PHASE RETRIEVAL FROM INCOMPLETE MAGNITUDE
INFORMATION VIA TOTAL VARIATION REGULARIZATION
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Abstract. The phase retrieval problem has drawn considerable attention, as many optical
detection devices can only measure magnitudes of the Fourier transform of the underlying object
(signal or image). This paper addresses the phase retrieval problem from incomplete data, where
only partial magnitudes of Fourier transform are obtained. In particular, we consider structured
illuminated patterns in holography, and find that non-integer values used in designing such pat-
terns often yield better reconstruction than the conventional integer-valued ones. Furthermore, we
demonstrate theoretically and numerically that three set of diffracted set of (complete) magnitude
data are sufficient to recover the object. To compensate for incomplete information, we incorporate
a total variation regularization to impose a prior: to guarantee the reconstructed image satisfying
some desirable properties. The proposed model can be solved efficiently by an alternative directional
multiplier method with provable convergence. Numerical experiments validate the theoretical find-
ing, and demonstrate the effectiveness of the proposed method in recovering objects from noisy and
incomplete data.
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1. Introduction. When light waves pass by an object, far field measurements
in terms of pointwise absolute value of the Fourier transform (FT) of the object can
be obtained by Huygens’ principle [25]. There are many applications involving such
measurements, for instance, astronomical imaging [14], electron microscopy [36], and
optics [43, 41], etc. As phase information is completely lost, the recovery of the
underlying object u from the magnitudes of its Fourier transform is referred to as
phase retrieval (PR). In this work, we focus on reconstructing a 2D image u defined
on a discrete lattice Q = {0,1,--- ,n1 X ng — 1} = R of size n; X ny (note that we
represent a 2D image in terms of a vector by the lexicographical order). The obtained
data bp : 2 — R are magnitudes of the Fourier transform of u, i.e., by = |Fu|, where
F Rm*m2 — C™>*"2 denotes the discrete Fourier transform (DFT)

1 .
(Fu)(wr + wany) = i, ogk;k—L u(ty + tany) exp(—2mi(wits/ny + wata/n2)),
k=1,2

VO0<w,<ng—1, for k=1,2, where i = v/—1. As different images can have the
same magnitudes, the PR problem does not have a unique solution, thus ill-posed.
One pioneer work of phase retrieve was proposed by Gerchberg and Saxton [22]
using a projection-based error reduction method, which was later improved by a hybrid
input-output algorithm proposed by Fienup [19]. Other projection-based variants
include a hybrid projection-reflection method [2, 3], an iterated difference-map method
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2 Phase Retrieval via Total Variation Regularization

[15], and relaxed averaged alternation reflections [30]. Alternatively, Machesini [34]
adopted a saddle-point optimization to solve the PR problem, and a similar idea was
presented in [44].

Major recent developments have been focused on semi-definite programming. For
example, PhaseLift [9] reformulated the PR as a rank-one minimization problem,
which was relaxed by a convex trace (nuclear) norm minimization. Waldspurger et
al. [42] considered another convex relaxation technique, called PhaseCut, by splitting
the phases and magnitudes via a complex semi-definite programming. Yin and Xin
[47] proposed a nonconvex variant of PhaseLift by subtracting off Frobenius norm
from the trace norm in PhaseLift, named as PhaseLiftOff, which successfully recovers
signals with fewer measurements than PhaseLift numerically. A direct solver of the
nonconvex PR problem was introduced in [8] and further developed in [12] where
Wirtinger flow, a gradient scheme with novel update rules, was considered together
with a careful initialization by means of a spectral method.

In this paper, we explicitly address the nonuniqueness issue of PR by acquiring
two additional sets of data, thus yielding three sets in total:

(L1) M(u) := {|Zul, |Z (u+ D*u)[,|# (u - iD*w)]},

where
(1.2)

2misyt 2Tisot
(DSU)(h—thnl):exp( T181 1+ T1S212

)U(tl +t2n1), 0<tp,<np—1,k=1,2.
ny n2

The data M (u) can be obtained by illuminating the samples with three light fields:
{1,1+ exp(2wisit1/nq + 2wisata/na), 1 + exp(2wisit1 /ng + 2wisats /ng — i /2}. It was
proved in [7] that if both s; and s5 in (1.2) are prime numbers (thus integers) with
respect to n; and ng respectively, and each element of |.Zu| is non-zero, the signal
u can be exactly recovered from 3nin, measurements. Unfortunately, 3nins, mea-
surements are often practically insufficient to recover the signal, and instead 7nino
measurements are suggested by the authors. We find that if s; = so = 1/2, then
3nins measurements yield an exact recovery of the PR problem, both theoretically
and empirically. In particular, we assume the original image is non-negative, bound-
ed, and real-valued; in other words, we assume that u satisfies a [0, 1] box constraint
(up to scaling)!. We prove that u can be uniquely determined from 3n;ny measure-
ments for s; = so = 1/2 in (1.2). We then demonstrate numerically that the unique
solution can be obtained by solving a least-squares problem with a box constrain-
t. Furthermore, we demonstrate that phase retrieval from incomplete information is
possible. For this purpose, we formulate a variational model by introducing a total
variation (TV) regularization, which is widely used in image processing since the sem-
inal work of [39]. Recently, with the advance in compressive sensing (CS) [6], the TV
regularization is provably efficient to recover signals or images from incomplete data
or limited measurements [32, 33]. We employ an alternating direction of multipliers
method (ADMM) [23, 45, 5, 10] or equivalently split Bregman method [24] to solve
the TV-regularized minimization, followed by convergence analysis indicating that
the algorithm converges to a stationary point. Numerical experiments show that the
proposed method can recover the image from incomplete magnitude data and is stable
to the presence of the noise.

ISuch assumption was not needed in [7].
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The rest of this paper is organized as follows. In Section 2, we present the
uniqueness proof of the solution from 3nins measurements for s; = so = 1/2 in
(1.2). Both least-square and total variation models are examined in Section 3, while
Section 4 discusses corresponding numerical algorithms with convergence analysis.
Experiments are conducted in Section 5 to validate the theoretical aspects of the
work, and demonstrate the robustness of the proposed method for image recovery
from noisy and incomplete magnitude data. Finally, conclusions and future works are
given in Section 6.

2. Theoretical analysis. It is straightforward that there exist three trivial am-
biguities satisfying b = | % wu| for different u: (1) multiplication by a complex constant
with unit norm; (2) time-reversal(reflection); (3) shifted transformation (translation).
Moreover, one can find infinitely many non-trivial solutions theoretically in [40]. To
overcome the nonuniquesness issue, oversampling is often adopted [35, 37], i.e., ac-
quiring more samples in the frequency domain than that in the Nyquist frequency.
Hayes [26] and Sanz [40] proved that if the underling signal is finitely supported and
non-negative, then the solution of PR is uniquely determined from the number of
measurements that is two times the dimension of the signal. The results are fur-
ther extended under the setting of random oversampling [16, 17, 18], where random
illumination was proposed to enforce absolute uniqueness and resolve all types of
ambiguities, trivial or nontrivial. The close relevant to this work is considered in
[7], where 3niny, measurements are measured in the form of M(u) (1.1), and PR’s
uniqueness holds if s1, s9 in (1.2) are integers. The result is included here.

THEOREM 2.1. [7, Theorem 3.3] Assume that the DFT of u € C™*™ {s non-
vanishing (each component is nonzero). Then u can be recovered up to global phase
(unique up to a multiplication with a unit scalar) from 3nine measurements in (1.1),
if and only if s; is prime with n;(i = 1,2) and ny is prime with ns.

Due to the nonconvex nature of PR, numerical algorithms are often stuck at
the local minimizers. Consequently it is not surprising that 3nino is empirically
insufficient to give a satisfactory reconstruction, and one remedy suggested in [7] is
via over-sampling. We find that 3nings measurements are sufficient if s; = so = 1/2,
as opposed to integers in [7], with additional assumption that the underlying image
u is real-valued and non-negative. Please refer to Section 5.1 for numerical validation
of 1 = 85 = 1/2 and comparison to integer values. The theoretical guarantee is given
in the following theorem.

THEOREM 2.2. Assume that u is non-negative and real-valued, the DFTs of u
and D*u are non-vanishing, and s; = so = 1/2. Then u can be recovered from 3ninsg
measurements in (1.1), if nq is prime with na.

Proof. This theorem holds for both 1-D and 2-D cases. Here we only give a sketch
proof for 1-D case, and see the complete proof in the Appendix.

In 1-D cases, u = (ug, u1,..-,up—1)7 € R", and uj > 0,¥0 < k < n — 1. Since u
is real-valued and Fu is non-vanishing, one has

(21) U mod (n—k,n) = Uk 7é 0, VO<k<n-—1,

where U = (Up, Uy, ...,U,_1)T := Fu, z denotes the complex conjugate of z. Simi-
larly, one readily has

(22) Vv mod (n+1—k,n) — Vk 7é O,VO <k<n- 1,

where V = (Vo,Vi,...,Vyu_1)T i= FDsu.
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In the following we will study how to solve U and V alternatively by the relations
in (2.1) and (2.2). As the triple (|Uo|, |Uo + Vol, |Uo — iVp]) is known, and Uy is non-
negative real-valued, we can solve Uy, V; if Uy # 0, Vp # 0. We will use (2.1) and (2.2)
to find the next triple, which can be solved as the similar manner of the previous
one. One can readily find another triple (|U1], |U; + Vol, |Ur — iVp|) as the next one,
and we can also obtain U; if U; # 0. Repeatedly, one can sequentially obtain all
the {U; ?:_01 and {V; ?:_01. That finishes the proof in the 1-D case by inverse Fourier
transformation of U. O

Although Theorem 2.2 has a similar statement to Theorem 3.3 in [7], the proof is
different (cf. Appendix), as we exploit the nonnegativity of the original image u, and
$1 = 83 = 1/2 is heuristically prime to nj,ny. More importantly, not only does the
choice of s1 = s = 1/2 empirically yields exact recovery when using full (3 sets) data,
but it also enables phase retrieval with significant amount of downsampling and noise
in the measurement data. Note that non-vanishing DFT condition is mild, since one
can use masks to scramble the Fourier transform to make it non-zero [7] (we do not
consider this mask in experiments). To this end, we study the image reconstruction
problem from the incomplete noisy measurements of M(u), i.e., downsampling the
data by random binary masks, with additive Gaussian noise.

REMARK 2.1. One can consider a more general problem as
(2.3) find u, st b:=M(u)=|Luyl,

where M is a nonlinear mapping, specifically taking magnitudes of a linear transfor-
mation L on the signal u. Phase retrieval is a special case of (2.3), as L is a sub-
sampling of the Fourier matriz. The injectivity of M (the uniqueness) does not hold
from Fourier measurements due to trivial ambiguities, such as the positivity, compact
support for real-valued u. In [26], at least 2¢ times measurements by oversampling are
needed to obtain the injectivity theoretically for d—dimensions real-valued problems.
For the general phase retrieval problems, the injectivity is guaranteed by collecting
K > 2N —1 [1] and K > 4N — 4 [13] measurements for real u € RN and complex
u € CV signals respectively, provided that all mapping M generated by a generic
frame®. In particular, Shechtman et al. [41] showed that the lower bound 2N — 1
can be achieved with high probability by collecting full-spark random measurements,
following the work [1]. By collecting 3N non-random Fourier measurements generated
by deterministic masks for u € CV, the uniqueness is derived in [7].

As stated in [31, 7], the theory of injectivity or the uniqueness in the afore men-
tioned work could not tell us how to retrieve the phases from the clean and noisy data,
and one can not readily translate the theoretical results to the numerical simulation
and practical applications. For example, it is proved in [7] that 3N measurements
with integer s can guarantee the uniqueness of the solution, but empirically at least
TN measurements for 1D case are needed to yield reasonable results. We added Figure
4 to show that at least TN measurements for 2D case (N = nq X ny) for integer-valued
s yield worse results in terms of SNR compared to 3N measurements with s; = 1/2.

3. Proposed models. To account for down-sampling, we introduce three sub-
sets: ; C Q, for 0 < i < 2, each of which provides a binary mask of the incomplete FT

2Generic frame means a K —element frame belongs to an open dense subset of the set of all
K —element frames in R™ or C™ [1]
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magnitude. Then phase retrieval from the partial FT magnitudes can be formulated
as a least-square type of minimization with a box constraint,

(3.1)  min [[Ful = bollé, + 17 (u + D*u)| = ballg, + || # (u — iD*u)| = balgy,,

where |Jolls == (32 [v(j)?)2 for S C Q. To simplify, we introduce a linear op-
JES

erator &/ := [Z,7 + D*,T — iD®|T, where T is the identity operator; and hence

du = (u,u + D%u,u — iD%u). Denote b := (bg,b1,b2), @ := (Qo,21,Q2) and
Frz = (Fz, Frz1, Fz) for z = (29, 21, 22). Eqn. (3.1) is equivalent to

(3.2) Ogluilgl1 Ersp = |7 ul - b]3,

which is referred to as least-square box (LSB) model. The LSB model yields an exact
recovery if complete information (3nin2 measurements) is available. With extreme
downsampling, e.g. using only 10% X 3nino, measurements, the reconstructed result
of LSB contains visible artifacts, as illustrated in Figure 1 (c).

To further improve the results, we incorporate a total variation (TV) regulariza-
tion [39] into (3.2), referred to as TVB model,

A

0<u<1

where TV (u) denotes the discrete total variation semi-norm, i.e., the L' norm of the
discrete gradient of u, and the parameter A\ balances the regularization term and the
data fitting term. The objective functional favors the solution being approximately
piecewise constant, and the model is effective for the data which is corrupted by the
Gaussian white noise, i.e. IA)z = b; + on;, where n; ~ N(0,1) and o is the standard
deviation. Other types of noise can be processed by changing the data fitting terms,
which is beyond the scope of our paper. One can readily infer from Figure 1 (d) that
TV regularization significantly improves the LBS.

We prove the existence of minimizer to the TVB model (3.3) in the continuous
setting, which holds in the discrete case. Denote €2 be the bounded and Lipschitz-
regular domain, and we obtain the existence of the minimizer.

THEOREM 3.1. Given non-negative real data b = (b, b1,bs), the TVB model (3.3)
has at least one minimizer u* € BV (Q).

Proof. One readily knows &ryp(u) > 0. Hence, there exists a minimizing se-
quence {ux }o<k<oco, S-t. Ervp(ug) > Ervp(ur) > .... As0 < wuy, <1 and Q is bound-
ed and Lipschitz-regular, there exists a positive constant C, s.t. TV (ug) + |lugll1 <
C. By Rellich’s compactness theorem, there exists u* € BV (), and subsequence
(tny, )k>1, such that u,, — u* in L'(Q) as k tends to +oo. By the continuity of the
second term of &y p and TV’s lower semi-continuity, one obtains

limsup érv p(uk) > Erve(u’).
Up ) —U™

Therefore, u* is one minimizer of &y p(u). O

4. Numerical Algorithms.
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Fi1c. 1. (a): 10% mask; (b): Original image (Resolution: 100 x 100); (c): phase retrieval by
LSB with SNR=8.65; (d): phase retrieval by TVB with SNR=22.47.

4.1. Solving the LSB model. There are numerious algorithms available to
solve the LSB model (3.2), such as the error reduction (ER) [22], hybrid input-output
(HIO) [19], hybrid projection-reflection (HPR) [15, 3] etc. It is studied in [44] that
ADMM outperforms these projection algorithms (ER, HIO and HPR) in terms of
both image quality and convergence rates, and hence we adopt ADMM here. As AD-
MM is a first-order algorithm [27] for non-differential convex optimization problems,
we will explore fast algorithms in the future, such as [4] with second-order convergence
rate and parallel acceleration [11]. The LSB model (3.2) can be rewritten as

o1
min o 12| = bl13 + x(v),
u=v,
s.t.
{z = Zdu,

where z = (29, 21, 22), and

0, 0<v<l
x(v) = :
00, otherwise.

The augmented Lagrangian reads
1
Lrsp(u,v,zw,d) = Slll2 = bllg + x(v) + R{d, 2 = F )

(4.1)
+ Bz = Zarul? + (w,u— o) + Efju—v|?,
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where d = (dy, d1,d2) and p1, pa are positive parameters. The ADMM for this saddle

point problem involves minimizing %7 sp with respect to u, v,z alternatively while

updating the dual variables d and w. The algorithm is summarized in Algorithm 1.
Below we elaborate on how to solve these three subproblems,

(4.2) uF T = argmin . Zp g (u, 08, 2wk, dF),
u

(4.3) P = argmin £ gp(uF L, v, 28wk, dF),
v

(4.4) 2 = argmin L gp(uFt 0P 2wk db).
z

There are closed-form solutions for (4.3) and (4.4). The expression for v is given by
(4.5) vt = min {1, max {O,uk+1 —I—wk/pg}}.

Minimization for each component of z is independent of other two, so we just describe
how to solve for zy as an example. The solution of

o1 1
min o—{|z0| = boll&y, + 5120 + do/pr — Full?,
P1 2

20

can be expressed as

bo + p1l90] 9o .
—— = ifxeQyn 0};
g +p1 g0 0 {90 70}
, € QN =0}
1+ 0N {90 }
g0, otherwise.

where go = Fu — dy/p1, Ve* € C with |¢*| = 1. To minimize £ gp with respect to
u, we calculate the derivatives

(4.7 O (|20 — Ful?/2) = u(Hﬂ*z —ul?/2) = u—R(F*2),

(4.8) 9y (|21 — F(u+ D*u)|?/2) = 2+ 2R(D*))u — R(F*2z1 + D*F*2 ),

(4.9) 0y (|22 — Z(u—1iD*u)||?/2) = 2+ 23(D*))u — R(F 22 —iD*F* 2 ),

where .7 * denotes the inverse Fourier transform, z denotes the complex conjugate of
z. Therefore, (4.2) is equivalent to solving u from

’ = p1(R(Z§ + 27 + D2} + 25) + S(D°3)) + (p2v* — wh),
where 28 = .#*(2F +d¥/p;) for 0 < i < 2. Note that each diagonal element of D* is a
complex number with magnitude not greater than 1, and hence 5Z+2R(D*)+23(D?)
is invertible, and (4.10) can be solved efficiently by direct inversion of the diagonal
matrix p1(5Z + 2R(D?) 4 23(D?)) + p2Z, i.e.,

u=(p1(5+ 2R(D?) + 23(D*)) + poT) "

4.11 _
) (1 (R(55 + 21 + D2} + 25) + o(DSéS)) + (p2v* —wh)).
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Algorithm 1 ADMM for solving the LSB model (3.2)
Initialization. k = 0,w® =0,d° = 0,29, 2°.
while stopping conditions are not satisfied do
Solve (4.10) via (4.11) to obtain u*+1;
Update v**+1 via (4.5);
Update z§+1 via (4.6), similarly for z
Update the dual variables

K+l _k+1.
1 172

)

dk-‘rl — dk: + Zk:-‘rl _ﬁﬂuk-‘,—l ,
(4.12) . p1( )
whtl = —i—pg(ukH _ ,Uk—&-l);
k+ k—+1.
end while

output the solution u* = uF+T.

4.2. Solving the TVB model (3.3). Inspired by split Bregman [24] or equiv-
alently ADMM, we introduce an auxiliary variation p and rewrite (3.3) as

. A

(4.13) ml}ngTVB(“) =|pli + 5“|Z| - b||?zo,szl,sz2 + x(v),
s.t. u=v, p=Vu, z=FAu.

The augmented Lagrangian of &y p(u) reads

fTVB(UaUaPaZﬂUa(Ld)

A P1
(414) =l + el = Oll&. 00,0, + X(0) + R(d, 2 — F ) + S llz = F o ul?
P2 P3

+{a.p—Vu) + (w,u—0v) + F|u—o|* + Fllp = Vul?,
where q : Q — R? and p1, p2, p3 are positive parameters. Again we apply ADMM to
solve the saddle point problem

max  min Zpyp(u,v,p,z;w,q,d).
w,q,d  UV,P,2

Please refer to Algorithm 2. Below we only describe the difference to Algorithm 1 in
details.

The subproblem to minimize over u is simplified by omitting superscripts and
subscripts,

(4.15)
. 1 2, P2 2, P1 P 2
min  Slp+a/ps — Vul? + 22— v+ w/pal + 2 (2 + d/py - FarulP).
u 2 2p3 2p3

By calculating the derivative,

O (llp+a/ps — Vul®/2) = div(p +q/ps — Vu) = —Au+div(p +q/ps),
and together with (4.7)-(4.9), we can obtain the Euler-Lagrangian equation to (4.15)

~ Au+ <p1(5 +2R(D%) + 23(D*)) + ”2> u
P3 P3
_ _ 1
:%(%(,@0 454+ D5+ 20) + S(D%5)) + g(pzu —w) — div(p + q/p3).
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Algorithm 2 ADMM for solving the TVB model (3.3)
Initialization. k = 0,w" = 0,¢° = 0,d? = 0,2, 2).
while stopping conditions are not satisfied do
uFtl = argmin Ly p(u, vF, p*, 2F;wk, gF, d¥): solve for (4.16) via CG;
u

vF 1 = arg min Ly g (T v, pF, 2P wk, @b, dF): similar to (4.5);
v
k1 : K+l k+1 k., k ok kY. )
p + :argngngTVB(u + U + P, 275w, q ad ) see (417)7
2P = arg min Ly g (uF L oF L pE L 2wk gF dF): similar to (4.6);

z
Update dual variables

dk‘-i—l — dk +p1(zk+1 _ y%uk—i—l)’

(4.18) wk+1 — wk + p2(uk+1 o Uk+1),
qk+1 _ qk +p3(pk+1 _ vuk—&-l)’

k+—k+1.
end while
output the solution u* = uF+T.

where 2; = .7 *(z; + d;/p1) for 0 < < 2. This equation is a linear second order PDE
as —Au+ Lau = f, for a(x1,x2) = 5 + 2R(D*) +23(D*®) + £2 > 1 + 22 which can

Ps, . . . L PL c.
be solved efficiently. In particular, we adopt the five-point cﬁfference discretization
scheme, and solve the following equation to obtain u**! via conjugate gradient (CG)
method,

(4.16)

~ Au+ <p1(5 +2R(D) + 23(D*)) + ”2> u
P3 P3

_ _ 1
=%<%<é§ + 2+ DR )+ S(DUE) (et — ) — div(ph + g s),

where 2F = Z*(zF +d¥/p;) for 0 <i < 2. In addition, the update for p from
. P3
min ||plls + P+ a/ps — Vull?,

has a closed-form solution,

(4.17) p = Thresh(—q/ps + Vu;1/ps),

where the soft thresholding is denoted as Thresh(p;n) = pmax {0, 1-— ﬁ} .

4.3. Convergence analysis. We shall analyze whether the proposed algorithms
converge. We only consider the convergence of TVB, as TVB reduces to LSB for suffi-
ciently large . In order to deduce the KKT condition of (4.13), which is a real-valued
objective functional with complex-valued constraints, one shall carefully deal with the
derivatives, as this objective functional is not holomorphic with respect to the com-
plex variables unless it is a constant. The CR-calculus formalism [38, 28] is adopted
to describe the derivatives. Assuming that the real-valued objective functional can be
expressed as %(z, zZ) with respect to the variable z and its conjugate z, the first order
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derivative can be defined as 2Z(or %—? ). z* is a stationary point if % =0 or

0z
M = 0, and one can refer to [28] for details. Therefore, we can readily derive the

KKT condition of (4.13) for some u*,v*, p*, z* = (zo,zl,zQ), *q*,d* = (d§,di, dy)
(the first order condition of (4.14) w1th0ut the augmented terms, i.e. p; = p3 =0)

0= —R(djy + di + D*d} + d3) + I(D*d3) + div(q*) + w*,
0 € dpllp™llr + a*,

1=
0€ A0z 1271 (7] = bo) + 5dj, VO <i <2,

(KKT) 0> (w,v—0v*),V0<wv <1,

0=u*—0v",
0=p"—Vu",
0=2z2"—Fdu".

THEOREM 4.1. Let (u¥ v¥ p* 2K wk g d*) be generated by Algorithm 2. If the
successive differences sequences of the multipliers w**tt —wk, g"+t1 — g¥, dF+1 — d* all
converge to 0 as k tends to oo, then there exists a subsequence Sgyp, whose accumulation
point satisfies the KKT condition of (4.13).

Proof. Define X* := (u¥,v*, p¥ 2% w* q*,d*). Since %;I% (kor1 — dk) = 0, and

the multiplier updates by (4.18), one readily obtains that

(4.19) lim 2¥ — F.a/u* = 0.
k—0

As 0 <ok <1, and %irr%) (wk“ — wk) = 0, there exists a bounded subsequence such
—

that lim u* = lim v* = u* (still denoted as u*, and w*).
k—o00 k—o0

It follows from (4.6) and (4.19) that {d%} and {z}} are bounded, and similarly
for 2¥ 2k d¥ d%. The boundedness of g* can be derived using the similar analysis
n [44]. Therefore, there exists a bounded subsequence {X"*} converging to X* =
{u*,v*, p*, z*, w*, q*,d*}. Then

2= Fdu",
p* = VU*a
The variational inequality of Step 2 in Algorithm 2 reads V 0 < v < 1,
<—U}k7’U _ Uk+1> > _p2<uk+1 _ Uk+1,’U o Uk+1> > _p2||uk+1 o ’Uk+1||||’l) _ ’Uk+1||.
Hence
(—w* v —v")>0,V0<wv<I1.

The proof for the first three relations in the KKT condition are similar to the ones in
[44], which are omitted here. O

Note that the requirement of multipliers w**' — w*, g*tt — ¢*, d*+! — d* con-
verging to zero in Theorem 4.1 seems rather strong, but it is common in nonconvex
optimization, see [44, 46, 29]. The convergence rate for such nonconvex optimization
problem will be considered as [27] in the future.

k+1



Phase Retrieval via Total Variation Regularization 11

5. Numerical examples. The masks (2; are randomly generated, and we fur-
ther assume that they are identical, i.e., Q5 = Q7 = Q5. Note that low DFT frequen-
cies contain more signal over noise, while high frequencies contain the information
determining the image resolution. As a result, the probability of selecting the lower
frequencies data shall be higher than that of high frequencies if only measuring the
partial magnitudes. Please refer to [33] for details about the different choice of the
sampling masks. In this part, we use a random mask to generate 2y and produce
the probability density function for 2D random sampling pattern with polynomial
variable density sampling [32].

We consider random initialization for both LSB and TVB. Specifically, variables
vY and z) are chosen to be

0(w) bi(w) exp(—27ib;w), if weQ,
w) =
0, otherwise,

and v° = Z*2? where 0; are drawn from the standard uniform distribution on the
open interval (0,1). The gradient and divergence operators in the TVB model are
discretized with the periodical boundary condition. We set the maximum iteration
number to be 500. Relative-mean-squared-error (RMSE) and signal-noise-ratio (SNR)
are used to measure the reconstruction quality

> [ui) = uy ()

RMSE(u, u,) = 252 :

2 lug(G)I?
JEQ

SNR(u, ug) = —10log;o RMSE(u, uy),
where w4 is the ground truth image of size 71 x no and u is the reconstructed image.

5.1. Phase retrieval from complete information. We first demonstrate the
exact recovery theorem (Theorem 2.2) of phase retrieval using complete data M (u)
when s; = s; = 1/2. We employ the LSB model (3.1) on two testing cases: (1)
100 images that are randomly generated from uniform distribution on the interval
[0,1] x [0,1]; and (2) 50 natural images of resolutions 512 x 512 as shown in Figure
2. The SNR and RMSE values of the recovered images are put in Figure 3, which
shows that RMSEs are in the order of 10~ and 10~7 for the random data and natural
images respectively, and SNRs are almost above 65dB and 40 dB for these two cases
respectively (average SNRs are 87dB and 68dB respectively).

In addition, we find that the LSB model does not work well with 3N measurements
if s1, 89 are chosen to be integers, which implies that the choice of 81 = s5 = 1/2 plays
an important role in exact phase retrieval problem. For integer values s;, Candés et al.
[7] also suggested oversampling by using seven groups of data in order to give a stable
recovery for 1-D case. We demonstrate that 7N measurements for integer-valued s;
are even worse in Figure 4 than 3N measurements for s; = so = 1/2. In particular, we
consider 2-D real-valued images from Figure 2, and seven groups of data are adopted
with (s1,s2) = (0,3),(3,0), and (5,5). The SNR values are reported in Figure 4 with
average value 29dB, which is much smaller than the case with average SNRs 68dB in
Figure 3 (b).

We also compare our proposed ADMM with three related algorithms, ER (error
reduction) algorithm [22], PhaseCut method [42], and Wirtinger flow (WTF) method
[8]. We implement the ER by our own, which consists of the following three steps:
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Fi1c. 3. Ezact recovery of complete information. (a) SNR values(dB) for random data with
average value 87dB; (b) SNR wvalues(dB) for natural images with average value 68dB; (c) Corre-
sponding RMSE for random data; (d) Corresponding RMSE for natural images.

Step 1. Initialize ug, 2o := % %/ ug, which satisfies |zo| = b and set k := 0.
Step 2. Update u by solving the following least square problem

@ =arg min |Fdu—Z|?

where Z(¢) = b(t)z(t)/|zk(t)], 0 <t <ming — L.
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Fic. 4. Ezact recovery of complete information with seven groups of data with (s1,s2) =
(0,3),(3,0), and (5,5): SNR values(dB) for natural images with average value 29dB. Obviously the
recovery qualities by using seven groups of data by setting s; as integers are much worse than those
by setting s; = 1/2 in Fig. 8 (b) with average SNRs 68dB.

Step 3. Update ug41 by a simple projection as
Up+1 = min{max{a,0},1}

and zp41 = F A upsq. If satisfying some stopping condition, then stop and
output ug41 as the final result; Otherwise, set k£ := k + 1 and goto Step 2.

We use the source codes of PhaseCut? [42] to solve for the LSB model, with further
refinement by ER algorithm to obtain final results, similar to [21]. We adopt the
WTF scheme to our problem, which requires the solution to be real-valued with box
constraint. In particular, we use an iterative scheme to solve

2

min G(u) = ||| ZZul* - V||,
0<u<1

by using a gradient projection method with adaptive steps
uF ! = max{0, min{1, a**1}}, with **! = * — 7¥V,G(u"*), k=0,1,---

where 7% is the adaptive step. It seems that for LSB model the step-selecting scheme
for 7% proposed in the numerical experiment of [8] does not work well. We further ap-
ply backtracking search technique [4] and consider two initialization schemes: random
and spectral initialization.

The comparison results to ER algorithm, WTF method, and PhaseCut are illus-
trated in Figure 5, which show that our proposed ADMM for LSB model are more
robust and efficient than these two other algorithms. For possible improvement of the
numerical performance for Wirtinger flow method, we will investigate how to develop
a more effective optimization model with different objective functional, where a good
initialization and more efficient numerical optimization schemes should be provided
meanwhile. In addition, a future work is how to reduce the computation complexity
for LSB model considering that the result in Figure 5 (d) generated by PhaseCut is
reasonably good.

3 Available at http://www.di.ens.fr/ aspremon/PhaseCutCode
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(a) ER (b) WTF+random (¢) WTF+spectral

(d) PhaseCut (e) Ours

F1G. 5. Results for LSB model by ER algorithm (stopped after 5000 iterations) in (a) with S-
NR=15.81, WTF in (b) with SNR=10.45 with random initialization, WTF in (c) with SNR=13.66
with spectral initialization, PhaseCut method (refinement by ER method as [21]) in (d) with S-
NR=19.27, and ADMM in (e) with SNR=53.91. Here we used the backtracking technique to improve
WTF [8].

5.2. Noiseless incomplete measurements. We demonstrate the performance
of both LSB and TVB models when limited measurements are available. The param-
eters for the TVB model are put in Table 1, and we set the parameters p; = 0.001 and
p2 = 0.01 for the LSB for all the testing cases. The numerical results are presented
in Figures 6-8, which show that the LSB model produces more visible artifacts than
the TVB. With TV regularization, the image qualities are significantly improved with
an average increase of 4db in SNR values. We present the reconstructed images at
different iteration numbers in Figure 9, which illustrates how the method gradually
recovers the image and converges after hundreds of iterations. Figure 10 plots en-
ergy and relative errors with respect to the iteration, which numerically verifies the
convergence analysis (Theorem 4.1).

All the tests are performed on a desktop computer with Intel(R) Core(TM) i3-
2310 CPU@3.30GHz and 4.00GB RAM. The computational time is recorded in Table
2, which shows that TVB is slower than LSB due to an additional sparse linear system
to solve. Computationally, the conjugate gradient method(CG) is adopted to solve
the linear system, and it is found that a few CG iterations are sufficient to give
satisfactory results.

5.3. Noisy incomplete measurements. Now we consider both incomplete
and noisy measurements. The data are corrupted by the white Gaussian noise, i.e.,
b; = b; + on;, where o is the noisy level, and n; denotes the white Gaussian noise
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Figures A P1 P2 p3
Figure 6 (d) | 1000 0.1 0.1 0.02
Figure 6 (g) | 1000 04 0.2 0.02
Figure 7 (d) | 100 0.07 0.08 0.02
Figure 7 (g) | 1000 0.1 0.1 0.02
Figure 8 (d) | 1000 0.08 1 0.02
Figure 8 (g) | 1000 0.2 1 0.02

TABLE 1
Parameters for Algorithm 2

(e)

F1G. 6. (a): Original image (Resolution: 512 x 512); (b): 5% mask; (c): phase retrieval by
LSB with SNR=16.42; (d): phase retrieval by TVB with SNR=20.77; (e): 10% mask; (f): phase
retrieval by LSB with SNR=18.86; (g): phase retrieval by TVB with SNR=23.95.
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(e)

F1G. 7. (a): Original image (Resolution: 256 X 256); (b): 10% mask; (c): phase retrieval by
LSB with SNR=14.50; (d): phase retrieval by TVB with SNR=18.04; (e): 30% mask; (f): phase
retrieval with LSB, SNR=15.35; (g): phase retrieval by TVB with SNR=19.29.

Name pixels Mask(ratio) | time (s) of LSB | time (s) of TVB

Leaf 256 x 256 10% 29.36 36.54

Leaf 256 x 256 30% 28.15 37.03
Cameraman | 256 x 256 10% 27.82 37.18
Cameraman | 256 x 256 30% 28.59 37.98

Liver 512 x 512 5% 132.2 178.8

Liver 512 x 512 10% 132.8 179.7

TABLE 2

Elapsed time for LSB and TVB.
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(e)

F1G. 8. (a): Original image “Leaf” (Resolution: 256 x256); (b): 10% mask; (c): phase retrieval
by LSB with SNR=14.19; (d): phase retrieval by TVB with SNR=18.35; (e): 30% mask; (f): phase
retrieval by LSB with SNR=17.41; (g): phase retrieval by TVB with SNR=22.75.

with the zero mean. The SNR of the noisy measurements is defined as

SNR(N, M) = —10logyo (> bl =0/ Y. ox()P),

FEQL,0<k<2 jEQ,0<k<2

where N = {130,131, 132} is the noisy measurement with respect to the mask g, and
M = {bo, b1, b2} is the ground truth measurement. Therefore, noise level o can be
determined by the SNR value, i.e.,

107SNRAI0 5™ o ()2
0<k<2,5€Q0

3d
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FI1G. 9. (a): SNR=6.47 after 10 iterations; (b): SNR=9.48 after 30 iterations; (c): SNR=14.89
after 100 iterations; (d): SNR=18.33 after 200 iterations; (e): SNR=19.95 after 300 iterations; (f):
SNR=20.15 after 400 iterations

where d = #{j : j € Qp}. The parameters for the TVB are set to be A = 1000, p; =
0.1, p2 = 0.1, p3 = 0.02 for both Figure 11 (d) and Figure 11 (f). The SNR values of
the TVB are increased at least 4db compared to the LSB.

5.4. Initialization and Parameters sensitivity. As is know, the proposed
model is not convex, thus sensitive to initialization and model parameters. We ana-
lyze the effects of random initialization, i.e., random 6;, when applying the proposed
method on “Cameraman” image with a 30% mask. Figure 12 (a) shows that the SNR
values of restored images vary from 18.4dB to 19.8dB, which suggests that the pro-
posed algorithm is rather robust to initialization. By comparing Figure 12 (b) with
Figure 7 (g), we find that averaging the reconstructed images with different initial-
izations yields better image quality than individual ones, which is a trick suggested
by Fienup and Wackerman [20] to remove artifacts.

In addition, we shall study whether the proposed algorithm is sensitive to param-
eters, by varying one parameter and fixing the others. The default parameters are
set to be the same as Figure 7 (g). The resulting SNR values are recorded in Table
3, which implies that the proposed algorithm is insensitive to pi, p2 and empirically
p3 = 0.02 gives better results.

6. Conclusion. In this paper, we proposed a total variation regularization mod-
el to recover an image from its partial and noisy magnitude information. We found
that non-integer values when generating the structured illuminating data is key to
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0 50 100 150 200 250 300 350 400 450 500 o 50 100 150 200 250
Iteration Number teration Number

(a) (b)

Relative Error

F1G. 10. (a) and (c): Decreasing energies of 10% and 30% sampling for the example in Figure
8; (b) and (d): Corresponding relative errors.

Differont A A 10 10° 10° 10t 10°
Herent SNR | 18.70 19.07 19.29  19.07 19.13
. o1 1073 10*2 0.1 1 10

Different p1 | —xm 1359 16.97 19.29  16.53 15.75
. D2 10—3 10—2 0.1 1 10

Different p> | —exmT"7990 18.80 19.29  18.77 14.94
. p3 | 2x107% 2x107% 2x1072 0.2 2

Different ps SNR 318 13.60 19.29 * 3.98

TABLE 3

Parameters sensitivities (* means the algorithm blows up with the given parameters).

stable phase recovery compared to the integers used conventionally [7]. The use of
TV regularization helped to maintain image quality when only a small number of
measurements are available. The ADMM is adopted to solve the proposed model effi-
ciently, which is rather robust to initialization and model parameters. The recovered
results are of better image quality, with at least 4dB increase in SNR values, com-
pared to the classic least-square type of method. Moreover, the images reconstructed
by our proposed method exhibit sharper edges and less artifacts.

Through experiments, we observe that both s; = s = 1/2 and [0, 1] box con-
straint are rather important to the exact/stable recovery. If sq, s, are chosen to be
other real numbers, the results are found to be much worse than that of s; = so = 1/2.
On the other hand, the box constraint is theoretically unnecessary to guarantee the so-
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Fi1G. 11. (a): 30% mask; (b): Original image (Resolution: 256 x 256); (c): phase retrieval
by LSB with SNR=15.60 from noisy data (SNR=30 for noisy data); (d): phase retrieval by TVB
with SNR=19.72; (e): phase retrieval by LSB with SNR=16.95 from noisy data (SNR=40 for noisy
data); (f): phase retrieval by TVB with SNR=21.85

lution’s uniqueness, but computationally it enforces the boundedness of the solution,
and hence the iterative algorithm is less prone to blow-up. It is worth of a careful in-
vestigation on these two conditions and how they interact with the TV regularization
in the future.
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Fic. 12. (a): The SNR values of derived images by TVB with different initializations; (b): the
average image derived by taking the average of all images with SNR=20.33.

11501413) and Tianjin 131 Talent Project. Dr. Y. Lou is partially supported by NSF
DMS-1522786.

Appendix: Proof of Theorem 2.2. Proof. First we consider it in 1-D cases,
ie. u = (ug,ut,...,up_1)T € R and u > 0,V0 < k < n — 1. 3n measurements
M (u) = {|Ful|,|-# (u+ D*u)|,|Z (u — iD*u)|} are known, where .# denotes the 1-D
discrete Fourier transformation, and (D*®u)y = exp(irk/n)us.

Since u is real-valued, and define U = (Up, Uy, ..., U,_1)T := Fu, one has

(6.1) U= (Uy,U1,Us,Us, ..., Us, Uy, Up)T,
where Z denotes the complex conjugate of z. Define
v = (vg, V1, ... ,vn_l)T = D%u,V = (W, V74,.. .,Vn_l)T = Fo.
One readily has
(6.2) V= (Vo,Vo, Vo, Va,... . Vi, V3, V2)",

since Vi = Vg, and Vi1 = Vi, V2 <k <n—1 (it could be readily verified only
from the definitions).

Next we will study how to solve U and V from the measurements based on the
the representations of U, V in (6.1) and (6.2). As the triple (|Uo|, |[Uo + Vo, |[Uo — iVp|)
is known, and Ujy is non-negative real-valued, we can solve Uy, Vg if Uy # 0,V # 0.
Similarly, by another triple (|U1|, |Uy +Vol, [U1 —iVp|), we can also obtain Uy if Uy # 0.
Repeatedly, we can obtain V5 by the triple (|Uy|, |Uy + Val, |U; —iVa|) if Vo # 0. In a

similar manner, one can sequentially obtain

Uy = Vo(=V1) 5 Uy = Vo= Uz — ... = U—1)j2 = Vint1)/2,if nis odd;

Ug — Vo(: Vl) —U = Vo—=>Us— ... — Vn/2 — Un/Q,ifn is even.

By inverse Fourier transformation of U, one finally recovers the exact solution u =

F*U.
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For the 2-D cases, same notations u,v € R™"*™2 are used, and associated DFTs
are U and V respectively (Here we use the matrix form to represent their DFTs).
Similarly to the 1-D cases, we have

(63) Ukl,kz = (_7 mod (n1—k1,n1), mod (n2—ka,n2)>

Vkl,kz =V mod (ni1+1—ki,n1), mod (n2+17k2,n2)7vo < ki <n; — 1.

Similarly to the proof for the 1-D case, we start to compute the element from the
index (0,0), i.e. Uy > 0. First we get Voo if Vp,o # 0. Repeatedly we find elements
from U and V in turn. The indexes for the elements are determined by (6.3) so that
the following sequences are generated as

U: Ui jo Uiijo — Uiyjs Uisjs — -~
(69 l I | |
V: Vieio = Viii Vigjo — Visjs
where
(6.5)
iskre = mod (n1 — doki1,71), Jokte = mod (n2 — jogt1,n2),

i2k+1 = mod (nl + 1 — t9p, nl), j2k+1 = mod (TLQ +1- jgk,ng), Vk = 0,1,2,... I
By (6.5), one can derive
(6.6) igk+2 = mod (ig — 1,m1), Jok+2 = mod (jor — 1,7n2),

for arbitrary non-negative integers k.
We construct a set

S = {(igk,jgk)| k= 0,1,2,...,n1 X Ng — ]_},

which is actually the index set by selecting some components of U by (6.4). If one
can prove that the cardinality of S is equal to be n; X na, the proof will be completed
starting from Upo. Let us first prove the cardinality of S is equal to be n; x ng
by contradiction. Assume there exist two identical elements (iog,,j2r,) € S and
(i2ky s Jok, ) € S, with 0 < kg < k1 < ny X ny — 1. Noting that the elements of S satisfy
(6.6), one has

iok, = d2k, = mod (igk,—(k1—ko),n1), J2ko = J2k, = mod (fog,—(k1—ko), m2)
There exist two integers a, b, such that
toke — (k1 — ko) = a X nq + dog,, Joke — (k1 — ko) = b X ng + dgg,.
One readily deduces k1 — kg = —a X n; = —b X ng, i.e.
mod (k1 — ko,n1 X na) =0,

as nj is prime with ns. Therefore kg = k1, that leads to the contradiction with
ko < k1. Then one can claim that S consists of all the indexes of U. That concludes
to this theorem. 0O
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