w Bwyg ), 01) — xBe(Ka™, Kajpq1),0p1)

az Tz - (T — i) % (213)
—Z IIsz+1 Kz~ —b||2+27IIK($i+1—w )P
=1 l
t
;T — 2 Qi 2 2
_ Z oTp 2 ||yz Yit1|” — ; T, (i — Laai — x0i | K|1?) |z — ziga |-

where the term By(-,-,-) is defined as follows: for any point v and any sequence vy in any vectorial space
V, and any real valued sequence 7y,

t
o
Bulv, s 1) = 3 e (s = ol” = g — o). (214)
i=1 v

Proof. To start with, we prove an important property of the function Q(-,-) under Algorithm 2. By
convexity of G(-) we have

Lg

G($t+1) < G(zy" ) <VG($?L ), xt+1 - x?d> + = ;nd”2~ (2.15)

||9Ct+1

Moreover, by equations (2.1) and (2.3), zy¢, — x]1% = ay(zes1 — @), Usmg this observation, equation (2.15)
and the convezity of G(-), we have

Lgog

G(tfy) < Ga) + (VG ), aidy —2) +

lze41 — $t||2

o Lgo?
= Gz + (1 — ) (VG (@), 279 — ) + ay (VG (), w1 — ) + ZE 2y — 2|

2
= (1-a) [G@) + (VO 287 — 2] + ar [G@]) + (VO(@), psr — 2]
LG; l20r — 1] (2.16)

= (1= ay) [Ga") + (VG(a"), 21 — 2] + o [G(a}*?) + (VG (a]"), 2 — 27")]

L 2
+ VG ), 21 — ) + Z5E e — @l

2
< (1= a)G(xd?) + G(x) + (VG (), 2y — ) + LG;t llzir1 — x¢]|?, Vo € X.
y (1.10), (1.11), (2.8), (2.16) and the convexity of F(-), we conclude that
Qz Y1) — (1 = ar) Q2 2/)
= [G(zily) + F(wily) — (y Bwff_l Kayly —b)] = [G(z) + F(w) — (y;},, Bw — Kz — b)]
— (1= a)[G(z") + F(wy?) — (y, Bw}? — Kz = )] + (1 — ay)[G(z) + F(w) — (4, Bw — Kz — b)]
= [Gy)) — (1= a)G(}?) — uG(x)] + [F(wi{y) — (1 — ae) F(wi) — au F(w)]
— oy, Buit1 — K41 — b) + oy (Y1, Bw — Kx — b)
LGat

2
—(y, Bwit1 — Kzp41 — b) + (Y41, Bu — Kz = b) } :

IN

o {<va<x?d>,wt+l )+ [Flwngn) — F()] + 2%y — ]2

(2.17)



Next, we examine the optimality conditions in (2.2) and (2.4). for all x € X and w € W, we have

(VG(@) 4+ ne (w41 — 1), w41 — ) — (0p(Bwy — K&y — b) — yp, K (20401 — ) <0, and
F(wer) = F(w) + (re(Bwigr — Kop1 = b) — ye, B(wep —w)) <0,

where
Ty = xwe + (1 — X)@p1. (2.18)

Observing from (2.6) that Bwyy1 — Kxpp1 — b= (y: — yev1)/pe and Bwy — K&y —b = (ys — ye1)/pe — K(Ty —
Zt11) + B(wy — wiy1), the optimality conditions become

0
(VG(@]) + ny(@141 — T0), Beg1 — ) + <(p—t - 1) (Y — yev1) — Yer1, —K(xe41 — 2))
t

+ 9,5<K(£Z‘t — J,'H_l), K($t+1 - !E)> + 9,5<B(’wt — wt+1), _K(xt-i-l — JJ)> <0, and

F(wi1) — F(w) + <(E - 1) (e = Ye+1) = Yey1, Bwppr —w)) <0.

Pt

Therefore,

(VG (&), 2111 — x) + F(wi) — F(w) — (y, Bwip1 — Kaip1 — b) + (yer1, Bw — Kz — b)
< (e = @eq1), Be1 — ) + (Y1 — Y, Bwgr — Kopgq — b)

6 . (2.19)
- <(p—1e - 1) (Wt = ye11), —K (w441 — @) — <(p—tt - 1) (Wt = yr+1), By — w))
+ 0 (K (w141 — &), K (2041 — 7)) + 0(B(wir1 — wy), =K (2441 — 7))
Three observations on the right hand side of (2.19) are in place. Firstly, by (2.6) we have
(m(xr — Te41), Tewr — @) + Yeg1 — Y, Buggr — Kapyr — b)
1
= (Tt — Te41, Tep1 — T) + E<yt+1 — Y Yt — Yt41) (2.20)
_ e 2 2 "t 2 1 2 o2 _ 2
= o (lze = 2* = llwerr = 2l*) = - (lze = 21 lI®) + 5 (lye = vl = lyesr = ylI* = e = yerall?)
2 2 2
and secondly, by (2.6) we can see that
1
B(wipq —w) = p—(yt —yt+1) + (Kapp1 — Kz) — (Bw — Kx — b), (2.21)
t
and
9t Tt 1
( o L) (ye = yee1), K(@esr — 2)) = ( o L) (e = Yet1), E(yt = yi1) + (K2egr — Kw))
™ —0 T —p
= - t<yt = Y1, — K (2411 — 7)) — - P - llye — yt+1||2
Pt Pt
_m—b |1 2 2 1 ) T — Pt 9
= =yt = yerall” + 1K (@1 — 2)[17 = = (e = ye41) + K(@esr — 2) 17| — —5—llye — yesal
2 Pi Pt Pt
w—6 |1 Tt — P
= I Sl el + 1K s = D) = B — Ko = 0] = 2 e = e
t t

(2.22)



Thirdly, from (2.18) we have

O (K (241 — 1), K(@e41 — @)) + O (B(wiy1 — we), =K (2441 — @)

X0
= - Tt (1K (ze = )| = 1K (2041 = 2)[|* = | K (2 — 2e41)]1?)

0

=+ é (||Bwt — KZZ? — b”2 — ||B1,Ut+1 — KZZ? — b”2 =+ ||B1,Ut+1 — K(Z?t+1 — b”2 — HBU)t — K$t+1 — bH2) (223)
X0 X0 K2

< = XK o= DI = 1K e = D)) + L — a2

0 0 0

+ é (I Bws — K& = b||* = | Bwi1 — Kz = b][%) + 2—;2”% —yeal® - EtHBwt — Ky = 0|,

[
where the last inequality results from the fact that
XK (2 = zeg1)[| < XK lee — 2eqa - (2.24)
Applying (2.19) - (2.23) to (2.17), we have

1 a 1_at a
F_tQ(Z;Ztil) - F—tQ(ZQZtg)
L 2 2 1 2 2 T — Pi 2

=T, { o (lze =2l = llwees —2|%) + 2—pt(||yt = ylI” = llyesr —l”) — 27 lye = yesall

0, 2 Tt 2 X0 2 2
+ S I1Bwe = Ko = b" = S| Bwery — Ko = b = = (I1K (2 = 2)|I” = 1K (2241 = 2)[%) (2.25)
. T —0 0
(2 1) ) B = Ko =0+ S K i = )P = 1B = Ko =
¢

(e - Laar — O KI?) 121 — o |? } |

Letting w = w* and x = x* in the above, observing from (2.12) that T'y_1 = (1 —ay) /Ty, in view of (2.14) and
applying the above inequality inductively, we conclude (2.13). O

There are two major consequences of Lemma 2.3. If ay = 1 for all ¢, then the left hand side of (2.13)
becomes F% S, Q(z;2). On the other hand, if oy € [0,1) for all £, then in view of (2.12), the left hand side

of (2.13) is Q(z; 2/,)/T;. This difference is the main reason why we can accelerate the rate of convergence of
AADMM in terms of L¢.

In the next lemma, we provide possible bounds of B(-,,-) in Lemma 2.3.

LEMMA 2.4. Suppose that V is any vector space and V C 'V is any conver set. For anyv € V, vj41) CV
and vy C R, we have the following:

a). If the sequence {a;v;/T;} is decreasing, then

2 QY

a1
Bi(v, vigy1y5 ) < ~ 9T,

- 204

o — ol (2.26)

vy =l
b). If the sequence {;;/T';} is increasing, V is bounded and vyq1) C V', then

QY QY
Bi(v, vipy1y; M) < T, V- T,

o — ol (2.27)

Proof. By (2.14) we have

t—1
171 Qi%Yi Q1741 QigYt
By (v, vje41), 7)) = oT, v —o|* - Z ( 2}1 - 712F-J:1 ) [vigr — v||* = or, l[ves1 — o]
i=1 ! !

10



If the sequence {a;7;/T;} is decreasing, then the above equation implies (2.26). If the sequence {ca;7;/T:} is
increasing, V is bounded and vy 1) C 'V, then from the above equation we have

t—1
a1 Qi Qi41%it1 e
Bi(v, v 1) < Dy - Z < T é) DY — —==vit1 —vl?

21—‘1 2Fi 2Fi+1 21—‘
— a”tnvm —o|]?,
2I°; 2I°;

hence (2.27) holds. O

2.3. Convergence results on solving UCO problems in bounded domain. We study UCO prob-
lems with bounded feasible sets in this subsection. In particular, throughout this subsection we assume that

Both X and Y :=dom F* are compact, and B =1, b= 0. (2.28)

It should be noted that the boundedness of Y above is equivalent to the Lipschitz continuity of F(+) (see,
e.g, Corollary 13.3.3 in [45]).

The following Theorem 2.5 generalizes the convergence properties of ADMM algorithms. Although the
convergence analysis of ADMM, L-ADMM and P-ADMM has already been done in several literatures (e.g.,
[34, 25, 10, 42]), Theorem 2.5 gives a unified view of the convergence properties of all ADMM algorithms.

THEOREM 2.5. In AADMM, if the parameters of are set to oy = 1, 0, = 7, = pr = p and 1, =
Le + xpllK|]?, then

L 1— D2
1 i1
t+1 . ‘ : P
where ' = " ;xl. Specially, if p is given by
Dy
= , 2.30
? = XIKIDx + (1= ) Dx.xc (2.30)
then
LaD? K||DxD 1—x)Dx.xD
G(l‘t+l)+F( t+1) f* < G x + X” H X Y+( X) X, K Y' (2'31)

2t t

Proof. Since ay =1, By (2.3), (2.5) and (2.7) we have x{? = x4, w9 = wy and y;? = y¢, and we can see
that Ty = 1 satisfies (2.12) . Applying the parameter settings to RHS of (2.13) in Lemma 2.3, we have

* n * *
Bi(z*, 2417, mp) = —(||£E1 —2*|* = [lze — 2*?)
LG
2

| /\

Xp Xp ]
— D3 + HK||2D§* - 7IIK|\2||:17¢+1 — %,

D2,  pDZ
— llwesn — o) < B = 2K,

—XBi(Ka", Kajpyn, ) = — %(IIKM — Ka™||? = || K4y — Ka™[|?)

* P *
Bi(w*, w41y, Opyy) = §(||w1 —w*[?

XpP
- 5 D3 K+—HKII [T

IN

_ 1 D?
Bulwviesr)-rg)) < ool = ol = e 9l < 55 vy e v.

11



Therefore, by Lemma 2.3 we have

t+1
Le o XPy o2z . 1=X)P 1o D}
Lty z) < — Dz + = ||K||*Di. + —==D:. —
L 1-— D2
<—GDX+—HK|| D% + wDXK+ , Yy €Y.
2 2 2
Furthermore, noticing that for all y € Y, by the convezily of Q(z*,w*,y;-),
e e
Q(w*, %, y; ') < ZQ (w*, x*,y; 2;), where 21 = Zzl

Applying the two inequalities above to (2.11) and Proposition 2.2, we conclude (2.29), and (2.31) follows
immediately. O

Although AADMM unifies all ADMM algorithms, what makes it most special is the variable weighting
sequence {ay }¢>1 (rather than oy = 1) that accelerates its convergence rate with respect to its dependence on
L¢, as shown in Theorem 2.6 below.

THEOREM 2.6. In AADMM, if the parameters are set to

2 (t—1)p 2Lc + xpt| K|?
=p, 0, = dny=—""——— 2.32
ay = t+1 =pt=p, U= n , ana n s ( )
then
°LeD% 1 D2
G F(Kzy! * < K|*D% + (1 — x)pD5 —X . 2.33
(af8) + FRaity) - 1 < 22505 4 s IKIPDR + (1= 0pD e + 2 (2.33)
In particular, if p is given by (2.30), then
. 2LgD% 2
Glaifn) + F(Kah) = f* < 3573 + 77 WIKIDxDy + (1= X)DxxDy].  (234)
Proof. It is clear that
2 2
o=y and I'y = D satisfies (2.12), and ?—Z =t. (2.35)
By the parameter setting (2.32) and the definition of B(-,-,-) in (2.14), it is easy to calculate that
— LGO&t — X9t||KH2 > O Tt > 9,5,
t
o (T — t .
Bu(w wiesn), 00) - Z % s — w2 = ~ s — w2 <0,
! a; (T — 0;)
—vB(Kz*. K 0 UK i — Ka*||?
XBi(Kz*, Kxpyq, t)—l—; oT, 1K 211 x|
xpt 1-xp v xpt (1—x)pt
= K K B S s — K XK P =+ S5 DR
Moreover, by (2.4), (2.6) and Moreau’s decomposition theorem (see, e.qg., [37, 14, 18]), we have
Yer1 = Yo — p(wip1 — Kwepr — b)
1
= (e K41+ pb) — pargmin F(w) + Ellw— (= Ko = D)P (2,36
R 1 1
= argmin F*(y) + —|ly — =(y: — Kzr1 - b)|,
yey 2p P

12



which implies that yj,11) CY. Using this observation together with the fact that ay /(T'vpy) = t/p, and applying
(2.27) in Lemma 2.4, we obtain

_ t
Bt(y,y[t+1},P[tll) < 2—pD§, Vyev.

Finally, noting that ayny /Ty = 2Lg + xpt|| K ||?, by (2.27) in Lemma 2./ we have

ot
2

Qg Qg y xpt
Bi(x*, xjpq1), M) < oD% — wo- w1 — 2*|]° < L D% + THK||2D§( -

K 2 L 2'
2I' oI, K" |zerr — 2|

Applying all above inequalities to (2.13) in Lemma 2.3, we have

(1-x)

1 . e a t t t
QU0 yi#ity) < LoDy + A IK|PD + =Dk i+ oD, Wy e Y.

Using (2.35) and applying Proposition 2.2, we conclude (2.33), and (2.34) comes from (2.30) and (2.33). O

In view of Theorems 2.5 and 2.6, several remarks on the AADMM algorithms are in place. Firstly,
Theorem 2.6 provides an example of choosing stepsizes in AL-ADMM and ALP-ADMM, that leads to better
convergence properties w.r.t the dependence on Lg than L-ADMM and LP-ADMM respectively. In particular,
AL-ADMM and ALP-ADMM allow Lg to be as large as Q(N) without affecting the rate of convergence (up
to a constant factor). The comparison of these AADMM algorithms in terms of their rates of convergence is
shown in Table 2.1. Secondly, ALP-ADMM has the same rate of convergence as Nesterov’s smoothing scheme
[40], and achieves optimal rate of convergence (1.16). Moreover, we can see from (2.36) that the APD method
in [13] is equivalent to ALP-ADMM. Nonetheless, AL-ADMM has better constant in the estimation of rate
of convergence than both ALP-ADMM and Nesterov’s smoothing scheme, since Dx g < | K| Dx. However,
the computational time for solving problem (2.2) with x = 0 is usually higher than that for y = 1, hence
AL-ADMM has higher iteration cost than that of ALP-ADMM. The trade-off between better rate constants
and cheaper iteration costs has to be considered in practice. Thirdly, while Theorem 2.5 describes only the
ergodic convergence of the ADMM algorithms, Theorem 2.6 describes the convergence of aggregate sequences
{z{71}t>1, which are exactly the outputs of the accelerated schemes. Finally, in ADMM methods we have
7+ = p¢ = B¢, while in Theorem 2.6 we only have 7 = p;, although 0; — p; when t — oco. In fact, if the
total number of iterations is given, it is possible to choose a set of equal stepsize parameters, as described by
Theorem 2.7 below.

THEOREM 2.7. In AADMM, if the total number of iterations N is chosen, and the parameters are set to
2 pN _ 2Lg + xpN| K|

Qi P t Tt Pt t’an Tt P s

where p is given by (2.30), then

2L D3 2
ag agy _ px < X —
Gx{)+ F(Kzl)— f* < NN = 1) + N1 IXIK|IDxDy + (1 — x)Dx,xkDy]. (2.37)
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Proof. Using equation (2.35) as well as the definition of B(-,-,+) in (2.14), it is easy to calculate that

— Laag — x0:| K ||* > 0,
2L¢ + xpN| K ||

Bi(x™, x40y, M) = 5 (I — 2% = [|ar1 — 2*[|?)
< 2t XN (2 gy ),
Buw wipsag B) = 2 (fur = 0|2 = s — ) < 228 VD g
XBUK e Ky, O) = — o ([ Ky — K|~ | K — Ka)
< 2N g XNV e

On the other hand, noting that o/ (Tipt) = t2/(pN), by (2.27) in Lemma 2./ we have

1 t2 t2D3 _N
Bi(y, yies1); Py ) < 2pN( = llyers =y I1P) < 5 2N = 2p DY, VyeY,vt < N.

Applying all the above inequalities to (2.13) in Lemma 2.3, we conclude

1 - xpN (1 —x)pN N
F_tQ(w y L ay7zt+1) < LGD 2 HK||2DQ20* =+ #Di*,K + 2_pD%/a
1—y)pN N
< LeD% + XN k|2 + %Dim oD}

Setting t = N — 1, and applying (2.35), (2.30) and the above inequality to Proposition 2.2, we obtain (2.37).
a

Table 2.1: Rates of convergence of instances of AADMM for solving UCO with bounded feasible set

No preconditioning (y =0) Preconditioned (xy = 1)

ADMM o <@> o (M)
2 2
Linearized ADMM O (LGtDX + DX’I;DY> O (LGtDX + |K”1ZXDY>
2 2
Accelerated O <LGt2DX + DX,;(DY> o (LGt2DX i |K||DtXDY>

2.4. Convergence results on solving AECCO problems. In this section, we study the rate of
convergence of AADMM for solving general AECCO problems without boundedness assumption for either X
or Y, in terms of both primal and feasibility residuals. We start with the convergence analysis of ADMM
algorithms as a special case of AADMM where oy = 1, 0, = 74 = py = p.

THEOREM 2.8. In AADMM, if oy =1, 0, =7, =p; =p and ny =0 > Lg + xp||K||?, then

1
% (nD3- + p(1 = x) D3+ ) (2.38)

14
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and

[Buw'tt — Ko+t —p)? < t% <2f§* $ 10 X)Di*)K> : (2.39)
where x!t! = 1%% and wit! = = §wl Specially, if p=1 and n = Lg + x| K||?, then
tis tis
G ) + F@ ™) — < (LD 4+ XIK[?DE + (1= D% 1) (240)
and
HBwt'H Rt b < 2\/%1):5* T X\/EHIEHD:E* + (1- X)\t/EDm*,K + 21?1/*' (2.41)
Proof. Similar as the proof of Theorem 2.5, we have
Qw*, z*, y; 21+
< % LDy + xpll K|?D3. + (1 = x)pD3e j + %(Hyl —yl? = llyerr = yl1?) (242)
< % [La D3 + xpl|K|*D3- + (1 — X)ng*,K] - <%(y1 — Yi41),Y)s (2.43)

where 2+ = Eii; zi. Noting that Q(z*,2T1) > 0, by (2.42) we have
[ye+1 = y*II> < pLa D2 + xp? | K| D3 + (1 = x)p* D + Dy,

hence if we let viy1 = (y1 — yer1)/(pt), then we have

2 «
lvesall* < v =y I+ e+ = v"11%)

2 LgD2.
< 5l

2
+XIK|PD3. + (1 = x)D3. i + FD;).
Furthermore, by (2.43) we have

1
9(vit1, 2" < o [La D3 + xp| K|*DZ- + (1= x)pD3- k] -
Applying the two inequalities above to Proposition 2.1 we obtain (2.38) and (2.39). The results in (2.45) and
(2.46) then follows immediately. O

From Theorem 2.8 we see that the for ADMM algorithms, the rate of convergence of both primal and
feasibility residuals are of order O(1/t). The detailed rate of convergence of each algorithm is listed in Tables
2.2 and 2.3. We observe that a larger value of p will increase the right side of (2.38), but decrease that
of (2.39). Hence, an “optimal” selection of p will be determined by considering both primal and feasibility
residuals together. For the sake of simplicity, we set p = 1.

In Theorem 2.9 below, we show that there exists a weighting sequence {«;};>1 that improves the rate of
convergence of Algorithm 2 in terms of its dependence on L.
THEOREM 2.9. In AADMM, if the total number of iterations is set to N, and the parameters are set to
2 N t _ 2Lg +xN|K|]?

Qi 1 t =Tt tapt N anda 1 P s

15
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then

2LaD2. 1
G(z%) + F(w%) — f* < L K|?D?. 4+ (1 — x)D2. 2.45
(@50 + F@if) = 1" < 5oy —g + gy =1y DIEIPD3: + (=0 D5 ] (2.45)
and
A4NLaDy 22| K|| Dy 2v2(1 = X)Dye k. 4ADy-
Bw? — Kz% —p|| < z e r vr 2.46
” wN ‘TN H_(N—l)\/N N—l + N—l +N—1 ( )

Proof. Using equations (2.44), (2.35) and (2.14), we can calculate that

ne — Laoy — 0| K||? > 0, 7 > p; for allt < N,

N 2L + xN||K 2 N
Bi(z*, 2417, 1p) = %(Di* — ||z — 2*?),
N
5(“3/1 —ylI* = llyesr —yl?), Yy e,

N . . N N
5 (1 Bwi — Bw I = |Be41 — Bw*||?) < 7Dfu*,3 = 3Da25*,K7

Bi(y, Y1) Py ) =

Bt(Bw* s Bw[t+1] N 9{,5]) =

N . .
- (1K1 = Ka*|]? — | Kz — Ka™[]?),

< _ XNV
- 2

—XxBi(Kx*, Kxpqq), 0p)

(Do i = | K| lzesr — ™).
Applying all the above calculations to (2.13) in Lemma 2.3, we have

1 * % a
].—‘_tQ(w y L, Ys thl)

(1-x)N

N
D) D?c*,K""?(”yl —?J||2_ ||yt+1 —y||2), Yy e .

XN
< LgD. + T||K||2ch* +
Two consequences to the above estimation can be derived. Firstly, since Q(z*;z7,) > 0, we have

o 2LG
lyeer =y [1* < =7 D3 + XIK|*DZ- + (1 = X) D3 i + Dy,

and

. . 4L¢g
lyn = yerall* < 2(ly1 =y I* + llyess = y7I°) < 7 D2- + 2K D2+ + 2(1 = x) D3 + 4Dy

Secondly, since |ly1 — yl|? — llye+1 — ylI* = (1] = llyes1ll® = 2(y1 — w1, y) < —2(y1 — Yesr1, ),

d-xN

5 D§*7K, Yy e .

1 . N

F—tQ(w*,x*,y;ztfl) + Ny = yes1,9) < LaDZe + XTIIKIIQDi* +
Lettingt = N — 1 and vy = 2(y1 — ye1)/ (N — 1), and applying (2.35) and the two above inequalities to
Proposition 2.1, we obtain (2.45) and (2.46). O

Comparing (2.40) and (2.41) with (2.45) and (2.46) respectively, AL-ADMM and ALP-ADMM are better
than both L-ADMM and LP-ADMM respectively, in terms of their rates of convergence of both primal and
feasibility residuals. The rates of convergence of AADMM algorithms are outlined in Tables 2.2 and 2.3.
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Table 2.2: Rates of convergence of the primal residuals of AADMM instances for solving general AECCO

No preconditioning (x = 0)

Preconditioned (xy = 1)

D3 k | K| D2.
ADMM o) LS o (1EID;-
(%) (57

LgD?, + D2, 2 2

Linearized ADMM O [ =¢22 T Zan K o) LaD3- + ||K|[D;
N N

LgD:. Dl g LeD?  ||K|D2.

Accelerated (9< e + N O e + N

Table 2.3: Rates of convergence of the feasibility residuals of AADMM instances for solving general AECCO

No preconditioning (y = 0) Preconditioned (x = 1)

Dy« g + Dy« | K| Do+ + Dy-
( N ) ( N
Linearized ADMM O [ YE@Pe + Dar i + Dy \ 5 (VLGDar + [|K|[ Do + Dy
N N
’/LGD:E* DI*,K+DU* \/LG‘DLE* ||KHD1* +DU*
Accelerated O ( N3/2 + N o N3/2 + N

2.5. A simple backtracking scheme. We have discussed the rate of convergence of Algorithm 2, with
the assumption that both Lg and ||K|| are given. In practice, we may need backtracking techniques to
estimate both constants. In this subsection, we propose a simple backtracking technique for AL-ADMM and
ALP-ADMM.

From the proof of Lemma 2.3, we can see that if Lg and | K || in (2.15) and (2.24) are replaced by L; and
M, respectively, i.e.,

Le

Glaity) < GP™) + (VG (), aidy — o) + 5

ety — 2

ti1 — T and (2.47)

XK (@ — i) || < XxMellwe — 241l (2.48)

then Lemma 2.3 still holds. On the other hand, to prove Theorems 2.5 through 2.9, in addition to Lemma
2.3, we require monotonicity of the sequences ayn /I, /T, @0/Te and o /(Tept), and

ne — Lyoy — x0, M7 > 0, (2.49)

The monotonicity of these sequences is also used in Lemma 2.4, which helps to prove the boundedness of
distances B(-,-,-) at the RHS of (2.13) in Lemma 2.3. From these observations, we can simply use the
following choice of parameters:

Vioi Qi

9 = = = —
t = Tt T, y Pt Ty

, e = Lyoy + XetMt27

where we assume that vy, M, are both monotone. It should be noted that the monotonicity of ayny / Iy
relies on {L;a? /Tt }+>1, which is trivial if we simply set L;a? = I';. In addition, in view of the RHS of (2.13),
17



we require 7 > py, i.e., vp > a4 /Ty. We summarize all the discussions above to a simple backtracking procedure
below.

Procedure 1 Backtracking procedure for AL-ADMM and ALP-ADMM at the ¢-th iteration

0: procedure BACKTRACKING (Ly—1, My—1, Ut—1, V-1, T, 237, Limin)

1: Ly + max{Lypin, Lt—1/2}, My = M;_1 and vy = vy_q. > Initialization
2: Estimate oy € [0, 1] by solving the quadratic equation
Lia? =Ty 1(1 — o), (2.50)
and set Ft — Ft,1(1 — O[t), Vg = max{ut,l, O[t/Ft}.
3: Choose stepsize parameters as
v « T
ot:Tt:pttvpt:ptaandnt:_t+X9tMtiza (2.51)
(673 Ftl/t (673

and calculate iterates (2.1) — (2.3).

$ o G,) - Glapd) — (VG(P), 2, —apd) > Lfafd, — ap|? then

5: Set L; <+ 2L;. Go to 2. > Backtracking Lg
6: else if x||Kxi11 — Koy > xM||zi41 — x| then

7: Set M; + 2M;. Go to 2. > Backtracking || K ||
8: end if

9: return Lt, Mt, Ft, Viy 41, CC?_'(’J_l, Tty Pty Ot

10: end procedure

A few remarks are in place for the above backtracking procedure. Firstly, steps 2 through 8 are the
backtracking steps, which terminates only when the conditions in steps 4 and 6 are both satisfied. Clearly,
in each call to the backtracking procedure, steps 4 and 6 will only be performed finitely many times, and
the returned values L; and M, satisfies L, < L < 2Lg and M; < 2||K||, respectively. Secondly, while
M, > M;—y and vy > 1,1, the value of L; in step 9 is not necessarily greater than L, ;. Finally, the
multiplier for increasing or decreasing L; and M; is 2, which can be replaced by any number that is greater
than 1.

The scheme of AADMM with backtracking is presented in Algorithm 3.

Algorithm 3 AADMM with backtracking

Choose x1 € X and wy € W such that Bw; = Kx1 + b, Lo > Lyn > 0 and My, vo, p > 0. Set 219 + x1,
wfg<—w1,yf9<—y1 ZO, F0<—L0,t(—1.
fort=1,---,N—1do
(Lt, Mt, Ft, Vty Ti41, I?_‘,?_l, Tty Pty O[t)(—BACKTRACKING(Lt,h Mtfl, thl, Vi1, T, I?‘q, Lmln)
Calculate iterates (2.4) — (2.7).
end for

We start by considering UCO problems with bounded feasible sets X and Y. Theorem 2.11 below sum-
marizes the convergence properties of Algorithm 3 for solving bounded UCO problems.

THEOREM 2.10. If we set vy = —oo and apply Algorithm 3 to the UCO problem (1.4) under assumption
(2.28), then

G(‘Tﬁl) + F(Kx?-(il—l) - f"

4LGD2 4LG D2 (252)
< S b g [Gvomax M3 IKIPDR + (- npDhsc+ =
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In particular, if p = o ma 2 TR DX T 0 Dx then

G(xigrl) + F(Kx?iﬂ I

4L D% 4L (2.53)
R et (tG_ 5 [\/éx max{2Mo, || K[|} Dx Dy + (1 — x)Dx.x Dy | .
Proof. As discussed after Procedure 1, we have
Liin < Ly <2Lg and 0 < M; < 2||K||. (2.54)

We can now estimate the bounds of oy and T'y. By (2.12) we have 1/T'y = 1/T1—1 + ay /Ty, hence

\/* Iy —1/Ty1 o /Ty
iy \/1/Ft+\/1/rt 1 \/1/1“t+\/1/1“t_1
Observing from equations (2.12), (2.50) and (2.54) that
1/(2Lg) < a? /Ty <1/ Lonin, (2.55)

\/i _ Oét/Ft - it 1 and
Ft 1/1—‘15 2\/_ \/
\/i _ < 1/( mznrt) < 1 )

Ft \/1/1",5—1—\/1/1",5 1 \/Lmzn

Therefore, by induction we conclude that

we have

Lo Tt 1 t+1 Luin . 8Lc
—_———— — , or < < —.
22l VT = VImin  VIo ~ VToin t+1)2 ="'~ ¢2

Now let us examine the RHS of (2.13) in Lemma 2.3. Without loss of generality, we assume that 2My < | K||.
Indeed, if 2My > ||K||, then My = 2My for all t > 1. Since vy and My are monotonically increasing, by
(2.51) and (2.27) in Lemma 2.4, we have

(2.56)

1+ xvepM?
2

1
< 5 D% + 2xmpl K |* D%,

_ L+ xumpM?

Bi(z™, w1y, 1) < (D% — llwegr — 2*|?) < 5 D%

_ 14 1%
Bi(Y. Ypes) o)) = 2—;(Ily1 —yl? = llyger1 —yl?) < —tD%’v, vy ey,

* vip * * vip
Bi(w aw[t+1]=9[t]) = T(HU’I —w ||2 — lwit1 —w || ) < _DXK

On the other hand, by (2.26) in Lemma 2.4 we have
XV1P

* * v

(1w = Ka*| = [| Ko — Ka*|?) < LK — 2
Xth
- |K
L]

—xBi(Kz*, Kxpiq),0p)

IN

IN

’D%.

Applying the above calculations on B(-,-,-) to Lemma 2.3, we have

1 * K th 5Xth V4
Q" 2 yiah) < 55+ Dk s+ =3 IKIPD% + 22D}
2 v y
< Dx oy + Lm0 _tpg.

2 2 K9,
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Observe that by (2.55) and (2.56), oy /Ty < (t +1)/Lumin, and that

v < max, a;/T; < (t+1)/Lin. (2.57)

Using the previous two inequalities and (2.56), we have

4(1 = x)pLa(t+1) ALo(t+1) o

L a 4LgD% | 24xpLg(t+1) 22 2
4LgD§( 24XPLG 2 12 4LG 2

< K|“D — D5

- t2 Lmin(t — 1) ” H Xt Lminp(t - 1) Y

The above inequality, in view of Proposition 2.2, then implies (2.52) and (2.53). 0

For AECCO problems when both X and Y are bounded, we can also apply Algorithm 3 with y = 0,
as long as the maximum number of iterations N is given. Theorem 2.11 below describes the convergence
properties of AL-ADMM with backtracking for solving general AECCO problems.

THEOREM 2.11. If we choose x =0, p =1, and vg = N/ Ly in Algorithm 3, then

ALgD?.  ALgD2.
V=17 TN —1)'
167/L Dy N 16v2y/LgDy- i L _32LeDy- (2.50)
VImin(N =132 " \/Lpin(N —=1) ' Lpin(N = 1) '

Proof. In view of step 2 in Procedure 1, equation (2.57) and the choice of vy, we can see that vy = N/ Lyin.
By (2.12), (2.50), (2.14) and (2.51), we have

1

Gz)+ Fwy) — f* < and (2.58)

|Bwy — Kz —b|| <

* N 1
Bi(z*, 2411, 1) = §(D§* — ||z — 2*)?) < §D§*a
Bu(y, sy py) = 57— (lvn = yl* = llyers — ), vy €,
* * (12 * (12 N 2
By(Bw*, Bwy1), ) = ([[Bwi — Bw*||* — || Biy1 — Bw*[|7) < Dys k-
Using the fact that 7 > pr and x = 0, and applying the above calculations to Lemma 2.3, we have
Lo oy 8) < D2+ D2 (lyr =9l = lyers —yl?), Yy €Y
D, T = T T 0 i T 2L i ’ '
Similarly to the proof of Theorem 2.9, we have
2 Lminp2 | pe D? 2o Pminp o2 AD2., and
Hyt-i-l -y || = T e T m*,K+ y* ”yl _yt-i-lH = T o T m*,K+ y* an
1 * * a N 1 2 N 2
F_tQ(w Ty 20) + m@/l — Y1, Y) < ng* + 2meDx*,K, Vyel.

Setting viv1 = TN (y1 — Ye+1)/Limin, t = N — 1 and applying (2.56), we have
ALgD?.  4ALgD2. g

%« _x __ag < 2.60
Qi oty zy) +loww) < ey Y N ) .
fowl < 8v2v/LaND,- +8\/§N\/LGD1*,K L 1O0NLcDy-

- 16v/Lg Dy N 1672V LaDye i N 32LG D,
B \% Lm"l(N - 1)3/2 Vv Lmln(N - 1) Lmzn(N - 1)
These previous two relations together with Proposition 2.1 then imply (2.58) and (2.59). O
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3. Numerical examples. In this section, we will present some preliminary numerical results of the
proposed methods. The numerical experiments are carried out on overlapped LASSO, compressive sensing,
and an application on partially parallel image reconstruction. All algorithms are implemented in MATLAB
2013b on a Dell Precision T1700 computer with 3.4 GHz Intel i7 processor.

3.1. Group LASSO with overlap. The goal of this section is to examine the effectiveness of the
proposed methods for solving UCO problems with unbounded X. In this experiment, our problem of interest
is the group LASSO model given by [27]

m

min Y ((a5,) = [i)* + A llzll, (3.1)
i=1 9€g

where {(a;, i)}, CR™ x R is a group of datasets, = is the sparse feature to be extracted, and the structure

of x is represented by group G. In particular, G C 2{%7} and for any g C {1,...,n}, x4 is a vector that is

constructed by components of 2 whose indices are in g, i.e., 24 := (x;);ey. The first term in (3.1) describes the

fidelity of data observation, and the second term is the regularization term to enforce certain group sparsity. In

particular, we assume that x is sparse in the group-wise fashion, i.e., for any g € G, x, is sparse. Problem (3.1)

can be formulated as a UCO problem (1.4) by defining the linear operator K as Kz = )\(:v; , ZC?];, e ,x;)T,
where g; € G and G = {g;}._,. Specially, if each g; consists k elements, then (3.1) becomes
1 2
min oflAz — fI" + Al Kzl,1, (3:2)

where A = (a1,...,am)?, f = (fi,-., fm)T, and ||-||x,1 is defined by [[u|p,1 := S0, [(wF=r+D 0 BT
for all u € R¥" where | - || is the Euclidean norm in R*. Note that F(-) := || - ||x.1 is simple, so the solution
of problem (1.2) can be obtained directly by examining the optimality condition, which is also known as
soft-thresholding.

In this experiment, we generate the datasets {(ai, fi)}/"y by fi = (ai,ZTirue) + €, where a; ~ N(0, 1),
g ~ N(0,0.01), and the true feature x,. is the n-vector form of a 64 x 64 two-dimensional signal whose support
and intensities are shown in Figure 1. Within its support, the intensities of ., are generated independently
from standard normal distribution. We set n = 4096, m = 2048 and choose G to be all the 2 x 2 blocks in
the 64 x 64 domain (so that k = 4), and apply L-ADMM, LP-ADMM, AL-ADMM and ALP-ADMM to solve
(3.1) in which A = 1. The parameters for AL-ADMM and ALP-ADMM are chosen as in Theorem 2.9, and N
is set to 300. To have a fair comparison, we use the same Lipschitz constants Lg = Apax (ATA) ~ 1.6 x 10%,
|K]|| = 2 and p = 0.5 for all algorithms without performing a backtracking. Both the primal objective function
value f(z) and the feature extraction relative error r(Z) at approximate solution & € R versus CPU time are
reported in Figure 1, where

~ ||57 - xtrue”
=_=— 3.3
T(‘T) thrue” ( )

From Figure 1 we can see that the performance of AL-ADMM and ALP-ADMM are almost the same,
and both of them outperforms L-ADMM and LP-ADMM. This is consistent with our theoretical observations
that AL-ADMM and ALP-ADMM have better rate of convergence (2.45) than ADMM (2.40).

3.2. Compressive sensing. In this subsection, we present the experimental results on the comparison
of ADMM and AADMM for solving the following image reconstruction problem:

1 )
min o || Az — f[|” + | Dz|

2,15 (3.4)

where z is the n-vector form of a two-dimensional image to be reconstructed, ||Dzl|2,1 is the discrete form
of the TV semi-norm, A is a given acquisition matrix (depending on the physics of the data acquisition), f
represents the observed data, and X := {z € R" : [, < () < w,,¥i = 1,...,n}. Problem (3.4) is a special
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case of UCO (1.4) with W = R*", G(x) = ||Az — b||?/2, F(w) = ||w|]21 and K = AD. We assume that the
finite difference operator D satisfies the periodic boundary condition, so that the problem in (2.2) with x =0
can be solved easily by utilizing the Fourier transform (see [49]).

In our experiment, we consider two instances where the acquisition matrix A € R"™*"™ is generated inde-
pendently from a normal distribution N (0,1/1/m) and a Bernoulli distribution that takes equal probability for
the values 1//m and —1/+/m respectively. Both types of acquisition matrices are widely used in compressive
sensing (see, e.g., [2]). For a given A, the measurements b are generated by b = Axypye + €, where Xypye is
a 64 by 64 Shepp-Logan phantom [47] with intensities in [0, 1] (so n = 4096), and ¢ = N(0,0.0017,). We
choose m = 1229 so that the compression ratio is about 30%, and set A = 1072 in (1.6). Considering the
range of intensities of ¢y, we apply ALP-ADMM with parameters in Theorem 2.6 and LP-ADMM to solve
(3.4) with bounded feasible set X := {x € R" : 0 < 2() < 1, Vi =1,...,n}. It should be pointed that since
Y :=domF* = {y € R?" : ||yll2.co = maxi—1__, [|(¥* 1, 4%) T2 1} we have Dx = Dy = n, which
suggests that p = 1/|| K|l may be a good choice for p. We also apply L- "ADMM and AL-ADMM to solve (3.4),
with y = 1 and X = R". In this case we use the parameters in Theorem 2.9 with N = 300 for AL-ADMM. To
have a fair comparison, we use the same constants Lg = Az (AT A) and || K| = A\V/8 (see [9]) and p = 1/|| K]||
for all algorithms without performing backtracking. We report both the primal objective function value and
the reconstruction relative error (3.3) versus CPU time in Figure 3.

It is evident from Figure 2 that AL-ADMM and ALP-ADMM outperforms L-ADMM and LP-ADMM in
solving (3.1). This is consistent with our theoretical results in Corollaries 2.5, 2.6, 2.8 and 2.9. Moreover, it
is interesting to observe that ALP-ADMM with box constrained X outperforms AL-ADMM with X = R™.
This suggests that the knowledge of the ground truth is helpful in solving image reconstruction problems.

3.3. Partially parallel imaging. In this section, we compare the performance of AADMM with back-
tracking and Bregman operator splitting with variable stepsize (BOSVS) [12], which is a linearized ADMM
method with backtracking, in reconstruction of magnetic resonance images from partially parallel imaging
(PPI). In magnetic resonance PPI, a set of multi-channel k-space data is acquired simultaneously from ra-
diofrequency (RF) coil arrays. The imaging is accelerated by sampling a reduced number of k-space samples.
The image reconstruction problem can be modeled as

Nech

1 )
min 5 Zl IMFSjx — fj]]
iz

(3.5)

where z is the vector form of a two-dimensional image to be reconstructed. In (3.5), nep, is the number of MR
sensors, ' € C"*™ is a 2D discrete Fourier transform matrix, S; € C**" is the sensitivity encoding map of
the j-th sensor, and M € R™*™ describes the scanning pattern of MR sensors, and X C C™. In particular,
S;’s and M are both diagonal matrices, and their diagonal vectors diag S; € R™ and diag M € R™ are n-vector
form of images that have the same dimension as the reconstructed image. In practice, diag.S; describes the
sensitivity of the j-th sensor at each pixel, and diag M is a mask that takes value ones at the scanned pixels
and zeros elsewhere. Figure 4 shows the two-dimensional image representations of {diagS;}". Gy Terue and
diag M. The PPI reconstruction problems are described in more details in [11]. Tt should be noted that (3.5)
is a special case of (3.4), and that the percentage of nonzero elements in diag M describes the compression
ratio of PPI scan. In view of the fact that | F|| = /n, the Lipschitz constant L¢g of (3.5) can be estimated by

Nech Nch Nch
Le =) S;FTMPFS,|| < n| > Si|? =nl ) diag S; 1% (3.6)
j=1 j=1 j=1

nch

In this experiment, n., = 8, and the measurements { fJ are generated by

fj = M(Fijtrue +E;e/\/§+€§m/*/ _2)5 j: 17" -5 Teh

where the noises £} ,53’” are independently generated from distribution N'(0,10~%/nl,). We generate four

instances of experiments where the ground truth ;.. are the human brain image (see Figure 4). The
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Table 3.1: Data acquisition information in partially parallel image reconstruction.

Instance Dimension of x4,  Sampling trajectory  Acquisition rate Lg
1la n = 256 x 256 Cartesian mask 18% 3.34 x 10°
1b n = 256 x 256 Pseudo random mask 24% 3.34 x 10°
2a n =512 x 512 Cartesian mask 18% 1.60 x 10°
2b n =512 x 512 Pseudo random mask 24% 1.60 x 10°

information of the instances is listed in Table 3.1. In particular, instances la and 1b have Cartesian and
pseudo-random k-space sampling trajectories respectively but share the same sensitivity map and ground
truth, and so are instances 2a and 2b.

We first consider X = C”, and use AL-ADMM with backtracking to solve (3.5). We use the parameters
in Theorem 2.11 with N = 400 in all PPI experiments. We also apply the BOSVS method in [12]? to solve
(3.5) with X = C", which is a backtracking linesearch technique for L-ADMM with Barzilai-Borwein stepsize
[3]. Furthermore, noticing that o, is in bounded feasible set X := {z € C" : |2)| < 1,Vi = 1,...,n}, we
also apply ALP-ADMM with backtracking to solve (3.5) with aforementioned bounded feasible set X. We set
the parameters to A = 10~'%. in (3.5), and choose Lo = || F||?> = n, Lmin = La/10, My = | K||/10 = \V/8/10
for Algorithm 3 where L is listed in Table 3.1.

The performance of AL-ADMM, ALP-ADMM and BOSVS is shown in Figures 5 and 6, in terms of both
the primal objective function value and relative error (3.3). It is evident that AL-ADMM and ALP-ADMM
outperform BOSVS in terms of the decrement of both primal objective value and relative error to ground
truth, especially in the case of using Cartesian sampling trajectory. Since the Cartesian sampling trajectory
in our experiments collects less low-frequency data (the center part in the k-space) and has no randomness
in sampling (see Figure 4), it makes harder to get a good reconstruction comparing with that of the pseudo-
random sampling trajectory. Our experimental results indicates that in this case the AADMM is much more
efficient than BOSVS in reconstruction. It is evident that AL-ADMM and ALP-ADMM outperform BOSVS
in terms of the decrement of both primal objective value and relative error to ground truth. This observation
is consistent with our theoretical result in Theorems 2.10 and 2.11.

4. Conclusion. We present in this paper the AADMM framework by incorporating a multi-step accel-
eration scheme into linearized ADMM. AADMM has better rates of convergence than linearized ADMM on
solving a class of convex composite optimization with linear constraints, in terms of the Lipschitz constant of
the smooth component. Moreover, AADMM can handle both bounded and unbounded feasible sets, as long
as a saddle point exists. For the unbounded case, the estimation for the rate of convergence depends on the
distance from initial point to the set of saddle points. We also propose a backtracking scheme to improve the
practical performance of AADMM. Our preliminary numerical results show that AADMM is promising for
solving large-scale convex composition optimization with linear constraints.

Acknowledgment. The authors would like to thank Invivo Philips, Gainesville, FL for providing the
PPI brain scan datasets.
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Fig. 1: True feature @ ye in the experiment of group LASSO with overlap. Left: the support of @¢rye. Right: the intensities
of Tirue.
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Fig. 2: Comparisons of AL-ADMM, ALP-ADMM, L-ADMM and LP-ADMM in group LASSO with overlap. Left: the objective
function values f(zy?) from AL-ADMM and ALP-ADMM, and f(z¢) from L-ADMM and LP-ADMM vs. CPU time. The straight
line at the bottom is f(z¢rue). Right: the relative errors r(z}?) from AL-ADMM and ALP-ADMM and r(z;) from L-ADMM
and LP-ADMM vs. CPU time.
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Fig. 3: Comparisons of AL-ADMM, ALP-ADMM, L-ADMM and LP-ADMM in image reconstruction. The top and bottom
rows, respectively, show the performance of these algorithms on the “Gaussian” and “Bernoulli” instances. Left: the objective
function values f(z{?) from AL-ADMM and ALP-ADMM, and f(z¢) from L-ADMM and LP-ADMM vs. CPU time. The straight
line at the bottom is f(2¢rue). Right: the relative errors r(z§?) from AL-ADMM and ALP-ADMM, and r(z;) in L-ADMM and
LP-ADMM vs. CPU time.
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() ()

Fig. 4: Sensitivity map {diag S }?':1 (left), ground truth z¢rue (middle) and mask diag M (right) in partially parallel image
reconstruction. (a): The sensitivity maps in instances la and 1b. (b): The ground truth in instances la and 1b. (c¢): The k-space
sampling trajectory in instances la (top) and 1b (bottom). (d): The sensitivity maps in instances 2a and 2b. (e): The ground
truth in instances 2a and 2b. (f): The k-space sampling trajectory in instances 2a (top) and 2b (bottom).
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Fig. 5: Comparisons of AL-ADMM, ALP-ADMM and BOSVS in partially parallel image reconstruction. From top to bottom:
performances of algorithms in instances la and 1b. Left: the objective function values vs. CPU time. The straight line at the
bottom is f(x¢rue). Right: the relative errors vs. CPU time.
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Fig. 5: Comparisons of AL-ADMM, ALP-ADMM and BOSVS in partially parallel image reconstruction (cont’d). From top to
bottom: performances of algorithms in instances 2a and 2b. Left: the objective function values vs. CPU time. The straight line
at the bottom is f(z¢rue). Right: the relative errors vs. CPU time.
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Fig. 6: Comparison of AL-ADMM, ALP-ADMM and BOSVS in partially parallel image reconstruction. From top to bottom:
Reconstructed images and reconstruction errors in instances la and 1b, respectively. From left to right: AL-ADMM, ALP-ADMM
and BOSVS.




@ |

Fig. 6: Comparison of AL-ADMM, ALP-ADMM and BOSVS in partially parallel image reconstruction (cont’d). From top to
bottom: Reconstructed images and reconstruction errors in instances 2a and 2b, respectively. From left to right: AL-ADMM,

ALP-ADMM and BOSVS.
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