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Abstract

In this paper, we develop and analyze numerical methods for high dimensional Fokker-Planck equa-
tions by leveraging generative models from deep learning. Our starting point is a formulation of the
Fokker-Planck equation as a system of ordinary differential equations (ODESs) on finite-dimensional pa-
rameter space with the parameters inherited from generative models such as normalizing flows. We call
such ODEs neural parametric Fokker-Planck equation. The fact that the Fokker-Planck equation can
be viewed as the L?-Wasserstein gradient flow of Kullback-Leibler (KL) divergence allows us to derive
the ODEs as the constrained L?-Wasserstein gradient flow of KL divergence on the set of probability
densities generated by neural networks. For numerical computation, we design a variational semi-implicit
scheme for the time discretization of the proposed ODE. Such an algorithm is sampling-based, which
can readily handle Fokker-Planck equations in higher dimensional spaces. Moreover, we also establish
bounds for the asymptotic convergence analysis of the neural parametric Fokker-Planck equation as well
as its error analysis for both the continuous and discrete (forward-Euler time discretization) versions.
Several numerical examples are provided to illustrate the performnace of the proposed algorithms and
analysis.

Keywords Optimal transport; Transport information geometry; Deep learning; Neural parametric
Fokker-Planck equation; Variational semi-implicit-Euler scheme; Numerical analysis.

1 Introduction

Fokker-Planck equation is a parabolic evolution partial differential equation (PDE) that plays a crucial role
in stochastic calculus, statistical physics, biology and modeling [33, 39, 43]. Recently, it has seen many
applications in machine learning as well [29, 36, 48]. Fokker-Planck equation describes the evolution of
the probability density of a stochastic differential equation (SDE). In this research, we mainly focus on the
following linear Fokker-Planck equation

WT) G (p(t,2)9V (@) + B(t, ), (1)
where z € R?, V: R? — R is a given potential function and 8 > 0 is a diffusion coefficient. In numerical
algorithms, there exist several classical methods [38] such as finite difference [10] or finite element [21] for
solving the Fokker Planck equation. These methods are grid based, which may be able to approximate the
solution accurately if the grid sizes become small. However, they find limited usage in high dimensional
problems, especially for d > 3, because the number of unknowns grows exponentially fast as the dimension
increases. This is known as the curse of dimensionality. The main goal of this paper is providing an
alternative strategy, with provable error estimates, to solve the Fokker-Planck equation in high dimensions.
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1.1 Neural parametric Fokker-Planck equation

To overcome the challenges imposed by high dimensionality, we leverage the generative models in machine
learning [41] and a new interpretation of the Fokker-Planck equation in the theory of optimal transport [51].
We first introduce the KL divergence defined as:
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Here p.(z) is the Gibbs distribution. A well-known fact is that the Fokker-Planck equation (1) can be viewed
as the gradient flow of the functional 8 Dk, (p||p«) (also known as relative entropy) on the probability space

P equipped with Wasserstein metric [16, 34]. Recently, this line of research has been extended to parameter
space in the field of information geometry [1, 2, 5], leading to an emergent area called transport information
geometry [23, 28, 26, 27].

Inspired by aforementioned work, we study the Fokker-Planck equation defined on parametric space ©
equipped with metric tensor G which is compatible with the Wasserstein metric. In this paper, we focus on
the parameter space from generative models using neural networks. Our line of thoughts can be summarized
as following, we start with a given reference distribution p, and consider a suitable family of parametric
pushforward map {Tp}sce. The so-called pushforward operator T : © — P(6 — Tpyp) can be treated as
an immersion from parametric manifold © to probability manifold P. We derive the metric tensor G(6) by
pulling back the Wasserstein metric via immersion T. Once we have established (0, G), we compute the
G-gradient flow of function H(6) = 8 Dkr(Tpxpl||p.) defined on the parameter manifold. This leads to an
ODE system that can be viewed as a parametric version of Fokker Planck equation:

0, = —G(6;,) " Vo H(6,), (2)

in which we use notation py = Ty4p. The solution {pg, } can be used as an approximation to the solution p;
in (1).

1.2 Computational method

For the computation of (2), we want to point out that metric tensor G(¢) doesn’t have an explicit form and
thus the direct computation of G()~*VyH () is not tractable. To deal with this issue, we design a numerical
algorithm based on the semi-implicit Euler scheme of (2) with time step size h. To be more precise, at each
time step, the algorithm seeks to solve the following saddle point problem:

Opr1 = aregenéin m(glx {/2V¢(x) -((Th —Ty,) o Te_kl(:z:))pgk (z) do — / IVo(x)|?po, () dx + 2hH(9)} . (3)

Here ¢: RY — R is the Kantorovich dual potential variable for constrained probability models in optimal
transport theory. Hence (3) is derived following the semi-implicit Euler scheme in the dual variable. The
advantage of using this formulation is that it allows us to design an efficient implementation, purely based on
sampling techniques which are computational friendly in high dimensional problems, to compute the solution
of the parameteric Fokker-Planck equation (2).

In our implementation, we endow the pushforward map Ty with certain kinds of deep neural network
known as Normalizing Flow [12], because it is friendly to our scheme evaluations. The dual variable ¢ in
the inner maximization is parametrized by the deep Rectified Linear Unit (ReLU) networks [37] . Once the
network structures for Ty and ¢ are chosen, the optimizations are carried out by stochastic gradient descent
method [46], in which all terms involved can by computed using samples from the reference distribution p.
We stress that this is critical in scaling up the computations in high dimensions. It is worth mentioning that
we use neural network as a computational tool without any actual data. Such "data-poor" computation is
in significant contrast to the mainstream of deep learning research.

1.3 Major innovations of the proposed method

There are two main innovative points regarding our proposed method:



e (Dimension reduction) Reducing the high dimensional evolution PDE to a finite dimensional ODE
system on parameter space. Equivalently, we use the dynamics in a finite dimensional parametric
space to approximate the density evolution of particles that follow the Vlasov-type SDE

Xt = _VV(Xt) A% IOgPt(Xt)7
whose density function p; corresponds to the Fokker-Planck equation (1).

e (Sampling-friendly) We distill the information of p; into parameters {6;} by solving the parametric
Fokker-Planck equation (2). By doing so, we are able to obtain an efficient sampling technique to
generate samples from p; for any time step t. To be more precise, we solve (2) for time-dependent
parameters {0}, and we can then generate samples from p; by pushing forward the samples drawn
from a reference distribution p using the pushforward map Tp,. It worth mentioning that our method
is very different from Langevin Monte Carlo (LMC, MALA) methods [14, 44], which aims at targeting
the stationary distribution of the SDE associated to (1); or momentum methods [39] , which focuses
on keeping track of certain statistical information of the density p;.

1.4 Sketch of numerical analysis

In addition to the methods proposed for solving (1), we also conducted a mathematical analysis on our
algorithms. Specifically, we established asymptotic convergence and error analysis results for the continuous
version of the parametric Fokker-Planck equation. They are summarized in the following two theorems:

Theorem 1 (Asymptotic convergence analysis for continuous version). Consider Fokker-Planck equation

(1) with V' smooth and strictly convex outside a finite ball. Suppose {0:} solves (2). Let p.(z) = Z%Sefv(‘”)/ﬁ
be the Gibbs distribution of original equation (1). Then we have the inequality:
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Here 5\5 > 0 s a constant related to potential function V and (. d¢ is a constant depending on the
approzimation power of pushforward map Ty.

Theorem 2 (Error analysis for continuous version). Assume {6;},>0 solves (2); and {p:}i>0 solves (1).
Assume that the Hessian of the potential function V in (1) is bounded below by a constant A, i.e. V2V = \ I.

Then: /o
0 _ -
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In general cases, A is not guaranteed to be positive and the error bound in Theorem 2 increases to +oco

as t — oo. However, we can improved this result by establishing a uniformly small error bound, this is
summarized in the following theorem:

Theorem 3 (Main result on error analysis). Suppose we keep all the notations in Theorem 1 and 2, then
for any time t > 0, the 2-Wasserstein error Wa(pg,, pt) can be bounded above by K(Eg + /30)* with some
0 < a<1. Here By = Wa(po,,po), K is a positive constant independent of time t.

This result generally illustrates that under ideal assumption that both the initial error Ey and /g are small
enough, we will establish a uniformly small upper bound for the error term Wa(py,, p¢) at all time ¢ > 0. Most
of the techniques used in our analysis for establishing such result rely on the theories of optimal transport
and Wasserstein manifold, which are still not common in today’s relevant literature. Besides error analysis
for the continuous version of (2), we are also able to verify the order of Wa-error for the discrete version of
(2). To be more precise, we apply forward-Euler algorithm to (2) and obtain {6} at different time nodes
{tr}, we can show that error at t: Wa(pa,, pt,.) is of order O(v/3g) + O(Cnh) + O(Ep) for finite time t. This

is summarized in the following theorem:



Theorem 4. We assume that \I < V2V < AI. The time step size is h. Assume {p;}1>0 solves (1), {0k},
is the numerical solution of (2) at time nodes t, = kh for k =0,1,..., N computed by forward Euler scheme.
Suppose we keep the notation &g and Eqy in previous theorems. Then:

1— — Aty
Wa(pe,. pr.) < (v/doh + ONhQ)% +e M Ey ~ O(y/8) + O(Cxh) + O(Eo), 0<k<N.

Here Cp is some constant depending on N and h. As a result, the Wa-error is dominated by three
different error terms: O(y/dp) is the essential error that originates from the approximation mechanism of
parametric Fokker-Planck equation; O(Cyh) term is induced by the finite difference scheme; and O(Ey)
term is the initial error.

It worth mentioning that we establish Theorem 4 based on different techniques used for Theorem 3. Since
the ODE (2) contains the term G(0) "1V H (6), which is difficult to deal with, we decide to switch to particle
point of view of the ODE (2) and establish corresponding analysis there and finally combine the results to
get the desired Theorem 4. Theorem 4 is compatible with Theorem 2 as time stepsize h — 0. Currently, we
are not able to establish discrete version of Theorem 1 and thus a discrete version of Theorem 3. This might
be one of our future research directions.

1.5 Literature review

We should point out that there are previous works on applying neural networks to solve PDE of various types
[52, 40, 18, 19, 54]. Among them, [52] and [19] focuses on high dimensional parabolic partial differential
equations. We point out that our approaches differ from these existing works in many aspects, especially
the purposes, ways of applying neural networks and the associated numerical analysis.

For example, in [52], the authors are inspired by the non-linear Feynmann-Kac formula that relates
the certain parabolic PDE to the Backward Stochastic Differential Equation (BSDE). They reformulate the
BSDE as an optimal control problem (also known as reinforcement learning in machine learning community).
By applying deep neural network as the control function and optimizing over network parameters, they are
able to evaluate the function value of the solution at certain space-time location. Another example is [19],
they mainly focus on computing for the committor function that solves a steady-state (time-independent)
Fokker-Planck equation with specific boundary conditions. This committor function can be treated as the
solution to a variational problem associated with a certain energy functional. They plug neural network into
this variational problem and optimize over network parameter to acquire an approximation to the committor
function.

In this paper, we handles the other parabolic PDE, i.e. the time dependent Fokker-Planck equation,
which actually differs from the parabolic PDEs considered in [52] and steady-state equation treated in [19].
Here we focus on designing a sampling-friendly method. Our numerical solutions as a stream of probability
distributions are presented in sample forms, given by deep learning generative models. Despite all above
mentioned works apply deep neural networks as computational tools, our approaches are different in terms
of how deep networks are leveraged to approximate the solution to the PDE: We use pushforward of a given
reference measure by neural networks to create a generative model. This is to approximate the stream of
probability distributions; [52] uses networks to approximate the optimal control of a reinforcement learning
problem and [19] directly use the network to approximate the solution. More importantly, we provide several
numerical analysis on the asymptotic convergence and error control of machine learning approaches. To name
a few: Theorem 1 guarantees the entropy-dissipative property of our proposed neural parametric Fokker-
Planck equation, Theorem 3 together with Theorem 4 provide upper bounds for the L2-Wasserstein error
between our numerical solution and real solution for both continuous and discrete schemes.

1.6 Organization of this paper

We organize the paper as follows: In section 2, we briefly introduce some background knowledge of Fokker-
Planck equation, including its relation with SDE and its Wasserstein gradient flow structure; Then in section
3, we introduce the Wasserstein statistical manifold (6, G) and derive our parametric Fokker-Planck equation
as the manifold gradient flow of relative entropy on ©. We study the geometric property of this equation; An
insightful particle point of view of the parametric Fokker-Planck equation will also be provided; In section 4,



we design a numerical scheme that is tractable for computing our parametric Fokker-Planck equation under
deep learning framework. Some important details of implementation will also be discussed; We present
asymptotic convergence analysis and error analysis for the parametric Fokker-Planck equation in section 5;
Some numerical examples will be exhibited in section 6.

2 Background on Fokker-Planck equation

In this section, we review some basic knowledge about Fokker-Planck equations that will be used in future
discussion. In 2.1, we introduce the relationship between Fokker-Planck equation and Stochastic Differential
Equations (SDE); then in 2.2.1, we briefly introduce the Wasserstein manifold (P, ¢g"); finally, in 2.2.2 we
show that Fokker-Planck equation can be treated as the manifold gradient flow of relative entropy functional
on (P, g"™).

2.1 As the density evolution of stochastic differential equation

The general form of Fokker-Planck equation is:

Ip(,1)
ot

==V (p(z,)p(z, 1)) + %V ~(D(x,1)Vp(a,t))  ple,0) = po(x).

Here V-, V is the divergence and gradient operator in R?, p is the drift function and D = oo’ is the
diffusion tensor. Here o(x,t) is a d X d matrix. The derivation of Fokker-Planck Equation originates from
considering the following stochastic differential equation(SDE) [43]:

dXt:[J(Xt,t) dt—'-O'(Xt,t) dBt, XONPO.

Here {B;}>0 is the standard Brownian motion in R¢. It is well known that the evolution of the density p(x,t)
of the stochastic process {X;};>¢ is described by the Fokker-Planck equation, i.e. suppose X ~ p(t, odt),
then p satisfies (2.1).

In this paper, we consider a more specific type of (2.1) by setting u(z,t) = —VV(2), o(z,t) = /28 Lixa
(8>0) and so D = 28 I4xq. Here Iy4 is the d by d identity matrix. Then (2.1) is:

dX, = —VV(X,) dt+ /28 dB, X~ po. (4)

The above is also called over-damped Langevin dynamics with broad applications in computational physics,
computational biology, Bayesian statistics etc. [14, 47, 53]. The corresponding Fokker-Planck equation
simplifies to

WD G (o, )TV () + Bdpla, 1), pl,0) = (). )

We should also mention that, despite (4), there is a Vlasov-type SDE corresponding to the Fokker-Planck
equation (5):

dX,
dt
Here we denote p(-,t) as the density of distribution of X;. Suppose (6) admits a valid solution, then one

can show that the density p(-,t) solves Fokker-Planck equation (5). This Vlasov-type SDE (6) will be very
useful in our further discussions.

=—-VV(Xy) - B Vlogp(Xy,t) Xo~ po (6)

2.2 As the Wasserstein gradient flow of relative entropy

A useful viewpoint of (5) is to treat it as the Wasserstein gradient flow of relative entropy. We briefly present
some of the notations and basic results in this regard.



2.2.1 Wasserstein manifold

Denote the probability space supported on R? with densities and finite second order momentum as:

P= {p: /p(z)dw =1, p(z) >0, /|az|2p(m) dz < oo}.

We define the so-called Wasserstein distance (also known as L2-Wasserstein distance) on P as [71]:

Walp1, p2) = ( N dr(x,w)l/z. (7)

m€ll(p1,p2

Here II(py, p2) is the set of joint distributions defined on R? x R? with fixed marginal distributions whose
densities are p1, pa. If we treat P as an infinite dimensional manifold, then the Wasserstein distance Ws
can induce a metric ¢"" on the tangent bundle TP and then P becomes a Riemmanian manifold. We now
directly give the definition of g"': One can identify the tangent space at p as:

TP — {p: /p’(x)da: - o} .

Now for a specific p € P and p; € T,P, i = 1,2, we define the Wasserstein metric tensor ¢ as: [22, 34]

0 (), ) = / Vipr(z) - Vipa(@)p(a) de, (8)

where 11, 1o satisfies
pi ==V (piVip;) i=12, 9)

with boundary conditions
lim p(z)Vii(z) =0 i=1,2.

T—>00

Use the above definition, we can also write:
9 ()1, 2) = [0V (596 de = [(-F - (69) M) d

Thus, we can identify g" (p) as (—=V-(pV))~!. When supp(p) = R¢, "V (p) is a positive definite bilinear form
defined on tangent bundle TP = {(p,p): p € P, p € T,P} and we can treat P as a Riemannian manifold.
From now on, we call the manifold (P, g"') Wasserstein manifold [31].

2.2.2 Wasserstein gradient

We denote the Wasserstein gradient grady,, as manifold gradient on (P, ¢"). In Riemannian geometry, the
manifold gradient should be compatible with the metric, which implies that for any smooth F defined on P
and for any p € P, consider arbitrary differentiable curve {p;}1e(—s,5) With po = p, we always have:

d

%H”t)‘t:o = 9" (p)(grady F(p), fo)-

[ 0F(p) . _ JoF(p) .
o~ | oy ) Pol@) dx‘< 5 ”’“>L2’
3F(p)

here 3725 (z) is the L? variation of F at point # € R?, we then have

§F(p) | . .
<5/(,p)v/)0> = 9" (p)(grady F(p), po) V po € T,P.
L2

Since we can write
d

%]:(Pt)




This leads to the following useful formula for computing Wasserstein gradient of functional F:

gradyy F(p) =" () (‘f;:) ()

(10)
- v (v 5 8@).
In particular, consider the KL divergence functional [17]:
Dy, (p‘ p*> = /p(a:) log (pT(?)) dx = /%V(m)p(x) + p(x)log p(x) dx + log Zg (11)
)

1 _ V(=) . _ V(=
Here we denote p.(z) = 7;€ 7 with Zg = [e 7 du.

In the following discussion, we denote:

H(p) = B Dk (P’

p.) = [ V()ola) + 5o(a) og pe) do + 5 log 2

for shorthand. # is also known as the relative entropy functional.
Then we have Végff)) = VV + fVlogp. Using (10), the Wasserstein gradient flow of H can be written as:

Ip
5 = eradwH(p) =V - (pVV) + 5V - (pVlog p)).
Notice Vlogp = %, then V- (pVlogp) = V- (Vp) = Ap. The above equation is exactly the Fokker-Planck

equation (5).

3 Parametric Fokker-Planck equation

In this section, we provide detailed derivations and related discussions for our parametric Fokker-Planck
equation in this section. In 3.1, we first introduce the parameter space ©® and compute the metric tensor
G by pulling back Wasserstein metric ¢ from P to ©; Then in 3.2 we define our parametric Fokker-
Planck equation by computing the manifold gradient flow of relative entropy functional on (0,G). Some
properties related to submanifold geometry will also be provided; in 3.3 we discover a particle formulation
for our parametric Fokker-Planck equation. It relates our parametric equation to a "projected" Vlasov-type
Stochastic Differential Equation; An illustrative and analytical example is provided in 3.4.

3.1 Wasserstein statistical manifold

Consider a parameter space © as an open set in R™, and assume the sample space is R?. Let Ty be a map
from R? to R? parametrized by 6. In our discussion, we will always assume that Tj is invertible and smooth
with respect to parameter # and variable x.

Remark 1. There are many different choices for Ty:
e We can set Tp(z) = Uz + b, with = (U,b),U € GLyg(R), b € RY;

e We may also choose Ty as the linear combination of basis functions Ty(z) = >_;-, 0,Pr(z), where
{5;6}2”:1 are the basis functions and the parameter 6 will be the coefficients: 0 = (61, ...,0m);

o We can also treat Ty as neural network. Its general structure can be written as the composition of
l affine and non-linear activation functions: Ty(z) = oy(Wi(o1—1(...o0(Wiz + b1)...)) + bi). In this
case, the parameter 6 will be the weight matrices and bias vectors of the neural network, i.e. 0 =
(Wl, bl, aeey I/I/l,bl)

We introduce the pushforward operation:



Definition 1. Suppose X,Y are two measurable spaces, X\ is a probability measure defined on X; let T :
X =Y be a measurable map. We define Ty) as: TuA(E) = N(T~Y(E)) for all measurable E C'Y. We call
Tup the pushforward of measure p by map T

Let p € P as a reference probability measure with positive density defined on R%. For example, we
can choose p as the standard Gaussian. We denote py as the density of Tpyp. Such kind of mechanism
of producing parametric probability distributions is also known as generative model, which has broad
applications in deep learning research [13, 4, 7]. We further require:

/|z|2p9(z) dz = / |Tp(2)|? dp(z) < oo VO€O. (12)

This ensures that pg € P for each § € O. In order to introduce Wasserstein metric defined in previous section
to the parameter space ©, we need to add mild condition on 9yTy. Notice that 9gTy : R — R¥X™. Assume
there exists an L!(p) function L(z) that can bound the Frobenius norm ||0yTy(2)| r, i-e.,

3 L(x), s.t. ||0sTy(z)||r < L(x) Vo € R 0 € © and /L(m) dp(x) < oo. (13)

Now suppose the parameter space O satisfies conditions (12) and (13). We denote the parametric submanifold
Po C P as:
Po = {pp is density function of Thup | § € O}.

The connection between P and © is the pushforward operation T : © — Pg C P,0 — pg. In order to
introduce the Wasserstein metric to parameter space ©, it is natural to treat the map 7% as an isometric
immersion from © to P, then the pullback (T#)*gW of the Wasserstein metric ¢"' by Ty should be the
metric tensor on ©. Let us denote G = (Ti)*g"". Then for each 6, G(f) is a bilinear form on Ty© ~ R™,
thus G(0) can be identified as an m x m matrix. The formula for G(6) is established in the following theorem:

Theorem 5. Assume © satisfies (12),(13). Suppose Ty is invertible and smooth with respect to 6 and x.
We equip © with the metric G = (Ty)*g"'. Then the metric tensor G(0) at 0 € © is m x m non-negative
definite symmetric matriz of the form:

G(O) = [ VU (Ly(a) V(Do) dp(a), (1)
Or in entry-wised form:
Gis(0) = [ Vii(To(a) - Vo,(To(w) dpla), 1< i< m.

Here W = (1, ,%m)T and V¥ is m x d Jacobian matriz of ¥. For each j = 1,2,--- ,m, 1; solves the
following equation:
V- (poVipj(x)) = V - (pg 89, Ty(T; ' (2))). (15)
with boundary conditions
Jim_ po(2) V() = 0.

Proof. Suppose £ € T'O is a vector field on ©, for a fixed § € ©, we first compute the pushforward (Tx|s).£(6)

of € at point §: We choose any smooth curve {;};50 on © with 6§y = 6 and 6y = £(f). If we denote

po, = Ty, 4p, then we have (Ty).£(0) = ag:t

=0

dpo, , we consider an arbitrary ¢ € C5°(M). On one hand, W = 20(6;,,y),
=0

at
where #; is some point between 0, At, since ¢ € C§° and p(6;,y) is smooth with respect to ¢,y, we can show
that the function p(z) = sup,e(o ag |q5(:c)%p(95, y)| is continuous on a compact set and thus is integrable on

To compute

R?. Using dominant convergence theorem, we have:

o (e av)| = [on 22| ay 16




On the other hand, we have:

(Toa, (y))A_t o(To, (y) _ 0T 05Ty, (x)7 Vo(Ty, (1),

here %, is between 0, At. For any At small enough and ¢, we can easily find an upper bound for ||97;|| <A
and since ¢ € C§°, we can bound ||[V¢(-)|leo < B. Then using (13) we can bound:

107 05Ty, ()" V(Tu,(y))| < AB|0gTy, ()| ¢ < ABL(x).

Since the right hand side is L!(p), applying dominated convergence theorem, we have:

% (/ ¢>(Te,,($))dp> ‘ = /étTangt(x)TVgi)(Tet(x))h:Odp. (17)

t=0

Now since 2 [ ¢(y)po, (y) dy = & [ ¢(Ty, () dp(x), we can equate (16) and (17) to get:

/ d(y) aggt (y)

t=0

This weak formulation reveals that

0
(Tylo).£(6) = =L

==V (po B Ty(T, " (x))" £(6)). (18)

t=0

Now let us compute the metric tensor G. Since T is isometric immersion from © to P, the pullback of gV
by Ty gives G, i.e. (Ty)*¢" = G. By definition of pullback map, for any £ € TO© and for any 6 € O, we
have:

G(0)(€(0),£(0)) = g" (po) ((T]6)+£(0), (Tlo)£(0)) (19)
To compute the right hand side of (19), recall (8), we need to solve for ¢ from:
W) =V (Veela) (20)
By (18), (20) is:
V- (0 V() = V- (e To(T; ()T £(6)). (21)

We can straightforwardly check that ¢(z) = ®7 (2)£(6) is the solution of (21). Then G(6) is computed as:
G069 = [ 190w pott) dy = [ [FelTola) P dplz)
= [ )P = €7 ([ V) TET) ) ) ¢

Thus we can verify that:
G(O) = [ VU (To(a) VE(To(@)" dpla),
completing the proof. O

Generally speaking, the metric tensor G' does not have an explicit form when d > 2; but for d = 1, G has
an explicit form and can be computed directly.

Corollary 5.1. When dimension d = 1, the metric tensor G(0) has the following explicit form:

G(Q) = /39T9(£E)T39T9(£E) dp(l‘) (22)



Proof. When d =1, (15) is

& (w0 fon@) = 1 (@ 3@ @) (23)

with boundary conditions lim, 4 o pg(2)¥, (z) = 0. And using (13), we know 99T} is L' (p) integrable and so
pe(-)0Ta(T, ' (+)) is Lebesgue integrable, we can find a sequence {z,, } — —oco, such that pg(2,,)s, To (T *(Tm)) —
0 as m — oo. Now for any x € R, integrate (23) from x,, to x and send m — co we get:

po ()i (x) = po(w)0e, Ty(Ty * (2)).

Now, on the support on pp, we have 9 (z) = 0p, Ty(T,; *(x)), thus we have:

/«p )pa(a dw—/aeTe ()00, To () dp(x),

completing the proof. O
The following theorem mentioned in [25] ensures the positive definiteness of the metric tensor G:

Theorem 6. We follow the notations and conditions in this section. Then G is Riemmanian metric if and
only if For each 6 € ©, for any & € TyO (£ #0), we can find z € M such that V- (pg(2)0Ta(T, ' (2))€) # 0.

Proof. We first establish the following identity: according to Theorem 5, for any 6, &, x

V- (po(2)V(ET® () = V - (po(2)0gTy(T; ' (2))E). (24)

(«<): suppose for any § € © and ¢ € TpO, at certain z € R, V - (pg(2)0pTp(T, ' (2)€) # 0, then V -
(pa(2)V(ETW(2))) # 0, thus paV (T W) is not identically 0. Using continuity of ppV (7 W), we know that:
|V (TW(x))]?pg(z) > 0 in some small neighbourhood of 2. Thus we have:

TGO)E = / VO ()T po(z) dz > 0, (25)

holds for any 6 and &, this leads to the positive definiteness of G.
(=): Now, (25) holds for all 8,¢. We have

[ -9 @ @) - 7 (w) dr >0,
This leads to the existence of a z € R? such that —V - (pg(2)V(¢7®(2))) # 0. Combining (24) completes
the proof. ]

A more intuitive way to understand the positive definiteness of G(0) is illustrated in the following theorem:

Theorem 7. For 0 € O, let us recall the definition of {¢x} 7, in (15), then G(0) is positive definite if and
only if {V}, as m vectors in the space L*>(R%RY, py, ), are linearly independent.

For most of the common choices of Ty like linear combination of basis functions or smooth invertible
neural networks, we may assume Theorem 6, 7 holds. To keep our discussion concise, in the following
sections, we will always assume G(6) is positive definite for every 6 € O.

3.2 Parametric Fokker-Planck equation

Recall the relative entropy functional H defined in (11), we consider H = H o Ty : © — R. Then:

H(6) = Hpo) = / V(2)po(x) d + B / po(z) log pa(z) dx = / V(To(x)) + Blog po(Ts(x)) dp(a).  (26)
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As in [1], the gradient flow of H on Wasserstein statistical manifold (0, G) satisfies
0=—-GH)'VeH(H)". (27)

We call (27) parametric Fokker-Planck equation. The ODE (27) as the Wasserstein gradient flow on parameter
space (O,G) is closely related to Fokker-Planck equation on probability submanifold Pg. We have the
following theorem, which is a natural result derived from submanifold geometry:

Theorem 8. Suppose {0;}1>0 solves (27). Then {pg,} is the gradient flow of H on probability submanifold
Po. Here we always assume that Peo inherits the metric of P. Furthermore, at any time t,pg, = %pet €
T,,, Pe is the orthogonal projection of —grady, H(ps,) € Tp,, P onto the subspace T,, Pe with respect to the
Wasserstein metric g"'.

Theorem 8 easily follows from the following two general results about manifold gradient:

Theorem 9. Suppose (N,g"V),(M,gM™) are Riemannian Manifolds. Suppose ¢ : N — M is isometry.
Consider F € C*°(M), define F' = F o € C®(N). Suppose {x1}i>0 is the gradient flow of F' on N:

& = —grady F(x).
Then {yr = @(z¢) }e>0 is the gradient flow of F on M. That is, {y+} satisfies y = —grady; F(y).

Proof. Since we always have ¢ = p.dy = —p.gradyF(a;), we only need to show that p.gradyF(z;) =
grad,; F(¢(z¢)). Fix the time ¢, consider any curve {&;} on N passing through z; at 7 = 0, since ¢ is
isometry, we have g%V = p*¢g™ thus:

= gN(grady F(2y),&0) = 0" g™ (grad y F(24), &0) = g™ (prgrad y F(z4), ¢.&o).-

=0

d

On the other hand, denote 7, = ¢(&;), we have:

d

d

=T )| =g (grady F(ue), o) = g™ (gradas F(m), o).

As a result, gM (p.grady F(z,) — grad, F (1), p«€o) = 0 for all & € Ty, N.
Since ¢, is surjective, thus ¢.grady F(z:) = grad;;F(p(zs)).
O

Theorem 10. Suppose (M, gM) is Riemannian manifold, My, C M is the submanifold of M. Assume My,
inherits metric gM , i.e. definet: Mgy, — M as the inclusion map, then v is isometry: gMsw» = *gM. For any
F € C>®(M), we denote the restriction of F on Mgy, as F*“°. Then the gradient gmdeb.F“‘b(m) €T, My
is the orthogonal projection of grady,F(x) € T,M onto subspace Ty Mg,y with respect to the metric g™ for
any © € Mgyp.

Proof. For any x € Mgy, consider any curve {7,} on M 4, passing through = at 7 = 0. We have

d

E}'S“b(%) T gt (gradyy,  Fo(2),40) = g™ (tagradyy,, P (2), 0d0) = ™ (gradyy,,, F™ (2), 40)-

The last equality is because ¢, restricted on T Mg,y is identity. On the other hand, fSUb(%) = F(~,) for all
7. We also have:

d .
=7 () = g™ (grad , F(z)70).

Combining them we know
gM(gradMsubJ—-S“b(m) —grad F(z),v) Vo€ T,Msp = gradMsub]:S“b(x) — grad,, F(z) Ly Tp Mgy,

which proves this result. O

by

1Here (and for later) dot symbol 6 stands for time derivative -
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Proof. (Theorem 8) To prove the first part of Theorem 8, we apply Theorem 9 with (N,¢") = (©,G),
M = Pg with its metric inherited from (P, g"') and ¢ = T4. To prove the second part, we apply Theorem
10 with (M, g™) = (P, "), Msu, = Pe. O

The following theorem is closely related to Theorem 8 and is useful for future discussion:

Theorem 11 (Wasserstein gradient as solution to a least squares problem). We still use the notations
introduced in section 3. For a fived 8 € O, recall ¥ C R™ as defined in Theorem 5, we have:

G(0) Vo1 (0) = argmin { [ (TR0 -V V4 Blogp) o Ty Ppta) ). (29

Proof. Direct computation shows minimizing the function in (28) is equivalent to minimizing:

- ( [ V@)@ dpm) n—2" ( [ TRV )+ 108 p0)alo) dy) ,

for each entry of the second term, we have:

/Vwk(y) -V(V(y) + Blog pe(y))pe(y) dy = / =V (po(y)Vr(y)) - (V(y) + Blog pe(y)) dy

— [~V (oul)00, T @) - (V) + Blog puly) dy

= on, [ (V(a(2)) + 102 po(Ta(2)) p(a) ) = 00, (0),
Recall the definition (14) of G(#), the target function to be minimized is 7 G(6)n — 20" Vo H (). And the
minimizer is clearly G(0) =1V, H (). O

Despite this direct proof, Theorem 11 also naturally follows from Theorem 8: denote & = G(8) Vo H (0),
consider {6, } starting at o = 6 and solves (27). Now by Theorem 8, < py, 0" (T'ulo)+& € Tp,Po is the
t=

orthogonal projection of grady, H(pg) onto T,,Pe w.r.t. metric g". This is equivalent to that 7 solves the
following least square problem:

min 9" (grady, H(pe) — (Tilo)«n, gradyH(pg) — (Tilo)«n). (29)

Recall the definition of g" in section 2.2.1 and by (10), grady, H(pg) = —V - (peV(V + Blog py)); by (18),
(Tglo)«n = =V - (pedsTy(Ty ' (-))n), solving —V - (pgVip) = grady H(ps) — (Tl)«n gives

¢ = (V+ Blogpg) — ¥,

and thus least squares problem (29) can be written as

min { [ 9% 0= V(@) + S1og (et dx} ,
which is exactly (28).

3.3 A particle point of view of the parametric Fokker Planck Equation

The motion of parameter ; solving (27) will naturally induce a stochastic dynamics on R? whose density
evolution is exactly {pp, }. To see this, notice that {6;} directly leads to a time dependent map {Tp,}. Now
we have a random variable Z ~ p, i.e. Z is distributed according to the reference distribution p. Then
set Yo = Tp,(Z) ~ pg,- Now at any time ¢, the map Ty, will send Y to Y, = Ty, (Ta_ol(Yo)) ~ pp,-
Thus, we constructed a sequence of random variables {Y;} whose density evolution is exactly {pg, }. We

12



can characterlze the dynamical system satisfied by {Y;} by taking time derivative: Y, = 89T9t(Z)9t =
0Ty, (T, (Yt))9t It is actually more insightful to consider the following dynamic:

X, =V (X)) 6, Xo=Ts(2)~ py,. (30)

Here W, is obtained from (15) with parameter 6;. Based on (15), it is not hard to show that for any time ¢,
X, and Y has the same distribution. Thus X; ~ py, for all ¢ > 0. Now recall §; = —G(0;)"*VoH(0;), we
are able to rewrite (30) as

XFWAX»T( [ve@ve @ o ) ( [ TV )~ 59108 (1)) () dn)-

G(6+) —VoH(0:)

(31)
If we define the kernel function Kp : R? x R4 — R%d a9

—1
Ko(z,n) = Vel (2 (/ VU (z)VE(z)T py(x) dx) V¥ (n).
This Ky will induce a linear operator Ky : L*(R% R?, pp) — L2(R% R, pg) by:
Kl = (o< 0)() = [ Kolean) 50) pot)

It can be verified that Ky is an orthogonal projection defined on the Hilbert space L?(R%; R?, py). The
range of such projection is the subspace span {V1, ..., Vip,,} € L?(R%RY, pg). Here 11, ..., %, are the m
components of ¥ solved from (15). Now (31) can also be written as:

X =—Ky,[VV 4+ BV logpy,](X:), where py, is the probability density of X; X ~ pg,. (32)

We can compare (32) with the following dynamic without projection:

Xt = —(VV 4 8V logp,)(X,), where p; is the probability density of X, X¢ ~ po. (33)

Recall section 2.1, (33) is the Vlasov-type SDE that involves the density of random particle, if we assume
(33) admits a regular solution, then p(x,t) = p:(z) solves the original Fokker Planck equation (5). Now it is
clear that the approximate solution pg, of (5) is actually originated from the projection of vector field that
drives the SDE (33).

The expectation of £2 discrepancy between VV 4 8V log p and its g projection is:

ExX~po|ICo[VV + BV log pg] (X)) = (VV + BV log pg) (X)|* = / [V®(2)T¢— (=VV =5V log pg) («) | po () de.
(34)
here ¢ = —G(0) 1V H(0). This is an essential error term appeared in later error analysis part.

Remark 2. Figure 1 illustrates the relation between (5), (27), (33) and (32). It worth mentioning that the
probability manifold point of view discussed in Theorem 8 will be useful for numerical analysis of continuous

scheme (27), while particle point of view helps us on establishing numerical analysis for discrete scheme (i.e.
forward-Euler) of (27).

3.4 An example of parametric Fokker-Planck equation with quadratic potential

The solution of Fokker-Planck equation on statistical manifold (27) can serve as an approximation to the
solution of the original equation (5). However, in some special cases, pg, exactly solves (5). In this section,
we demonstrate such examples.

Let us consider Fokker-Planck equations with quadratic potentials whose initial conditions are Gaussian:

V(e)=s(x—p)"'S (¢ —p) and  po ~ N(uo, o). (35)

13



[Particle point of view]
Connecting © dynamic and density evolution;
Numerical analysis for discrete scheme.

X, = Ko, (VL) (X ) on B! |« | X, =~V (x,) on RS
Po Projection of
vector field
How dynamics Density evolution
on O triggers of X solves Fokker

dynamics on R? Planck equation

Projection from

] (P,g") onto (6,G) [

(6= —co)'vore) oo 0.0 = —rady H(p) on P(EY) |

[Probability manifold point of view]
Derivation of parametric Fokker Planck equation
Numerical analysis for continuous scheme

Figure 1: Ilustrative diagram

Here N (p,X) denotes Gaussian distribution with mean p and covariance X. We consider parameter space
O = (I,b) CR™ (m =d(d+1)), where I is a d x d invertible matrix with det(T") > 0 and b € R?. We define
the parametric map as Ty(z) = 'z +b. We choose the reference measure p = A (0,1). Here is the lemma we
have to use:

Lemma 12. Let H be the relative entropy defined in (11) and H defined in (26). For 6 € O, If the vector
function V (%) oTy can be written as the linear combination of {‘g—gf, ey 35" }, i.e. there exists ( € R™,
such that V (%) o Ty(x) = 0pTy(x)C. Then:

1) ¢ = G(0)"'VeH (), which is the Wasserstein gradient of F at 0.
2) Recall that the Wasserstein gradient of H is grady, H(pg) and we denote the gradient of H on the sub-
manifold Pe as grady H(pe)|pe, then grady, H(pe)|pe = grady H(pe).

Proof. Suppose ¢ € R™ satisfies V (%) o Ty(x) = 0sTy(x)(, then we have

[1sttorc - v%) o Ty()? dp(x) = 0.

We need to apply Lemma 15 mentioned in 4.2.2 here. Use the notation in (15) and notice that

(Vve)f'¢—v (‘?Z) = Proj,,[0sTy o Ty '¢( = V (‘;’Z)]
we know:
i@ e -3 (52 o Tl aplo) <o
As a result,

t [ |<W<Te<x>>>Tn—v(‘?:)oTe ) dp(e) = [ 17Tl c—v(?;‘)omm?dp(x):o.

Now by Theorem 11, we get ¢ = G(0)"'VyH(0) and: |(Ti|p)+¢ — grady, H(pe)|lgw (ps) = 0. According to
Theorem 8, grady, H(po)|po = (Tx|o)+C. Thus we have grady, H(pe)|po = grady H(pe)- O

Return to our example, we can compute

T, Yz “(r—p exp(—1z]2
po(x) = Toyp(z) = ffa&é)f) - f(rdei(m D pay = 22D

(2m)}
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Then we have:

v (5H(p9)) o Ty(x) = V(V + Blogpg) o Tp(z) =X Tz +b—p) — T T

is affine w.r.t. x.
Notice that dr,Ty(z) = (...,0,..., x; vy 0o and 0, Ty = (...,0,..., 1 ,...,0,...)T. We can
i—th

verify that ( = (X7 — ST -7, 271(b — p)) solves V (%}f“) oTp(x) = 0pTy(z)¢. By 1) of Lemma 12,
¢ =G(0)"'VeF(#). Thus ODE (27) for our example is:

P=-2"4+ 4807 Ty=+/%, (36)
b=x""(u—1b) bo=po (37)

By 2) of Lemma 12, we know gradwH(pe)|pe = gradwH(pe) for all § € ©. This indicates that there is no
local error for our scheme, one can verify that the solution to the parametric Fokker-Planck equation also
solves the original equation.

In addition to the previous results, we have the following corollary:

Corollary 12.1. The solution of Fokker-Planck equation (5) with condition(35) is Gaussian distribution for
allt > 0.

Proof. 1f we denote {I', b;} as the solutions to (36),(37), set 6 = (I't, b;), then p; = Tp, ,p solves the Fokker
Planck Equation (5) with conditions (35). Since the pushforward of Gaussian distribution p by an affine
transform Tj is still a Gaussian, we conclude that for any ¢ > 0, the solution p; = Tp, ,p is always Gaussian
distribution. O

Remark 3. This is already a well known property for Ornstein—Uhlenbeck process [11]. We give an alter-
native proof using our framework.

4 Numerical methods

In this section, we introduce the sampling efficient numerical method for computing the proposed parametric
Fokker-Planck equations.

When dimension d = 1, according to Corollary 5.1, G(#) has explicit solution. Thus, push-forward
approximation of 1D Fokker-Planck equation can be directly computed by solving the ODE system (27)
with forward-Euler scheme [25]. In this section, we will mainly focus on numerical methods for (27) with
dimension d > 2.

When dimension d > 2, we are unable to compute (27) via a forward-Euler scheme directly. There are
mainly two reasons:

e When d > 2, as shown in (14), G(0) doesn’t have an explicit formula, directly compute it could be
very expensive;

e When dimension d gets higher, to ensure our efficient, we choose to implement it using deep neural
networks. However, G(6) is generally a dense matrix. multiplying its inverse to VyH (6) cannot be
computed efficiently using deep neural networks.

Although there are some efficient approximation methods for Fisher natural gradient [31], whether there
are efficient ways to compute Wasserstein natural gradeint G(6)~!VyH (0) remains an open problem. As a
result, in order to solve (27), we need to seek for alternative schemes other than forward-Euler. It is worth

mentioning that the JKO scheme [17] for numerically computing Wasserstein gradient flows [9]:
. [ W3 (p,
Oupi = ey Fp) = pros = angin { FELL 4 7)) (39)
peE

Here h is the time step size, F could be a suitable functional defined on P.

15



Some related work has already been done in [24]. Based on (38), the authors mainly invented two schemes,
one can be treated as a scheme for solving: § = —G~1(0)VyF(6) with a simplified Wasserstein metric tensor

GO = [ Iy %T% dp(x); Another scheme approximates the Wasserstein distance W3 (pg, pgr) by
solving a variational problem restricted to a finite dimensional vector space with chosen basis functions.
Both schemes are not computing for the exact Wasserstein gradient flow since they either simplify the metric
tensor G() or restrict the computation on low dimensional space in order to acquire a tractable algorithm.
In our research, we try to directly tackle with the computation of the exact Wasserstein gradient flow. We
will design schemes with accuracy guarantee and develope algorithm that is able to run efficiently under
deep learnign framework.

In 4.1, we introduce a typical parametrized pushforward map called Normalizing Flow, which has been
proved to be an efficient tool for distribution approximation. We will use it as our computational tool in this
project; In 4.2, we exhibit the derivation of our numerical scheme and provide local error analysis between
our scheme and the semi-implicit scheme for the parametric Fokker-Planck equation; complete algorithm
and details of implementation are also provided.

4.1 Normalizing Flow as push forward maps

To this end, we choose Ty as the so-called normalizing flow [12]. Here is a brief sketch of Tp’s structure: Ty
is written as the composition of K invertible nonlinear transforms:

Ty = fx o frk-10...0fa0 f1.
Where each fi (1 <k < K) takes the form
fe(z)=a+ h(w,{m + by )ug.

where wy,ur € M, by € R. And h is a nonlinear function, one can choose it as tanh, for example. In
[12], it has been shown that f; is invertible iff w%uk > —1. The following shows several examples of how
a normalizing flow T with length equal to 10 pushes forward standard Gaussian distribution to a certain
distribution:

LA
LR

EENESEINAEN=1

Among these series of images, the first row displays (from left to right) the probability density of distri-
butions fixp, (f20 fi)gp, ..., (fio o foo...0 f1)xp, the last image displays our target distribution; the second
row exhibits the push-forward effect of each single-layer transformation f; (1 < k < 10). i.e. the images
(from left to right) display the density of distributions figm, foxm, ..., fioxm, here m represents the uniform
distribution defined on the square.

Using normalizing flow, the parameters are: 6 = (wy,u1,by,...,wk,uk,bxk). The determinant of the
Jacobi matrix of Ty can be explicitly computed as:

K
et <3T9(m)> = [T+ ¥ @l zp + b)wfw).
k=1

<

ARL AREAREARL 101 IR\

Here 2 = fr o fx—1 ©...0 fi(x). Thus the logarithm of the density py of Ty4p can be written as

K

log po(x) = logpotgl(m) + Zlog(l + h’(wgfck)wkTuk) Here 2y, = fro...0 fl(Tefl(x)) = fkjrll o... Ofgl(x).
k=1
(39)
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Thus we can explicitly write the relative entropy functional H () defined in (26) as:
H(0) = Ex~p[V(T5(X)) + Lo(X)]. (40)

Here Ly is defined as:

K

Lo(-) =logp(-) + Y _log(1+ W (wi Fr())wiun) Fil(-) = fuo frm1 0.0 fi(-).
k=1

Once H(#) can be explicitly computed, the gradient VoH(#) can also be explicitly computed. Here we
summarize the main advantages of normalizing flows:

e As shown in [42], normalizing flow has sufficient expression power to approximate complicated distri-
butions on R%.

e Due to the special structure of normalizing flow, relative entropy H(6) will have a very concise form
(40). Then the gradient of H(f) can be conveniently computed.

Remark 4. We should emphasize here that the normalizing flow is not the only choice for Ty, any other
choices satisfying the two advantages mentioned above may serve as a candidate for Ty. Qur proposed
Algorithm 1 works generally for other class of Ty as well.

4.2 Numerical scheme
4.2.1 Derivation

We consider the semi-implicit scheme of (27):

Op+1— O

= ~GH01)VoH (Or41).

There is a natural proximal-type algorithm that computes for 0y1:

Op+1 = argénin {(0 = 6k, G(0k) (0 — 6)) + 2hH ()} . (41)

The main difficulty of (41) is the computation of the first term. To derive an efficient method to compute
(0 — 01, G(0x)(0 — 61)), let us recall the definition (14) of G (), if we set ¥ (x) = (0 — 0x)T ¥ (z), then
JIV(x)|?po, (z) dz = (0 — 0y, G(0x)(0 — k). We know 1 satisfies

— V- (po, (2)V(x)) = =V - (po, ()06 T, (T5," (2)) (0 — 0x)).- (42)

We replace 9yTp, (Tgkl(x))(ﬁ — 6i) by finite difference approximation (Tp — Tp, ) o To’kl(x) and denote v as
the solution of (42) after this replacement. Furthermore, let

£0) = [ @Vol@) (Th = Tn,) 0 T (@) = [V0(a) P () din (43)
Then we can verify that 1& solves the variational problem: 1& = argmax &(¢) with maximum value
[
max () = [ V() Pon, (0) do. (44)

If 4) is a valid approximation of 1, then maxg E(¢) will be an approximation of (0 — 8, G(0)(0 — 6x)).
Now replace (6 — 65, G(0x)(0 — 0r)) in (41) by maxg E(¢) we derived our numerical scheme for solving
(27):

Opr1 = arg;nin max {/ 2Vo(z) - (Ty — Tp,) © T(;kl(x))pgk (x) dx — / Vo (x)|?p, () da + 2hH(9)} . (45)
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Remark 5. Our proposed scheme can actually be treated as an approxzimation to the JKO scheme (38)

— : W22(p97 pek) o . 9
Ok+1 = arg Min ) =5, = +H(0) = arg min {W3(po. po,) +2hH(0) } (46)
. TyoT, ' (v)—w , . ,
To see why let us denote vy (x) = ——%———, under mild conditions, one can verify that
W{p0sp0) = WH(Id+ 1) pn. o) = [ 190, do+o(h?) = max€(6) +o(1?).  (47)

If we replace W3 (py, po, ) in (46) by its approzimation maxs E(¢), we will obtain our proposed (38).

Remark 6. It is worth mentioning that the variational problem maxy E(¢) is equivalent to:
win{ [ [90(e) (T~ T, o T3 () P (o) i }. (49

Then the gradient field Vi& from the optimal @[AJ can be treated as the L*(pg,) orthogonal projection of the
vector field (Ty — Ty, ) o Te_kl(-) onto the subspace of gradient fields.

4.2.2 Local error of the proposed scheme

We are now in a position to analyze the local error of scheme (45) compared with the semi-implicit scheme
(41), or equivalently:
Ok+1 solves Opy1 =0 — hG_l(ek)ng(9k+1).

Let us denote maxg E(¢) as /V[722(9, 0)) (Here W, is treated as an approximation of 2-Wasserstein distance
(remark 5)). It is straightforward to verify W5(6,0") > 0 and W5(6,6) = 0. Consider the following assump-
tion:

W3(0,0)) >1(10 —¢'|)  forany 6,0 €O. (49)

Here [ : R>9 — R satisfies [(0) = 0. I(r) is continuous, strictly increasing when r < r¢ and is bounded

below by Ag > 0 when r > rg. Notice that this assumption generally guarantees positive definiteness of Wg.
Clearly, (49) only depends on the structure of Ty, we should expect that (49) holds for most kinds of neural
networks used as pushforward maps.

We have the following result:

Theorem 13. Suppose assumption (49) holds true for the class of push-frward maps {Tp}. Then the local
error of scheme (45) is of order h?, i.e., assume that ;.41 is the optimal solution to (45), then

|6k+1 — 0, + hG(Qk)_1V9H(9k+1)‘ ~ O(hQ) (50)

Ory1—0p+hG(0,) Vo H(O
[0k4+1—0k+ (hkz)) oH(Oky1)] < 400.

or equivalently: limsupy,_, o+
To prove this theorem, we need the following lemmas:

Lemma 14. [Danskin’s Theorem [6]] Suppose F : R™ x B — R, here B is a Banach space. Suppose
for any § € B, F(-,&) is smooth; also assume that for any x € R™, there is unique & € B such that
F(x,€:) = supgep F(2,€). Now denote: T'(z) = supgep F(x,§). Then T is differentialbe on R™ and its
derivative can be computed as:
VI(z) = 0, F(x,&).

We now introduce a shorthand notation: for 7 € L?*(R%R?, p), Proj,[t] = V¢ as L?(p)-orthogonal pro-

jection of T onto the subspace of gradient fields, i.e. 1 = argmin { [ |7(x) — Vi (x)[*p(z) dx}, or equivalently,
P

¢ solves =V - (p(2)Vi(z)) = =V - (p(2)0(2)).
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Lemma 15. Suppose i, 7 are two vector fields on M = R?, denote Proj,[d] = V¢ and Proj,[v] = V.
Then:

/ ii(x) - Vi )p() dz = / Vo(z) - Vi (@)p(z) d: (51)
[1ve@Poa) do < [ p@)p) de (52)

Proof. For (51):

/ () V(@) pla) da = / V- (p(a)E() () de = / V-(p(2) Vepla) () dax = / V() Vi (a)p(z) de.

For (52):
[ 15@Pota) do = [(Vola)f +2(@) - Vila) - V(@) + 3(0) - Vola) Php(e) de
= [I96@P + i) - Vo Pinte) do = [ [ a) da.
The second equality is due to (51). O

The following lemma gives a prior estimation of |6y1 — O|:

Lemma 16. Under assumption(49), recall Oy1 is the optimal solution of (45), which depends on time step
size h then
|9k+1 - 9k| ~ 0(1) i.€e. lim |9k+1 - 9k| =0. (53)
h—0+

Proof. Denote the function to be minimized in (45) as J(0) = W(0,0,) + 2hH (). First, we choose 0 = 0,
in (45), then J(0x) = 2hH(6k). Thus J(0x41) < J(0r) = 2hH(0y). Since H(f;) > 0, this leads to
W§(9k+1, 0r) < 2hH(0r). When h is small enough, |0;11 — x| < k(2hH (0))), here k is the inverse function
of | defined on [0,1(r¢)]. We know k(0) = 0 and k is also continuous and increasing function. This leads to
limp o+ |Ok+1 — Ok| < limy, o+ K(2RH (0))) = 0. O

Before proving Theorem 13, we introduce some additonal notations: we define € ball in parameter space as
B.(0) ={0 | |0 — 0k| < €}; Let Tg(z) be the i-th component (1 < i < d) of map Ty. We denote:

L) = By swp {107 @12}, HOn) =Y Eoup s {1057 @I} (59

— 0€B. (01) P 0B, (01)
Proof of Theorem 13. We denote
F(0,¢) = /(2V¢(fﬂ) (Ty = Tp,) o Ty (x) = [V(2)[?) pa, (x) dx + 2hH(6).
As discussed before, 1y = argmax {F(0,¢)} solves
¢

=V - (po, (€)Vido(2)) = =V - (po, () (Tp — Tp,) 0 T, ().

We write A
Vipg = Proj,, [(Ty —Tp,) 0 T,

Now denote I'() = sup, F'(0, ¢), apply Lemma 14, we can compute:

Vol'(0) =2 ( / B9 Ty(Ty, () Vibo() po, (x) dz + h VgH(G)) .
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Due to the differentiability of I'(f), at the optimizer 41, the gradient must vanish, i.e.
/ 06To,,, (Ty, () Vo, () po, (x) dx + hVeH (0 11) = 0. (55)

We can Taylor expand at Oy41: Ty, ., —Ts, = 99T, (Or+1—0k)+R(0k+1,0k), here R(0,6")() € L? (REGR™, g, ),

the i-th entry of R(6,6’) is R;(0,0')(z) = 1(6 — 9’)T(‘9§9T0(1( )( z)(0 —0'), 1 <i < m, where each 0;(z) =
Ai(2)0 + (1 — Xi(x))0' for some A;(z) € [0,1]. Then we can write:

Vo, = Proj,, [(To..: —To,) oT, '] = Proj,, [09T, 0Ty (Br1 — b)) + Proj,, [R(Ok+1,0k) 0T, '] (56)

On the other hand,
09 Tp,,, = 00Ty, + 1(Ory1,0k). (57)

Here r(0,0') € L*(R% L(R™; RY), pp, ), the i-j entry of r(0,0')(x) is (Oks1 — 0k)7 (0o, T @) 1<i<

d, 1 < j < m, where each 0;;(z) = pi; ()01 + (1 — pui(x))0y, for some p;j(z) € (0,1). Now apply (57),
(06) (55), we obtain

[ 0uTa, (15 @)Proi,,, BT, 0 T3 (@) 61— 1) po (o) do
+ [ 0o, (15 (@) Proi,,, [R(61s1,60) o T5)(2) po () da

+ /r(9k+1,9k)(Ta_kl($))Pr0jpek [(Toy.r — To,) 0 Ty, 1) po,(x) dz = —hVgH (Ok41)- (58)

Recall definition of ¥ in Theorem 5, use (51) of lemma 15, we know the first term on left hand side of (58)
equals

[TV O~ 80) (@) do = GO 11~ 61

Apply Cauchy inequality and (52) in lemma 15, every i-th entry of the second term of (58) can be bounded
by:

(/ 00T, () dp(x /Z (Or41 — 9k)399T(Z @) Ok 1 = 0k dp($)>

3
<1E 00T, (x lz 18357, (@ |D 01 = 0> *ME AD |00 — 04
To bound the third term in (58), we first consider Ty, ,, (x) — Ty, (), the i-th entry can be written as

T30 (@) = Ty (x) = (Brr — 06)T 00Ty, (0 (),

here 0;(x) = ¢;(2)0r11 + (1 — (i(2))0y for some (;(x) € (0,1). Now the i-th entry of the third term of (58)
can be bounded by:

(/Z (Ort1 — Or) TaeeT(Z)( ) (z)]? dp(x /|T(,i)+1 T (z)( )? d (@)

(=

We set A € R™ with entries A®, 1 < i < m and similarly B € R™ with entries B, 1 < i < m. (58) now
leads to the following inequality,

1
2

i denote ¢ i
Z ||300T (z) ||2] ~Ep|3.gT9(izz)(z)|2> |01 — 0> ge s gl )|9k+1 — 0k|?.

|0k1 — Ok + hG(01) " VoH (Ors1)| < |G (O0k) " I2(JA] + [B]) [6rs1 — 0k]>.
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As we have shown in Lemma 16 that |0x1 — 0| ~ o(1), for any € > 0, when step size h is small enough,
we always have ;11 € Bc(6)). Recall the notations in (54), we have |A|,|B| < \/L(0, €)H (0, ¢€). Thus we

have
|01 — Ok + hG(01) " VoH (0r41)| < 20/ L(0k, €) H Ok, €)[|G(01) *||2]0k41 — Ox|>.

Denote 01 — 0 = 10, G(0x) " *VoH(0ky1) = & and C = 2/L(0x, €)H 0k, €)||G(0%) |2, the previous
inequality is
n = h&l < Clnl. (59)
Since |n — h&| > |n| — hl€|, we have
Clnl* = [l = hlgl- (60)
Solving (60) gives
il < 2|¢|h or [n] > 14+ /1 —4Ch|¢]
T 14+ 4/1-4C|¢lh 2C '

The second inequality leads to |41 — 0| > 5 for any h > 0, which avoids |01 — 6| ~ o(1). Thus, when
h is sufficiently small, we have

2(¢|h

< . 61
< T e (©1)
Combining (61) and (59), we have:
0k s1 — O + hG(0x) ' VoH(Ory1)| < Clef h? < Cl¢)* R (62)
(1++/1—4C|¢|h)
This proves the result. O

Remark 7. One should be aware of the relation between the positive definite condition (49) and the positive
definiteness of the metric tensor G(0y): Positive definite G(0) guarantees the inequality: WQQ(&,Q’) >C|0—
¢0')2 for ' € B,,(0) (ro depends on 6 is small enough). But we are not able to bound Wg(@,@’) from below
when |0 — 0| > ro. On the other hand, (49) is a locally weaker condition than positive definiteness of G(0).
Thus, positive definiteness of G(0) and assumption (49) are related but not equivalent.

4.2.3 Details of implementation

From the previous sections, we know that one can solve ODE (27) at every time step t; by solving the saddle
point problem (45). We now provide some detailed discussion on how we deal with (27):

e Asin Remark 6, we may solve (48) instead of maxy £(¢) in every inner loop of the saddle point problem
(45). Although they are mathematically equivalent, (48) has a more concise form. And according to
our experience, using (48) makes our code run more efficiently than directly solving maxgy £(¢). Thus
we can formulate the following scheme that is equivalent to (45):

i1 =argmin { / 2V () - (Ty — Tp,) o Ty, ' («)) o, () d — / V(@) poy (x) da + 2hH (9)}
(63)
denote as

= " argmin J(6),
(4

where ¢ solves rrgn {/ [Vo(x) — (Ty — Tp,,) o Te—kl(m))|2p9k (z) dz } .

e In numerical computation, we are not able to optimize over the entire function space of ¥. Instead, we
treat ¢y : M — R as a ReLU neural network parametrized by A [12] . We know that in this case, 1)
is a piece-wise affine function and its gradient Vi, (-) forms a piece-wise constant vector field. Check
Figure 2, 3 for an example.

e The entire procedure of solving (63) can be formulated as nested loops:
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VF at iteration 5001 (Arrows scale with plot width, not view)

Arrows scale with plot width, not view

Figure 2: gradient field of 4(x) = sin(je]) Figute & approsimation by the gradient of
A

— (inner loop) Every inner loop aims at solving (48) on ReLU functions vy, i.e. solving:
min {Exp| Vioa(Ty, (X)) = (T5(X) = Ty, (X))[*} . (64)

One can use Stochastic Gradient Descent (SGD) methods like RMSProp [416] or Adam [20] with
learning rate i, to deal with this inner loop optimization. In our implementation, we will stop
after Mj, iterations. Let us denote the optimal X in each inner loop as \;

— (outer loop) We apply similar SGD method to J(6): using Lemma 14, we are able to compute
Vo J(0) as:

Vo J(6) = 09 (/ 2V (x) - (Ty o Ta_kl(x))pgk () dx + 2hH(9)) .

If we treat optimal 1ﬁ as 15, what we need to do in each outer loop is to consider:

J(0) = Ex~p 2[VY5(Th, (X)) - To(X)] + 2h[V(Ty(X)) + Lo(X)] (65)

and update 6 for one step by our chosen SGD method with learning rate a,ut applied to optimize
J(0). In our actual computation, we will stop the outer loop after M, iterations.

e We now present the entire algorithm for computing (27) based on the scheme (45). This algorithm
contains the following parameters: T, N; Mout, Kout, Qout; Min, Kin, @in. Recall we set reference distri-
bution p as standard Gaussian on M = R?.

Remark 8. In our implementation, To(X) — Ty, (X) is usually of order O(aout), which is very small
quantity. We can rescale it so that we solve each inner loop problem in a more stable way with larger stepsize
(learning rate). That is to say, we choose some small € ~ O(aoyt) and consider

2} ; (66)
. 2h

J(0) = Ex~p 2[VY5(T6, (X)) - To(X)] + —[V(T6 (X)) + Lo(X)] (67)

€

Vioa(Th, (X)) — (

min {EXNp To(X) = Ty (X)>
A

instead of (64) in each inner loop and set:

in each outer loop. In actual experiments, we usually set € = ayye.

Remark 9. It worth mentioning that the sample size K, K oyt in each SGD step (especially K;,) should be
chosen reasonably large so that the inner optimization problem can be solved with enough accuracy. In our
practice, we usually choose K;, = Koy = max{1000,300d}. Here d is the dimension of sample space. This
is very different from the small batch technique applied to training neural network in deep learning researches

[52].
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Algorithm 1 Computing (27) by scheme (45) on the time interval [0, T

1: Initialize 60
2: fori=1,..N do
3:  Save current parameter value to 0y: 6y = 0

4 for j =1,...Myuter do
5 for p=1,..., M, do
6: Sample {Xy, ..., Xk, } from p
7 Apply one SGD (RMSProp, Adam etc.) step with learning rate as, to loss function (of variable
A)
1 Kin
X, (Z VoA (To, (X)) — (T6(Xk) — T, (Yk))|2>
k=1
8: end for
9: Sample {Xy,..., Xk, } from p
10: Apply one SGD (RMSProp, Adam etc.) step with learning rate gyt to loss function
1 Kout
% > 2AVeA(Th, (X)) - To(X 1)) + 20V (To(X 1)) + Lo(X 1]
out

k=1

11:  end for

12: Set 01' =0

13: end for

14: The sequence of probability distributions {Tj, 24D To, 4, - Toy #p} will be the numerical solution of
{Ptos Pt1s e Pty }» Where t; = z% (1=0,1,...,N — 1, N). Here p; solves original Fokker-Planck equation

(5).

5 Numerical analysis

In this section, we establish numerical analysis for parametric Fokker-Planck equation (27). In 5.1, we
introduce an important quantity dp, which will play an essential role in our numerical analysis; In 5.2, we
establish the asymptotic convergence analysis for equation (27); In 5.3, we work out the error analysis for
both continuous version and discrete version (forward-Euler) of equation (27).

5.1 An important quantity

Before our analysis, we first introduce an important quantity that will play an essential role in our numerical
analysis. Let us recall the optimal value of the least square problem (28) in Theorem 11 of section 3.2, or
equivalently (29) of section 3.2, (34) of section 3.3. If we denote the upper bound of all possible values to
be dy, i.e.

oo =sup anin, { [ ((V9(T0(0)) 7€~ ¥ (V4 Blog o) o Too)? o)} (68)

9co §€TyO

this quantity provides crucial error bound between our parametric equation and original equation in the
forthcoming analysis. Ideally, we hope &y to be sufficiently small. And this can be guaranteed if the neural
network we select has universal approximation power. A closer examination may relax such a requirement.
In fact, we only need require the neural network to be able to approximate a family of vector fields, more
specifically, we want 9Ty to be able to approximate {V(V + Slog pg)}oco. In our numerical experiments,
we found that using normalizing flow as Tp works fine in various test examples. We believe that such an
approximation property is shared by a large number of commonly used deep neural networks. This assertion
can be further illustrated from another perspective. Let us consider Ty with linear structure: i.e., set
Ty(z) =Y, 0;®;(x), here {®;}™, are basis functions like gradient of radial basis functions(RBF). Then
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by (52) of Lemma 15, it is not hard to show:

dp < sup min {/ | kafi;,(x) — V(V + Blog pg) o Ty(x)|? dp(x)} .
k=1

0co EER™

This inequality indicates that dy is no worse than the approximation error of using linear combination of
classical RBF functions [8], which can be viewed as a one-layer network with large width. It is widely
believed that nonlinear deep neural networks have better flexibility and approximation power than linear
approximations, which may explain why normalizing flow can achieve accurate computations (small dy) in
high dimensional space in our examples.

It also worth mentioning that &y is used for a priori estimate in this section, because we don’t know the
exact trajectory of {6;} when solving ODE (27), and we take supremum over © to obtain dy. Once solved
for {6;}, denote C as set covering its trajectory, i.e.

C={0|3t>0, st. 0 =0;} (69)
We define another quantity d;:
61 =sup min {/ (V®(Ty(z))T¢ — V (V + Blog pg) o Tp(x)|? dp(x)} : (70)
pec §€TvO

Clearly, we have §; < dg. We can obtain corresponding posterior estimates for the asymptotic convergence
and error analysis by replacing dy with d7.

5.2 Asymptotic Convergence Analysis

In this section, we consider the solution {6;};>¢ of our parametric Fokker-Planck equation (27). We define:

V:{v

As we know, for Fokker-Planck equation (5), when the potential V' € V, {p;} will converge to the Gibbs
distribution p, = Z%e_v(m)/ﬁ as t — oo under the measure of KL divergence [15]. For (27), we wish to study

its asymptotic convergence property. We come up with the following apriori result:

V2U = KI? with K > 0 and ¢ € L™= (R%)

Ve CQ(Rd), V can be decomposed as: V = U + ¢, with U, ¢ € CQ(R'J’);}

Theorem 17 (a priori estimation on asymptotic convergence). Consider Fokker-Planck equation (5) with
the potential V € V. Suppose {0;} solves the parametric Fokker-Planck equation (27), denote do as in (68).
Let p.(x) = %ﬁe*V(I)/ﬂ be the Gibbs distribution of original equation (5). Then we have the inequality:

(1= e + Dt (pgollpe =27 (71)

DKL(th”p*) < ;\ﬁﬁz

Here 5\5 > 0 is the constant asscoiated to the Logarithm-Sobolev inequality discussed in Lemma 18 with
potential function %V.
To prove Theorem 17, we need the following two lemmas:

Lemma 18. [Holley-Stroock Perturbation| Suppose the potential V €V is decomposed as V = U + ¢ where
V2U = KI and ¢ € L*®. Let X\ = Ke %) here osc(¢) = sup ¢ — inf ¢. Then the following logarithm-
Sobolev inequality holds for any probability density p:

Z(plps)- (72)

> =

Dkr(pllps) <

Here p. = £e~" and Z(p|p.) is the Fisher information functional defined as:

2(olp.) = [[v108 (L2 ) oto) a

Lemma 18 is first proved in [15].
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Lemma 19. Recall &y defined in (68), for any 6 € ©, we have:
B% Z(po|p«) < 60 + VoH(O) - G(0) *VoH(0). (73)
Proof of Lemma 19. Suppose {60;} solves (27) with 6y = 6. We denote £ = G(0)~'VyH(f) for shorthand.
By Theorem 8, %pgt’ = —(Tylp), & is orthogonal projection of —grady, H(pg) onto T,,P w.r.t metric g".
i

Thus the orthogonal relation gives:
9" (~grady, H(ps), —grady H(ps)) = 9" (grady H(pe) — (Tlo). &, grady H(ps) — (Tylo) &)

+9" (Tlo) & (Txlo),©)- (74)
One can verify that left hand side of (74) is:

g% (—grady H(ps), —grady H(ps)) = / V(V(2) + Blog po () Po() dz = B2 T(pglp.).  (75)

Recall the equivalence between (28) and (29) and the definition (68) of dg, we know the first term on the
right hand side of (74) is upper bounded by:

9" (grady H(po) — (Tylo) &, grady H(pe) — (Tyls),£) < do. (76)
The second term on the right hand side of (74) is:
9" (Tglo) & (Tylo) &) = (Tglo) 9" (€,€) = G(O)(G(O) "' VoH(9), G(O)™'VoH(9))
=VeH() - GO)"'VeH(H) (77)
Combining (74), (75),(76) and (77) yield to (73). O

Proof of Theorem 17. First, we recall the relationship between KL divergence and relative entropy:

Dxw(pllp«) = %H(p) +log(Zg).

We are actually treating K L(pgl||p«) as the Lyapunov function for our ODE (27): take time derivative of

KL(pe, |lps) :
L (o) = %ét VH(G,) = —%VH(@) G (6,)VH(6)).

Use the inequality in Lemma 19, we are able to show:

d 1
D L) = —
= kL (po, ||ps) 5

d 5o
il ) <2 _357 L)
g KL (P, [|p+) < 3 B Z(po,|ps)

Now by Lemma 18, we have:

d 0o ~
—D o) < = — D ).
o KL(Pa, || px) < 5 B s Dxr(ps,|lp«)

Then by Grownwall’s inequality, we are able to show:

6 a3 a3
Dyt (po,||p+) < ==—(1 = e=P") + Dict,(p, || p. e ™",
Asf

O

Remark 10. Follow the previous proof, we can show the similar convergence estimation for the solution
1
{pt}t>0 of (5). Recall pi(x) = Z%Be_ﬁv(w), we have the inequality:

Dir(pellps) < Dirlpollps) e”P2* ¥V ¢ >0. (78)

It is natural to establish the posterior version of our asymptotic convergence analysis Theorem 17:

Theorem 20 (Posterior estimation on asymptotic convergence). We keep all the notations in Theorem 17,
recall 61 defined in (70) then:

5 . i
Dir(p, |p<) < === (1 — =P 1 Dyer(pg, || pu)e P20,

= 5\562
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5.3 Error Analysis

In this section we establish our error analysis for both continuous and discrete version of parametric Fokker-
Planck equation (27) as an approximation of original equation (5).

5.3.1 Error analysis for continuous version

Suppose we exactly solved for {6;};>¢ from (27). The following theorem provides an upper bound for the
approximation error:

Theorem 21. Assume that {6,},>0 solves (27); and {pi}i>0 solves (5). Assume that the Hessian of the
potential function V in (5) is bounded below by a constant A, i.e. V2V = X I. Then we have:

0
Wapar.pr) < L2201 &) 4 e Wil o). (79)

To prove this inequality, we need the following lemmas:

Lemma 22 (Constant speed of geodesic). Recall the geodesic equation [51],[50] connecting po, p1 € P(M)
is described by the following equation system:

{ apt (vat) =

9ty +1 |V¢ |2 Pt|t:0 = po, Pt|t:1 = p1. (80)

Denote py = Oipr = —V - (ptth) € T,,P(M). Then g™ (pr, pr) is constant for 0 <t <1 and g™ (pr, pr) =
WZ(POaPl) fOT'OS t<1

Proof. Recall definition (8) of Wasserstein metric g"': g (py, pr) = [ |Ve|?pr dz. Since {p;} is the geodesic
on (P(M),g"), the speed gV (o, 0¢) should remain constant. To directly verify this, we compute the time

derivative:
d

d 0
9" ) = 5 (190 o) = [ G1vulo o+ [19uPo. i
use the first equation in (80),

/ V20 ds — / V2 - (=V - (0 Vapn)) da = / VIV 2) - Viupr da,

take space gradient of the second equation in (80)

0.(V0h) = ~V(5|VuP)

Then
0
/&W%Pm dr = /28t(v'(/}t) - Vippy dz = /—V(th\z) -V py da.

Adding them together, we have verified £ g% (4, p1) = 0, since fo (pe, pt) dt = WZ(po, p1), we know
9" (pe; pr) = W3 (po, pr) for any 0 <t < 1. O

Lemma 23 (Displacement convexity of relative entropy). Suppose {p:} solves (80). Recall H as the relative
entropy functional with potential V (11). Suppose V2V = M, then:

dt (gde”H(pt) pr) > AW%(PO,PJ

Or equivalently, we have: %H(pt) > AW2(po, p1)-
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Proof. We first write:
" (grady, H(p), pi) = /V(V + Blog pt) - Vb ps de.

Then:
50" ey H(po) i) = 5 ([ 90 4 810w V01 o o) = [(FUETVTU A T TP 00)

The second equality can be carried out by direct calculations. Due to its length, we omit the details here.
One can check [50] or [51] for complete derivation. Making use of V2V = I, we get:

d . ..
%gw(gmdwﬂ(ﬂt)’pt) > /)\|V¢t|2pt dr =X g" (b1, pr) = \W3(po, p1)-

The last equality is due to Lemma 22. By definition of Wasserstein gradient (10), %H(p;) = g" (grady, H(pr), pr),

thus we also proved C;%H(pt) > MW (po, p1)-
O

{pr}o<r<a

{ps}s>o0

{po.}s>0

B = —gradWrH(PGtNP Q)

Pe

Tﬂet Po

Proof of Theorem 21. For a given time ¢, we construct a geodesic {p; }o<r<1 on Wasserstein manifold P (M)
that starts at py, and ends at p;. Such geodesic solves:

{aa[: + V- (p-Vipr) =0,

with boundary conditions:py = pg,, p1 = ps-
&+ avvr =0 S

We differentiate W3 (py,, p1) with respect to time ¢, according to Theorem 23.9 of [71], we are able to deduce
that:

d . - . -
%Wg(peﬁpt) = 29W(p9t7_p0) +29W(ptapl)7 (81)
here pg = 0, pr|r=0 = =V - (0oV0), p1 = 07pr|r=1 = —V - (p1V1)1). Notice that

po, = (Tilo,)0:  pr = —grady H(p) = V- (0:V(V + Blog py)).-

Use the definition (8) of Wasserstein metric, we can compute (recall that pg, = po, p+ = p1):

8" (o o) = [TV + Blogm) v o do 6" (prif) = [ V(Y + Blogp) b pu da,
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We can now write (81) as

1 d A - - -
§£W§(pat,pt) =g" (Tiglo,)«0: — (—grady H(pa,)), —po) + 9" (—grady, H(ps,), —po) + 9" (—grady, H(ps), p1)

TG (gradyy Hlps,) (Tglo,) <& —po) — (9" (gradyH(p1). p1) — g" (grady H(po), fo))- )

For the first term in (82), we use Cauchy inequality. By Lemma 22, we know ¢(04,04) = W2(ps,, pt). Now
under (68), we will have:

W (grady, H(pe,) — (Tgle,)+&, —po) S\/gw(gradwﬂ(pet)—(T#Iet)*&gradw?l(pet (Tlo, )€ \/9 (Po, o)
S\/%W(pewpt)' )

For the second term in (82) , we write it as:

1
— = — = d — =~
W (gradyH(pr), ;1) — g" (gradyH(po), po) = /o ng(gradwﬂ(l)f),ﬁr) dr. (84)
By Lemma 23, we have:
W(gradWH(ﬁl)v ﬁl) - gW(gradWH(ﬁO)v ﬁo) > A W22(p9t7pt)' (85)
Combining inequalities (83), (85) and (82):
1d

§%W22(Pempt) < —AW3(pe,, pe) + /60 Wa(pa,, pr)-
This is:

d
E”@(Peﬁpt) < —AWa(pg,, pt) + V/ do.

Then Grownwall’s inequality gives

(1 - ei/v) + 67)\tW2(p9ov ,00)-
O

When potential V' is strictly convex, i.e. A > 0. (79) in Theorem 21 provides a nice estimation: the error
term W (py,, p¢) at any time ¢ is always upper bounded by max{ ‘/)‘\T“? Wa(poo, £0)}-

But in many cases, potential ¥V may not be strictly convex, i.e. A could be negative. In such cases, the
right hand side in (79) may increase to infinity when time ¢ — oco. However, (71) and (78) reveals that
both pg, and p; will finally stay in a small neighbourhood of the Gibbs p, when ¢ is large. Taking this into
account, the error term Ws(pg,, p:) will never go crazy. We thus hope that the error can be controlled by a
uniformly bounded value depending on t. This is summarized in the following theorem:

Theorem 24. Suppose {p;}i>0 solves (5) and {pg, }1>0 solves (27). We assume the potential V € V and its
Hessian can be bounded from below by X, i.e. V2V = M. Keep all the notations in Theorem 17 and Theorem
21. Then we may improve the error estimation in Theorem 21 :

Ve N 26 26 2K, \ s
W2(Peupt)ﬁmln{)\o+ EO—TO e M, 5\%;24- 2K1—?ﬁ02+ ;\7: e 2P (86)

Here we denote Ey = Wa(poy, po), K1 = Dicr(paylp2), Kz = D (pollps).

Lemma 25 (Talagrand inequality [51],[35]). Suppose p. = e~V If p. satisfies log-Sobolev inequality (72)
with constant X > 0. Then p, also satisfies Talagrand inequality:

DKL(PHP*)

3 > Wa(p, ps). for any p € P. (87)
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Proof of Theorem 2. The first term is already provided in Theorem 21, the second term is just a quick
result of Theorem 17 and Talagrand inequality: for ¢ fixed, (71) together with Talagrand inequality (87)
gives:

D * 2 2 5y
WQ(,OQHP*) < 9 KL(P@t,”p ) < _ 60 (1 _ _Aﬁﬁt) +2K16_>‘B5t < 50 Zﬂﬁt'
' )\%62 652

Similarly, (78) and (87) gives

D N 2K, A
Walonps) < \/2 k(o) ¢ Ko o

Ag Ag
Apply triangle inequality of Wasserstein distance Wa(pg,, pr) < Wa(pe,, p«) +Wa(pr, px) we will get (86). O

We can take a further analysis on the upper bound of Theorem 24 to provide the following apriori uniform
error bound:

Theorem 26 (Main Theorem on apriori error analysis of parametric Fokker-Planck equation). We follow
previous notations and assumptions. The approzimation error Wa(py,, pt) at any time t > 0 can be uniformly
bounded by constant number depending on Ey = Wa(pe,, po) and dy defined in (68). To be more precise,

1. When X >0, the error Wa(py,, pt) can be at least uniformly bounded by O(Ey + /o) term;

S\ﬁB

2. When X < 0, the error Wa(p,, pt) can be at least uniformly bounded by O((Ey + v/89) 2 +*5%) term.
Proof of Theorem 26 . Let us denote the right hand side of (86) as:

E@) = mln{ — /8o + €o Mt A\/6 + Be™ “ﬁt} (88)

for shorthand, where

=FEy+ —

V3o _@7 5o 2K1_~2250 L 2Ke AsB
A AsfB A35? A 2

are all positive numbers.

(A) When A >0, E(t) < —W\/%—i— o et < O(e) = O(Ey +Vo);

(B) The first term in (88) is increasing as a function of time ¢ while the second term is decreasing. Let us
denote tg = argmax,~yF(t), then ¢y should solve:

- ﬁm+ co et = A\/Gy + Bersto, (89)

Lf 4 608‘)‘”

Since A > 0, (89) leads to egel Mo > Be~rsto | thus

t Lg (g) (90)
0> .
Al + s
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Using (90), we are able to show:

Al _kg
max E(t) = E(t) = AV/bo + B e 8% < A8y + B ¢ (91)

As a result, Wa(py,,pt) can be uniformly bounded by the right hand side of (91). Since A, B are O(1)

e _ b
coefficients and €y > /g, this uniform bound is dominated by O(e(‘)x‘ﬂﬁ ) = O((Eo + V/dp) 2177, O
Remark 11. We can make further discussions on the error order a = % when V €V is not convex.

Suppose V' is decomposed as V- = U + ¢. with V*U = KI (K > 0) and V?¢ = KyI. We also assume
V2V = Al with A < 0. Then it is not hard to verify that Ky < 0 and |K4| — K > |\|. On the other hand,

~ osc(¢)
one can compute \g = %67 5. Combining these together, we can provide a lower bound ~v(8,U, ¢) for

order «:

a>v(B,U,¢) =

1
142 (‘K—;' — 1) e 25

One can verify that increasing the diffusion coefficient B8 or convexity K, or decreasing the oscillation osc(¢)

and convezity K, will both improve the lower bound v(8,U, ¢) for order a.

At the end of this section, we remark that it is natural to establish the corresponding posterior estimation
on error term Wa(py,, pt):

Theorem 27 (Posterior error analysis of parametric Fokker-Planck equation). We follow previous notations
and assumptions. Then Wa(pg,, pt) at any timet > 0 can be uniformly bounded by constant number depending
on Eg = Wal(pe,, po) and 61 defined in (70):

1. When X >0, Wa(py,, pt) can be at least uniformly bounded by O(Ey + /51);

Xﬂﬁ

2. When X\ < 0, Wa(py,,pt) can be at least uniformly bounded by O((Ey + /81)>*1+3s7).

5.3.2 Error analysis for discrete version

To solve (27) numerically, we need to apply discrete scheme. In this section, we will mainly focus on the
forward Euler scheme: Suppose we apply forward-Euler scheme to solve (27) and compute for 6, at each
time node. We denote pg, = Ty, 4p, our main purpose is to estimate the Ws-error between our numerical
solution pg, and the real solution p;,. Our main conclusion is exhibited in the following theorem:

Theorem 28 (Apriori error analysis of forward-Euler scheme). Suppose the potential function V € C%(R?)
and its Hessian can be bounded from above and below, i.e. \XI < V2V =< AI. Suppose we apply forward-Euler
scheme to solve (27) on the time interval [0, T] with time stepsize h = % Denote the corresponding solution
at every time node t, = kh as 0 (k =0,1,...,N). Assume {p}1>0 solves the Fokker-Planck Equation (5).
Then we have:

— e~ Mk

1 o
Wa(poys pri) < (\/%h + CNhQ)m + e MWy (pg,, po)  for any tp =kh, 0<k<N. (92)

The explicit definition of the constant C is in (107).

In order to estimate Wa(pg,, pt, ), we use the triangle inequality of Wy distance [51] to separate it into
three parts:

W2(p9k’ptk) < WQ(kavﬁ:k) + WQ(ﬁ:kvﬁtk) + W2(p~tk7ptk)‘ (93)

Here {pt}1,, ,<i<1, satisfies:

ap - - -
% =V (ptvv) + ﬂAPt y o Pt = POr_1- (94)
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Poo
Po

Figure 4: Trajectory of {pg, }x=o0,... n is our numerical solution; trajectory of {p;}+>0 is the real solution of
Fokker-Planck Equation; {p;}¢>¢,_, solves (94); {p}}i>e,_, solves (95).

where the actual
Vlasov dynamic
send x to

gtk— 1=t (l‘)

N
N

original position of a particle x

\»I G:tk—l_ﬂfk (x)

Ttk—l_ﬂfk (x)

Ttk—l‘nk (1’)

Expectation of this where our para-

distance w.r.t. pg,_, metric Fokker
gives upper bound of Planck equation
Wal(pe,., pt,,) sends x to

Figure 5: Hlustration of proof strategy

Thus {p;}+,_,<t<t, solves the real Fokker-Planck equation with initial condition py, .
And we assume {p} };>¢, , satisfies:

ot =V (ﬁ:v(v + 5108#70;%1)) ) ﬁ:k,l = PO_1- (95)

Suppose we fix the vector field —VV — SV log pg, , at time t;_; and let the particles obeying distribution
po,._, flow along this fixed vector field, the distribution of these particles at time ¢ will be py.

Figure 4 shows the relations of different items used in our proof.

Now we provide estimations for the three terms appeared in (93). We separate our results into three lemmas.

Lemma 29. The first term Wa(pa,, p;,) in (93) can be upper bounded by /doh + O(h?).
An explicit formula for the coefficient of h? is included in the following proof.

Proof. We will establish the desired estimation by introducing several different pushforward maps and then
applying triangle inequality.
(1) We know pg, , = Ty, yp and py, = Ty, 4p, let us we denote Ty, _, y, = Tp, © Te_kL. Then pg, =
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Ttk—lﬁtk#pek—l'

(2) We let &1 = ék_l = —G(0r_1)"'VyH(0x_1) and by convention, we denote ¥ as solution of (15). We
consider the map T3, , ¢, (-) = Id + hV®(:)T¢, ;.

(3) We denote (x—1(-) = V() + Blog pg,_, (). The particle version (recall (6)) of (95) is:

2t =—V{;-1(z) 0<t¢<h with initial condition zg = x. (96)

we denote the solution map of (96) by Gy, _, ¢, (x) = 2. Then pf, = Gioi—ti 4 PO
(4) The map Gy, _, ¢, is obtained by solving an ODE, in order to compare the difference with T3, , ¢, , we
consider the ODE with fixed initial vector field:

5 =-V(i(z) 0<t<h Z=ux. (97)

This ODE will induce the solution map Gy, , ¢, (-) =Id — hV(_1() .
With the maps defined in (1),(2),(3),(4), use the triangle inequality of W5 distance, we can estimate:

WQ(kavﬁ:k) = W2(Ttk—1_>tk#p9k—17Gtk—l—ﬂfk#pek—l)
< WQ(Ttkﬂ—Wk#p%a ) Ttk71—>t1¢#p9k71) + WQ(Ttk—l—mk#pgk—l ) Gtk—l—”k#pek—l)
(A) (B)

+ WQ(étkflﬁtk#pekfl ) Gtk—l"tk#pek—l) :
(©)

We now give upper bounds for distances (A),(B) and (C):

(A) Set 0(1) = Op—1 + 7(Ok — Ok—1) = Op_1 + 7&_1. For any z, consider z, = TQ(T)(Té:(x)) with
0 <7 < h. such {z; }o<-<y satisfies

.iq- = 89T9(7.) (TO_(i) ((E,—))fk_l 0 S T S h. (98)

If we assume zg ~ py, , in (98), it is clear that xj ~ Ti,_y—tr 4 Po,_, - Furthermore, we denote the
distribution of z, as p,. Now assume that {t;} solves

— V- (pr (2)0 o) (T} (2)) = =V - (pr (@) Ve () 0 <7<, (99)
and consider
Yr = Vw‘r(y'r) 0<7<h with Yo ~ POr_1-
Denote g, as the distribution of y,, by continuity equation and (99), one knows p, = o, for 0 < 7 < h,

thus yp ~ Ty, 4Po,_,- On the other hand, when 7 = 0, (99) shows Vipg(z) = V(2)T&, 1.
Combine these together, we can estimate term (A) as:

W22(Ttk71—>tk#p9k717Ttk71—>tk#p9k71) < ]EZUONPGk71 lyn — (yo + hV’L/)O(yO))|2
2
<E |

= Lyor~pe,

h
/O Vebr (4r) — Vebo(yo) dr

27\ 1/2
/) (100)

If we define the constant (only depends on 0;_; and h):

qubT (yT) — vd)O (yO)

M(0p_1,h) = <y E

sup
0~Po;_1 | 0<7<h T
Then we are able to show:
1
WQ(Ttkqﬁtk#p%_l ) Gtk,_lﬁtk#pek_l) < §M(9k71, h)hQ.
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(B) We have

Ww. (Ttk—l—nk#pek—17étk—l_)tk#pek—l) < /thk—l_Wk(x) _étk—l—ﬂfk(aj)|2p9k 1( )d$

=1 ([ 199 61~ (5610 P (o) o)

= h? </ |V‘I’(T0k71 (JU))T&_l - (*V(V +ﬂlogp9k71) OTQkfl(iL')”z dp( )> < 6 B2

The last inequality is due to Theorem 11 and definition (68)

(C) Recall {z:},{z:} solve (96) and (97) with initial condition zo = Zy = z, then we can estimate term (C)
as:

~ 2
(Gtk—l—ﬁk#pek—l’Gtk’—l—mk#pek—l) < ]E:CNpek,l lzn—2n|" = Eprek,l

h
/0 Voo () — Voo (21) dr

o7 1/2
D (101)

N(0x_1,h)h?

If we denote the constant (only depends 0;_1 and h)

Vii-1(x) — Vr-1(27)

T

sup
0<7<h

N(O_1,h) = ( E

TPO,

Similar to (A), we have:

2(Gtk—14)tk#p0k—1 ) Gtk—l"tk#pek 1) <

N =

Now, combining previous estimates of term (A),(B) and (C), we obtain

M(0k—1,h) + N(Ok—1,h
W p9k7ptk \/%h'i_ ol )2 (k ! )h2

O
Lemma 30. The second term in (93) can be upper bounded by O(h?)

An explicit formula for the coefficient of h2 is included in the following proof
Proof. Recall p; is defined by (94) and p; is defined by (9°
o5t

g0 = V(i (VV + BVlogpy,, = Vg pp)) + BAp th-1 St <t

5). We can rewrite (95) as:

Now we fix Brownian Motion {B; }o<,<h, we consider the following Stochastic Differential Equations (SDEs)
sharing the same {B,} and initial condition

—VV(z,)dr + /28 dB,
dwt =~V (2)dr + (Y log 5, _, 4, (a)

with initial condition: xg = z§ ~ po,_,

A% 1ng9k—1(x:))d7— +v 28 dB;

and 0 <7 < h.
We denote 7(z,7) = fVlog p;, ., (v) — BVlogpg, . (v). Then subtracting (102) from (103) will lead to

Tr—xy = / VV(zs) — VV(x}) + 7(xf,s) ds
0
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Then we have:
2
<2FE

2
+2E

ER

Elzt — 2z, > =E ‘/ VV(zs) — VV(x}) + 7(xy,s) ds
0

/T VV(xs) — VV(xk) ds
0

/ 7z}, s) ds
0

<2E {T /O YV (2s) — VV (222 ds} +2E {T /0 7zt )2 ds}

_ oy (/ E|VV (2.) — VV (@) + Bz, 5)|? ds)
0

Since Hessian of V is bounded above by A, |[VV (z) — VV (y)| < Alz — y| for any z,y € R, Thus we have
the inequality:
E|z* — 2,)* < 27A? / Elaz} — 24| ds + 27 / E|7 (%, s)|? ds (104)
0 0
We denote U, = [ E|z} — x> ds and R, = [ E|F(2},5)|? ds, then (104) becomes:
Ul <2A*7U, +27R,

By integrating this inequality, U, < [ 2eMT* =) sR, ds so UL < 4A%7 I A= sR.ds + 27 R, thus:

h
Wa(ph, i) < \/Elay, — anl? = Uf < \/4A2h/ AR =5 sR, ds+ 2hR),
0

Let us define the constant

Lig—1(0r-1,h) = sup {E’
0<r<h

Then for any 0 < 7 < h, we can estimate: R, < foh |BLi—1(0k—1,h)s|* ds < 3B2Li—1(0k—1,h)*h?. Thus

(5.3.2) leads to:

\ IOg ptk—l‘f’T(x:') -V IOg Pty 1 (,:E:_)
T

h
4 2
W (57, ) < \/ 4A2h / A=) sR, ds + 2hR), < \/ GAZeNE B2L2R0 4 S22 (105)
0

Here we denote L as Ly_1(0x_1, h) for shorthand. When h is small, the h* term in (105) is dominating the
upper bound term. Thus we may assert that when h is small enough,
Wa(p}, , pr) < BLi—1(0k—1,h)R*

O

Remark 12. Analyzing the discrepancy of stochastic particles under different movements will provide a

natural upper bound for Ws distance. Both Lemma 29 and Lemma 30 are derived by making use of the
particle version of their corresponding density evolutions. Such proving strategy was motivated from section

Lemma 31. For third term in (93), we have:
Wo (ptk ) ﬁtk) < e_/\hWQ (ptkfl ’ p9k71)
This lemma is a direct corollary of the following theorem:

Theorem 32. Suppose the potential V € C?*(RY) and its convexity is bounded below: V2V = M (i.e. the
matriz V2V (x) — M is semi-positive definite for any x € R?; here X is a finite real number and need not to
be positive). Consider p1,ps € P and two Fokker-Planck equations with different initial distributions:

ap(l)
5 = V- (V) +88pY o) = i
apy”) (@) @ (@
g = V(T VV)+BApT pg” = 2.
Then we have: ) ,
WalptV, pi2)) < e M Wa(pi, pa) (106)
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This is a known stability result on Wasserstein gradient flows. One can find its proof in [3] or [51].
Once we have proven Lemma 29,30,31, we are able to prove theorem 28:

Proof. (Proof of Theorem 28) Let’s denote:
Erry, = Wa(pe,,pt,) k=0,1,...,N.

Combining Lemma 29, Lemma 30 and Lemma 31, the triangle inequality (93) becomes:

M(0._ N(0;._
Erry < \/(Toh+< (O 1,h);' (Or—1,h) +ﬁLk—1(9k—17h)> B2 4 e~ Erry_y.

Let us denote:

_ M(Gk_l,h)+N(0k_1,h)
v og%_l{ : ALk (B 1B b (107)
Then we have:
Errj, < \/oh + Cnh? + ¢ M'Erry_4 (108)

Multiply e**" to both sides of (108), we get:
M Erry, < (V0o b+ Cy h2)eMh 4 AE=DhEry, (109)
For any n, 1 <n < N, summing (109) from 1 to n:

(n+1)h _ Ah

v + Errg.

n A
A Err, < (v/6oh + Cnh?) (Z e’\kh> + Errg = (V/0oh + CNh2)6

k=1
Recall each t,, = nh for 1 <n < N, it leads to:

— e~ Mta

1
Err, < (v/doh + Cth)m +e MErrg n=1,..,N.

O

Theorem 28 indicates that the error Wa(pa, , pt,.) is upper bounded by O(v/d9)+O(Cnh)+O(Wa(pay, po))-
Here O(1/dp) is the essential error term that originates from the approximation mechanism of our parametric
Fokker-Planck equation; the O(Cyh) error term is induced by the finite difference scheme; the O(Wa(pag,, p0))
term is the initial error.

It worth mentioning that the error bound for forward-Euler scheme in (92) matches the error bound for
the continuous scheme (79) as we remove the effects introduced by finite difference. To be more precise,
under the assumption limy_,g Cnyh = 0, we have:

— e

. 1 At _
}llli%(\/%h+CNh2)m +e /\tWQ(PGOaPO)
h Vi

— At _
T e ¢ Wa(peo: po) = h\

1 (1 - ei)\t) + eiAtWZ(pH(J:pO)

= lim (\/o + Cnh)(1 — e M)
h—0
this indicates that error bounds (92) and (79) are compatible as h — 0.

Similar to the discussion in previous sections, we can naturally extend Theorem 28 to posterior version:

Theorem 33 (Posterior error analysis of forward-Euler scheme). Suppose we keep all the notations in

Theorem 28. Recall 61 defined in (70). Then we have:
oy 1 — e M —\t
W2(P0k,Ptk) < (Voih+Cnh )m +e kWQ(PeoaPO) for any tp="kh, 0<k<N.

The explicit definition of the constant Cy is in (107).
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It worth mentioning that in section 5.3.2, we mainly analyze the error term for the forward-Euler (explicit)
scheme. However, in our actual implementation, we use the scheme (45), which can be treated as the
semi-implicit scheme (with O(h?) local error). The following theorem compares the difference between the
numerical solution of forward-Euler scheme and semi-implicit scheme.

Theorem 34 (Relation between forward-Euler scheme and semi-implicit scheme). Recall the parametric
Fokker-Planck equation (27) as an ODE: § = G(0)~'V¢H (0). We consider two numerical schemes:

Opi1 =0 —hG(0,) 'VeH(0,) 6o=0, n=1,2,...N Forward-Euler scheme; (110)
Oni1 = 0p — hG(0,) 'VoH(Ops1) 0o=0, n=1,2,...N Semi-Implicit-Euler scheme (111)
We denote F(0') = G(0") "1V F(0"), we set:

Ly = max {[F(02) = FOI/10.=0ull} Lo = max {1908 (6.) = ToH i)/ 102 = s}

My = max (IG@) 7}, M = max {IVaH(0)])

Here |||| is a certain vector norm (or its corresponding matriz norm). Then we have:

M2M, L,
Ly

If we assume that we are solving the ODE on [0,T] with time stepsize h, i.e. Nh =T, all the differences
MZMsLo h
L4 :

16, — 0] < (14 Lyh)™ — 1) h n=1,2..,N

60 — 6, can be upper bounded by (X7 —1)

When the upper bounds Ly, Lo, M1, Ms ~ O(1) as h — 0 (or equivalently N — o0), then the differences
between the semi-implicit scheme and forward-Euler scheme can be bounded by O(h). Hence, we are still
able to establish O(h) error bound for our proposed scheme (45).

proof of Theorem 34. We subtract (111) from (110):
(On1 = On1) = (0n = ) = h(G(00) " VoH (0,) = G(0,) ' VoH (Br41))
denote e, = 0,, — én, we may rewrite this equation as:
€1 = en — h(F(0,) = F(00) + G(0,) " (VaH (0) = VoH(011)))
Recall the definitions of L1, Ly, M7, we have
lensall < leall + hLulenll + AM: Lallfn 11 — 6a]
By semi-simplicit scheme, we have
Oni1 — O = —hG(0,) 'V H (i)
Then |t§n+1 - énH < hMiM,. Now we have recurrent inequality:
lens1ll < llenll +PLallen]| + MPMyLoh?
This inequality gives

M2M, L
e =0,1,.,N—1
1

(lewsal + 202

This will lead to:

MZM,L
h) < (1+hLy) (|en||+1L2 2h) n
1

M2MsL,
Ly

When we are solving the ODE on [0, 7] with h = T//N, we have (1 + hL;)" < (1+hL1)" = (1+ LlTT)N <

o1 T

lenl] < ((L+RL1)" —1) h

MZM; Lo h O

. This means all terms {||e,||}1<n<n can be upper bounded by (e1T — 1) I,
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We end this section with the following two remarks:

Remark 13. In order to make our argument clear and concise, we omitted the errors introduced by the
approximation of ReLU function 1. Careful analysis on how well Vi can approximate general gradient
fields may serve as one of our future research directions.

Remark 14. The convergence property of the Stochastic Gradient Descent methods (mainly Adam method
[20] ) used in our Algorithm 1 are not discussed in details. One can check the detailed convergence analysis
in the paper [20].

6 Numerical examples
In this section, we consider solving Fokker-Planck equation (5)

op =V - (pVV)+ BAp.

ot
on R? with 8 = 1 and initial condition po(z) = N(0,I)* by using Algorithm 1. We demonstrate several
numerical examples that solves (5) with different potential functions V.
In the following experiments, we choose the length of normalizing flow Tp as 60. And we set ¢y : R — R
as ReLU network with length 6 and hidden dimension 20. We use Adam (Adaptive Moment Estimation)
Stochastic Gradient Descent method [20] with default £; = 0.9, 32 = 0.999;¢ = 1075,
For the parameters of Algorithm 1, we choose gy = 0.005, aj, = 0.0005. We follow Remark 9 to choose
Kin, Kout = max{1000,300d}. Based on our experience, we set My, = O(ait); the suitable value of M,
can be chosen after several quick tests of different choices of M;,—We need to make sure that every inner
optimization problem (64) can be solved thoroughly.

6.1 Quadratic Potential

We first apply our method to Fokker-Planck equation (5) with quadratic potential V. We can compute for
the explicit solution of (5) when V is quadratic, so these examples can serve as verifications of our proposed
method.

6.1.1 2D cases

1

Suppose d = 2. We set V(z) = 3(z—p)TS7 (& —p), we let p = [ g ] and ¥ = [ 4 } We can explicitly
4

solve (5) in this case:

1 3
pr=N(ue,%) pwe=0—e )y, T = <4 + 4e‘8t> ¥ t>0.

In our algorithm, we consider solving the equation on [0,0.7] with time stepsize 0.005. We set My, = 20
and M;, = 100. Here are the results. At a given time ¢, we draw 6000 samples from reference distribution
p and pushforward them by using the map Tj, , here ), is the value of 6 at k-th time step solved from ODE
(27) by using our proposed algorithm. We demonstrate the the pushforwarded points below (from t = 0.05
to t = 0.70):

One can check that the distribution of our numerical computed samples is gradually converging to the Gibbs
distribution N (p, ).

3We can set initial value g so that Ty, = Id and thus pg = Ty, 2P is standard Gaussian distribution.
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At each time node ¢y, we sample { X1, ..., X s} ~ Ty, 4p and use k= % ijl X;, k= ﬁ ijl(Xj—
f) (X5 — )T to compute for the empirical mean and covariance of p, at t;. We then can plot the curve

{p®)}, {(fl(lﬁ), f)g;))}, {(/l(lk), f)gli))} and then compare them with the explicit solution {u}, {(Zt11, Ze22)},
{(pe1, Se11)}- Recall that ey = puye = 3(1 — e74), Byyy = Bygp = (1 — 3e7%).

Plot of means (cov(0,0), cov(1,1)) (from 5-th iteration to 140-th iteration with step size 0.005 on 0 >t of (m‘uU(U)tt), cov_(0,0))(t) (from 5-th iteration to 140-th iteration with step size 0.
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Figure 6: {{1 Figure 7: {(X77,259)} Figure 8: {(fx), X17)}

We can directly evaluate the error between (%) and ety $(*) and 3, We plot the error curve of
45 — g, |2 (Figure 9) and |[£®) — %, ||z (Figure 10). Here || - || is the Frobenius norm of the a matrix.

Figure 11 captures the exponential decay of H along its Wasserstein gradient flow, this verifies the entropy
dissipation property of Fokker-Planck equation with convex potential function V.
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Figure 10: Plot of covariance error (in Frobenius

Figure 9: Plot of mean value error (in /3 norm) norm)
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Figure 11: Plot of {H(0)}

We can also take a closer look at the inner loops loss (Figure 12). The following figures are the first 10
(out of 20) loss plots when applying SGD method to solve (66) when k& =30 (¢ = 30 - h = 0.15).

S T

“““““ T e o) . ce- . e S BRSO

1st inner iteration 2nd inner iteration 3rd inner iteration 4th inner iteration 5th inner iteration

The remaining loss plots from the 11th outer iteration to 20th iteration are similar to the second row
plots. The situations are similar for other time step k. We can thus tell that M;, = 100 works well in this
problem, the SGD method we used can thoroughly solve the variational problem (66) for each outer loop.
Whether M, is suitable for our algorithm remains a hard problem since the function J (#) we used in
computation is not the functional J(6) that we really minimizes. In our computations, we set My, = 2045.“

based on our experiences. Our choice of My, provide valid results to most of the numerical experiments
done by us.
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Figure 12: Plots of inner loop losses

At last, let us verify the graph of v trained at the end of each outer iteration. Generally speaking, the
gradient field V15 reflects the movements of the particles under the Vlasov-typed dynamic (6) at every time

step. Here are the graph of ¢5 at k = 10,k = 140 (Figure 13, Figure 14).

SR NW LG g

Figure 13: Graph of 15 after Moy = 20 outer itera- Figure 14: Graph of 5 after Moy = 20 outer itera-
tions at k = 10th time step tions at £ = 140th time step

As we can see from these two graphs of 95, the gradient field is in the same direction, but judging from
the variation of two v5s, when k = 10, [V1)5| is much greater than itself when k = 140. This is because
when ¢ = 140, the distribution is already close to the Gibbs distribution, the particles no longer need to

move for a long distance to reach their final destination.

We apply our algorithm to the Fokker-Planck equation with non-isotropic potential:
1
V)= 5 -p)S ) p= |y fads=] 1|
2 3 1
One can verify that the solution to (5) with such V is
_ [ 3(1—et) |1
pr =N(pe, 5t) e = [ 3(1 _e—4t) ] , Uy = [ ;11(1+3e—8t) } :

We use the same parameters for our algorithm as before. We solve (5) on [0, 1.4] with time step size 0.005

Here are the sample results at different time steps.
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t=0.05 t=0.10

t=0.15 t=0.20 t=0.25

t=0.40 t=0.55

t=0.70 t=0.85 t=1.00

Similarly, we can also plot the empirical mean trajectory, one can compare it with the true solution
(3(1 —e7%),3(1 — e*)). Both the curvature and the exponential convergence to u are captured by our
numerical result. Here we can also compare Figure 15 with Figure 16, which is the mean trajectory obtained
by computing the flat gradient flow § = —VyH (9). This reveals very different behavior of the flat gradient
(Vg) flow and Wasserstein gradient (G(6)~1Vy) flow.

Plot of means

-2

-2 -1 0 1 2 3 4

Figure 15: mean trajectory of {pg,} w.r.t. 6
—G(0)"'VoH(0)

Plot of means (flat gradient)

-2

-2 -1 o] 1 2 3 4

Figure 16: mean trajectory of {pg,} w.r.t. 6 =
—VeH(0)

We plot the error curve of ||i*¥) — i, || (Figure 17) and ||S*) — %, ||p (Figure 18):
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Figure 18: Plot of covariance error (in Frobenius

Figure 17: Plot of mean value error (in /3 norm) norm)

The exponential decay of {H(6)} is very similar to the isotropic case. {H ()} also shows exponential
decay. And My, = 20, M;, = 100 also works well in this problem.
It is also interesting to compare the graph of trained ¢y at different time steps & = 10,140 (Figure 19,
20) with that of the previous example: The directions of V5 at k = 10 and k& = 140 is different from
the previous example. This is caused by the non-isotropic quadratic (Gaussian) potential V' used in this
problem.

Figure 19: Graph of 15 after Moy = 20 outer itera- Figure 20: Graph of 15 after Moy = 20 outer itera-
tions at k = 10th time step tions at k = 140th time step

6.1.2 Higher dimension
We can implement our algorithm in higher dimensional space, we try d = 10: consider the quadratic potential

1
V(z) = 5(33 — )T Yo —p) T =diag(Xa, L, Y5, 15,%¢) p=(1,1,0,0,1,2,0,0,2,3)T.

Here we set the diagonal blocks as:



We solve (5) on [0,2] with time step size h = 0.005. We set Kj, = Koyt = 3000 and choose My, = 30,
M, = 100.

Here are the samples at the last time step k = 400, we exhibit the projection of the samples on 0 — 1,4 — 5
and 8 — 9 plane in Figure 21.

Flow length: 60 Flow length: 60 Flow length: 60
Samples on iteration #400 0-1-Plane Samples on iteration #400 4-5-Plane Samples on iteration #400 8-9-Plane

projection of samples on 0-1 plane projection of samples on 4-5 plane projection of samples on 8-9 plane

Figure 21: Plot of samples on different planes

6.2 Experiments with more general potentials

In this section, we exhibit two examples with more general potentials in higher dimensional space.

6.2.1 Styblinski-Tang potential

In this example, we set dimension d = 30. We consider the Styblinski-Tang function [49]:

d
V(z) = % (Z xi — 1627 + 5$¢> .

i=1

Here are the plot and heat map of V' when dimension d = 2:

Heat map with contours

& N i o w

—4 4

Figure 22: Styblinski-Tang function Figure 23: Heat map

We solve (5) with potential V on [0, 3] with time step size h = 0.005; we set K, = Kous = 9000 and
My = 100, M, = 30.
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To exhibit sample results, due to the symmetricity of the potential function, we just project the sample
points in R3® to some random plane. Here we project the samples to 5 — 15 plane. The sample plots and

their estimated densities are presented in Figure 24.

t=0.30 t=0.60 t=0.90 t=1.20 t=1.50 t=1.80

Densty on 313 pane t 240 eraton Densty 00313 ane st 300 kaation

= m m e
. 'i A IR TR TR

t=1.50 t=1.80

Densty on 515 pane o 0 teraton

t=0.30 t=0.60 t=0.90 t=1.20

Figure 24: Plot of samples and estimated densities on 5 — 15 plane

We also exhibit the graphs of 1) on 5 — 15 plane trained at different time steps in Figure 25.

155
154
153
152
151
150
149
148

=30  Graph of ¥, at time step k = 60

Graph of ¥, at time step kK =240 Graph of ¥, at time step K =300 Graph of ¥, at time step k = 360

Figure 25: Graph of ¢, on 5 — 15 plane trained at different time steps
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6.2.2 Rosenbrock potential

In the previous example, V (z) is the direct sum of same functions and can be treated as a potential without
interactions. Now we consider more general function V' involving interaction among its coordinates. In this
example, we set dimension d = 10. We consider the Rosenbrock typed function [45]:

d—1
V(z) = % (Z 10(zp g1 — 22)2 + (25 — 1)2> .

We solve the corresponding (5) on [0, 1] with step size h = 0.005. We set Ki, = Kout = 3000 and M;, = 100,
Moyt = 60.

Here are the sample results, we exhibit the projection of sample points on the 1 —2, 7 — 8 and 9 — 10 plane
in Figure 26. The rightmost figures are plots of estimated densities at ¢ = 1.0.

engt 100

engt 100

t=0.05 t=0.20 t=0.35 t=0.50 t=1.00 density t = 1.0

t=0.05 t=0.20 t=0.35 t=0.50 t=1.00 density ¢t = 1.0

t=0.05 t=0.20 t=0.35 t=0.50 t=1.00 density t = 1.0

Figure 26: Plot of samples and estimated densities on different planes

We exhibit the graphs of ¥, on 0 — 1 plane trained at different time steps in Figure 27:

7 Discussion

In this paper, we design and analyze an algorithm for computing high dimensional Fokker-Planck equations.
Our approach is based on transport information geometry with probability models arisen in deep learning
generative models. We first introduce a set of ODE to approximate the Fokker-Planck equation. This ODE
can be viewed as the "spatial discretization" of the PDE from the neural networks. We next propose a
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Figure 27: Graph of ¥, on 0 — 1 plane trained at different time steps

variational version of the semi-implicit Euler scheme to design a discrete-time update of the proposed ODE.
This method has a sampling efficient approach and can be viewed as the JKO scheme in neural networks.
We last prove the asymptotic convergence and error analysis results for our proposed schemes.

Our study opens a door for systemically applying the deep neural networks and machine learning approach
to compute physical partial differential equations. It is worth mentioning that KL divergence and Wasserstein
metric can be naturally formulated in machine learning models. In computational schemes, following the
proposed dynamical systems, it will provide a more systemic way of designing sampling efficient algorithms.
The other benefit is that our approach does not require any knowledge of the “data” from the partial
differential equation. It is the same as the classical numerical schemes, in which we generate the “data
solution" to compute the numerical solution. More importantly, our computation can keep the physical
law, such as relative entropy dissipation, in neural network parameters. In numerical analysis, transport
information geometry provides a mathematical framework for studying the convergence of algorithms. Here,
the asymptotic convergence and error analysis proof of our scheme follows how do the KL divergence and the
Wasserstein metric measures the discrepancy between the gradient flow in deep learning generative models
and the one in full probability space. We notice that the Wasserstein metric provides a suitable metric
structure to analyze the convergence behavior in generative models.

In the future, we shall study the computation of gradient flows raised in transport information geometry.
Examples include Poros media equation and aggregation equations etc. Besides, we shall extend the current
study to compute Hamiltonian flows in transport information geometry. There are several examples, such
as Schrodinger equation, Schrédinger bridge system, and compressible Euler equation, etc.
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