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Abstract. We present a Fourier method for analyzing stationary iterative methods
and preconditioners for discretized elliptic boundary value problems. Similar to the von
Neumann stability analysis of hyperbolic and parabolic problems, the approach is easier
to apply and reveals more details about convergence properties than standard techniques,
and can be applied in a systematic way to & wide class of numerical methods. Although
the analysis is applicable only to periodic problems, the results essentially reproduce those
of classical convergence and condition number analysis for problems with other boundary
-conditions, such as the Dirichlet problem. In addition, they give suggestive new evidence of
the strengths and weaknesses of methods such as incomplete factorization preconditioners
in the Dirichlet case.

1. Introduction

Iterative methods constitute an indispensable tool for solving large sparse linear sys-
tems of equations, such as those arising from the discretization of elliptic partial differential
equations. Among the more common examples of such techniques are stationary methods
such as the Jacobi, Gauss-Seidel and SOR methods [34,37), and preconditioned conjugate-
gradient or semi-iterative methods (7,9,21], which use an approximate factorization of the
coeflicient matrix to improve the conditioning of the problem. For the “model problem,”
the discrete Poisson equation

—Au=f (1.1)

posed on the unit square @ = {0 < z,y < 1} with Dirichlet boundary conditions and
discretized by finite differences, there are rigorous theoretical results giving bounds on
convergence rates for all these methods.
In particular, let
Au =5} (1.2)

denote a linear system where A is symmetric positive definite, let Q be some nonsingular
splitting operator, and let the splitting be represented as

A=Q-R (1.3)
We consider stationary methods of the form

u(m-{-l) = Q—lRu(m) + Q-lb,

and preconditioned conjugate gradient methods, where for symmetric positive definite
Q@ = LL7, the conjugate gradient method is used to solve the preconditioned system
[L7YAL-T|[LTu] = L~'b. Let (™ = u — u{™ denote the error for the m’th iterate
computed by any such method. The number of iterations needed to make the relative
error

e i/11e| (1.4)

less than a specified tolerance is approximately inversely proportional to the asymptotic
rate of convergence, Ro,. For stationary methods, R = —In(p), where p = p(Q71R),

1



the spectral radius of the iteration matrix, and for PCG, Re = — In((v/& — 1)/(v/K + 1))
where « is the condition number of L= AL~T. Here the norms for (1.4) are the Euclidean
norm [|v]lz = (vTv)!/? for the stationary methods and the A-norm |jvfl4 = (vT Av)1/2 for
the preconditioned conjugate gradient methods.!

Consider the case where (1.2) comes from the Dirichlet problem discretized by second
order finite differences on a uniform n x n grid in . Let A = %7 and N = n?. The
asymptotic convergence rates for a representative set of iterative methods, as functions of
-h, are given in Table 1. For stationary methods, these results are classical; their deriva-
tion and history can be found in Varga [34], pp. 201ff, Young [37], pp. 127 and 464fF,
and Axelsson [3], pp. 37-39. The relaxation parameters w) and w; are the optimal and
“good” choices for SOR and SSOR, respectively, as presented in [34, 37]. The asymptotic
analysis for SSORCG is the same as that of the SSOR semi-iterative method, as discussed
in {37], p. 472. The use of the ILU factorization as a preconditioner for CG is presented
in Meijerink and van der Vorst [29], although no condition number analysis is given there,
Asymptotic results showing that ILU preconditioned finite difference operators have con-
dition number O(h~?) (the same as A) appear in Gustafsson [19]; the specific coefficient
V17 given in the table is a lower bound, derived in Chandra [7], p. 247. Analysis showing
that the MILU preconditioned systems have O(k~!) condition number (for general ellip-
tic operators) appears in Dupont, Kendall and Rachford [11]; further analysis is given in
the papers by Axelsson [2], Dupont [10] and Gustafsson [19]. The coefficient 2\/7 in the
convergence rate corresponds to a near-optimal choice of the MILU iteration parameter,
which follows from the analysis in {2]. For a summary of some of the early developments
of preconditioners, see Golub and O’Leary’s annotated bibliography [17].

Method Convergence Rate
Jacobi ~’5;- h?®
Stationary Gauss-Seidel n2h?
SOR(ws) 2nh
SSOR(wy) nh
ILUCG V1ixh
PCG MILUCG 2v/7vh
SSORCG(w;) 2v/mvh

Table 1: Asymptotic convergence rates for the Dirichlet problem.

One unsatisfying aspect of the derivations of these results is the degree to which they
depend on “hard analysis,” i.e. the establishing of complicated sets of inequalities leading

! For both classes of methods, Ry is the limiting value as m — oo of —ﬁ In B, where
Bm is an upper bound for (1.4). This notation is standard for stationary methods, where
m = (@71 R)™|| [34,37]. For PCG, Bm = 2[(v/k — 1)/(v/% + 1)]™, but using the limit is
actually a slight abuse of notation since PCG converges in a finite number of steps. In the
context of Table 1, however, this number of steps is O(h~2), typically much larger than
R} for PCG, so that Ry, is still a useful measure.
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to bounds on spectral radii or condition numbers. Moreover, the analyses for individual
methods tend to be specialized for those methods, so that it is somewhat difficult to gain
insight into one method from the analysis of another. For example, although from an
intuitive point of view the SOR and SSOR iterative methods appear to be closely related,
the analyses of the two methods are different. Determination of the optimal SOR iteration
parameter comes from a specific relationship between the eigenvalues of the SOR and
Jacobi iteration matrices [34,37], whereas (for the natural ordering) there is no such result
for SSOR. Similarly, the analyses of relaxation methods say little about the incomplete
factorizations, and conversely. (Cf. however the variable-w generalized SSOR technique,
which is equivalent to the MILU factorization [2].) Moreover, the performance of CG
depends on both the extreme eigenvalues and the distribution of eigenvalues [3); in general,
the analyses of preconditioners provides virtually no information concerning the latter
issue. Because of this, subtleties of behavior of preconditioned CG are not understood.

A heuristic explanation for why these analyses must be difficult is that the coefficient
matrix A and splitting operator @ typically do not share a common set of eigenvectors,
which makes it difficult to analyze the spectrum of Q1A or of Q*R. This phenomenon
can be seen by considering the classical stationary methods. An orthogonal set of eigen-
vectors for the discrete Dirichlet operator A on an n X n grid consists of the n? vectors
{v(*#9]1 < s,¢,< n}, whose ((k—1)n + j)'th component is

swy . trk .
ntl ST (1.5)

v§;") = §in
Thus, the spectral decomposition of A is a discrete finite Fourier sine series. As shown by
Frankel [15], the Gauss-Seidel and SOR iteration matrices have eigenvectors w** where

j 4k
Wiy = A,‘f‘vj.,‘"’, (1.6)

and A, is the corresponding eigenvalue of the iteration matrix.? Thus, the eigenvectors
can still be expressed in terms of trigonometric (sine) functions (so that they bear some
resemblance to a Fourier series), but they differ from the eigenvectors of A by a compo-
nentwise multiplicative factor. (The eigenvectors for the Jacobi method are the same as
those of A.) As for preconditioners, their analyses avoid the consideration of eigenvectors
entirely, and instead consist of case by case studies of the extreme eigenvalues of Q1 4,
for different Q. In this paper, we introduce a Fourier analysis for iterative methods and
preconditioners applied to discretized elliptic partial differential equations, which has the
property that for model problems all the operators under consideration share a common set
of orthonormal eigenvectors. As a result, the methodology can be used in a uniform man-
ner to study convergence properties of 2 broad collection of methods, and all eigenvalues
can be determined essentially by inspection.

? This relationship between the eigenvectors of the Jacobi iteration matrix and those of
Gauss-Seidel and SCR was also shown by Young in his thesis [36], in much more general
form. In particular, Young’s results (which never appeared in print) are not limited to
constant coefiicient operators or simple boundary conditions.
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Fourier methods are a standard tool for the analysis of both differential equations
and discrete solution methods for time dependent problems. A classic example is the
von Neumann stability analysis. Consider for example the Cauchy problem for the heat
equation (see Richtmyer and Morton [30], pp. 9f):

2
%(IJ) = gﬁ;(x, t) — 00 <z £ +oo, u(z,0) given.

Let {u}} be defined by some finite difference scheme. For the discrete solution to be of
any use, it should be bounded (in time), since the continuous solution is damped out
as ¢ increases. To reflect this requirement, the (strict) von Neumann stability analysis
procedure imposes the condition that each discrete Fourier component of the solution of
the form

_. uj = MBS E(m)" (2.1)
satisfies the condition |¢(m)| < 1. For example, if Euler’s method

n+l _ At

uitl = m(u}‘ﬂ - 2uf +ui ) +ul (2.2)

is used for the difference scheme, then substitution of (2.1) into (2.2) shows that (2.1) is a

solution when the amplification factor £(m) satisfies

At
(Az)?

E£(m) = (efmAs —2 4 gmimAZy (2.3)

That is, {(m) = 1 ~ 4, 8¢ sin?(222) and the von Neumann requirement is satisfied

for all m provided ﬁ%‘)’ < % Von Neumann analysis has been applied extensively and
successfully as a general guideline in many applications; see e.g. the comments by Roache
[31], pp. 50ff. The Fourier approach has also been used to construct discrete schemes for
solving PDEs with spectral methods [18], which compute solutions in the form of a finite
linear combination of discrete Fourier components of the form (2.1).

Fourier methodology is also a standard analytic tool for elliptic problems, see e.g.
Weinberger [35] ch. IV for an elementary treatment. For example, the eigenfunctions for
the Laplace operator on the unit square with homogeneous Dirichlet boundary conditions
are

v{*? = sin s7z sin try, s, t=1,2,...,

of which the vectors (1.5) are the discrete analogues. More generally, the Laplace equation
Au = 0 on arectangle with Dirichlet boundary conditions u = g hasa uniformly convergent
Fourier series solution when ¢ has a uniformly convergent Fourier series on each side of
the rectangle. In a recent analysis, Bube and Strikwerda [5] use Fourier transforms of
difference operators to derive regularity estimates of their solutions, which in turn can be
used to analyze the convergence of the discrete solution. Fourier analysis has also been
used in the development of numerical methods for elliptic problems. For finite difference
methods, discrete Fouricr series such as (1.5) are exploited by one type of so-called “fast
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direct” elliptic equation solvers, whose efficiency derives from the fast Fourier transform,
see €.g. Swarztrauber [33]. These techniques can also be used as preconditioners for
iterative methods for solving nonseparable problems, resulting in convergence rates that
are asymptotically bounded independent of mesh, e.g. Concus and Golub [8], Elman and
Schultz [12]. ‘

There has been some use of Fourier methods for the analysis of numerical methods
for discrete elliptic problems. The most notable example is Brandt’s “local mode analysis”
for use with multigrid methods [4], where a heuristic analysis is used to demonstrate that
the Gauss-Seidel iteration reduces high frequency errors rapidly. Kettler [24] uses a similar
approach to study PCG as & multigrid smoother, and Jameson [22] analyzes a modified
Runge-Kutta marching scheme used as a smoother in multigrid algorithm for transonic
flow problems. Other examples include an analysis recently used for “local” (i.e. variable
w) relaxation schemes by Kuo et. al. [25,26); and an analysis of the stability of (complex)
factorizations of the discrete Laplacian by Liniger [28]. All of these techniques ignore the

effects of boundary conditions, but the behavior predicted by them agrees with numerical
experiments.

In general, though, Fourier analysis has not been a popular tool for studying nu-
merical methods for elliptic problems. We suspect that it never caught on for stationary
methods because it is not rigorously applicable except for constant coefficient operators
with periodic boundary conditions, whereas the classical analysis does a thorough job of
explaining their performance for general problems. (Cf. Section 5 for some exceptions to
the restriction on boundary conditions. See also [20] for a perturbation analysis relating
the one-dimensional periodic and Dirichlet problems, and [1,27] for generalizations of the
classical SOR analysis.) They have rarely been applied to preconditioners because, in
addition to the restrictions on boundary conditions, the preconditioning matrices do not
look like constant coefficient (i.e. constant diagonal) operators even when the continuous
problem has constant coefficients. The only exception seems to be [24]. However, there
only the smoothing rate is needed, which is governed by the convergence rate of the middle
frequency of the error, arguably less sensitive to the effect of boundary conditions. Our

results show that the Fourier approach works even for predicting the behaviour of the low
frequencies.

In the present work, we examine the model problem (1.1) with periodic boundary
conditions, and define a discrete approximation and splittings (1.3) by analogy with oper-
ators for other boundary conditions. These matrices all share the same set of orthogonal
eigenvectors, and it is easy to examine spectral radii and condition numbers. Although
the analysis is only exact for periodic boundary conditions, there is a strong correspon-
dence with results for other boundary conditions. In particular, the orders of magnitude
of asymptotic convergence rates for the Dirichlet problem are reproduced exactly by the
periodic analysis. Moreover, the Fourier methodology provides insights into subtleties of
behavior of methods, especially preconditioning techniques, not available from existing
analysis. Thus, our analysis can be used like the von Neumann analysis as a practical tool
to help determine whether or not a method is effective,

In Section 2, we present the periodic model problem and outline the methodology that
will be used throughout the paper. In Section 3, we show how this methodology can be

5



applied to the Jacobi, Gauss-Seidel, SOR and SSOR stationary iterative methods, and in
Section 4, we consider the ILU, MILU, SSOR and alternating direction DKR approximate
factorization preconditioners [6]. In particular, we show that the standard results for both
stationary methods [37} and incomplete factorizations [6,7,11,19] are reproduced essentially
verbatim by the Fourier analysis. Finally, in Section 5, we present a heuristic analysis and
experimental evidence demonstrating that the Fourier results can provide information and
insights into methods for the model problem with other boundary conditions.

2. Framework of Analysis
Consider the Poisson equation (1.1) on the unit square, with periodic boundary con-
ditions
u(zx,0) = u(z, 1), u(0,y) = u(l,y). (2.4)
The eigenfunctions of the Laplacian with these boundary conditions are

u(z, y) — eiz21rneiy2,r!’ (2.5)
where s and ¢ are integers, and the corresponding eigenvalues are
(27s)? + (2nt)>. (2.6)

Discretizing this problem by centered finite differences on a uniform (n+1)x(n+1)
grid gives rise to a system of linear equations

Au=1b (2.7)

of order N = (n + 1)2. It is convenient to represent vectors u of order N as a doubly
indexed array {u;;}, 0 < j,k <€ n. Alternatively, u is a function defined on the mesh
points {(jk, kh)[0 < j, k < n}, with u;x = u(jh, kh), where h = 1/(n+1). If the difference
operators are scaled by h?, then the equation of (2.7) corresponding to the (4, k) grid point
is

dujk — g1k =~ Ujrk = U k41 — Ujk-1 = bk, (2.8)

where bjx = h2f(jh,kh). Because of the periodic boundary conditions, the indexing of
(2.8) is performed in mod n + 1 arithmetic so that Untyk = tio and 4jo = u; 4. The
coefficient matrix A has the form

P B B
B P B
B
B B P
where _
4 -1 -1 -1
-1 4 -1 -1
P= s B=
-1
-1 -1 4 -1




Consider the vector u{** defined by

ug‘z,t) - ei‘;‘%?ﬂacl"ﬂ:__lzﬂ't = e‘jei eikég’ (2-9)
where o 2t
w8 w

= = 0<s,t<n. 2.10

f=arr 4T ni SHten 210

This is an eigenvector of A analogous to the eigenfunction (2.5), and for integers 0 < s,¢ <
n, {u{*} comprises a set of orthogonal eigenvectors for A that span CV. After substi

tution of (2.9) into the recurrence on the left side of (2.8), a straightforward computation
shows that

Au("it) . Aﬂ("t),
where
. 2 8' 2 Ve
A=Ay = 4—~2cos f,—2cos ¢y = 4(sin —2~+sxn 2 ) (2.13)
i.e. A, is the eigenvalue corresponding to eigenvector uf*?), (To see more clearly the
relationship between the eigenvalues (2.6) and (2.13), note that the eigenvalues of 754

are % (sin?(6,/2) + sin?(¢, /2)), which for small s and ¢ are approximately equal to the
continuous eigenvalues (2.6).) Note that eigenvalues for the eight indices

(s, 1), (t, 8), (s,n+1-1), (n+1-43),
(n+1-s,1), (n+1-13), (n+1l-s,n+1-1), (n+l-t,n+1~3),

are all equal, so that most eigenvalues of A4 are of multiplicity eight.

We will define splittings of the form (1.3) for the periodic problem (2.7) by analogy
with versions for the Dirichlet problem. All the splitting operators @ can be described in
terms of computational molecules on the underlying grid. For example, for the Gauss-Seidel
and SOR iterative methods, Q is given by a matrix L in which the row corresponding to
the (J, k) grid point has nonzero entries in the columns corresponding to the (4, k), (j — 1, k)
and (j,k — 1) points. Similarly, for the ILU and MILU incomplete factorizations, Q has
the form LU in which L has the nonzero structure just described and the row of U for the
(4, k) grid point contains nonzeros in the columns corresponding to (7, k), (j + 1,k) and
(4, k +1). The computational molecules for A, L and U are shown in Figure 1.

L

E &§ —£]

]
Figure 1. Computational molecules for (from left to right) A, L, and U.

As with A, indexing is performed in mod n + 1 arithmetic. As a result, L (i.e. each
version of L) is not a lower triangular matrix, but instead is a block matrix of (block)
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order i 4 1, with nonzero structure

X Y
(%
L . (2.14)
Y X
X and Y are of order n + 1, X has nonzero structure
x x
xX X ) . .
, (2.10)
x x

and Y is a diagonal matrix. (Here “x” denotes a nonzero entry.) That is, L is block lower
triangular except for a nonzero diagonal block in the upper right corner, and the diagonal
blocks of L are lower triangular except for a nonzero in the upper right corner. U has
the same nonzero structure as LT. In the following, we use the word “method” loosely
in conjunction with these splittings, although in reality the splittings are designed only
as analytic tools, and not as the basis for numerical methods for solving (1.1) and (2.1).
Indeed, since L and U are not triangular, applying the actions of their inverses is more
complicated than for other boundary conditions.

We remark that there is a close relationship between the spectrum of the discrete
periodic problem (2.4) and that of discretized problems with other boundary conditions,
such as Dirichlet and mixed Dirichlet-Neumann conditions. Consider the Dirichlet case,
in which the boundary conditions (2.1) are replaced by

u(z,y) = g(z,v), (z,y) € . (2.11)

Discretizing on a uniform grid with n interior points in each direction results in a linear
system of order n? whose eigenvalues are [11]

. é b,
Aot = Ajt(sin2 -51 + sin? %), (2.12)
where
- s - =t
'=n+1’ ¢t'zn+13 1<s,t<n.

The corresponding eigenvectors are ﬁg:") = sin(j §.)sin(k$t). Most of the eigenvalues are
of multiplicity two, and comparison with (2.8) shows that roughly one fourth of the eigen-
values of the Dirichlet problem are also eigenvalues of the periodic problem. Equivalently,
on & given mesh of width h the Dirichlet problem admits eigenvalues with roughly twice
as many Fourier modes in each component as does the periodic problem. The smallest
modes for the Dirichlet and periodic problems are 7k and 27h, respectively (see [19]).
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These observations will be used as the basis of a heuristic analysis connecting results for
the periodic problem to problems with Dirichlet boundary conditions (see Section 5).3

& Finally, observe that for the continuous periodic problem (1.1}/(2.1) the eigenpair (1.1)
in the case s = ¢ = 0is A = 0, u = 1. Hence, the problem (1.1)/(2.1) is not well posed:
if v is a solution, then v + ¢ is also a solution for any constant ¢. Similarly, the discrete
eigenpair (2.8)fors =¢=0is A = 0, u = 1, so that A is singular. (All other eigenvalues are
nonzero, so that 4 has rank N—1.} In addition, in some cases the splitting matrix Q is also
singular (see Section 4). Consequently, it is not meaningful to talk about Q~!, Q—R, or
the condition number of Q—! A. In the Fourier analysis below, we will restrict our attention
to the nonzero modes in each component of 4 and Q, i.e. to the cases 1 < s, < n. These
modes are analogues of the lowest modes for the Dirichlet problem. Thus, the smallest
nonzero eigenvalue of A that we will consider is Apmin = 8 sin®(nh) ~ 872h2, and the largest
eigenvalue (for 6, = ¢; = 7) is Aoz =~ 8. We will define analogues of spectral radii and
condition numbers in terms of these restricted sets of eigenvalues and eigenvectors. Note
that the extreme periodic eigenvalues (and therefore the conditioning with respect to the
restricted eigenvalue set) for a mesh of width 2 are the same as those of the Dirichlet
problem for mesh width h. Below, we will use this correspondence to apply our results to
iterative methods for the Dirichlet problem.

3. Stationary Iterative Methods

In this section, we define the splittings for the periodic problem that correspond to
the Jacobi, Gauss-Seidel, SOR and SSOR stationary methods for (2.7) and we perform
a Fourier convergence analysis of each of them. Let {s¢}7 1=0 denote the eigenvalues of
the splitting operator Q and let {#st}; =0 denote the eigenvalues of R. As we will show
below, each of the splitting operators is nonsingular and Q, R, and A all share the same
set of orthonormal eigenvectors. Hence, the eigenvalues of Q7R are {¢,¢/ Hat}? ¢=o, B0
the spectral radius of Q™R (with respect to the restricted set of modes) is

= J2X ot/ tur. (3.1)
We must determine the value of (3.1) for each of the splittings.
Let

A=D-—(L+L7), (3.2)

where D = diag(A) and D — L has the nonzero structure (2.14) - (2.15). Then the Jacobi
splitting is given by Q = D, R = L + LT. Applying these operators to the eigenvector
u(®? of (2.9) gives

Du(a,t) - 4u(n,t), Lu(l,l) = (e—l'ﬂ. + e—i¢. )u(c,t)’ LTu(a,t) = (eia. + eu‘¢. )u(l,t).

3 Other boundary conditions give rise to similar properties. For example, if (2.11) is
replaced by the pure Neumann condition u, = 0 on the vertical boundariesz =0,z =1,
and first order differencing is used for u., then the eigenvalues are as in (2.12) except s = 0
and s = n + 1 are also included, and the eigenvectors are cos(j8,)sin(kd,). See [35] for
further discussion along these lines.



Hence, the eigenvalues of the Jacobi iteration matrix are

el 4 e=i0 4 ik | o—ide _ cos(8,) + cos(¢;)
4 B 2 '

The largest values occur when s = ¢ = 1, so that the spectral radius is

st =

(3.3)

p3 = cos(27/(n + 1)) = cos(27h).

Note that the eigenvalues of D, L and LT can be be identified by simply examining the
computational molecules and the corresponding (constant) matrix entries for each of these
operators. For example, at any (7, k) mesh point, L uses the neighboring (j — 1,k) and
(j, k —1) points, with corresponding matrix values equal to one, so the resulting eigenvalue
is (1 x)(e™* + e=%%), This technique of determining eigenvalues by inspection applies to
all of the operators of this paper (including A). It is analogous to the determination of
the amplification factors (or symbols) for the von Neumann stability analysis from the
difference scheme, e.g. compare the coefficients and the subscripts, respectively, of (2.2)
with the coefficients and exponent signs of (2.3).

For the Gauss-Seidel splitting, Q = D—L and R = LT. Consequently, the eigenvalues
of the Gauss-Seidel iteration matrix are

e"al + e"¢l
- 4 — (e"‘en -+ e"‘-‘#t).

Yt

A straightforward algebraic manipulation gives

il = 1+ cos(8, — ;)
Yat 8 — 4(605(63) + COS(¢:)) + 1+ 005(9: - d’t) .

The maximum value occurs at s = ¢ = 1, which results in a spectral radius of
1

pPGs = .
\/ 1+ 8sin?(7h)

The SOR splitting is defined by

Q-—mlD—L, R=(—1--—U)-D+LT,
w w

where w > 0 is the relaxation parameter. Therefore, the eigenvalues of the SOR iteration

matrix are _ ‘
4(1 —w) + w(e 4+ &%)
4 — wlemi® 4 e=idr)

Tt =

_(-w+ £2(1 + cos(6, — ¢¢)) —w(1 ~ w)(sin’(6, /2) + sin?($,/2))
(1 —w)+ % (1 + cos(8, — ¢)) + w(sin?(6, /2) + sin*($/2))

(3.4)
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Note that (3.4) has the form

'a 112 = g(g,, ¢¢) + w("‘" - I)f(ﬂ,, ¢1)
! 9(6,, 6¢) + wf(8,, $e) ’
where f > 0 and both the numerator and denominator are positive. If 0 < w < 2,
then |w(1 - w)| < w, which implies that wf > lw(w — 1)|f. Therefore, the SOR spectral
radius psoR is less than 1. This is essentially Kahan’s result [23], and we now restrict our
attention tow in this range. It is easy to verify that the spectral radius occursat s = ¢ = 1,
Therefore,
(w = 1) ~ 8w(1 — w) sin?(7h)

(w—1)? 4 8wsin®(7h)

psor(w)? =

Differentiating this expression with respect to w, we find that the value of w that minimizes
psor(w) is '
2

“PE=1E 2sin(wh)’

Substituting w, into psor(w) gives

oy _ |1 —sin(nh)
PsOR(w") = V 1+ sin(7h)’
Finally, for the SSOR stationary splitting,

Q 1 5P -wDD ™D - wr?),

= w(2 —

and

R= ;-(-é%_-;)((w ~1)D = wL)D"Y(w ~ 1)D ~ wLT),

Therefore, the SSOR eigenvalues are

oy = (4(1 - w) + w(et 4 e"'*‘)) (4(1 —w) + wle™ 4 c’“‘))_ (3.5)

4 — w(e ¥ 4 e—idr) 4 — w(et + eidr)

The two factors on the right hand side of (3.5) are complex conjugates of one another, and
the first factor is exactly o,¢ of (3.4). Therefore |7atl = |o4}?, and the same arguments as
for SOR give

1. f 0 < w < 2, then pgsor(w) < 1.

2. The optimal value of w for SSOR is w* = mr_ﬂ

1—sin{mh}

3. The minimum spectral radius for SSOR is pssor(w*) = Tl
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Fourier Classical
Method w* p(w*) R(w*) w* plw*) R(w*)
Jacobi — cos(mwh) %’hz — cos(mh) -,;-h2
Gauss-SeideI — m 7r2 h2 — COsz(Trh) 1'r2 h2
1N =
7 1--sin( Zk) 2 1—sin(mwh)
SOR 1+25in(52) YL %h 1+sin(nh) 1-Fsin(wh) 2nh
2 1-sin(ZA) 2 1—sin(Zh)
SSOR 1+2:in(-!5-];) 1+sin( k) wh 1+42sin(52) 1+4sin(Zt) Th

Table 2: Comparison of Fourier results and classical results for stationary methods.

We collect the results from the Fourier analysis of stationary methods in Table 2. We
also include the known results for the Dirichlet problem. From our observations at the
end of Section 2, there is a correspondence between the spectrum of the discrete periodic
problem with mesh size % and that of the discrete Dirichlet problem with mesh size A.
Thus, in the table we show the Fourier results for a mesh size % Comparison of the Fourier
and classical results reveals an extraordinary agreement. The Fourier and classical results
for the Jacobi and SSOR methods agree exactly, as do the asymptotic convergence rates
for the Gauss-Seidel method. For the SOR splitting, the values of w* agree asymptotically,
and so do the exponents of & in the asymptotic rate of convergence. The only disagreement
is a factor of four in the coefficients of A in the asymptotic convergence rates.

4. Preconditioners

In this section, we define the ILU, MILU, SSOR and ADDKR incomplete factoriza-
tions for (2.7) and perform a spectral analysis of the preconditioned systems. The standard
analysis of preconditioners examines the condition number of the preconditioned operator
Q~1/24Q~/2 ie. the ratio of the maximum and minimum eigenvalues of Q=1 A. The
condition number can be derived from upper and lower bounds on the Rayleigh quotient

(v’ Q—1/2Aq—1/2v)
(v,v)

(see [7,11,19]). The eigenvectors of A with unit norm are

(4.1)

v(‘vt) - hzu{‘s'),

where u(*?) is given by (2.9). Let V denote the orthonormal matrix whose columns are
v{»9 andlet A denote the diagonal matrix containing the corresponding eigenvalues (2.13).
Again, as we show below, the eigenvectors of A4 are also eigenvectors of each preconditioner
Q that we are studying. If ¥ denotes the diagonal matrix of eigenvalues of Q, then
A=VAV*,

Q=VoVv"*, (4.2)
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For nonsingular Q, it is easily verified from (4.2) that the extreme values of (4.1) are given
by the minimum and maximum values of piye = Aye/tbs. We refer to the quantities u,,
as the “preconditioned eigenvalues,” and we define the “restricted” condition number x(@)
for the preconditioned problem to be the ratio Hmaz/Bmin, Where pimer and Lmin are the
extreme eigenvalues for the set of restricted modes,

HBmaz = 15“3?:'§n '\at/'ﬂ!’ch Hmin = lsual,it%n /\ct/'/’ct-

These expressions and (%) are well-defined for both singular and nonsingular Q.

4.1. The ILU Factorization

_ The ILU factorization is defined to be the product Q@ = LU, where L has the nonzero

structure (2.14) - (2.15) and U has the structure of LT, such that the entries of Q@ have
the same values as those of 4 wherever 4 is nonzero. For this and all other incomplete
factorizations, we use the convention that U has unit diagonal. By formally multiplying the
factors and matching the entries of Q and 4, we find that the defining condition is imposed
by choosing the nonzero off-diagonal entries of L to be equal to the corresponding entries of
A and the nonzero entries of U to be equal to the corresponding entries of A4 premultiplied
by the inverse of the diagonal of L. For the discrete Laplacian, the off-diagonals of L are
identically —1 and those of I/ in the (s k) row are —1/a ;. The diagonal entries must then
satisfy (in mod n + 1) arithmetic

a,-k=4—1/aj_1,k-i/o:,-,k_1, OSj,kSn.

These equations are satisfied by ajr =a =2+ 2. Hence, the ILU factors are constant
coeflicient matrices. They are also strictly diagonally dominant, so that (in contrast with
A), L, U and Q are nonsingular.

The preconditioning matrix Q is equal to A + R, where

Zz ET E
E 2z ET
R= ‘. .
ET
ET E Z
Z is a matrix of all zeros,
0 ¢
0
E= K (4.3)
. "
n 0
and 7 = 1/a = 1/(2 + v/2). For any eigenvector u = u(*" of 4 given by (2.9),

[Ruljt = = (jms42 + ja1,0m) =
Jk‘2+\/§ J—1,k+1 I+1,k~1 -2+¢§

1064 (i(0-9) | o—i(0-0))

i

5 +2\/_2.cos(9 ~ @) uji.

13



As a result, :
Qu("’) = ,p“u(!,f)’

where

Vo = 4(sin2 %‘- + sin? %)+2 +2\/§
Thus, A, R and @Q all share the same set of orthonormal eigenvectors. (As observed in
Section 3, these eigenvalues could also be determined by directly applying L and U as
difference operators to u(*%, or by simply ascertaining the symbols of L and U in terms of
‘their effect on the computational molecule. This approach shows that L and U also have
the same eigenvectors.)
The condition number x{) for the ILU preconditioning is the ratio of the maximum
and minimum nonzero values of

(I _ Aot _ 4 (sin’(8,/2) +8in’(¢:/2))
#o= Yot 4(sin®(6,/2) +sin?(¢¢/2) ) + -5:-‘_-275 cos(8, — ¢¢)

cos(8, — ¢¢). (4.4)

(4.5)

where §, and ¢, are as in (2.10) with s, ¢t > 1. The following result gives an asymptotic
bound for (D,

Theorem 4.1. For the ILU preconditioned operator, k() = O(h™32).

We defer a proof to the Appendix. This result coincides with the analogous asymptotic
bound for the condition number of the ILU preconditioned Dirichlet operator [7,19].

L +)
Figure 2. Surface plot of ILU preconditioned eigenvalues, n = 30.

In addition to providing condition numbers, the formula (4.5) gives a clear picture of
the distribution of eigenvalues and the effect of the ILU preconditioner. The denominators
Yot of (4.5), i.e. the eigenvalues of the ILU preconditioning matrix Q, are all O(1). Hence,
the extreme ILU preconditioned eigenvalues correspond precisely to the extreme modes
of the original matrix. These are the smallest ones, occurring wherever sin’(4,/2) and
cin®(¢;/2) is small, i.e. at the four corners of the box {0 < 6,, ¢; < 27}. Away from these
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corners, all the eigenvalues of Q and A are of order one, so the preconditioned operator is
well-behaved. A surface plot of (4.5) (for n = 30) that confirms this is shown in Figure 2.

4.2. The MILU Factorization

The MILU factorization is defined so that the entries of Q have the same values as
those of A for all off-diagonal indices at which 4 is nonzero, and the sum of the entries of
each row of the error matrix R=Q - A equals ch?, where c is a nonnegative constant that
is independent of h. These conditions are imposed by choosing the off-diagonal entries of
L and U to be the same as in the ILU factorization, and the diagonal values of L to satisfy

@jk =4+ ch? = 1/aj_1k = 1/ajne1 = 1/ajo1a41 — 1041 ke, (4.6)

This expression is satisfied by

ch? 1
o r=a=2+ -+ -‘5\/8¢:J‘L2+(chz)2 (4.1
Ifc =0, then a = 2. The MILU factors also have constant coeflicients, they are diagonally
dominant and hence nonsingular for ¢ > 0, and for ¢ = 0 they have a zero eigenvalue with
eigenvector equal to the constant vector.
The error matrix has the form

D ET E
E D ET
R= : .
ET
ET E D

where D = diag(—2/a + ¢h?), E has the form (4.3), n = 1/a and « is defined by (4.7).
The eigenvalues of Q corresponding to the eigenvectors u(** are ’

. o 8 . 2 2

VYar = 4(51112 -é1 + sin® E') + Zcos(ﬂ, - &) — = + ch?,

Ifc =0, then @ = 2. In this case, for s = ¢ = 0, Yoo = 0 and Q is singular. The
restricted condition number £M) for the MILU preconditioning is the ratio of maximum
and minimum values of

ﬂ(M) - /\.g = ’ 4( sin2(9./2) + sin2(¢¢/2) )
Voo 4(sin’(6,/2) + sin?($:/2)) + (2] @) (cos(0, — $) — 1) + oA’

forl1 <s,t<n, :
The following result gives a bound for x(M),

Theorem 4.2. For the MILU preconditioned operator, if ¢ > 0 then x(M) = O(h~1), and
if ¢ = 0, then k(M) = O(h~2),

(4.8)
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See the A ppendix for a proof. The analysis of the MILU preconditioned Dirichlet operator
gives the same result for ¢ > 0. We know of no theoretical result in the Dirichlet case
for ¢ = 0, although we have observed empirically that the gondition number behaves like
O(h™?) there also. We will comment on this difference between the periodic and (observed)
Dirichlet results in Section 5.

Figure 3. Surface plot of MILU preconditioned eigenvalues, n = 50, c = 80.

As in the case of the ILU preconditioner, the MILU formula (4.8) shows clearly the
eigenvalue distributions and the effect of the MILU preconditioner. A surface plot of (4.8)
for n = 50 and ¢ = 80 is shown in Figure 3. Moreover, examination of this expression shows
subtleties of behavior for the periodic problem not revealed by analyses of the Dirichlet
problem. Let A denote the box {(6,¢)10 < 6,4 < 27} in two-dimensional (8, ¢)-space,
and let S = {(6, 4)|¢ = 27 — 6}, the transverse diagonal across A. (In Figure 3, A is the
square depicted in the horizontal plane and S is the dotted line. See also Figure A.1 in
the Appendix.) Then the following observations hold; see the Appendix for elucidation. _

1. The smallest eigenvalues of the MILU preconditioned operator are of order one, and
the asymptotically extreme eigenvalues are the large ones, of order A~ for ¢ > 0 and of
order h=2 for ¢ = 0. Examples of extreme large eigenvalues occur near the endpoints of S;
for ¢ > 0, they occur when 6, ~ 2v/7 (ie. s=vn+1/7), and for ¢ = 0, when 8, = O(h).
2. Indeed, the only extreme eigenvalues occur near the endpoints of §. That is, if D is any
domain containing the corners of 8, then for all §, and ¢, outside of D, the eigenvalues
corresponding to 6, and ¢, are of asymptotic order one as h — 0.

3. The effect on conditioning of the ch? term used in the definition of the MILU factoriza-
tion can be clearly seen. When ¢ > 0, the condition number is O(h~!') and when ¢ = 0 it
is O(h=?). The latter result differs from empirical observations for the Dirichlet problem
(see Section 5), althevgh it turns out to entail a delicate cancellation.
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4.3. The SSOR Factorization
Let A=D—(L+L7) as in (3.2). Then the SSOR factorization is given by
Q=(D-wL)D™Y(D -wLT),

where w € [0,2] is a scalar. It is easily verified that the SSOR eigenvalues are
2 2
= (t—w+ in? 9 4 n? 20) 4 9 oue, -
Y, = (4 w4+ 5 ) +4w(s1n > + sin 2) -+ 5 cos(8, — ¢;). (4.9)

In principle one would like to choose w to minimize the condition number x(s)(w). Unfor-
tunately, this turns out to involve rather complicated calculations. Instead we proceed in
two stages. First, we determine the optimal value of w that minimizes x(S) (w) on the line
S only. This one-dimensional problem is much more tractable and we find:

Lemma 4.1. Let g,: = A,/ iy denote the SSOR preconditioned eigenvalues. Then

min m‘."x(o..dn)es Hat = o(h—l)’
welo2] Tinge, ¢,)es it

with the optimal value of w given by w* = 2/(1 + 2 sin(rh)).

See the Appendix for a proof. For this choice of w, we then have the following bound on
the SSOR condition number.

Theorem 4.3. For the SSOR preconditioned operator, if w = w* then (5 = O(h—1).
Proof. The proof of this result is essentially the same as the proof of Theorem 4.2 for the
MILU preconditioning (see the Appendix): for w = w*, it can be shown that the SSOR
preconditioned eigenvalues u(5) satisfy

(S)<Q:ﬂ

S lesr ez = 007N,

1
=<
gS#

where s = sin(7h/2) = O(h). We omit the detajls. Q.E.D.

This asymptotic bound on the condition number again coincides with the results for
the Dirichlet problem. It also shows that for any w, the SSOR preconditioned operator
has condition number at least O(h~1), since any other value gives a condition number
at least that large on §. In empirical observations of the SS5OR-preconditioned periodic
eigenvalues u(5) = ),, /s » we also find that the maximum and minimum values occur
on &, suggesting that w* is indeed the true optimal value. Finally, w* coincides with the
near-optimal value 2/(1 + 2 sin(7h/2)) for the Dirichlet problem [37], scaled to account for
a factor of two difference in modes analogous to the difference between the Dirichlet and
periodic Fourier modes.

4.4. The ADDKR Factorization

The previous results show that “he Fourier analysis not only confirms the classical
results for Dirichlet problems, but ilso reveals more details about the iterative methods,
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such as the eigenvalue distribution. But perhaps the most powerful use of the Fourier
approach is to use these new insights to design better methods. We will show such an
example in this section.

The ADDKR incomplete factorization [6] combines a standard incomplete factoriza-
tion with an incomplete factorization for a permuted version of A4 in which the order of the
grid points in one direction (without loss of generality, the z-direction) is reversed. For
motivation, consider the stationary method

u — u+7QT(b— Au).

where @; = LU, is some incomplete factorization, and r is a scalar parameter. By
convention, the unknowns of (2.7) are ordered in the natural order with horizontal lines
ordered from left to right. Since the factorization has a preferred direction on the grid,
this sweep,does not annihilate errors uniformly on the grid. This phenomenon can be seen
from Figure 3, where the eigenvalue 4 is large (O(h~")near (6,¢) = (61,¢5,) and small
(O(1)) near (6, 8) = (61,¢1). It therefore seems natural to combine this method with one
that complements this behaviour, i.e. has large eigenvalues near (6;, ¢;) and small ones
near (61, ¢,). It turns out this can be achieved by changing the direction of the ordering of
the grid points in defining the preconditioner. Let P denote the permutation that reorders
the horizontal lines from right to left, and let L,U, denote the incomplete factorization for
PAPT; equivalently, Q2= LU, = [PT.fagP] [PTﬁz P] is another approximate factorization
for A. Then a second sweep
ue—u+7Q7 (b~ Au)

will tend to annihilate errors left over from the first one,

G

m
oy
O

0
Figure 4. Computational molecules for (from left to right) A, L, and U,.

Ly and U, are defined exactly as in the MILU factoriation, except for the diagonal

entries, where h? is replaced by k” for some P € [0,2]. Hence, the diagonal values are given
by

?
% + %\/&hv + (chP)2, (4.10)
L; and U, are defined in an identical manner, except that their computational molecules
are as in Figure 4. That is, L, has the form (2.14) but in which X has the form of the

transpose of (2.15). Let Ry = @, — A and R; = Q; — A. As shown in {6], the splitting
operator :

a=2+

Q=CQi(A+R; + R;)™1Q,

corresponds to performing a sweep based on Q, followed by a sweep based on Q,. The
ADDKR preconditioning uses Q as the preconditioner for {2.7). We are interested in the
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ratio of maximum and minimum eigenvalues of Q~1A4, although in this case, Q is not
symmetric and this ratio is not the condition number.

Exactly as for the preconditioners discussed above, the eigenvalues of Q; are

¥ = 4(sin®(8,/2) + sin?(6,/2) ) + (2/a)(cos(6, — 1) ~ 1) + ch?,
and those of @, are
P = 4(sin®(8,/2) + sin?(8,/2) ) + (2/a)(cos(8, + ¢1) — 1) + ch?,

where « is as in (4.10). Note that the only difference between these two expressions is in
the sign of ¢;. The eigenvalues of 4 + R; + R, are

et = 4(sin?(6, /2) + sin®(6,/2) ) + (2/a)(cos(8, — ¢:) + cos(6, + ¢¢) — 2) + 2chP.
Hence, the ADDKR preconditioned eigenvalues are

(4) _ 4(sin?(6,/2) + 8in®(6:/2) Jpue

. (4.11)

2
yPy?

Figure 5. Surface plot of ADDKR preconditioned eigenvalues, p = %, n=250,c=1.

Using techniques analogous to those for the MILU preconditioning, we can show that
the maximum eigenvalue of (4.11) is bounded above by 2 = O(1), for any p. Although we
have not been able to derive a rigorous lower bound for #, we have been able to get a good

idea of its value by examining (4.11) empirically. Let 1(8, é) be used to denote pg‘:). It

is straightforward to show that u is symmetric with respect to reflection over each of the
lines@=7,¢=7,0=¢,0=2r—¢,ie.

”(9$ ¢) = p(21r - 01 ¢) = 0“(451 6) = ‘-‘(2“ - ¢1 27 — 9)'
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Therefore, we can restrict our attention to the triangular region of the first quadrant of
A bounded by 8 = ¢ and 8 = 7 (see Figure A.1). We have observed empirically that the
minimum value occurs on the horizontal line ¢ = ¢, = 27k, and that on this Line, 4(8,27h)
takes on its minimum value (as a function of §) at one of the endpoints 6 = 27h, 8 ~ . It
is easily shown that asymptotically, u(27h,27h) = E’-—i:h?‘l’, and p(r,27h) = 24/2¢ h?P/2,
The asymptotically optimal value of p = % can then be determined by equating the two

exponents of h. We therefore have the following
Conjecture. For the value p = £, the ratio of maximum and minimum eigenvalues of the

ADDKR preconditioned periodic operator has the asymptotic value O(h=2/ %), and this is
the smallest asymptotic value for all p in the interval [0, 2].

This optimal choice of p agrees with the empirically determined optimal value for the
Dirichlet problem [6]. A surface plot of (4.11) is given in Figure 5.

5. Relation to other Boundary Conditions

All the results presented so far apply only to the periodic problem. However, as we
have observed throughout our presentation, these results are very similar to analogous
results for the Dirichlet problem. In this section, we present an analysis and further
numerical evidence relating the periodic analysis to the Dirichlet problem.

The results of the previous sections concern difference operators M, defined for the
periodic problem. That is, if 4,, Q, and R, denote the coefficient matrix and splitting
operators for the periodic problem, then M, = Qy 1R, for stationary methods and M, =
Qp ! A, for preconditioning methods, and all the operators of both classes of methods share

the eigenvectors {u(*"} of (2.13). Let ,\J(,"t) denote the eigenvalues of M, corresponding
to u(»?, and depending on context, let K, represent either A, or R,. (Here we are
ignoring the possible singularity of Q5. To avoid reference to Qr 1, we could also say that

{(Ag"t) ,u(*1)} are the solutions to the generalized eigenvalue problem Kyu = AQ,u.)
Consider the vectors

v(a,t) = (u(s,m{-l—t) + u(n-i-l-s,t)) _ (u(a,t) + u(n+1-—:,u+1—t))’
w('vt) == (u(.l"+l-t) + u(“"'l_"rt)) + (u(‘:t) + u(“+1—l;ﬂ+1-1)),

which satisfy

viv? = 4sin(j6,)sin(kge),  wiy? = 4cos(j8,) cos(key).

Fron the periodicity of (all) the preconditioned operators, we have )\},"') = A‘(,"H-""“_'),
and therefore

Mpv(a,z) = A;:,n+1-t5(u(:.n+l—t) +u(u+1-—t,t)) _ ,\ga,t)(u(l,t)+u(n+l—¢,n+1—t))

b) ntle [ - L)
_ (Af»’ R ")v(.,,) N (A,‘: MYy ")w<.,,)
2 2 )
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Equivalently,

K,p® = Af,f")va("') +,\(_J.t)pr(l,t), 7 (5.1)
where
(o) A;.,t) + ’\;’-,n+1—t} - Ag-,n-i-l-t} _ A;.’t)
,\+ o 5 ’ AL = 2

Now assume that n is odd, n = 2m + 1 for some positive integer m. Consider a
partitioning of the unit square into four equal quadrants (ordered counterclockwise starting
from the lower left) and an ordering of any grid function u as

u= (u.h u29‘u31 Ug, US)Ts

where u;, 1 < i < 4, corresponds to the grid points interior to the i’th quadrant and us
corresponds to the grid points on the interface separating the quadrants. Let v{#? and
w(*¥ be partitioned in this manner. .

Consider the Dirichlet problem with homogeneous boundary conditions on the first
quadrant, i.e. the square ; = [0,3] x [0,1]. The coefficient matrix Ay is the discrete
Laplacian defined on an m x m grid. We define M; = Q;l K4 to be the Dirichlet operator
analogous to M, on the square ;. That is, Q, (or its factors) and Ky are defined on the
stencils of Figures 1 and 6 on the interior of €2;, and the coefficients of Q4 and K, are
precisely those of their periodic analogues at the corresponding stencil points.* Since v{*?)
venishes on the boundary of ©;, we have

(va(s.t))l — Kdvgl,!) and (va(a,t))l = dega,t),

so that by (5.1),
Kaof" = 2300Q0( 4 A0 (Q,ul),.

If .
A;:,t) = A;"n+1w‘), (52)

then A" = 0 and Kt = A},"')deg"”. Relation (5.2) holds for the eigenvalues of
both the Jacobi iteration matrix (see (3.3)) and the ADDKR preconditioned matrix (see
(4.11)). Hence we have the following result.

Theorem 5.1. If ,\5,"‘) = .\5,""+1_t), then /\5,"‘) is an eigenvalue of My. In particular,

for both the Jacobi method and the ADDKR preconditioner, the eigenvalues A;,"t) of M,,

1 < 8,t < mn, are precisely the m? eigenvalues of the corresponding Dirichlet matrix M,
for the quadrant ;.

4 Note that the resulting triangular matrices for the ILU, MILU and ADDKR incom-
plete factorizations have constant values on each of their bands, so that these are actually
slightly different factorizations than the standard ones for the Dirichlet problem. It has
been observed empirically that the standard factors are very close to these constant coef-
ficient factors, see [13].
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For the other methods under consideration, )\,(,"') # Af,""“_') and (Q,w(*"),; is not

necessarily small on §1;, so that ,\Sf") will not be a good approximation to an eigenvalue of
M. However, the strong correlation between the results for the periodic problem and the
classical results for the Dirichlet problem suggests that the periodic analysis gives a good
indication of the performance of the corresponding method for the Dirichlet problem. We

now give two examples of numerical evidence supporting this conjecture.

First, we show that the Fourier analysis predicts the distribution of the eigenvalues
for the ILU preconditioned Dirichlet operator. Figure 6 plots the Dirichlet eigenvalues for
h = f% (computed in double precision using EISPACK {16]) and the periodic eigenvalues
for h = :.;1—2- For the figure, both sets of eigenvalues have been sorted in increasing order,
and the horizontal axis represents the index of the Dirichlet eigenvalues or the index of the

periodic eigenvalues scaled by %%%. As the figure shows, the two distributions are almost

identical, _

1.67
é Periodic
v 1.17
s Dirichlet
u
=
S
0.61
0.1 T L) T
100 200 300

Figure 6. Distribution of ILU preconditioned eigenvalues for Dirichlet (h=1/ 16) and
periodic (h=1/32) operators.

Second, we show that the Fourier analysis predicts the dependence of the MILU-
condition number on the parameter ¢. It can be shown from (A.8) by elementary calculus

that for the periodic problem, the maximum eigenvalue of the MILU preconditioned matrix
is

- 1
Hmaz &~ \/2_Ch’ (5.3)

occurring when ¢¢ = 27 — 6, and sin®(4,/2) ~ \/c/8 h. Similarly, it can be shown that the
minimum eigenvalue is

. ot 1 54
Bmin &~ 1+C/(8ﬂ'2), ( * )
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occurring for 6, = 6; = ¢, = ¢, = 27/(n 4+ 1). Hence, as a function of ¢, the restricted
condition number is /(6x%)

1+¢/(87

—_——\/2_ch 5 (5.5)

Using elementary calculus, it is straightforward to show that x() has a minimum value
of 1/(27k) at ¢ ~ 872,

We wish to apply these observations to the MILU-preconditioned discrete Dirichlet
problem on the unit square. First, note that the recurrence (4.6) for the diagonal values
{aji} is not satisfied exactly for the MILU factorization of the Dirichlet operator. For
indices j = lornand k = 1 or n, the entries a;_j i or ajy1,k and aji_; or O k+1
do not appear. As noted above and shown in [13], aji is close to the constant value o
of (4.7) for most j, k. Thus, we could consider the alternative incomplete factorization
for the Dirichlet operator in which the constant a is used in place of the varying {ej:}.
We denote this constant coefficient incomplete factorization by MILU*, We will compare
the results (5.3) - (5.5) with the corresponding values for the preconditioned Dirichlet
operator, using both the true MILU preconditioning and the MILU* preconditioning,.

Let the Dirichlet problem be defined on a mesh of width ha, so that for the Dirichlet
MILU preconditioner @, the row sum of Q — 4 is cah?. We seek a correspondence between
this problem and the periodic problem for mesh size hy = %1 For the correspondence
between the MILU-preconditioned periodic problem and the (constant coefficient) MILU®*-
preconditioned Dirichlet problem, we adopt the convention that both factorizations use the
same value of . That is, we use ¢4 and 4, in place of ¢ and % in (4.7) for the Dirichlet
problem, and ¢, and A, for the periodic problem, and then we equate the two values of
a obtained. The result is ¢, = 4c4. We will also compare the performance of the true
Dirichlet MILU preconditioner to the periodic version with these pairs of values ¢4 and c,.

In Figure 7, we plot the minimum eigenvalues for the Dirichlet and periodic problems
for hg = fg, and in Figure 8, we plot the maximum eigenvalues for both hy = % and hy =
#5- (The minimum values for kg = & are nearly identical to those plotted in Figure 7.) In
Figure 9, we plot the condition numbers for the three preconditioned operators, for both
values of k4. (Again, the data for the periodic problem comes from using hy, = -'32‘ and ¢, =
4cq in the MILU symbol (4.8).) The eigenvalues for the Dirichlet problems were computed
as the eigenvalues of the preconditioned matrix B = AQ™! using Arnoldi’s method with
Chebyshev acceleration [32]. The stopping criterion for the eigenvalue iteration was ||Bv —
Av|lz < .5 %1073, where [|v||, = 1. The Dirichlet eigenvalues were computed on a VAX-
8600 in double precision Fortran; the periodic eigenvalues (4.8) were computed in single
precision.

Figures 7 - 9 show the results for the three examples to be qualitatively very similar.

In particular, we can say the following:
1. The maximum MILU*-eigenvalues are nearly indistinguishable from the periodic eigen-
values, and the true Dirichlet MILU-eigenvalues tend to the other sets as ¢4 grows. The
minimum eigenvalues (which do not vary asymptotically with k4) for the three problems
are qualitatively similar and tend to one another with increasing cq, although (somewhat
surprisingly) the true MILU-eigenvalues are closer to the periodic ones than the MILU*-
values.

M)
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2. The minimum periodic eigenvalues are smaller than both sets of Dirichlet values, and
the maximum periodic eigenvalues are larger than the Dirichlet ones, so that the periodic
condition number is an upper bound for the Dirichlet condition numbers.

3. The optimal value ¢, =~ 87? determined above gives an optimal ¢y & 272 for the
Dirichlet problem, which is the same value derived from bounds on the condition number
by the analyses of [2,19].® The actual minimum velues for the Dirichlet curves of Figure
9 are slightly smaller, but the dependence of conditioning on e clearly follows the same
general pattern for the two types of boundary conditions.

We end with one further observation from these results that reveals the usefulness of
the Fourier analysis. The folklore for the MILU-preconditioned Dirichlet problem holds
that the condition number for ¢4 = 0 is also O(h7'), although this has never been proved.
The computed condition numbers when cd = 0 for the three methods considered here are
as follows:

ha Dirichlet Dirichlet Periodic
MILU MILU*
1/26 7.5 39.8 27.4
1/52 15.7 84.8 110.0

Thus, the values for the MILU-preconditioned Dirichlet operator agree with the folklore,®
and the MILU*-conditioning also appears to grow like h7!. Our analysis of the pericedic
problem gives the condition number for ¢, = 0 as O(hy?), but this result is strongly depen-
dent on certain exact cancellations (see the Appendix). We suspect that these cancellations
do not occur in the Dirichlet case, and that the better performance is a consequence of

this.

® We elaborate on this point as follows. First, in both [2] and [19], the preconditioning
parameter is scaled by diag(A), i.e. for the model problem, 4ch? is added to the diagonal
instead of ch?. The optimal value for the scaled modification in [2] is therefore "Tz More-
over, in scrutinizing these results, we discovered that the optimal choice of "’Ta reported by
Gustafsson {19] is actually in error; the correct value for the analysis of [19] is also ”Tz

¢ To the best of our knowledge, no experiments demonstrating this have been reported
previously.
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Figure 7. Minimum eigenvalues of the MILU preconditioned operators, hg = 1/26.
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Appendix

In this section, we fill in the technical details omitted from the main text: we prove
Theorems 4.1 and 4.2, provide evidence for the observations made at the end of Section
4.2, and prove Lemma 4.1.

Proof of Theorem 4.1. We bound u(! of (4.5) by deriving explicit bounds for A, of
(2.18) and t,¢ of (4.4). It holds immedijately that

2
Ast <8 <8+ . Al
st = O '1{’:! - 2+ \/5 ( )
For the inequalities in the other direction, first note that since 1 <s,t<n,
T_ < ﬁ N ,
n+l T 2 T n+41
so that P
in - S g T = .
sin 5~ 2 sin- 1 sin{mh)
Hence

Ase 2 8 sin®(rh) = O(K?).

Combining this with the second inequality of (A.1) gives u(D) > O(h’).. To bound 1,
below, we use the identity

cos(f, — ¢,) = (1 — 2sin? %) (1 — 2sin? %) +

. e_l . ¢t J 2 9‘ « 2 ¢f
4(sm 5 sin —2—) (1 - 51N E) (1 - 8lNl ?). (A2)
Substituting z = sin(6, /2), y = sin(4; /2) gives

cos(f, — @¢) = 1—2(z? 4 y?) + 42%? + 4zy+/(1 — 2?)(1 — ). (A.3)

It then follows from (4.4) that

Yo = 2 +2 75 QA+ V2)(=* +9) +14 42*? + 4oy /[T = 2)(T = 7))
> 373 P+ H1-dlzll) = 3 el =) +1)
>_2
- 2+\/§’

where we have used the fact that zy,/(1 — z2)(1 — ¥*) 2 ~|z|ly]. Combining this with the
first iuequality of (A.1) gives u() < 4(2 + V2) = 0(1), whence x(! < O(h™2).
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To see that this bound is tight, consider the case of 6, = ¢. Then (4.5) simplifies to

4(1) - 8 sin2(9,/2) .
T 8sin’(6,/2) +2/(2 + v2)
2 -
If f; = 61 = 2rh, then p(I) » s*,hzmﬁ; 75 = O(h%); and if 6, m 7 (s & (n+1)/2), then
8 —
,u( = m = O(l) QED

Proof of Theorem 4.2. Letting z = sin(6,/2), y = sin($:/2) and using (A.3), we rewrite
(4.8) in terms of z and y as

(M) _ 4(z? + y?) - .
(4 = 4/a)(2? + y?) + (8/a)(2?y? + zy /(1 — 22)(1 - y*) ) + ch?

Note that both = and y are nonzero and bounded in absolute value by one, and min |z| =
min |y| = sin(rh) < éh for all small h, where &2 7 is independent of 4.

For the lower bound on (M), taking absolute values and applying the triangle equality
to the representation of 1, in the denominator of (A.4) gives

b (4.4)

0= ot = |Yu] < (4 +4/a)(2? + %) + (8/a)(z*1? + |z]ly]) + ch?
<10(22 + v?) + ch?,

Wwhere we have used the facts that 1/a < 1/2, 2%y < Jz|ly| and [z|ly] < (22 + v?)/2.

Hence,
1 1

1+ ch?/10(z? + y?) 217 ¢/(20(2h)?)

For the upper bound on u(M ), from the representation of v, in the denominator of
(A.4), we have

4O > g = 0(1).

Vor 2 (4 —4/a)(z® + %) — (8/a)lzllyl(1 ~ |z]ly]) + ch?. (4.5)

By assumption, z and y are both nonzero, so that

1

(M)

< - . (A.6)
(1- %) - .3. z yz(l_wz W) 4 :ci';

But
0<1—|z|lyl <1- &2,

Substituting this inequality into (A.6) and using the fact that lzllyl/(z® + ¥®) < 1/2 gives

LD < 1 = 1 .
T 1-(1/a) = (/) - R + b 1=2)a+ O
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Since we are concerned only with the asymptotic behavior as h -+ 0, it is sufficient to
consider the high order parts of 2/a. In particular, \/8ch? + (ch?)? = 2h+/2c¢ for small h,
5o that & = 2 + hv/2c + O(h?) and 2/a = 2/(2 £ hv/Zc + O(h?)) = 1 = hv/2¢/2 + O(R?).
Consequently,

(M) < 1 .
= hv2c/2 + O(h?)

Thus, for ¢ > 0, 4™ < O(h~?) and &™) < O(h=1); but for ¢ = 0 the O(h) term
disappears from the denominator so that (M) < O(h~?) and M) < O(h™2),

These asymptotic bounds on u(™) are also achieved. For example, if §, = ¢, =~ =,
then 4 = 8/(8 + ch?) = O(1) for any ¢, so that the lower bound is reached. For the
upper bound, consider the case of ¢; = 27 — 8,, so that

M

cos(6, — ¢¢) = cos(26,) =1 —8 sin?(4,/2) + 8 sin(6,/2). (A.7)

Substitution into (4.8) gives

M) _ N 8 sin®(4, /2)
goo= 4hv/2¢ 5in%(4,/2) + 8 sin*(6, /2) — 4h\/2c sin*(6,/2) + ch?’

(4.8)

H ¢ =0, then this expression simplifies to sin?(4, /2) /sin*(8,/2), and the particular choice
of 8, = 27h leads to u™) = O(A=2). If ¢ > 0, then 6, = 2xh results in uM) = 0(1), but
6. ~ 2Vh (ie. s = /nF1/r) gives ulM) = O(h~!). Hence when ¢ = 0, x(M) = O(h~2),

and when ¢ > 0, £M) = O(h-1), Q.E.D.

_\ Ao | 2 W

§ A.,.
2 . " y ﬂ_
o AL

O LN o ",
0 L 2r
é

Figure A.1. Division of 4 = {(4, $)[0 < 6, ¢ < 27},

We now provide justification for the remarks made at the end of Section 4.2 concerning
the MILU preconditioning. Extreme eigenvalues on the transverse diagonal S were exhib-
ited in the proof of Theorem 4.2. To see that the only extreme eigenvalues are near the
corners of S, note that in (A.2), the square root is actually + cos(8,/2) cos(¢:/2), where
the positive square root applies in the region A ={0<b0,¢<r)u{r<b,¢ < 27},
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and the negative square root applies in the complement A. = A — A,. These regions
are depicted in Figure A.1. Similarly, the sign of the square root in (A.4) depends on the
location in A of the modes determining = and y. It follows immediately from (A.4) that
pM < 20n Ay. Moreover, (A.5) implies that

Y 2 2zl ~ [y])? + S22,

Away from the endpoints of § in A_, |z| and |y| are both bounded below by a constant £
independent of h. Hence, u(M) = O(1) away from these corners.

The effect on the preconditioned operator of the eh? term used in the definition of
the MILU factorization is clearly evident from (A.8). When ¢ = 0, the coefficient of the
sin?(6,/2) term in the denominator is zero, and the result is a preconditioned eigenvalue
of order k=2 when 6, is O(k). In contrast, for nonzero ¢, the value 8, = O(h) produces
an eigenvalue of order one. This result for ¢ = 0 differs from empirical results for the
Dirichlet problem, but closer examination of (4.8) and (A.4) reveals this phenomenon to
be a very delicate matter. If (6,,¢,) is in S, then z = sin(4,/2) = sin(¢:/2) = y. Let
y = az be determined by a pair of values of 6§, and ¢¢ near S in the corners of 4. The
numerator of (4.8) is at least O(h?), so it is possible to have an eigenvalue of O(h~?) only
if the denominator is not larger than O(h*). Note that the negative square root is used
everywhere near the ends of S. When ¢ =0 (so that @ = 2), the denominator of (A.4) is

2(1 + a?)z? + 4a%2t - 4az?\/(1 - 22)(1 — a2z2). (A.9)
But
V(1 - 22)(1 - a?22) = (1 -z /14 ;:::zz R 1-2z24 -(”1__:_2)3:
Consequently, (A.9) is approximately
2(a ~1)*2% + O(z*),

which is at least O(h?) unless @ = 1. Thus, any perturbation away from S pushes the
preconditioned eigenvalues from the extreme O(h™2) values to O(1). Thus, although the
restricted condition number for the MILU preconditioned system with ¢ = 0 is O(h™2),
the extreme eigenvalues appear in a very constrained set on §. In contrast, there are many
examples of (small) extreme eigenvalues for the ILU preconditioned operator. A similar
argument also shows that all the extreme eigenvalues for ¢ > 0 (of order A~1) oceur on S.
Finally, the optimal w and SSOR condition number on S are determined as follows:

Proof of Lemma 4.1. With z = sin(§, /2), y = sin($,/2), (4.9) can be rewritten as

Yo = (4 ~w+0w?) + (4o - w?)(2? + ) + 2%y + 2y /(1 — 22)(1 — ¥?)).
Relation (A.7) implies that on the line S, the SSCR eigenvalues are
(2 - w)? + 4w(2 - w)z? + 4wzt
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and the eigenvalues of the SSOR preconditioned operator on § are

8
(2~ w)?/z? + 4w(2 — W) + 4w?z2’

= F‘(xs""’) = (A.lO)

where sin’(7h) < z2 < 1. We can use (A.10) to derive the value of w that minimizes
the condition number on &. First, it can be shown by elementary calculus that for any
w, the maximum value of y is Hmaz(w) = 1/(w(2 — w)), occurring when z? = (2 — w)fw.
Moreover, for fixed w, u is a convex function of z?, where sin®(7h) < s? < 1. Hence, its
minimum must occur at one of the endpoints sin?(wh) or 1. Thus, the condition number
on & is the larger of

_ Nma:(w) cnlw) = -’ﬂf—(w—)
#1(w) = pr(w) walw) = H2(w)
where
8
S € B ) ey
p2(w) = ;

(2 — w)?/sin®(zh) + 4w(2 — w) + 4w2sin®(7h)

are the values of u at the endpoints. As functions of w, K1 and k2 are both convex functions
that tend to oo as w approaches both 0 and 2. Moreover, by setting &; = &9, it can be
verified that they intersect at just one point, given by w* = 2/(1 + 2 sin(wh)). Hence,
on S, #1(w) and k2(w) have the form given in Figure A.2 and the minimum value of
max{r;(w), k2(w)} occurs at w*. Moreover, Hmaz(w*) = (1 + 2sin(7h))?/(8sin(rh)) =
O(h™') and pmin(w*) = (1 + 2 sin(xh))2/(2(1 + sin(rh))?) = O(1), so that the condition

number is O(h~?). Q.E.D.
Wl -
N - -
0 -
0 - -
Q=
N Y P | PP T i P
<3 0.0 5.5 1.0 .5 1.3

Figure A.2. Convex functions x;(w) and #2(w) determining SSOR condition number on
S.
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