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Abstract

Consider a three-dimensional vortex sheet in inviscid, incompressible
flow which is irrotational away from the sheet. We derive an equation for
the evolution of a vortex sheet in Lagrangian coordinates, i.e. an equation
that 1s restricted to the sheet iisell and is analogous to the Birkhoff-Rott
equation for a two-dimensional {planar} sheet, This general equation is
specialized to sheets with axial or helical symmetry, with or without swirl.

1 Introduction

A vortex sheet in a three-dimensional inviscid, incompressible fluid flow is
a two-dimensional surface across which the tangential velocity is discontinuous.
Vortex sheets occur in a wide variety of flows, such as flow behind an obstacle
with a sharp trailing edge, or serve as approximations to thin shear layers in
such flows. If the fiow is irrotational away from the sheet, as is often the case,
the sheet’s motion and the dynamics of the entire flow are determined solely by
the strength and shape of the sheet itself. Such a three dimensional flow can
thus be described through a two-dimensional problem. Under the additional
assumption of helical or axial symmetry, the problem is further reduced to
being one-dimensional.

The most important three-dimensional effect from the point of view of vortex
dynamics is vortex stretching, which is described by the term w - Vu in the
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Helmholtz equation
Sw+u Vw=zw -Vu (1.1)

for the vorticity w = V xu . In a two dimensional flow or in axially or helically
syrametric flow without swirl, the vortex stretching terms vanish; while for
axi-symmetric flow without swirl, the vortex stretching terms vanish in the
equation for wg/r®. For flow with helical symmetry and no swirl, there is a
corresponding eguation without vortex stretching terms. In this sense axially
or helically symmetric fiows with swirl represent the simplest three-dimensional
flow with vortex stretching.

Vortex sheets with axial or helical symmetry and with swirl provide a rela-
tively simple set of examples from which to develop an understanding of general
three-dimensional flows. For example we hope that such flows may provide
evidence for the formation of singularities (or lack thereof) in 3D inviscid flows.

For a general three-dimensional vortex sheet, a Lagrangian description is
derived in the next section. Flows with axial or helical symmetry are discussed
in Section 3. The vortex sheet formulation from Section 2 is then specialized
to the cases of helical symmetry in section 4 and axial syrmmetry in section 5,
both with or without swirl, Simple examples are analyzed in section 7.

The general vortex sheet equation ( 2.14) derived in Section 2 has been
derived previously in [3, 6, 10]. The equations for an axisymmetric vortex sheet
without swirl have been derived and numerically solved in 2, 3, 4,5, 7, 8, 12, 13].

2 Lagrangian Theory for a General 3D Vortex Sheet

Assume that the vortex sheet S is a smooth surface dividing R® into two
parts £, and Q_ with normal vector n on § pointing into ;. Denote
(v 4,p4) and (v —,p_) as the velocity and pressure in 4 and 2_ respectively.
The Eulerian equations for the flow field are

V.ouyg=0
Gustuwy -Vue+Vpe=0 (2.1)
in {24 and
n -ty = N U _
Py = p- (2.2)

on 5. In addition we assume that u is irrotational away from S, i.e.

Vxuy=0 (2.3)



These are the Eulerian equations for flow due to a vortex sheet.

A “Lagrangian” description of the motion of S is given in terms of a parame-
terization X (e, 8,t) of S. There is some arbitrariness in the parameterization of
S. For example the motion of S is determined only by the normal component of
the velocity 8;X; any tangential component can he considered as a shift in the
parameterization. Moreover since 4 is not continuous across 5, a Lagrangian
description following the motion of fluid particles is impossible. On the other
hand it turns cut that the average velocity

U= (ustu.) (2.4)

18 the natural choice for the velocity of the vortex sheet, i.e. we set

0
EX(a,ﬁ,t) :U(a,ﬁ,t). (2.5)

Since this equation describes the sheet through its parameterization X («, 8,1),
we refer to it as a “Lagrangian” theory.

First we use the Biot-Savart law to find U in terms of S. Since VZu =
—V X w, then

wiz )= jw(z NxV.G(z —z')de’ (2.6)
in which G = —(47}z — = /|)~! is the free space Green’s function. For a vortex

sheet flow, w(z ) = o(x )és(x ) so that

w@)= g [ ole)x ETimdie ) @7

away from the sheet, i.e. in 24 and 2. Now take the limit as # approaches
a point on S from either side. According to the Plemejl formulas (derived in
Appendix A)

&

w iz )= :—WPV[S o(z ') x lw_;:,;gds(m JES -;-a'(m )xn(z) (2.8)

in which the integral is a Cauchy principle value integral. It follows that

U@):iPV]a@ﬁxilliLﬁ@U (2.9)
4w g e —a |3 )
for ® on S. Since ;X = U, then this can be rewritten as
1 xX-x
X=—PFP b. ¢ —— _ds(X"). 2.1
0K = 2PV [ o(X) x 5 —ds(X) (210)

Next we find an expression for o(x ). In 4 and Q_ there are potential
functions ¢4 and ¢_ satisfying

U 4 = —-V(ﬁi. (211)



Since v hasajumpacross S,w=mn X(u —u _)ds,le. ¢ =n X{u —u ).
Then since n V¢ =n -V,

c = n x{ujp—-u_)
= —n x (V¢ — V)
= ~n xV,0 (2.12)

in which @ = ¢4 — ¢_ on S and V, is the gradient along S| i.e.
V,8=Vd—(n -V&n. (2.13)
Therefore the evolution equation for the sheet is

1 X-x ,

X = —I;PV/';(H fx V-,-(I)’) X des(x ) (214)
In which @' = ®{X'), etc.

Finally we express this integral using the parameters o and 3. First consider

®. Bernoulli’s law holds in €, and I_ separately, i.e.

i
— Oidx + EIVMP +pt = 4. (2.15)

OnS,n Vépr=mn -V¢é_, so that

Vsl = IVo_|* = (Vi +V4_) (Vrds— Vi)

~2U -V, 8. (2.16)

f

Subtract the equation ( 2.15) for ¢4 from ( 2.15) for ¢_ and use py = p_ to
obtain
H®+U -V, d=e=c — oy (2.17)

'This says that on a point moving with speed U, ®(t) = ®(0) + ¢t in which ¢
is constant. Since we are only interested in V,®, we may set this constant to
zero for simplicity; i.e. ¢ = 0. Moreover since X (a, #,t) moves at speed U for
fixed & and 3, we find that 9;®(«, 8,¢) = 0. This says that

& = &(a, B) (2.18)

s0 that ® should be part of the prescribed initial data and then does not change
in time.

Assume that X5, X, and n form a right hand system so that X, x Xg =
—|Xo x Xpln . Then on S



P, = X, V.0

o = Xz V.0 (2.19)
and
g = -n XV,
= [Xa b4 .X'gl_l(xa X Xﬂ) X V,.P
= ~|Xax Xp| 7 ((Xp: V)Xo~ (Xa- Vi) Xp)
= —|Xa X Xp| (8 X o — B X p). (2.20)
Also
ds(X) = | X o x Xp|dadp. (2.21)

Therefore the voriex sheet equation in parametric form becomes
1
0 X (a,4,t) = — =PV f (BHX,~TLX5)x(X-X"X-X'|"3do'df' (2.22)

in which X = X(o, 8,t), X' = X(o',#,1), etc. This equation, as well as the
non-parametric form ( 2.14), was derived earlier in [3, 6, §, 10].

3 Flow with Helical or Axial Symmetry

Fluid flows with helical or axial symmetry are briefly described in this sec-
tion, following which they will be specialized to vortex sheets in subsequent
sections. The discussion closely follows that of Landman [11] but is repeated
here for convenience and completeness. In addition to several changes in no-
tation, his parameter o is replaced by k = o~ ! so that axial symmetric flow
is just the special case & = 0. Furthermore we distingnish between flows with
swirl and those without swirl for both helical and axial symmetry, since vortex
stretching terms can be neglected in flow without swirl.

A flow possesses helical symmetry if in cylindrical coordinates (r, 8, ), the
physical quantities depend only on the variable r, £ and ¢, in which

€=z +nb. (3.1)

The parameter « is the pitch angle of the helix. In particular & = 0 corresponds
to axial symmetry.
We use the two unit vectors e » and e ¢ given by

o, = VE re,+kegy
CTIVE T (4RI

(3.2)



in addition to the Beltrami vector h defined as

rVr x V§ 2
:Wﬁh(mez—reg) (3.3)
in which 1
P 4
h k? +r? (34)
This vector has the following properties:
Vxh =—2ch’h V.-h =0 [h]*=h? (3.5)

and kb is in the direction of symmetry of the flow, that is
h - Vg=0 for g=gir&,1). (3.6)

Since they are divergence free, the velocity and vorticity fields can be written
in helical variables as

w = vrh+Vyxh
w = (h +Vi¢yxh (3.1

in which », {, x and 4 are scalar functions of (r, £,t). When rewritten in cylin-
drical coordinates, the velocity field is

u = %Xfe r — B2 (rv + k) )es + (kv — rxs e ,
= Ixee vk —hye (3.8)
"This shows that the cylindrical and helical components of & are
(1r, g, u;) = (%x,;, —h2(rv + kX ), hP (kY — X))
() = (ixe, by =) (3.9)

in which up = h~*h -u, u¢ = e¢ - u . Note that the second expression for
# is not written in a right hand order, since b goes to —e 3 as k goes to zero.
Similarly the cylindrical and helical components of w are

(wrywo,wy) = (%qbf,—h?(r(' + w1y ), B2(kC — Ty))

(wr,wp,wg) = (;1;1.05,’1(,—}%%)- (3.10)

Using this representation of u and w, the fluid equations are the following:
The kinematic condition w =V x u is

b o= v
A*'x = ~R - 2khty (3.11)



in which

18 Oy 1 8%y
*x =V . k% = hatad —_—— .
A'x RV x rar(rh 61')+ T (3.12)
is the helical Laplacian operator. The dynamic equation for »# and ¢ are
%% = h - (VxxVy) (3.13)
hz%tg = ~2h*h (Vx x V) +h - (V(E2) x V) =k -(V(R?*) x V¥)

We will say that a helically symmetric flow is “swirl-free” if the velocity is
perpendicular to h , i.e. if i = v = 0. Note that this condition is maintained
by the equations and that the fluid equations for « and ¢ then reduce to

A*x = —h%
hZ%% = —h -(V(K3) x Vx). (3.14)

A direct calculation shows that the term on the right of the  equation is

h (VR x Vx) = 77Hxebr — x-0¢)(R2)
u - V(h%() (3.15)
so that ( 3.14) is
a(h2) +u - V(KC) = 0. (3.16)

which contains no stretching term.
Since we = —hyy, = —hy, = —h&(up/h), then

up(r) = ~h(r) /Ur (i Ywe (') dr'. (3.17)

This relation is analogous to Stokes law relating angular velocity to axial vor-
ticity for an axisymmetric flow as derived below. So we refer to this as the
circulation formula for flow with helical symmetry.

In the case of axial symmetry with & = 0, the above definitions simplify to

e; = e,;, h= —--1~e g
P
v 1 1 v 1
U = ——ep—-VyXeg= Y€, —€g§— —Xr€ (3.18)
r r r P r
1 1
w = —geg——Vv,bxegz—lbze,m——eg——d)rez.
r r r r r
Thus the components of . and « in cylindrical coordinates are
1
(ur g, uz) = ;(Xz;—V)_Xr)
1
(wr:wﬁawZ) = ;("lbh-c:—ltbr) (319)

(3.20)



The fluid equations are

v = v
&y a 18y
a2t Tarrer = ¢
o
-5;:-1/ + (U8 +u 0, v =20 (3.21)

-gt-(c/rz) + (uef +u,8,)(¢/?) = r%az(uz)

For the case of axial flow without swirl these simplify to

P o= v=>0
8%x 0 1dy _
R (3-22)
8. ¢ _
sz} + (o u,0,)(%5) = 0

In the case of axial symmetry the relation ( 3.17) becomes the familiar
circulation equation

r
up = r_lj w{r)r'dr'. (3.23)
0

Finally we state the relations between the quantities used here and the cor-
responding guantities defined by Landman [11]. They are

k=a"t f=k¢y h =x"th; h*P=k"2hZ
(X;VJCa¢) = l""("“"L)1’.5)CL)’¢’L) (324)
A* = kT2A}

in which the subscript L denotes the quantity used in {11].
4 Vortex Sheets with Helical Symmetry

First we parameterize the sheet by setting « to be constant on the symmetry
curve, i.e. in the direction h, and # to be linear in angle. Write the point
X (w, 8,t) in cylindrical co-ordinates as

X = (z,7,0). (4.1)

Then
£=E(ent) O, B,t) = (e t) + B (4.2)




The function 1, which represents the angular coordinate of the curve § =
constant, is unrelated to the potential function of the previous section. Since
£ = z + kb and since r is constant along a symmetry curve, then

z = —kf+Z(a,t)
r = rlot) : (4.3)

It also follows that X s is parallel to h .

Similarly the vorticity density —n x V,.® must be constant along a symme-
try curve, i.e. it must be independent of 8. Since X, and X 5 do not depend on
3, this implies ®, and $3 must be independent of 8, i.e. that & = ¢1(a)+ ¢28.
The parameterization must also be chosen so that X3, X4, n form a right
hand system. For example if the vortex sheet is a perturbation of a circular
cylinder then Xp~ e 5, Xo =~ e ,, n & e, which is a right hand system.

In the case of helical symmetry with & # 0, the symmetry lines are the
helices r = constant, z + k@ = constant which are unbounded, so that the
domain for 3 is —oo < fF < 00, A curve f = constant starts on a helix, say
« = oy, and continues until it returns to the same helix at & = az. The interval
(w1, @) is most likely finite, in which case r, ¥, and Z are required to be
periodic on (o1, a2).

The form of & may be simplified in two cases.

(1) Azial or Helical Symmetry without swirl. In this case the vortex lines
coincide with the symmetry lines. Then the vorticity density &, which is paralle]
to ®pX o — PoXp, is also parallel to b . Since h is parallel to X g, ®p =0, i.e.

3 = ¢(e) (44)

(2) Azial or Helical Symmeiry with Swirl. Assume that the vortex lines are
never tangent to the symmetry lines, Choose the parameter 8 to be constant
along a vortex line; so that o is parallel to X, Then &, = 0, and

® = ¢ = T4/2m, (4.5)

in which T is analogous to the circulation around the sheet and is independent
of (a, 8,1).

Now calculate the quantities in the Birkhofl-Rott integral { 2.22). A point ®
has the representation in cylindrical coordinates & = (z,r,0} = ze , + re ()
in which the basis vector e , depends on # and has derivative 3ge , = re 3. On
the surface S,

X = (—&f + Z(a,t), r(oyt), B+ ¢P(a,t)) (4.6)
and thus its derivatives are given by
Xo = Zai +7aF +rihad
Xsg = —ki 418 (4.7)
= ~h7%h



The vorticity density vector is then
o= —|Xox Xp| (9pX o — 0aXp) (4.8)
in which N
1 Xa x Xgl = r(rd(1+&2/r%) + (Za + £40)*) (4.9)

and
X — 0,Xp = (6220 + Kd1a)% + darar + r(dathe — $14)8)  (4.10)

In terms of cylindrical basis vectors # , 8 evaluated at the point (e, £), the basis
vectors 7 /, ' are given by

~

r! = cos(8 ~0) +sin(6' — 0)8
6’ —sin(8' ~ 8)F + cos(t/ — 6)6 (4.11)

Thus the vector &, X, — &, X evaluated at (o, #') is

I t i t
®p X~ & X

($224 + Kid1a)E (4.12)

+  (dary cos(d’ — 0) — ¢/ (Garby, — d1a) sin(0 — O))F
+  ($arsin(8' — 6) + r'($av), — ¢1,) cos(8 — 0))0
Similarly
X-X'" = (z-2)2 +(r—r'cos(t —0))F —+'sin(¢' — )8 (4.13)
(X -X'1? = (z—2)+r*4+r?%—2rr' cos(0 - 8) (4.14)

= (—x(@0—¢ -+ qb") + Z — Z")2 4+ r'?_ opp cos(8' — 6)
Now compute the cross product in the integral at # = 0; the value for 8 % 0
can be found by replacing & by & — 8. The cross product is
(®sX, — ®LXp)x(X-X')
(~garrt sin® + (r' % — rr' cos 8') (o), — ¢,.))%

+ +

since 7 , #, # form a right hand system. In this expression z — 2’ = &(¢ 4+ ¢ —
Y'Y+ Z — Z' since 8 = 0.

10

(($22], + k') sin®’ + (z — 2')(@arl sin @’ + r'($a9l, — ¢i,) cos@))7
(($274 + 5¢12)(r — 7' cos 0') — (z — 2')(party cos @' — 7' (ol — ¢14)5in 8'))8

(4.15)



Define the following integrals

(s3]

L = f cos @' | X — X'|~3d¢'
-0
[o0]

I, = j IX - X'|734¢’
—00
o

Iy = f sin '} X — X'|~3d¢’ (4.16)
—o0

L, = j ' cos§'| X — X'|~3de’
—00
o0

Is = ] ¢ sinf'|X — X'|~3d¢'

in which

|IX - X'|2= k(@ +y -9V + Z— Z")2 +72 412 2’ cos . (4.17)
First perform the § integration in the Birkhoff-Rott integral and denote this
integral as B. Since df#' = d#’, then

B

It

{—¢arrl Is + (r’zfg —rr' ) {(¢2v}, — $14)}7 (4.18)
{($224 + k1) Is +(Z — Z' + k(¢ — ")) 92ro I

T ($ay — $1a)01) + (SaryIs + 1/ (davpy — $10)1a)}F

{(9224 + ki)l ~ 7' ) —(Z — Z' + 6(3p — ") )(P2raly
r'($avy — $1a)1s) — K(darlLs — r'(d2¥, — 61,)15)}0

In the Birkhoff-Rott equation the velocity is

+ + +

Xt = Z;'ZA + T’g’l: -+ T"’V‘Jté (419)
then the equations for Z and r are
Zy = ——%PV/ - 4521'1";,13 + (T’zfg - 1’1"1—1)((1521/); - qﬂ'm)da' (429)
i
=PV [ T s T+ (2= 2 k(= )G+ (bl — $100)
+ 6oy ls + r'(d2y — $1o) La)do!

while the equation for ¢ is

h=—gm PV BBt sl =V B) = (2= 2+ K =) Garils

47y
—1' (2 — $14)1s) — K(arils — r'(d2¢f, — d1a)s)da’  (4.21)

11



In the swirl-free case,i.e. ¢2 = 0, these equations were derived earlier in [8], but
without the simplification derived next.

Using the circulation formula ( 3.17) for helical flow the equation for 1, can
be considerably simplified. Since wg = 0 except on the sheet, up/h is piecewise
constant as a function of », i.e. constant on the line segments with » and @
fixed between successive crossings of the sheet. By symmetry up = 0 on the
axis r = 0; its value everywhere else can be found by determining the jump
Up4 — Up— across the sheet. Following ( 3.9), ( 4.7), ( 2.11) and ( 2.20),

P Hupg —un) = h7%h (w4 —u )
= X5 V,®
B (4.22)

which is a constant. Recall that w4 is the value in §2; and up. is the value in
2 and that the axis r = 0 is contained in Q_. Then ( 4.22) implies that
0 inQ-
-1 _
h™ up = { ®s in Qs (4.23)
Now h~luy = ku, — ruy and the vortex sheet velocity is the average of the
velocities on either side. Thus

1
Kz — 1‘2‘!,bt = Eh_l(“h%- + up)
1. _
= -ih luh.;.
- %mp. (4.24)

The resulting simple equation for the eveolution of ¢ is

K 1
1/)1 = ;:52: - ﬁ@ﬂ. (425)

A direct derivation of this equation from ( 4.21) is difficult and not illuminating.
The vortex sheet equations ( 4.20) and ( 4.25) can be simplified in each of
the two cases above as follows:
Case 1. Helical flow without swirl: ¢; = ¢(a), ¢2 =0, i.e. ® = ¢{r). Then

1
Zy = Z;Pquifl(r’zfz - rr"Il)da'
re = —ﬁPVf Por'(kls = (Z = Z' + k(p — ¢¥')) s — kls)do’
I
W = r_2Z1 (4.26)

The last equation for 3 does not influence the equations for Z and r; it only
maintains the condition that uy = 0 for swirl-free flow.

12



Case 2. Helical flow with swirl: ¢; =0, ¢a =T i.e, & =T5/2x. Then

r
Zy = _8_1;5PV/_MLIS + (r'L — rr' ), da’
r
fo= PV [ Ztle (2 2 sy N+ ) + (s 4 L
K r
P = r_QZt + el (4.27)

A helically symmetric vortex sheet with swirl may be represented in the form
of Case 2, if the vortex lines on the sheet are never tangent to the symmetry
direction h .

The equations above provide the velocity for a helical vortex sheet with or
without swirl. The fluid velocity u 4+, = _ for points off the sheet is computed
from similar formulas: The axial and radial velocities u, and u, at a point &
are exactly equal to the formulas above for Z; and »; in which the values of
z = Z + v and r in the integrals are the the axial and radial components of
@ . The azimuthal velocity us is then given from the formula { 4.23).

In this presentation the main features of helical symmetry are that the evo-
lutions equations for the vortex sheet may be simplified in the two cases above
and that the angular velocity equation for iy is easily expressed in terms of Z;
and T

5 Axi-Symmetric Sheets

For an axi-symmetric sheets the symmetry lines are the circles r = constant, z =

constant, so that the parameter 7 lies in the interval 0 < 8 < 2. The inter-
val for « is infinite if the vortex sheet forms an infinite cylinder, or finite with
periodicity if the sheet forms a ring.

Equations for an axi-symmetric sheet can be derived as in the previous
section. The formula { 4.15) for the integrand in ( 2.22) is still valid, but
now £ = 0 and z = Z(a, 1) = z(e, t).

The integrals corresponding to Iy and Iz are not needed since £k = 0. In
addition the term |X — X'| is periodic and even in ¢, so that the integral with
a factor sinf’ corresponding to I3 vanishes. The remaining two integrals are

—3/2 a0

T
Ji= f cost' ((z — 2"V + ¥ + "2 — 2rr'cost’)
o
2r —3/2
Ja = j ((z— 2V + 1+ 02 = 2rr'cosd’) ™'~ df’. {5.1)
0

They can be written in terms of elliptic integrals { see [1] p. 590 or [9] pp.

13



904-905)

K{(m)

/2
[ (1 — msin® 6)~1/2d¢
0
/2
E(m) = fo (1 — msin® §)}/%do (5.2)

of the first and second kind respectively. These also have the properties (see [9]
p. 907)

dK 1 1 7/ ) L o2
dm T am(l-m) VT =3 in” 6(1 — /249
dm 2m(1 — m) (B~ (1-m)K) 2./0 sin® #(1 — msin* 0)

dFE 1

After some manipulation, it follows that

= () (Fm - o+ s}

4 (:1%;)3/2 T%;;E (5.4)

Ja

in which e
rr
T G2+ () (5:5)

These expressions will be used to simplify the integrals for z; and ry.

As before the potential difference ® across the sheet can be expressed as
¢ = ¢1{er) + ¢28. The general equations for the evolution of an axi-symmetric
vortex sheet are

7o = “ﬁPVf(,.:zjz = rr' i (datby — $1q)de’
1 ! ! ' 8/2 - 2 ’
=~V [Vt~ b10) (1) {’1"_ L5 = (n- K)} do' (5.6)
o= “ﬁPV/(" = 2 ) ($ahy, — ¢14)1de’ (5.7)
1 33 [ 2 1 ,
= 2PV [r b~ 66— ) (1) {g(E—KHmE}da
W= —gebaPV [T 1) = (o = ) dl

—%2-1"2 (5.8)

14



The equations for an axi-symmetric vortex sheet can then be written in the
two possible cases as before:
(1) Axi-Symmetric Vortex Sheet without Swirl: ¢; = ¢(a), ¢2 = 0 and

-1 s (MNP 2 '
4 = vaj%r (4rr,) {lmmE (B - K) | da (5.9)
_ l vt nf_ M 3/2 __2_ _ _1_ .
mo= wPquS“r(z“z)(tlrr’) m(E K)+1—mE do
(5.10)

with ¢' = ¢(a'), etc. In the swirl free case # is constant on each vortex line, so
that no equation is needed for 1.

(2) Axi-Symimnetric Vortex Sheet with Swirl: ¢¢ =0, ¢2 = —T'/27 and

r v f MAYE(r —r 27 ,
_27r2PV/r¢a (47'1"') l—mEmm(E”K) do

I IOy AN & 1 :
_2W2pvfr¢a(z z)(4rr,) ~(E~K)+7-—F  da

T
’!,bt = Z'TFT‘_-2 (511)

in which I is the circulation (which is constant) r = r{a,f), ' = r(o/,1), cte.
As in the case of helical symmetry, an axi-symmetric vortex sheet with swirl
may be written in the form of Case 2 if the vortex lines on the sheet are never
tangent to the symmetry direction 8.

The velocity off the sheet may be obtained as in the case of helical symmetry.
The velocities u, and u, at a point @ are equal to the formulas for z; and r; in
which # and » in the integrals are the coordinates of the point & . The azimuthal
velocity ug is given by

o = 0 inside the sheet
#= 1 T/2rr outside the sheet.

#

it

ry

(5.12)

As before, “inside” means the component of R® — S containing the axis r = 0;
H H
the remaining component is “outside.”

6 Two Simple Flows

For a purely rotating flow generated by a cylindrical vortex sheet of radius
R and circulation I', the vorticity and velocity are

(T'/2xR)6(r — R)Z

H

W

g
f

0 r< R
{ (C/4xR)® r=R (6.1)
(*/27r)8 r> R.
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The corresponding potential functions are ¢ = 0, ¢4 = —(T/27)0 and & =
~(T'/2m)8. The vortex sheet may be parameterized as

zot) = o
r(a,t) = R (6.2)
e, t) = (T/47R.

This is directly seen to be a solution of the equations ( 5.11) for an axi-symmetric
vortex sheet with swirl.

For & purely axial flow with velocity I/ inside a cylindrical vortex sheet of
radius R, the vorticity and velocity are

w = U@t’f(r—-R)
Uz r< i
w = { vz r=~R (6.3)
0 r>R
The corresponding potential functions are ¢_. = —Uz, ¢4 = 0 and & = U=z.

The sheet may be parameterized as

zeyt) = a+ %Ut
rle,ty = R (6.4)
Yo, t) = 0

We now check that this solves the equations ( 5.9) for a non-rotating axi-
symmetric flow. The first equation for z becomes
UR?

Zy = PV/ J1 —-Jgda!
47 oo

R? o pIx 1—cosf
= piop dbda’
i V/__w fo (o — /)2 + 2R¥(1 — cosByyorz

_ U_I_Zj ™ 1 —cosf
T T2 Jy 2R3(1 - cosf)

= U/2 (6.5)

using integral #3.252(7) from [9] (p. 296) for the o integral. The equation for
ris r = 0 since (2 — 2') = a— o/ is odd in (o — o), while all of the other terms
in the integral are even. These two equations for » and 2z, agree with { 5.9)
above.
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A Plemejl Formulas in Three Dimensions
In this appendix we derive the Plemejl formulas (2.9) and {2.10) above.

Consider the integral

x —x'

(@)= %La(m ) x E = ds(e ) (A1)
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and its limits as @ approaches a point & 5 on S from either side. Break %= into
two parts

w(z)=v.{z)+w () A4.2)

in which v . is the integral over S; = SN {|lx ' — ¢} < ¢} and w . is the
integral over S — S;. The second integral is continuous at = ¢ and

e o) = jim ,lg wed=)

= PV/ — ,iads(m n (A.3)

In the first integral v ., first consider & approaching « ¢ on a normaln y =
n (2 o) pointing into 4, the region “above” S. Tor £ small, the surface S, can
be approximated by a flat disc of radius ¢, centered at & ¢ and normal to .
Also we may replace a(x /) by o9 = o (& o). The integral is then approximated,
after substituting ¢ -k 2 ' forz 7, as

v (o f oo X z ~(xota’)
: 47" & |<e, ® 1AM g le —(xot+=’)?

Let & ' have radial coordinates (r,#) in the disc. Since # = @ o + fmn 5, with
§>0in 4 and § < 0 in Q_, the term =’ in the numerator integrates to
0 by oddness, while @ —2 ¢ =dng, jx — (z o+ ') = (62 + r)¥? and
ds(z ") = rd@dr. Thus

ds(z 'y (Ad)

R

1 ¢ &r
v;(m) EO‘{)XTL f QﬂWd

1 §
fud 5 (sgn(ﬁ) - W) odnp X1 g (A5)
Finally for # — = o in {1,
i o) = lmo
1
= 50‘@ Xng (AG)
and similarly for 2 — & ¢ in {_
1
t}1_1‘1{1} - lim ve() = — 50 X 17 g (A.7)

Finally we show that the restrictions in the above calculation can be removed.
The integral over the surface S; can also be written as an integral over the planar
disk D.. If this integral and the integral in ( A.4) are subtracted, the singularity
of size [z —x /|~ is canceled leaving an integrand of size |& —= /|~!. Since this
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is absolutely integrable, the resulting integral, which is the difference between
the integrals over S, and D,, goes to 0 as € — 0.

‘We have established the limit as # — x g along a normal direction. Since
the limit is approached uniformly in zo and since o (2 ¢) and n (= o) are con-
tinuous in # g, then the same limit is achieved as # — = ¢ along any direction
(in Q4+ and Q_ separately).

The result is then

z -

o apale )% o) xn (48)

as & approaches © in Q4.
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