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Abstract

In this paper, a product Krylov subspace method that we call mixed BiCGSTAB-CGS is
derived. The method is built on the idea of the standard CGS and BiCGSTAB iterations but
allows switching between the two at each iteration. This flexibility can be used, for example, to
address the difficulty of excessive increase in residual norm in CGS, which may canse instability.
In particular, a CGS based implementation will be presented, which can be regarded as another
way of using the BiCGSTAB idea to improve the stability of CGS. Numerical examples are
given to demonstrate the stabilizing effect of the mixed algorithm.

1 Introduction

Iterative methods for solving a large nonsymmetric linear systems Az = b that extract approxi-
mate solutions from the Krylov subspace K,, = span{b, Ab, A%, .., A"b} are usually called Krylov
subspace methods. The BiCG algorithm [4, 9] is a classical Krylov subspace method that produces
an approximation z, with a residual reduction r, = b — Az, = P,(A)rg (ro = b} where P, is a
polynomial of degree n and called the BiCG polynomial.

In the past few years, several efficient product Krylov subspace methods such as CGS [13] and
BiCGSTAB [15] have been developed to accelerate convergence in BiCG and to avoid multiplications
by the transpose of A (see [1, 8, 10] for a general review and comparison). These product type
methods are based on constructing the product of the BiCG polynomial and some other accelerating
polynomials. In comparison with BiCG, which requires 2n matrix-vector multiplications at iteration
n, CGS uses the same amount of matrix-vector multiplications to produce a reduction with P2, i.e.,
rn = P2(A)ro. This potentially accelerates the convergence by a factor of 2. Unfortunately, during
the early stage of iteration, P,{A) may not be a contraction and thus r, may grow substantially or
vary significantly in magnitude, causing instability or stagnation of the true residunal [12]. A remedy
to this problem is BICGSTAB [15] (or BiCGSTAB(!) [7, 11]), which constructs r, = P,(4)@n(A)ro
with (2, being a product of polynomials of degree 1 (or I resp.) constructed locally to minimize the
residual. Indeed, the BICGSTAB type methods have proved to be very efficient in smoothing and
accelerating the convergence and is currently one of the most popular methods. However, there are
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many cases where CGS remains competitive. For example, BICGSTAB may suffer from a type of
near-breakdown that is associated with BICGSTAB only and may result in stagnation of residuals.

Since the difficulties encountered in CGS and BiCGSTAB are of different type and usually occur
only at a small subset of the iteration steps, it might be advantageous to consider a combination
of the two that can choose either of the two kinds of construction at each iteration and avoid using
the one for which difficulties arise, Also local steepest descent is used throughout BiCGSTAB
iterations, which may not be optimal in exploiting the global information available in the Krylov
sequences. Therefore, it might still be desirable to construct residual reduction like PZ(A)ry but
in a way that excessive increase in the residual norm is controlled. In this paper, we introduce a
general concept of switching product Krylov subspace methods from one type to another through
appropriately defining the sequence of polynomials. In this regard, we shall derive a mixed method
that is based on the CGS and BiCGSTARB iterations but has the freedom at each iteration to carry
out either a CGS step or a BICGSTAB step. This is done without resorting to restart, which would
lose all global information that has been built up in the iterations. In particular, we present a CGS
based implementation that takes a BICGSTAB step only when it is necessary, i.e., when there is
a large increase in the residual norm. In this way, it can be regarded as another way of using the
BiCGSTAB idea to improve the stability of CGS.

There is a recent work [16] on a general product method that constructs residuals of the form
o = Po{A)S,{A)re with S, being any polynomial sequence satisfying a three term recurrence.
The mixed methods to be presented here also constructs residuals of the form r, = P,(A)S,(A)re
but 5, does not satisfy any three term recurrence when there is a switching. Therefore, it does not
fall into the framework of [16]. There are also other works such as those of [2, 6, 12] that address
various difficulties in CGS. Here, we shall concentrate on the approach of constructing product
polynomials that are slightly different from CGS.

The paper is organized as follows. In section 2, we present the derivation of the general mixed
algorithm. In section 3, we briefly describe a CGS based implementation. Then, we give in section
4 some numerical examples to illustrate the stabilizing effect of the mixed algorithm and finally in
section 5 concluding remarks.

2 The mixed product algorithm

Consider applying BiCG to the matrix A with the initial left and right residuals 7q, rp and denote

the nth residual vector by rP“CG and the nth search direction vector by pPC%, Let P, be the nth
n

n " .
BiCG polynomial corresponding to rf‘GG , and T}, be the nth polynomial corresponding to pZi¢<

(see [15] for example), i.e.,
F,(Ayrg = rBicG, Ta(A)ro = pf"GG.
Then, from the BiCG recurrence, we have

Poy1() = Pu(t) ~ antTa(t),

Tn+1 (t) - Pn+1 (t) + ﬂn+ITn (t)a

where

o = (Pa(A%)F0, Po(A)ro)
L (Tn(AT)'FQ,ATn(A)T‘o)

By 1 (A7) o, Buyr(A)ro)

|
and fpy1 = (P,(AT)fy, Po(A)ro)



The choice of o, and (3, ensures the following orthogonality properties
(P(AT)70, Pu(A)ro) =0 and (p(ATYFo, AT,(A)ro) = 0 1)

where p is any polynomial of degree less than n.

To accelerate the convergence in BiCG and to avaid multiplications by the transpose of A,
CGS constructs an approximation z, such that the residual is r, = b — Az, = P*(A)rg, and in
BICGSTAB, it is r, = B, (A)Qn(A)re where @, (2) = (1 —wit) -+ - (1 — wyt).

We propose a general mixed product method that constructs approximations z,, such that its
residual has the form

rp = b— Az, = S,(A)P,(A)ro,

where
Su(t) = Qu(t) Paci () and Qu(t) = (1 —wit) -+~ (1 — wid)

and k is an integer parameter that determines what kind of residual reduction is used. When
constructing rp+1 = Spy1(A)Pos1(A)re from rp,, we can choose either S, 1(t) = Qi (t) Pas1-x(f) or
Sns1(t) = Qu41 (1) P (t). We call the fromer a CGS step and the latter a BICGSTAB step. So,
essenfially, in the first n iterations, we take k steps of BICGSTAB and n — k steps of CGS. With
k > 0, this approach avoids squaring P, in the CGS and thus may have a stabilizing effect. We
note that Fokkema, Sleijpen and van der Vorst [5] have also suggested the use of F,_1(A)F,(A)ro
as a possible way to improve the stability of CGS.

As mentioned in the introduction, [16] gives a general algorithm for constructing r, = S,{A4)F, (A)T(}
if S, satisfies a three term recurrence. It is easy to see that, when there is switching from a CGS
step to a BICGSTAB step and back, 5, in our case no longer satisfies a three term recurrence.
Therefore, the general algorithm of {16] does not apply. The question now is whether r, defined
above can still be constructed by some simple recurrence. It turns out that this can be done with
a little extra cost. We now proceed to derive such a recurrence. The derivation is similar to those
used in CGS and BiCGSTAB and will be in terms of polynomials, from which the corresponding
vector recurrence follows,

Since k is a parameter that may vary from step to step (thus a function of n), we denote its value
at the nth step by k(n). Asin CGS and BiCGSTAB, we define the following auxiliary polynomials
and the corresponding vectors:

Bult) = Pk OQ6OPa(D), and 1o = u(A)ro = P s(AQUAP (AN (2)
zfn(t) =P, (t)Qk(t T (t) and u, = fn(A)rg = Pn_k(A)Qk(A)T (A)?’o; (3)
Gu(t) = Tk ()Qu(t) Pu(t), and vy = (u(A)ro = Tur(A)Qr(A) Pr{A)ro; (4)
Mn(t) = Tk (t)Qr () T0(t), and pn = mm(A)ro = Tk (A)Qr(A)Tn(A)ro (5)

where k = k(n).

Assume the above four polynomials have been constructed for a fixed n with k = k(n). In
proceeding to step n + 1 from step n, we first choose k(n + 1) as either k£ or & 4 1, and then
construct correspondingly either a CGS step

¢n+1 (t) - Pn+1-k{n+1 ( )Qk(n+1)(t) nt+1 (t) = n+1 k(t)Qk( ) n-}-l(t)



or a BiCGSTAB step

Gn1(t) = Pogi—ifnr1) O Qrngry ) Puir (£) = (I — wipst) Pai () Qe (6} Prtr (1)

We now derive the recurrence for the construction of the four polynomials for each of the two cases.
Case 1: k(n+ 1) = k(n) = k (ie. a CGS step). In this case, we first generate ¢, =

Tk (£)Qr(t) Pota(t) by
¢'n = Tn—ka(Pn - antTn) = Cn - ant'r]n-

Then

1 = Pot1-p@ebry1

Pk QuFPr1 — o3t QrPrty

Pk Qu(Fr — antTy) — an_ 1t Tn 1 QrFPriy
= ¢p— t(anEn + C’ln—-kd)n):

it = FPor1-p@eTni
= P x@ePryi + Brp1 Por1-kQiTy
= Pop1-£QkPatt + Brpr (Pack — o gt T )QuTn
= Iny1 + Buy1{ln — an_iin),

Cnti = Tnp1—kQrPatt
= Pot1-kQuPrt1 + Brti1-sTn—1QrPrt1
= ¢’n+1 + ﬁn+1——k¢n:

Matt = Tapr p1@QiTopr
Pot1-£QiToy1 + Bot1-1To—kQrTns1
= Pop1-2@rTns1 + Bagr1 -+ Tnk Qi (Poi1 + Bnia Tn)
&ni1 + Brar—k (Y + Bnr1mn)-

Immediately, by writing ¢, = 1, (A)}rp, these recurrence can be expressed in the vector form

n = Un— Crdpy,
Tot1 = Tn— Alontn + Gnekyn),
Untl = Tntt + Bnpt(vn — ne g Apy),
Vntt = Tpp1+ Bat1-kGn,
Prtl = HUnyl + Bns1-k{gn + Bry1Pn)-

Case 2: k(n+1) = k(n)+1 = k+1 (i.e. a BICGSTAB step). In this case, Q41 = (I—wpt1?)Qk-

Pnt1 = Propi—en@rtribas
= in»kaﬁ-l(Pn - O‘-"ri.tTn)



= (1= wps1t)(Pak Qe Pr — antPa Qi Th)
= (1 —wri1t){dn — antly),

Enpt = Fopier)@rs1Toma
P k@rp1Fns1 + Bnpr Pk Qi1 T
= $ny1-t ﬁn+1(1 - wk+1t)£m

Gos1 = Topr-pn)@kr1Frpa
T kQr+1FPn — antTh_p Qi T
(1 - wk+1t) (Cn - ant"?n):

Tt = Trnpi—e1)@kt1lnn
= TntQit+1FPrs1 + Pni1Ln-kQri1Th
= C'n.+1 + JBsrL-I-l(1 - wk+1t)77n-

Again, we have the corresponding vector recurrence

Top1 = (I —wpprA)(rp — apAuy),
Ungt = Tpgt + Bagi (I — Wep1 A)tn,
Untt = (I —wpp1 A} (vn — andpy),
P+l = Unt1+ Bnsr (I - wk+1A)Pn-

In this case, wgy is determined to minimize rp = (I — wre1 A){ry — @ Auy).

This completes the recurrence from step n to step n» + 1. Of course, a recurrence for the
approximate solution z, can be easily obtained from that of r, (see Algorithm 2.1 below).

To finish the construction, we also need to recover the BiCG coeflicients ¢, +1 and B,45. First
note that by the orthogonality (1), we have

(7o, Ca(A)ro) — (Fo, dn(A)ro) = Bk (Tnok—1(AT)Qr(AT )0, Pa(A)ro) = 0
and
(Fo, A (A)r0) — (Fo, ALa(A)ro) = Bui(Ta—t—1 (AT)Qr (AT )P0, ATH(A)ro) = 0.

Then
(Fo,vn) = (Fo, ) and (Fo, Apn) = (Fo, Atin).

Again we need to separate the two cases.
Case 1: IFrom the definition of ¢,,, we have the following orthogonality

78 gn = (Fo, Pu(A)ro) = (Tup(AT)Qr(AT) o, Pup1(A)r0) = 0,

where we have used (1). Thus, 73 vn, — @nig Apr = Flgn = 0, i.e.,
_ "gvn _ Fgrn (6)
" o Ap, T4 Apn




Similarly,
(For ATk (A)QE(A) Tag1 (A)ra) = (Tai(AT)Qr(AT )0, ATni1(A)ro) = 0.
Using ¥ (t) + Brt17n(t) = Tnep (£)Qr (£) Tnt1 (t), we obtain
(Fo, Apn{A)ro) + By (Fo, Ann(A)ro) = 0,

and this . .
)6 1:_7'0 Aqﬂ — TOAQ'n (7)
wt 7t Ap, i Aty
Furthermore, it follows from (6) that fg Tptl = 7'"'81 Tp — anfg‘ Apy, — Ofn—kf‘g Ag, = —ay_g Fg Agy.
Substituting this and (6) into (7), we obtain a second formula for f, 1
=T
far o
ﬁn+1 = —D,,Tn't%"—"l‘- (8)

Case 2: From
(70, Pai (A)Q1(A) Pay1 (A)ro) = (Pr—i (AT)Qk(AT)Fo, Pagr(A)ro) = 0,
and P ()Qr(t) Prot1{t) = ¢nlt) — anté,(f), we obtain

_ e,
n — TF .
7o Auy,

On the other hand, noting that
(7o, APk (A)Qr(A) L1 (A)ro) = (Paik (A1) Qu(A")Fo, ATnp1 (A)ro) = 0.

and Pﬂ.—k (t)Qk (t)Tn-i—l(t) = U(t) + .Bn-i‘ign(t) with U(t) = Pn—k(t)Qk(t)Pn-l-l (t) = an (t) - ant‘gn (t)y

we have
(o, Av(A)ro) FEA(rn — ap,Auy)

T — e — ~ 10
P = " o, A6 (A)ro) G 1o
Furthermore, (fy, v(A)ro) = 0 and hence
7o a1 = (Fo, pny1 (A)ro) = (Fo, v(A)ro) — wiy1 (Fo, Av(A)ro) = —wry1 (Fo, Av{A)ro).
Using this and (9), we obtain again a second formula
=T
T Prtt
ntl = . 11
16 +1 Whtt rg’rn ( )

We remark that (6, 8, 9, 11) can also be derived by the method of [13, 15]. The derivation given
here is based on some orthogonality relations among the vectors and leads to alternative formulas
(7, 10} for 3,.

Finally, we summarize the above derivation in the following algorithm:



Mixed-BiCGSTAB-CGS Algorithm:
Input an initial approximation zp and an aunxiliary vector g ;
Initialize ro = up = vg = po = b — Azg; k = 0; po = 3 ro.

For n =0,1,2,- - until convergence
Determine whether k + k (CGS step) or k « k¥ + 1 (BiCGSTAB step);
If (CGS), then
Qn = Pn/FgAPn
Qn = Up — anAPn
Fa4l1 = Tp — A(aﬂun + th—an)
Tyl = Tn + Qplin + Cp_kGn
Pyl = Fng+1;
Cnfptt
Gn—kPn (Or B TgAPn
Untl = ppt T+ ﬁn-{-i (un - an—kApn)
Upt1 = Tn41 + Bnti—kln
Pnt1 = Uni1 + Brii—k (q'n + ﬁn-{-lpn)
End if
If (BiICGSTAB), then
Oy = pp /78 Atty,
v =1, — o, Aty
w = vT Av/(Av)T Av;
Tptr = U —wAD
Tpa1 = Lp + Qpliy + WU
Prti = 7 g
O Pnt1 (01‘ S FgAU )
WpPn #L Auy,
Uptl = Tpgl + ﬁn+1 (u'n. - WAun)
Upy1 = (I — wA) (v, — a, Apy)
Prng1 = Unii + Bny1(pn — wAPy)
End if
End for

ﬁn-l—l =

}Bn-]-l =

We present some remarks concerning the algorithm.

Remark 1: It is easy to see that one iteration of the mixed algorithm requires two multiplica-
tions by A, if it is a CGS step, and four multiplications, if it is a BICGSTAB step.

Remark 2: If all iterations are CGS steps, i.e., k(r) = 0 for all n, then the recurrence derived
is equivalent to the standard CGS.

Remark 3: If all iterations are BICGSTAB steps, i.e. k{n) = n for all n, then the recurrences
for r,, and u,, are identical to BICGSTAB. Note that the recurrences for p, and v,, are independent
of r,, and u, and therefore in the case of BICGSTAB, p, and v, need not be constructed. Indeed,
p, and v, are generated here solely for the use in later CGS steps. This leads to two extra
multiplications by A, resulting in the four multiplications by A as opposed to two in the standard
BiCGSTAB.



Remark 4: We shall discuss in the next section a criterion for switching between the two kinds
of steps. However, the algorithm can also be implemented by first faking p consecutive steps of
BiCGSTAB (k{n) = 0 for n < p) to reduce the residual norm to certain level, and then switch to
CGS steps completely {(k{(n) = n — p for n > p). In that case, for the first p BICGSTAB steps,
v, = 7y and p, = u, Since rg = #g = vg = pg. Thus v, and p, need not be constructed, which
reduces the multiplications by A to two. For example, by taking one BICGSTAB step and switch to
CGS, we recover the method of [5]. On the other hand, it is also possible to take the first p steps as
CGS steps (k(n) = 0 for »n < p) and then switch to BICGSTAB steps completely (k(n) = n — p for
n > p). In this case, again p,, and v, in the remaining BICGSTAB steps need not be constructed.
We have examples where a complete switching like this achieves better convergence than CGS and
BiCGSTAB; but at present, we do not see a practical implementation emerging from this approach
as some g priori information is needed in determining the step at which to carry out the switching.

A preconditioned version of the algorithm can easily be worked out. The following is one such
form that uses K = K; K3 as a preconditioner, K; being the left preconditioner and K3 being the
right one. This includes the case that K itself is used as the left preconditioner {(i.e. K = K;I) or
as the right preconditioner (i.e. K = IK3). Note that the choice of Ky and K, plays no explicit
role in the algorithm except that the left initial vector ¥y used in the explicitly preconditioned
version is replaced by (K 1)Tﬁg. However, if there is no particular choice for 7y in the explicitly
preconditioned version, then such a replacement is not necessary. The detailed derivation is similar
to [15].

Preconditioned Mixed-BiCGSTAB-CGS Algorithm:
Input an initial approximation ¢ and an auxiliary vector 7y ; 7o + (K By
Initialize ro = up =vo = po =b— Azo; k= 0; po = #l'rg.

For n=0,1,2,- - until convergence
Determine whether k « k (CGS step) or k - k- 1 (BICGSTAB step);
If (CGS), then
@ = pn /75 AK 'y
Jn — Up anAI(_lpn
P4l = Py — AKY (anu'n. + O"n—kq:ra.)
Intl1 = Ty + Kml(an'“'n + Oén—an)

Pl = 73 Tt
Oy Pl

Xn—kPn

Upntl = Pptt + ﬁn+1(un - an—kAI{ﬁﬁlpn)

Unt+1l = Tyt + ﬁ'n-i—l—kQ'n

Pat1 = Upga + ﬁn—i»l-—k(g'n + ﬁn-{—lpn)
End if
If (BiCGSTABY), then

On = po/FEAK

v =1y — anAK  lu,

z=AK v

o = (K79 Ko/ (K7 2) TR

Prgl = U — W2

Zogr = Zn + K Yoy + wv)

ﬁ'n+1 =



Prtl = 'Fg‘rn+1§

_ Gafair
ﬂﬂ-l-l e

wpn Pl 4 - 1
Untl = Tngl + Fni1(tn — WAK  tuy)
Untpl = (I - wAK_I)(’Un - anAK_lpn)
Prt1 = Unt1 + Bry1(pn — wAK " 1p,)
End if
End for

We remark that there are two ways for choosing w in the BiCGSTAB part. The one given
above is to minimize the preconditioned residual K 'r,. ;. It can also be chosen as w = zTv/2T2
to minimize the original residual r,4; (the two are the same when K; = I). See [15].

3 Switching Criterion

In the mixed method, we can switch between BICGSTAB and CGS at will at every step. Except
in some special situations {See Remark 3 in Section 2), however, four matrix-vector multiplications
are usually needed at each BICGSTAB step. Therefore, to be cost effective, it is necessary fo
minimize the number of switchings. We shall consider CGS based implementations that switch to
BiCGSTAB only occasionally.

A main purpose of introducing the mixed method is to improve the stability of CGS (convergence
of the computed residual vector). While the behaviour of CGS in finite precision is not well
understood, it is generally believed that large increase in the residual is a main factor in causing
instability. What is interesting in our numerical testing, however, is that a large local variation
in the residual norm, i.e. ||[Fnt1||/||7nl|, seems to have most significant effects in the convergence
and the absolute magnitude of the relative residual {|r,+1||/||7ol| has less apparent effect in the
convergence, at least for the computed (or called updated) residuals. Specifically, there seems to be
very little correlation between convergence of CGS and max,, ||rp+1]l/||7ol. On the other hand, the
convergence is usually improved by controlling the local residual increase (see Section 4). To this
end, we advocate an implementation that controls the local increase in the residual ||rpp1||/||7al-
Namely, given a tolerance Tol, we compute r,.; by CGS and test the switching criterion

[Pnsall/llralt < Tol. (12)

If this is satisfied (there is no large local increase in the residual norm), a CGS step is taken;
otherwise, a BICGSTAB step will be taken. In order to minimize the extra cost (two extra matrix-
vector multiplications) associated with each switching, a too small Tol should be avoided. It is also
sensible in this regard not to implement the switching when r, starts to converge ( {|rnt1|i/|lroll <
0.1, say). From our tests, a value around Tol = 10% seems to be sufficient in improving stability of
CGS yet leads to only limited switchings to BiICGSTAB.

It should be pointed out that a large growth in the absolute magnitude of the relative residual
|rns1ll/]l7ol] could lead to stagnation of the true residual b — Az, at certain level even when the
computed residual continues to converge. We note that BiCG type recurrences are designed to
reduce the computed residual which in turn drives the convergence of the true residual (see [14}).
In finite precision, however, when ||rp41l/||7ol is large, there will be large differences between r,



and b — Az, at the convergence owing to the error accumulation. In that case, convergence of r,
no longer guarantees the convergence of b — Az,,. However, it is possible to deal with this kind of
problem separately through residual updating, see {12]. The present work is focused on convergence
of the computed residual r,, which is the source of convergence of the true residual b — Az,,.

4 Numerical Examples

In this section, we present some numerical examples to demonstrate the stabilizing effect of the
mixed aigorithm. Specifically, we shall consider the switching criterion discussed in section 3 and
compare the mixed method with CGS and BiCGSTAB.

Throughout the examples, T'ol used will be 10% unless otherwise specified. In the convergence
plots below, at the point at which a switching incurs, we use ”x” to mark the norm of the CGS
step without switching,

Example 1: The mairix is a finite-difference discretization {(center difference) on a 40 x 40
grids of the following convection diffusion equation

- ANu+ fuy +yuy = f(z,y) on (0, 1)2;

with the homogeneous Dirichlet boundary condition. f is chosen such that the vector of ones is
the solution. Figure 1 gives the convergence history of the computed residuals for two sets of
parameters {a): § = —200, y = 200 and {(b): § = —122 and v = 190. For the mixed method,
14 switchings incurred in (a) and 6 switchings in (b). There is a clear improvement of the mixed
method over CGS.

Example 2: The matrix is a finite-difference discretization on a 40 x 40 grids of the following
convection diffusion equation

~ Duta(eus +yuy) + fu= flzy) on  (0,1)%

with the homogeneous Dirichlet boundary condition. f is a constant, Figure 3 is the convergence
history of the computed residuals for two sets of parameters (a): « = 100, § = —100, and (b):
o = 100, 8 = —360. For the mixed method, 3 switchings incurred in (a) and 4 switchings in (b).

Example 3: The matrix is ORSREGI from the OILGEN group of the Harwell-Boeing collection
[3] of sparse test matrices. The order of the matrix is 2205 and it has 14133 nonzero entries. The
right-hand side b is chosen to be the vector of ones. We implement it {a) without any preconditioning
and (b) with the ILU{0) preconditioning. The results are given in Figure 3. In case (b) with the
ILU(0) preconditioning, we choose T'ol = 10 as the regular T'ol = 10? does not lead to any switching
for this relatively easy problem. For the mixed method, 6 switchings incurred in (a) and 1 switching
in (b). '

In all three examples, we have seen the dramatic stabilizing effect of the mixed method over
CGS. In particular, it is capable of turning a divergent CGS into a convergent one with a few
switchings. However, this is by no means typical. For most cases, the performance of Example 1
(a) and Example 3 (b) (the preconditioning case) is more typical in that CGS itself converges and
the mixed method improves it slightly with a few switchings.

Through our testing, we also found that in some cases the choice of T'ol could have significant
effect in the performance of the mixed method. [t sometimes needs to be fine tuned in order to
achieve better balance between stability and the number of switchings. For some problems, the

10
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number of switchings may be too large to compensate any gain in stability, Some of these are due
to the limitation of a single cut switching criterion (12). For example, consider a CGS run where
lIrnsa | /llrnll just exceeds Tol. Then, use of (12) will be less efficient in a case it occurs just once
than in a case it occurs, say, ten times. We plan to study these issues in the future and carry out
more extensive testing with different switching criteria.

Figure 3: Convergence History for Example 3
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5 Concluding Remarks

We have presented the idea of switching between two different type product methods and demon-
strated in principle its potential as a competitive product method. The mixed CGS-BiCGSTAB
method is derived and implemented to control local increase in the residual norm. The numerical
examples show that this implementation could provide a competitive alternative for the class of
problems where CGS is competitive or where both CGS and BiCGSTAB diverge.

We point out that the idea of switching may have applications in other contexts. Its ultimate
success will depend on the switching strategy, the best of which is not clear at the moment. The
preliminary success of the one used through controlling the local increase may also indicate the
relation between large local variation in the residual norm and stability of CGS. However, there is
no theoretical results to confirm this. It would still be interesting to carry out some error analysis
to determine the precise cause for the possible instability in CGS. A complete understanding in
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this regard may lead to a better implementation of the present idea that picks the best of the two
methods.
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