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Abstract. We study the solutions of symmetric positive definite Toeplitz
systems Az = b by preconditioned conjugate gradient method. The pre-
conditioner is the circulant matrix C that minimizes the Frobenius norm
HHC — Al|lr, see Chan [5]. Convergence rate is known to be governed by
the distribution of the eigenvalues of C~1A. For Toeplitz matrix A4 with
entries being Fourier coefficients of a positive function in the Wiener class,
we establish the invertiblity of C, find the asymptotic behaviour of the
eigenvalues of the preconditioned matrix C~'4 as the dimension increases
and prove that they are clustered around one.
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1. Introduction

This paper discusses the solutions to a class of linear systems A,z = b,
where A, are n by n Toeplitz matrices (i.e. the entries of A, are the same
along each diagonals). Direct methods that are based on the Levinson
recursion formula are in constant use; see for instance, Levinson [7] and
Trench [9]. These methods require O(n?) operations. Faster algorithms
that require O(nlog®n) operations have been developed, see Bitmead-
Anderson [1] and Brent-Gustavson-Yun [2], but their stability properties
for general non-symmetric or indefinite matrices are not yet clearly under-
stood, see Bunch [3].

Strang [8] proposed using preconditioned conjugate gradient method
with circulant preconditioners for solving symmetric positive definite Toe-
plitz systems. The number of operations per iteration will be of order
O(nlogn) as circulant systems can be solved efficiently by the Fast Fourier
Transform. Chan-Strang [4] then considered using a circulant precondi-
tioner S;, that is obtained by copying the central diagonals of A,, and bring-
ing them around to complete the circulant. More precisely, if n = 2m, and
the entries a;; of A, are given by a);_j for 0 < i,; < n, then the entries
8i; = 8}ij; of S, are given by

_ ag 0 < k S m,
sk_{an_k m<k<n. (1)

It was proved that if the underlying generating function f, which Fourier
coefficients give the entries of A,, is a positive function in the Wiener class,
then for n sufficiently large, S, and S.! are uniformly bounded in the I,
norm and the eigenvalues of the preconditioned matrix §: A4, are clustered
around 1.

Chan [5] recently proposed another circulant matrix C,, that is obtained
by averaging the corresponding diagonals of A, with the diagonals of A,
being extended to length n by a wrap-around. More precisely, the entries
¢ij = ¢ji.j of Cy, are given by

Cp = kan—k * (n — k)ak, 0 S k <n. (2)
n



He proved that such C, minimizes the Frobenius norm ||C' — Al||r and
the experiments showed that the spectrum of the preconditioned matrix
C;14, is also clustered around one with the condition number of C71A,
being often smaller than that of S tA,.

In this paper, we will prove that if the generating function f is a pos-
itive function in the Wiener class, then the spectra of the preconditioners
C, and 5, are equal asymptotically. In particular, we will show that for n
sufficiently large, C, and C! are uniformly bounded in the I; norm and
the eigenvalues of the preconditioned matrix C-1A, are clustered around
one. Hence, if the conjugate gradient method is applied to solve this pre-
conditioned system, we can expect the method to have fast convergence.

2. The Spectrum of the Preconditioned Matrix C;'4,

Let us begin by supposing that the Toeplitz matrices A, are finite sec-
tions of a fixed singly infinite positive definite matrix A, see Chan-Strang
[4]. Thus the (4, j)-th entries of A, and A, are aj_;. We associate to Ay
the generating function

oo

F(8) =3 ape™™,
=00
defined on [0,27). We will assume that f is a positive function in the
Wiener class, i.e. the sequence {ax} is in I;. It follows easily that, see for
instance, Grenander-Szego [6], A, are symmetric positive definite matrices
for all n. Moreover, if

0 < fmin < f < frnax < 00, (3)

then the spectrum o(A,) of A, will lie in [fumin, fmax]-
We now show that the spectra of C, and S, are asymptotically the
same. More precisely, we have

Lemma 1. Let the generating function f be a positive function in the
Wiener class, then
Jim p (S, — Cn) =0,



where p(-) denotes the spectral radius.

Proof: By (1) and (2), it is clear that B, = S, — C, is circulant with
entries :

"]i(ak - an—k) 0<k< m,
=4 50y
~ (@n-k —ar) m<k<n.
Here for simplicity, we are still assuming n = 2m. Using the fact that the
n—1
" j-th eigenvalue Aj(B,) of B, is given by 3 _ bre®™ k" e have

k=0

-1 k

A(Br) =2 Z -T;(ak — Gn-r)cos(2mjk/n).
k=1

This implies |
m=—1 k n—1
P(Ba) L2 —lax| + 2 3 |axl.
k=1 n k=m+1

However, since f is in the Wiener class, hence for all € > 0, we can always
find an M; > 0 and an M; > M, such that

oo 1 M]_
Y laxl <e/6 and — 3 klak| < ¢/6.
k=M +1 M2 k=1

Thus for all m > M,,

2 M1 m1 o
p(By) < HZHGH»{-Z 3 ekl +2 Y |l <e O
2 p=1 k=Mi+1 k=m+1

We remark that if f is positive and is in the Wiener class, then for n
sufficiently large, S, and S;! are uniformly bounded in the I, norm, see
Chan-Strang {4, Theorem 1]. Moreover, if (3) holds, then the spectrum
o(Sn) lies in [ fumin, fmax) too. Using Lemma 1, we thus have,

Theorem 1. Let f be a positive function in the Wiener class, then for
all n sufficiently large, the circulant matrices C,, and C;' are uniformly.
bounded in the I, norm. Moreover, o(Cy) lies in | frin, frnax)-
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To prove that the spectrum of C;1'A, is clustered around 1, we first
recall that the spectrum of A, — §, is clustered around zero:

Lemma 2 [4, Theorem 4]. Let f be a positive function in the Wiener
class, then for all € > 0, there ezist N,M > 0, such that for alln > N, at
most M eigenvalues of A, — S, have absolute value larger than e.

Notice that since
Cildn = I, + C;Y A, - 5.) + C7YS, — Cp),
where I, is the n by n identity matrix, hence, we have

Theorem 2. Let f be a positive function in the Wiener class, then for all
€ > 0, there exist N, M > 0, such that for alln > N, at most M ezgenvalues
of C71A, — I, have absolute value larger than e.

Thus the spectrum of C; 14, is clustered around 1 for sufficiently large
n. This is consistent with the numerical results obtained in Chan {5]. ‘We
note that since the spectra of C;7'A, and S 14, are equal asymptotically,
we expect the convergence rates of the conjugate gradient method applied
to S;1A, and C'4, will be roughly the same for n sufficiently large. In
particular, both will converge superlinearly, see Chan-Strang [4] and the
numerical results below.

3. Numerical Results and Concluding Remarks

For f in the Wiener class, the numerical results in Chan [5] showed
that the spectrum of 5,14, is more clustered than that of C-'A,. This
phenomenon is more pronounced when a; decreases more rapidly with k.
However, it was also observed that in these cases, C; !4, has a smaller
condition number than S A,.

To test the convergence rates of both preconditioners, we apply the
preconditioned conjugate gradient method on A,z = b with ay = (1+k)~'1,
We note that the generating function of A, is in the Wiener class. The
spectra of A,, S;'A, and C; 1A, for n = 32 are given in Figure 1. Table 1



shows the number of iterations required to get ||r||» < 10~7. Here r is the
residual vector and ||+, is the normalized I, norm. We use the vector of all
ones for the right hand side b, and the zero vector as our initial guess. We
see that as n increases, the number of iterations increases for the original
matrix A,, while it stays almost the same for the preconditioned matrices.
Moreover, both preconditioned systems converge at the same rate for large
n.

[n ] 4 [5.'4, [C4,]
8

4 4 4
16 8 5 4 '
32 11 5 . 9
64 14 ) 5

Table 1. Number of Iterations for Different Systems

We finally emphasize that since C, is defined in terms of averaging
the diagonals of A,, it can be used for general non-Toeplitz matrix A,.
Thus if A, is nearly Toeplitz, say a low rank perturbation of a Toeplitz
matrix, then C,, may still be a good preconditioner for A,,. As an example,
consider the one-dimensional equation d?u/dz? + u = f with Neumann
boundary condition. Let A, be the discretization matrix of the equation
by the usual centered second order difference scheme. We note that A,
is non-Toeplitz and the system can be solved easily by direct methods.
However, to illustrate our point, we compute the spectra of 4, and C14,
here. For n = 32, they are given in Figure 2. We see that the spectrum of
the preconditioned matrix is highly clustered.
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