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The Ghost Fluid Method for deflagration and
detonation discontinuities

Ronald P. Fedkiw *
Tariq Aslam t
Shaojie Xu ¥

June 1, 1999

Abstract

The level set method for multiphase compressible flows [19] is simple to
implement, especially in the presence of topological changes. However,
this method was shown to suffer from large spurious oscillations in [15;.
In [7), a new Ghost Fluid Method (GFM) was developed to remove
these spurious oscillations by minimizing the numerical smearing in
the entropy field with the help of an Isobaric Fix [8] technique.

The GFM was designed for traditional contact discontinuities where
the interface moves with the fluid velocity only. In this paper, the GFM
is extended to treat multimaterial interfaces where the interface veloc-
ity includes a regression rate due to the presence of chemical reactions
converting one material into another. Specifically, interface models for
deflagration and detonation discontinuities are considered. The result-
ing numerical method is robust and easy to implement along the lines
of [24].

*Research supported in part by ONR N00014-97-1-0027 and ONR N00014-97-1-0968

105 Alamos National Laboratory - performed under the auspices of the U.5. Depart-
ment of Energy

Y¥iniversity of Illinois at Urbana-Champaign - Research funded by the U.5. Department
of Energy through the University of California under Subcontract number B341494



1 Introduction

In [19], the authors applied the level set method to multiphase compressible
flow. The level set function was used as an indicator function and each
grid point was designated as one fluid or the other in order to choose the
appropriate equation of state. Then the numerical fluxes were formed and
differenced in the usual manner, see e.g. [24]. In [15], it was shown that this
technique produced large spurious oscillations in the pressure and velocity
fields. This problem was rectified in [12], [6], and [5] with schemes that
involved ezplicit treatment of the appropriate boundary conditions at the
interface. As a consequence, these schemes are intricate in one dimension
and can only be extended to multiple dimensions with ill-advised dimensional
splitting in time. In addition, multilevel time integrators, such as Runge
Kutta methods, are difficult to implement for these schemes.

The Ghost Fluid Method (GFM) [7] avoids the oscillations at multimate-
rial interfaces without explicitly applying the interface boundary conditions.
Instead, the GFM creates an artificial fluid which émplicitly captures the
boundary conditions at the interface. In the flavor of the level set method
which mplicitly captures the location of the interface, the GFM implic-
stly captures the boundary conditions at the interface. Since the boundary
conditions are smplicitly captured by the construction of a ghost fluid, the
overall scheme becomes easy to implement in multidimensions without time
splitting. In addition, Runge Kutta methods are trivial to apply.

In {7], the GFM was implemented for contact discontinuities where the
interface moves at the fluid velocity only. In this case, the pressure and
normal velocity of the ghost fluid are copied over from the real fluid in a
node by node fashion while the entropy and tangential velocities are defined
with the use of a simple partial differential equation for one-sided constant
extrapolation in the normal direction. See [7] for details.

In this paper, the GFM is extended to multimaterial interfaces where the
interface velocity includes a regression rate due to the presence of chemical
reactions converting one material into another. Specifically, interface models
for deflagration and detonation discontinuities are considered similar to the
work in [25], [18], [26], and [27] where the authors extended the level set
method from [28] to interfaces that represent burning front discontinuities.
In [28], the authors keep a sharp interface location using the level set func-



tion, while smearing out the surrounding flow variables, e.g. density. This
numerical treatment is not acceptable for deflagration wave discontinuities
since their propagation speed is evaluated as a function of the exact unburnt
gas conditions which are lost when the state variables are smeared out. In
[25), [18], {26], and [27] the authors developed a new “in-cell reconstruction”
technique that gives a sharp representation of the states on each side of the
interface as needed for deflagration discontinuities. Those authors used the
level set method to implicitly capture the interface location, while using the
“in-cell reconstruction” technique to ezplicitly enforce the boundary condi-
tions at the interface. The resulting algorithm is more efficient than standard
interface tracking techniques, since the interface location is captured and not
tracked. While the algorithm described in [25], [18], [26], and [27] utilizes
dimensional splitting in time, this is not a necessary condition for the “in-cell
reconstruction” technique {14]. However, the boundary conditions are still
explicitly applied. In contrast, the GFM implicitly captures the boundary
conditions at the interface by the construction of a ghost fluid. The result-
ing numerical method is easy to implement in multidimensions {(without time
splitting) and extends trivially to Runge Kutta methods.



2 Eqguations

2.1 Euler Equations

The basic equations for compressible flow are the Euler equations,
¥, + F(0), + G0, + HD), =0 (1)

which can be written in detail as
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where t is the time, (z,¥,z) are the spatial coordinates, p is the density,
V=< u,v,w > are the velocities, E is the total energy per unit volume, and
p is the pressure. The total energy is the sum of the internal energy and the
kinetic energy,

p(u +; + w?) @)

E=pe+

where e is the internal energy per unit mass. The two-dimensional Euler
equations are obtained by setting w = 0, while the one-dimensional Euler
equations are obtained by setting both v = 0 and w = 0.

The pressure can be written as a function of density and internal energy,
p = p(p, ). The speed of sound is defined by

e=[p+ 5 4
p
where p, and p, are partial derivatives of the pressure with respect to the
density and internal energy respectively.
For an ideal gas p = pRT where R = Ly is the specific gas constant with
R, = 8.31451 25 the universal gas constant and M the molecular weight of
the gas. Also valid for an ideal gasis ¢, —c, = R where ¢, is the specific heat



at constant pressure and c, is the specific heat at constant volume. Gamma
is the ratio of specific heats, v = 2. For an ideal gas, one can write

de = c,dT (5)

and assuming that ¢, does not depend on temperature (calorically perfect
gas), integration yields

e=e,+c¢T (6)

where e, is not uniquely determined, and one could choose any value for e
at 0K (although one needs to use caution when dealing with more than one
material to be sure that integration constants are consistent with the heat
release in any chemical reactions that occur). {3}

Note that

p= pRT = pfe — ) = (y = Dole = ) )

is used later in the text.

2.2 Level Set Equation

We use the level set equation
g+ W -vp=0 (8)

to keep track of the interface location as the zero level of ¢. In this equation,
W is the level set velocity of the interface. In general ¢ starts out as the
signed distance function, is advected by solving equation 8 using the methods
in [11], and then is reinitialized using

g+ 5(4,) (J7el —1) = 0 ()

to keep ¢ approximately equal to the distance function ( i.e. |{7"¢>i =1)
near the interface where we need additional information. We note that our
method allows us to solve equation 8 independently of the Fuler equations.
That is, equation 8 can be solved directly using the method in [11}, and the
eigensystem for the Euler equations does not depend on ¢, since we will be
solving only one phase problems with any given eigensystem (see the later
sections). For more details on the level set function see [7, 19, 28}.



3 The GFM for a Contact Discontinuity

The level set function is used to keep track of the interface. The zero level
marks the location of the interface, while the positive values correspond to
one fluid and the negative values correspond to the other fluid. Each fluid
satisfies the Euler equations as described in the last section with different
equations of state for each fluid. Based on the work in [11], the discretization
of the level set function can be done independently of the two sets of Euler
equations. Besides discretizing equation 8 one needs to discretize two sets of
Euler equations. This is done with the help of ghost cells.

Any level set function defines two separate domains for the two separate
fluids, i.e. each point corresponds to one fluid or the other. Ghost cells are
defined at every point in the computational domain so that each grid point
contains the mass, momentum, and energy for the real fluid that exists at
that point (according to the sign of the level set function) and a ghost mass,
momentum, and energy for the other fluid that does not really exist at that
grid point {the fluid from the other side of the interface). Once the ghost
cells are defined, one can use standard one-phase methods, e.g. see [24], to
update the Euler equations at every grid point for both fluids. Then the level
set function is advanced to the next time step, and the sign of the level set
function is used to determine which of the two sets of updated fluid values
should be used as the real fluid values at each grid point.

Consider a general time integrator for the Euler equations. In general,
one constructs right hand sides of the ordinary differential equation for both
fluids based on the methods in [24], then the level set function is advanced
to the next time level and the sign of the level set function determines which
of the two right hand sides to use in the time update for the Euler equations.
This can be done for every step and every combination of steps in a multistep
method.

Lastly, we note that only a band of 3 to 5 ghost cells on each side of
the interface is actually needed by the computational method depending
on the stencil and movement of the interface. One can optimize the code
accordingly.



3.1 Defining Values at the Ghost Cells

In [7}, the GFM was implemented for a contact discontinuity in the Euler
equations. It was apparent that the pressure and normal velocity were con-
tinuous, while the tangential velocity was continuous in the case of a no-slip
boundary condition at the interface but discontinuous for a shear wave. i
was also apparent that the entropy was discontinuous.

For variables that are continuous across the interface, the ghost fluid
values are set to be equal to the real fluid values each grid point. Since
these variables are continuous, this node by node population will implicitly
capture the correct interface values of the continuous variables. This is the
key mechanism in coupling the two distinct sets of Euler equations.

Note that the discontinuous variables are governed by a linearly degen-
erate eigenvalue. Thus, they move with the speed of the interface and in-
formation in these variables should not cross the interface. Moreover, these
discontinuous variables should not be erroneously coupled together or forced
to be continuous across the interface as is usually the case for many con-
ventional numerical methods which produce spurious numerical dissipation
at discontinuities, e.g. shock capturing methods. In order to avoid the nu-
merical smearing of these variables, one-sided constant extrapolation is used
to populate the values in the ghost fluid. Note that the work in [8] on the
Isobaric Fix shows that one does not have to deal directly with the entropy.
There are a few options for the choice of the variable used in extrapolation
ranging from density to temperature.

The extrapolation of the discontinuous variables is carried out in the
following fashion. Using the level set function, the unit normal is defined at
every grid point as

—

¢

NT = —= =< My, Tg, Mg > (10)

where N always points from the fluid with ¢ < 0 into the fluid with ¢ > 0.
Then the advection equation

I,+N.-gI=0 (11)

is solved in fictitious time 7 for each variable 7 that needs to be extrapolated
across the interface in one direction of the other. The “+” sign is used to
populate the ghost fluid in the region where ¢ > 0 with the values of I from
the region where ¢ < 0, while keeping the real fluid values of I fixed in the
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region where ¢ < 0. Likewise, the “-” sign is used to populate the ghost fluid
in the region where ¢ < 0 with the values of I from the region where ¢ >0,
while keeping the real fluid values of I fixed in the region where ¢ > 0. This
equation only needs to be solved for a few steps in fictitious time in order
to populate a thin band of approximately 3 to 5 ghost cells needed for the
numerical method.

Note that the above procedure does not apply an isobaric fix to the cells
in the real fluid which border the interface. In order to apply the isobaric
fix, keep the real fluid values of I fixed in the region where ¢ < —e when
using the “4+” sign in equation 11, and keep the real fluid values of T fixed
in the region where ¢ > ¢ when using the “-” sign in equation 11. Since ¢ is
an approximate distance function, choose € to be the thickness of the band
in which the isobaric fix is to be applied. We use ¢ = L.OAz.

When the need arigses to extrapolate the tangential velocity, first extrapo-
late the entire velocity field, V=< u,v,w >. Then, at every cell in the ghost
region there are two separate velocity fields, one from the real fluid and one
from the extrapolated fluid. For each velocity field, the normal component
of velocity, Viy = V- N is put into a three component vector, VNN and
then a basis free projection method (see e.g. [9]) is used to define the two
d1men310na,1 velomty field in the tangent plane by another three component
vector, V- VNN Finally, the normal component of velocity, VNN from the
real fluid is added to the tangential component of velocity, V- VNN from
the extrapolated fluid to get the ghost fluid velocity that occupies the ghost
cell.

Once the ghost fluid values are defined as outlined above, they can be
use to assemble the conserved variables for the ghost fluid.



4 Extending the Ghost Fluid Method

For a simple contact discontinuity that moves with the speed of the fluid
only, we were able to separate the variables into two sets based on their
continuity at the interface. The continuous variables were copied into the
ghost fluid in a node by node fashion in order to capture the correct interface
values. The discontinuous variables were extrapolated in a one-sided faghion
to avoid errors due to numerical dissipation. In order to apply this idea to
a general interface moving at speed D in the normal direction, one needs to
determine the continuous variables for this general interface problem.

Conservation of mass, momentum, and energy can be applied to an in-
terface in order to abstract continuous variables. One can place a flux on
the interface oriented tangent to the interface so that material that passes
through this flux passes through the interface. This flux moves with speed
D (the interface speed) in the normal direction, and the mass, momentum,
and energy which flows into this flux from one side of the interface must flow
back out the other side of the interface. That is, the mass, momentum, and
energy flux in this moving reference frame are continuous variables. Oth-
erwise, there would be a mass, momentum, or energy sink at the interface
and conservation would be violated. We denote the mass, momentum, and
energy flux in this moving reference frame as ¥, va, and Fy respectively.
The statement that these variables are contmuous is essentially equivalent
to the Rankine-Hugoniot jump conditions at an interface moving with speed
D in the normal direction. In [25], [18], [26], and [27] the Rankine-Hugoniot
jump conditions were explicitly apphed to the interface. Instead, the Ghost
Fluid Method uses the fact that F,, F P and Fj are continuous to define
a ghost fluid that captures the mterface values of these variables. That is,
the Rankine-Hugoniot jump conditions are implicitly captured resulting in
a method that is robust and easy to implement.

Remark: Numerically F,, F 7, and Fp may not be continuous. This

could occur from initial data or wave interactions. However, since F,, F‘;;,,
and F'z are treated as though they were continuous in the numerical method,
numerical dissipation smooths them out. In fact, this numerical dissipation
helps to guarantee the correct numerical solution.

Remark: The level set function is designed to represent interfaces where
the interface crosses material at most once due to an entropy condition [21,



23]. Simple contact discontinuities that move with the local material velocity
never cross over material. If one material is being converted into another,
then the interface may include a regression rate for this conversion. If the
regression rate for this conversion of one material into another is based on
some sort of chemical reaction, then the interface can pass over a material
exactly once changing it into another material. The same chemical reaction
cannot occur to a material more than once, and the reverse reaction is usually
not physical due to an entropy condition. However, in the case of reversible
chemical reactions, the level set may pass over a material in one direction
(the reaction) and then pass back over the same material in the opposite
direction (the reverse reaction).

Remark: Shocks may be interpreted as the conversion of an uncompressed
material into a compressed material. In this case, D is the shock speed and
the GFM could be used to follow a lead shock, but since shocks can pass over
2 material more than once in the same direction, all subsequent shocks must
be captured or modeled by separate level set functions. A simple example
of the GFM for non-reactive shock waves is presented in a later section,
although this approach will be examined in detail in a future paper [2].

Remark: In the general case, Fp"} and Fy will include general mechanical
stress terms on the interface, e.g. viscosity, surface tension, and magterial
models. In addition, Fig will include general thermal stress terms on the
interface, e.g. thermal conductivity. General mechanical and thermal stress
terms are not considered in this paper although pressure is considered as a
mechanical stress.

To define F,,, F’pv, and Fg, the equations are written in conservation form
for mass, momentum, and energy. The fluxes for these variables are then
rewritten in the reference frame of a flux which is tangent to the interface
by simply taking the dot product with the normal direction,

p 0
(F(D),G@O), T))-N=| oV |Vt | pNT (12)
E+p 0

where Vy == V - N is the local fluid velocity normal to the interface and the
superscript T designates the transpose. Then the measurements are taken
in the moving reference frame (speed D) to get

P 0
p(V*=DNT) | (Vy-D)+ | pi¥" (13)
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from which we define

F, = p(Vy — D) (14)

Ao =p (VT = DNT) (Viy — D) +pNT (15)
7 _ |2

P = (pe + AL =D +p) (Vi - D) (16)

as continuous variables for use in the GFM. That is, we will define the ghost
fluid in a node by node fashion by solving the system of equations

F¢ = F} (17)
Fo=FY% (18)
F§ =Fg (19)

at each grid point. Note that the superscript “R” stands for a real fluid value
at a grid point, while the superscript “G” stands for a ghost fluid value at
a grid point. Since Fy, F'.jf;, FE N, and D are known at each grid point,
these can be substituted into equations 17, 18, and 19, leaving p%, VE 58,
and % undetermined. Since the ghost fluid is supposed to represent the real
fiuid on the other side of the interface, we use that fluid’s equation of state as
our sixth equation. Thus, populating the ghost nodes requires the solution
of six algebraic equations with six unknowns at each grid point in a band
about the interface. For many applications, this is rather trivial compared to
applying the Rankine-Hugoniot jump conditions explicitly to the interface.

11



5 Defining the interface speed D

The interface speed is usually a function of the surrounding materials. For
example, in the case of a simple contact discontinuity, IJ can be defined as
the continuous normal velocity of the two materials at the interface.

In order to update equa,tmn 8 for the level set function, one needs to
define the level set velocity, W at every grid point. In the level set capturing
framework, W is defined everywhere by a function which is continuous in the
normal direction and has an interface value that moves the interface at the
correct interface velocity. This global definition of W can be used to find
D for use in solving equations 17, 18, and 19. In a node by node fashion,
D = W - N is defined as the velocity of the interface in the normal direction,
capturing the correct value of D at the interface.

In many cases, D is given and _one can define W = DN, _Note that
starting with W, defining D = W - N, and then defining W = DN results in
W = WNTN where the superscnpt T' represents the transpose. While this
equation is obviously false, both W and WNTN behave the same in regard
to the level set method. That is,

G+ W gd=0 (20)
and
¢+ (WNTN) =0 (21)

will be analytically equivalent, although there may be numerical differences.

5.1 A simple contact discontinuity

Consider the case of a simple contact discontinuity where the interface moves
with the local fluid velocity, i.e. W = V. Then D = V{ is the component
of the real fluid velocity normal to the interface at each point. Equation 17
becomes,

pE(VF — Vi) =0 (22)

implying that V¢ = V;¥. That is, the normal component of the ghost fluid
velocity should be equal to the normal component of the real fluid velocity at

12



each point. Then equation 18 becomes p® = p® implying that the pressure
of the ghost fluid should be equal to the pressure of the real fluid at each
point. Equation 19 is then trivially satisfied leaving a degree of freedom. As
discussed in [7], the entropy should be extrapolated in the normal direction
along with an Isobaric Fix [8] to minimize “overheating”. In addition, the
tangential velocities are extrapolated for a shear wave or copied over in a
node by node fashion to enforce continuity of the tangential velocities for a
“no-slip” boundary condition,

5.2 Defining the level set velocity 114

One issue that needs to be addressed in the level set formulation is the
definition of the level set velocity W for use in equation 8. In the case of a
simple contact discontimuity, W="Vis just the local fluid velocity. In more
general cases, the interface speed may be a function of the variables on both
sides of the interface and a general method for constructing W is needed.

Consider an interface separating two materials with states represented by
779 on one side of the interface and U¢® on the other side of the interface.
In general, the velocity of the interface can be defined by W= W"(G’fj@ ) ﬁfﬁt))
where the “in#” subscript represents a variable that has been interpolated to
the interface in a one-sided fashion. Generally, W is a continuous function
and application of W = W(T®, 7)) in a node by node fashion will capture
the correct value of W at the interface.

In order to apply W = W{Tj(l),ﬁ(2)) in a node by node fashion, one
needs values of () and T at every node. UV can be extended across the
interface into the region occupied by ﬁ(z)’ and U@ can be extended across
the interface into the region occupied by {7, Then, every grid point in
a band about the interface has values of both U®) and T® to use when
defining W = W(ff (1) 7). For first order accuracy, one can take a few
time steps in fictitious time 7 for the advection equation,

LN -gI=0 (23)

for cach variable I that needs to be extrapolated. The “+” sign is chosen in
the appropriate way to extend the components of U7 or of U®.

In general, one only needs extension for a thin band consisting of about
3 to 5 grid cells near the interface. Once the velocity is computed near the
interface, it can be extended to cover the entire domain using equation 23
with I equal to each component of W and the appropriate choices of the

13



“+” gign, Instead of extending W throughout the domain, one could use
fast local level set methods in a narrow band about the interface, see e.g. [1j

and the references therein.
In some cases, DD is preferable to W and one can use D =B, U,,(,fi} )

in a node by node fashion and then construct W = DN.

14



6 A Note On Conservation

The GFM decomposes the computational domain into separate regions for
each fluid and utilizes a standard conservative flux differencing scheme for
each separate fluid. This procedure creates nonunique fluxes at the interfaces
separating different fluids and leads to a formal lack of discrete conservation
on a set of measure zero near the interface. In addition, there is a lack of
conservation due to the advection of the level set function similar to the
area logs problem seen in incompressible flow calculations [28]. In [7], these
conservation errors were discussed and numerical examples were provided to
illustrate convergence to the correct weak solution for a variety of examples.
Since the level set function is advected with the desired velocity of the dis-
continuity, one can still use this method to treat general discontinuities such
as shocks. That is, the interface profile is not smeared out and one does not
have to rely on exact conservation to obbain the correct propagation speed for
the discontinuity. This methodology is common in front tracking schemes,
for example [22] uses a nonconservative method for updating the location of
the discontinuity and then formally corrects the conservation errors with a
post-processing procedure [4]. It seems likely that a similar post-processing
procedure could be developed to make the GFM fully conservative as well.

15



7 Examples

Consider an interface separating two materials with states represented by
7Y on one side of the interface and U® on the other side of the interface.
Equation 23 is used to extend {7 and TF® so that both functlons are defined
on a 5 grid cell band near the interface. Then D = (oW, g j(2) ),is applied
in a node by node fashion throughout the 5 grld cell band and W = DN is
defined within the band. The components of W can be extended throughout
the domain using equation 23. However, in the sense of a local level set
method, one does not need to extend W and we set W = 0 outside our
narrow band as opposed to extending it.

We experienced a small increase in computational overhead associated
with the numerical treatment of the scalar level set equation and the equa-
tions for reinitialization and ghost cell population. Theoretically, these algo-
rithms can be performed on a lower dimensional subset of the mesh, see for
example [1] and the references therein. While our codes did not use narrow
band methods for the standard level set equations, we did apply all ghost
cell related algorithms in a thin band about the interface i increasing the com-
putational cost by only a few percent over a standard one phase calculation
in most cases.

Note that all our numerical examples use third order TVD Runge-Kutta
and third order ENO-LLF [24].

7.1 Non-Reacting Shocks

Consider the representation of a lead shock by a level set function where the
positive values of ¢ correspond to the unshocked material and the negatlve
values of ¢ correspond to the shocked material. Then the normal, N points
from the shocked material into the unshocked material.

In one spatial dimension, the normal velocity is defined as Vy = V-N
and equations 14, 15, and 16 become

F,=p(Vy — D) (24)
# 5 = plu— DNT)(Vy — D)+ pN” (25)

16



o

— DNJ?
Fg= (pe + plu = DN +p) (Vv — D) (26)
where it is useful to define

=NF 3 =p(Vx —D) +p (27)

and to rewrite equation 26 as

Fg = (pe + 'O(—VA—T—;—DX + p) (Vy — D) (28)

using the fact that N = 41 in one dimension. Then equations 17, 18, and
19 can be written as

p°(V§ — D) =F}' (29)
p(VE =Dy +p =FF, (30)
G & D 2
(pGeG PRl Sk S (VN2 i pG) (v¢ —D)=FE (31)

where FF, F:},N, FE and D can be evaluated at each grid point. Adding
the equation of state for the ghost fluid as

p® = (7% — 1)p%e” (32)

yields four equations for four unknowns which can be arranged into a quadratic
for V¢ — D where

VG - D= (YGF:%’N 4 ’YGF.:%}N ’ . 2(7(; B 1)F}§2 (33)
NTE T O+ D)EE (v¢ + 1)FF (Y& + 1)FE

expresses the two solutions. Choosing one of these two solutions for V§
allows one to obtain p¢ from equation 29, p® from equation 30, and e from
equation 32. In addition, u’ = VEI\TT .

In order to choose the correct solution from equation 33, one has to know
whether or not the ghost fluid is an unshocked fluid or a shocked fluid. Node
by node, the real values of the unshocked fluid are used to create a shocked

17



ghost fluid to help in the discretization of the shocked real fluid. Likewise,
the real values of the shocked fluid are used to create an unshocked ghost
fluid to help in the discretization of the unshocked real fluid. If the ghost
fluid is a shocked fluid, then I should be subsonic relative to the flow, i.e.
VE —c® <D < VE +cC or |V§ — D| < ¢®. On the other hand, if the ghost
fluid is an unshocked fluid, then D should be supersonic relative to the flow,
ie. [V$ ~ D} > ¢ Therefore, the “£” sign in equation 33 should be chosen
to give the minimum value of |[V§ — D| when constructing a shocked ghost
fluid and the maximum value of |V — D| when constructing an unshocked
ghost fluid.

For a simple non-reacting shock, the shock speed D can be defined di-
rectly from the mass balance equation as

) — @)

p(l) — p(z) (34)

in a node by node fashion. However, this simple definition of the shock speed
will erroneously give D = 0 in the case of a standard shock tube problem
where both fluids are initially at rest. A somewhat better estimate of the
shock speed can be derived by combining equation 34 with the momentum
balance equation to get

(1) (12 4 (1) — pf2) (u)? — p(@
P — pl®

where the shock speed is now dependent on the pressure as well. Note that
equations 34 and 35 are approximations for D. Clearly, these approximations
will lead to nonphysical values of D in certain situations. In fact, D could
be infinite or imaginary. A more robust, but still approximate value for [
can be obtained by evaluating D = Vy + ¢ with the Roe average of gm
and [j(z)’ since thig is the exact shock speed for an isolated shock wave
and never becomes ill-defined. Of course, the best definition of the shock
speed can be derived by solving the Riemann problem for the states 7w
and U@ although this generally requires an iteration procedure. In fact,

this approach will be followed in a future paper [2].

7.1.1 Example 1

Tn this example, a single shock wave moving to the right taken from [27]. We
use a 1 domain with 100 grid points and the interface located at z = .5m
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which is exactly in between the 50th and 51st grid points. We usey = 1.4 and
M = .040-2% for both gases. Initially, we set p = 2.12424 4 = 89.981%, and
p = 148407.3Pa on the left, and p = 1.583177%%, 1= 02, and p = 98066.5Pa
on the right.

Figure 1 shows the solution at ¢ = .001s with a standard shock capturing
scheme, specifically 3rd order ENO-LLF. Since the shock capturing scheme
employs numerical differencing across the discontinuous shock wave, a large
amount of numerical dissipation smears out the discontinuous shock struc-
ture. The shock capturing method does not identify the discontinuous initial
data as a shock wave, but instead interprets it as a Riemann problem and
attempts to break it up into distinct waves one of which is a smeared out
shock wave. The other waves are represented by the glitch near z = .6 in the
density and temperature contained in the linearly degenerate field and the
small glitch near z = .3 in all variables contained in the other truly nonlinear
fields. These glitches are traditionally referred to as start-up errors and tend
to diminish in size as the grid is refined.

Figure 2 shows the numerical solution computed with equation 35 as the
shock speed for the GFM. Note that the GFM avoids numerical dissipation
at the interface and the related artifacts, i.e. start-up errors. The GFM can
interpret the discontinuous initial data as a shock wave and does not need
to modify the shock profile in order to capture it.

The exact solution is plotted as a solid line in both figures.

7.1.2 Example 2

Next, we set up a shock tube problem by changing the left state in example
ltop= 3%%», 3 =0%Z and p=2X 10°% Pa while still plotting the results at
¢ = .001s. The results with a standard shock capturing scheme are shown
in figure 3 and those with the GFM and equation 35 are shown in figure
4. Note that the shock wave in the GFM case trails by one grid point and
that there is a small glitch on the left hand side of the shock that disappears
when the shock equilibrates later in time. These are first order numerical
errors along the lines of the first order numerical smearing present in a shock
capturing method. A more resolved calculation will achieve a flat profile in
a shorter time, e.g. the same calculation with 400 grid points has the shock
wave in the correct cell and no visible glitch as can be seen in figure 5. The
exact solution is plotted as a solid line in all 3 figures. For more details on
the convergence and the location of discontinuities using the GFM, see [7]-
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7.2 Detonations

Strong detonations and Chapman-Jouguet detonations can be approximated
as reacting shocks under the assumption that the reaction zone has negligible
thickness. Let the unreacted material be represented by the positive values
of ¢ and the reacted material be represented by the negative values of ¢
so that the normal, N , points from the reacted material into the unreacted
material.

Equations 29, 30, and 31 are still valid, while equation 32 becomes

p = (v = 1)p%(e — &) (36)

where one can no longer set e, = 0 for both fluids. In detonations, the jump
in e, across the reaction front indicates the energy release in the chemical
reaction. Equation 33 becomes

G R G R 2
TE YOS oG —1) ( FE
ijr; - D= = pVn - + - PV i _ (7G ) __J':;]‘2 _ eo(; (37)
(v¢ + DF (v¢ + )F; (¥ +1) \F
where the “+” sign is chosen to give the minimum value of |V — D| when
constructing a reacted ghost fluid and the maximum value of |V — D| when

constructing an unreacted ghost fluid. Equation 35 is used for the detonation
speed D, although one may wish to consult a Riemann solver, e.g. see [29].

7.2.1 Example 3

In this example, a single overdriven detonation wave moving to the right
is taken from [18]. We use an 8m domain with 100 grid points and the
interface located at z = 4m which is exactly in between the 50th and 51st
grid points. We usey = 1.27 in both gases, while M = .015%%7 in the unburnt
gas and M = .018-7%907 in the burnt gas. Initially, we set p = 1.578611—%%,

= 2799.822 and p = 7707520Pa on the left, and p = 60158 u = 02,

m3 )
and p = 1 x 10°Pa on the right. In addition, we have e, = g% - in the

unburnt gas and e, = 0 in the burnt gas. Figure 6 shows the solution at
+ = D005s after it has moved from z = 4m to about = = 6.26m at a speed
of about 4521 2. The exact solution is plotted as a solid line in the figure.
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7.2.2 Example 4

Next, we take the overdriven detonation from example 3 with 200 grid cells
(201 grid points) and start the detonation at z = .175m which is between
the 5th and 6th grid points. A solid wall boundary condition is enforced at
¢ = 0, creating a rarefaction wave that will catch up with the overdriven
detonation and weaken it to a Chapman-Jouguet detonation as in [18]. The
large circles in figure 7 show the pressure profile at ¢ = .00135s. The solid
line in figure 7 shows the same calculation with an increased resolution of
800 grid cells (801 grid points) in which case the detonation wave starts
exactly between the 18th and 19th gird points. Comparison of these two
graphs indicates reasonable behavior under grid refinement. Figure 8 shows
a plot of the peak post-detonation pressure at each grid point for the 300
grid cell case. Note that the post detonation pressure is approaching the
Chapman-Jouguet pressure of 4,518,507 a.

7.3 Deflagrations

For a deflagration, the unreacted material is represented by positive values of
¢ and the reacted material is represented by negative values of ¢ so that the
unit normal points from the reacted material into the unreacted material.
Equations 29, 30, and 31 are used along with equation 36 where the jump
in e, across the reaction front indicates the energy release in the chemical
reaction. Equation 37 is still valid, however, since a deflagration is subsonic
the “+” sign is chosen to give the minimum value of [V§ — D| for both the
reacted and the unreacted ghost fluids.

For a deflagration, the Riemann problem is not well posed unless the
speed of the deflagration is given [13, 29]. Luckily, there is a large amount
of literature on the G-equation for flame discontinuities. The G-equation
was originally proposed in [17] and later discussed in [30]. The G-equation
represents the flame front as a discontinuity in the same fashion as the level
set method. Thus, one can consult the literature on the G-equation to obtain
deflagration speeds for the GFM.
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7.3.1 Example b

In this example, we consider a single deflagration wave moving to the right
with the deflagration velocity taken from [13] and [29] as

3 @\ *
— @ A
D=V +3.00x 107 — (,;.(2)) (38)

where we have redimensionalized the problem. Note that the superscript
“(2)” stands for an unburnt gas quantity. We use a 1.6m domain with 100
grid points and the interface located at z = .8m which is exactly in between
the 50th and 51st grid points. We use v = 1.4 and M = .029;’;% in both
gases. Initially, we set p = .142168;%%, u = —181.0182, and p = 94569.5Pa
on the left, and p = 1-3;%, =02 andp=1Xx 10°Pa on the right. In
addition, we have e, = 2.0 x 106% in the unburnt gas and e, = 0 in the
burnt gas. Figure 9 shows the solution at ¢ = .01s after it has moved from
r = 8m to about z = 1.1m at a speed of about 30.02. The exact solution

is plotted as a solid line in the figure.

7.3.2 Example 6

Tn this example, we compare our results for shock deflagration interactions
with exact solutions from [20] using the deflagration velocity

(2) 1 T(z) 1.721
A2 P m
D=Vy' +185 (10100013@) (298K) p (39)

where the superseript “(2)" stands for an unburnt gas quantity. We use
a 1m domain with 400 grid points and the interface located at z = .5m.
We use v = 1.4, M = .0212%, and e, = 3.38 X 106% in the unburnt gas
corresponding to a stoichiometric hydrogen air mixture. We use v = 1.17,
M = .026#“;—1, and e, = 0 in the burnt gas. The burnt gas is on the left of
the interface and the unburnt gas is on the right of the interface.

The first case consists of a leftgoing shock starting at = = .6m with
preshock states of p = 158724 o =283.22, and p = 249,900P¢ on the left,
and postshock states of p = 2.128;’;’%«, u = 139.92, and p = 378,200Fa on the
right. The burnt gas has initial states of p = .4289%%, u=194.82 and p =
9244, 800Pa. The shock hits the deflagration and the collision results in four
waves shown in figure 10 at £ = .00065s as a shock, contact, deflagration, and
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rarefaction from left to right. All waves are captured, except the deflagration
wave which is tracked with the level set function. The results agree well with
she exact solution which is plotted as a solid line in the figure.

The second case consists of a rightgoing shock starting at = = .4m with
postshock states of p = .3809%’%, u = 555.12, and p = 241,100 a on the left,
and preshock states of p = 185924, u = ~61.96, and p = 102,700Pa on
theright. The unburnt gas has initial states of p = .8672;’“1%, u =6.762%, and
p = 103,900Pa. The shock hits the deflagration and the collision results in
four waves shown in figure 11 at ¢ = .0006s as a shock, contact, deflagration,
and shock from left to right. All waves are captured, except the deflagration
wave which is tracked with the level set function. The results agree well with
the exact solution which is plotted as a solid line in the figure.

7.3.3 Example 7

Next, we take the deflagration from example 5 and enforce a solid wall bound-
ary condition at = = 0. It is important to note that a reflection boundary
condition is applied to the level set function as well. That is, we start with
¢ = x — .024m and after applying the reflection boundary condition we have
¢ = |z| — .024m as initial data. This initial data assumes that the entire
domain is unburnt (the right state in exarple 5}, except for a small region
near the solid wall which we assume to be burnt (the left state in example
5).

Due to the influence of the solid wall, we initially set the velocity of the
burnt state to be identically zero (not —181.018%). Since the solid wall
prevents the deflagration from accelerating the burnt gas to the left, a shock
wave forms to the right of the deflagration. This shock wave pre-accelerates
the unburnt gas to the right, so that the acceleration of the gas to the left
by the deflagration wave is approximately canceled, resulting in a burnt gas
velocity near zero as forced by the solid wall.

The circles in figure 12 show the deflagration wave computed with 100
grid cells (101 grid points) at ¢ = .002s when it located near z = .bm
moving to the right at approximately 2782, Note the captured shock wave
near z = 1m. In figure 13 and figure 14 the same calculation was carried
out with 200 grid cells (201 grid points) and 400 grid cells (401 grid points)
respectively. For the sake of comparison, a more refined calculation with 800
erid cells (801 grid points) is plotted as a solid line in all three figures. These
figures illustrate first order convergence in the location of the discontinuous
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deflagration wave and the captured shock wave. In addition, note that the
overheating errors in temperature and density at the wall could be minimized
with the Isobaric Fix [8].

An important technical detail concerns the treatment of the normal in
the burnt region near the wall. Consider the 101 grid point case were there
are initially three burnt points consisting of one at x = 0, one to the right
of z = 0, and 2 solid wall boundary reflected point just to the left of z = 0.
The normal N will be undefined at z = 0 if standard central dlfferencmg is
used to compute it. Thus, one must be careful when computing N with a
standard central difference. In these cases we resort to one-sided differencing
to compute the normal. In this particular example, essentially equivalent
results are obtained regardless of which direction we use to compute the
one-sided difference. Inherently, this is a problem with level sets in under-
resolved regions since local extrema may occur near the zero level. However,
this is only a problem when the extrema are positioned exactly on a grid
node which is wnusual except for initial data. For our purposes, we address
this problem by assigning a normal in an arbitrary direction by choosing
one-sided differencing in an arbitrary direction.

7.3.4 Example 8

Once again, we consider deflagration waves with velocities determined by
equation 38. We use a 1.6m domain with 801 grid points and a solid wall
boundary condition at z = 0. Initially, ¢ = |& — .078m| — .003m where the
three grid points at = = .076m, © = .078m, and z = .08/ designate a burnt
gas with p = .2082%%, uw = 02, p = 140720Pa, and e, = 0. The rest of
the domain is an unburnt gas with p = 15w = 02, p = 1 x 10°Pa, and

m?
€, = 2.0 x 10°Z. In both gases, y = 1.4 and M = 02922

The soiutlon consists of two deflagration waves moving outward from
# = .078m (in opposite directions). Since the burnt gas is confined between
these deflagrations, it must have a near zero velocity inducing shock waves
in front of the deflagrations as can be seen in figure 15 at ¢ = .000147s where
the deflagrations are located near z = .043 and = = 113 and the shocks are
located near z = .01 and x = .146.

The leftgoing shock wave will reflect off the solid wall boundary, change
direction, and then intersect the leftgoing deflagration near z = .02m causing
it to slow down (although it eventually reaches the wall and burns out). The
transmitted shock eventually catches up with the rightgoing deflagration near
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z = .175m causing it to accelerate to the right. The resulting transmitted
shock will eventually overtake the lead rightgoing shock. Figure 16 shows
a time history of the location of the deflagration waves and figure 17 shows
the pressure at ¢ = .0022s.

7.4 Multidimensions

In multidimensions, the normal velocity is defined by Vy = V-N , equation
14 ig still

Fy=p(Vw — D) (40)
and equation 27 is still
Fy, =NFg=p(Vy—-Dy+p (41)
while
— ﬁ oo F r ﬁT — —t
B = gt = VT = Vy NT (42)

P

is valid when Vy # D, i.e. except for the case of a contact discontinuity.
The necessary continuity of this expression implies the well known fact that
tangential velocities are continuous across shocks, detonations, and deflagra-
tions. Note that tangential velocities are not necessarily continuous across
contact discontinuities.

Note that

W — DNP = |V|* — 2DVy + D? = [V = V§ + (Vx — D) (43)
and
V2= Vi + VA + V4 (44)

where Vp, and Vg, are the velocities in the tangent directions T} and 1%
respectively. Combining equations 43 and 44 yields

|V — DNP® = Vi + V£ + (Vi — DY’ (45)
which can plugged into equation 16 to obtain

2 V2 - D 2
Py = (Pe+ olVh + V), ol - D) +p) (Vi = D) (46)
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as a rewritten version of equation 16.

Defining
- F (Vi + Vi Vy — D)?
FE - FE - P( 112 Tz) — (pfi+ P( N2 ) +p) (VN _ D) (47}

and using this equation along with equation 40, equation 41, and the equation
of state for the ghost fluid

p¢ = (79 = 1)p%(e” — €7) (48)

leads to

G R 2 2
N (v¢ + DEF (v + DEF () A\FE

which is identical to equation 37 in every way, since the definition of F’E in
multidimensions is identical to the definition of F'z in one-dimension.

To summarize, equation 49 can be used to find Vj§, with the proper
choice of the “+” sign outlined in the one dimensional cases. Then equation
40 can be used to find p, equation 41 can be used to define p©, and equation
48 can be used to find €. The velocity, V€ is obtained by combining the
normal velocity of the ghost fluid with the tangential velocity of the real
fluid through the equation

Ve =VEN+ VR - VEN (50)

where Vi = VE. N is the normal velocity of the real fiuid. Note that the
tangent directions are never explicitly used so that the method is simple to
implement in three spatial dimensions.

7.4.1 Example 9

This problem is similar to the example in section 5.1 of [27]. Consider a 1m
square domain with 100 grid cells in each direction. Two circular regions
of burnt gas are centered at (.425m, 425m) and at (.575m,.575m) with a
radius of .02m each. The rest of the domain is defined as unburnt gas. Both
the burnt gas and the unburnt gas are defined as in example 5, except we
set u = v = 0% in the burnt gas similar to example 7.
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In each circular region, a shock wave will form and travel outward pre-
accelerating the unburnt gas similar to the one-dimensional result calculated
in example 7. Since there are two circular regions, these shock waves will in-
tersect each other and interfere with the circular growth of the burnt regions
distorting their shape. Figure 18 and figure 19 show the interface locations
before and after merging corresponding to .0008 seconds and .001 seconds,
respectively.

In figure 20 and figure 21 we plot square cells which are color coded based
on the density values at the cell centers. A color bar is included to the right of
each figure to illustrate the discontinuous density profile at the interface. The
density jumps more than lwn’-‘il% without the presence of spurious intermediate
values due to numerical dissipation. Note that the “white” region away from
the interface 1 due to shock wave compressions.

7.4.2 Example 10

Consider one of the .02m radius circular regions of burnt gas from example
9 located in the center of the computational domain at (.5m, .5m). In order
to illustrate the effects of grid refinement, calculations are carried out with
50, 100, 200, and 400 grid cells in each direction. Note that case with 50
grid cells in each direction is rather coarse and that large errors are already
present in the initial data due to grid representation errors as shown in figure
22. Compare this with figure 23 which shows the initial data for the case
with 400 grid cells in each direction. Figure 24 shows the interface locations
for each case at a final time of .001 seconds. The calculations demonstrate
first order convergence for the location of the interface, although grid effects
are apparent due in part to the poor resolution of the initial data.
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