SPECTRAL RESULTS FOR PERTURBED VARIATIONAL
EIGENVALUE PROBLEMS AND THEIR APPLICATIONS TO
COMPRESSED PDES*

OMER FARUK TEKINT, KE YINT, AND FARZIN BAREKAT?

Abstract. We consider the solutions to a modification of the Courant’s minimax characteriza-
tion of the Dirichlet eigenfunctions of second order linear symmetric elliptic operators in a bounded
domain Q in R?. In particular, we perturb the objective functional by an arbitrary bounded penalty
term. Without perturbation, it is well-known that Courant minimax principle yields the eigenfunc-
tions, which form an orthonormal basis for L?(2). We prove that the solutions of the perturbed
problem still form an orthonormal basis in the case of d = 1, and d = 2, provided that the per-
turbation is sufficiently small in the latter case. As an application, we prove completeness results
for compressed plane waves and compressed modes, which are the solutions to analogous variational
problems with perturbations being an L!-regularization term. The completeness theory for these
functions sets a foundation for finding a computationally efficient basis for the representation of the
solution of differential equations.
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1. Introduction. For a second-order symmetric elliptic operator L on a bounded
domain Q C R?, consider the following Dirichlet eigenvalue problem

Lu = Au in €,
u =0 on 09.

The spectral theorem for the second-order elliptic operators asserts that the
Dirichet eigenfunctions of L forms an orthonormal basis for L?(£2). Furthermore,
the eigenvalues and eigenfunctions can be characterized via a hierarchical variational
procedure involving the minimization of the functional Blu,u] = (Lu, )2, known as
Courant variational method (see e.g. [6, 8]).

In this paper, we consider the Courant variational problem under a non-negative
perturbation, and prove for it an analogue of the spectral theorem. We treat this
problem in a general Hilbert space setting, where we consider an arbitrary self-adjoint
operator T' whose inverse is compact. Namely, we rather minimize the functional

J(u) = P(u) + (Tu, u),

in the domain of definition for 7', where P is a non-negative penalty term. We verify
that the spectral theorem still holds, as long as the eigenvalues of the original problem
grow sufficiently fast. In particular, the growth condition holds when 7" is the the weak
realization of an elliptic operator on a bounded domain Q lying inside R, or R2.

As an application, we consider the spatially localized (“sparse”) modes introduced
in [9, 10]. In [5, 7], it was proven that perturbing the variational quantity of certain
elliptic and parabolic PDEs would result in compact support. In [9, 10], the authors
consider variational problems corresponding to Schrédinger’s equation, or Laplace’s
equation, whose functional is modified by an L' regularization term. Namely, their
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construction involves the minimization of the functional
1
J(u) = ;HUHl + (Lu,u) 2,

where L = —1A, or L = —1A + V(). By minimizing the above functional subject
to the orthogonality constraint, so-called “compressed modes” are obtained by the
authors in [9]. In a different formulation, where shift-orthogonality is imposed in
addition to orthogonality, the minimizers are called the “compressed plane waves”
[10]. Numerical experiments suggest that the regularization parameter u for the L
term is used to balance between the consistency with the original problem and the
sparsity of the solution. The consistency and the sparsity of compressed modes as p
varies have been verified in [1, 2, 3].

Our results yield a further consistency results for compressed modes and com-
pressed plane waves, as we conclude that the analogous spectral properties are pre-
served under perturbation. Such “completeness” conjectures are proposed in [9, 10].
In [9], the authors predicted that the compressed modes approximate the true eigen-
states with high precision, whereas in [10], they conjectured that the compressed plane
waves form a basis in L2(£2), where € is some bounded rectangular domain in R%. We
will provide an affirmative answer to these conjectures in dimensions one and two,
and propose Conjecture 1, which is phrased in a general Hilbert space setting. We
note that this conjecture implies the above mentioned conjectures.

This paper is organized as follows. In Section 2, we study the theory of complete-
ness for the solutions of perturbed Courant-Fisher variational problem for arbitrary
linear operators defined on a Hilbert space. We prove the completeness in Theo-
rems 2.8 and 2.9 under linear and super-linear growth conditions on the eigenvalues
of the original operator. Without the completeness, we still have Theorem 2.10, which
yields an estimation of the deviation from the true solutions. Lemma 2.6 is the essen-
tial tool in the proof of these results. In the Sections 3, and 4, we apply the theory
developed in Section 2 to the second-order linear symmetric elliptic operators.

2. Perturbed variational problems associated to linear operators. The
proof of the spectral theorem for elliptic operators relies on the fact that the “inverse”
of the elliptic differential operator is compact, hence the following spectral theorem
for symmetric compact operators holds:

THEOREM 2.1 (Spectral Theorem for Compact Operators). Let H be a Hilbert
space, and K : H — H be a symmetric compact operator. Then,

1. K has real eigenvalues vy, and vy — 0 as k — oo,
2. The (normalized) eigenvectors {¢r}3>,, with K¢y = vi¢r, form a complete
orthonormal system in H.

As a consequence of this version of the spectral theorem, the inverse T', of a
positive compact operator K satisfies the following spectral theorem:

THEOREM 2.2 (Spectral Theorem for Inverse-Compact Operators). Let H be
a Hilbert space, and K : H — H be a bijective symmetric compact operator. Then,
T = K~ satisfies the following properties:

1. T has real eigenvalues A, with {\;}32, in increasing order, and A\, — 400
as k — oo,

2. The (normalized) eigenvectors {¢r}22,, with Tor, = Aydk, form a complete
orthonormal system.

REMARK 2.3. Notice that the operator T defined in Theorem 2.2 is unbounded,
hence T must have a domain of definition, D(T), for which it is self-adjoint. We



consider the following natural choice of the domain of definition,

D(T) = {a = Z Gnthn € H| Z A dn € H, or equivalently, Z NG| < oo},

neN neN neN

in which there will be no ambiguity of the definition of T.

We will now work with the operators 7" that can be represented as the inverse of
some bijective symmetric compact operator. The eigenvalues and eigenvectors of T’
can be characterized via the following Courant-Fisher variational formulae (see e.g.

[6]):

A1 = min (Tu,u),
u€D(T)
[ful|=1

¢1 = argmin (Tu, u),

u€D(T)
[lull=1

Ak Jin (Tu,w),
u€{¢1, - pr_1}"
[lul|=1
oK = argmin  (Tu, u).
ueD(T)
UE{p1,e b1}

[lull=1
We consider a similar variational problem, where we perturb the objective functional
(Tu,u). Strictly speaking, we define

Jfu] = (Tu,u) + P(u),

where P : H — R is a non-negative penalty term. We view the term J[u] as the
“energy” of the element u, and run a progressive energy-minimization procedure as
in the Courant-Fisher formulae. In other words, we define

¢1 = argmin J[u],
uweD(T)
[lull=1
(2.1)
(= argmin  J[ul.
uweD(T)
w€{C1,eCr1
[lull=1
In case of a non-uniqueness in the minimization above, we define (; to be one of
the solutions to the corresponding minimization problem. To ensure the existence
of (;’s, we impose that P is bounded and lower semi-continuous with respect to the

norm-convergence, in the sense that
P(u) < Cllull,

(2.2)
[lun —u|] - 0 = P(u)< liminf P(uy).

The smallest constant C' satisfying the boundedness of P is the functional norm of P,
and is denoted by || P|].

We require that the eigenvectors of T, i.e. {¢n}nen, form a complete orthonormal
system in H. We conjecture that as long as the perturbation satisfies the existence
criteria (2.2), such a spectral result still holds:



CONJECTURE 1. The set {(,}nen obtained via the variational procedure (2.1)
forms a complete orthonormal system in H.

This section mainly focuses on verifying this conjecture under certain growth
assumptions on the eigenvalues A,. In order to verify this conjecture, one needs to
show that

(2.3) or € span{(ptnen Vk €N,

where span E denotes the space consisting of the finite linear combinations of the
elements in F. The following Hilbert theoretic result quantifies the relation (2.3):

LEMMA 2.4. Let {en}nen be a mazimal orthonormal system in a Hilbert space
H. Let {fn}nen be some orthonormal system in H. Assume that each f, has the
expansion

fo = anxer, an €C.
keN
Then, for each k € N,
d(ex,span{fn})® =1 =Y |anl?,
neN

where d(e, M) denotes the distance between some e € H, and some linear subspace M
of H.

Proof: Let w be the projection of e onto span{ f,, }nen. Then, since {f, }nen is an
orthonormal system, w is given by

w =" (e, fn)fn

neN

= Z<ek7 Zan,jej>fn

neN 7

Hence, we can compute the size of w:

(2.4) ][> = lanxl

neN

Note by the property of the projection that e, —w L w, therefore, by the Pythagorean
identity, we have

(2.5) llexl[* = llex — wl[* + [[w]|*.

Notice also that w, being the projection of ej onto span{f, }nen, is the closest point
to ey, inside span{fy }nen, so that

(2.6) d(ex,span{f,})? = ||ex — w||*.

Combining (2.4)-(2.6), we get

d(ex, span{fn})* = [lex]|* = [|w|[* = 1= Janl*,
neN



as desired. O
COROLLARY 2.5. Let {en}nen, {fn}tneN, ank be as in Lemma 2.4. Then, for
each k € N,

(2.7) > lansl® <1,

neN

and

er € span{ f,} <— Z lanx|> = 1.
neN

The following lemma yields an estimate for the elements that are lying inside the
orthogonal complement of any arbitrary orthonormal system, in terms of the deviation
of their functional values from the sum of the eigenvalues corresponding to the true
eigenstates. We denote the deviation of the first N elements by F(N).

LEMMA 2.6. Let ¢, be the eigenvectors of the operator T, with the corresponding
eigenvalues { A\, }nen being in increasing order. Let {e, }nen be an orthonormal system
satisfying

(2.8) > (Ten,en) <F(N)+ Y Ay VN €N

n=1

Suppose that there exists f € {en}ien, ||f]| = 1, with the expansion

f: anéna fn e C.

neN

Then, we have
N

(2.9) > 1 falPAng1 = An) S F(N), VN eN.
n=1

Proof: Let the {an i }n ken denote the coefficients when e, expanded in the basis

{1 }ren, ie.

€n = Z an,k’¢k-

keN

Applying the result (2.7) of Lemma 2.4 to the orthonormal systems {e,}nen U {f},
and {¢y, }nen, for each k € N, we get

(2.10) > lankl* < 1= fil.
neN

By the bilinearity of the inner product,

oo

(Ten, e,) = Z || k-

k=1



Hence,

N o] N
(2.11) > (Tenen) = (Z |an,k|2> M.

k=1

Since e,,’s have norm 1, in the expression (2.11), the coefficients of A; summed over
k equals N. Given that the Ag’s are in the increasing order, the expression (2.11)
is minimized when the coefficients of \; are maximized for small k. Having the
constraint (2.10), we get

N

N
S Tenen) :2(2%) ST Vae w3
k=1 k=1

n=1 k=1

Combining this, with the inequality (2.8) we get

N N N
Z)\n+F ZTenven _Z(li|fn‘2))\n+/\N+lz|fn|27
n=1 n=1 n=1 n=1

which implies
N
ST alPOner — M) < F(V),
n=1

as desired. O

Lemma 2.6 will be essential for proving the completeness result. The estimate (2.9)
provides us an understanding of the elements lying inside the orthogonal complement
in terms of F(N), and the eigenvalues of T'. If the estimate (2.9) is incompatible with
the growth of eigenvalues, then we deduce that the orthogonal complement is empty,
and hence the orthonormal system is maximal.
The next lemma provides an estimate for the deviation of the functional values of
Cn, from the eigenvalues corresponding to the true eigenstates, so that Lemma 2.6 is
applicable.

LEMMA 2.7. Let {Cn}nen be the solutions to the variational procedure (2.1). Let
{An}nen be the eigenvalues of T, in increasing order. Then,

J[Ca] < An +IP]].

In particular, we have

N

N
(2.12) D (TG, Ga) < Z <> A +IIPIIN.
n=1

n=1 n=1

2

Proof: Let {an k}nken denote the coefficients when ¢, expanded in the basis

{#r}ren:

Cn = Z an,k¢k-

keN

Let n € N be fixed. For integers j with 1 < j < n — 1, define

n
= Z aj kP
k=1



Clearly, {n1,7n2,...,Mn—1} C span{¢1, ¢a,..., ¢, }. Furthermore,

dimspan{¢1, 2, ..., ¢n} =n,

i.e. the space span{¢i,do,...,d,} has dimension larger than the cardinality of
{n1,m2,. .., Mn—1}, so that we can find 7 € span{¢1, ¢2,...,d,}, n # 0, such that

nlm, Vji:l1<j<n-L
Now, since n;’s and 7 lie inside span{¢1, 2, ..., dn}, we get
Gy =(nmy) =0, Vj:1<j<n-—1,
so that
nL¢, Vi:l<j<n-—1L

By rescaling, we may assume ||n|| = 1, so that # lies precisely in the class of functions
where we look for a minimizer to determine (,,. The function 7 is a sub-solution to
the variational problem (2.1) at the n*” step, hence

(2.13) JCn] < Jln) = (T, m) + P(n).
Note first by the boundedness of P that
(2.14) Pn) <[P |nll = [Pl

Suppose 1 has the expansion

n=_ bdx.
k=1

Since, ||n|| = 1, we have >, _, |bx|?> = 1. Furthermore, by the bilinearity of the inner

product,
(Tn,m) = [k M.
k=1
We also have that A\;’s are in increasing order, so that
n n
(2.15) (Tn,m) =D bkl Xe < X D [bkf* = A
k=1 k=1

Combining (2.13)-(2.15), we obtain
(2.16) JCn] < An +|IP]].

Summing up the inequality (2.16) for n = 1,2,..., N, and combining with the non-
negativity of P, we verify (2.12). O

The following theorem provides the completeness of the orthonormal system
{C¢n}nen, provided the eigenvalues satisfy the super-linear growth:

THEOREM 2.8. Suppose the eigenvalues of T satisfy

(2.17) lim An =00
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Then, {Cn}nen, which is defined by the variational procedure (2.1), forms a complete
orthonormal system in H.
Proof: Lemma 2.7 implies

N

N
S (T, Ca) <3 A+ 1IPIIN,
n=1

n=1

so that Lemma 2.6 is applicable to the orthonormal system {(,, }nen with the function
F(N) = ||P||N. That is, assuming the existence of an f € {(,}ioy, [|f]| = 1 with
the expansion

f = an¢nu fn eC,

we obtain the estimate
N

(2.18) D 1fal?(Ans1 = An) < [|PIN, VN €N,
n=1

This last inequality implies (assuming f, # 0)

[Pl
[ful?

which yields a contradiction by violating the growth condition (2.17) on Ay41, as we
pass to limit as N — oo. Therefore, there is no non-zero function f € {Cn}f;eN, SO
that the orthonormal system {(, }ncn is complete, as desired. O
By trading the magnitude of the penalty term with the growth of \,, we can
generalize the Theorem 2.8 so that it holds under a weaker growth condition on A,:
THEOREM 2.9. Suppose that the eigenvalues A\, grows linearly in the sense that
they satisfy

AN+l — An < YN €N,

(2.19) An = Mn+o(n), asn — 0o

for some constant M. Suppose also that the penalty term P satisfies the following
bound

(2.20) 1P| < M.

Then, {(n}nen forms a complete orthonormal system in H.

Proof: Proceeding similarly as in the proof of Theorem 2.8, we get the inequal-
ity (2.18), namely that if f is a function with unit norm, lying in the orthogonal
complement of {(, }nen, then we have

N
(221) Z |fn|2(>‘N+1 - /\n) < ||P||N’ VN e N.
n=1

Now, for m < N, by the monotonicity of Ag, we can lower-bound the LHS of (2.21)
by

()‘NJrl - >\m) Z |fn|27
n=1



so that

AN$1 — A

(2.22) ¥

N fal? < HIPIl, YN €N, ¥m :0 <m < N.
n=1

Taking limit in (2.22) as N — oo, with the aid of the growth condition (2.19), we
obtain

MY | fal?> <||P|l, ¥m € N.

n=1
Now, taking limit as m — oo, and keeping in mind that || f|| = 1, we obtain
M <||P[],

contradicting (2.20). O

The following theorem establishes how close the functions (,, approximate the
subspaces generated by the first few eigenvectors of the operator T":

THEOREM 2.10. Let V,, be the subspace generated by the functions {(1,Cay .., Cm}-
Then, for any n < m, we have

n

> d(r, Vin)® < %,
=1 m—+1 n
provided A1 # A
Proof: Recall from Lemma 2.7 that
m m
(2.23) D (TG, ¢GY < Y JIGI < ml|Pl|+ ZA
=1 =1 =1

Recall by the bilinearity of the inner product that

(2.24) (T¢;,¢) =

Combining (2.24) and (2.23), yields that

(2.25) SO ol < milPl+ 30 A
j=1k=1 j=1

Rearranging (2.25), we obtain

m

S aiunlPr =D (1= lagul? | Ak < ml|PJ.

k=m+1 j=1 k=1 j=1
Lower-bounding the terms A\; with k& > m, by A,,41 in the last expression, we obtain
m

226 Ao 30 S el S0 (123 Jaa? ) e < milpl

k=m+1 j=1 k=1 j=1
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Since Y77 laj k> =1 for j =1,2,...,m, we conclude that
(oo} m m m

> D laial =3 (1= lajul
k=m-+1j=1 k=1 j=1

Substituting this into the inequality (2.26), and rearranging further we obtain

m

(2.27) >t Z lajil® | Amsr = M) < ml|P|].

k=1

Notice by Lemma 2.4 that the coefficient in front of A\,,+1 — Mg in (2.27) is equal to
d(¢w, Vin)?, so that (2.27) becomes

Zd (Dr: Vi)~ (A1 — Ax) < ml|P||.
k=1

Exploiting the monotonicity of A\; once more, we obtain

m

D d( 0k, Vin)* At = An) < Y dl(rs Vin)* omgr = Ar) < ml| P,

implying

- m||P||
E d(dp, Vip)? < — =0
it (¢k7 ) = _)\na

m—+1
as desired. O

3. Perturbed variational problems associated to elliptic operators. The
results of Section 2 can now be applied to second-order linear symmetric elliptic
operators. Let L be a second-order linear symmetric elliptic operator defined on a
bounded domain € in R?. For simplicity we will consider elliptic operators with
principal parts —A i.e.

uz—Au—FE-Vu—&—cu,

where b : Q — R? ¢ : Q — R, are bounded measurable functions.
As we noted in the beginning of Section 2, according to the spectral theorem for
second-order linear symmetric elliptic operators, L satisfies the following properties:
1. L has real (Dirichlet) eigenvalues, Ay, with {\;}72, in increasing order, and
A — +oo as k — o0,
2. The (normalized) eigenfunctions {¢y}72 |, with Loy = Ax¢y, form a complete
orthonormal system in L?((2).
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Furthermore, the Courant-Fisher principle applies to L, so that the eigenvalues
and eigenfunctions of L is found by the following variational formulae:

A1 = min Blu,ul,
u€H (S2)
[lull2=1
¢1 = argmin Blu, u],
u€H(Q)
[lull2=1
Ap = min Blu, u],
uEHé(Q)
u€{p1, . pr_1}"
[Jull2=1
o = argmin  Blu, u],
u€HJ ()
u€{$1,...,px_1}"

[lull2=1

where

Blu,v] = (Lu,v) = / Vu - Vo + (b- Vu)v + cuv dx
Q

is the bilinear form associated to L.

We proceed similarly as in Section 2, where we perturb the functional Blu,u]. This

time, we restrict ourselves to the penalty terms given by a constant multiple of the

L' norm. Namely, we consider the energy functional

1
Julu] = Blu,ul + llullr,

and analogously define the functions {ty }ren via

11 = argmin J,[u],
u€H(S2)
[ull2=1

(3.1) .

Y = argmin  J,[u].
u€HJ ()
(IS IR NI S
[Jull2=1

We call these functions {¢x }ren “compressed modes of type two” by analogy to the

“compressed modes” defined in [9]. The following lemma establishes the existence

of {¢x}ren by verifying the existence criteria (2.2) for the L' penalty term in the

definition of J,:

LEMMA 3.1. Let P: L?(Q2) — R be defined by P(u) = %”UHLI Then, P satisfies
the criteria (2.2). Furthermore,

1Pl =

Proof: By Cauchy-Schwarz inequality,

1 1 Q2
(3:2) el < ZlluflealLallee = ==llulle2,
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with equality when w is a non-zero constant function. Therefore, P is bounded with
1
functional norm %

As for the lower semi-continuity, consider a sequence u,, € L?(£2) converging to some
u € L?(Q) in L2. The inequality 3.2 implies that u,, converges to u also in L', so that
P(u) = lim P(uy,), as desired. O

Now, the Theorems 2.8, 2.9, 2.10, can be derived for {1y }ren. Theorems 2.8, and
2.9 holds true when the eigenvalues grow super-linearly, and linearly, respectively.
Weyl’s law yields the exact asymptotic behavior of the eigenvalues of a second-order
linear symmetric elliptic operator:

THEOREM 3.2 (Weyl’s Law (see e.g. [8])). Let L be a second-order linear elliptic
operator on a bounded domain Q C R?, of the form

Lu:—Au—l—l;-Vu—&—cu,

where b : Q — R? ¢ : Q — R, are bounded measurable functions. Let {An}nen be the
eigenvalues of L, in increasing order. Then,
(2m)

Ap = ~—2-n?/4 4 o(n?/? , as n — 00,

where wy denotes the volume of the unit ball in R?.

Therefore, we can deduce from the Weyl’s law that super-linear and linear growth
conditions on eigenvalues holds true precisely in dimensions 1, and 2, so that we have
the following corollaries as direct consequences of the Theorems 2.8, 2.9, 2.10:

COROLLARY 3.3 (Corollary to Theorem 2.8). Let L be a second-order linear
symmetric elliptic operator defined on a bounded domain Q@ C R. Then, {¢y}nen,
which is defined by the variational procedure (3.1), forms a complete orthonormal
system in L?(Q).

COROLLARY 3.4 (Corollary to Theorem 2.9). Let L be a second-order linear
symmetric elliptic operator defined on a bounded domain Q C R%. Suppose also that
the penalty parameter u satisfies the following bound

"k
Then, {tn}nen, which is defined by the variational procedure (3.1), forms a complete
orthonormal system in L*(Q).

CoROLLARY 3.5 (Corollary to Theorem 2.10). Let {¢gren be the (Dirichlet)
eigenfunctions of a second-order linear symmetric elliptic operator L, defined on a
bounded domain @ C R. Let {\i}ren be the associated eigenvalues. Let {1n}nen
be the functions defined by the variational procedure (3.1), and V,, be the subspace
generated by the functions {11,v02, ..., U }. Then, for any n < m, we have

- m|Q|?
d ¢ka Vm)Q < s
; ( P Am41 — An)
provided A1 # Ap.
The following theorem establishes that the elements that lie in the orthogonal
complement of {1, }nen cannot lie inside the space H{(€). In other words, the
orthogonal complement consists of highly irregular functions:
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THEOREM 3.6. Let {ty, }nen be the solutions to the variational procedure (2.1).
Then,

{¥n}* N H(Q) = {0}

Proof: Assume to the contrary that there is a non-zero f € {¢,}+ N H(Q). We
may normalize f such that ||f||2 = 1. Since f € {t1,...,9,_1}* for all n, f is in the
class of functions where we look for a minimizer to obtain 1,,, hence is a subsolution
to the variational problem (2.1) at n'" step. As 1, is the actual solution to the
corresponding minimization problem, we have

(3.3) Julton] < Julf].
We now prove that

(3'4) nILH;OJ [1/)71] = 00,
which together with (3.3) implies

(3.5) Ju[f] = oo.

Recall that

(3'6> Z Wm% - Z (Z |an k| ) )\ky

k=1

where the coefficients in front of \; have magnitude less than or equal to 1 for each
k, and their sum over k is N. Since Ag’s are in increasing order, the expression (3.6)
is minimized when the coefficients of A\j are maximized for small k. Therefore,

N N
> Bltn, ] = > A
k=1

n=1

and since P is non-negative

N N N N
(3.7) ST Tulwn] = Bl n] + P(wn) > > Bl ] > Z

n=1 n=1 n=1
We know that hm An = 00, and both A,’s and J,[¢,]’s are in increasing order.
Therefore, the mequahty (3.7) can hold only if (3.4) holds. Hence, we verify (3.5), i
(3-8) Julfl = Blf, f] + P(f) = oo.
Now, since P is bounded, the expression (3.8) yields
(3.9) Blf.fl=

On the other hand, as B is the bilinear form associated to a second order elliptic
operator, it is bounded in the sense that

(3.10) | Blu, v]| < Cllull oy l[v]| 10
Combining (3.9), and (3.10) applied to u = v = f, we get
1) = o0
ie. f¢ H'(Q), contradicting the assumption that f € {¢,}+ N H(Q). O
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4. Applications. We now establish the analogues of the Theorems 2.8-2.10 for
the compressed modes and the compressed plane waves. We first provide the precise
definitions of CM and CPW as introduced in [9, 10], and establish their connections
to the theory we developed in Section 2, and then proceed with the verification of the
analogous theorems.

4.a. Compressed Modes. Compressed modes are defined via the following
minimization procedure

(1) =™ gy = argmin Y ulh] st (hy i) = 6,

1,ho, L hm i=1

where
1 1 1 1 )
(4.2)  Jyuful = —|lullpr + (u, | —zA+V | u) = —||u|[pr + [|Vul|2 + [ Vuidx,
I 2 I 2 Q

where V is a bounded measurable real-valued function defined on €2. Here, the quan-
tity (u, (f%A + V) u) corresponds to the bilinear form associated to the elliptic op-
erator —%A + V. We denote the eigenvalues and eigenfunctions of —%A +V by A\,
and ¢,, with \,’s being in increasing order, as usual.

Notice here that CMs are defined as the minimizers of an energy sum under orthogo-
nality constraints, rather than as compressed modes of type two, which are solutions
to an iterative minimization procedure. However, compressed modes of type two
{t1,%2,...,¥m}, defined by the variational procedure (3.1), being an orthonormal
sequence, is a subsolution to the minimization problem (4.1), so that

ST <Y Tl
=1 i=1

Combining this with the estimate (2.12), we obtain
% (m) |Q‘§

(4.3) ZJ;L[T/%‘ J SmTJFZ)‘j-
i=1

The proof of Theorem 2.10 relies essentially on the estimation (2.23), and the
orthonormality of the sequence {11, ..., ¥, }. We still have the orthonormality, and
the estimation (4.3) analogous to (2.23). Hence, the following corollary holds.

COROLLARY 4.1 (Corollary to Theorem 2.10). Let V,, be the subspace generated

by the compressed modes ¥ = {wlm), ¢§m), ey r(nm)}. Then, for any n < m, we have
: mig
d(¢kavm)2 S N 1
; M()‘m+1 - )\n)

provided A1 # A -

From Corollary 4.1, we deduce the following approximation result:

COROLLARY 4.2. Let {¢y }ren be the (Dirichlet) eigenfunctions of a second-order
linear symmetric elliptic operator L, defined on a bounded domain 2 C R. Given
any fized parameter u, the first m compressed modes up to a linear transformation,
denoted by {{;m), ce ,(nm)}, satisfies

Tim g =™ |l2 =0, Vk € N.



15

Proof: Let fl(cm) denote the projection of ¢§€m) onto the linear subspace spanned by

{wgm), . ,w,(nm)}, which we denote by V,,. Then, clearly, ,(;”) is a linear combination
of {1/)57"), o 7,/15,2")}. Furthermore, as a property of the projection, we have

d(@r, Vin) = 116" = & I,
so that Corollary 4.1 implies

- (m)| 12 m|Q|
4.4 o — & < ———r
(4.4) k§:1|l k=& I3 0

m—+1 — >\n) )

As Q is a bounded domain inside R, By Weyl’s law, we know that \,, grows quadrati-
cally in m. Hence, passing to limit in (4.4) as m — oo, we conclude that the summands
in the LHS of (4.4) decays to zero, i.e.

(4.5) Tim ¢ — €™l =0,

as desired. O

Corollary 4.2 can be viewed as a completeness result, since (4.5) yields that any
eigenfunction ¢y is well approximated by its projection §,§m) onto V,,. In a sense,
V,»’s trace the full space, as m — oo.

4.b. Compressed Plane Waves. The construction of compressed plane waves
is closely related to that of compressed modes, where both involve minimizing a cer-
tain functional. The difference is that compressed plane waves have multi-resolution
capabilities, which is achieved by adding the shift-orthogonality constraints. Let
w = (w1,...,wq) € R be a basis of a d-dimensional lattice and let 2 be a rectangular
box with

Q =1[0,nqw1]%,..., x[0,nqwq], (n1,...,nq) € N,
Define the lattice
Tw = {jw := (j1w1, ..., Jawaq)|0 < j1 < n1,...,0 < jg < ng}.
The first n basic compressed plane waves (BCPWs,) {t/*}7_,, are defined via
! = avgmin (0] s (60,0 — ) = Fyo Viw € T

((x),¥(x —jw)) = dj0 Vjw € 'y

G
v = e Ll st {w(x),w(x—jw»:o vi:0<i<h

where the functional J, is defined by
1 1 1 1
Julu] = ;|IUHL1 +(u, —5Au) = ;HUHL1 +51IVullz=.

Notice that this functional is a special case of the functional (4.2), with V' = 0.

The translations of the BCPWs on the lattice I'y, produce all CPWs. Unlike com-
pressed modes that are solved in a single minimization problem, the compressed
plane waves are constructed hierarchically. This is similar to the shift-orthogonality
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wavelets, but a distinction of CPWs is that it is adapted to the Laplace’s operator.
Existence of CPW’s essentially follows from the observation that shift orthogonality
(i.e the constraints in the definition of BCPWs) is preserved under L2-limits, so that
any minimizing sequence has a subsequential limit, which still satisfies the shift or-
thogonality properties.
The following theorem (see for example [4]) characterizes any orthonormal sequence
of shift orthogonal functions:

THEOREM 4.3. Let Q C R?, and the lattice Ty, be defined as above. Let {€F}2
be an orthonormal sequence of shift orthogonal functions. Then, the (Hilbert) space
H = L*(Q) can be written as a direct sum

H=H,®H2D...DHn,

where each Hy is the Hilbert space spanned by some eigenfunctions for the Laplace’s
equation in the rectangular box Q, with the property that if €* has the decomposition

\/Nﬁk:e’f—l—eg—i—...—&—e’fv, e?e?—[j,

then E = {e?|j =1,2,...,N;k € N} forms an orthonormal system in H. Further-
more, N =ning---ng = [I'w|.

A detailed discussion of Theorem 4.3, with a characterization of the Hilbert spaces
‘Hj is given in the appendix.

REMARK 4.4. For a fized k, both {ﬁjk|jw € T'w}, and {e?|j =1,2,...,N} form
an orthonormal system, and have the same cardinality, hence their linear span agree.
Therefore,

span{fﬁjw elw;k=1,...,.M} :span{eﬂj =1,...,N;k=1,...,.M}
for any M € NU {co}.
With this remark and Theorem 4.3 in mind, instead of working with the CPW'’s
{wf }, it is natural to switch to {e? } for completeness results. Let’s define
1 2
Joolu] = §||VU||L2(Q)-
Then, we can write
1
Julu] = Joolu] + —|lul|Lr-
1
As the Hilbert spaces H; are the span of some eigenfunctions of the Laplacian, the
functional J., satisfies the following linearity property:
Jooler + e+ ... +en| = Jxlel] + Iolea] + ... Ixlen], e €H;, j=1,2,...,N.

Now, the minimization procedure for {e¥} becomes

. 1
{ehe%, .. .,e}\,} =argmindoo[f1] + ... Jo[/N] + =||If1 + - + fnll1s
ijHj 1
[1fill2=1

. 1
{e]f,eg,...,e’fv}: argmin Jolfi]l + - JoolfN]+ =1 + .-+ full1-
fi€del, e TN, o

[|filla=1
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This is analogous to the variational procedure (2.1), except that at each step in
the minimization, we obtain multiple functions. Nevertheless, we might view one
particular eé?, say eV for simplicity, as the solution to the following minimization
problem over H;:
el = argmin Joo[f]—&—Joo[e’;]—i-...Joo[e’fv]—i—le—l—e]g—&—...—i—e?\,Hl.
fE{e},A..,elffl}Lﬁﬁl H
[1fll2=1

We still have the boundedness of the penalty term P(f) = i”f +ek+.. ek, as

1 1
;I|f+e’§+---+e’xf||1s;(||f\|1+|\e’§||1---+Heﬁ“v\ll)
Q2 k k
(Canchy-Schwarz) < == (1fll2 +[Ie§l]2 -+ lleh]|2)
_ NQJ:
/,[/ b
i.e.
N|Q|2
(4.6) | P]| < L

Therefore, {e?} ken could be viewed as the solutions to an analogue of the variational
procedure (2.1), in the Hilbert space ;, with the linear functional being the restric-
tion of —A on H;.

Let’s enumerate the eigenfunctions forming each Hilbert space H; as follows

H; = span{¢§|k =12,...},
Lok k ik
(4.7) —§A¢j = /\j ¢j
A <AT <L

The following theorem establishes an analogue of the Weyl’s Law:
THEOREM 4.5. Let )\f be defined as in (4.7), then

N(2m)d

g VM) 94 2/d

’ = k7% + ok k —

7= Sal] o(k*'%), as 00,

where wq denotes the volume of the unit ball in RY.

A discussion of Theorem 4.5 can be found in the appendix.

We verified that the functions {eé?} are obtained via a variational procedure anal-
ogous to (2.1). We also noted in Remark 4.4 that the spans of {e?}, and CPWs agree.
Therefore, the theory developed in Section 2 applies to CPWs, so that we obtain the
following corollaries as direct consequences of the Theorems 2.8, 2.9, and 2.10:

COROLLARY 4.6 (Corollary to Theorem 2.8). Let Q be a bounded interval in R.
Then, for any lattice I'y,, and parameter u, the set of compressed plane waves {¢f}
defined on Q forms a complete orthonormal system in L?(Q2).

Proof: Notice that {ef} ren C H; are obtained as the solutions to a variational prob-
lem in #;, analogous to the variational procedure (2.1). Furthermore, since € lies
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inside R, by Theorem 4.5, the corresponding eigenvalues grow super-linearly. There-
fore, Theorem 2.8 applies so that {6? tren forms a complete orthonormal system in
H;, for each j = 1,2,..., N. Finally, by Remark 4.4, {z/JJk} is a complete orthonormal
system in H. O

COROLLARY 4.7 (Corollary to Theorem 2.9). Let Q be a rectangular domain
inside R2. Then, for any lattice T'y,, and parameter u satisfying

|22

4.8
(4.8) n>

the set of compressed plane waves {wf} defined on Q forms a complete orthonormal
system in L?(Q).
Proof: Since  lies inside R?, notice by Theorem 4.5 that the corresponding eigen-
values grow linearly, with the linearity constant Ql’”‘v The proof proceeds analogous
to the proof of Corollary 4.6, except that we rather apply Theorem 2.9. The bound
for the penalty term is provided in (4.6), so that Theorem 2.9 holds precisely when
the bound (4.8) is satisfied. O

COROLLARY 4.8 (Corollary to Theorem 2.10). Let V™ be the subspace generated

by the functions {ej, 5r---sef'}. Then, for any n < m, we have

m+1 n\’
k=1 (>‘ )‘j)

provided )\;”‘H # A} Defining V™ via
V™ =span{yf|j € 24 k =1,2,...,m},

we further have

m mN|[Q|2 1
J

k<m,j<N K J<N i

5. Appendix. We will provide an explicit characterization of the Hilbert spaces
‘H; in Theorem 4.3. The eigenfunctions of the Laplace’s operator in a rectangular

domain Q = [0, njwy]X, ..., x[0,nqw,] is given by
G (x) = ST RRR AT
where (my,ma,...,mg) € Z. Hence, if we form the lattice
my ma mq d
HW:{( ’ R >|(m15m27"'7md)ez}7
niwy nNaW2 nqwq

then each of the eigenfunctions of the Laplace’s operator in the domain {2 can be
represented as

¢U(X) _ e?wiv-x7 v E Hwa

with the corresponding eigenvalue )\, = 472|v|?. Now, we define

mao mgq
w{< e )|O§m1<n1,...,0§md<nd}.
nlwl UPX%) nqwq
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Each p € Ay has a natural periodic extension in Ily, with respect to I'y,. For each
p € Aw, we denote such extension by ¥,. Now, the family of Hilbert spaces #; in
Theorem 4.3 consists of the Hilbert spaces

M, = span{¢,|v € ¥,}.

Since Ay, and I'y, each has cardinality nins ...ng; IV, the cardinality of the family of
Hilbert spaces {#;}}_,, satisfies N = niny...nq = |I'w|, as asserted in Theorem 4.3.

We have already observed that the eigenvalue corresponding to ¢,, is A, = 472|v|?.
Weyl’s law in the rectangular domain case can be viewed as the growth of the size of
the distance between lattice points and the origin. Therefore, with all these lattice
characterization of the eigenfunctions, it is not hard to see that the growth of the
eigenvalues corresponding to the eigenfunctions in each of the Hilbert spaces H; are
given precisely as in Theorem 4.5.

As an illustration, let’s consider Q = [0,2] x [0,3] € R?, and w = (1,1). Then,
I'w becomes

I'w = {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)}.

The eigenfunctions for the Laplace’s equation in €2 are given by

(bm,n (337 y) = 627ri( ki +%)7

so that

I, = {(%g) im,n € Z}.

Now, the finite lattice Ay becomes

w0 (6).(0).(20)-(22)- ()

Finally, the decomposition given in Theorem 4.3 becomes
LQ(Q) =H1BHsDHsDHsDH.5 D Hs,
where

M1 = span{oak 31 }k,icz, Ho = span{ ook 3141tk 12z Hs3 = span{ ook 3142 tk,1c2
Ha = span{dop+1,31tkicz, Hs = span{oopr1,31+1}kicz, He = span{Part1,3142 k12
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