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&� 5� $QGHUVRQ
'HSDUWPHQW RI 0DWKHPDWLFV

8QLYHUVLW\ RI &DOLIRUQLD� /RV $QJHOHV ����������
DQGHUVRQ#PDWK�XFOD�HGX

<��&� &KHQ DQG -� 6� *LEVRQ
0HFKDQLFDO DQG $HURVSDFH (QJLQHHULQJ

8QLYHUVLW\ RI &DOLIRUQLD� /RV $QJHOHV ����������
\HQFKHQJ#VHDV�XFOD�HGX� JLEVRQ#VHDV�XFOD�HGX

$%675$&7
,Q WKLV SDSHU� FRQWURO DQG LGHQWLpFDWLRQ PHWKRGV IRU

YRUWH[ ZDNHV DUH LQYHVWLJDWHG� 7KH SDUWLFXODU SUREOHP VWXG�
LHG FRQFHUQV WKH VWDELOL]DWLRQ RI YRUWLFHV EHKLQG D qDW SODWH�
XVLQJ EDFNVLGH VXFWLRQ DV DQ DFWXDWRU� 7KH qRZ G\QDPLFV
DUH PRGHOHG ZLWK D GLVFUHWH YRUWH[ PHWKRG� )HHGEDFN FRQ�
WURO UHVXOWV IRU D OLQHDU 3, FRQWUROOHU DUH SUHVHQWHG DV ZHOO
DV LGHQWLpFDWLRQ UHVXOWV IRU D FODVV RI LQSXW�RXWSXW PRGHOV
WKDW FDQ EH XVHG WR GHVLJQ PRUH VRSKLVWLFDWHG FRQWUROOHUV�

� ,1752'8&7,21
$FWLYH FRQWURO RI qXLG qRZV KDV DWWUDFWHG ZLGH LQWHUHVW

LQ UHFHQW \HDUV �%XVKQHOO� ����� *DG�HO�+DN� ����� *XQ�
]EXUJHU� ������ 7KH FRQWURO RI qRZ SDVW EOXo ERGLHV KDV
DSSOLFDWLRQV LQ GUDJ UHGXFWLRQ� OLIW HQKDQFHPHQW� DQG QRLVH
DQG YLEUDWLRQ FRQWURO� )RU H[DPSOH� 6DoPDQ �6DoPDQ�
����� KDV VXJJHVWHG WKDW E\ FRQWUROOLQJ YRUWLFHV EHKLQG D
VOHQGHU ERG\� WKH OLIW IRUFH FDQ EH LQFUHDVHG ZLWKRXW JUHDWO\
LQFUHDVLQJ WKH GUDJ IRUFH� 7KLV SDSHU FRQFHUQV WKH GHYHORS�
PHQW RI LGHQWLpFDWLRQ DQG FRQWURO PHWKRGV IRU YRUWH[ ZDNHV�
SDUWLFXODUO\ ZDNHV JHQHUDWHG E\ REMHFWV ZLWK VKDUS HGJHV�

7KH PRGHO SUREOHP FRQVLGHUHG KHUH LV WKH VWDELOL]DWLRQ
RI YRUWLFHV EHKLQG D qDW SODWH ZLWK EDFNVLGH VXFWLRQ DV DQ
DFWXDWRU� ,Q WKH FDVH RI FRQVWDQW IUHH�VWUHDP YHORFLW\� YRU�
WH[ VKHGGLQJ RFFXUV DQG D YRUWH[ ZDNH IRUPV EHKLQG WKH
SODWH� 7KH SDSHU GHPRQVWUDWHV WKH IHDVLELOLW\ RI XVLQJ IHHG�
EDFN FRQWURO LQ WKLV SUREOHP E\ DSSO\LQJ D FRQVWDQW�JDLQ
OLQHDU IHHGEDFN WR WUDS WKH YRUWLFHV DQG LQKLELW VKHGGLQJ
ZKHQ WKHUH LV QR GLVWXUEDQFH WR WKH qRZ pHOG� 0RVW UHDO
qRZ�FRQWURO DSSOLFDWLRQV LQYROYH WLPH�YDU\LQJ IUHH�VWUHDP
YHORFLWLHV DQG XQPRGHOHG GLVWXUEDQFHV� DQG WKHVH ZLOO UH�
TXLUH PRUH VRSKLVWLFDWHG FRQWUROOHUV� +HQFH� WKH SDSHU DOVR
LQYHVWLJDWHV WKH LGHQWLpFDWLRQ RI LQSXW�RXWSXW PRGHOV WKDW
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FDQ EH XVHG WR GHVLJQ VXFK FRQWUROOHUV� 7KH FODVV RI PRGHOV
LGHQWLpHG KHUH DUH HVSHFLDOO\ DSSURSULDWH IRU DGDSWLYH FRQ�
WURO� ZKLFK ZDV XVHG LQ �$QGHUVRQ� ����� &KDQJ� ����� WR
UHGXFH RVFLOODWLRQV LQ YRUWH[ ZDNHV�

7KH qRZ G\QDPLFV DUH PRGHOHG XVLQJ D YRUWH[ EORE
PHWKRG� ,Q WKLV PHWKRG WKH HYROXWLRQ RI WKH YRUWLFLW\ LQ
WKH ZDNH LV DSSUR[LPDWHG E\ HYROYLQJ D FROOHFWLRQ RI GLVFUHWH
YRUWLFHV� 7KH YRUWH[ VKHGGLQJ SKHQRPHQRQ �WKH SULQFLSDO
YLVFRXV HoHFW� LV PRGHOHG E\ HPSOR\LQJ D G\QDPLF .XWWD
FRQGLWLRQ �&RUWHOH]]L� ������ $V GLVFXVVHG LQ D QXPEHU RI
SUHYLRXV SDSHUV �&RUWHOH]]L� ����� &RUWHOH]]L� ����� 6DUS�
ND\D� ����� 6DUSND\D� ����� YRUWH[ PHWKRGV SURYLGH D GH�
VFULSWLRQ RI WKH G\QDPLFV DV D PRGHO ZLWK IDU IHZHU GLPHQ�
VLRQV WKDQ GLUHFW QXPHULFDO VLPXODWLRQ� 7KLV UHGXFHG GL�
PHQVLRQDOLW\ PDNHV YRUWH[ PHWKRGV SDUWLFXODUO\ DWWUDFWLYH
DV VLPXODWLRQV WR VXSSO\ DSSUR[LPDWH G\QDPLFV IRU WKH WDVN
RI GHYHORSLQJ LGHQWLpFDWLRQ DQG FRQWURO SURFHGXUHV� +RZ�
HYHU� LQ RUGHU WR PDNH WKH YRUWH[ PRGHO VXLWDEOH IRU LGHQWLp�
FDWLRQ DQG FRQWURO� LW ZDV QHFHVVDU\ WR PRGLI\ WKH VWDQGDUG
GLVFUHWH YRUWH[ PHWKRG� 0RGLpFDWLRQV WKDW ZH HPSOR\HG
LQFOXGH DQ DGDSWLYH WLPH�VWHSSLQJ VFKHPH� YRUWH[ PHUJLQJ�
DQG D SURFHGXUH IRU UHGXFLQJ WKH QRLVH LQ YHORFLW\ PHDVXUH�
PHQWV QHDU WKH SODWH�

7KH UHVXOWV RI WKLV SDSHU LOOXVWUDWH WKDW ZLWK DSSURSUL�
DWH PRGLpFDWLRQV� GLVFUHWH�YRUWH[ PRGHOV FDQ EH TXLWH XVHIXO
IRU FRQWURO GHVLJQ DQG VLPXODWLRQ� ,Q SDUWLFXODU� WKH DJUHH�
PHQW IRXQG LQ WKLV SDSHU EHWZHHQ WKH GLVFUHWH�YRUWH[ PRGHO
DQG WKH LGHQWLpHG LQSXW�RXWSXW PRGHO ZLWK UHVSHFW WR WKH
PLQLPXP SKDVH DQG QRQPLQLPXP SKDVH FKDUDFWHULVWLFV RI
WKH qRZ pHOG LQGLFDWHV WKDW WKH LGHQWLpHG LQSXW�RXWSXW
PRGHOV REWDLQHG IURP WKH GLVFUHWH�YRUWH[ PRGHO FDSWXUH WKH
FKDUDFWHULVWLFV RI WKH qRZ WKDW DUH LPSRUWDQW LQ FRQWURO V\V�
WHP GHVLJQ�
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7KH SUREOHP ZH FRQVLGHU FRQFHUQV WKH ZDNH JHQHUDWHG

E\ qRZ DERXW D qDW SODWH� ,Q RXU FDOFXODWLRQV� WKH SODWH
KDV OHQJWK �D� LWV PLGSRLQW LV DW ������ DQG WKH SODWH LV
SHUSHQGLFXODU WR WKH IUHH VWUHDP YHORFLW\ 8� �W�� )RU WKLV
SDSHU� ZH XVH D  �� $ YHORFLW\ VLQN �VXFWLRQ DFWXDWRU� LV
ORFDWHG DW WKH FHQWHU RI WKH EDFN VLGH RI WKH SODWH �L�H�� DW
�� � �����

7R IDFLOLWDWH WKH FDOFXODWLRQ RI WKH YHORFLWLHV� ZH XVH
FRQIRUPDO PDSSLQJ �%DWFKHORU� ������ 7KH YHORFLWLHV LQ RXU
SUREOHP DUH pUVW FRPSXWHG LQ WKH PDSSHG SODQH �t SODQH�
DQG WKHQ WUDQVIRUPHG EDFN WR WKH SK\VLFDO SODQH �] SODQH��
$ FLUFOH LQ WKH PDSSHG SODQH ZLWK FHQWHU DW ����� DQG UDGLXV
D LV DVVRFLDWHG ZLWK WKH SODWH LQ WKH SK\VLFDO GRPDLQ E\ WKH
FRQIRUPDO WUDQVIRUPDWLRQ
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7KH UHODWLRQVKLS EHWZHHQ SK\VLFDO DQG PDSSHG SODQHV LV
VKRZQ LQ )LJXUH ��
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$ VWUHDP IXQFWLRQ k KDV WKH VDPH YDOXH IRU WKH FRUUH�
VSRQGLQJ SRLQWV LQ ERWK SODQHV� 7KHUHIRUH� YHORFLWLHV LQ WKH
SK\VLFDO DQG PDSSHG SODQHV FDQ EH ZULWWHQ DV
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6LQFH WKH PDSSLQJ LV VLQJXODU DW WKH SODWH WLSV �GtG]  ���
WKH YHORFLW\ pHOG LQ WKH SK\VLFDO GRPDLQ ZLOO EH LQpQLWH XQ�
OHVV WKH FRUUHVSRQGLQJ YHORFLW\ LQ WKH PDSSHG SODQH YDQ�
LVKHV� ,Q JHQHUDO� WKH .XWWD FRQGLWLRQ LV WKH UHTXLUHPHQW

WKDW WKH YHORFLW\ pHOG EH QRQVLQJXODU� ,Q SRWHQWLDO qRZ� WKH
.XWWD FRQGLWLRQ LV VDWLVpHG E\ FKRRVLQJ DQ DSSURSULDWH FLU�
FXODWLRQ� ,Q WKH GLVFUHWH YRUWH[ VLPXODWLRQ XVHG KHUH� WKH
FLUFXODWLRQ LV p[HG� DQG WKH .XWWD FRQGLWLRQ LV VDWLVpHG E\
FKRRVLQJ WKH VWUHQJWKV RI QHZO\ LQWURGXFHG YRUWLFHV VR WKDW
WKH YHORFLW\ LQ WKH PDSSHG SODQH YDQLVKHV DW WKH LPDJHV
RI WKH SODWH WLSV� 7KLV DSSURDFK KDV EHHQ XVHG LQ SUHYL�
RXV YRUWH[ VLPXODWLRQV �&KHLQ� ����� 6DUSND\D� ����� 6DUS�
ND\D� ������ :H IROORZ PRVW FORVHO\ WKH LPSOHPHQWDWLRQ RI
&RUWHOH]]L �&RUWHOH]]L� ������ ZLWK VRPH PRGLpFDWLRQV IRU
LQLWLDO YRUWH[ SODFHPHQW �&KHQ� ������

$V WKH qRZ HYROYHV� YRUWH[ VKHHWV HPDQDWH IURP WKH WLSV
RI WKH SODWH� 7KH YRUWH[ VKHHWV DUH PRGHOHG E\ D FROOHFWLRQ
RI GLVFUHWH YRUWLFHV� HDFK YRUWH[ KDYLQJ D SUHVFULEHG FLUFXOD�
WLRQ bL�W� DQG ORFDWLRQ tL�W�� 7KH HYROXWLRQ RI WKH VKHHW LQ
UHJLRQV DZD\ IURP WKH WLSV LV WUHDWHG DV DQ LQYLVFLG HYROXWLRQ
DQG VR WKH GLoHUHQWLDO HTXDWLRQ GHVFULELQJ WKH PRWLRQ RI WKH
YRUWH[ FHQWHUV �GHULYHG IURP (XOHU
V HTXDWLRQV� LV JLYHQ E\
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+HUH YS�tL� W� LV WKH VXP RI WKH SRWHQWLDO qRZ YHORFLWLHV LQ�

GXFHG E\ WKH VLQN DQG WKH SUHVFULEHG YHORFLW\ 8� �W�� 7R
DYRLG WKH SUREOHPV FDXVHG E\ ODUJH YHORFLWLHV RFFXUULQJ
ZKHQ WZR YRUWLFHV DUH LQ FORVH SUR[LPLW\� WKH IRUPXOD ���
LV VOLJKWO\ PRGLpHG� ZH XVH WKH YHORFLW\ pHOG DVVRFLDWHG
ZLWK D YRUWH[ EORE DSSUR[LPDWLRQ �&KRULQ� ����� &KRULQ
DQG %HUQDUG� ������

,Q WKH UHJLRQ QHDU WKH SODWH WLSV� YLVFRXV HoHFWV DUH DS�
SUR[LPDWHG E\ LQWURGXFLQJ YRUWH[ HOHPHQWV DW HDFK WLPH
VWHS WR VLPXODWH WKH VHSDUDWLRQ RI WKH YLVFRXV ERXQGDU\
OD\HU LQWR WKH qRZ pHOG� $W WKH EHJLQQLQJ RI HDFK LQWH�
JUDWLRQ VWHS� D QHZ YRUWH[ LV SODFHG QHDU HDFK WLS� DW D
ORFDWLRQ GHSHQGLQJ RQ WKH DYHUDJH YHORFLW\ QHDU WKH WLS�
7KH VWUHQJWKV RI WKHVH QHZ YRUWLFHV DUH SUHVFULEHG VR WKDW
WKH .XWWD FRQGLWLRQ LV VDWLVpHG� )LJXUH � VKRZV VWUHDPOLQHV
IRU WKH VLPXODWLRQ RI WKH qRZ SDVW D qDW SODWH� 7KDW WKH
VWUHDPOLQHV DUH WDQJHQW WR WKH SODWH DW WKH WLSV LV D UHVXOW
RI WKH .XWWD FRQGLWLRQ�

2QH IHDWXUH RI WKLV YRUWH[ PRGHO LV WKDW D SDLU RI GLV�
FUHWH YRUWLFHV LV LQWURGXFHG DW HDFK WLPH VWHS� 7KXV� D ODUJH
QXPEHU RI GLVFUHWH YRUWLFHV DUH JHQHUDWHG ZKHQ VLPXODWLQJ
VHYHUDO YRUWH[ VKHGGLQJ F\FOHV �H�J�� D VLPXODWLRQ WKDW LV
UHTXLUHG WR DVVHVV WKH RSHQ�ORRS EHKDYLRU RI WKH V\VWHP��
6LQFH WKH ZRUN WR FRPSXWH RQH YHORFLW\ pHOG HYDOXDWLRQ LV
2�1�� �1 WKH QXPEHU RI YRUWLFHV�� WKH FRPSXWDWLRQDO WLPH
LQFUHDVHV JUHDWO\� 7R UHGXFH WKLV FRPSXWDWLRQDO WLPH ZH LP�
SOHPHQWHG D YDULDEOH WLPH VWHS LQWHJUDWRU IRU WKH GLoHUHQ�
WLDO HTXDWLRQV DQG D YRUWH[ PHUJLQJ SURFHGXUH �&RUWHOH]]L�
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����� WR UHGXFH WKH QXPEHU RI YRUWLFHV LQ WKH FDOFXODWLRQ�
7KHVH WZR HQKDQFHPHQWV UHGXFHG WKH FRPSXWDWLRQDO WLPH
WR DFFHSWDEOH OHYHOV� 6SHFLpFDOO\� WKH YRUWH[ VLPXODWLRQV IRU
WKH FRQWURO DQG LGHQWLpFDWLRQ SUREOHPV LQ WKLV SDSHU XVHG
EHWZHHQ ��� DQG ��� GLVFUHWH YRUWLFHV �ZLWK WZR VWDWHV SHU
GLVFUHWH YRUWH[�� $ qRZFKDUW GHSLFWLQJ WKH HYROXWLRQ RI WKH
YRUWH[ G\QDPLFV ZLWKLQ RQH FRQWURO WLPH VWHS LV JLYHQ LQ
)LJXUH �� +HUH� WN LV WKH WLPH DW WKH EHJLQQLQJ RI WKH N

WK

FRQWURO WLPH VWHS� c LV WKH OHQJWK RI WKH VDPSOH�DQG�KROG
VWHS IRU FRQWURO �WN � �  WN�c�� DQG c5. LV WKH LQWHJUDWLRQ
VWHS� ZKLFK LV D YDULDEOH �c5. xc�� �6HH �&KHQ� ����� IRU
GHWDLOV�

6WDWHV DQG &RQWURO 9DULDEOH DW 7LPH WN

'HWHUPLQH 5�. VWHS c5. � W� W�c5.

0RYH 9RUWLFHV IRU c5.

9RUWH[ 0HUJLQJ DQG &DQFHOODWLRQ

&ULWHULD IRU *HQHUDWLQJ 1HZ 9RUWLFHV

%DODQFH .XWWD &RQGLWLRQ

W WN�c

6WDWHV DW 7LPH WN � � �WN � �  WN�c�
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� 0($685(0(176
2XU LGHQWLpFDWLRQ DQG FRQWURO ZRUN UHTXLUHG DQ RXWSXW

PHDVXUHPHQW IURP WKH YRUWH[ VLPXODWLRQ� ,Q RUGHU WR FRP�
SDUH RXU UHVXOWV ZLWK WKRVH RI &RUWHOH]]L �&RUWHOH]]L� �����
&RUWHOH]]L� ������ ZH XVHG WKH FHQWHU RI FLUFXODWLRQ DQG WKH
WRWDO FLUFXODWLRQ� 7KH SRVLWLRQ RI WKH FHQWHU RI FLUFXODWLRQ
LQ WKH PDSSHG SODQH LV GHpQHG E\

t�N�F  
�

b
�N�
F

1 �;
L  �

bLtL

v
N  � � WRS
N  � � ERWWRP

w
� ���

7KH FHQWHU RI FLUFXODWLRQ LQ WKH SK\VLFDO SODQH� ]
�N�
F � FDQ EH

REWDLQHG E\ FRQIRUPDO PDSSLQJ� 7KH WRWDO FLUFXODWLRQ b
�N�
F

LV GHpQHG E\
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ZKHUH bL LV WKH VWUHQJWK RI WKH L
WK GLVFUHWH YRUWH[�

)RU IHHGEDFN FRQWURO DQG V\VWHP LGHQWLpFDWLRQ� ZH WRRN
WKH V\VWHP RXWSXWV WR EH YHORFLW\ PHDVXUHPHQWV DW VHYHUDO
SRLQWV LQ WKH qRZ pHOG GRZQVWUHDP RI WKH SODWH� )RU YH�
ORFLW\ PHDVXUHPHQW SRLQWV QHDU WKH SODWH� D FKDUDFWHULVWLF
IHDWXUH RI RXU YRUWH[ PHWKRG LV WKDW WKH YHORFLW\ VLJQDO LV
YHU\ QRLV\� $ W\SLFDO YHORFLW\ VLJQDO LV LQGLFDWHG E\ WKH
GDVKHG OLQH LQ )LJXUH �� 6HYHUDO VWDQGDUG VSDWLDO DQG WLPH
GRPDLQ pOWHULQJ WHFKQLTXHV ZHUH H[SORUHG� EXW LQ JHQHUDO
WKH\ SURYHG XQVDWLVIDFWRU\� :H IRXQG WKDW D VDWLVIDFWRU\
VROXWLRQ ZDV WR XVH WKH YHORFLW\ LQGXFHG E\ D SDLU RI YRU�
WLFHV ORFDWHG DW WKH FHQWHUV RI FLUFXODWLRQ �HVVHQWLDOO\ XVLQJ
WKH YHORFLW\ LQGXFHG E\ D SDLU RI YRUWLFHV WKDW DUH DPDOJD�
PDWLRQV RI DOO WKH YRUWLFHV�� ,Q WHUPV RI WKH WRWDO FLUFXODWLRQ
bF DQG WKH FHQWHU RI FLUFXODWLRQ tF WKH FRPSOH[ FRQMXJDWH
RI WKLV YHORFLW\ LV JLYHQ E\
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7KH VROLG OLQH LQ )LJXUH � VKRZV WKH YDOXH RI WKLV YHORFLW\
PHDVXUHPHQW� ZKLFK ZH FDOO WKH PRGLpHG YHORFLW\ PHDVXUH�
PHQW� $V )LJXUH � VKRZV� WKH PRGLpHG YHORFLW\ PHDVXUH�
PHQW LV PXFK OHVV QRLV\ WKDQ WKH XQpOWHUHG YHORFLW\ PHD�
VXUHPHQW� DQG KHQFH D EHWWHU V\VWHP RXWSXW IRU XVH LQ WKH
3, FRQWUROOHU LQ 6HFWLRQ ��
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7KH XQFRQWUROOHG qRZ LV VKRZQ LQ )LJXUH ��D� DQG LV

FKDUDFWHUL]HG E\ WKH IRUPDWLRQ RI YRUWH[ VWUHHW� 7KH YRUWH[
VKHGGLQJ FDXVHV XQVWHDG\ GUDJ IRUFHV WR EH H[HUWHG XSRQ
WKH SODWH� ,Q DQ HoRUW WR UHGXFH WKHVH XQVWHDG\ IRUFHV� WKH
FRQWURO SUREOHP EHFRPHV RQH RI WU\LQJ WR WUDS WKH YRUWLFHV
EHKLQG WKH SODWH DQG WKXV LQKLELW WKH YRUWH[ VKHGGLQJ SUR�
FHVV� 6XFWLRQ RQ WKH FHQWHUOLQH RI WKH GRZQVWUHDP VLGH RI
WKH SODWH LV XVHG DV DQ DFWXDWRU�

7KH SRVVLELOLW\ WKDW WKH YRUWLFHV FDQ EH WUDSSHG DQG
YRUWH[ VKHGGLQJ LQKLELWHG LV GHPRQVWUDWHG LQ )LJXUH ��E��
ZKHUH ZH VKRZ WKH UHVXOWV RI DSSO\LQJ DQ RSHQ�ORRS FRQVWDQW
FRQWURO� ,Q JHQHUDO� WKH DPRXQW RI VXFWLRQ QHFHVVDU\ WR WUDS
WKH YRUWLFHV ZKHQ WKHUH LV QRQ�FRQVWDQW IUHH VWUHDP YHORF�
LW\ DQG�RU XQPRGHOOHG GLVWXUEDQFHV LV QRW NQRZQ� WKHUHIRUH
FORVHG�ORRS FRQWURO VWUDWHJLHV FDSDEOH RI GHWHUPLQLQJ WKH DS�
SURSULDWH VXFWLRQ DUH GHVLUHG�

 0  5 10 15 20  0  5 10
−8

−6

−4

−2

 0

 2

 4

 6

 8

�D� 8QFRQWUROOHG &DVH �E� &RQWUROOHG &DVH

)LJX U H �� ,Q VWDQ WDQ HRX V VWU HDP OLQ HV IRU q RZ S DVW D q DW S ODWH�

7KH IUHH�VWUHDP YHORFLW\ XVHG LQ RXU VWXG\ LV VKRZQ LQ

)LJXUH �� 7KLV YHORFLW\ FRQVLVWV RI DQ LQLWLDO GLVWXUEDQFH RI
pQLWH GXUDWLRQ IROORZHG E\ D FRQVWDQW YDOXH� 7KH LQLWLDO SHU�
WXUEDWLRQ DFFHOHUDWHV WKH IRUPDWLRQ RI ODUJH YRUWLFDO VWUXF�
WXUHV EHKLQG WKH SODWH DQG HQKDQFHV WKH SURFHVV RI YRUWH[
VKHGGLQJ DQG UHIRUPDWLRQ�
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%\ XVLQJ DQ LGHDOL]HG SRLQW YRUWH[ PRGHO RI WKLV qRZ
SUREOHP� &RUWHOH]]L �&RUWHOH]]L� ����� GHYHORSHG D QRQOLQ�
HDU FRQWUROOHU ZKLFK SHUIRUPHG YHU\ ZHOO LQ WKH FDVH RI
FRQVWDQW DQG VLQXVRLGDO IUHH VWUHDP YHORFLW\� 7KLV FRQ�
WUROOHU� ZLWK VXLWDEOH PRGLpFDWLRQV� ZDV DSSOLHG VXFFHVVIXOO\
WR D GLVFUHWH YRUWH[ VLPXODWLRQ VLPLODU WR WKH RQH XVHG KHUH
�&RUWHOH]]L� ����� &KHQ� ������ +RZHYHU� LQ DQ HoRUW WR
DYRLG WKH XVH RI FRQWUROOHUV GHVLJQHG ZLWK D FRPSOHWH �DQ�
DO\WLF� NQRZOHGJH RI WKH V\VWHP G\QDPLFV� DV ZHOO DV FRQ�
WUROOHUV WKDW UHTXLUH QRQ�SK\VLFDO LQSXW PHDVXUHPHQWV� ZH
EHJDQ WKH LQYHVWLJDWLRQ RI OLQHDU IHHGEDFN FRQWUROOHUV EDVHG
RQ LGHQWLpHG LQSXW�RXWSXW PRGHOV�

� /,1($5 3, &21752//(5
7KH VWDUWLQJ SRLQW IRU RXU FRQWURO LQYHVWLJDWLRQV LV WKH

LPSOHPHQWDWLRQ RI D OLQHDU 3, FRQWUROOHU WR VWDELOL]H WKH YRU�
WLFHV EHKLQG WKH SODWH LQ WKH FDVH ZKHQ WKH IUHH VWUHDP YH�
ORFLW\ KDV WKH SURpOH JLYHQ LQ )LJXUH ��

)RU 3, &RQWURO� WKH PHDVXUHG RXWSXW LV Y� WKH PRGLpHG
YHORFLW\ DW D SRLQW RQ WKH GRZQVWUHDP ZDOO� �7KLV YHORFLW\
LV YHUWLFDO�� 7KH GHVLUHG RXWSXW LV D FRQVWDQW YG� :H WDNH
s YGbY DV WKH LQSXW WR WKH FRQWUROOHU�

6P  b.3 sPb.,

P;
L  �

x
sL� sLb�

�
K

y
� ���

ZKHUH P GHQRWHV WKH WLPH VWHS� 6P LV WKH FRQWURO VXFWLRQ
IRU WKH PWK FRQWURO LQWHUYDO� sL  YGbYL ZLWK YL WKH RXWSXW

�



DW WKH LWK WLPH VWHS� DQG K LV WKH OHQJWK RI WKH WLPH VWHS�
$OVR� .3 LV WKH SURSRUWLRQDO JDLQ DQG ., LV WKH LQWHJUDO
JDLQ� 7R UHGXFH WKH FRPSXWDWLRQ HoRUW IRU HDFK WLPH VWHS�
WKH IROORZLQJ UHFXUVLYH IRUP LV XVHG�

6P  6Pb�b �.3 �.,
K

�
�sPb �b.3 �.,

K

�
�sPb�� ���

,Q RXU VWXG\� K LV FKRVHQ WR EH ����� DQG .3 DQG ., DUH
WZR FRQVWDQWV WKDW PXVW EH GHWHUPLQHG� ,Q RUGHU WR FRP�
SDUH RXU FRQWURO UHVXOWV ZLWK &RUWHOH]]L
V QRQOLQHDU FRQ�
WUROOHU �&RUWHOH]]L� ������ WKH OLQHDU 3, FRQWUROOHU ZDV DFWL�
YDWHG ZKHQ WKH UDWH RI FLUFXODWLRQ SURGXFWLRQ pUVW FKDQJHG
VLJQ�

7KH PHDVXUHG RXWSXW IURP WKH V\VWHP FRQVLVWV RI D
PRGLpHG YHORFLW\ PHDVXUHPHQW �DV GHVFULEHG LQ 6HFWLRQ ��
ORFDWHG DW ]  ��� ��������� �6LQFH WKH ZLGWK RI WKH SODWH
LV �� WKH FRRUGLQDWHV RI WKH WRS WLS DUH ]  ������� ,Q DQ
RSHQ�ORRS WHVW ZLWK VXFWLRQ 6  b���� RQH pQGV WKDW WKH
YRUWLFHV DUH VWDELOL]HG DQG WKH DYHUDJH PRGLpHG YHORFLW\ DW
WKH PHDVXUHPHQW SRLQW LV ����

8VLQJ WKH PRGLpHG YHORFLW\ PHDVXUHPHQW YG  ��� DV D
WDUJHW RXWSXW DQG WKH IUHH VWUHDP YHORFLW\ SURpOH RI )LJ�
XUH �� ZH IRXQG WKH OLQHDU 3, FRQWUROOHU TXLWH FDSDEOH RI
GHWHUPLQLQJ DQ DSSURSULDWH VXFWLRQ YDOXH WR VWDELOL]H WKH
YRUWLFHV� �,Q WKLV FDVH .3  b��� DQG .,  b������ )LJ�
XUH � VKRZV WKH WUDMHFWRU\ RI WKH FHQWHU RI FLUFXODWLRQ IRU
WKH WRS YRUWLFHV� DORQJ ZLWK WKH WLPH KLVWRULHV RI WKH KRU�
L]RQWDO FRRUGLQDWH ; WRS RI WKH FHQWHU RI FLUFXODWLRQ� WKH
VXFWLRQ VWUHQJWK� DQG WKH WRWDO FLUFXODWLRQ� 7KH WLPH DYHU�
DJH YHORFLW\ PHDVXUHPHQW IURP W  � WR W  �� LV VKRZQ LQ
7DEOH ��

]
���
F  �; WRS�< WRS� b

���
F

2SHQ�/RRS ����������� �����

&ORVHG�/RRS ����������� �����

6 KYL

2SHQ�/RRS b�����FRQVWDQW� ����

&ORVHG�/RRS b���� ����

7 DE OH �� 7 LP H DY HU DJHV �IU RP W � WR W ��� RI WK H U HVX OWV VK RZ Q LQ

)LJX U H �� ]
���
F  FHQ WHU RI FLU FX ODWLRQ �7 RS �� b

���
F  WRWDO FLU FX ODWLRQ

�7 RS �� 6  VX FWLRQ VWU HQ JWK � Y  Y HORFLW\ P HDVX U HP HQ W�

:H DOVR DSSOLHG WKH OLQHDU 3, FRQWUROOHU ZLWK WKH PHD�
VXUHPHQW EHLQJ HLWKHU WKH FHQWHU RI FLUFXODWLRQ RU WKH WRWDO
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)LJX U H �� 7 K H VLP X ODWLRQ U HVX OW RI WK H OLQ HDU 3 , FRQ WU ROOHU Z LWK WK H

P RG Lp HG Y HORFLW\ P HDVX U HP HQ W RQ WK H G RZ Q VWU HDP Z DOO DV P HDVX U H�

P HQ W�

FLUFXODWLRQ� ,Q ERWK FDVHV� ZH IRXQG UHVXOWV VLPLODU WR WKRVH
ZLWK WKH PRGLpHG YHORFLW\ PHDVXUHPHQWV� WKH FRQWUROOHU ZDV
DEOH WR GHWHUPLQH WKH DSSURSULDWH YDOXH RI VXFWLRQ WR DFKLHYH
WKH WDUJHW RXWSXW PHDVXUHPHQW DQG VWDELOL]H WKH ODUJH YRU�
WLFHV� �6HH �&KHQ� ����� IRU GHWDLOV�� 7KHVH DQG RWKHU H[�
SHULPHQWV LQGLFDWH WKDW D OLQHDU 3, FRQWUROOHU SHUIRUPV VDW�
LVIDFWRULO\ ZKHQ WKH IUHH�VWUHDP YHORFLW\ LV SHUWXUEHG E\ D
GLVWXUEDQFH RI OLPLWHG GXUDWLRQ�

,Q WKH FDVH RI D VLQXVRLGDO IUHH VWUHDP YHORFLW\� WKH OLQ�
HDU 3, FRQWUROOHU ZDV DEOH WR WUDS YRUWLFHV EHKLQG WKH SODWH�
EXW WKH PHDVXUHG RXWSXW� DV ZHOO DV WKH FHQWHU RI FLUFXODWLRQ
DQG WRWDO FLUFXODWLRQ� FRQWDLQHG VLJQLpFDQW RVFLOODWLRQV� 7KLV
UHVXOW LV QRW XQH[SHFWHG EHFDXVH WKH OLQHDU 3, FRQWUROOHU� XQ�
OLNH WKH QRQOLQHDU FRQWUROOHU SURSRVHG E\ &RUWHOH]]L� FDUULHV
QR LQIRUPDWLRQ DERXW WKH G\QDPLFV RI WKH qRZ� 7R UHGXFH
WKH DPSOLWXGH RI VXFK RVFLOODWLRQV� D PRUH VRSKLVWLFDWHG FRQ�
WUROOHU ZLOO EH QHHGHG� 7KH pUVW VWHS WRZDUGV GHYHORSLQJ
VXFK FRQWUROOHUV LV WKH LGHQWLpFDWLRQ RI LQSXW�RXWSXW PRGHOV
RI WKH V\VWHP� 7KLV LV DGGUHVVHG LQ WKH UHPDLQLQJ VHFWLRQV
RI WKH SDSHU�

� 6<67(0 ,'(17,),&$7,21 $1' )5(48(1&< 5(�
63216(
9HUWLFDO YHORFLW\ PHDVXUHPHQWV �XQPRGLpHG� DW SRLQWV

RQ WKH GRZQVWUHDP VLGH RI WKH SODWH IRUP WKH EDVLV IRU RXU
V\VWHP LGHQWLpFDWLRQ� 7KH ORFDWLRQV RI WKH PHDVXUHPHQW
SRLQWV DUH FKRVHQ LQ WKH PDSSHG SODQH LQ WKH UDQJH RI U  
��������� DQG v  }

� b �
N
�� �}� �N  ���� � � � ����� 7KH SRLQW

�



QXPEHULQJV DQG FRUUHVSRQGLQJ SRVLWLRQV LQ WKH SODWH SODQH
DUH VKRZQ LQ )LJXUH ��
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)LJX U H �� 7 K H S RVLWLRQ DQ G Q X P E HU LQ J RI WK H P HDVX U HP HQ W S RLQ WV LQ

=�S ODQ H� �7 K H G DVK HG OLQ H VK RZ V WK H ORFX V RI WK H LQ WHU VHFWLRQ S RLQ WV

G LVFX VVHG LQ 6 HFWLRQ �����

$V VKRZQ LQ )LJXUH ��D� DQG ��E�� WKH YHUWLFDO YHORF�
LW\ PHDVXUHPHQW� GHQRWHG E\ Y� KDV FRQWULEXWLRQV IURP WKH
IUHH VWUHDP YHORFLW\� WKH VXFWLRQ� DQG WKH YRUWH[ G\QDPLFV�
7KXV� LQ WKH YHUWLFDO YHORFLW\ PHDVXUHPHQW� ERWK WKH IUHH
VWUHDP YHORFLW\ DQG WKH VXFWLRQ QRW RQO\ DoHFW WKH PHD�
VXUHPHQW WKURXJK PRYHPHQW DQG VWUHQJWK YDULDWLRQ RI WKH
YRUWLFHV� EXW DOVR FRQWULEXWH WR WKH PHDVXUHPHQW GLUHFWO\ DV
VKRZQ LQ )LJXUH ��D�� ,Q RXU VWXG\ ZH IRXQG LW XVHIXO WR
UHPRYH WKHVH GLUHFW IHHG WKURXJK WHUPV DQG XVH WKH UHPDLQ�
LQJ YHORFLW\ DV RXU PHDVXUHPHQW� RU V\VWHP RXWSXW� 7KXV�
ZH GHFRPSRVH WKH YHUWLFDO YHORFLW\ DV

Y  .�8� �.�6�YYW[ ����

ZKHUH .�8� DQG .�6 DUH WKH FRQWULEXWLRQV WR WKH YHUWLFDO
YHORFLW\ FRPSRQHQW IURP SRWHQWLDO qRZ SDVW WKH SODWH ZLWK
KRUL]RQWDO IUHH�VWUHDP 8� LQ WKH IDU pHOG DQG VXFWLRQ 6 DW
WKH PLG SRLQW RQ WKH EDFN VLGH RI WKH SODWH� 7KH '& JDLQV
.� DQG .�� ZKLFK GHSHQG XSRQ WKH ORFDWLRQ RI WKH PHD�
VXUHPHQW SRLQW� FDQ EH REWDLQHG IURP SRWHQWLDO�qRZ WKHRU\�
7KH UHPDLQLQJ WHUP YYW[ LQ ���� UHSUHVHQWV WKH SRUWLRQ RI
WKH YHUWLFDO YHORFLW\ GXH WR WKH YRUWH[ G\QDPLFV�

,Q )LJXUH ��E� DQG WKURXJKRXW WKLV SDSHU� WKH QRWDWLRQ
K c L PHDQV WKH WLPH DYHUDJH RI D TXDQWLW\� $OVR� YYW[�6�
GHQRWHV WKH RXWSXW RI WKH YRUWH[ VLPXODWLRQ FRUUHVSRQGLQJ
WR D VXFWLRQ RI VWUHQJWK 6�

7KH IXOO G\QDPLFV RI WKH qRZ DUH WRR QRQOLQHDU WR EH
UHSUHVHQWHG E\ D VLQJOH OLQHDU LQSXW�RXWSXW PRGHO� VR ZH
FKRVH WR LGHQWLI\ D OLQHDU LQSXW�RXWSXW PRGHO IRU SHUWXUED�
WLRQV IURP D QRPLQDO VWHDG\�VWDWH qRZ� 7KH QRPLQDO qRZ
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)LJX U H �� 7 K H U HODWLRQ VK LS E HWZ HHQ LQ S X W X  6b6�� DQ G RX WS X W

\  YYW[�6�bKYYW[�6��L�

ZDV SURGXFHG E\ D FRQVWDQW QRPLQDO VXFWLRQ 6�  b����
:H LGHQWLpHG WKH WUDQVIHU IXQFWLRQ * LQ )LJXUH ��E�� ZKLFK
LV WKH PDSSLQJ IURP WKH LQSXW X  6b6� WR WKH RXWSXW
\  YYW[�6�bKYYW[�6��L� ,Q RWKHU ZRUGV� * LV WKH WUDQVIHU
IXQFWLRQ IURP SHUWXUEDWLRQV LQ WKH VXFWLRQ 6 WR SHUWXUED�
WLRQV LQ WKH YHORFLW\ PHDVXUHPHQW YYW[� 7R SURGXFH WKH
LQSXW�RXWSXW GDWD IRU LGHQWLpFDWLRQ� ZH H[FLWHG WKH YRUWH[
VLPXODWLRQ E\ WDNLQJ WKH LQSXW VHTXHQFH X DV D ZKLWH�QRLVH
VHTXHQFH ZLWK PHDQ � DQG YDULDQFH ����

7KH LGHQWLpHG GLVFUHWH�WLPH LQSXW�RXWSXW PRGHO KDV
WKH IRUP RI WKH $5; �DXWR�UHJUHVVLYH ZLWK H[RJHQRXV LQ�
SXW� PRGHO

\�W��

Q;
L  �

DL\�Wb L�  

Q;
L  �

ELX�Wb L�� ����

ZKHUH WKH FRHrFLHQWV DL DQG EL DUH GHWHUPLQHG E\ D OHDVW�
VTXDUHV pW WR WKH GDWD� :H XVHG WKH 0$7/$% $5; IXQF�
WLRQ WR LGHQWLI\ WKH FRHrFLHQWV LQ WKH $5; PRGHO RI HDFK
RUGHU Q IURP � WR ���

7KH QH[W WDVN ZDV WR GHWHUPLQH WKH RUGHU Q IRU ZKLFK
WKH $5; PRGHO EHVW UHSUHVHQWV WKH LQSXW�RXWSXW SURSHUWLHV
RI WKH V\VWHP EHLQJ LGHQWLpHG� 7\SLFDOO\� RQH LQFUHPHQWDOO\
LQFUHDVHV WKH RUGHU RI WKH PRGHO� DQG KRSHV WKDW WKH %RGH
SORWV VKRZ FRQYHUJHQFH DIWHU D SDUWLFXODU RUGHU� 6XFK FRQ�
YHUJHQFH GLG QRW RFFXU IRU RXU V\VWHP� :H EHOLHYH WKDW WKLV
LV GXH WR WKH LQKHUHQW QRQ�OLQHDULW\ RI WKH SODQW�

:H WKHQ XVHG WKH IROORZLQJ V\VWHPDWLF DSSURDFK WR GH�
WHUPLQH WKH RSWLPDO $5; RUGHU� 7KH LGHD LV WR UXQ D VH�
ULHV RI GLVFUHWH YRUWH[ VLPXODWLRQV ZLWK VLQJOH�IUHTXHQF\ VL�

�



QXVRLGDO LQSXWV DQG FKRRVH WKH $5; RUGHU IRU ZKLFK WKH
IUHTXHQF\ UHVSRQVH RI WKH PRGHO PRVW FORVHO\ PDWFKHV WKH
IUHTXHQF\ UHVSRQVH RI WKH VLPXODWLRQ� %\ XVLQJ D VHULHV RI ��
LQSXW IUHTXHQFLHV IL� ZH REWDLQ D VHULHV RI VLQXVRLGDO RXWSXWV�
)RU HDFK LQSXW IUHTXHQF\� WKH UDWLR RI RXWSXW DPSOLWXGH WR
LQSXW DPSOLWXGH IRU WKH YRUWH[ VLPXODWLRQ LV $L� DQG WKH
UHODWLYH SKDVH EHWZHHQ LQSXW DQG RXWSXW LV �L� 7KHVH DP�
SOLWXGHV DQG SKDVHV DUH VKRZQ E\ WKH DVWHULVNV LQ )LJXUH ���
IRU PHDVXUHPHQW SRLQW �� �U  ���

7R GHWHUPLQH WKH RSWLPDO $5; PRGHO RUGHU Q� ZH VHOHFW
WKH RUGHU RI WKH $5; PRGHO ZKRVH IUHTXHQF\ UHVSRQVH FORV�
HVW LQ WKH /� VHQVH WR WKH IUHTXHQF\ UHVSRQVH RI WKH YRUWH[
VLPXODWLRQ� 7R GR WKLV� ZH PLQLPL]H WKH pW�WR�GDWD FULWHULRQ

-  

1I;
L  �

M A$�IL�H
L A��IL�b$LH

L�L M� ����

ZKHUH 1I  �� IRU WKH UHVXOWV SUHVHQWHG KHUH� )LJXUH ��
VKRZV WKH pW�WR�GDWD FULWHULRQ - ZLWK GLoHUHQW PRGHO RUGHUV
DW SRLQWV � DQG �� �U  ��� 7KH PRGHO RUGHU Q WKDW PLQL�
PL]HV - DW HDFK PHDVXUHPHQW SRLQW ZLWK U  � LV VKRZQ LQ
7DEOH �� $W DOO PHDVXUHPHQW SRLQWV� WKH pW�WR�GDWD FULWH�
ULRQ - LV VLPLODU WR WKH SORWV LQ )LJXUH ���E�� LQ SDUWLFXODU�
WKHUH DOZD\V LV D PLQLPXP YDOXH DW VRPH RUGHU Q � ���

3RLQW 1XPEHU � � � � � � � �

2SWLPDO 2UGHU � � � � � � � �

3RLQW 1XPEHU � �� �� �� �� �� �� ��

2SWLPDO 2UGHU � � � � � � � �

7 DE OH �� 7 K H RS WLP DO P RG HO RU G HU V DW P HDVX U HP HQ W S RLQ WV G RZ Q �

VWU HDP RI WK H S ODWH �U  ���

7KH UHVXOW RI WKH V\VWHP LGHQWLpFDWLRQ XVLQJ WKH RSWLPDO
RUGHU �Q �� DW SRLQW �� LV VKRZQ LQ )LJXUH ��� $PSOLWXGH
DQG SKDVH UHVSRQVHV FRUUHVSRQGLQJ WR VLQJOH�IUHTXHQF\ LQ�
SXWV DUH VKRZQ E\ DVWHULVNV� 7KH DPSOLWXGH PDWFKHV YHU\
ZHOO� DQG WKH SKDVH PDWFKHV YHU\ ZHOO DW ORZ IUHTXHQF\� $W
IUHTXHQFLHV DURXQG KDOI WKH 1\TXLVW IUHTXHQF\� WKH SKDVH
VKRZV VLJQLpFDQW HUURUV� +RZHYHU� EHFDXVH WKH DPSOLWXGH LV
YHU\ VPDOO LQ WKLV IUHTXHQF\ UDQJH� WKHVH SKDVH HUURUV GR QRW
UHSUHVHQW D VLJQLpFDQW GLoHUHQFH EHWZHHQ WKH IUHTXHQF\ UH�
VSRQVH RI WKH YRUWH[ VLPXODWLRQ DQG WKH IUHTXHQF\ UHVSRQVH
RI WKH $5; PRGHO�

:H WHVWHG RXU LGHQWLpFDWLRQ SURFHGXUH ZLWKRXW UHPRY�
LQJ WKH PHDQ YDOXH RI WKH ,�2 VLJQDOV DQG ZHUH QRW DEOH WR
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JHW FUHGLEOH LGHQWLpFDWLRQ UHVXOWV� 7KXV� DV H[SHFWHG� OLQ�
HDUL]DWLRQ DERXW D QRPLQDO RSHUDWLQJ FRQGLWLRQ LV FUXFLDO
IRU LGHQWLpFDWLRQ RI V\VWHPV JRYHUQHG E\ QRQOLQHDU G\QDP�
LFV�
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$ 5; P RG HO RI RU G HU � �VROLG OLQ HV�� 3 RLQ W 1 X P E HU ���

� 7,0(�'20$,1 5(63216(
,Q WKLV VHFWLRQ� ZH HYDOXDWH WKH LGHQWLpHG $5; PRGHO

E\ FRPSDULQJ LWV '& JDLQ DQG VWHS UHVSRQVH WR WKRVH RI
WKH GLVFUHWH�YRUWH[ PRGHO� 7KH '& JDLQ DQG VWHS UHVSRQVH
RI WKH GLVFUHWH YRUWH[ VLPXODWLRQ DUH UHDGLO\ REWDLQHG� DQG
DUH WZR RI WKH PRVW LPSRUWDQW FKDUDFWHULVWLFV RI WKH WLPH�
GRPDLQ UHVSRQVH RI DQ\ FRQWURO V\VWHP� 7KH RUGHU RI WKH
$5; PRGHO XVHG KHUH ZDV WKH RSWLPDO RUGHU VHOHFWHG DV
GLVFXVVHG LQ WKH SUHFHGLQJ VHFWLRQ�

�



��� &203$5,621 2) '& *$,16
����� '& *DLQ RI WKH 'LVFUHWH 9RUWH[ 0RGHO $ VHULHV

RI YRUWH[ VLPXODWLRQV ZHUH SHUIRUPHG ZLWK 8�  ��� DQG
FRQVWDQW VXFWLRQV 6  Ib����b����b���� � � � �b���J FKRVHQ
DV LQSXWV� 7KH PHDQ PRGLpHG YHUWLFDO YHORFLWLHV� KYYW[L� DW
GLoHUHQW PHDVXUHPHQW SRLQWV LQ WKH SK\VLFDO SODQH �)LJXUH �
DQG U � DQG U �� DUH VKRZQ LQ )LJXUH ��� 7KH UHVXOWV IRU
FRQVWDQW VXFWLRQ HTXDO WR b��� DUH VKRZQ LQ GDVKHG OLQHV�

2QH QRWLFHV WKDW HYHQ WKRXJK WKH GLoHUHQFHV LQ WKH
LQSXWV DUH XQLIRUP �LQ RXU FDVH� c6  ����� WKH JDSV EH�
WZHHQ WKH FXUYHV DUH QRW XQLIRUP� 7KLV UHVXOW GHPRQVWUDWHV
WKDW WKH G\QDPLFV RI WKH YRUWH[ VLPXODWLRQ LV QRQOLQHDU�
7KH QRQ�OLQHDULW\ FDQ EH LQIHUUHG IURP WKH EHKDYLRU RI WKH
WUDSSHG YRUWLFDO VWUXFWXUHV DV VXFWLRQ LV DSSOLHG� :LWK VXF�
WLRQ� WKHVH YRUWLFDO VWUXFWXUHV GR QRW PRYH ULJLGO\� WKH SUHV�
HQFH RI WKH SODWH FDXVHV WKHP WR GHIRUP� 7KLV GHIRUPDWLRQ
LQWURGXFHV QRQ�OLQHDULW\ LQ WKH PHDVXUHG YHORFLW\�

$Q DGGLWLRQDO LQWHUHVWLQJ IHDWXUH RI WKH '& JDLQ FXUYHV
LV WKH SUHVHQFH RI D SDUWLFXODU SRLQW DW ZKLFK DOO RI WKH FXUYHV
LQWHUVHFW� 7KLV SRLQW �ZKLFK ZH UHIHU WR DV WKH LQWHUVHFWLRQ
SRLQW� RFFXUV EHWZHHQ SRLQWV LQ � DQG � LQ )LJXUH ���D��
EHWZHHQ SRLQWV � DQG � LQ )LJXUH ���E�� $QDO\VLV RI WKH
FRUUHVSRQGLQJ SORWV IRU GLoHUHQW YDOXHV RI U UHYHDOV D GHpQLWH
WUHQG IRU WKH ORFDWLRQ RI WKH LQWHUVHFWLRQ SRLQWV� 7KH ORFXV
RI WKHVH LQWHUVHFWLRQ SRLQWV LV VKRZQ E\ WKH GRWWHG OLQH LQ
)LJXUH �� &XUUHQWO\� DQ H[SODQDWLRQ RI WKLV IHDWXUH DOOXGHV
XV� KRZHYHU� WKH FKDQJH LQ FKDUDFWHU RI WKH VWHS UHVSRQVH
QHDU WKHVH SRLQWV �DV ZLOO EH GLVFXVVHG LQ VHFWLRQ ���� KDV
PRWLYDWHG FXUUHQW LQYHVWLJDWLRQ�

����� '& *DLQ RI WKH $5; 0RGHO ,Q )LJXUH ���
&XUYH $ VKRZV WKH '& JDLQ RI WKH $5; PRGHO RI RSWLPDO
RUGHU �WDEOH �� LGHQWLpHG DW HDFK RI WKH �� PHDVXUHPHQW
SRLQWV �U  �� )LJXUH ��� 7KHVH $5; PRGHOV DSSUR[LPDWH
WKH UHODWLRQVKLS EHWZHHQ D SHUWXUEDWLRQ IURP WKH QRPLQDO
FRQVWDQW VXFWLRQ 6�  b��� DQG WKH UHVXOWLQJ SHUWXUEDWLRQ
LQ WKH PHDVXUHG RXWSXW� +HQFH� WKH '& JDLQ RI HDFK LGHQWL�
pHG $5; PRGHO LV WKH YDOXH SUHGLFWHG E\ WKDW $5; PRGHO
IRU WKH UDWLR

KYYW[�6�LbKYYW[�6��L

6b6�
� ����

ZKHUH KYYW[�6�L LV WKH PHDQ YDOXH RI WKH YHORFLW\ PHDVXUH�
PHQW IURP WKH YRUWH[ VLPXODWLRQ ZKHQ WKH VXFWLRQ 6 LV FRQ�
VWDQW�

)LJXUH �� FRPSDUHV WKH '& JDLQ RI WKH LGHQWLpHG $5;
PRGHO DW HDFK PHDVXUHPHQW SRLQW WR WKH FRUUHVSRQGLQJ YDO�
XHV RI WKH UDWLR LQ ���� IRU 6b6�  ���� �&XUYH %� DQG
IRU 6b6�  b��� �&XUYH &�� &XUYH %� IRU H[DPSOH� LV WKH
GLoHUHQFH EHWZHHQ WKH FXUYHV LQ )LJXUH ���F� IRU VXFWLRQV RI
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)LJX U H ��� 0HDQ Y HORFLW\ P HDVX U HP HQ W RQ WK H G RZ Q VWU HDP VLG H RI

WK H S ODWH�

���� DQG ����� VFDOHG E\ � ������� 6LQFH WKH LGHQWLpHG $5;
PRGHO LV OLQHDU� LWV SUHGLFWLRQ RI WKH UDWLR LQ ���� LV V\PPHW�
ULF ZLWK UHVSHFW WR 6b6�� KRZHYHU� WKH DFWXDO UDWLR� ZKLFK
LV FRPSXWHG IURP WKH QRQOLQHDU YRUWH[ VLPXODWLRQ� LV QRW
V\PPHWULF LQ 6b6�� DV HYLGHQFHG E\ WKH IDFW WKDW &XUYHV
% DQG & DUH GLoHUHQW� ,W VKRXOG EH H[SHFWHG WKDW WKH OHDVW�
VTXDUHV DOJRULWKP ZLOO SURGXFH VRPH DYHUDJH RI &XUYHV %
DQG & E\ LGHQWLI\LQJ $5; PRGHOV ZLWK '& JDLQV WKDW IDOO
EHWZHHQ &XUYHV % DQG &� 7KLV LV WKH FDVH HYHU\ZKHUH H[�
FHSW DW SRLQWV � DQG �� ZKHUH &XUYH $ LV YHU\ QHDU RQH RI
WKH RWKHU FXUYHV� :LWK WKH OLPLWDWLRQV LQKHUHQW LQ pWWLQJ D
OLQHDU PRGHO WR D QRQOLQHDU V\VWHP� WKH UHVXOWV LQ )LJXUH ��
DUH WKH EHVW WKDW FDQ EH H[SHFWHG�

��� 67(3 5(63216(
+HUH ZH H[DPLQH VWHS UHVSRQVHV IRU PHDVXUHPHQW SRLQWV

�� �� DQG �� �U  ��� )LJXUHV ���D�� ���E�� DQG ���F� VKRZ
VWHS UHVSRQVHV RI WKH YRUWH[ VLPXODWLRQ DW WKH PHDVXUH�
PHQW SRLQWV LQGLFDWHG� ZKLOH )LJXUHV ���G�� ���H�� DQG ���I�
VKRZ WKH FRUUHVSRQGLQJ VWHS UHVSRQVHV RI WKH LGHQWLpHG
$5; PRGHOV RI RSWLPDO RUGHUV� 7KH VWHS LQSXW LV D VXG�
GHQ FKDQJH LQ VXFWLRQ� IURP WKH LQLWLDO FRQVWDQW VXFWLRQ

�
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VLP X ODWLRQ DQ G WK H LG HQ WLp HG $ 5; P RG HO �U  ��� & X U Y H $ � '&

JDLQ V RI $ 5; P RG HO� & X U Y H % � U DWLR LQ ���� IU RP Y RU WH[ VLP X ODWLRQ

Z LWK 6�  b���� 6  b���� & X U Y H & � U DWLR LQ ���� IU RP Y RU WH[

VLP X ODWLRQ Z LWK 6�  b���� 6  b����

6�  b��� WR WKH QHZ FRQVWDQW VXFWLRQ 6  b���� L�H�� WKH
VWHS LV 6b6�  ����� 7KH FRUUHVSRQGLQJ SHUWXUEDWLRQV LQ
WKH PHDVXUHPHQW YYW[ IURP WKH YRUWH[ VLPXODWLRQV DUH WKH
WLPH KLVWRULHV RI WKH GLoHUHQFH

YYW[�6��W�bYYW[�6���W�� Wy �� ����

7KLV LV WKH RXWSXW SORWWHG LQ )LJXUHV ���D�� ���E�� DQG ���F��
7KH WLPH ZKHQ WKH VXFWLRQ LV FKDQJHG IURP 6� WR 6 LV WDNHQ
DV W �� DQG YYW[�6���W� LQ ���� LV WKH YHORFLW\ PHDVXUHPHQW
ZLWK FRQVWDQW VXFWLRQ 6�  b��� IRU DOO W�

,Q )LJXUHV ���E�� WKH LQLWLDO UHVSRQVHV PRYH WR QHJDWLYH
YDOXHV EHIRUH UHFRYHULQJ WR SRVLWLYH VWHDG\�VWDWH PHDQ YDO�
XHV� 7KLV EHKDYLRU LV FKDUDFWHULVWLF RI QRQ�PLQLPXP SKDVH
V\VWHPV� 6HH �)UDQNOLQ� ����� 1LVH� ������ 2Q WKH FRQ�
WUDU\� LQ )LJXUHV ���D� DQG ���F�� WKH VWHS UHVSRQVHV PRYH
LQ RQH GLUHFWLRQ RQO\� WRZDUG WKH VWHDG\�VWDWH YDOXHV� 7KLV
LV FKDUDFWHULVWLF RI PLQLPXP SKDVH V\VWHPV�

:H UDQ D VHULHV RI VLPXODWLRQV ZLWK WKH VDPH FRQGL�
WLRQV DW DOO PHDVXUHPHQW SRLQWV� �U  ��� 7KH VLJQV RI WKH
DV\PSWRWLF YDOXHV RI WKH VWHS UHVSRQVHV DUH DOO FRQVLVWHQW
ZLWK ZKDW LV VKRZQ LQ )LJXUH ��� )URP SRLQWV � WR �� ZKHQ
D VWHS LQSXW LV DSSOLHG� WKH VWHDG\�VWDWH YHUWLFDO YHORFLW\
LQFUHDVHV� )URP SRLQWV � WR ��� WKH VWHDG\�VWDWH YHUWLFDO
YHORFLW\ GHFUHDVHV� 7KH LQWHUVHFWLRQ SRLQW EHWZHHQ SRLQWV
� DQG � VHSDUDWHV WKHVH WZR UHJLRQV� )LJXUH ���E� VXJJHVWV
WKDW SRLQW � OLHV LQ D WUDQVLWLRQ UHJLRQ�

7KH VDPH VWHS LQSXW �PDJQLWXGH ���� ZDV DSSOLHG WR
WKH LGHQWLpHG $5; PRGHOV WR REWDLQ WKH UHVXOWV LQ )LJ�
XUH ���G�� ���H�� DQG ���I�� 7KHVH VWHS UHVSRQVHV DJUHH
ZLWK WKRVH IRU WKH YRUWH[ VLPXODWLRQ ZLWK UHVSHFW WR ERWK
WKH VLJQV RI WKH DV\PSWRWLF YDOXHV DQG WKH PLQLPXP�

SKDVH�QRQPLQLPXP�SKDVH SURSHUWLHV� $OVR� IRU PHDVXUH�
PHQW SRLQWV � DQG ��� DV ZHOO DV IRU PRVW RI WKH RWKHU SRLQWV�
WKH PHDQ VWHDG\�VWDWH YDOXHV RI WKH VWHS UHVSRQVHV DUH FRQ�
VLVWHQW ZLWK WKH UHVXOWV VKRZQ LQ )LJXUH �� IRU '& JDLQV�
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)LJX U H ��� & RP S DU LVRQ E HWZ HHQ WK H VWHS U HVS RQ VHV RI WK H Y RU WH[ VLP �

X ODWLRQ DQ G WK H LG HQ WLp HG $ 5; P RG HOV �U  ���

� &21&/86,216
$ GLVFUHWH YRUWH[ PRGHO ZDV LPSOHPHQWHG WR VLPXODWH

WZR�GLPHQVLRQDO qRZ SDVW D qDW SODWH ZLWK D VXFWLRQ SRLQW
RQ WKH FHQWHU OLQH RI WKH GRZQVWUHDP ZDOO� &RQIRUPDO PDS�

�



SLQJ ZDV XVHG WR WUDQVIRUP WKLV SUREOHP WR WKH FRQYHQWLRQDO
SUREOHP RI qRZ DURXQG D XQLW FLUFOH� $ ?G\QDPLF� .XWWD
FRQGLWLRQ GHWHUPLQHG WKH FLUFXODWLRQV RI WKH YRUWLFHV VKHG
IURP WKH SODWH WLSV�

$ UHFXUVLYH OLQHDU 3, FRQWURO DOJRULWKP ZDV DSSOLHG WR
WKH FDVH RI D IUHH�VWUHDP YHORFLW\ ZLWK DQ LQLWLDO SHUWXUED�
WLRQ RI pQLWH GXUDWLRQ� 7KLV 3, FRQWUROOHU ZDV TXLWH FDSDEOH
RI GHWHUPLQLQJ DQ DSSURSULDWH VXFWLRQ YDOXH WR VWDELOL]H WKH
WZR ODUJH YRUWLFDO VWUXFWXUHV EHKLQG WKH SODWH� 7KH 3, FRQ�
WUROOHU UHVXOWV IRU D VLQXVRLGDO IUHH�VWUHDP YHORFLW\ ZHUH QRW
DV VDWLVIDFWRU\� 7R OD\ WKH IRXQGDWLRQ IRU PRUH DGYDQFHG
FRQWUROOHU GHVLJQ� ZH WKHQ IRFXVHG RQ WKH SUREOHP RI V\V�
WHP LGHQWLpFDWLRQ�

7KURXJK WKH XVH RI D YDULDEOH VWHS GLVFUHWH YRUWH[
PRGHO� ZH DUH DEOH WR REWDLQ VXrFLHQW GDWD IRU V\VWHP DQDO�
\VLV DQG LGHQWLpFDWLRQ� :H LGHQWLpHG $5; PRGHO
V RI RUGHUV
� WKURXJK �� WR GHVFULEH WKH EHKDYLRU RI WKH YRUWH[ V\VWHP
DERXW D QRPLQDO VWDWH �FRQVWDQW VXFWLRQ�� 7KH $5; PRGHO
DFWXDOO\ XVHG WR UHSUHVHQW WKH V\VWHP ZDV VHOHFWHG E\ FKRRV�
LQJ WKDW PRGHO ZKRVH IUHTXHQF\ UHVSRQVH EHVW PDWFKHG WKH
IUHTXHQF\ UHVSRQVH RI WKH GLVFUHWH YRUWH[ V\VWHP DW D SUH�
GHpQHG VHW RI IUHTXHQFLHV�

:H FRPSDUHG WKH '& JDLQV DQG VWHS UHVSRQVHV RI WKH
$5; PRGHO DQG WKH GLVFUHWH YRUWH[ VLPXODWLRQ� 7KH '&
JDLQV RI WKH $5; PRGHO DSSUR[LPDWHG WKH '& JDLQV RI WKH
YRUWH[ VLPXODWLRQ ZHOO� 7\SLFDOO\� WKH PRGHO SURYLGHG '&
JDLQV WKDW ZHUH EUDFNHWHG E\ WKH '& JDLQV RI WKH V\VWHP�
$GGLWLRQDOO\� WKHUH ZDV YHU\ JRRG DJUHHPHQW ZLWK UHVSHFW WR
WKH VWHS UHVSRQVH� 7KH $5; PRGHOV ZHUH DEOH WR FDSWXUH
WKH FKDQJH LQ WKH V\VWHP IURP PLQLPXP SKDVH EHKDYLRU
WR QRQ�PLQLPXP SKDVH EHKDYLRU DV WKH VDPSOH SRLQW ZDV
PRYHG�

,W LV ZHOO NQRZQ WKDW QRQ�PLQLPXP SKDVH V\VWHPV DUH
PRUH GLrFXOW WR FRQWURO UREXVWO\ WKDQ DUH PLQLPXP SKDVH
V\VWHPV� $OVR� LW LV FRPPRQ WKDW ZKHWKHU D FRQWURO V\VWHP
LV PLQLPXP SKDVH RU QRQ�PLQLPXP SKDVH GHSHQGV RQ DFWX�
DWRU DQG VHQVRU ORFDWLRQV� 7KXV� LW VKRXOG EH H[SHFWHG WKDW
WKH LQSXW�RXWSXW PDSSLQJV IRU qRZ�FRQWURO SUREOHPV FDQ
EH HLWKHU PLQLPXP SKDVH RU QRQ�PLQLPXP SKDVH� GHSHQG�
LQJ RQ ZHUH LQ WKH qRZ pHOG WKH PHDVXUHPHQWV DUH WDNHQ�
7KH LGHQWLpHG PRGHOV� WKHQ� KDYH WZR LPSRUWDQW UROHV LQ
qRZ FRQWURO� pUVW� WR JXLGH WKH SODFHPHQW RI VHQVRUV DQG�RU
DFWXDWRUV� VHFRQG� WR VHUYH DV WKH PRGHOV XVHG IRU FRQWUROOHU
GHVLJQ�

7KH LGHQWLpFDWLRQ UHVXOWV UHSRUWHG KHUH JLYH XV FRQp�
GHQFH WKDW $5; PRGHOV FDQ EH XVHG WR UHSUHVHQW WKH EH�
KDYLRU RI WKH GLVFUHWH YRUWH[ V\VWHP DERXW D QRPLQDO VWDWH�
&XUUHQW ZRUN LV IRFXVHG RQ WKH XVH RI WKHVH PRGHOV WR GH�
VLJQ FRQWUROOHUV WKDW DUH FDSDEOH RI VWDELOL]LQJ YRUWLFHV LQ
WKH SUHVHQFH RI D ZLGH UDQJH RI IUHH�VWUHDP YHORFLW\ GLVWXU�
EDQFHV�

5()(5(1&(6
&� 5� $QGHUVRQ� +��/� &KDQJ� DQG -� 6� *LEVRQ� $GDSWLYH
FRQWURO RI YRUWH[ G\QDPLFV� ��QG &RQWURO DQG 'HFLVLRQ
&RQIHUHQFH� ,(((� 'HFHPEHU �����
*� .� %DWFKHORU� $Q ,QWURGXFWLRQ WR )OXLG '\QDPLFV�
&DPEULGJH 8QLYHUVLW\ 3UHVV� *UHDW %ULWDQ� �����
'� 0� %XVKQHOO� /RQJLWXGLQDO YRUWH[ FRQWURO ^ WHFKQLTXHV
DQG DSSOLFDWLRQV� 7KH ��QG /DQFKHVWHU /HFWXUH� $HURQDX�
WLFDO -RXUQDO ��� �������� �����
+��/� &KDQJ� &RQWURO RI 9RUWH[ '\QDPLFV� 3K' WKHVLV�
8QLYHUVLW\ RI &DOLIRUQLD� /RV $QJHOHV� �����
5� &KHLQ� DQG -� 1� &KXQJ� 'LVFUHWH YRUWH[ VLPXODWLRQ
RI qRZ RYHU LQFOLQHG DQG QRUPDO SODWHV� &RPSXWHUV DQG
)OXLGV� SDJHV �������� �����
<��&� &KHQ� &RQWURO DQG ,GHQWLpFDWLRQ RI WKH )ORZ 3DVW D
)ODW 3ODWH ZLWK 'LVFUHWH 9RUWH[ 6LPXODWLRQV� 3K' WKHVLV�
8QLYHUVLW\ RI &DOLIRUQLD� /RV $QJHOHV� �����
$� -� &KRULQ� 1XPHULFDO VWXG\ RI VOLJKWO\ YLVFRXV qRZV�
-RXUQDO RI )OXLG 0HFKDQLFV� ��� �������� �����
$� -� &KRULQ� DQG 3� 6� %HUQDUG� 'LVFUHWL]DWLRQ RI D YRUWH[
VKHHW ZLWK D H[DPSOH RI UROO�XS� -RXUQDO RI &RPSXWDWLRQDO
3K\VLFV� ����������� �����
/� &RUWHOH]]L� $ 7KHRUHWLFDO DQG &RPSXWDWLRQDO 6WXG\ RQ
$FWLYH :DNH &RQWURO� 3K' WKHVLV� &DOLIRUQLD ,QVWLWXWH RI
7HFKQRORJ\� �����
/� &RUWHOH]]L� 1RQOLQHDU )HHGEDFN &RQWURO RI WKH :DNH
3DVW D 3ODWH ZLWK D 6XFWLRQ 3RLQW RQ WKH 'RZQVWUHDP:DOO�
-RXUQDO RI )OXLG 0HFKDQLFV� 9RO� ���� ���^���� �����
/� &RUWHOH]]L� <��&� &KHQ� DQG +��/� &KDQJ� 1RQOLQHDU
)HHGEDFN &RQWURO RI WKH :DNH 3DVW D 3ODWH� IURP D /RZ�
RUGHU 0RGHO WR D +LJKHU�RUGHU 0RGHO� 3K\VLFV RI )OXLGV
$� 9RO� �� ���� ����^����� �����
*� )� )UDQNOLQ� -� '� 3RZHOO� DQG $� (PDPL�1DHLQL� )HHG�
EDFN FRQWURO RI G\QDPLF V\VWHPV� $GGLVRQ :HVOH\� �����
0� *DG�HO�+DN DQG '� 0� %XVKQHOO� 6HSDUDWLRQ FRQWURO�
UHYLHZ� $60( -� RI )OXLGV (QJLQHHULQJ� ���� ����� �����
0� '� *XQ]EXUJHU� )ORZ FRQWURO� 6SULQJHU�9HUODJ� 1HZ
<RUN� �����
%� &� .XR� $XWRPDWLF FRQWURO V\VWHPV� 3UHQWLFH�+DOO� ,QF��
(DJOHZRRG &OLoV� 1HZ -HUVH\� �����
1� 6� 1LVH� &RQWURO V\VWHPV HQJLQHUULQJ� 7KH %HQ�
MDPLQ�&XPPLQJV 3XEOLVKLQJ &RPSDQ\� ,QF�� �����
3� *� 6DoPDQ DQG -� 6� 6KHrHOG� �)ORZ RYHU D ZLQJ ZLWK
DQ DWWDFKHG )UHH 9RUWH[�� 6WXGLHV LQ $SSOLHG 0DWKPDWLFV�
����� ���
7� 6DUSND\D� $Q LQYLVFLG PRGHO RI WZR�GLPHQVLRQDO YRUWH[
VKHGGLQJ IRU WUDQVLHQW DQG DV\PSWRWLFDOO\ VWHDG\ VHSDUDWHG
qRZ RYHU DQ LQFOLQHG SODWH� -RXUQDO RI )OXLG 0HFKDQLFV�
����������� �����
7� 6DUSND\D� DQG 5� /� 6FKRDo� ,QYLVFLG PRGHO RI WZR GL�
PHQVLRQDO YRUWH[ VKHGGLQJ E\ D FLUFXODU F\OLQGHU� $,$$
-RXUQDO� ������� ���������� �����

��


