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OPTIMAL COARSE GRID SIZE IN DOMAIN DECOMPOSITION
TONY F. CHAN AND JIAN-PING SHAC *

Abstract. In most domain decomposition (DD} methods, a coarse grid solve is employed to
provide the global coupling requirved to produce an optimal method. The total cost of 2 method can
depend sensitively on the choice of the coarse grid size H. In this paper, we give a simple analysis
of this phenomenon for a model elliptic problem and a variant of Smith's vertex space domain
decomposition method {12, 4]. We derive the optimal value Hope which asymptotically minimizes
the total cost of method (number of floating point operations in the sequential case and execution
time in the parallel case), for subdomain solvers with different complexities. Using the value of H, opt s
we derive the overall complexity of the DD method, which can be significantly lower than that of
the subdomain solver.
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1. Introduction. Domain decomposition (DD) is a class of techniques for solv-
ing elliptic boundary value problems in which the solution is obtained by iteratively
solving smaller subdomain problems. These methods have received a lot of study
in recent years (see {7, 1, 2, 3, 10]). They are attractive because of their inherent
parallelism and their optimal convergence rates (i.e. independent of the mesh size).
The optimality of the convergence rate requires the solution of a coarse grid problem
at each iteration. The study of how to incorporate such a coarse grid solve in a DD
method has received a lot of study in the literature.

'The focus of our paper, however, is on the choice of the size H of the coarse grid.
It is intuitively obvious that the total cost of a DD method can depend sensitively on
this choice, in addition to the obvious dependence on the efficiency of the subdomain
solver. A small H generally improves the convergence rate (because the coarse grid
problem is a better approximation to the original fine grid problem) at the cost of a
more costly coarse grid solve, whereas a large H has the opposite effect. Therefore,
an optimal value Hop; often exists and indeed has been observed empirically [9, 11].
Surprisingly, there has been almost no systematic study in the literature on this issue.
Our approach is to take a simple model elliptic problem and a particular DD method;
this allows a simple but complete and easily understood analysis which we think give
insights for more general situations.

For concreteness, we focus our analysis on a variant of Smith’s vertex space
method [12] developed by us earlier [4]. We consider subdomain solvers with dif-
ferent complexity, including banded Gaussian elimination, nested dissection, modi-
fied incomplete Cholesky factorization (MIC) and multigrid solvers. For simplicity,
we assume the same solver is used for the subdomains and the coarse grid problem,
and that these are solved exactly. By expressing the computational complexity as
a function of the coarse grid size H and the fine grid size h, we derive the optimal
value H,pe which asymptotically (as h tends to 0) minimizes the total cost of method.
Using the value of Hops, we can derive the overall complexity of the DD method as
a function of h alone, which can be significantly lower than that of the subdomain
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solver. That is, through the use of DD, a given solver can be made more efficient
for solving the original problem, by using it to solve smaller (but more) sub-problems.
This is a simple consequence of the divide-and-conquer principle. The assumptlon of
the asymptotic limit is not necessary but does allow a close form expression for H,.,
from which one can see more clearly the general trend.

2. Fourier vertex space domain decomposition method. We consider the
following 2nd order self adjoint elliptic problem on § C R2:

(1) -V (a(z,y)Vu) = fin Q, u ={ on 8%,

with a(z,y) € R2*? uniformly positive definite, bounded and piecewise smooth on
2. We assume that the domain {2 is partitioned into N non—overlapping sub-domains
Q1,-, 0 of diameter H,which form the elements of a guasi-uniform coarse grid tri-
angulaiuon 78, We also assume that the sub-domains §; are refined to produce a fine
grid guasi-uniform triangulation 7" having elements of diameter k. Corresponding
to the coarse grid and fine grid triangulations, we discretize (1) either by using finite
elements, see [6], or by using finite difference methods, see [13], resulting in the sym-
metric positive definite linear systems Apus = f), on the fine grid and Aguy = fy
on the coarse grid.

Let I denote the union of the interiors of the sub-domains, and let B denote the
interface separating the sub-domains, t.e. I = U;Q;, B = (U,@Q ) — 8Q. According to
this partitioning, Ax,® and f can be written in block form:

_ A A _ x _ f
m=(go gm) a2y s=(1).

After eliminating ¢y, we obtain the reduced Schur complement problem on B :
(2) Szp = (App — ABrAji Arp)ep = g = fs — A1 AT} f1.

Since computing Sv is much cheaper than calculating and storing S itself, the main
idea is now to solve this system by a preconditioned conjugate gradient method (PCG).
The Fourier Vertex Space (FVS) method [4] is one such preconditioner.

To describe this, the interface B is further paitltloned into a union of edges Ey;
and cross points U(zfl, yff), ie. B = Uy E;; U (Up(eH ,yiT)), where E;; denctes the
edge separating sub-domains ©; and Q; . Let V}, denote the portion of B within a
distance of SH from (2, yf!) for some positive fraction 0 < § < 1 (the vertex region);
for details see [12, 4]. We define RE, ; and Ry, as the pointwise restrictions of nodal
values to E;; and V. respectively, i.e. Rp,g = g on Ej; and Ry,g = g on V3. Let
R} represent linear interpolation from the coarse space VE to the fine space V. We
define Sg,; = RE ;9Rg;; and Sy, = RT SRy,.

The Fou11e1 vertex space preconditioner can now be defined by:

(3) ﬁJEVS - RHAHlRH +ZRE (SEIJ) lRElj + ZR (§Vk)_1RVk'

Here 5’1.3”. is a standard interface preconditioner on the edge Ej;. In [4], a scaled
version of the square root of the 1-D Laplacian operator is used and can be inverted
efficiently by the Fast Fourier Transform (FFT). Sy, is a dense matrix approximating
Sy, and is inverted by a direct solver. It is proved in {12, 4] that Mpy s is an optimal
preconditioner for S. In theory, the condition that # = O(1) implies that the number
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of nodes of the vertex region has to inerease with decreasing h. However, as shown in
[12, 4], in practice the size of the vertex region can be chosen to be a small constant

(independent of k) without affecting the optimal convergence rate. Therefore, the cost
aof the edge and vertey space paj_'_t of the pvr—!rnnr]ii‘.inﬂm- ia nften npgﬁgib]n comnared

ailil 1A sl w22l SCLREIRIARARS a3 DAL LGS it CULLpRICa

to the cost of the coarse grid solve A;fl.

3. Optimal Computational Complexity: Sequential Case. We now make
the assumption that the cost of the FVS method is dominated by that of solving the
subdomain problems (in inverting Azs in computing the matrix-vector product Su in
PCG@) and the coarse grid problem (in inverting Ay in the preconditioner). This is a
reasonable assumption if & is small enough and H is neither too small or too large, so
that the subdomains have a reasonably large “area-to-perimeter” ratio and the coarse
grid is not too small,

Let the complexity of the solver used for both the sub-domain problems and
the coarse problem be O(m”) for the preprocessing phase (e.g, factorization) and
O(m®) for the solution phase on an m x m grid. For example, for banded Gaussian
elimination, MIC and multigrid, p = 4,2,2 and s = 3, 2.5, 2 respectively. For nested
dissection, p = 3 and the solution phase has complexity O(m? log m). We assume that
the iteration number R is bounded and independent of the fine and coarse grid sizes,
which is supported by the theoretical and numerical results in {12, 4]. For example,
numerical experiments in [4] indicate that R is between 9 and 15 for a tolerance of
107 for a wide range of values for h and H and for widely different coefficients of the
elliptic problem. It is then easy to see that the leading order terms of the operation
count for the FVS/PCG method are given by:

c
He

¢

(1) flops(H) ~ 25 (1P + =3

c H.,
MG
where €' is a generic constant that depends on the particular solver. The first two
terms are the preprocessing cost (e.g. factorization of Ary and Ag) and the last two
terms are the cost during the PCG iteration. The leading order terms have the form:

C

) flops(I1) & 25 ()% + o5

where ov = max{p, s} and the generie constant C' may depend on N but is independent
of H and h. In other words, the dominant cost consists of solving 1/H? sub-domain
problems and one coarse grid problem.

The optimal coarse grid size H,p; is obtained by setting the first derivative of
function in (5) (with respect to H) to zero, giving:

¢4

Tam7 , TETT
(6) Hopi(a) = ( YR for o > 2.

o—32
Using this value of Hopi, we obtain for the asymptotic complexity:
N
Q- 2)“”2]}1 R

[4'4 o

YT 4 (

(7) n}}n flops(H) = flops(Hopt) & 0{(a —5

When o = 2, i.e. an optimal solver such as a multigrid method,

C

c
®) flops(H) % 25 +
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TABLE 1
The sequential complexily of solvers on an n X n grid; coarse grid size ng.

Basic Solver Complexity | Optimal ny | Complexity of DD Solver
using optimal i
Multigrid 0(n®) 1 O{n%)
MIC O(n? %) 0.58r°7° O(nZ0%)
Nested Dissection O(n®) 0.76n%71 O(n?2%)
Band-Cholesky O(n*) 0.89n%/3 O(n?°7)
O(n%), & — 00 ni/2 O(n*?)

which indicates that H should be chosen as large as possible (O(1) in our model
problem.)

Note that Hop is independent of the constant C' (i.e. the solver). Clearly, Hop
depends non-monotonically on the complexity exponent «. For o = 2.5,3,4, H, opt =
BL/3R5/6, gLI4p3/4 D1/Sh23 respectively. As & — 00, Hopy — /2.

"The complexity of the FVS algorithm, using H,py, is given by:

1
flops(Hope)  O((3)"),

where y{a) = —271"% For o = 2,2.5,3,4, v = 2,2.08,2.25, 2.67 respectively. As
a — 00, 7(e) — «f2. Thus, using a domain decomposition approach results in a
substantial reduction in the asymptotic complexity of the solver. The reduction is
greater the higher the complexity of the solver is,

We surnmarize these complexity results in Table 1, where we present the results

in terms of an » x n fine grid (n = 1/k) and an ng X ny coarse grid (nyg = 1/H).

4. Optimal Computational Complexity: Parallel Case. In the parallel
case, the operation count model has to be replaced by a true timing model, taking
infto account both the arithmetic cost and the communication cost. However, in the
spirit of the asymptotic analysis used in the last section, we can make some simplifying
assumptions which allow us to extract useful information from our model. The most
important assumption we shall make is that the communication cost is not dorninant
over the arithmetic cost, which is valid if the number of unknowns in the interior
of a subdomain is not too small compared to those on the boundary (i.e. a small
perimeter-to-area ratio) and is consistent with owr assumption in Sec. 3. The full
treatment with communication cost can be found in [5].

We shall also assume that there are enough processors so that the subdomain
problems are solved completely in parallel. A crucial issue is how to solve the coarse
grid problem in a parallel environment. According to Gropp [8], one of the best
methods is to collect the necessary data on one processor, solve it there and then
broadcast the result. Finally, we can do the coarse grid solve either (a) sequentially,
after the subdomain solves, or (b} in parallel to the subdomain solves.

Making these assumptions, it is easy to see that the leading order terms of the
parallel time of the FVS method is:

CH/W*+C(1/H™) case (a)

time(H) = { max{C(H/h)®, C(1/H*)} case (b),

where C is a generic constant modeling the time per arithmetic operation. In both
4




TaBLk 2
The sequential complexily of solvers em an n X n X n grid; coerse grid size ng.

Basic Solver Complexity Optimal ng | Complexity of DD Solver
using optimal ngy
Multigrid O(n?) 1 O(n®)
MIC O(n*?) 0.61n°/® O(n3-98)
Nested Dissection O(n®) 0.93n%/3 O(n*)
Band-Cholesky O(n") 0.95n7/11 O(n*4%)
O(n*),a — oo ni/? O(n*/?)

cases, the optimal value of H can be easily seen to be:
Hopt - ‘\/7;,

independent of o (i.e. the solver). We note that this optimal choice of H,y; implies
that the size of each subdomain problem is equal lo the size of the coarse problem. It
also implies that the optimal number of processors is n (= (1/vh)?).

The parallel time of the FVS method using H,p, is:

time(H,p:) = O(n®/?),
and the speed-up is:
Speed-up = O(n®)/0(n*/?) = O(n*/?).

Note that the speed up is greater than O(n) (the number of processors) if & > 2. This
“superlinear” speed-up is possible because we are not parallelizing a “fixed” algorithm
— the F'VS algorithm with the optimal coarse grid has different sequential complexity
for different n.

5. Higher Dimensional Problems. A similar analysis can also be extended
to a d-dimensional problem. For a solver of complexity O(m®) on an m? grid, the
results in the sequential case are:

o L wby w2a ﬂ'ﬂg
&x— o — T T
Hopp=(—7)" "h™ ",  flops(Hop) = O(h ).

The d = 3 case is summarized in Table 2. The results in Sec. 4 for the parallel case
are independent of d, except that the optimal number of processors is n#/2,

6. Conchiding Remarks, The results obtained above should also apply to
other opiimal domain decomposition methods, such as other substructuring meth-
ods and overlapping Schwarz methods. The optimal coarse grid size is obtained as a
simple balance between the cost of the subdomain solves and the cost of the coarse
grid solve. Therefore, the conclusions are valid for any DD method, as long as these
costs dominate the overall cost and the convergence rate is independent of H and A.
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