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In this dissertation, three new algorithms for three distinct problems are proposed.
The three distinct problems considered here have applications to stochastic model-
ing, compressive sensing, and numerical solutions of partial differential equations.
A common aspect of these problems is that to obtain accurate results require an
ever increasing number of unknown variables. Since the proposed algorithms are
more efficient than the state of the art methods used for these problems, the use
of these new algorithms allows one to compute solutions to these problems with
substantially higher accuracy. In addition, some theoretical analysis is provided

relating to the investigated problems and the proposed algorithms.
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CHAPTER 1

Introduction

An important aspect of scientific computing is the use of discrete approximation
of equations associated with mathematical models. A general feature of discrete
approximations is that the accuracy obtained is directly related to the number
of unknowns used in the approximations. For many applications computing so-
lutions to the discrete equations as the number of unknowns increases introduces
significant numerical and computational challenges. There are problems for which
available algorithms perform satisfactorily for a moderate number of unknowns;
however, these algorithms become very inefficient and practically useless when the
size of the problems increases. As a result, such problems remain unsolved when
high accuracy is sought. This phenomena has made the pursuit for faster and

more efficient algorithms a hot topic of research in science.

The general theme of this dissertation is to devise new algorithms and method-
ologies for three different problems, in very distinct settings, that are more effi-
cient than the state of the art methods used for these problems. The three distinct
problems considered here have applications to stochastic modeling, compressive

sensing, and numerical solutions of partial differential equations.

Chapter 2 presents a method to generate independent samples for a general
random variable, either continuous or discrete. The algorithm is an extension of
the Acceptance Rejection method, and it is particularly useful for kinetic simula-
tion in which the rates are dynamically updated in time and have singular limits,

as occurs for example in simulation of recombination interactions in a plasma.



Although it depends on some additional requirements, the new method is easy to

implement and rejects less samples than the Acceptance Rejection method.

Chapter 3 introduces a fast approximate algorithm to optimize an augmented
version of the Basis Pursuit problem and subsequently find the solution to the
Compressed Sensing problem. The methodology is to first solve the Lagrangian
dual formulation of the problem and then use the result to find an approximate so-
lution to the primal problem. Although we emphasize that the proposed algorithm
finds an approximate solution, numerical experiments show that the algorithm
perfectly recovers the solution when the solution is relatively sparse with respect
to the number of measurements. In these scenarios, the recovery is extremely fast
compared to other available methods. Numerical experiments also demonstrate
that the algorithm exhibits a sharp phase transition in success rate of recovery of
the solution to Compressed Sensing problems as sparsity of solution varies. The
algorithm proposed here is parameter free (except a tolerance parameter due to

numerical machine precision), and very easy to implement.

In Chapter 4 some theoretical result for Compressed Modes (CMs) are pre-
sented. Compressed modes are solutions of the Laplace equation with a potential
and a subgradient term. The subgradient term comes from addition of an L!
term in the corresponding variational principle. This chapter contains two anal-
yses of compressed modes. First, we provide theoretical consistency results for
compressed modes. It is proven that as the L' regularization term in certain
non-convex variational optimization problems vanishes, the solution of the opti-
mization problem and the corresponding eigenvalues converge to a unitary trans-
formation of eigenfunctions and the eigenvalues of the Hamiltonian, respectively.
Second, we establish that compressed modes have compact support and find an

upper bound on the volume of the support.

Chapter 5 presents a fast algorithm for projecting a given function to the set

of shift orthogonal functions (i.e. the set containing functions with unit L? norm



that are orthogonal to their prescribed shifts). The algorithm can be parallelized
easily and its computational complexity is bounded by O(M log(M)), where M
is the number of coefficients used for storing the input. To derive the algorithm,
a particular class of basis functions called Shift Orthogonal Basis Functions are

introduced and some theory regarding them is developed.



CHAPTER 2

Simulation with Fluctuating and Singular Rates

Kinetic transport for a gas or plasma involves particle interactions such as colli-
sions, excitation/deexcitation and ionization/recombination. Simulation of these
interactions is most often performed using the Direct Simulation Monte Carlo
(DSMC) method [5] or one of its variants, in which the actual particle distribu-
tion is represented by a relatively small number of numerical particles, each of
which is characterized by state variables, such as position x and energy E. In-
teractions between the numerical particles are performed by random selection of
the interacting particles and the interaction parameters, depending on the inter-
action rates. Correctly sampling these interactions involves several computational
challenges: First the number N of particles can be large (e.g., N = 10°) and the
number of possible interaction events can be even larger (e.g., N* for k = 2 or
3). Second, the interaction probabilities vary throughout the simulation since in-
teractions change the state of the interacting particles. These two difficulties are
routinely overcome using Acceptance Rejection sampling. Third, the interaction
rates can be nearly singular, for example in a recombination event between an
ion and two electrons (described in more detail in Section 2.4). This creates a
wide range of interaction rates that makes Acceptance Rejection computationally
intractable. Figure 2.1 illustrates these challenges and how different methods can
handle them. The sampling method presented here, which we call Reduced Re-
jection, was developed to overcome the challenges of a large number of interaction

events with fluctuating and singular rates.



Computational challenges: Sampling methods:

The number of particles can be large (i.e. N = 109)
and the number of possible interaction events can
even be larger (e.g. N¥ for k = 2 or 3).

Acceptance-
Rejection
method

ast sampling
methods for
discrete random
variable:
Marsaglia’s table
method, Alias
method,...

The interaction probabilities vary throughout the
simulation since the interactions change the state of & == = 4- - )
interacting particles.

The interaction rates can be nearly singular or highly Y,
peaked, for example in a recombination event
between an ion and two electrons.

Reduced
Rejection
method

Figure 2.1: This figure illustrates the computational challenges involved in sam-
pling interactions of numerical particles, and how different methods can handle
them. Broken line represents challenges for which the method becomes computa-
tionally inefficient, whereas, the solid line represents the challenges for which the

method is still computationally efficient.



Simulation of kinetics requires sampling methods that generate independent
samples. This rules out Markov Chain Monte Carlo schemes, such as Metropolis—
Hastings, Gibbs sampling, and Slice sampling. Although these methods are very
powerful and are used very often, this chapter focuses on sampling methods that

generate independent samples.

There are several efficient algorithms for simulation of discrete random vari-
ables, notably Marsaglia’s table method [41] and the Alias method [62, 63]. How-
ever, these methods require pre-processing time and, therefore, are not efficient
for sampling from a random variable whose probability function changes dur-
ing the simulation. For continuous random variables there are several different
algorithms; nevertheless, each of these algorithms has its own constraints. For ex-
ample, Inverse Transform Sampling method requires knowledge of the cumulative
distribution function and evaluation of its inverse, Box-Muller only applies to a
normal distribution, and Ziggurat algorithm [42] can be used for random variables

that have monotone decreasing (or symmetric unimodal) density function.

An algorithm of choice for general (both continuous and discrete) random
variables that generates independent samples and does not require preprocessing
time is Acceptance Rejection method (see for example [11]). Let g(x) be a real-
valued function on the sample space. Let I[q] denote the expectation of function
q(z) with respect to some given measure. By sampling according to function ¢(x)
we mean to sample using the probability distribution function ¢(x)/I[g]. We say
function ¢(z) encloses function p(z) if p(x) < g(x) for all x in the sample space.
The idea of Acceptance Rejection method is to find a proposal function ¢(z) that
encloses function p(x). Suppose we already have a mechanism to sample according
to q(z), then Acceptance Rejection algorithm enables us to sample according to
p(z). In most cases the constant function is used as the proposal function ¢(z).
The main drawback of Acceptance Rejection method is that it might reject many

samples. Indeed the ratio of the number of rejected samples to the number of



accepted samples is approximately equal to the ratio of the area between curves

q(z) and p(x) to the area under the curve p(z).

For many given distributions, finding a good proposal function that encloses
it without leading to many rejected samples is difficult. One extension to Accep-
tance Rejection method is Adaptive Rejection Sampling [30]. The basic idea of
Adaptive Rejection Sampling is to construct proposal function ¢(x) that encloses
the given distribution by concatenating segments of one or more exponential dis-
tributions. As the algorithm proceeds, it successively updates the proposal func-
tion ¢(x) to correspond more closely to the given distribution. Another extension
to Acceptance Rejection method is the Economical method [23]. This method
is basically a generalization of Alias method for continuous distributions. In this
method, one needs to define a specific transformation that maps {z : p(x) > ¢(z)}
to {z : p(xz) < q(z)}. Although this method produces no rejection, finding the

required transformation is difficult in general.

In the Reduced Rejection method we sample according to a given function
p(z) based on a proposal function g(x). In contrast to the Acceptance Rejection
method, Reduced Rejection sampling does not require ¢(x) to enclose p(z) (i.e. it
allows p(x) > ¢(x) for some x). On the other hand, Reduced Rejection sampling

requires some extra knowledge about the functions p(z) and ¢(x).

The Reduced Rejection sampling method can be applied to a wide range of
sampling problems (for both continuous and discrete random variables) and in
many examples is more efficient than customary methods (three examples are
provided in Sections 2.3, 2.4 and 2.5). In particular, Reduced Rejection sampling
requires no pre-processing time and consequently is suitable for simulations in
which p(z) is changing constantly (see Section 2.2 for an elaboration on this point
and Sections 2.4 and 2.5 for examples of simulations with fluctuating p(x)). Also
in situations where p(z) has singularities or is highly peaked in certain regions,

Reduced Rejection sampling can be very efficient.



The next section describes the Reduced Rejection sampling and proves its
validity. Section 2.2 compares Reduced Rejection sampling to other methods
(including other generalizations of Acceptance Rejection), highlights advantages
of Reduced Rejection sampling in comparison to other methods, and points out
some of the challenges in applying Reduced Rejection sampling. In Section 2.3,
Reduced Rejection sampling is demonstrated on a simple example. In Section
2.4, Reduced Rejection sampling is applied to an example motivated from plasma
physics, for which other sampling methods cannot be used efficiently. In Section
2.5, we make some comments on how to apply Reduced Rejection in the context

of stochastic chemical kinetics.

2.1 Reduced Rejection Sampling

Consider a sample space (2 with Lebesgue measure g on €2, and two functions

q,p: 2 — R. Denote

Tlq) = / g@)dp(x), I = / p()dpu(x).

By sampling from 2 according to p(x) we mean sampling from €2 using probability

distribution function p(z)/I[p|. Partition sample space 2 into two sets S and L:

L={reQ:p(x)>q@)}, S={recQ:pr)<q@)}

Reduced Rejection sampling is a method for sampling from € according to p(x)

using an auxiliary function ¢(z). It depends on the following:

e The values of I[g], I[p] and [.(p(z) — q(z))du(x). Note that the last value

is needed only for “Algorithm I1”, see Subsection 2.1.1.
e A mechanism to sample from € according to g(x).

e A mechanism to sample from £ according to p(x) — q(z).



Whereas the Acceptance Rejection method for sampling from p(x) requires
a function ¢(x) that encloses p(z) (i.e., 0 < p(z) < ¢(z) for all z € ), the
Reduced Rejection sampling algorithm is a generalization of the Acceptance Re-
jection method, that allows p(z) > ¢(z) for some z. The Reduced Rejection
sampling algorithm is detailed in Section 2.1.1, and its validity as a method for

sampling from Q according to p(z) is demonstrated in Section 2.1.2.

2.1.1 The Reduced Rejection sampling algorithm

The Reduced Rejection sampling method consists of two algorithms (i.e., two
different algorithms) depending on the relative values of I[p] and I|[q]. Flow charts
for these two algorithms are presented in Figures 2.2 and 2.3. The outcome of

each algorithm is a value z that is an independent sample from €2 according to
p(z).
Algorithm I: Ip] > I|q].

Proceed as follows:

i) With probability (I|p|—1 I[p], sample zq from L according to p(x)—q(x
) p y ([pl—Ilq])/I[p], samp g

and accept z = xg.
ii) Otherwise (with probability (I[q]/I[p]), sample z from €2 according to ¢(x).

a) If zy € L, accept z = .
b) If xg € S, accept z = g with probability p(x¢)/q(xo).
iii) If 2o was not accepted, then sample a new value of z; from £ according to

p(z) — q(z) and accept z = z;.

Algorithm II: I[p| < I]q].

Proceed as follows until a value z is accepted:



With probability (I[p] —I[q])/I[p] otherwise

Sample x, from L
according to
p(x) — g(x) and
accept z = x,

Sample x, from (1
according to q(x)

If xy € L accept
Z = Xy

ifx, €S

otherwise

With probability p(xg)/q(xo)

Sample a new value x;
from L according to
p(x) — q(x) and accept
7=k

Accept z = x;

Figure 2.2: Flow chart of Algorithm I of the Reduced Rejection sampling method

attributing to the case I[p] > Ilq].
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Sample x, from Q
according to g(x)

otherwise

If xy € L accept
Z=Xp

otherwise With probability p(x0)/q(xq)

. o [ (plx)—q(x))ax
ith probablllty m Accept Z= xO

Sample a new value x;
from L according to
p(x) — g(x) and accept
Zi—x

Figure 2.3: Flow chart of Algorithm II of the Reduced Rejection sampling method
attributing to the case I[p] < I[q].
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i) Sample x( from  according to ¢(x).

ii) If xg € L, accept z = xy.
iii) If g € S, accept z = x¢ with probability p, = p(zo)/q(x0),
iv) If zp was not accepted, then

a) With probability p, select x; from £ according to p(x)—q(z) and accept

2z = x1, in which

Pe = T (a(e) = pl()

= T 1+ L@ — a@)da() (2.)

b) Otherwise (i.e., with probability 1—p,), return to (i) without accepting

a value of z.

As described in Algorithms I and II, Reduced Rejection samples from p through
the following steps: On L, treat p as a mixture p = ¢ + (p — ¢) and sample from
q and p — ¢ with the correct probabilities; and on &, sample from p by sampling
from ¢ and accepting the sample with probability p/q. Rejected samples in S
correspond to the region B in Figure 2.4, and the region A is where ¢ does not
enclose p. If |[A| > |B] (i.e., Algorithm I) then all of the rejected samples can be
replaced by samples from A; if |A] < |B] (i.e., Algorithm II) then a portion of the
rejected samples can be replaced by samples from A, and for the remainder, the

algorithm is repeated as in Acceptance Rejection.

2.1.2 Validity of the Reduced Rejection sampling

In this subsection we show the correctness of the Reduced Rejection sampling
method. As the method is different for Algorithms I and II, we prove the correct-

ness for each algorithm separately.

12



£ g

Figure 2.4: This figure illustrates the Reduced Rejection method. Region A is
where ¢ does not enclose p, and region B is where samples are rejected. Rejected
samples from region B can be replaced by samples from region A if |A| > |B|;

otherwise (if |A| < |B]), some of the rejected samples lead to repetition of the

algorithm.
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Proof for Algorithm I: For each z € (2, show that the algorithm of Algo-
rithm I returns in dz with probability distribution p(z)du(z)/I[p].

If z € S, then part (ii) must have been selected, z must have been sampled in
(ii) and it must have been accepted in case (ii.b). Therefore, the probability of

returning z is

Pr[(ii) selected] Pr[z sampled in (ii)] Pr[z accepted in (ii.b)]

(
Ilg  a(2)dp(z) | p(2)
Tip] * 1l q(z)
_ p(R)du(z)
= B (2.2)

@

Also note that for every xy € S, after x is selected in (ii.b) with probability

%du(x), the probability of reaching (iii) is %. Thus the total probability

of reaching (iii) after selecting (ii) is

Pr[reaching (iii)|(ii) selected] = /5 q(z) — p(2) Q(i)du(x) _ fs(Q(x) - p(x))du(m)'

g(x)  I[g] 1]
(2.3)
Next suppose that z € £. The probability that z is returned from (i) is
Pr[z returned from (i)] =Pr[(i) selected] Pr[z sampled in (i)]
_Ulpl = 1Ilg)) (ol ) ( )) p(z)
T Lo e Y
The probability that z was returned from (ii.a) is
Pr[z returned from (ii.a)] =Pr|[(ii) selected] Pr[z sampled in (ii.a)]
_1d | a(x)du(z)
I[p] Ig]
_q(2)dp(z)
=T (2.5)
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Also, using equation (2.3), the probability that z was returned from (iii) is

Pr[z returned from (iii)]

=Pr|(ii) selected| Pr[reachmg (iii) | (ii) selected] Pr[z sampled from £ in (iii)]

Ig] (fs ©))dp(z )) . ) q(2))du(z)

I I [q] Jo(p(x) = q(x))dp(z)
_Jsla(@) — p(x))du(z) (p(z) - q(2))d ()
I[p] Jo(p(2) — q(x))dp(z)

Finally, using equations (2.4), (2.5), and (2.6), the probability of returning z is

(2.6)

Pr[z returned from (i)] + Pr[z returned from (ii.a)] + Pr[z returned from (iii)]

_Ulpl = 1lg]) (p(z) - ())du() +Q(Z)dﬂ(z)

1) /;(p(x )du() f[p] "

(b(2) - ) Jolale) — ple))du(z)

AT > <x> f[p]
HEEVEIE ) | adue)
S @))du()(f” g+ [ o) — o) >)+—][p]
o) (Z))du(Z) L e
10 [.0o(®) — o) )du()(/ (p(2) = () du( ))+ I
()du()

I 2D

Hence, by (2.2) and (2.7), whether z € S or z € L, the probability of returning
z is equal to p(z)du(z)/I[p]. This completes the proof for Algorithm I. N

Proof for Algorithm II: For each z € (), show that the algorithm in Algo-
rithm IT returns in dz with probability distribution p(z)du(z)/1[p]. The algorithm
consists of some number of cycles, each consisting of steps (i)-(iv), until a value

z is accepted. We first calculate the probability that z is accepted within one of
the cycles.

Suppose that z € S. Then z must be sampled in (i) and accepted in (iii).
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Thus, the probability of returning z in (iii) is

Pr[z returned from (iii)] =Pr[z sampled in (i)] Pr[z accepted in (iii)]
_a(z)dp(z) | p(2)

I[q] q(z)
Ilq] '
Also note that for every xy € S,which is chosen with probability w, the

I[q]

probability that it is not accepted in (iii) is %. Thus the total probability

of not returning an element of S in (iii), which is the same as the probability of
reaching (iv), is

Pr[reaching (iv)] = /S q(:U)q(;f(:U) qj_<[z]) du(x) = [g%dy(m) (2.9)

Next suppose that z € £. The probability that z is accepted in (ii) is
Pr[z returned from (ii)] = I (2.10)

For z to be returned from (iv.a), the algorithm must reach (iv), then go to (iv.a)

and then select z in (iv.a). This has probability

Pr[z returned from (iv.a)]

=Pr[reach (iv)] Pr[go to (iv.a)] Pr[z sampled in (iv.a)]
([ =p), J:(p(x) = q(x))du(x)  (p(z) — q(z))dp(z)

- ([ o) [ola(@) = o) (@)~ T () = @) duz)
~(p(2) = q(2))du(2)

= T : (2.11)

Now using equations (2.10) and (2.11), the probability of returning z in a cycle is

Pr[z returned] =Pr|[z returned from (ii)] + Pr[z returned from (iv.a)]
_q(2)dp(z) | (p(z) — q(2))du(z)
Iq] 1]
_p(z)du(z)
=S (2.12)
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Equations (2.8) and (2.12) imply that, whether z € S or z € L, the probability
that z is returned in a cycle is p(z)du(z)/I[q]. Integrating over all the samples
in €2, we deduce that the probability that a sample is returned in a cycle is
I[p]/I[q]. Consequently, probability that no sample point is returned in a cycle is
1 — I[p]/I]q].- Because the cycle is repeated until a sample point is returned, we
conclude that the probability that the algorithm returns z is equal to

(L I p(2)dp(z)  p(z)dp(z)
Z(l I[Q]) Ilq] Ip]

k=1

This completes the proof for Algorithm II. |

Note that the efficiency of Algorithm II is nominally the same as acceptance
rejection, i.e. the probability of a rejection is 1 — I[p]/I]g]. Actually it can be
significantly better because I[g] can be smaller, since ¢ < p is allowed. Also, note

that if I[p|] = I[q], then Algorithms I and IT are the same.

2.2 Comparison of Reduced Rejection and Other Sam-
pling Methods

One of the important features of Reduced Rejection sampling is that it requires
no preprocessing time. This is particularly useful for dynamic simulation; i.e.,
simulation in which the probability distribution function p(x) may change after
each sample (see Section 2.4 for an example from plasma physics). For dynamic
simulation, fast discrete sampling methods such as Marsaglia’s table method or the
Alias method, are not suitable as they require preprocessing time after each change
in p(x). Although, the Acceptance Rejection method requires no preprocessing
time and can be used for dynamic simulation, it may require changes in ¢(x) if
p(z) changes, which is usually not difficult, and it becomes very inefficient when
the ratio of the area under function p(z) to the area under proposal function

q(z) is small. Moreover, adaptive rejection sampling is not efficient, because the
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process of adapting ¢(z) to p(z) starts over whenever p(z) changes.

The Reduced Rejection sampling method can be thought of as an extension of
the Acceptance Rejection method. In particular when the proposal function ¢(z)
encloses p(z) (i.e., g(z) > p(x) for all x € Q so that £ = @) the Reduced Rejection
sampling method reduces to Acceptance Rejection method. The advantage of Re-
duced Rejection sampling over Acceptance Rejection method is that the proposal
function ¢(z) does not need to enclose function p(z); i.e., it allows ¢(z) < p(z) for
some x. This is very useful in dynamic simulation as it can accommodate changes
in p(x) without requiring changes in g(x). Moreover, Reduced Rejection sampling
may result in fewer rejected samples than Acceptance Rejection does, especially
if p(x) has singularities or is highly peaked.

There are several challenges in implementing the Reduced Rejection sampling
method. The main challenge is the need to sample from set 2 according to ¢(x)
and from set £ according to p(x) — g(z), which can be performed by various

sampling methods.

Another challenge in using Reduced Rejection sampling is the need to know
the values of I[g], I[p] and [,(p(z) — q(x))du(z) (but note that the last value is
only for Algorithm II). In many situations, these values are readily available or

can be calculated during the simulation.
2.3 Example 1: Reduced Rejection Sampling for a Ran-
dom Variable with Singular Density

In this section, Reduced Rejection sampling method is applied to a simple prob-

lem. Let Q = (0,1) and sample according to

(2.13)



which has singularities at 0 and 1. Using inverse transform sampling, it is easy to
sample according to 1/4/z or 1//1 — x, but inverse transform cannot be easily
applied to (2.13) as it requires finding the root of an eighth degree polynomial.
We apply Reduced Rejection sampling to this problem by setting ¢(z) = 1/+/x.
Observe that £ = Q = (0,1). As mentioned earlier, inverse transform sampling is
easily used to sample according to ¢(z) and according to p(z)—q(z). The Reduced

Rejection sampling is very fast and yields no unwanted sample points.

This example is equivalent to sampling from a mixture and can be extended
to sampling from a probability density p(x) that is a sum p = p; + pa + ... + pp,
if there is a method for sampling from each py separately and the integrals I[py]

are all known.

2.4 Example 2: Reduced Rejection Sampling for a Stochas-

tic Process with Fluctuating and Singular Rates

In this section, we apply Reduced Rejection sampling to an idealized problem
motivated by plasma physics. As discussed in Subsection 2.4.5, the unique features

of this problem makes other sampling methods inefficient to use.

2.4.1 Statement of the stochastic process and the simulation algorithm

The example presented here is a simplified version of simulation for recombination
by a collision of two electrons with an ion, in which one of the electrons is absorbed
into the atom and the other electron is scattered away. For incident electron
energies £, and Ej, the recombination rate is proportional to (E; Fy)~Y/2 [49, 72],
which can become singular if electrons of low energy are involved. This is an

obstacle to kinetic simulation of recombination by electron impact in a plasma.

Our goal is to simulate the evolution of the following system: Consider N par-
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ticles labeled 1,..., N. To each particle i we associate a number x; € (0, 1), called
the state of particle ¢ (and corresponding to electron energy in the recombination
problem). Occasionally, where it does not cause confusion, we use x; to refer to
particle i. We refer to the set I' = {z1,...,x,} as the configuration of the system.
For every pair of states x; and x;, T} ; is a random variable with an exponential
distribution with parameter (z;x;)®, in which « is a fixed constant between 0 and
1. T;; is the time for collision between particle ¢ and j which randomly occurs
with rate 1/(z;x;)*. After a scattering event occurs, say for the pair {k,[}, the
values of states z;, and x; are replaced by new values x} and zj; consequently, the

distribution of T; ; changes if either of ¢ and j is equal to k or (.

We will consider a simple updating mechanism for the states after each col-
lision. In the simulations presented below, the updated values of zj and z] are
chosen independently and uniformly at random from (0, 1), without dependence
on x and x;. This choice is made for simplicity and because the stationary dis-
tribution can be calculated for this choice (see Section 2.4.2), but we expect that
Reduced Rejection sampling would work equally well for more complex collision
rules. Indeed the Algorithm 2.4.1 described below and the more detailed algorithm

presented in Section 2.4.4 do not depend on the collision rules.

First we introduce some notation and make a few observations. Set s; = 1/x¢
and s =) .s;. Let T'(\) denote an exponential random variable with parameter
A (with rate 1/X); then T'(\) = uT'(uA) for any scalar p. We will use

%%T(l/sz) =T(1/(sis5))

in the following algorithm, which is a variant of the Kinetic Monte Carlo (KMC)
algorithm (also known as the residence-time algorithm or the n-fold way or the
Bortz-Kalos-Lebowitz (BKL) algorithm [6]), that simulates the system described
above. This algorithm chooses collisions, by choosing two particles separately out

of the N number of particles, rather than choosing a pair of particles out of the
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N? number of pairs.

Algorithm 2.4.1 1. Start fromt = 0.
2. Choose time At by sampling from an exponential distribution with rate s*.
3. Choose index k with probability sy /s.
4. Choose index | with probability s;/s.
5. At time t + At collision between particles k and | occurs.

6. Update states xy, and x; according to the updating mechanism and the update

value of s.

7. Sett =t + At and start over from 2.

We use Reduced Rejection sampling in Subsection 2.4.5 to perform steps 3 and
4 in the above algorithm. We also explain why other methods of sampling would
be inefficient in these circumstances. To verify that our simulation is working

properly, we perform the following test.

Let g(z1,...,xy) be a real-valued function on the configuration space, with
expectation of g over configurations of the system denoted by E[g]. For a simple
collision rule and specific g we can find the value of E[g] analytically, as shown in
Subsection 2.4.2. Consequently, the difference between the numerical and analytic

results provides a measure of the accuracy of the simulation as discussed at the

end of Subsection 2.4.5.

2.4.2 Theoretical results

Think of the system’s evolution as a random walk on the configurations of the
system. Suppose the updating process is that if states x; and x; collide, then

states x}, and ] are chosen independently uniformly at random from (0,1). In
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this section, we find the stationary probability distribution for this random walk
and the value of E[g| for two functions g. Observe that for the updating mecha-
nism considered here, the random walk is irreducible; that is, it can go from any
configuration to any other configuration (i.e. if for example the updating mecha-
nism had additional constraints, such as zj, + x; = x; + x;, then the random walk
would not be irreducible since it could reach only those configurations whose sum

of the states is the same as the sum of the states of the starting configuration).

For every configuration I' = {zy ..., zx}, set
(wyeemy)® 1
e Z Z (wizj)* )
i.j

where Z is the normalizing constant so that fr mr dx = 1. We will show that 7

is density of the stationary probability distribution for the system.

Suppose the current configuration of the system is T' = {zy,...,2y}. Ac-
cording to steps 3 and 4 in Algorithm 2.4.1, the probability of collision occurring
between states xp and x;, with k # [, is proportional to sgs; = 1/(xpx;)®. Let
P(I"|T") denote the transition probability density of going from configuration I" to

configuration IV. Then

SR VAC%.7) if TV = {a), )} UT \ {zg, 2, } for some k # .
P(D'|D) = { et/ ) o
0 otherwise.

Now it is straightforward to verify the detailed balance equation
mrP(T'|T") = n P(T|TY).

Therefore, nr is the unique stationary distribution of the random walk. Unique-

ness follows from the fact that the random walk is irreducible.

The normalizing constant Z for probability distribution 7 can be calculated

by

N L I )
Z_/(o,lw(1 v (;j(xixj)a>dl dN_(oz+1)N‘2’
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Hence for any function g(x1,...,zn),

E[g] = %\/«) I g(xl,. .. ,Z’N)(xl - '.T,'N)a <Z ($i;j)a> diL’l d.fEN

i?j

Some tedious algebra leads to the following proposition:
Proposition 2.4.2 Using the above notations and assumptions:

a) E[g]:g—ié(N—Q)—kl when g(x1,...,2x5) =1 + -+ TN.

b) Elg] = (N —2) + 2 when g(xy,...,an) = 3 + - + 2%

2.4.3 Simulation issues

In this section we make some remarks about the challenges involved in simulating

this system.

The main challenge of sampling in this dynamic simulation is that the s;’s are
changing after each collision. Consequently, the sampling method should require
small or zero preprocessing time. For this reason, discrete sampling methods such
as Marsaglia’s table method or the Alias method are not very efficient for this

problem.

Next consider using Acceptance Rejection method based on uniform sampling
from 1 to n for the proposal distribution (i.e., ¢ constant). As mentioned earlier,
the changing distribution property of the problem is not very detrimental for
Acceptance Rejection. On the other hand, the singularity in the rates at z; = 0
can lead to a large constant for ¢, for which there will be many rejected samples,

so that the method is inefficient.

Moreover, there seems to be no other clear choice for the proposal distribution ¢
other than a constant. Note that the sampling is from a discrete set of probabilities

s;/s with little control over their values; for example the s;’s are not monotonically
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ordered. This is quite different from sampling a single random variable from the

—

density p(z) = x

2.4.4 Use of the Reduced Rejection algorithm

In this section we explain how to use Reduced Rejection Sampling to perform
steps 3 and 4 in Algorithm 2.4.1. Reduced Rejection sampling can be readily used
in this dynamic simulation. Even though the values of the s;’s change after each
collision, they do not change drastically; in each collision at most two of the s;’s
change. Starting at time 0, we set ¢; = p; = s;. After each collision, we update
the values of p;’s to p; = s;, but do not change the values of ¢;’s. Note that
we can easily update the value of I[p] after each collision and keep track of set
L ={i:p; > q} by comparing the updated values of p;’s to their corresponding
values of ¢;’s. Moreover, the size of set £ changes by at most 2 after each collision

(but it can also decrease after some collisions).

We use Marsaglia’s table method to sample according to ¢;’s. Since we do not
update ¢;’s after each collision, the preprocessing time in Marsaglia’s table method
is only required for the first sampling and not for the subsequent samplings. To
sample from L according to p; — ¢;, we use Acceptance Rejection with uniform
distribution for the proposal distribution. As long as the size of set £ is not too
big, the sampling from L is not very time consuming. To prevent £ from getting
too large, we reset the values of ¢;’s to ¢; = p; = s;, which sets £ to be empty,

whenever the size of £ exceeds a predetermined number M.

The size of M is important for the performance of the algorithm. If M is too
small, then there are many updates of the ¢;’s, each of which requires preprocessing
time for Marsaglia’s table method. On the other hand, if M is too big, then £
is large and costly to sample from by Acceptance Rejection. Our computational

experience shows that setting M equal to a multiple of vV N is a good choice. It
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might be better for the reinitialization criterion to be based on the efficiency of
the sampling from £ (i.e., the fraction of rejected samples when using acceptance

rejection on L), rather than the size of L.

2.4.5 Numerical result

We simulated the evolution of the system under the conditions outlined in Sub-
section 2.4.2 with N = 10*, and « = 0.5. We start with a random configuration at
time £ = 0. The simulation is based the Reduced Rejection sampling method, us-
ing Marsaglia’s table method and the Acceptance Rejection method as described
above. After each collision, we evaluate g(x1,...,xy) = 21 + -+ + 2y and take
the average to get an estimate for E[g]. Each result is produced by taking an
arithmetic average of five independent runs. Figure 2.5 compares the results for
E[g] from Reduced Rejection sampling with those from the Acceptance Rejection
method. The results of Figure 2.5 show excellent agreement between the values
of Elg] as a function of the number of collisions from the two methods, which

provides a validity check for Reduced Rejection sampling.

The advantage of Reduced Rejection sampling is demonstrated in Figure 2.6
which shows a log-log plot of the processing time as a function of the number
of collisions, for Reduced Rejection sampling and Acceptance Rejection. The
results show that Reduced Rejection sampling is much faster than the Acceptance
Rejection method. In fact, for n collisions, the computational time scales as O(n)
for Reduced Rejection sampling, and as O(n%?) for Acceptance Rejection, in
the range 10* < n < 10°. For small values of n, the initial pre-processing step
of Marsaglia’s table method dominates the computational time. For n > 10%,
however, the pre-processing time (including the multiple pre-processing steps due
to reinitialization) is not a significant part of the computational time. The average
number of reinitialization steps for Reduced Rejection sampling is (0, 0,0, 3.7, 53.1)

for n = (10%,103,10%10°,105), respectively. Another interesting advantage of
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the Reduced Rejection sampling is that the variance of the processing time for
independent runs is much smaller in the Reduced Rejection sampling than it is in

the Acceptance Rejection method.

6000

5800

5600

E[g]

5400

5200

Vi
5000 —6— Reduced Rejection
—4&— Acceptance—Rejection
10° 10° 10° 10°

# of interaction

Figure 2.5: Theoretical (dashed line) and estimated values (solid lines) of E[g]
using different number of collisions. Here g(zy,...,2x) =21+ +zy, N = 10%,
and a = 0.5. Also M = 4000 for the Reduced Rejection sampling. The theoretical
value of E[g] is 5999.8. The estimated value of E[g] after 10° collisions using Re-
duced Rejection sampling and Acceptance Rejection methods were, respectively,

5994.59 and 5996.35. The reported result is the average of 5 independent runs.
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Figure 2.6: A Loglog plot of the processing time for Acceptance Rejection and
Reduced Rejection sampling. Here g(xy,...,25) = 21 + -+ + 25, N = 10* and
a = 0.5. Also M = 4000 for the Reduced Rejection sampling. The reported

processing time is the average of 5 independent runs.
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2.5 Example 3: Stochastic Simulation of Chemical Kinet-

ics

In this section we describe how we can use Reduced Rejection in the context of
stochastic chemical kinetics. The term stochastic simulation in chemical kinet-
ics typically refers to a Monte Carlo procedure to numerically simulate the time
evolution of a well-stirred chemically reacting system. The first Stochastic Sim-
ulation Algorithm, called the Direct Method, was presented in [32]. The Direct
Method is computationally expensive and there have been many adaptations of
this algorithm to achieve greater speed in simulation. The first-reaction method,
also in [32], is an equivalent formulation of the Direct Method. The next-reaction
method [28] is an improvement over the first-reaction method, using a binary-
tree structure to store the reaction times. The Modified Direct Method [16] and
Sorting Direct Method [45] speed up the Direct Method by indexing the reac-
tions in such a way that reactions with larger propensity function tend to have a
lower index value. Recently, some new Stochastic Simulation Algorithms, called
partial-propensity methods, were introduced that work only for elementary chem-
ical reactions (i.e. reactions with at most two different reactants) (see [54, 55, 56]).
Nevertheless, note that it is possible to decompose any non-elementary reaction
into combination of elementary reactions. There are also approximate Stochastic
Simulation Algorithms, such as tau-leaping and slow-scale, that provide better
computational efficiency in exchange for sacrificing some of the exactness in the

Direct Method (see [31] and the references therein for more details).

Next we give a brief review of stochastic simulation in chemical kinetics. An
excellent reference with more detailed explanation is [31]. Using the same no-
tation and terminology as in [31], consider a well-stirred system of molecules of
N chemical species {Si,..., Sy}, which interact through M chemical reactions

{R1,...,Ry}. Let X;(t) denote the number of molecules of species S; in the sys-
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tem at time ¢. The goal is to estimate the state vector X(t) = (Xi(¢),..., Xn(t))

given the system is initially in state X(0) = xq.

Similarly to Section 2.4, when the system is in state x, the time for reaction
R; to occur is given by an exponential distribution whose rate is the propensity
function a;(x). When reaction R; occurs, the state of the system changes from x
to x + (v, ..., vn;), where v;; is the change in the number of S; molecules when

one reaction R; occurs.

Estimating the propensity functions is not an easy task in general. As noted,
the values of the propensity functions depend on the state of the system. For
example, if R; and R; are, respectively, the unimolecular reaction S; — product(s)
and bimolecular reaction Sy + Sy — product(s), then a;(x) = ¢;z; and a;(x) =
c;x122 for some constants ¢; and ¢;. Therefore, the propensity functions of the
reactions are changing throughout the simulation. Moreover, if for some chemical
species the magnitude of their population differs drastically from others, we expect

the values of propensity functions to be very non-uniform.

For every state x, define
M
a(x) = Z a;(x).

=1
To simulate the chemical kinetics of the system the following algorithm is used,

which resembles Algorithm 2.4.1 in Section 2.4.

Algorithm 2.5.1 1. Start from time t = 0 and state x = Xq.
2. Choose time At by sampling from an exponential distribution with rate a(x).
3. Choose index k with probability ax(x)/a(x).
4. At time t + At reaction Ry occurs.

5. Update time t =t + At, state x = x + (V1g, - . ., UNk) and start over from 2.
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In the original Direct Method [32] step 3 in the above Algorithm 2.5.1 is
performed by choosing number r uniformly at random in the unit interval and

setting

k
k = the smallest integer satisfying Z a;(x) > ra(x). (2.14)
i=1

However, when we have many reactions with a wide range of propensity func-
tion values presented in the system, a scenario that is very common in biological
models, the above procedure of using partial sums becomes computationally ex-
pensive. As noted earlier, some methods, such as the Modified Direct Method
[16] and Sorting Direct Method [45], index the reactions in a smart way that re-
duces the average number of terms summed in equation (2.14), which results in

computational efficiency.

We propose a different approach to performing step 3 in Algorithm 2.5.1 using
the Acceptance Rejection or Reduced Rejection method. The approach is very
similar to what was done in Section 2.4. To be specific, we can use Acceptance

Rejection for step 3 in the following way: let
a(x) = max a;(x).

Until an index is accepted, select index k uniformly at random from {1,..., N}
and accept it with probability ay(x)/a(x); otherwise, discard k and repeat. When
an index is accepted step 3 in Algorithm 2.5.1 is completed. Typically for chemical
reactions R;, most of v;;’s are zero; therefore, we can efficiently update the value

of a(x) at each iteration of Algorithm 2.5.1.

However, as in Section 2.4, if the values of a;(x)’s are very non-uniform (for
example, when the population of some chemical species differ drastically from
that of other species in the system) the Acceptance Rejection method becomes
inefficient due to rejection of many samples. In these circumstances, the Reduced
Rejection algorithm can be readily used in a very similar way as it was used in

Section 2.4. We expect that the use of the Reduced Rejection algorithm in these
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circumstances would greatly improve the computational efficiency of the exact

Stochastic Simulation Algorithms.

2.6 Conclusions and Future Directions

In this chapter we introduced a new Reduced Rejection sampling method that
can be used to generate independent samples for a discrete or continuous random
variable. The strength of this method is most evident for applications in which
Acceptance Rejection method is inefficient; namely, the probability distribution of
the sample random variable is highly peaked in certain regions or has singularities.
It is also useful when the probabilities are dynamically updated, so that discrete
methods that requiring preprocessing are inefficient. In particular, the Reduced
Rejection sampling method is expected to perform well on kinetic simulation of
electron-impact recombination in a plasma, which is difficult to simulate by other

methods.

The preliminary examples in this chapter are meant to illustrate these ad-
vantages of the Reduced Rejection sampling method. They provide evidence of
improvement in computation time using the Reduced Rejection sampling versus
Acceptance Rejection method. These examples also provide some insights on

implementation of the method.

One possible direction for future research is the nested use of Reduced Rejec-
tion sampling methods. For the most difficult step - sampling from £ according to
p(z) — q(x) - we propose to apply the Reduced Rejection sampling method again
using a new proposal function. In essence, this would use one Reduced Rejection

sampling method inside another Reduced Rejection sampling method.
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CHAPTER 3

A Time Continuation Based Fast Approximate
Algorithm for Compressed Sensing Related

Optimization

This chapter introduces a fast approximate algorithm to numerically solve a class
of optimization problems that are related to the Compressed Sensing problem.
The methodology is to first find an approximate solution to the Lagrangian dual
formulation of the problem and then use the result to find an approximate solution

to the primal problem.

The use of Lagrangian dual formulation to numerically solve optimization
problems is ubiquitous in optimization literatures. The ideas behind many op-
timization algorithms can be easily understood in the language of their dual for-
mulation. For example, the Dual Ascent method (see for example [7]) can be
thought of as performing an explicit gradient method on the dual problem. Also,
considering that the action of proximal operator is equivalent to an implicit gra-
dient (i.e. backward Euler) step, then methods such as Augmented Lagrangian
method [35, 53] (i.e. also known as the method of multipliers) can be thought as

performing an implicit gradient method on the dual problem.

It is also well understood that for some optimization problems, regularizing
the objective function may significantly simplify the problem for numerical com-
putations. Sometimes regularizing the primal problem may also result into an

easier-to-handle dual formulation (i.e. see section 3.1 for more details).
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Consider the following minimization problem, also known as Basis Pursuit

problem (i.e. see for example [17]),
min ||y|l; subject to Ay =b. (3.1)
v

Throughout this chapter, | - | stands for the Euclidean norm || - || and A for an
m X n matrix with m < n. Let R(t,y) be some specific function that incorporates
the constraint Ay = b. It has recently been noted in [20] that if the Basis Pursuit

problem is relaxed by adding regularization ﬁ|y|2 and penalty term R(t,y):

. 1
axguin { Il + 510 + Rit.) | (3:2)
yeR™ 1%
then the Lagrangian dual problem is of the form:

argmax {(b, s) — §|shrink(ATs, T2 - tH(|s|)} . (3.3)

scR”
For two vectors with same length @ and ¥, the shrink operator is defined by

i

Tl

Here function H(-) is determined by R(t,y); for example, when R(t,y) = 5|Ay —
b|” and R(t,y) = —\/t* —[Ay — b2, then H(Js|) = ;s[> and H(|s|) = /1 + s[>,

respectively.

shrink(#, ¥); = max(|z;| — v;, 0)

We also note that the idea of using duality for (3.2) was first used in [70], for
t = 0 and then in [20] to obtain formula (3.3). We note that there is an interesting
link between this duality formulation and viscosity solutions for certain Hamilton-

Jacobi equations, pointed out in [20] (see also [21]).

This chapter proposes a new and practical approximate algorithm that uses the
duality correspondence between (3.2) and (3.3) to find an approximate solution
to the Compressed Sensing problem. The algorithm is named Time Continua-
tion Compressed Sensing, or TCCS for short. The TCCS algorithm consists of

two parts. The first part of the algorithm finds an approximate solution to the
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constrained problem
argmax {(b,s) —tH(|s|)}  subject to — 7 <ATs< 1. (3.4)

The second part of the TCCS algorithm uses the Lagrangian dual correspondence
between (3.2) and (3.3), and a first order approximation in terms of 1/u to find

an approximate solution to problem

argmin {||y[l, + R(t,y)}, (3.5)

yeR™

Although the TCCS algorithm does not find the exact optimal argument for
problem (3.5) (or (3.4)), it performs very well. Section 3.4 provides numerical
evidence that shows that when the TCCS algorithm is applied to Compressed
Sensing problems, it perfectly recovers the solution when it is relatively sparse.
Moreover, the TCCS algorithm is faster than some of the fastest methods used for
solving Compressed Sensing problems (see Section 3.4 for more details). Another
advantage of using the TCCS algorithm for Compressed Sensing problems is that

it is parameter free.

We also derive some theoretical results that are important in their own rights.
In particular, an alternative proof for the exact reqularization property introduced
in [70] and [27] is presented. It is shown in Subsection 3.2.3 how the solution of
problem (3.4) can be used to yield an approximate solution to primal problem

(3.2) for sufficiently large p.

Some readers might think that the idea used in the first part of the TCCS
algorithm resembles the Simplex method or the Interior method used in optimiza-
tion. However, the resemblance is misleading. Suppose a polytope € is defined
by

Q={secR":a/s<1, fori=1...,n}.

For every point s € R™, let J(s) be the set of indices ¢ € {1,...,n} for which

als > 1. We call J(s) the set of violations of s. We sometimes use J instead
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of J(s) when this does not cause confusion. Let A; be the matrix formed by

columns of A whose index belongs to J.

In each iteration of the Simplex method, we move from an extreme point (a
point on the boundary of € for which the corresponding matrix A ; has rank m)
to another extreme point. On the other hand, in each iteration of the Interior
method, the corresponding points are inside €2, and therefore their set of violations
is empty (i.e. by convention A ; has rank zero for these points). However, in the
TCCS algorithm, we start with a point inside the polytope €2 and at each iteration
move to a new point on a face of € in such a way that the rank of A ; increases
by at least one. As a consequence the algorithm stops after a maximum of m

iterations.

The algorithm also resembles LARS [25] and adaptive inverse scale space [10],

but is certainly different from these compressed sensing related algorithms.

Indeed, the algorithm used for the first part of the TCCS algorithm, belongs
to a class of techniques called Homotopy method (see, for example, [65] and [66]),

suitably adapted for the particular problem at hand. Let

gr(s) = (b,s) — TH(]s|).

In essence, we generate a sequence 7 > 71 > --- > 7y = t and iteratively find
. . . 1 E . 1 f f .
approximate maximizers s, ..., S,,, respectively, for functions g(s), ..., g, (s)

subject to constraint — 1 < ATs < 1. As aresult, sf)pt yields a good approximate

maximizer for (3.4) .

The main contribution of this chapter is to introduce an algorithm that per-
fectly recovers the solution of Compressed Sensing problems when the solution is
relatively sparse with respect to the number of measurements. For this regime of
sparsity, the recovery is extremely fast compare to other algorithms being used.
Moreover, the TCCS algorithm has a fixed number of iterations. Also, the TCCS

algorithm exhibits a sharp phase transition in the success rate of recovery of so-
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lution when sparsity of solution varies.

The reminder of this chapter is organized as follows: Section 3.1 presents a
quick overview of different regularizations of the Basis Pursuit problem and their
corresponding Lagrangian dual formulation. Section 3.2 provides some theoretical
result that are used in developing the TCCS algorithm. Section 3.3 describes the
general idea of the TCCS algorithm. Section 3.4 contains numerical evidence
for the good performance of the TCCS algorithm. Section 3.5 contains some
concluding remarks. In Appendix B pseudo-codes for the TCCS algorithm are

presented.

3.1 Augmented Problems and Lagrangian Duality Formu-

lation

The goal of compressed sensing is to find sparse solutions to equation Ay = b,
where A is an m X n matrix with m < n. The Compressed Sensing problem is
formulated as

min ||yl]lo  subject to Ay =Db, (3.6)
Yy
where ||y||o counts the number of nonzero entries in y.

It turns out (i.e. see [13]) that the sparse solution is often the same as the
solution to the Basis Pursuit problem (3.1). The lack of smoothness of the ob-
jective function in (3.1) poses a challenge for numerical minimization. Moreover,

the Lagrangian dual of (3.1),

max (b,s) subject to A's < 7. (3.7)

S
is a constrained and non-strictly convex problem.

Problem (3.1) can be relaxed in several ways: For p > 0, one can introduce a
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regularization term and consider the problem

1
min {HyH1 + 2—\y]2} subject to Ay = b. (3.8)
y 7

It has been shown in [70] and [27] that the above problem has the exact regular-
ization property: there exist a large fixed po, depending on A and b, such that for
i > o, the solution to (3.8) is the same as the solution to (3.1). In Corollary 3.2.7
an alternative proof for the exact regularization property is provided. Moreover,
as noted in [38], the Lagrange dual problem of (3.8) is unconstrained and differ-
entiable; consequently, many classical techniques such as Nesterov’s acceleration
method [47], Barzilai-Borwein step sizes [4], and non monotone line search can

be used to speed up computation.

Alternatively, one can add a penalty term to (3.1) and consider the following

problem (known in the literature as LASSO [60] or Basis Pursuit Denoising [19)]):

) 1
mm{uynl b oAy - b|2}. (3.9)
y t

For certain applications, b may contain noise; which makes solving (3.9) more
preferable than solving (3.1). The TCCS algorithm proposed in this chapter
yields approximate solution to problems of the type (3.9).

The primal problem (3.9) is unconstrained; however, its Lagrangian dual prob-
lem is constrained. In contrast, the primal problem (3.8) is constrained, whereas,

its Lagrangian dual problem is unconstrained.

Motivated by the above two relaxation procedure, next turn to problem (also

known as Augmented LaSSO),
min + + A b .
Y Yl 2 Yy 2 Yy )

and a related problem

1
min {HyHl + 2—]y|2 — /12— |Ay — b|2} subject to  |Ay —b]* <t. (3.11)
v 7
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As it is shown in Appendix A, the Lagrangian dual of the above problems is of

the form

max {(b, s) — g|shrink(ATs, )2 - tH(\s\)} , (3.12)
seR™

with H(x) = 2%/2 for problem (3.10), and H(x) = /1 + 22 for problem (3.11).
Hence, the Lagrangian dual formulation can be used to solve problems (3.10) and

(3.11) in the following way (see for example [21]): First compute

s* = argmax {<b, s) — gyshrink(ATs, )2 - tH(|s|)} , (3.13)

seR™

then compute

y* = - shrink(A”s*, ?)

As it turns out,

o if H(x)= 127, then y* solves (3.10),
e if H(z) =+/1+ 22, then y* solves (3.11).
Moreover [20, 21] demonstrate that,
(b, 1) = sup {<b, s) — g\shrink(ATs, )2 - tH(|s|)}
is the solution to the initial value Hamilton-Jacobi equation
e+ H(Dup) =0

¢(b,0) = inf, {||y||1 + $|y|2} such that Ay =b.
3.2 Theoretical Results

This section establishes some theoretical results. In Subsections 3.2.1 and 3.2.2
we study the trajectory of the solutions for problems (3.3) and (3.4), respectively,
as we vary parameter t. In Subsection 3.2.3, a first order approximation in terms
of 1/p is used to establish relation between the solution of (3.4) and the solution

of the of the primal problem (3.2) when p is large.
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Indeed, in the rest of the chapter, we consider the more general problems

Sopt(t) = argmax{(b,s) —tH(|s|)} subject to ATs < T, (3.14)
and
$'(t, 1) = argmax { (b, s) — LIS(ATs, T)2 —tH(s|)},  (3.15)
seR™ 2

where operator S is defined by S(7, ¥); = max(z; — v;,0) and AT is such that the

polytope
Q={s:ATs < T}

is bounded. Here, b, 1 and ¢ are fixed, A is m X n matrix with m < n. The

following assumptions about function H are made:

1. H is a function from positive real numbers to positive real numbers.
2. H is strictly convex and strictly increasing.

3. H is differentiable with A denoting its derivative.

4. h is a composition of polynomials and radicals.

5. h maps bounded sets to bounded sets.

Remark 3.2.1 Assumption 4 in above is used in Lemma 3.2.3 and Assumption 5

1s used in Theorem 3.2.4. One might be able to weaken these assumptions.

Remark 3.2.2 The functions H given in Section 3.1, satisfy all these assump-

tions.

To see that the new formulation yields the original problem, observe that if A

denotes the concatenation of A and —A along their columns; that is

A= [A | _A], (3.16)
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then |shrink(AT's, T))| = |S(ATs, ?)| Therefore, the solution to (3.15), with A in
place of A, is the same as the solution to (3.13). Moreover, if y = p-shrink(ATs, ?)
and § = - S(ATs, T), then

y=[1 1 15 (3.17)

where I is the identity matrix.

3.2.1 Unconstrained dual problem

This subsection investigates the solution to problem (3.14).

Set
£i(s) = (b,s) — TH(s|) — g|S(ATs, )2, (3.18)
Observe that
Vi(s)=b— Th(|sy)% — 4AS(ATs, 1),

Because of the concavity of functions f.(s) and since f,(s) is bounded above when
w1 > 0, we know that s* = s*(7, u) = argmax,(f-(s)) is either the origin or satisfies

|Z*| _ uAS(ATs*, T).

It is clear that for nontrivial cases, the optimal argument s* is not at the origin.

0=b—rh(|s"))

For that reason, we usually discard the origin in the discussion that follows.

For every point s € R™, let J(s) be the set of indices i for which
als > 1.

Here a!” denotes the i row of matrix AT. We call J(s) the set of violations of s.
We sometimes use J instead of J(s) where this does not cause confusion. Let A7
be the matrix formed by appending the rows of AT whose index belong to J. Let
A ; be the transpose of AT; that is, the matrix formed by appending the columns

of A whose index belongs to J. Now, the previous equation is equivalent to

0=b —rh(|s’])- — uA,(ATs* — T).

8]
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Rearranging implies that

h(|s* o
s* = (r—(‘|:*||>1 + ;LAJA§> (b+uA,T), (3.19)

where I is the identity matrix. The matrix inverse in equation (3.19) always exist

for 7 > 0, 0 < u < oo and s* not the origin’.

Consider SVD decomposition

VT
A} =U% :
WT
where rows of VT (ie. {of,...,0vl} ) and W7 (ie. {w!...,wl ,}) corre-

spond, respectively, to nonzero and zero singular values of AZ. In particu-
lar, span{a;}ics = span{v;}¥_,. Moreover, {v1,...,vp, Wy ..., Wy i} form an or-

thonormal set of basis. Observe that,

k k
T _ T T _ 2 T
A = E U;04; and A A; = E o;V;;
=1 i=1

Note that,

m—k
h * h(|s* h(|s*
(s |)I+ pA AT =71 (ls) E wiw; + E (uaf—kT@)vivT. (3.20)

T P P s°]
Taking an inverse and substituting in (3.19) yields that

|S| 1 T =
= A oir A;1).
= () Zwl ot us 1 +Zua F (s e P A)

The w;’s are in the space perpendicular to span{a;}ics, wl Ay = 0. Therefore,
the above equation simplifies to
k

1 vl —

" (b/u+A;1).

b+ T e o et AT
(3.21)

s*(7, 1) =

'One way to see this is noting that eigenvalues of the matrix are strictly positive due to
positivity of h. See also equation (3.20).

41



This is one of the main equations that is used throughout this chapter. Equation
(3.21) describes an implicit equation for the trajectory of optimal argument s*
as function of 7 and u. Note that A, 0;’s, w;’s and v;’s depend on the set of
violations of s*, J(s*). Also equation (3.21) is valid for 0 < 7 and 0 < p (since

the matrix in equation (3.19) must be invertible).

At first glance, equation (3.21) might not seem very helpful, as it is an implicit
equation. However, many useful properties can be inferred from this equation.
What follows is not very practical to implement; however, it is useful in deriving
some theoretical results. The TCCS algorithm inspired by these ideas is presented

in Section 3.3.

For every set J, 7 and pu, write the implicit equation

s= L (S wal b+ Y AT (322
= iW; pm Jg1). .
A 2 N N

However, note that s in the above equation is not necessarily the optimal solution

because in equation (3.21), the set of violations J (i.e. consequently A%, o;’s, w;’s
and v;’s) implicitly depends on 7 and .

For every set J and i € {1,...,n}, let ©;(J) be the set of 7 of positive real
numbers for which there exist s that satisfies both equation (3.22) and al's = 1.

The importance of set ©;(.J) will be discussed shortly. However, we first show the

following lemma:

Lemma 3.2.3 For fized pu, J and i, the set ©;(J) consists of a finite number of

intervals in R.

Proof: First take the Euclidean norm of both sides of equation (3.22) and sim-
plify. Orthogonality of the basis {w, ..., Wy, v1, ..., v} considerably simplifies
the expression. Perform a series of algebraic manipulations (depending on the

form of function h), to reduce the expression into the form

P(ls|, ) =0, (3.23)
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where P is a polynomial in two variables.

Next suppose that s satisfies al's = 1. Multiply both side of equation (3.22)
by al. The LHS equals to 1. Again, perform a series of algebraic manipulation

to reduce the expression into the form

Q(’S’ﬂ-) =0, (3.24)

where @ is a polynomial. Thus if 7 is chosen such that s satisfies (3.22) and al's =
1, then |s| and 7 must satisfy both (3.23) and (3.24). As it is well known (and
goes by the name Bezout’s theorem), polynomials P and @) have finite number
of intersections, unless they have a common component. In either case the set of
7 for which there exist |s| such that pair (|s|, ) satisfies both (3.23) and (3.24)

consist of a finite number of intervals in R. The result follows. [ ]

Let us now move on to partition R™ into regions where the points of each
region have the same set of violations. Clearly there are a finite number of regions
(although many of them). Now going back to equation (3.21) recall that A%, 7,7,
w;’s and v;’s depend on the set of violations of s*. Fix u and think of s* as a
function of 7 (to ease the notation we use s*(7) in place of s*(7, ) and J(7) in
place of J(s*(7, ). Let 79 be sufficiently large so that s*(7) is close to the origin

and J(7p) is empty. Set T = 7.
Since the set of violations is empty, equation (3.21) implies that

oy Is7(7)
s* (1) = Th(ls*(7)|)b' (3.25)

The above equation describes trajectory for s*(7) in the region where the set of

violations of the optimal argument is empty.

Next, slowly decrease 7 from 79. As 7 — ¢, by continuity s*(7) — s*(t).
Equation (3.25) continues to hold until the set of violations of s*(7) changes; that
is, s*(7) enters into a new region. Let 7; denote the largest 7 for which this

happens. Continue this process.
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Suppose T = 7, for some r = 1,2,.... Again by continuity, for 7 < 7., s*(7)
follows a trajectory prescribed by equation (3.21) (using J(7,) in place of J), until
the set of violations of s*(7) changes; that is s*(7) enters into another region at
T = T,41. Therefore, as 7 decreases from 7., 7,41 is the first 7 for which s*(7)
passes through a plane given by {s : al's = 1} for some k € {1,...,n}. Thus, 7,44
is equal to the largest element smaller than 7, that belongs to ©(J(7,)) for some
k, where 7, and 7., are not on the same interval in O, (J(7,.)) (i.e. If 7, and 7,41
are on the same interval of ©(J(7,)), it means that for 7, < 7 < 7., s*(7) lies
on the plane given by {s : al's = 1}, consequently, the set of violations of s*(7)

does not change due to k). This process is continued until 7 reaches t.

The important observation is that because of Lemma 3.2.8 and since there
are finite number of regions (i.e. different set of violations) and indices i, the
above process does not continue indefinitely. Therefore, there exist a sequence
To > T > - > 75 > Ty = 0, where for 7 € (7541, 7] s*(7) lies in the same

region.

The above observations are used to prove several results.

Theorem 3.2.4 For every p there exist t. > 0 and a matriz A; with rank m

such that for 0 <7 <t,

" . 1 i’UZ-T —-
s <T,u)_21+_ eI o2 (b/p+A,;71). (3.26)

Proof: In the discussions above, set t. = 7 and A; = A (). Then equation

(3.21) yields that for 7 € (0, t.],

s (r ) = —5 1 Zw b+z ”’"T(b/ T A,T)
)= s 2 1+ -5h |s*|>/|s*| g2 T AT

where A, w;’s, v;’s and o0;’s are fixed. However, we know that s*(7, 1) is bounded
as 7 — 0. Therefore, from assumption 5 about function h, h(|s*|) is bounded as

7 — 0 and unless (37" " w;wl)b = 0, the first summand in the above equation
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would blow up as 7 approaches 0; which yields a contradiction. Thus it musty be
the case that k& = m; that is, A7 has m nonzero singular values, which implies

that A ; has rank m. The result follows. [ |
Remark 3.2.5 The values of t. and matriz A ; in Theorem 3.2.4 are p dependent.
Theorem 3.2.6 For u sufficiently large, ux S(ATs*(0, 1), 1) is independent of pu.

Proof: The result of Theorem 3.2.4 implies that as 7 approaches 0, the optimal
argument s*(7, ;1) eventually satisfies equation (3.26). Although at 7 = 0 there
might not be a unique optimal argument s*; however, from equation (3.26), one

of them is given by

(0.0 = 3 U0 (b/u+ AT, (3:27

-
where J = J(s*(0, 1)) denote the set of violations of s*(0, ). Recall that A, v;’s
and o;’s depend on the value of . Next think of u as variable. As u increases,
s*(0, p) follows a trajectory given by (3.27). Using a similar argument to the one
used for decreasing 7 shows that there exist p. such that for p > pu., s*(0, ) stays

in the same region.

Let u > pi.. Observe that s*(0, i) still satisfies equation (3.27); however, A,
v;’s and o;’s no longer depend on p and are fixed. From the definition of the
violation set J, we can conclude that the only rows of S(ATs*(t, i), T)) that are
nonzero are exactly the elements of J. Thus, it suffices to show the result for
o x S(ATS(0, ), 1),

Now recall that Ay =37 u;jo5v]. Thus

AT (0.) = (S w3 - (b A, T)) = 30 (A, T). (329

g;

7 ¢ 7

In the limiting case when p approaches oo, s*(0, 1) approaches to the bound-

ary of 2. Indeed, when u = oo, s*(0,00) is the optimal solution of the linear
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programming problem

argmax (b,s) subject to A”s < 7. (3.29)

S

Therefore, ATs*(0,00) = 7. By formally substituting oo in equation (3.28),

- vl - . . . .
we conclude that 1 =7, “-A; 1. Substituting this back into the above equa-
tion, implies that

uivi \b + T

A§S*<Oa p) = (Z

%

Oj )N
Recall that by the definition of violation set J, entries of ATs*(0, u) are greater

T
u;v;

or equal to one. Therefore, entries of (>, — )E are greater or equal to zero.

7

Hence,
T

* Uiy
px S(ATs (0,1),1) = () —. )b

Since the right hand side is the same for all g > pu., the result follows. Indeed,

o
one can easily show that ), = is the pseudo-inverse of A, Al

As a bonus, we also have that for sufficiently large u, the nonzero elements of
px S(ATs™(0, 1), 1)

are equal to Af,b7 where J is the set of active constraints for the optimal solution

of the linear programming problem (3.29). [ |

The results of the above theorem shows the exact regularization property de-

scribed in [70] and [27].

Corollary 3.2.7 There exist fived large p. such that for p > p., the solution to
problem (3.8) is independent of . Indeed, let J denote the set of active constraints

of the mazximizer of the linear programming problem

~ -
argmax (b,s) subject to A's < T,

where A is given by (3.16). Let § be a column vector with 2n entries where n is

the number of columns of A. Moreover, those entries of § whose index belong to J
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are given by y(J) = AT]b, and the other entries of y are zero. Then the minimizer

of problem (3.8) is given by

1] 1w

Proof: The Lagrangian dual correspondence in Section 3.1 shows that the solu-
tion of (3.8) is equal to p - shrink(ATs*, T)) where s* is the solution of (3.13) with

t = 0. Now use the result of Theorem 3.2.6 and the relation (3.17). |

3.2.2 Constrained dual problem

This section analyzes the solution to the constrained problem (3.14). This problem
can be viewed as the limiting case of problem (3.15) as p approaches oco. Many
of the ideas used in this section are similar to the previous section. However, the
formulas in this case become simpler and the results enables us to devise a fast

algorithm for finding the optimal argument.

Let
gT(S) = <b7 S> - TH(|S|)a
and set
. T —-
Sopt(T) = argmax g, (s) subject to A's<1.
S
As in previous section, for any subset J of {1,...,n}, let A? denotes the

matrix formed from rows of AT whose index belong to J. The following lemma

is essential in the analysis done in this subsection:

Lemma 3.2.8 Suppose 7 > 0 and J is a fized subset of {1,...,n}. If function
g-(s) has unique global max on the set {s: Als = ?}, then this global maximum
s given by

s;(7) := argmax g,(s) = F(r,J)a (J) + ?(J) (3.30)

s:A?;s: 1
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where @ (J) := b—A;(ATA )T ATb is the projection of b on the space {s : ATs =
1} and F = Ay ATAJ)T 1. Here, F' is some function that is determined

by values of T, the set J and the function h.

Proof: Since the set {s: ATs = 1} is convex and g, is a concave function that
has a global maximum on this set, it suffices to solve the first order conditions for

the Lagrangian
£(s,X) = (b,s) — TH(|s]) + X" (Afs — T)

to find the global maximum.

First order conditions with respect to s imply that

h
bo SR, (3.31)

%
and first order conditions with respect to A imply that

Als, =71, (3.32)

Multiplying both sides of (3.31) by AL, using (3.32), and rearranging yields that

Nt = (A?AJ)T( hllssD) 3 ATb>

s

Substituting the above into (3.31) and simplifying, yields that

s/l —
S; = o+ b, 3.33

%
where @ =b — A;(ATA,)TATb and E = A ;(ATA,))T 1. It is straightforward
to verify that o is the projection of vector b onto the space {s: Als = 1}, and
o« and ﬁ are perpendicular to each other. Now taking Euclidean norm square of

(3.33), implies that

|SJ| — 2
0P = s \|+|?|2

The above equation and properties of functlon h, yield that |s;| is the root of some

polynomial that depends on 7 and J. Substituting these roots into the RHS of
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equation (3.33) yields an explicit formula for s ;. Moreover, since it is assumed that
g-(s) has global maximum on the set (and global maximum is unique for 7 > 0

due to strict concavity), it can be concluded that J and 7 uniquely determine the

value of | It follows that,

s,(r) = F(r, )3 (J) + B (J)

Example 3.2.9 In the case H(|s|) = |s|?/2:
1
ss(r) =~ () + B ()

Example 3.2.10 In the case H(|s|) = /1 + |s|?:

1+ F
SJ(T) ﬁl(— + E

Next we analyze the path that the optimal argument s, (7) traverse as 7

decreases. When 7 is sufficiently large, s,,.(7) lies in the interior of 2. To find

Sopt(T), gradient of g, (s) is set equal to zero:

b_Th(|50pt|) —0.

opt —

|Sopt |
Taking norm from both sides and simplifying yields that

_ bl
Sopt(T) = ‘b‘h <T)b F(1,0)a(0). (3.34)

The second equality in the above equation comes from b = o (0). It is written

here to highlight that the above equation is a special case of equation (3.30) when

J is the empty set.

Now decrease 7 slowly. Note that s, (7) follows the path given by equation
(3.34) until it hits a boundary of polytope €. Let 77 denote the first time that

this happens. As a consequence, for t < 7 < 7, the global maximum of g, (s)
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occurs outside of €2 if there was no constraints. Hence, because g, is a concave

function and € is a convex set, s,,:(7) must be on a boundary of €2 for 7 < 7.

Let J; denote the set of indices i for which als,(71) = 1. In the language
of linear programming, J; is called the set of active constraints for point sy, (7).
From the discussion above, as 7 decreases from 7y, s,,(7) moves along faces of
(). Suppose the set of constraints K determines the first face of {2 along which
Sopt(7) moves for 7 < 7. Clearly K7 C J;. From Lemma 3.2.8, for 7 < 7, s0,(7)

moves along the path given by
F(r, K)) @ (K) + B (K)),

until it hits another face of ). Let 75 denote the first time that this happens;
that is, 7o is the largest 7 < 7y for which the set of active constrained of s, (7) is
different than K;. Let Jy denote the set of active constraints of s, (72). Again,
as 7 decreases from Ty, S, (7) moves along a face of Q. Let K, denote the set of

constraints that determines this face. Again, Ky C J5, and repeat as before.
The above process is continued until 7 reaches t. From the arguments in
Section 3.2.1, there exist a sequence

7'0>T1>"'>TN>7'N+1:0, (335)

where for 7 € (7,41, Ti], Sope(7) lies on the same face of the polytope. Therefore,
Sopt(T) moves along finite number of faces until 7 becomes equal to ¢. As men-
tioned earlier, the constrained problem can be viewed as the limiting case of an
unconstrained problem as p approaches co. This insight and Theorem 3.2.4, yield

the following corollary:

Corollary 3.2.11 There exist t. > 0, such that for 0 < 7 < t. the optimal

argument Sop(T) for constrained problem
. T -
argmax{(b,s) —7H(|s|)}  subject to A"s < 1,

are all the same and lie on an extreme point of the polytope €.
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Proof: Formally substituting ¢ = oo in equation (3.26) of Theorem 3.2.4, we
observe that for 0 < 7 < ¢, so(7) is independent of 7. Furthermore, since A ;.

has rank m, s,,(t.) is an extreme point of polytope €.

3.2.3 Approximate solution of the augmented problem

This subsection describes how s,,:(¢) can be used to find an approximation for
yr(t, ) = uS(ATs*(t,u),?) when g is sufficiently large. The relationship is
established using first order approximation in terms of 1/pu.

Note that formally, s,,(t) = s*(t,00). For ease of notation, s* and s, are
used occasionally in place of s*(¢, ) and s, (t), respectively, in the remainder of
this subsection. Using arguments similar to the one used in proof of Theorem
3.2.6, show that there exist p. such that for p > ., s*(t, ) and s,y have the
same set of violations®. Suppose p > pi.. Assume that Sopt does not lie in the

interior of  as in that case y*(¢, 1) = 0 and there is nothing to show.

Assume that we can perform Taylor expansions,

s°(t, 1) = Sopt + %\1/ +0(1/1%), (3.36)
and
|S*(t7lu’)| . |Sopt| 1 )
W @)~ Mllsa) T O (337)

2Even though for p1 > p,. the set of violations of s*(t, ) are the same, s, is a limit point
of sequence s*(t, ) as p — 0o, and might have a larger set of violations. However here, as we
increase p, the problem becomes more constrained and therefore it is expected that the set of
violations to decrease. So it is assumed that s,y and s*(t, 1), for g > pi., have the same set of
violations.
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Recall from equation (3.21) that,

m—k

e ISl (> wo b+z i”ZT(b/ﬂ+A 7)
S = —F—7—7C W, J
th(|s*]) = 1+ .5 IS*I)/IS*I o7
Y b+2”uﬁ+1i“”f
= w’L
() 2= TP

t h(js*]) < vivl =
_th l)z AT +0(1/17)

po|s*| i1 i
Substituting (3.36) and (3.37) into the above expression, and equating coefficients
of 1/ on both sides of the equality yields that
T

k
_ _PZU}Z Tb—}—z Ul U N ’Sopt‘) Z U;—'ljf AJT

’SOPt ‘ i=1 (2

Multiplying both sides with A% = >~ w;0;0] and using orthogonality of v;’s to

w;’s, we have

|50pt’ z

T T . Ui“z'T |Sopt| T ViV;
ATw=ATY" bt A Z AJ
i=1 i

%
From definition of violation set .J, one concludes that the only rows of S(ATs*, 1))
that are nonzero are exactly the elements of J. Therefore, it suffices to evaluate
- : -
S(ATs* 1'). Furthermore, because s, is on the boundary of Q and J is the set

of violations of both s, and s*,

— —
Als, =1, and Als* > 1.

Putting all these together,

. — 1 -
0 S .A?Sﬂ< -1 = A?(Sopt + /_I/\Ij + O(l/:uQ)) - 1=
k
1 vul th (|sopt!) VU
— ZAT Ll — — AT — AJ O(1/u?).
I JZZ:; o7 M ’S(th‘ Z
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Hence, nonzero elements of y*(¢, u), for u > p., are given by

k T k T
. 7 viv; h([so v =
nS(AJs (tp), T) =AY~ b—t%ﬁx? > AT +0(1/p)
i=1 ¢ op i—1 Ui

— AT(A,AT) b — M) ara ATy 2A LT+ 01/

|Sopt |
h(|Sopt|) —=
) g1 a5y T+ 001/m),

_ AT
where properties of the pseudo-inverse were used for the last equality.

Corollary 3.2.12 In problem (3.2), for each t, there exist fized large pi. such that

for u > ., the solution to the corresponding problem is given as follows:

Let J denote the set of violations of the maximizer of
: VR
sopt = argmax {(b,s) —tH(|s|)}  subjectto A's< 1,

where A is given by (3.16). Let g be a column vector with 2n entries where n is
the number of columns of A. Moreover, those entries of y whose index belong to

J are given by

(1) = Al — "B 81 AT T 4 o1/,

|50pt |

and the other entries of § are zero. Then the minimizer of problem (3.2) is given
by
yr(t,p) = [I | —I] 7.

Proof: The Lagrangian dual correspondence in Section 3.1 shows that the solu-
tion of problem (3.2) is equal to p - shrink(ATs*, 1), where s* is the solution of

(3.13). Now use the result of this section and the relation (3.17). N

3.3 The TCCS Algorithm

This section describes the TCCS algorithm. The TCCS algorithm consists of

two parts. The first part of the algorithm finds an approximate solution to the
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constrained problem (3.14). This part is described in Subsection 3.3.1. The second
part of the algorithm takes the result of the first part of the algorithm and then
uses the result developed in Subsection 3.2.3 to yield an approximate solution
to problem (3.5). This part of the algorithm is described in Subsection 3.3.2.

Pseudo-codes for the TCCS algorithm are provided in Appendix B.

3.3.1 First part

For the first part of the TCCS algorithm we devise a fast algorithm that gives
an approximate solution for constrained problem (3.14). Other methods could be
used for this part of the TCCS algorithm. Nevertheless, we found the algorithm
described here to be effective and fast for optimizing constrained problems of form

(3.14).

The idea of the algorithm is to trace out an approximation to the path of
Sopt(T), as T decreases, which was described in Section 3.2.2. Denote the approx-
imate path by §(7). To construct this path, one proceeds very similarly to the
way the trajectory s,,:(7) was determined at the end of Section 3.2.2. The only
difference is that whenever s(7) hits a new face of polytope €, say at 7;, J; is used
as proxy for K; and proceed. As a result, the trajectory of §(7) might be different
than s, (7). This approximation is made to avoid cumbersome computations.

The details of the algorithm are provided below.
The algorithm is initialized by finding 7, large enough so that
1 b
—h! (—) b
b 70

lies in the interior of Q. Set §(7) to be equal to the above expression. Set J = ()
and 7 = 7p. This completes the initialization of the algorithm. Next the algorithm

goes through a loop as described below.

Suppose T = 7, and J = J, denotes the set of active constraints for S(7:).

Note that af @ (J,) = 0 for i € J,, because a(J,) is the projection of b on the
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space {s : AT s = 1}. Therefore, when 7 is decreasing from 7, and §(r) is moving
along @ (J,), it is still the case that aZ§(7) = 1 for i € .J,. Thus, constraints given

by J,. continue to be active for §(7).

Let L be the complement of J,; that is L = {1,...,n}\ J,. Let 7,1 denote
the largest 7 smaller than 7, such that the set of active constraints of

() = F(r, J)@ () + B () =8G) + (F(r,J) = F(7, 7)) T () (3.38)

is different than .J,. From the discussion above, Tr+1 1S the largest 7 less than
7. so that for some i € L, al's(t) = 1, where $(7) is given by equation (3.38).
Finding 7., is problem specific and depends on function F(r,J). However, for
many examples of H, 7, can be found, either analytically or numerically, very

efficiently. Set 7 = 7,1 and J = jr+1, and repeat the above process.

In this way the sequence 7y > 71 > --- is generated. In general this sequence
is different than the sequence (3.35), except at 7y = 79 and 77 = 71. Also note
that, at each step of the loop the rank of A§ strictly increases. Because of this, at
T = 7;, for some j < m, §(7) reaches an extreme point of Q. For 7 < 7}, §(7) stays
at the same extreme point, and the algorithm outputs the same result. Thus,
the algorithm goes through at most m loops. This feature makes this algorithm
to be very efficient (in particular when m < n) in comparison to other available

algorithms for optimizing problems of the form (3.14).

Also note that even though the first part of the algorithm outputs an approxi-
mate solution §(¢) to constrained problem (3.14), using KKT conditions it is easy

to verify whether s(¢) is indeed the optimal solution s, () or not.

3.3.2 Second part

This subsection explains how s, (¢) obtained in the first part of the TCCS al-
gorithm is used to obtain an approximate solution to problem (3.5). Let y,u(t)

denote the solution to problem (3.5). As u — oo, the solution to problem (3.2),
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y*(t, 1), provides a good approximate for y,,(t). Hence, in view of Corollary

3.2.12, an approximation for y.(t) using s, (t) is found in the following way:

Let J denote the set of violations of s,,:(t). Suppose Jop: is a column vector
with 2n entries where n is the number of columns of A. Set those entries of gyt
whose index belong to J by
h([Soptl)

-
Tl,
|50pt|

Gopt(J) = Al —t Aj(A])

and the other entries of ¢, are set to zero. Now
[I | —I:| gopt

provides a good approximation for yp(t).

3.3.3 Application to compressed sensing

Observe that problem (3.5) reduces to Basis Pursuit problem (3.1) when ¢ = 0.
Therefore, by what was mentioned in Section 3.1, when ¢ = 0, the TCCS algorithm
is expected to output a sparse solution for Compressed Sensing problem (3.6).

Section 3.4 provides numerical evidence in support of this.

To summarize, the TCCS algorithm approaches the Compressed Sensing prob-
lem (3.6) in the following way. We try to find an approximate optimizer for
problem (3.1). To that end, we generate sequence 79 > 74 > --- > 7, = 0 and
iteratively find approximate optimizers §(7;) to problem (3.5) with 7; in place of t.
Finally, we use the result of Corollary 3.2.12 to find an approximate solution to

problem (3.5).

One might question the necessity of introducing parameter p in the method-
ology used to find a solution to Basis Pursuit problem (3.1). Indeed, the value of
i does not appear in the TCCS algorithm (i.e. in the second part of the TCCS
algorithm only makes the assumption that pu is sufficiently large). Nevertheless,

parameter 1 was important in establishing Corollary 3.2.12 and identifying a good
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approximate for y,,(t) in Subsection 3.3.2.

On the other hand, introducing the parameter ¢ (and eventually setting it equal
to 0), enables us to use the Homotopy method to find an approximate solution to
the linear programming problem

%
argmax (b,s) subjectto — 1 < ATs<

S

(3.39)

3.4 Numerical Results

This section compares the performance of the TCCS algorithm applied to Com-
pressed Sensing problems with the LBSB algorithm [68] and OMP algorithm
[52, 40, 61]. It is important to note that the TCCS algorithm is developed to
solve the more general problem of (3.5) (i.e. not only the Basis Pursuit problem
(3.1), which corresponds to ¢ = 0 in (3.5)); whereas, LBSB and OMP algorithm

can be used only for problems (3.1) and (3.6), respectively.

For the numerical experiments, entries of the matrix A are generated from
independent and identically distributed normal distributions. The “true signal”
Yrear With a given sparsity level is also generated from independent and identically
distributed normal distributions. Vector b is obtained from y,.; via b = Ay,cqr.
Define the sparsity level of vector y,.. to be the percentage ratio of the number
of nonzero components of y,.,; with respect to the number of measurements (i.e.

m). That is,

nonzero components of ..,
# P Yreal  100%.

sparsity level of Y,cq =
m

In each setting, 10 independent trials are ran and the average processing time and
the average relative error (i.e., |y — Yreat|/|Ureat|) of €ach method for the 10 trials

are reported.
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3.4.1 TCCS versus LBSB

Here the performance of the TCCS algorithm and the LBSB algorithm are com-
pared. The LBSB algorithm is one of the fastest methods used for Compressed
Sensing problems and in [68], extensive numerical experiments comparing this

method with respect to other methods were done.

In each test, we generate a true signal y,., by first determining its support
(i.e. the nonzero entries) at random and then generate each entry of the support
using independent and identically distributed normal distributions. For the LBSB
method, we set & = 10, A = 0.4 and the maximum number of iterations equal
to 2000. The TCCS algorithm applied to Compressed Sensing problem does not

require any parameter to be set.

Tables 3.1 and 3.2 show comparison of the LBSB algorithm and the TCCS

algorithm when sparsity level is 2% and 10%, respectively.

m n LBSB time | LBSB error | TCCS time || TCCS error
200 | 10000 5.65 7.04e-03 0.13 1.07e-15
200 | 50000 56.71 1.21e-01 0.68 1.22e-15
200 | 100000 114.34 4.16e-01 1.55 9.03e-16
400 | 10000 11.22 1.66e-03 0.51 2.00e-15
400 | 50000 104.82 2.83e-02 2.65 1.53e-15
400 | 100000 229.97 1.11e-01 6.04 1.23e-15

Table 3.1: The comparison of the performance of the TCCS algorithm and the
LBSB algorithm. “Time” and “error”, respectively, refer to processing time (in
seconds) and relative error for each method. Here, sparsity level is 2% and each

row is the result of 10 independent trials.

For the numerical experiments that are presented in Tables 3.1 and 3.2, the

matrix A was chosen to be very narrow and wide, to highlight the advantage of
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m n LBSB time | LBSB error | TCCS time || TCCS error
200 | 10000 11.36 5.81e-02 2.22 2.62e-03
200 | 50000 56.72 3.59e-01 32.10 7.54e-01
200 | 100000 115.50 4.27e-01 71.05 3.49e-01
400 | 10000 22.23 3.80e-03 4.60 2.03e-15
400 | 50000 113.28 1.57e-01 83.21 4.77e-01
400 | 100000 230.65 3.62e-01 286.82 6.62e-01

Table 3.2: The comparison of the performance of the TCCS algorithm and the
LBSB algorithm. “Time” and “error” , respectively, refer to processing time (in
seconds) and relative error for each method. Here, sparsity level is 10% and each

row is the result of 10 independent trials.

the TCCS algorithm over the LBSB algorithm in this regime, both in processing
time and relative error of the solution. Remarkably, as shown in Table 3.1, when
sparsity level is low, the TCCS algorithm perfectly recovers the sparse solution in

all 10 independent trials.

In the next set of experiments, for different values of m and n, we compare
the performance of the LBSB algorithm and the TCCS algorithm over different

range of sparsity levels. The result are shown in Figures 3.1, 3.2 and 3.3.

As it can be seen from the figures, for low sparsity levels, the TCCS algorithm
is again both much faster and more accurate in recovering the solution than the
LBSB algorithm. Indeed, as observed earlier, for low sparsity levels, the TCCS
algorithm perfectly recovers the sparse solution in all independent trials. For
higher sparsity levels, the relative error of the TCCS algorithm and the LBSB
algorithm is comparable. At these sparsity levels, the TCCS algorithm performs
faster than the LBSB algorithm for very small ratios m/n, whereas, the converse
becomes true for higher ratios of m/n (i.e. compare the panels on the right in

Figure 3.2). It is also noteworthy that as the sparsity level increases, the TCCS
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algorithm exhibits a sharp phase transition in the success rate of recovery of the

sparse solution.
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Figure 3.1: Performance comparison of the LBSB algorithm and the TCCS algo-

rithm in terms of processing time and relative error for different sparsity levels.

Here m = 100 and n = 2000,4000,8000. The panels on the left show semilog

plot of the relative error, while the right panels show plot of processing time (in

seconds). Each data point is the average of 10 independent trials.
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Figure 3.2: Performance comparison of the LBSB algorithm and the TCCS algo-
rithm in terms of processing time and relative error for different sparsity levels.
Here m = 200 and n = 2000,4000,8000. The panels on the left show semilog
plot of the relative error, while the right panels show plot of processing time (in

seconds). Each data point is the average of 10 independent trials.
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Figure 3.3: Performance comparison of the LBSB algorithm and the TCCS algo-
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plot of the relative error, while the right panels show plot of processing time (in

seconds). Each data point is the average of 10 independent trials.
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3.4.2 TCCS versus OMP

Here the difference between the TCCS algorithm and the OMP algorithm is inves-
tigated numerically. The OMP algorithm has been noted for its speed and ease
of implementation. Furthermore, [61] provides some theoretical and numerical

evidence for the reliability of the OMP algorithm.

It is important to note that the methodologies of these two algorithms are quite
different despite some superficial similarities in their pseudo-codes. The OMP
algorithm is a greedy based method that solves the Compressed Sensing problem
by iteratively increasing the support of y with components whose correlation to
the current residual is maximum. On the other hand, the TCCS algorithm uses

a Homotopy approach to trace the optimal solution of the dual problem.

We run two sets of experiments similar to the numerical experiments done
in [10]. Because both the TCCS and the OMP algorithms run very fast, only
the relative error of the two algorithms are reported. In the first experiment,
we generate the true signal y,., in the same fashion as in Subsection 3.4.1. The

results are shown in Figure 3.4.

Although the OMP algorithm outperforms the TCCS algorithm in Figure 3.4,
we will see that this is not the case in general. For the second set of experiments,
we generate the true signal y,., by first determining its support (i.e. the nonzero
entries) at random and then set each entry of the support to be +1 or —1 at
random. The results are shown in Figure 3.5. As it can be seen, the TCCS

algorithm outperforms the OMP algorithm in this example.

3.5 Conclusions

In this chapter we presented the TCCS algorithm for finding approximate solutions

to problem (3.5). In particular, by setting t = 0, the algorithm outputs a good
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Figure 3.4: Comparison of the relative error of the OMP algorithm and the TCCS
algorithm for different sparsity levels. Here the entries of the support of the true
signal are chosen to be independent and identically distributed random variables.

Each data point is the arithmetic average of 10 independent trials.
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approximate for the solution to the Compressed Sensing problem (3.6). Numerical
results show that the algorithm perfectly recovers the solution to the Compressed
Sensing problem when the solution is relatively sparse with respect to the number
of measurements. For this regime of sparsity, the algorithm recovers the solution

extremely fast.

Another advantage of the TCCS algorithm is that it is parameter free ex-
cept a tolerance parameter that is due to numerical machine precision. In many
other optimization methods, one needs to introduce extra parameters whose value

greatly affect the performance of the algorithm.

We also observed a sharp phase transition in the success rate of recovery of
the solution of the Compressed Sensing problem by the algorithm as the sparsity
of the solution varies. This suggest a theoretical analysis should be conducted

relating to this phenomena.
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CHAPTER 4

Theoretical Analysis of Compressed Modes

Spatial localization occurs naturally in many problems from physics and other
disciplines. A new methodology was developed in [50, 51] using sparsity techniques
to obtain localized functions that are approximate solutions to a class of problems

in mathematical physics that can be recast as variational optimization problems.

After introduction of L' regularization in [50, 51], the variational formula-
tion of the Schrodinger equation of quantum mechanics, localized functions called
“compressed modes” (CMs) were constructed by solution of the resulting new
non-convex optimization problem. Numerical computation showed the CMs have
many desirable features; for example, the energy calculated using CMs approxi-
mates the ground state energy of the system. Moreover, there is no requirement
to cut off the resulting CMs “by hand”. In addition, the ideas of [50] were used
in [51] to generate a new set of spatially localized orthonormal functions, called
“compressed plane waves” (CPWs), with multi resolution capabilities adapted for

the Laplace operator.

Several analytic treatments of CMs and CPWs have been performed. In this
chapter we present the analysis that was done in [2] and [3]. In [69], CMs were
proved to form a complete basis set in their corresponding vector spaces, which is

necessary for use of CMs in numerical computation.

Use of the /1 norm as a constraint or penalty term to achieve sparsity has at-
tracted considerable attention in a variety of fields including compressed sensing

[24, 15], matrix completion [57], phase retrieval [14], etc. Recently, use of sparsity
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techniques began in physical sciences (see for example [46]) and partial differen-
tial equations (see for example [58]). In all these examples sparsity means that in
the representation of a corresponding vector or function in terms of a well-chosen
set of modes (i.e. a basis or dictionary), most coefficients are zero. However, it
was proven in [8] and [9] that for certain elliptic and parabolic PDEs, insertion
of L' terms into the quantity to be optimized would result in solutions having
compact support (i.e. which can be thought as spatial sparsity) for the solutions.
In [50, 51], L' norm regularization is used to achieve spatial sparsity for varia-
tional problems in mathematics and physics. In more recent work, [12] presents
qualitative analysis of elliptic and parabolic PDEs with subgradient terms that

come from L' regularization in the variational formulation of the problem.

In this chapter we present two main results are presented. First the consistency
results for compressed modes (CMs) are proven. In particular, we show that as
1 — oo the approximate energy calculated using CMs converges from above to
the actual energy of the system. This is done in Section 4.1. More importantly,
we show in Section 4.2 that under some necessary assumptions on the spectrum
of the Hamiltonian, as y — oo, CMs converge to a unitary transformation of the
eigenfunctions in L? norm. Finally, we verify a conjecture stated in [50].

The second main result of this chapter is to analytically prove the spatial lo-
calization property of CMs that was observed numerically in [50]. We show that
as the coefficient increases for the L! regularization term in the variational for-
mulation of the Schrédinger equation, the volume of the support of CMs shrinks.

To be specific, let {1;}¥, denote the CMs, corresponding to number N and
regularization parameter p, that solve the L! regularization of the variational
formulation of the Schrédinger equation in R%:

N
{vr,...,Un} = zfgIT:;HZ (i”&i”l + @i,fhﬁi)) st (0, ) = i (4.1)
LN =1

Here, H = —%A + V(x) is the Hamiltonian operator corresponding to potential
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V(x), L' norm is defined as || f||; = [, |fldx, and (f,g) = [, f*gdx (2 C R%).

In this chapter, for the ease of exposition we assume that Q = [0, L]? with
periodic boundary conditions. Other boundary conditions can be handled in a
similar way. For simplicity, we assume that v;’s are real functions and equal to
zero at the boundary of €2; generalization to complex-valued functions is straight-
forward. Furthermore, we assume that potential V(x) in the Hamiltonian H is

bounded above by a finite number; that is,
1V |loo := sgp |V (x)| < 0.

These assumptions, in particular, imply that the spectrum of the Hamiltonian H
is discrete and its eigenvalues grow to positive infinity. In section 4.4, we make
several remarks about the existence of minimizers for (4.1). Note that because
of the orthonormality condition, the space of feasible functions in (4.1) is not a

convex set and many convex optimization techniques cannot be applied here.

Denote the eigenfunctions of the Hamiltonian operator H by ¢1, ¢, ..., and
assume that they are ordered so that their corresponding eigenvalues obey \; <

Ay < .... Observe that {¢;}Y, are a solution to the optimization problem:

N
{61, ., ¢n} = argmin Y (¢, Hp:) st (05, 0k) = by (4.2)

D1y PN =1

As shown in [50], compressed modes have many desirable features. In par-
ticular, consider the N x N matrix (UL, HUy) with the (j, k)-th entry defined
by (1;, H ) and let (oq,...,0x) denote its eigenvalues listed in non-decreasing
order. In [50], it was conjectured that as p1 — oo, 0;’s converge to A;’s. In Theo-
rem 4.2.5 we verify this conjecture. We also show that as u — oo, CMs {9},
converge to a unitary transformation of eigenfunctions {¢;}? ; in the L? norm. In

Theorem 4.4.1 we show that for sufficiently small p,

|supp ()| < C /) fori=1,...,N,
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where C' is a constant. This result, in particular, verifies the observations in [50]

that the smaller p, the more localized are the corresponding CMs.

The remainder of this chapter consists of the following: Section 4.1 shows that
the energy associated with CMs converges from above to the actual energy of
the system as p — co. Section 4.2 contains the first main result of this chapter;
that is, as u — oo, {4}, converge to a unitary transformation of {¢;}¥, and
eigenvalues (071, ...,0y) converge to (A, ..., Ay). Section 4.3 provides an analytic
formula for the first compressed mode when V' (x) = 0. Section 4.4 contains the
second main result of this chapter and establishes the asymptotic upper bound
on the volume of the support of compressed modes mentioned above. Section
4.5 includes several remarks on the CMs corresponding to different regularization

parameter . and a conjecture.

4.1 Convergence of Energies
Define the energy associated with CMs {v;}¥, by,
N
E =Y (i, Hy) = Te((V3, HUN)) = 01+ - + 0. (4.3)
=1

This section shows that E converges to the ground state energy Ey = Z;VZI Aj as
1 — 0o. Although, the result of this section can be readily deduced from Theorem

4.2.5, it is included here for its independent interest and simplicity of argument.

First observe that
N N
Ey=M+-+Av=> (¢, Ho;) < Zwl,le =01+ +on=FE, (44)
=1 i=1

where (4.2) was used for the inequality and equation (4.3) was used for the last

equality. Next choose p large enough such that
N
1
= il <e
L
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Then

N N N
~ 1 R
E=01+-4+ony= Z<¢i,H¢i> < p Z l|19i]]1 + Z(%:Hwi>
i=1 i=1 i=1
1 N N
< ;Z lgill +> (00, Ho) < e+ M+ + Ay = e+ Ep,  (4.5)
i=1 =1

where (4.3) was used for the first equality and (4.1) was used for the second

inequality. From equations (4.4) and (4.5) it follows that

E | Ey as (L — 00.

4.2 Consistency Results for I! Regularization

This section contains the first main result of this chapter. In Theorem 4.2.3,
we show that as 4 — oo, the solutions to the regularized optimization problem
(4.1) converge to a unitary transformation of the eigenfunctions in L? norm. Fur-
thermore, in Theorem 4.2.5, we show that as y — oo, the eigenvalues of matrix
(UL HUy) converges to the first N eigenvalues of the Hamiltonian H. This

provides an affirmative answer to the conjecture stated in [50].

First we establish the following lemma. There are several different proofs
known for this lemma. Here we present a proof that uses a so-called Cholesky

decomposition.

Lemma 4.2.1 Suppose that fori,j=1,..., N

o0

Za;‘kajk = 51] (46)

k=1

Then, for any k,
N

> anl < 1.

=1

71



Proof: It suffices to show the result for £k =1 (i.e. by relabeling the indices, the

result would follow for other k’s). Let C' be an N x N matrix whose ij-th entry

is given by
o0
Cij = Z aflaﬂ. (47)
1=2
By construction, C' is hermitian. We claim that C' is also positive semi-definite
matrix. Indeed, for any vector x = (z1,...,zn)%,
N N [%S)
x'Cx = Z z;Cijzj = Z x; T, Za;‘laﬂ
ij=1 ij=1 1=2
© [N * /N o | N 2
1=2 \i=1 j=1 1=2 | i=1

Using a so-called Cholesky decomposition, there exists a lower diagonal matrix L

(i.e. not necessarily unique as C' is semi-definite) such that C' = LL'. Thus,

N
Cij = Z L;kmL]m
m=1

In particular, comparing with equation (4.7), one concludes that fori, 7 =1..., N,
N o0
> LinLim =) ajaj
m=1 =2

For i = 1,..., N, set L,y := a; and L = (Lo, Li1, - - ., Lyn). Assumption (4.6)

and the above equality yield that
(L L)=68;  for  ij=1,..,N.

Note that {El}f\il are (N + 1)-dimensional vectors. There exist vector Ly =
(Loo, Lo1, - - -, Lon) such that {Ez}f\io is an orthonormal basis in R¥*!'. Form
(N+1)x (N+1) matrix M whose ij-th entry M;; is equal to L;; fori,5 =0,..., N.
Observe that M is unitary as its rows are orthonormal. Hence the columns of M

are orthonormal as well. In particular,
N N N
L= IMpl* =) [Liol* = |Loo* + ) lanl?,
i=0 i=0 i=1
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and so

N
Z lan|® =1—|Loo|* < 1.

i=1

This completes the lemma. [ |

Lemma 4.2.2 Suppose Ay < Ani1. For any € > 0 there exist €9 > 0 such that

i@i, Hg;) — ZN:W%, Hey)| < € with (915 95) = 0i
i=1 i=1
implies that ||g; — @ill2 <€, fori=1...,N, where ¢y ..., pnN is a unitary trans-
formation of ¢1...,¢nN.
Proof: Since {¢;}2; form a set of basis in L?, for every i =1..., N:
9i = i @ik ;-
k=1

Moreover, the assumptions on the g;’s imply that

o0

Z a;‘kajk == 5” (48)

k=1

By spectral decomposition and using Dirac’s bra-ket notation,
H=> Nlé)(al
=1
Thus, fore=1...,N,

(g0 Hgi) = (g1, Y Mlon)(nlgi) = ZAZ 9i> $1) (1, 9:) Z/\zlaul
=1

Summing over ¢ on both sides of the above equality yields that

N

0o N 00
S o fig) = 305 Ml = SNl = S
=1

i=1 i=1 [=1 =1 i=1

where

N
bl = Z |ail|2-
=1
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Observe that b;’s satisfy the following properties:
0<y <1 for I=1,..., (4.9)

and
> b=N. (4.10)
=1

The first property is deduced from Lemma 4.2.1. To see the second property note
that

=1 =1 i=1 =1 =1

Now observe that

N . N .
> gi Ha) = > (60, Ho)
=1 =1

=> b — (A A+ 4 Ay)

>(by— DA+ -+ (by = DAy + (D> b)Ava

I=N+1
=(1 = b1)(Ans1 = A1) + - 4 (1= by) (Ans1 — Aw), (4.11)

where the nondecreasing ordering of \;’s was used in the third line, and (4.10)
was used in the fourth line. Now from (4.9) and nondecreasing ordering of \;’s,

each of the terms in summation (4.11) is positive. Hence

N N
> g Hgi) = (i Hei)| = (1= b1)(Ansr — M) + -+ + (1= by) (A1 — Aw).
i=1 i=1

The assumption that Ay, is strictly greater than Ay, ..., Ay yields that for every
€1 > 0, there exist ¢y such that if the LHS of the above inequality is smaller than
€g, then

1—b<e for [=1,...

Moreover, equation (4.10) implies that
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) o9 N N 00
Z by < Neg — Z Z|ail\2:z Z |ail|2<N€1.

I=N+1 I=N+1 i=1 i=1 I=N+1
In particular fort =1..., N:
o0
> Jaal® < Ney. (4.12)
I=N+1

Next we will show that N x N matrix {a;,})j_; is “almost” unitary in the

sense that
N o o 1/2 - 1/2
* * 2 2
8ij = Y _aja| =| Y ajam| < < > ) ( > Jajl )
k=1 k=N-+1 k=N-+1 k=N-+1

< <N€1>1/2(N€1)1/2 = N€1,

where (4.8) was used for the first equality, Cauchy-Schwarz was used for the first
inequality, and (4.12) was used for the second inequality. One can orthonormalize
the rows of matrix {a;,}_, using Gram-Schmidt process, to form a new unitary
matrix {af,}1,_,. Indeed, because of the above inequality, for any e, > 0, one

may choose €¢; small enough such that

N
Z|aik—a§k|2 < € for every i=1,...,N. (4.13)
k=1
Fori=1,..., N, set
N
Yi = Zagk¢k'
k=1
Observe that
N [e'¢)
lg: — @ill3 = Z |aiw — ajy | + Z |ai|* < €2 + Ne,
k=1 k=N+1

where (4.13) and (4.12) were used for the inequality.

Hence, for any € > 0, there exist ¢; and €3 small enough such that ||g; —p;l|2 < €

fori=1,..., N. The result follows. |

Now, the main results of this section are presented:
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Theorem 4.2.3 Assume Ayi1 > Ay. For every e > 0, there exist pg such that

for p > g, the solutions to the reqularized optimization problem (4.1) satisfy

i — pilla <€ for i=1...,N,

where o1 ..., N 1S some unitary transformation of ¢y ..., oN.

Proof: For given €, choose ¢, as indicated by Lemma 4.2.2. Choose g large

enough such that

LS o < (4.14)

Ho ‘=
Let p > pg. Observe that

N N 1 N N .
D> (00 Hou) Z Wi, Hipy) < ;Z Il + 3 H)
=1 =1 1 z;l z;l A
< m Z il + Z<¢z’,H¢z’>-
=1 =1

where (4.2) was used for the first inequality, and (4.1) was used for the last in-

equality. Hence, using (4.14), one conclude that

N

N N
Z<¢i>ﬁ¢i> < Z<¢i>ﬁ¢i> < €+ Z(@‘, Hgy),
i=1 i=1

=1

which implies that

N N
Z wunl Z ¢Z7H¢z < €0- (415)
i=1 i=1
Now applying Lemma 4.2.2, completes the proof. |

Remark 4.2.4 The assumption Ayy1 > Ay is essential. Indeed, otherwise there
is a possibility that 1x converges to ¢ny1 in L? norm and the result of Theo-

rem 4.2.3 would clearly not hold.

Theorem 4.2.5 Using the above notations, the eigenvalues (o1, .. .,0n) of matriz
(Ut ﬁ\If}C,) converge, as . — 00, to the eigenvalues (A1, ..., A\n) of the Hamilto-
nian H.
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Proof: Using the same notation as before, let ¢;, for: = 1,..., N, be the unitary
transformation of the eigenfunctions ¢, ..., ¢y as described by Theorem 4.2.3.
Let (O, H®y) be the N x N matrix with (j,k)-th entry equal to (¢;, Hpy).
The objective is to show that matrix (0%, HUy) converges to matrix (®%, H® )
entry-wise. This would complete the proof because matrix (®%;, HO ~) has the
same eigenvalues (\j,...,A\y) as the Hamiltonian (i.e., functions {¢;}Y, are a

unitary transformation of the eigenfunctions {¢;}X ). To that end, it suffices to

show that
(s, HY,) — (@5, Hpj) fori,j=1,...,N.
Suppose
N
wizza;kqﬁk fori=1,...,N,
k=1
and

l/)izzaikqbk fori=1,...,N.
k=1

The result of Theorem 4.2.3 yields that

N 00
;i — @il|3 :Z|aik—agk|2+ Z lai])® — 0, as p— o0o. (4.16)
k=1 k=N+1

This also implies that as u — oo, fori=1..., N,

agx — ay, when 1 <k <N and ay — 0 when k > N. (4.17)

Since SN (b, Ho) = S2N (s, He;), from the proof of Theorem 4.2.3 (i.e.
equation (4.15)), one can conclude that

N N

Z(%‘, Hy;) — Z(goi, He;) as [ — 00.

=1 i=1

Rewriting the above expression,

N N N
Zz/\k|aik\2 —)ZZ/\HCL;]CF as L — 00.

i=1 k=1 i=1 k=1
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Relationships (4.17) yield that for any finite M > N, S S™Y A\ Jag)? converges
to S0 SO Alal,|? as p— co. Hence,

N oo
Z Z Meair]® — 0 [ — 00. (4.18)

i=1 k=M

Now for 7,7 =1,..., N, consider

(i, Hj) — (i, Hep)) Zxkakaﬂc Zxkam%k

= Z )\k<a:kajk zka]k Z )‘ka’zk&]k (419)
k=1

k=N+1

The first summation in line (4.19) goes to zero as u — oo, because of (4.17). If all
Ar’s are negative (i.e. and therefore bounded, as they are arranged in nondecreas-
ing order), then a simple application of Cauchy-Schwarz and using (4.16), implies
that the second summation in line (4.19) also goes to zeros as pr — 0o. Otherwise,
there exist finite M greater than N such that for & > M, \; is positive. Next
write the second summation in line (4.19) as

M o0
* *
E /\kaikajk + E )\kaikajk.

k=N+1 k=M+1

Again the first summation in the above line goes to zero as u — oo because of

(4.17). For the second summation in the above expression, note that by Cauchy-

- 1/2 - 1/2
< ( Z >\k|aik’2) ( Z )\k’ajkP) .

Schwarz

%)
*
E )\kaikajk

k=M+1

The reason that we use \; instead of |\z| on the RHS is due to the assumption
that \’s are positive for & > M. Equation (4.18), in particular, yields that the
RHS of the above expression goes to zero. Thus, it is shown that the expression

on line (4.19) goes to 0 as pr — 0o. The result follows. N

Remark 4.2.6 Observe that Theorem 4.2.5 does not immediately follow from the
result of Theorem 4.2.3. This is due to the fact that the Hamiltonian H is not

generally a bounded operator on L* functions.
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4.3 First Compressed Mode with Zero Potential

This section provides an analytic formula for the first compressed modes, for
potential V' (x) = 0. This formula was derived in [50, equation 9], under symmetry
and positivity assumptions which are proved here. The result is used later in the

proof of Theorem 4.4.1.

Let = [0, L]?. Denote

1/p
1l = (/Qlflp dx) ,

and define functional J : L*(Q2) — RT by

JUf] = %anl (LA,

By the first compressed mode 1, we mean the minimizer of J[¢)] subject to the

constraint that ||¢]2 = 1.

Proposition 4.3.1 For V(x) = 0, the first compressed mode v is symmetric, i.e.

¥(x) = (|x|), and can be taken to be nonnegative.

Proof: First we show that the first compressed mode can be taken to be non-
negative. Take the function ¢, which may have positive and negative values, and
replace it by [¢|. Since this does not change the values of || and |V|, it does not
change the values of the L? norm or of J. Tt follows that || is also a minimizer

of J.

Next we show that nonnegative ¢ is symmetric. Let ¢* denote the “symmetric
decreasing rearrangement” of ¢ (i.e. see for example [39]). By construction 1* is

symmetric and it is well known that

[Pl = lo*ll,  for 1 <p. (4.20)

Moreover, from so-called Pélya-Szeg6 inequality we conclude that

VY2 < VYo (4.21)
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The inequality sign in the above expression is strict unless 1) is symmetric. Equa-
tions (4.20) and (4.21) imply that |[¢*]ls = 1 and J[¢*] < J[¢)]. Since ¢ is the

minimizer of J, it must be the case that 1 is symmetric. |

Next, using the fact that 1 is spherically symmetric, we find explicit solution
for the first compressed mode when V(x) = 0; that is, the minimizer of the

variational problem:

P = arginin%/ghﬂdx - %/Q@/)A@Ddx s.t. /Q’QD(X)ZCZX =1. (4.22)

First consider d = 1. The Euler-Lagrange equation in 1D is
L.
—02 + ;&gn(wl) = M. (4.23)

Using the result of Proposition 4.3.1 and without loss of generality assume that

)y is symmetric around 2 = L/2. Then, the solution of (4.22) is

Ll feosWVAG@—12))] i |x—Lj2 <1,
P =14 Au (4.24)
0 if [<|z—L/2|<L,

where | = 7/v/A and A\ = (37)%/°u~*°. Here 1/, has compact support [L/2 —
I, L/2+1] if p is small enough satisfying | = 7/v/A < L. Note that ¢, = 0,1p; = 0
and 921); has a jump of —p~ ! at the boundary x = L/2 + [ of the support of 91,
which are all consistent with equation (4.23). From this simple 1D example, it
is clear that L, regularization can naturally truncate solutions to the variational
problem given by equation (4.22). Moreover, we also observe that the smaller p
will provide a smaller region of compact support.

The 1D solution (4.24) can be generalized to dimension d > 1, as

1

— (1 -U'UWANx —xq|)) i |x—x| <1,

Y=< A (4.25)
0 if [ <|x—x| <L,

in which xq is the center of the cube [0, L]¢ and U(y) = U(r = |y|) (for y € R?)

is the solution of AU = —U, i.e.,

202U + (d — 1)ro,U + r*U = 0, (4.26)
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and Uy = U(ro), | = ro/VA, A = p~ /@Oy @ - Here 1y is the smallest
(nonnegative) solution of 9,U(r) = 0 and Uy = [, (1 — Uy 'U(ly))? dy in
which y is in R% For d = 2, U(r) = Jy(r) is the O-th Bessel function of the first
kind, and for d = 3, U(r) = sinc(r) = sin(r) /7.

The following proposition follows directly from this formula:

Proposition 4.3.2 When potential V(x) = 0 for all x € Q and p is sufficiently
small, the volume of the support of the first compressed mode 11 is proportional

to 244+ where the proportionality constant depends only on d. Moreover,

1 1
/ — || + |V ) dx = C1M_4/(4+d),
Q \H 2

where Cy is some fixed constant depending on d.

Proof: From equation (4.25), observe that support of the first compressed mode

is a sphere of radius /. Since [ is proportional to % “+%  the volume of the sphere

is proportional to 2% *+4),

The second part of the proposition also follows from equation (4.25) by straight-

forward calculations.

4.4 Upper Bounds on the Volume of Support of Com-

pressed Modes

This section contains the second main result of this chapter. In Theorem 4.4.1, we
establish an asymptotic upper bound on the volume of the support of compressed
modes (CMs) in terms of regularization parameter pu. This proves that CMs are

spatially localized.

The first N compressed modes {1;}, are defined by (4.1). Using integration
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by parts, we see that 1;’s solve the following constrained optimization problem

L 1 1.~ 2
(ot =argmin Y- [ (S1014 5GP + V0007 ) dx

Vi, n¥N j=1

s.t. / ibpdx = Oy (4.27)
Q

Because we are interested in solutions related to physics and engineering, we
assume that the above variational problem has solutions that are continuous in
Q). In general, to ensure that a constrained variational problem has a minimizer,
the Lagrangian and the functions that define the constraints need to satisfy cer-
tain conditions. Typical conditions required to prove existence of minimizers are
coercivity condition and convexity of Lagrangian in terms of the differentials. It
is easy to see that the Lagrangian in variational problem (4.27) satisfies these two
conditions. Moreover, the functions that define the constraints in problem (4.27)
are well behaved and bounded above by quadratic functions. Full details on the
existence of minimizers to problem (4.27) can be found in standard textbooks on
variational calculus (see for example proof of theorem 1 in section 8.4.1 of [26] for

general outline of how the proof proceeds).

On the other hand, we do not make any claim on the uniqueness of solutions in
variational problem (4.27). In particular, if we eliminate the L' term in problem
(4.27) (i.e. formally set p = o0), then any unitary transformation of solutions

{;}}¥, is also a minimizer to the variational problem.

Theorem 4.4.1 Using the above notation, there exist oy > 0, depending on val-

uwes of L, N, and d, such that for p < o the corresponding compressed modes

{i}f, satisfy
|supp(;)| < Cp?¥ 4+ for  i=1,...,N.

Here, C is a constant whose value depends on N, d, and ||V |-
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Proof: The proof consist of four parts:

Step 1: Finding Euler-Lagrange equations

For any function u, let p(u) denote an element of subdifferential of |u|, that is

(

1 ifu>0

pu) =qe[-1,1] ifu=0

-1 if u<O.

From the theory of variational calculus with constraints (i.e. see for example
[26, Chapter 8]) we know that the solutions of (4.27) are weak solutions of the

following system of nonlinear boundary value problem:

Fori=1,..., N,

1 .
. i
where constants \; and \;; (with A\;; = )j;) are Lagrange multipliers corresponding

to orthonormality constraints
/wf =1, and /ij =0, fori,j=1,...,N. (4.29)
Q Q

Satisfying system of Euler-Lagrange equations (4.28) is a necessary but not

sufficient condition for solutions of (4.27).

Step 2: Upper bounds for \;, ||¢;||1, and ||V||2

For each ¢ multiply both sides of equation (4.28) by v;(x) and integrate over
domain 2:
1 2
—p(Wi) + (2V(x) = 20097 — (A — > Nty | dx =0,
o \H i#i
which, using orthonormality conditions (4.29) and integration by parts, implies

that
1
—/ |z/zi|dx+2/V(x)wi2dx—2/\i+/ |V¢i|2dx:0.
HJa Q Q
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Therefore,
1 1
N= g [ Jelax+ [ Vegudxr 5 [ Vi (4:30)
21 Jo Q 2 Ja

Next, let {f;}:=) be the compressed modes when potential V (x) is zero every-

where; that is:

T fN}_af%lNIl;/(%yﬁuéwﬁ\?)dx 51, /ijfkdX:éjk.
(4.31)

Observe that

=

7;

AN 1
S Gl gV NIV < 32 [ il + 51908 + Vg
=1

i/

IN

AL+ IV AP + V() f2)dx

‘2:IH

(=1fil + 5 IVfi\z)dX + N[V leo,

”MZ I
\
tl*—‘

(4.32)

where we used definition (4.27) in the second line. For the first and third line, we

used orthonormality of f;’s and ;s to conclude that for each j

[ veouti < [ Ve < Vi and | [ VeI [ VOIS < IV

(4.33)

Now from Proposition 4.3.2, we know that when potential V' (x) is zero every-
where, the first compressed mode f has support whose volume is proportional to

2d/(4+d)

I . It follows that for pu sufficiently small, N disjoint copies (i.e. translates)

of f can be placed in 2, and these N functions are a solution for problem (4.31).

So Proposition 4.3.2 implies that for p sufficiently small:

N ) .
Z/(_|fi| + 2|V fiP)dx = O Np~ Y+,
i1 Y9 M 2

for some fixed constant C, depending on d. Using this in equation (4.32) and
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rearranging, we have

N N
1 1
i=1 v i=1

Because each of the summands in the left hand side of above inequality is positive,

there exist constant Cy (i.e. depending on d, N and ||V||«) such that

1
/—|¢Z~|dx < Cop~ D and /|V¢,~|2dx < Cop MWD fori=1,...,N.
QM Q
(4.34)
Moreover, substituting the above inequalities into (4.30) and using (4.33), it fol-

lows that for small enough p,

C. C.
\ < —2,u*4/(4+d) + |V |lso + —2,u*4/(4+d) < C3M74/(4+d). (4.35)

Step 3: Upper bounds for \;;’s

Fix i. For k # ¢ multiply both sides of equation (4.28) by v (x) and integrate

over £2:

/Q (%p(%)wk + 2V (x) — 2X) it — (D) — Y AU%%) dx = 0,
J#i

which, using orthonormality conditions (4.29) and integration by parts, implies

that

1

Therefore,

Nt = % /Q Pt e+ 2 /Q V()i + /Q (Vi) - (Vi)dx.  (4.36)

In view of (4.34),

1
‘p /prji)wkdx

1 _
K Ja
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Also, note that by Cauchy-Schwarz and orthonormality of 1; and vy,

/ V(x)uindx| < |Vl / [l dx
0 Q

1/2 1/2
< Vil (/Qw?dx) (/Qw,%dx)

= V-
Finally, using Cauchy-Schwarz and equation (4.34),

(V) - (V)dx < [ [VulPdx i —_— 12
Q o o

< (C2M_4/(4+d))1/2(C2M_4/(4+d))1/2 _ C2M—4/(4+d)‘

Substituting, the last three inequalities into equation (4.36), shows that for

small enough p
it < Cop VD L 9|V 4 Cop A+ < OO0 (4.37)

Note that constant Cy depends on d, N, and ||V||.

Step 4: Bounding the volume of the support of v;’s

For each ¢ multiply both sides of equation (4.28) by

/

sgn (i) =90 if ¢; = 0
—1 if 77[)1 <0

\

and integrate over domain 2. It follows that

1
;|supp(¢i)| —1—/9(2V(X) —2)\i)|¢i|dx—/ﬂsgn(¢i)Awidx

i
Define
OF = {x € Q:¢;(x) >0},
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and

Q7 ={xeQ:(x) <0}

According to Green’s formula

/ Azpidx:/ awidsgo,
ot oa+ OV

where v is outward pointing unit normal vector along 9Q". Since 1); is positive in

Q" and becomes zero on 9N (i.e. recall that 1); is continuous), the RHS of above
expression is not positive. In order to apply Green’s theorem, we need 92" to be
continuously differentiable. Nevertheless, if this is not the case, we approximate
function v; by a sequence of functions for which the corresponding boundary is

C', and we can still conclude the above inequality.

With a similar argument, we have that

-

Hence,

/ sgn () Aydx = Ap;dx — A;dx < 0.
Q

Q+ Q-

Using the above inequality in (4.38) and rearranging, we conclude that

%|supp<wz->|

< [ ex - 2velulac+ Yo [ 1uldx

JF

< x+2Vke) [ fodix+ 3 [ slix
@ PP AL
< (203~ YD 12|V || s ) (Copu™ AFDY 4 (N — 1)y D (puCly = D)),

where the last line comes from equations (4.35), (4.37) and (4.34). Hence, for each

t=1,..., N, when p is sufficiently small
[supp(¢y)| < CpPt/ 4+,
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where C' is a constant depending on N, d, and ||V||. This completes the proof
of Theorem 4.4.1. [ |

Remark 4.4.2 In view of Proposition 4.3.2, the asymptotic bound of Theorem
4.4.1 is tight for the case V(x) = 0.

Remark 4.4.3 Note that the upper bound estimate for the volume of the support
of compressed modes is independent of the value of L. The value of L becomes

important only in determining the value of pg. Indeed, as L — oo, g — 0.

4.5 Effect of Regularization Term

As noted earlier, the regularization parameter y controls how spatial localization of
the corresponding compressed modes are. Indeed, in Section 4.4 we demonstrated
that the volume of the support of compressed modes is bounded above by a quan-
tity that depends on u. It is of interest to establish relationships between different
sets of compressed modes corresponding to different values of regularization pa-
rameter p. To be specific, let {w N, and {w }fil be the CMs corresponding
to parameters pq and po, with g < po. That is,

WiV, (1)}—argmmZ—le\1+<w“H¢z> st (U, ) = 655, (4.39)

Vi, PN =1

and

W, (”}—argmmZ—uwznwwz,Hw» st (U, 0k) = Gjp, (4.40)

Vi, ¥N =1

Proposition 4.5.1 Using the above notation,

N N
ST < S P
=1 =1

Proof: By way of contradiction, assume that
N N
2 1
S 1Pl < 3 1l
i=1 i=1
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Multiplying both sides by (1/p1 — 1/p2) > 0, gives

N

}j( |w2w <§j 1—;}|wﬁmy (4.41)

i=1
On the other hand, minimality property of (4.40) implies

N

1 R
§j;;w?wr+wf%ﬂ% }j |w N+ (@0, HpD). (4.42)

i=1

Adding both sides of equations (4.41) and (4.42), yields

>l + (o m@<2 -+ (0, 290,

This last equation, contradicts the minimality property of (4.39). The result

follows. n

The above proposition shows that as p decreases, the sum of the L'-norm
of the corresponding compressed modes decreases monotonically. We conjecture
that the sum of the volume of the support of compressed modes also decreases

monotonically as p decreases:

Conjecture 4.5.2 Using the above notation,

N N

> lsupp(e) < Jsupp(v?))-

=1 =1
4.6 Conclusions

This chapter presented two analytic treatments of compressed modes, which were
introduced in [50] as a way of finding spatially localized approximate solutions for

the Schrodinger operator.

First, we proved consistency results for compressed modes. It is shown that
under some necessary assumptions on the spectrum of the Hamiltonian, as the

regularization term in the non-convex optimization problem (4.1) vanishes, the
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compressed modes converge to a unitary transformation of the eigenfunctions of

the Hamiltonian. We also verify a conjecture in [50].

Second, we established an asymptotic upper bound on the volume of the sup-
port of compressed modes. This proves that compressed modes are spatially

localized.
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CHAPTER 5

Theory and Fast Algorithms for Shift

Orthogonal Functions

This chapter presents a theoretical analysis of a particular class of basis functions
called Shift Orthogonal Basis Functions. These basis functions are used to de-
velop a fast algorithm for projecting a given function to the set of shift orthogonal
functions (i.e. the set containing functions with unit L? norm that are orthogo-
nal to their prescribed shifts). The algorithm can be parallelized easily and its
computational complexity is bounded by O(M log(M)), where M is the number

of coefficients used for storing the input.

Let Q = [0,L;] x -+ x [0,Ly4] be a bounded, periodic domain. Let w =

(wy,- -+ ,wq) € Ri be a basis of a d-dimensional lattice, and define
Iy = {jw = (hwy, -+, jawa) | § = (1, -+ ja) € Z%}. (5.1)

Note that to make the boundary of ) periodic, we require that L; be divisible by

w;, forv=1,...,d. Endow €2 with the usual inner product

(f.9) = /Q f7g dx.

For any function f(x) € L?*(Q2), we say f is shift orthogonal, if it satisfies shift

orthogonality constraints:

/ f(x)"f(x — jw)dx = 050 for all jw € I'y. (5.2)
Q

Shift orthogonality constraints arise naturally in many applications of science

and engineering. However, due to the numerical and theoretical challenges in
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imposing the shift orthogonality constraints, these constraints have not received

much attention in the literature.

In this chapter we propose a very fast algorithm for finding a shift orthogonal
function that is closest in L? norm to a given function (i.e. projection to the set of
shift orthogonal functions). Note that shift orthogonal functions constitute a set
and not a vector space. There are many potential applications for the algorithm
described in this chapter. As an example, in Section 5.4 we demonstrate how the
algorithm increases the speed in computing Compressed Plane Waves (CPWs)
described in [51]. Further applications of the algorithm will be investigated in

subsequent research projects.

In order to devise the algorithm we introduce the notion of Shift Orthogonal
Basis Functions (SOBFs) and develop some theory for them. For one dimensional

periodic domain [0, L;] we call a family of functions

{€i(@) Yoo,

with & () = & (x — jwy), Shift Orthogonal Basis Functions (SOBFs) if they form
an orthonormal basis for space L?([0, L,]). We refer to superscript index i as the
depth index, and subscript index j as the shift index. For higher dimensional peri-
odic domains, a complete set of functions is called SOBF's if they are formed from
the tensor product of one dimensional SOBFs. There might be other analogous
functions that are not formed from tensor products, but they are not studied here.

Section 5.3 describes a concrete example of SOBFs with certain nice properties.

It turns out that SOBFs have been of interest to quantum mechanics and
signal analysis communities (i.e. although, the orthonormal basis considered in
these literatures are usually defined in domain R?, instead of periodic bounded
domains). In [67, 59], a numerical example of SOBFs, called phase space Wannier
functions, are provided that are exponentially localized in time and frequency

domain and for which the matrix of the Laplacian operator is near-diagonal (i.e.
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see [59, equations 2.1, 2.3 and 2.5]). Reference [22] provides a simple description
of certain SOBFs, called Wilson bases, whose Fourier transform have specific
bimodal form (see [22, equations 1.9a and 1.9b]). An explicit example of Wilson
basis with exponential decay in time and frequency domain is also constructed
in [22] using rapidly converging superpositions of Gaussians (i.e. however, the
Laplacian matrix is no longer near-diagonal for this basis). Other examples of

Wilson basis are presented in [37] and [1].

The remainder of this chapter consists of the following: Section 5.1 devel-
ops some theory regarding SOBFs that is used in devising the fast algorithm.
Section 5.2 contains the description of the fast algorithm and highlights some of
its important properties including its computational complexity. Section 5.3 de-
scribes a concrete example of SOBFs, which we call Shift Orthogonal Plane Waves
(SOPWs), that have certain nice properties. Section 5.4 gives an application of
the fast algorithm in generating CPWs. Section 5.5 presents some concluding re-
marks. Appendices C, D and E contain proofs for properties of SOPWs mentioned

in Section 5.3.

5.1 Shift Orthogonal Basis Functions (SOBFs)

This section develops some theory for SOBFs in multidimensional domains. The
objective in this section is to develop methods that are specialized to shift orthog-
onality and not to develop new tools for tensor analysis. In particular, Lemma
5.1.2 provides a useful characterization of shift orthogonal functions. For the ease
of exposition, the concepts are illustrated for 2D domain. The results to other

dimensions can be extended in the trivial way.

By scaling, it is assumed without loss of generality that 2 = [0, L;] x [0, Ls] and
the length of the shift in each coordinate is unit length (i.e. L; and Lo are replaced

by Li/wy and Ls/ws, respectively). Because SOBFs in 1D form an orthonormal
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basis, tensor product can be used to form an orthonormal basis for 2D. That is,

any function f € L*(Q) can be expressed by

oo Li1—1,La—1

flana) = > > a2 ()62 (x). (5.3)

i1,i2=1 j1=0,j2=0

Remark 5.1.1 In what follows iy and iy and their primes (i.e. iy, iy, etc.)

take value from 1,2,.... Indices ji, s1 and their primes take value from the
set {0,...,Ly — 1}. Indices jo and sy and their primes take value from the set
{0,1,..., Ly—1}. Also addition and subtraction for indices ji, s1 and their primes

are performed modulo Ly. Similarly, addition and subtraction for indices jo, So

and their primes are performed modulo L.

Note that
oo L1—1,Lo—1

flor—sima—s) = Y Y ap e a — s1)€2 (22— 52)

i1,52=1 71=0,j2=0
oo L1—1,Lp—1

- Z Z ;11772]22 J1+s1 (Il)gjz-‘r@ (xQ)

i1,42=1 j1=0,72=0
oo Li1—1,Lo—1

- Z Z Zl1722&‘1]2 525 (131)5 <$2> (5.4)

i1,82=1 j1=0,j2=0

Also, suppose
oo L1—1,L2—1

11,02 21 12
g(z1, 72) Z Z b & (21) €52 (22).
11,02=1 j1=0,52=0
Because SOBF's in 2D form an orthonormal set,

oo Li—1,Lo—1

/g(xl,m)*f@l—sl,xz—@ k=S S Wi (55)

i1,92=1 j1=0,52=0

We use a specific multi-index notation

1=00,i2=00,j1=L1—1,jo=L2a—1
(31712131 ]2>Z1 1,i9=1,j1=0,j2=0 )

to refer to the entries of an infinite dimensional vector. To be rigorous, there is a

(non-unique) one-to-one and onto mapping

p:NxNx{0,...,L1 —1} x{0,..., Ly — 1} - N.
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Indeed, by (i1, 12; j1,J2), we mean p((i1,2; J1, j2)); however, to avoid cumbersome
notation, we just use (i1, 14;j1, jo) to refer to the positive integer instead. As it
will be seen shortly, i; and j; are related to depth index and shift index for the
first coordinate, respectively. Similarly, is and j, are related to the depth index
and shift index for the second coordinate, respectively. We also use multi-index
notation
(51,82)5 Zommt” 2

to refer to the entries of a vector of length L;L,. Again, to be rigorous, there is

a (non-unique) one-to-one and onto mapping

p~1 {O,,Ll—l} X {07...,L2—1}—>{1,2,...,L1L2}.
Indeed, by (s1,$2), we mean p((s1, s2)); however, to avoid cumbersome notation,
we just use (1, s2) to refer to the elements of {1,..., LiLs}.

In view of (5.3), a function f can be represented in SOBF's basis using infinite

dimensional vector

Also for any infinite dimensional vector a € CY, define

oo Li1—1,L2—1

ISOBF(a) := Z Z a(ibi2;j1,j2)fﬁ(x1)f;§($2)~ (5.7)

11,02=1 j1=0,52=0
For any infinite dimensional vector v and all pairs (sq, s2), define transforma-

tion S(sq, s9) in the following way:
0 = S(s1,82)v if and only if 0(i1, 195 J1, J2) = v(i1,12; J1 — S1,J2 — S2)-
Note that from (5.4),
SOBF(f(z1 — s1,22 — s2)) = S(s1,52)SOBF(f (21, 22)).
In view of (5.5), for s1,8; =0,...,L; — 1 and s9,58, =0,..., Ly — 1:
(g(x1 — 81,22 — 82), f(x1 — 8}, 22— 85)) = (S(s1,52)SOBF(g), S(s], s5)SOBF(f)).

(5.8)
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Define Set of Shift Orthogonal as follows:

SSO = {v € CV : (v, S(s1, 82)v) = bps,00s, for all s; and s,}

= {v € C": (S(s], s5)v, S(s1, 52)v) = Oy15,0;, for all s, s, 55 and sh}.

Observe that SSO is only a set and not a subspace. Moreover, equation (5.8)
implies that f(z,x2) is shift orthogonal if and only if SOBF(f) € SSO (i.e. see
Lemma 5.1.2).

Define B-transform to be operator B : CN — CY defined by

B(U)(ih ZQ, j17j2> = Z eiQﬂ-(%’%).(él’b)U(il, 12, 61, 62) (59)
41,02
The intuition for B-transform is that for every fixed i; and iy, if v(i1,42; : , : )
and B(v)(iy,i; : , : ) are thought as Ly X Ly matrices then
B)(ir,io; 5 1) = LiLoFop(v(in,in; =, & ),

where JF, ) is the 2D discrete inverse Fourier transform. The inverse of B-transform,

B-L:CN Y s

_ L 1 —iom(2L 92y, (¢, 0 .
B~ (v) (i1, i2; j1, j2) = TL, Ze (L zy) (5 2)v(21,22;€1,€2).
AW

Similar to the above, if v(i1,49; : , : )and B7'(v)(i1,49; : , : ) are thought

as L; x Ly matrices then B~ !-transform can be written as

1

-1 s . _
B (/U)(2177'27 sy e >_ LlLQ

Fop(v(iy,ig; =, 1)),

where Fyp is the 2D discrete Fourier transform.

The importance of B-transform appears in the following two lemmas:

Lemma 5.1.2 For given function f, the followings are equivalent:

1. f is shift orthogonal.
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2. SOBF(f) € SSO.
3. for all (j1,72) €40,..., L1 —1} x {0,..., Ly — 1},

IBSOBF(f))( =, : ;ji,d2)ll2=1.

Lemma 5.1.3 For given functions f and g, the followings are equivalent:
1. for all s1,8, =0,...,L1 —1 and 89,85 =0,..., Ly — 1,
(g9(z1 — 81,22 — $2), fla1 — 81,22 — s3)) = 0.
2. forallsy;=0,..., L1 —1and so =0,..., Ly — 1,

(SOBF(g), S(s1, 5:)SOBF(/)) = 0.
3. forall j1=0,...,L1 —1 and jo =0,...,Ly — 1,

(BSOBF())( : , + 541, 72), BSOBF(N)( : . & 1j1,52)) =0

In order to prove the above two lemmas, we need to introduce some more notations
and concepts. We use multi-index notation to define matrices in the following way:
Identify entries of matrix A by A(+|-), where the index to the left of “|” determines
the row number of the entry and the index to the right of “|” determines the

column number of the entry. Let W be the LiLy X LiLo matrix defined by

. S1 S . .
1 —izn(fh,32)-(r o)

W(S1,52|j17j2):m .
1142

Let W4, to be infinite dimensional square matrix defined by

1
Wao (i1, 49; 51, 82|t} ih: 41, 42) =
(1212’1 2.71]2) \/m

_,2 371 572 . . .
et W(leLQ)(]1J2)5hi,5

.
1828

Finally, for any infinite dimensional vector v, let circ(v) be the Ly Ly x N matrix

defined by
circ(v)(s1, sali1, i2; j1, jo) = (S(s1, $2)v)(i1,12; J1, Jo) = v(i1,12; j1 — 81, J2 — S2).
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Note that W and W, are unitary matrices (i.e. although the latter is infinite
dimensional and by unitary we mean that W, W/ is infinite dimensional diagonal

matrix whose diagonal entries are one). To see this, observe that for example,

(W W) (i1, i2; 51, 8217, i%; 57, 55)

:Z Z Woo@l;iz;51732|i/1722731732)WT (i 1722731732|Z1722a51a32)

NN N
17,15 87,85

/ !
—g E We 11722,51752|Z17Z2751752)W (21722,51,52|11722,51,52)

1
if,i5 5,85

/ /
_iom( 5L 52y (gl 1 5 sy
_ E E z27"(1:17L2) (s7,55) 5211,1,5121,,2, 67’27F(L Ty )-(sY ,82)61"12"1’62"21"2’
& il s, \% LILQ vV L1L2
1-%2
1 ; 5/1_31 3,2_52 "o
— 2m (S ) (518
= E Oiyity Ot it E Oigity Ostyiy E TI.¢ Lk ’
/! /! /i 1 2
31 22 51582

*6111 5%222 6818 5828

Another important property that W and W, have is that if circ(v) is multiplied
on left by W and on right by W] , then

(Weirc(v)WL) (s1, saliv, i2; j1, J2) = 65,5005 B(0) (i1, 42 1, J2). (5.10)
To see the above, note that

(Weirc(v)W1) (s, sali1, 495 J1, o)

:Z Z W(ShS2Ui?j;)CirC<fU)(ji7jé|i/17i/Q;5/175/2)W<1Lo(i/17i/2;5/175/2‘i17i2;j17j2)

sl Gl Gl o o
J15J2 11529,51,S9

. J
—1 77( I ’L2) (]17.72) 61271'(?11 Li) (51:52)

= v(i),i5; 8 — 71,85 — s i)
ZZZ m (1 2791 1) °2 2) \/m 1

AR A A ! !
J15J2 115t 51,82

0:

1o}

_127'(( I 7L2) (.717]2) ZQW(L—ll L—22) (Z1+]1752+J2)
- v(i1, i2; 01, C2)
Z éze: VIiL, VIiL>
J15J5 61,62
_ Z 2271'( s1 72 2). (41,32) Z U(il, 227 El, Eg)eﬂﬂ—(% L—2) (£1,¢2)
.717]2 L L2 l1,02

:581j1582j26(v)(i17 2.2; jl)j2)7
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where (5.9) was used for the last equality. Equality (5.10) is very significant: it
shows how circ(v) can be turned into a “pseudo-diagonal” matrix using unitary
matrices W and W,,. Equation (5.10) is used extensively, in the remainder of this

section.

Finally, for any two infinite dimensional vectors a and b:

(circ(b)cire(a)") (s1, 82|71, j2) = (S(s1, 52)b, S(ji1, j2)a). (5.11)

To do this, observe that

(cire(b)circ(a)?)(sy, 52|41, jo)

= > cire(b)(s1, sali, in; 5, jh)cive(a)! (iv, iz 51, 31, 52)

T
11,22,715)2

= Z cire(b)(s1, s2li1, 423 ji, ja)cire(a) (fi, alir, dos 1, J5)
11,82,51 75
= > (S(s1,52)b)(in, ;51 j3) (S, jo)a) (in, 23 1. J5)
7;17i27j17jé

=(S(s1, 82)b, S(J1, J2)a).

Now we are ready to prove Lemmas 5.1.2 and 5.1.3.

Proof of Lemma 5.1.2: The equivalence of 1 and 2 follows easily from (5.8)
(i.e. with ¢ = f) and the definition of SSO. It remains to prove the equivalence

between 2 and 3:
Set v = SOBF(f). Equation (5.11) (i.e., with ¢« = b = v) implies that
v € SSO if and only if (circ(v)cire(v)?) (s, s2|j1, J2) = 0s,4,0s05, for all s1, J1, S9
and j, (i.e. matrix circ(v)circ(v)' is the L1 Ly x Ly Lo identity matrix).
Next let
V = Weirc(v)W]..

Compute VVT in two ways: On one hand, because W, is unitary
VVT = Weire(v)WI Wacire(v) W' = Weire(v)cire(v) TWH. (5.12)
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On the other hand, (5.10) yields that

VVT(SD 52|j17 jz)

= > Vs1,salir,ias g1, 35)V (i, i; 55, bl ga)

il,ig,ji,jé
= Z V(s1, s2liv, 123 31, J3)V (J1s Jolin, i2; 41, J)

11,82,51,J5
= Z B(U)(ihi2;j1>jé)581j1582j§8(v)(i1ai2§ji>jé>6j1j{6j2j§

11,82,51,J45
= Z |B<U)(i17 i2;j17j2)‘2581]'1682j2

11,12
=[IBw)( =, ¢ 571,52)]13 0srji Oso- (5.13)

Now if circ(v)circ(v)' is the identity matrix (i.e. v € SSO), then from (5.12) and
W being unitary, one concludes that V'V is the identity matrix. Hence, by (5.13),
it must be the case that

||B(U)< oyt ;j17j2)||2:1a
for all (jl,jg)G{O,...,Ll—l}X{O,...,Lg—l}.

Conversely, if the above holds, then by (5.13), VVT is the identity matrix.
Therefore, because W is a unitary matrix, WV VW would be the identity matrix
as well. Equation (5.12), yields that

WIVVIW = circ(v)cire(v)'.

Hence, circ(v)circ(v)' is the identity matrix, which implies v € SSO. |

Proof of Lemma 5.1.3: The equivalence of 1 and 2 follows easily from (5.8)

and the fact that
(SOBF(g), S(s1,$2)SOBF(f)) =0 for all s; and sq,
is equivalent to

(S(s1,52)SOBF(g), S(s],55)SOBF(f)) =0 for all sy, s}, s» and s5. (5.14)
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It remains to show that (5.14) is equivalent to 3 in Lemma 5.1.3. Let b =
SOBF(g) and a = SOBF(f). Equation (5.11), shows that (5.14) is equivalent to
(cire(b)circ(a)t)(s1, s2|j1, J2) = 0 for all sy, j1, s2 and j, (i.e. matrix circ(b)circ(a)

is the Ly Ly x L1Ly zero matrix).

Next let
B = Weirc(b)W1, and A = Wecirc(a) W1
Compute BAT in two ways: On one hand, because W, is unitary
BA" = Weire(b)WI Wacire(a) /W = Weirce(b)cire(a) W, (5.15)
On the other hand, (5.10) yields that

BAT(Sly 32’j17j2)

= Y B(sy,salir,ia; j1, j3) Al (i, i3 1, 5511, Jo)

i17i27j17jé

= Z B(s1, sali1, i3 51, J2) A(r, Jalin, d23 i, j2)

1,82,51,0%

= ) BO)(ir,in; 41, 55)815; 0255 B(0) (i1, 823 115 5605, 54 g

i1,82,51,7%

:ZB(b)(ilvi2;j17j2)8<a)(i17i?;jl»j?)dsljlésﬂz

11,12

:<B(b)( oy ;jhj?)’B(a)( A ;j17j2)> 551j1552j2- (516)

Now if circ(b)circ(a)' is the zero matrix, then (5.15) implies that BAT is the

zero matrix. Hence, by (5.16), it must be the case that

<B(b)( . ;jl;jZ)aB(a)( Ly ;j17.j2)>:07
for all (jy,72) € {0,..., L1 —1} x{0,..., Ly — 1}; which shows 3 in Lemma 5.1.3.

Conversely, if 3 holds, then by (5.16), BA' is the zero matrix. Therefore,
WTBATW would also be the zero matrix. Equation (5.15) yields that

WTBA'W = circ(b)circ(a)'.
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Hence, circ(b)circ(a)’ is the zero matrix, which implies (5.14). u

For any function g € L?(Q2), let IIg denote the projection of g into the set of

shift orthogonal functions; that is,
IIg := arg}rcnin lg — fll2 subject to f being shift orthogonal.
Indeed using SOBFs basis,
Ilg = ISOBF (Projsso(SOBF(g))),
where for any b € CV,
Projsso(b) := argmin ||b — v|2 subject to v e SSO.

Observe that in the above two definitions the minimum arguments are not neces-

sarily unique, and Ilg and Projsso(b) are sets.

Define operator © : CN — CN by

o e if’l)(:,:,jhjg):ﬁ
G(U)(:):L]l?]Q) -
U(:,:,jl,jQ)

T OtherWise,
loC:, + sg1.g2)ll2

where € is a fixed infinite dimensional real vector with unit L? norm.

Lemma 5.1.4 For any b € CY,

BYO(B(b))) € Projsso(b).

Proof: Suppose v € SSO and set
p = B(b) and ¢ = B(v).
Note that,

1
Ilb — vH% = ||cire(b) — circ(v)”% =TI |H/V(:ir(:(b)I/V;ro — I/V(:ir(:(v)I/VOTOH?7
1L

1
LyL,
= L B() - BW)IE = ——1lp — gl
LiL, 2 Lyl 2
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where equalities similar to (5.10) were used for the second last equality. Now min-

imizing ||p—q||2 amounts to solving L; Ly subproblems: for every j; =0,...,L;—1

and jo =0,...,Ly — 1, solve

argmin > |p(i, iz; j1, j2) — q(ir,iz; j1, 2)|*  subject to Y |q(ir, iz; ji1, jo)|* = 1.
“,D 11’12 (5.17)

The constraints in the above subproblems are due to v € SSO and equivalence of

2 and 3 in Lemma 5.1.2. The solutions to the above subproblems are exactly

Q(ia ¢3j17j2) = p(:v 3;j17j2)/|’p(37 :;jlan)H2 if Hp<:7 1;j1,j2)|’2 #0

any infinite dimensional complex vector with unit L? norm if ||p(:, ;5 41,42)|l2 = 0,

that is, projection of p(:,:; j1, j2) into an infinite dimensional ball of radius 1. In
particular, set ¢ = O(p) (i.e. choose a fixed real valued vector in the second case

above), in which case, v = B~}(0(p)) would be an element of Projsso(b). ™

Remark 5.1.5 Theorem 2.2 in paper [18] and definition of operator ©, yields
that if an infinite dimensional vector b is real valued, then B~ (©(B(b))) is also
real valued. This is why in the case v(:,:, j1, jo) = 0, we assign to operator © the
fized infinite dimensional vector €; which is real valued and has unit L? norm.
Indeed, (as it is apparent in the proof of Lemma 5.1.4) had we defined operator
O to output all infinite dimensional (complex) vector of unit L? norm in the case
v(:,, 41, 42) = 0, then B=1(O(B(b))) would have been a set equal to Projsso(b);

however, some elements of B~1(O(B(b))) would have been complex valued.

5.2 Fast Algorithm for Projection to the Set of Shift Or-

thogonal Functions

For computational purposes, only a finite number of SOBFs basis are used to

represent a function. In this section, assume that for the first coordinate all
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SOBF's basis whose depth index is smaller or equal to N; and for the second
coordinate all SOBFs basis whose depth index is smaller or equal to N, are used

to denote functions in L?(Q2). That is,

o) L1—1,Ly—2 N1,No L1—1,Lo—1
Z1 Z2 21,%2 12
glovm)= D>, Y bk DD BRE @) ).
i1=1,i2=1 51=0,j2=0 i1,52=1 j1=0,j2=0

The analysis done in Section 5.1 can be adapted for this situation by simple
modification. In particular, index i, (and ¢}) takes value from 1,..., N; instead

of 1,2,... and index iy (and i}) takes value from 1,..., Ny instead of 1,2, .. ..

The adapted definition for set SSO with finite depth indices is

SSO(NNy) = {v € CNM2L1l2 () S(s) 55)v) = 6ps, 60s, for all s, and so}.

As noted earlier, an important question that arises in optimization problems
that involve shift orthogonality constraints is to find Ilg for a given function g; that
is, find a shift orthogonal function f that minimizes ||g — f||2. When functions are
expressed in terms of tensor product of one dimensional SOBF's basis (i.e., with
corresponding depth indices smaller or equal to Ny and N,), then the question is

equivalent to: given b e CMiN2Lile golve

—,

Projsso(n,ny)(b) = argmin 16— ) subject to v € SSO(N;Ny). (5.18)

Result of Lemma 5.1.4 in Section 5.1 implies that the solution to problem

(5.18) can be obtained using the procedure in Algorithm 1.
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Algorithm 1: Projection to SSO(N;Ny)
Input: b

-

Output: v = PTOJSSO(NlNz)( )

1f0ri1:1,...,N1 (I’nd’igzl,...,Nng
2 ¥p(i1,ll2; L, ):LlLQf;Dl(b(Zl,ZQ, L, )), // p:B(b)

3 for j; =0,...,L1 —1and jo=0,...,Ls —1 do
4 if ||p(:, 571, J2)]]2 # O then

5 q(:, 5541, J2) = p(s 5501, 92) /MG 55 91, J2) 2 /] q=B(v).

6 else

7 q(sy 501, 92) = €1 // € is the first canonical basis of
RN Nz

8 forilzl,...,Nl a’nd’igzl,...,Nng

9 U(ilaiZ; Ly ):#LQ“FQD((](ZDZ% oy ))’ // U:B_l(Q)'

Then, projection of g to the set of shift orthogonal functions is

Ilg = ISOBF(Projsso(,n,) (SOBF(g))).

All the results that were developed in Section 5.1 for dimension 2 can also
be easily adapted for domains with other dimensions. For example suppose €2 =
[0, L1] x [0, Ly] x [0, Ls] (i.e. using appropriate scaling, it is assumed that the
length of the shift along each coordinate is 1), and let

N1,N2,N3 Li1—1,Lo—1,L3—1
9w,z 73) > Y ST b e (0))€R () €8 (w5).

i1=L,i2=1,i3=1 51=0,j2=0,j3=0

Three dimensional version of Algorithm 1 is:
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Algorithm 2: Projection to SSO(N; Ny N3)
Input: b

—

Output: 7= Projsso(n, nonz)(b)
1 forip=1,...,Ny,15=1,...,Nyandiz=1,..., N3 do
2 pliy,io,03; @, @, ):L1L2L3]:3_[}(b(il,i2,z'3; Sy, )G
¥// p = B(b).
3 for j; =0,...,L;—1,75=0,....,Lo—1and j3=0,..., L3 —1do

4 if Hp(:7:7:;j17j27j3)”2#Othen

5 q(:, 55 01, 2, J3) = p(5 0 5 015 J2, 33) /1P Gy 55 55 1, s )2 5
/! q=Bv).

6 else

7 q(:y 5,501, J2,93) = €13 // €1 is the first canonical basis of
RN1N2N3

8 forilzl,...,Nl, ’igzl,...,NQ andigzl,...,Nng

9 U(il,ig,ig; Loy vy )ZLIL;MF?;D((]@I;Z'Q:Z.ZS; R ))’

/1 v=B7g).

Finally, the one dimensional version of Algorithm 1 for domain Q = [0, L] (i.e.
again using appropriate scaling, it is assumed that the length of the shift is 1) and

o)~ 3 S HE ),

i=1 j=0

is the following:

106



Algorithm 3: Projection to SSO(N)
Input: b

-

Output: v = Projsso)(b)

1 fori=1,...,N do
2 ¥p(i; c )= LF (i 1)) ; // p=B(b).

3 for 7=0,...,L—1do
a | if[]p( : ;J)ll2 # 0 then

s ||t =pC )b i)l // q=B).
6 else
7 L q( : ;j)=¢&; // & 1is the first canonical basis of RY.

g for:=1,...,N do
o | (i ¢ )=1Fiple(i; 1)) ; /] v=B"q).

Figure 5.1 shows projection of a constant, an absolute value, a Gaussian, and

a sine function on the set of shift orthogonal functions using Algorithm 3.

5.2.1 Computational complexity and important features of the algo-

rithm

This sections describes the computational complexity of Algorithm 1 and high-
lights some of the important properties of this algorithm. The results stay the

same for domains with dimensions other than d = 2.

Let M = LiLyN1 N5 be the size of input vector l;; which indicates the number
of coefficients used to represent the given function. Algorithm 1 consists of three
“for” loops. Each iteration in the first and the last “for” loop can be computed
using O(L; Ly log(LyLs)) operations via inverse Fast Fourier Transform and Fast

Fourier Transform, respectively. Each iteration in the second “loop” can be done
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Figure 5.1: Application of Algorithm 3 to find IIg (dashed line), projection of
function ¢ (solid line) to the set of shift orthogonal functions. In these examples,
function ¢ is constant, absolute value, Gaussian, and sine function with unit L?
norm. In these computations, SOPWs defined in Section 5.3 are used as the set
of SOBF's basis. Here, L = 20, w = 1 (the length of the shifts) and N = 6; that

is we are using total of 120 SOPWs to represent functions.

using O(N;N,). Therefore, Algorithm 1 can be performed using
N1NyO(LyLslog(LyLs)) + L1 LaO(N1No) + Ny NoO(Ly Lo log(Ly L))

operations, which leads to computational complexity of

O(M log(L1Ls)) < O(M log(M)).

Furthermore, note that each of the “for” loops in Algorithms 1 can be done
in parallel. This enhances the speed of the algorithm even further and makes it

suitable for inputs with large dimensions.
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Another nice property of Algorithm 1 is that for real valued input vector l;,
it outputs a real valued vector Projsso(w, N2)(5) (i.e. recall Remark 5.1.5). The
importance of this property is that if function g and SOBFs {5;1 (:Ul)é;;(xg)} are
real valued then SOBF(g) would be a real valued vector, and therefore using

Algorithm 1, the projected Ilg would also be real valued.

5.3 Optimal SOBFs: Shift Orthogonal Plane Waves

This section provides an example of real valued SOBF's with certain nice properties
called Shift Orthogonal Plane Waves (SOPWs). As it will be seen shortly, SOPWs
are suitable for numerical computation because there exists an exact prescription
of them in terms of Fourier basis. Therefore, functions can be expanded in terms

of SOPWs very efficiently using FFT and its inverse.

Consider 1D domain Q = [0, L] with periodic boundary and by scaling (i.e.
replacing L by L/w) assume that w = 1. Furthermore, suppose that L is even.
This assumption is made so that the formulas provided in this section are easier
to express. Nevertheless, the assumption that L is even is not very restrictive as

the parity of L is not significant in many applications.

Recall that functions

1 .
On(T) = ﬁeﬂ’m”&@ for n € Z, (5.19)

as well as
2

1 2
—, ——=cos(2mnx /L), —sin(2mnx /L) }° 5.20
form orthonormal bases for L*(€2). Denote the L-th roots of unity by
wj:eiZWj/L for 7=0,...,L—1.
Shift Orthogonal Plane Waves (SOPWs) are denoted by

{055
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and defined in the following way: set

Z w; " (@ Z Wy "G (x (5.21)

L<s | =%

Y. (sen(n)i)lw g (a)+

(k=1)L
2

Qf(:v) =

- 3\

<|n\<%
—1 Nk—1, —n
MY > (sgn(n)i) lw M (x)  (5.22)

k—1)L kL
Inj=55%

Figure 5.2 plots SOPWs given by equations (5.21) and (5.22) with depth index
ranging from 1 to 6 and shift index equal to L/2 for L = 20.

Figure 5.2: From top to bottom, the first 6 SOPWs given by equations (5.21) and
(5.22) with distinct depth index and shift index equal to L/2 for L = 20.
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Using the expression
| FL

- Z w _5j0) (523)

and after some calculations one can Verlfy that for n > 1,

bolz) = —— > 6@, (5.24)

Nk—1 L—1

on(x) = % ;M?Gf(:c) for w <|n| < %, (5.25)

Pn(1) = ; anek —sgn(n Zw"9k+1 x) | for |n| = @
n g 5
(5.26)

First note that 6}(x) = 6f(z—j). Moreover, it is straightforward using identity
(5.23) to verify that {6’ }j::f‘f]?ff_l form an orthonormal set. Finally, {0%}=7%" S
is complete in L?(£2) because of relations (5.24), (5.25), (5.26) and completeness
of {dn} . Hence, the set of SOPWs defined by (5.21) and (5.22) is an example
of SOBFs.

Equations (5.21) and (5.22) can be re-written to represent SOPWs {6’ }Z‘f}foL_l
in terms of (5.20):

L/2—1

7+ Z 27”135_3))_’_?@5(%)7
for k even,
2 ko, 2 — k 2 —
o (a) = - (—1)% sin( m(i i)y % > (=1)7 sin( m(i 1)
(k—21)L <n<% n_(k—zl)L)%

(k—1)L kL _ (k=1L kL
5 <n<F n= T2

and in closed form:

_ Lsine(ihe—)/0) V3 on
L sin(n(z—j)/L) L
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for k even,

ey _ 2 s (200 = B =) [snE - D=/ | g we )
%) = 7= ( )l ST P/ R e )1’

™~

for k odd (and k > 1),
2 e (%(@L - D —j)) lsin(w(g “D@ DD | K —j>)]
~Ih.

ki) — 21\
0 (x) = L( 1) T sin(w(xz — 7)/L)

Equations (5.21), (5.22), (5.24), (5.25), and (5.26) suggest that FFT can be
used to switch between Fourier basis and SOPWs efficiently and easily. This
is important for computational purposes as it provides an efficient method to

represent functions in terms of SOPWs.

Another important property of the SOPWs is that 9} are the solutions to a
specific variational problem. This is shown in Appendix C. The final important

property of 9; is that for any ¢ and j
i ivk=L—1
a:c:vej € Span{ek}k:(] :

This can be seen by direct computation (see Appendix E) or using Euler-Lagrange

equations for the variational problem (see Appendix D).

A disadvantage that SOPWs have, in comparison to Fourier basis (5.19), is
that SOPWs are not eigenfunctions of the derivative operator. Nevertheless, it is

shown in Appendix E that for any ¢ and 7,

9,0, € span{6, ", 0,0, 1.

5.4 Application to Solving CPWs

This section outlines how the projection algorithm described in Section 5.2 is used
to compute Compressed Plain Waves (CPWs) (i.e., see [51]). The shift orthog-

onality constraints in the construction of CPWs makes their computation chal-
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lenging and numerically inefficient. However, applying the projection algorithm

circumvents these difficulties.

Basic compressed plane waves {¢"}>° | are defined by:
1 N
P(x) = argmin—/ [ (x)| dx + / Y(x)Hop(x) dx
(0] nJa Q
/ Y(x)(x — jw) dx = 65, j € Z%, (5.27)
0

where Hy = —%A. The higher modes can be recursively defined as:
1 .
0M) = argmin [ 00| dx+ [ 60 Hw(x) dx
v HJg Q

[ vtvtx—iw) dx =50, je
s.t. (5.28)
/w(X)W(X—jW) dX:07 7’:17 , .
Q

To simplify our discussion, we only consider Q2 = [0, L;] x [0, Ls], in 2D with
periodic boundary conditions; the algorithms below can be straightforwardly ex-
tended to other dimensions. We use SOPWs given by equations (5.21) and (5.22)
as the SOBFs used in Section 5.2. In particular, we expand the given function ¢

in terms of SOPWs:

Ni,No L1—1,La—1

2 : 2 : 11,12 ni i
513'1,.1’2 bjl ]2031 T 92(1‘2)

i1,i2=1 j1=0,j2=0
Operators SOPW and ISOPW are defined in the similar way to definitions (5.6)
and (5.7):

SOPW (g) (i1, i; j1, ja) := b7

J1,J27

and
N1,No L1—1,Lo—1

ISOPW(b):= > > br20i ()07 (z2).

i1,02=1 j1=0,52=0
Other examples of SOBFs could also be used . For this application, SOPWs
were chosen mainly due to the efficiency in calculating the result of operators

SOPW and ISOPW from Fourier coefficient (i.e. recall from Section 5.3 that
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FFT and its inverse provide an efficient procedure to switch between representa-

tion of a function in Fourier basis ¢,’s and its representation in SOPWs 6%s).

By introducing an auxiliary variable u = ¥, v = 1, the constrained optimiza-

tion problem is equivalent to the following problem:

P! —argmln—/\u |dx—|—/wH0w dx

st. u=vY,v=1¢v & /v(x)v(x —jw) dx =&, j €7 (5.29)

which can be solved by an algorithm based on the Bregman iteration (i.e. see

[48, 71, 33)).

Algorithm 4: Solving the first CPW using the projection algorithm

1

2

3

Initialize u® = v° = 10, D° = BY = 0.

while “not converged” do

P = arginin/@/}ﬁow dx + % /(w — 4 DR dx + g /(w —
Ly BRIy gy,

b = arglrjnin g /(wl’k —v+ BN dx, st.
v(x)v(x — jw) dx = &, j € Z%

uk = argmm— / lu| dx + = /(w1 K+ DFN? dx;

DF = DF=1 4 qpbk _ b

BF = BF1 4 qpbk _ gk

All the above sub-optmization problems can be efficiently solved as follows:
(2 + A+ 1)t = Mut ™t = D) (e - B
o* = ISOPW (Projssouny (SOPW (4 + B¥))),

1
ot = sgn(@! 4 D) max(0, [0 + D) - ).

Similarly, "' is obtained by solving the optimization problem (5.28) effi-

ciently. Suppose that the first n levels U™ = {1, ... 4"} are already constructed
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and let a™ = SOPW (¢™),m = 1,--- ,n. In this case, the goal is to find v* sat-
isfying

o = argmin/(wnﬂ’k — v+ B2 dx,

v

/v(x)v(x — jw) dx = djo, jez?
s.t.

/v(x)wm(x—jw) dx=0, m=1,---,n.
Define
S(¥") = span{S(s, 32)am}51:L1_1’82:L2_1’m:n.

s1=0,520=0,m=1

Using the SOPWs basis, the above problem is equivalent to solving the following

problem in SOPWs frequency space:

Projsso, nynsum)~ (b) := argmin [[b — vy s.t. v € SSO(N1No) N S(T™) ™.
(5.30)
In 5.30, the vector b is given, and the objective is to find vector v closest to b that

is shift orthogonal and perpendicular to a' to a™.

Lemmas 5.1.2 and 5.1.3 show that in order to solve problem (5.30), for each j;
and j» one needs to find vector z;, ;, that is closest to B(b)(:, :; j1, j2), perpendicular
to B(a™)(:,:; j1,J2) for m = 1,... n, and lies on the unit sphere. Note that by
Lemmas 5.1.2 and 5.1.3, {B(a™)(:, :; j1, j2) } =7 form an orthonormal set of vectors
for each j; and j,, because elements of W™ are constructed such that they are
shift orthogonal and orthogonal to shift span of each other. Hence, z;, ;, can be

computed in two steps:

® Zjig = BO)( s 02) — Do (B(@™)(5 51, g2), B(O) (5,551, J2)) B(a™)
;j1,j2)>

® 2y = Zivgo/ 12515l l2 (f [|251.42 |12 # 0).

In summary:
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Algorithm 5: Projection to SSO(N;Ny) N S(¥™)+

n

Input: b,a',...,a

Output: v = Projsson, ny)nscwn)L ()

[y

fori,=1,...,Ny andis =1,..., Ny do

2 | BO)(iviz 1, ) =LilaFyp(bli,in; 1))

3 for 1 =0,...,L1 —1and jo=0,..., Ly — 1 do

4 | zpge = BO)( s g2) — 2o (B(@™) (501, 52), BO)(:, 55 1, J2)) B(a™) (:
55015 J2) if [|2), 52 |2 # 0 then

5 B(v)(:, 5591, J2) = i o/ 1251 g2 ll2

6 else

7 B(v)(:,:; j1, jo)=a unit real vector orthogonal to
L AB(a)(:, 551, J2) b=t

sforilzl,...,Nl andigzl,...,Ngdo
Lv(il,ig; D, ):ﬁf2D<B(U)(i1,i2; o)

©

Therefore, the following algorithm is used to solve for ¢!

Algorithm 6: Solving the n+1-th BCPW using the projection algorithm

1 Initialize u® = v? = ¢ ™10 DY = BO = (.

2 while “not converged” do

3 YR solves (2Hg 4+ A + r) R = X(ub~1 — DF1) (vl — B,
4 | " =ISOPW(Projsso nynswn - (SOPW ("1 4 BF1))):

1
5 uk — Sgn(wl,k + Dk—l) maX(O, |¢n+1,k + Dk—ll . m)’

6 Dk — Dk—l 4 ¢n+17k _ uk;

7 Bk — Bkz—l + 7an—i—l,k: o Uk.

Figure 5.3 plots the first four BCPWs in 1D using the proposed algorithms.

These results are consistent with the results in [51]. Table 5.1, highlights the
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computational speed gained by using the new procedure outlined in this section.

p =50 BCPW-1, using SOPW 1 =50 BCPW-2, using SOPW
1 1
0.5- N 0.5-
0 Oww/yw
-0.5t -0.5¢
= 10 20 30 40 50 60 70 8 90 10 o 10 20 30 40 50 60 70 80 90 100
p =50 BCPW-3, using SOPW 1 =50 BCPW-4, using SOPW
1 1
0.5- 0.5-
0—/J\N\/\~ 0 W\J\N\/\W—
-0.5f -0.5¢
o 10 20 30 40 50 60 70 8 90 10 o 10 20 30 40 50 60 70 80 90 100

Figure 5.3: The first 4 one-dimensional BCPWs obtained by using Algorithms
4-6.

# of Algorithm proposed in [51] The new procedure

points || ! ? 3 Pt | total | ot | ? | @3 | ¥t | total

500 23.05 | 29.39 | 2140 | 942 | 83.26 | 0.30 | 1.47 | 0.44 | 0.28 | 2.49

1000 | 53.11 | 116.30 | 81.28 | 29.99 | 280.68 || 0.71 | 3.48 | 1.23 | 0.66 | 6.08

Table 5.1: CPU time consumption (seconds) for computing the first 4 one-dimen-
sional Basic CPWs using SOPWs and FFT with the same accuracy. For these

computations, u = 50, L = 100, and w = 5.

5.5 Conclusions

This chapter presented a theoretical analysis of Shift Orthogonal Basis Functions
(SOBFs). An example of SOBFs that has several nice properties, called Shift
Orthogonal Plane Waves (SOPWs), was given.

We also provided a fast algorithm for finding a closest shift orthogonal function
to a given function. The algorithm can be easily implemented using FFT and

has computational complexity bounded by M log(M), where M is the number
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of coefficients used to store the input function. The algorithm described here is
very useful for problems with shift orthogonality constraints. As an example, the

algorithm is applied to computation of Compressed Plain Waves (CPWs).
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APPENDIX A

Duality Formulation

Here, it is shown that the Lagrangian dual of (3.10) and (3.11) is of the form

(3.12). These results are well known; they are included here for completeness.

Consider the fOHOWil’lg Optimization problem that is of the form (310)
1111 + + A . A.
Y Ylit 2,LL Yll2 2t Y 2

Note that the above problem is equivalent to

. 1 1
min f[y[l; + @HyHg +olale st Ay—b==. (A.2)

The Lagrangian associated with problem (A.2) is
£09.2:5) = Il + 5wl + o123 — 7 (Ay —b— 2).
o 20 2t
To find the dual formulation, we fix s and compute
d(s) = min L(y, z; s). (A.3)
Y,z

Note that when we fix s, L(y, z; s) becomes a separable expression coordinate-wise.

The corresponding minimization problem for the i-th coordinate is

in |y;| + Ly Lo +
min |y; VY, —Z, — 1Y SiZi,
Yi,Zi 4 Q[Ly 2t 4

where r = sTA. The above problem reduces to two easy one-dimensional mini-

mization problems

1 — 1
H;ln (]yl\ + ﬂyf — rl-yl-) = T’UShrink(ri)2 and Hiln <§zf + sizi> = —s7,
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with optimal solutions:
y = - shrink(r;) and 2l = —ts;.

Hence,

(s) = 7 — & shrink(A”s) 3 — 7 5[
which is of the form (3.12) with H(x) = z?/2.

Next consider the following optimization problem that is of the form (3.11):
; 1 2 2 2
min [yl + —|lyll; = v/#* = [Ay — b[*. (A.4)
Yy 20
Note that the above problem is equivalent to
) 1
min [[y[|, + ZH?JII% =P =l3 st Ay-b==z (A.5)

The Lagrangian associated with problem (A.2) is

1
L(y, 2 5) = [lyll + ﬂHyH% — 2=l = sT(Ay —b - 2).

To find the dual formulation, we fix s and compute

d(s) = min L(y, z; s). (A.6)

y7Z

Note that when we fix s, L(y, z; s) becomes separable expressions in terms of y

and z. Therefore, it suffices to solve the following separate subproblem:
i 1
min (s -+ 51018 - 7)) (A7)
y fu

min (—\/t2 —|Iz113 + st) s.t. |z <t (A.8)

The solution to subproblem (A.7) is y* = u - shrink(A”s). To solve subproblem

(A.8), we take its gradient and set it equal to zero:
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Rearranging gives,

20 = =51/ — [|z0]l3.

Taking Euclidean norm from both side and simplifying yields that

12513

|Zo||2 = .
2 14 Isll3

Substituting back into the above equation, implies that

—ts
2 = —F———.
V1 sl
On the other hand, the minimum value of the objective function (A.8) on the
boundary ||z||s =t is —t||s||2, which is achieved at z = —st/||s||2. Since the value
of the objective function in (A.8) at point zq is equal to —t+/||s||3 + 1, which is
smaller than the minimum value achieve at the boundary, we conclude that the

solution to problem (A.8) is indeed:

—ts

VI+Isl3

d(s) = 5" — Zshrink(ATs)[3 — t/I|s]}3 + 1.

which is of the form (3.12) with H(z) = v/1 + 22.

*

Hence,
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APPENDIX B

Pseudo-code for the TCCS Algorithm

Here, we provide a pseudo-code for the TCCS algorithm when H(|s|) = |s|?/2 and
t > 0, Algorithm 7, and for ¢ = 0, Algorithm 8. Indeed, Algorithm 8 is an easy
adaptation of Algorithm 7. The output of Algorithms 7 and 8 yields approximate
solution to the LASSO problem (3.9) and the Compressed Sensing problem (3.6),
respectively.

Some remarks regarding the implementation of the pseudo-codes are in order.
In each iteration of the algorithms we need to compute «, which is the projection
of b on the space {u : ALu = T)} There are several ways to do this. One way is to
use formula b — A;(ATA;)tATb and find the pseudo-inverse via the SVD decom-
position. Another way is to use a QR decomposition to compute the least square
solution. For example, we can use the expression a = b — A;((ATA;)\(A%b)) in
Matlab for this purpose (i.e. Note that ATA; is a square matrix, and therefore,

backslash operator in Matlab yields the least square solution).

Also observe that in the pseudo-codes, we introduced a tolerance parameter e.

Due to numerical machine precision, we need to use lines
|la]|oo < € and J="{i:|als —1| < €},
in place of lines

a == and J={i:als==1}.

The pseudo-codes provided here are meant to clarify the ideas and they do not

necessarily implement the TCCS algorithm in the most efficient way.
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Algorithm 7: The TCCS algorithm when H(|s|) = |s|?/2 and ¢t > 0. The output

Yopt Of this pseudo-code yields approximate solution to problem (3.9). Also, sqp is the

approximate solution to (3.4). Note that e is not a real parameter of the algorithm, it is

rather a tolerance parameter that is due numerical machine precision.

N

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Input: A, t, b, and e.
First part: A=[A| — A]
Choose Ty large enough so that AT (b/7) < 1.
J=0,s=0b/7
while r =0,... do
o = projection of b on the space {u: ATu = T}
if ||l < € then
// s has reached an extreme point of polytope at 7, and will not move thereafter.
Sopt = S
break
end
L=A{1,...,n}\ J,
v = (T} — ATs). /AT« // entry-wise division.
k = minimum positive entry of v.
// k is the smallest positive number such that a7 (s+ka) =1 for some i€ L.
Find 7,41 such that i — % = k.
if 7,41 <t then
=i
Sopt = S+ ka
break
end
s =s+ka
J={i:|al's—1] < ¢}

end

Second part: g, = 0

Gopt (J) = Alb — t[lj}(/i?)*? // set entries of {op: that belong to J.
Yopt = [I | = I]Gopt

return y,,;
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Algorithm 8: The TCCS Algorithm for Compressed Sensing problems. This algorithm

is an adaptation of Algorithm 7 when ¢ = 0. The output of this pseudo-code yields

approximate solution to problem (3.6). Also, s,y is the approximate solution to (3.39).

Note that € is not a real parameter of the algorithm, it is rather a tolerance parameter

that is due numerical machine precision.

10

11

12

13

14

15

16

17

18

19

20

Input: A, b, and e.

First part: A=[A| — 4]

Choose 7y large enough so that A7 (b/7y) < 1.
J=0,s=0b/1

while r =0,... do

%
o = projection of b on the space {u: ATu= 1}.
if ||af|so < € then

// s has reached an extreme point of polytope at 7, and will not move thereafter.

Sopt = S
break

end

L={1,...,n}\ J;

v = (? — ATs). /AT« // entry-wise division.

k = minimum positive entry of v.

// k is the smallest positive number such that a?(s—&—ka) =1 for some 7 € L.

Find 7,41 such that -1 — L = £.

Tr41 Tr

s =5+ ka
J={i:|al's—1] <€}

Second part: g, = 0
ﬂopt(J) = ATJZ) // set entries of gopt that belong to J.
Yopt = [I I - I}gopt

return y,,;
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APPENDIX C
Variational Origin of SOPWs

Here, it is shown that in 1D, if there is no L' term in the definition of CPWs
(i.e. p = 00) then they are essentially the same as SOPWs given by (5.21) and
(5.22). Let Q = [0, L] (where L is even) and by scaling assume that w = 1. For

any function v define
Teolth) = / $Hp dx. 1)

As before, Hy = —30,,. It is clear that H, has eigenfunctions ¢, () = \/Lzeﬂ’mx/ L
with corresponding eigenvalue \,, = 2(7n/L)? n = 0,4+1,42,.... Note that Basic
CPWs {0'}i=%° when there is no L' term (i.e. 1 = 0o) are defined in the following

way:

wlzargininjoo /@/} Y(xr —j)de =05 forj=1,...,L—1,

— j)dx = 0,
O — argmin J(0) st [Y@)Y(x — j)dz = b
¥ S (x—j)de=0 fori=1,....k—1
(C.2)

The main result of this section is the following theorem, which implies {1 }i=5°

are indeed SOPWs {67}=%°

Theorem C.0.1 One set of solutions to problem (C.2) are

Glx \/_Z% \/—Zﬁbn

In|<% nl=%
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and, for k> 1

Fa)= o= 3 o) @ X (i) o

- kL k—1)L kL
<|n|<7 |TL|=( 2) Vo

Proof: Since ¢,’s form complete set, for any function #(x) € L? we can write

[e.9]

O(z) = Y a(n)pa(z). (C.3)
Consequently,
Z la(n)]*An —Z(|a(n)|2+|a(—n)|2)>\m (C.4)

and shift orthogonality constraints yield that

(SjO:/Q*( ) ZL‘—] d.’L‘— Z |CL 2 —z27rjn/L

n=—oo

|2+Z (la(n)[* + la(=n)[*) cos(2mjn/L)

—ZZ la(n —n)|?)sin(27jn/L). (C.5)

Therefore, for 6(z) to be feasible (i.e satisfy shift orthogonality constraints), it
must be the case that |a(n)| = |a(—n)| for all n > 1. Note that changing the
phase value of a(n) and a(—n) does not change the value of the objective function

(C.4). Thus, the phase factor of a(n) and a(—n) can be chosen in such a way that
a(—n) = a*(n), forn=1,2,.... (C.6)

The above conditions guarantee that 6(x) is real valued. Hence, there always exist
a real valued minimizers for variational problem (C.2). In view of (C.6), equations

(C.4) and (C.5) can be re-written: objective function becomes
6)=2) la(n)]*\,, (C.7)
n=1
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and shift orthogonality constraints yield that for j =0,1,..., L — 1,
8jo = [a(0)* + 2 |a(n)|? cos(2mjn/L). (C.8)
n=1

Lets first find #'. To that end, the goal is to find {a(n)}>°, that minimizes (C.7)
and satisfies (C.8) for j =0,...,L — 1. Set

c(0) = |a(0)[?
(C.9)
c(n) = 2la(n)|? forn=1,2,....
Let M be the L x L matrix whose (j,n)-th entry is cos(2mjn/L) for j,n =
0,...,L — 1. Let A be the infinite dimensional matrix whose (j,n)-th entry is

cos(2mjn/L) for j =0,...,L —1 and n € {0} UN. Because
cos(2mjn/L) = cos(2mjn’ /L) if n=n' (mod L),

matrix A is formed by concatenating infinitely many copies of M side by side,
that is
A=[M[M]|---].

Therefore, to find 8%, one needs to solve the following optimization problem:

argmin A\ ¢ s.t. Ac=b,c>0, (C.10)

C

where
M=o, A, -], f =1c(0),¢(1),---], and b" =[1,0,---,0].
-1
Observe that matrix M is not invertible. However, it can be partitioned in
the following way: Let 1 = M(:,1), M, = M(:,2: L/2 —1), € = M(:, L/2) and
Mp=M(,L/2+1:L—1). Then

A = [1|My|e|Mg|1| My |e|Mg| - --].

The strategy is to guess the solution to problem (C.10) and then verify (i.e.
using the dual formulation of (C.10)) that it is indeed the optimal solution. For

this purpose we first prove the following three lemmas:
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Lemma C.0.2 The L x (L/2—1) matrices [1|M_|e] and [€|Mg|1] have full rank.

Proof: First observe that matrix [¢]Mg|1] is formed from matrix [I|M|e] if the
columns are arranged in the opposite order. Thus it suffices to only show [T|M €]

has full rank. For contrary assume the opposite that [1|M|é] is not full rank,

then there exist nontrivial set of constants {kn}zzg /2 such that
L/2
ancos(Qﬂjn/L):O forj=0,...,L —1.
n=0

The above system of equations implies that

L-1
> kel =0 forj=0,...,L—1, (C.11)
n=0

where )

ke, for n =0 and L/2,
Ky, = kn/2 for 0 <n < L/2,
kr—n/2 for L/2<n<L—1.

However, system of equations (C.11) implies that the columns of the L x L Discrete
Fourier Transform matrix are linearly dependent; which contradicts invertibility

of the DFT matrix. [ ]

Lemma C.0.3 Fork>1and j=0,...,L —1:

1 2 1
- cos(mj(k — 1)) + T Z cos(2mjn/L) + T cos(mjk) = dj0.
(DL kL
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Proof: If j = 0 the result is clear. For j =1,..., L — 1:
1 cos(mj(k — 1)) + 2 Z cos(2mjn/L) + 1 cos(mjk) =
L L

1 2 1 1
=— j(k—1 — - 2mjn/L 2mj(kL — L - k) =
7 cos(mj(k — 1)) + 7 (kl)LE<n<kL 5 [cos(2mjn/L) + cos(2mj(kL —n)/L)] + LCOS(TI‘jk)

2 2

(k+1)L/2—1

1 o 1 2mjn/L \ _
=7 Z cos(2mjn/L) = ZRe { Z e } =

(k—21)L §n<(k+21)L n=(k—1)L/2
i2nj L)L
_1p {em‘(kn(l—‘f”)} —0.

L 1 _ ei2nj/L

The result follows. [ |

Lemma C.0.4 Assume that there exist vector y € R* and infinite dimensional
vector s such that

ATy 45 =), s> 0.

If ¢ is feasible for problem (C.10), then
Me>yTh.

Furtheremore, if additionally s and ¢ satisfy complementary slackness property

sTc =0, then c is the solution to problem (C.10).

Proof: Observe that for any feasible ¢ in problem (C.10),
Me=(ATy+s)Tc=y"Ac+sTc=y"b+sTc>y"b,

where the last inequality is from nonnegativity of s and ¢. Hence, the minimum
value of the objective function in problem (C.10) is y?b. Moreover, the minimum

is achieved if ¢ is feasible and satisfies s”¢ = 0. [ ]

Now returning to optimization problem (C.10), set
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and find y that satisfies
[TMple)"y = [Noy .-, Anya]
Such y exist because by Lemma C.0.2 matrix [f| Mile] is full rank. Finally, set
s=\—ATy.

Lemma C.0.3 implies that c is feasible for problem (C.10). Moreover, it is straight-

forward to verify that

sT=10,... OAL = AL ALy = ALy A= Aoy A — A,

L/2+1

o Aangy = Ar g Aan g, = Ar e dar = Aoy dazga — Ar,. ] > 0.

Thus, by Lemma C.0.4, ¢ is the solution of problem (C.10). Hence, in view of
(C.9),

;

la(n)| = 1/VL forn = +£1,...,£(£ - 1),
la(x5)| = 1/v2L
la(n)] =0 otherwise.

Note that any phase values for a(n) as long as (C.6) holds is acceptable. If all the

phase factors are set to equal to 1, then

Z% +—Z¢n

|n|<f \n\ 2

Next, find §?. For j =0,...,L — 1, define
1 ._nl .
0;(x) =0 (x —j).
Observe that from relationships (5.24) and (5.25) (i.e. with k = 1),

n=L/2—1
{¢n}n:_/L/2+1 C Span{el}j -
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In particular, orthogonality to previous CPWs constraints in problem (C.2), imply
that if #% is expanded in the form (C.3), it is necessary (but not sufficient) that
a(0) =--- =a(£(% — 1)) = 0. Let 6* be the solution of problem

mein JTx(0)  s.t. /9(35)9(3: — j)dx = djo, (C.12)

with an additional constraint that if 8* is expanded in the form (C.3), then a(n) =
0 for |n| < L/2. Using the same arguments as before, one concludes that to find a
candidate for 6* it is required to solve an optimization problem similar to (C.10);

however, this time

L L >
)‘T:[)‘%7)\%+17"']7 CT:[C(§>?C(§+1)7'”]7 and M:[aMR|1|ML]

Repeating the same line of logic as before, the optimal solution is still

1 2 21
T f— —_— —_— —_— —_—
¢t = [L,L,...,L,L,O,O,...].
—_—
L/2-1
Hence, for 6*,
a(4)] = [a(xL)| = 1/V2L
q |a(n)| =1/VL forn=+(£+1),...,£(L-1),

la(n)] =0 otherwise.

Now observe that 6* is not necessarily the same as 6%, as 02 satisfies stricter
constraints (i.e. orthogonality to {0}};25 ~!) than #*. Nevertheless, there is a
particular choice of phases for a(n)’s for which

« , 1 .
0'(x) = —= D (sen(n)i)gn(x) + —= Y (sen(n)i)pn(z).
VL, V2L
5 <|n|<L In|=%,L
It is easy to verify that the above function is indeed orthogonal to set {6; }?ig -1
Therefore,

x) = —= Y (sen(n)i)pn(x) + —= D (sgn(n)i)gn(@).
VL V2L

L L
5<|TL|<L |n‘:§7L
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Continue the above procedure to find the subsequent BCPWs: for example if
63 is expanded in the form (C.3), it is necessary (but not sufficient) that a(n) = 0,
for |n| < L. For from relationships (5.24), (5.25) (i.e. with & = 1,2) and (5.26)
(i.e. with & =1):

{on}nZ f 1) C span{6;, 02M=5 ",

and from the orthogonality to previous CPWs constraints in problem (C.2).

Let 6* be the solution of problem (C.12) with an additional constraint that if
it is expanded in the form (C.3), then a(n) = 0 for |n| < L. We conclude that for

0",

la(£L)] = la(£%)] = 1/V2L

q |a(n)| =1/VL forn==+(L+1),...,£(3 1),

la(n)| =0 otherwise.

Note that 6* is already orthogonal to the space spanned by all shifts of function
6'. To make 6* orthogonal to the space spanned by all shifts of function 6% (and
therefore, derive a formula for 6%), a particular choice of phase factors for a(n)’s

are chosen. Consequently,
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APPENDIX D

Laplacian of the SOPWs

Here, it is shown that for any set of solutions to the variational problem (C.2):
ame;“ c span{6} ﬁzgfl,

where 0%(x) := 0% (x — j). Observe that it suffices to show that
0,20" € span{0f }o=L 1.

From the theory of variational calculus with constraints (i.e. see for example
[26, Chapter 8|) at the k-th step (i.e. when 0;» fori = 1,...,k — 1 are already
determined), if 6% is the solution to the variational problem (C.2), then it is the
weak solution of the Euler-Lagrange equation

L—

AGF =" Nio! (D.1)

—_

177

where constants )\;'. are the Lagrange multipliers corresponding to the orthonor-

mality constraints:
/Hk(x)ef(x) der =9d;0 and /0’“(:{:‘)0;(%) de =0 fori=1,...,k—1.

It remains to show that A} = 0 for all i < k. Fix n < k and £ € {0,...,L — 1}.
Multiply both sides of (D.1) by 6}, integrate over the domain [0, L], and use

i=k,j=L—1

orthonormality of {9; }izl,jzo and integration by parts to conclude that

A= / AG*(2)07 () do = / 0 () AGY () do = / 0% ,(2)A0"(x) dz. (D.2)
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Next, observe that §™ must satisfy a similar equation to (D.1); that is,

n L-1
N ]
i=1 j=0
From definition of #* in (C.2) and because n < k, one concludes that 0% , is

orthogonal to {9;}23;;f ~!. Therefore, multiplying the above equation by 0%,

and integrating over the domain, yields that

/ 05 _,A0"(x) dz = 0.

The above equation and equation (D.2) imply that A} = 0 as was to be shown.
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APPENDIX E

First and Second Derivative of SOPWs

Here, formulas for the first and second derivatives of SOPWs, defined by (5.21)
and (5.22), are presented. These results are important in determining the matrix
elements of the derivative and the Laplacian operator when SOPWs basis are

used.

The first derivative of of SOPWs are given by the following theorem:

Theorem E.0.5 (First Derivatives) For k=1,2,... and {=0,...,L —1,

7T 1) (i— _ . i
@%:Z-@HUEJ—mk%fw1+§)m—@¢+k2}4wﬂwﬁl,
J J

J

where )
0 ifj— =0,
a(j —£) = q (=1)%(2k — 1) cot(w(j — £)/L) if j — { is odd,
kcot(7r(j —0)/L) otherwise,
and dummy variable j takes its values values from {0,1,... L —1}.

The second derivative of SOPWs are given by the following theorem:
Theorem E.0.6 (Second Derivatives) For k=1,2,... and ¢ =0,...,L—1,

2
Orally = Iz E b(j — )6}
J
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where

b(j =)

and dummy variable j takes its values from {0,1,...

’

(k* — k+1/3)L* +2/3

(—1)*(4k = 2) esc®(m(j — €) /L)

2 csc?(m(j —4)/L)

, L

ifj—0=0,
if j — L is odd,
otherwise,

—1}.

Recall that w; = €™/L. The following lemma is essential in the proof of the

above theorems:

Lemma E.0.7 For positive integer k, even L and j =0,..., L —1:

2.

k—1)L kL
Rt <l <

and

0 if 5 =0,
nwji = § SLL(—1)%(2k — 1) cot(mj/L) if j is odd,
\ %iL cot(mj/L) otherwise,

;

(L~ 2)L{(3K? — 3k + 1)L — 1] i =0,
Z "Q%n = Z(-1)F(2k — 1) esc®(mj /L) — (—1)"(2k — 1)%2 if § is odd,
DL || < kL )
| g esc®(mj/L) — (K + (k — 1)*) 5 otherwise,
Proof: It is easy to verify the case j = 0, so we assume j # 0. Let
c(r) = Z cos(nz).
(kDL oy kL
Then
Z nwj = Z n(wj —j) = 2i Z n sin( nj) = (-2 )Cl(?),
DL Cn|< kL (DL kL (h=DL kL
and
Y. rhwi= Y Rt =2 Y wf cos(27"L”j) — (-2)5/(?),
BoDL Cn|< EL B=DL kL (k=L kL
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It is well known (i.e. for example see [36, page 290]) that

sin((% — 1)z/2) s (2k — 1) .
sin(z/2) ( 4 L ) '

clx) =

The rest of the proof follows from straightforward but tedious calculations: one

finds close formulas for ¢/(x) and ¢’(x), substitutes z = 27j/L and simplifies. In

particular, Table E.1 is helpful in simplifying. |
J mod 4 || cos (W) sin (W) oS (%) sin (%)
0 1 0 cos(mj/L) —sin(7j/L)
1 0 (—1)k+1 sin(mj/L) cos(mj/L)
2 -1 0 —cos(mj/L) sin(mj/L)
3 0 (—1)* —sin(7j/L) —cos(mj/L)

Table E.1: Trigonometry identities for integers k, j and even positive number L.

The proof of Theorems E.0.5 and E.0.6 are very similar. The idea of the proof
is simple: write SOPWs basis in terms of Fourier basis using formulas (5.21) and
(5.22), take appropriate number of derivatives, and then use formulas (5.25) and
(5.26) to write back the result in terms of the SOPWs basis.

Proof of Theorem E.0.5: First observe that because 0 (z) = 08 (x — (), it
suffices to find 9,05 and then by shifting, the corresponding formulas for SOPWs

with other shift indices follow easily. Now using formulas (5.21) and (5.22),

9,0%
1 N 1 N
:ﬁ N 1)§< (sgn(n)i)* 0,y + \/ﬁ| _(kZI)L kL(Sgn(”)l)k L0, n
~— R MZ (s ()6 + “_| ) Z M(sgn<n>z’>’f-1<”$>¢n.

<|n \<

(E.1)
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Now from equations (5.25) and using Lemma E.0.7,

= X G (e,

k—1)L k
EE<ini<ty

i2mn  (—sgn L
=\%Z (i)t (2 R >

BEHE < n|< BL

iom 22 e

Sl E oo = 2

=— wj J 7 a(y (E.2)
j=0 (k— 1)L<|n|< 7=0

where )

0 if j =0,

a(j) = q (=1)%(2k — 1) cot(xj/L) if j is odd

cot(mj/L) otherwise.
\

On the other hand, equation (5.26) implies that for |n| = %2

(- sgn k1 [L-1 L-1
bn(2) = —=" (Z ’”0’“ —sgn(n ZZ ’”9’““ > . (E3)
7=0

Jj=0

Therefore,

1 i2n S LS
S re =D ol (> WEICRD wErey

j=0 J=0

Again, equation (5.26) implies that for |n| = $=DE 1) ;

o) = T (j20<—1><“”0§1<x> ~sgnn)i j0<—1><’“”9§-“<x>> .
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Therefore,

1 127N
—= (sen(n)i)* ! (——)on
i, 2, I
L a2m -L_l (k—1)j pk—1 = (k—1)j pk
() [l ) 3 ()i
In| (k*21)L j=0 7=0
L—1
=— 2k =Y (~)*Dig, (E.6)
§=0

Substituting (E.2), (E.4) and (E.6) into equation (E.1) yields that

L—
0,08 = W[— -1 Z k 1”9’“ 1—|—Za Hk—l—k:z ’”0’““].
This completest the proof. [ |

Proof of Theorem E.0.6: Again observe that because 0 (z) = 05 (x — ¢), it
suffices to find 9,,0% and then by shifting, the corresponding formulas for SOPWs
with other shift indices follow easily. Now using formulas (5.21) and (5.22),

Dy 00
1 N
:7 Z (Sgn( )i )k 1aﬂcw¢n \/7 Z (sgn(n)z)k 18mw¢n
(k—1)L kL (k—1)L kL
5 <|n|<% In|== 2
1 —47r n? —4m3n?
=— (sgn(n)i)*( )bn + > (sga(n)i) )b
VL bt <k \/QL‘ = 12
(E.7)

Now from equations (5.25) and using Lemma E.0.7,

VI Y emm

(k— 1)L<‘ <AL

:L Z (Sgﬂ(ﬂ)i)kil(_llﬂ- n )( Sgn( ) ) Zw?@k

——5 Db}, (E.8)
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where

(

(L —2)[(3K — 3k + 1)L — 1]/3 if j =0,
b(§) = § (—1)*(4k — 2) esc(nj /L) — (—1)F(2k — 1)L if j is odd,
\QCSCQ(Wj/L) — (K*+ (k—1)*)L otherwise.

On the other hand, from (E.3),

(E.9)

—4m2n?
7)1
sgn ( )bn
o o
1 —dr 2 L-1 L-1
2D (nQZ 150 — st 3
In :% J=0 Jj=
° 2 — kjnk
=5k LY (-1)¥e)
=0
Also from (E.5),
7 X e g
k 1 LQ !
| a4 L-1 L-1
:ﬁ<—L2 ) Z (nzsgn(n)i (—1)““1)j9;?_1+n22(—1)(k1)j9§>
= =D =0 =0

(k=1)jgk
J

(k=L

(E.10)

Substituting (E.8), (E.9) and (E.10) into equation (E.7) and simplifying yields

that
R T — k
§=0
This completest the proof. |

140



1]

[10]

[11]

[12]

[13]

REFERENCES

P. Auscher, Remarks on the local Fourier bases, In J.J. Benedetto and M.
Frazier (eds.), Wavelets: Mathematics and Applications, CRC Press, Boca
Raton, (1994), pp. 203-218.

F. Barekat, On the consistency of compressed modes for variational prob-
lems, arXiv preprint, arXiv:1310.4552, 2013.

F. Barekat, R. Caflisch, and S. Osher, On the Support of Compressed Modes,
UCLA CAM Reports:14-14, 2014.

J. Barzilai and J. M. Borwein, Two-point step size gradient methods, IMA
J. Numer. Anal., 8 (1988), pp. 141-148.

G. A. Bird, Molecular Gas Dynamics and the Direct Simulation of Gas
Flows, Claredon, Oxford, 1994.

A.B. Bortz, M.H. Kalos, and J.L. Lebowitz, A new algorithm for Monte
Carlo simulation of Ising spin systems, J. Comp. Phys., 17 (1975), pp. 10—
18.

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, Distributed op-
timization and statistical learning via the alternating direction method of
multipliers, Foundations and Trends in Machine Learning, 3 (2011), pp.
1-122.

H. Brezis, Solutions with compact support of variational inequalities, dedi-
cated to the memory of I.G. Petrovski, Uspekhi Mat. Nauk, 29 (1974), pp.
103-108.

H. Brezis and A. Friedman, Estimates on the support of solutions of parabolic
variational inequalities, 111. J. Math., 20 (1976), pp. 82-97.

M. Burger, M. Moller, M. Benning, and S. Osher, An adaptive inverse
scale space method for compressed sensing, Mathematics of Computation,
82 (2013), pp. 269-299.

R.E. Caflisch, Monte Carlo and Quasi-Monte Carlo Methods, Acta Numer-
ica (1998), pp. 1-49.

R.E. Caflisch, S.J. Osher, H. Schaeffer, and G. Tran, PDFEs with Compressed
Solutions, arXiv preprint, arXiv:1311.5850

E.J. Candes and T. Tao, Decoding by linear programming, IEEE Transac-
tions on Information Theory, 51 (2005), pp. 4203-4215.

141



[14]

[15]

[16]

[17]

[22]

[23]

[24]

E.J. Candes, Y.C. Eldar, T. Strohmer, and V. Voroninski, Phase retrieval
via matriz completion, SIAM Journal on Imaging Sciences, 6 (2013), pp.
199-225.

E. J. Candes, J. Romberg, and T. Tao, Robust uncertainty principles: Ezract
signal reconstruction from highly incomplete frequency information, IEEE
Transactions on Information Theory, 52 (2006), pp.489-509.

Y. Cao, H. Li, L.R. Petzold, Efficient formulation of the stochastic simula-
tion algorithm for chemically reacting systems, J. Chem. Phys., 121 (2004),
pp. 4059-4067.

S. Chen and D. Donoho, Basis Pursuit, Conference on Signals, Systems and
Computers. 1 (1994), pp. 41-44.

M.T. Chu, R.J. Plemmons, Real-valued, low rank, circulant approximation,
STAM J. Matrix Anal. Appl., 24 (2003), pp. 645-659.

S. Chen, D. Donoho, and M. Saunders, Atomic decomposition by basis pur-
suit, SIAM Rev., 43 (2001), pp. 129-159.

J. Darbon, On convex finite-dimensional variational methods in imaging
sciences and Hamilton-Jacobi equations, UCLA CAM report:13-59, 2013.

J. Darbon and S. Osher, Initial Value Problems for Hamilton-Jacobi equa-
tions and Sparsity for Linear Systems via (' related optimization, preprint,
2013.

I. Daubechies, S. Jaffard, J.L. Journe, A simple Wilson orthonormal basis
with exponential decay, STAM J. Math. Anal., 22 (1991), pp. 554-572.

I. Deak, An Economical Method for Random Number Generation and a
Normal Generator, Computing 27 (1981), pp. 113-121.

D.L. Donoho, Compressed sensing, IEEE Transactions on Information The-
ory, 52 (2006), pp. 1289-1306.

B. Efron, T. Hastie, I. Johnstone, and R. Tibshirani, Least Angle Regression,
Annals of Statistics, 32 (2004), pp. 407-499.

L.C. Evans, Partial Differential Equations, American Mathematical Society,
1998.

M.P. Friedlander and P. Tseng, Ezact Regularization of Convexr Problems,
SIAM J. Optim, 18 (2007), pp. 1326-1350 .

M.A. Gibson and J. Bruck, FEzact stochastic simulation of chemical systems
with many species and many channel, J. Phys. Chem., 105 (2000), pp. 1876
1889.

142



[29]

[30]

[31]

[32]

[33]

W. R. Gilks, N. G. Best, and K. K. C. Tan, Adaptive rejection Metropolis
sampling, Applied Statistics, 44 (1995), pp. 455-472.

W. R. Gilks and P. Wild, Adaptive rejection sampling for Gibbs sampling,
Applied Statistics, 41 (1992), pp. 337-348.

D.T. Gillespie, Stochastic Simulation of Chemical Kinetics, Annu. Rev.
Phys. Chem., 58 (2007), pp. 35-55.

D.T. Gillespie, A general method for numerically simulating the stochastic
time evolution of coupled chemical reactions, J. Comput. Phys., 22 (1976),
pp. 403-434.

T. Goldstein and S. Osher. The split Bregman method for (1-reqularized
problems, SIAM Journal on Imaging Sciences, 2 (2009), pp. 323-343.

G.H. Golub, C.F. Van Loan, Matriz Computations, Johns Hopkins, 1966.

M.R. Hestenes, Multiplier and gradient methods, Journal of Optimization
Theory and Applications, 4 (1969), pp. 303-320.

H.S. Hall and S.R. Knight, Elementary Trigonometry, MacMillan and Co.,
Ltd., 1952.

E. Laeng, Une base orthonormale de L*(R) dont les éléments sont bien
localisés dans l'espace de phase et leurs supports adaptés a toute partition
symétrique de l’espace des fréquences, C. R. Acad. Sci. Paris, 311 (1990),
pp. 677-680.

M.J. Lai and W. Yin, Augmented (' and Nuclear-Norm Models with a Glob-
ally Linearly Convergent Algorithm, SIAM J. Imaging Sciences, 6 (2013),
pp- 1059-1091.

E.H. Lieb and M. Loss, Analysis. AMS Graduate Studies in Mathematics,
Vol. 14, 2001.

S.G. Mallat and Z. Zhang, Matching pursuits with time-frequency dictionar-
ies, IEEE Transactions on Signal Processing, 12 (1993), pp. 3397-3415.

G. Marsaglia, W.W. Tsang, and J. Wang, Fast Generation of Discrete Ran-
dom Variables, Journal of Statistical Software, 11 (2004), pp. 1-11.

G. Marsaglia and W. W. Tsang, A fast, easily implemented method for
sampling from decreasing or symmetric unimodal density functions, SIAM
Journ. Scient. and Statis. Computing, 5 (1984), pp. 349-359.

G. Marsaglia, Xorshift RNGSs, Journal of Statistical Software, 8 (2003), pp.
1-6.

143



[44]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

N. Marzari and D. Vanderbilt, Maximally localized generalized Wannier
functions for composite energy bands, Physical Review B, 56 (1997), pp.
12847-12865.

J.M. McCollum, G.D. Peterson, C.D. Cox, M.L. Simpson, and N.F. Sam-
atova, The sorting direct method for stochastic simulation of biochemical
systems with varying reaction execution behavior, Comput. Bio. Chem., 30
(2006), pp. 39-49.

L.J. Nelson, G. Hart, F. Zhou, and V. Ozolins, Compressive sensing as a
paradigm for building physics models, Physical Review B, 87 (2013), pp.
1-12.

Y. E. Nesterov, A method of solving a convex programming problem with
convergence rate O(1/k?), Soviet Math. Dokl. v27 (1983), pp. 372-376.

S. Osher, M. Burger, D. Goldfarb, J. Xu, and W. Yin, An iterative reg-
ularization method for total variation-based image restoration, Multiscale
Model. Simul., 4 (2005), pp.460-489.

J.T. Oxenius, Kinetic Theory of Particles and Photons, Springer-Verlag,
Berlin, 1986.

V. Ozolins, Rongjie Lai, R.E. Caflisch, and S.J. Osher, Compressed Modes
for Variational Problems in Mathematics and Physics, Proceedings of the
National Academy of Sciences, 110 (2013), pp. 18368-18373.

V. Ozolins, Rongjie Lai, R.E. Caflisch, and S.J. Osher, Compressed plane
waves—compactly supported multiresolution basis for the Laplace operator,
Proceedings of the National Academy of Sciences, 111 (2014), pp. 1691-
1696.

Y.C. Pati, R. Rezaiifar, and P.S. Krishnaprasad, Orthogonal Matching Pur-
suit: Recursive Function Approrimation with Applications to Wavelet De-
composition, Proceedings of the 27 th Annual Asilomar Conference on Sig-
nals, Systems, and Computers, (1993), pp. 40-44.

M.J.D. Powell edited by R. Fletcher, A method for nonlinear constraints in
minimization problems, in Optimization, (1969), pp. 283-298.

R. Ramaswamy, N. Gonzalez-Segredo, and I.F. Sbalzarini, A new class of
highly efficient exact stochastic simulation algorithms for chemical reaction
networks, J. Chem. Phys., 130 (2009), pp.1-13 .

R. Ramaswamy and I.F. Sbalzarini, A partial-propensity variant of the
composition-rejection stochastic simulation algorithm for chemical reaction
networks, J. Chem. Phys., 132 (2010), pp. 1-6.

144



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

R. Ramaswamy and [.F. Sbalzarini, A partial-propensity formulation of the
stochastic simulation algorithm for chemical reaction networks with delays,
J. Chem. Phys., 134 (2011), pp. 1-8.

B. Recht, M. Fazel, and P. Parrilo, Guaranteed minimum-rank solutions of

linear matriz equations via nuclear norm minimization, SIAM Review, 52
(2010), pp. 471-501.

H. Schaeffer, R. Caflisch, C.D. Hauck, and S. Osher, Sparse dynamics for
partial differential equations, Proceedings of the National Academy of Sci-
ences, 110 (2013), pp. 6634-6639.

D.J. Sullivan, J.J. Rehr, JJW. Wilkins, K.G. Wilson, Phase space Wan-
nier functions in electronic structure calculations, Research Report, Cornell
University, 1987.

R. Tibshirani, Regression shrinkage and selection via the Lasso, J. Roy. Stat.
Soc. B (Method.), 58 (1996), pp. 267—288.

J.A. Tropp and A.C. Gilbert, Signal recovery from random measurements
via orthogonal matching pursuit, IEEE Transactions on Information Theory,
53 (2007), pp. 4655-4666.

M.D. Vose, A Linear Algorithm For Generating Random Numbers With a
Given Distribution, IEEE Transaction and Software Engineering, 17 (1991),
pp. 972-975.

A.J. Walker, An efficient method for generating discrete random variables
with general distributions, ACM TOMS, 3 (1977), 253-256.

G. H. Wannier, The structure of electronic excitation levels in insulating
crystals, Physical Review, 52 (1937), pp. 0191-0197.

L.T. Watson, Theory of globally convergent probability-one homotopies for
nonlinear programming, SIAM J. Optim., 11 (2000), pp. 761-780.

L.T. Watson and R.T. Haftka, Modern homotopy methods in optimization,
Comput. Methods Appl. Mech. Engrg., 74 (1989), pp. 289-304.

K.G. Wilson, Generalized Wannier functions, preprint, Cornell University,
1987.

Y. Yang, M. Moller, and S. Osher, A dual split Bregman method for fast ¢
minimization, Mathematics of computation, 82 (2013), pp. 2061-2085.

K. Yin and S.J. Osher, On the completeness of the compressed modes in the
eigenspace, UCLA CAM Reports:13-62, 2013.

145



[70] W. Yin, Analysis and Generalizations of the Linearized Bregman Method,
STAM J. on Imaging Sciences, 3 (2010), pp. 856-877.

[71] W. Yin, S. Osher, D. Goldfarb, and J. Darbon. Bregman iterative algorithms
for l1-minimization with applications to compressed sensing, SIAM Journal
on Imaging Sciences, 1 (2008), pp. 143-168.

[72] Y.B. Zeldovich and Y.P. Raizer, Physics of Shock Waves and High-
Temperature Hydrodynamic Phenomena, Dover, Mineola, NY, 2002.

146



