Ph.D Qualifying Exam
APPLIED DIFFERENTIAL EQUATIONS
Fall 2003

Do all of the following 6 problems

1. For the ODE

u = v—u’

V¢ = U—UV

(a) Find stationary points and their type.
(b) Draw the phase plane and find all connections between the stationary
points.

2. (a) Let ©; and Q5 be two smooth sets in R? with Q; a (strict) subset of
2. Let —A; and —); be the smallest (i.e. least negative) eigenvalues for the

Dirichlet problem on ; and 9, with eigenfunction ¢; and ¢2, respectively.
That is

Ad1 = —Ms in @l (1)
Agy = —dopo in (2)
1 = 0 on oY (3)
¢ = 0 on 99, (4)

Show that A; > Mg > 0. Hint: Use the variational characterization of the
smallest eigenvalue A for a set  that A = min, [o(Vu)2dzdy/ [, u?dzdy

(b) Suppose 2 is a smooth set in R? with mirror symmetry about the y
axis; i.e. if (z,y) € Q then (—z,y) € Q. Let ¢ be the eigenfunction for the
Dirichlet problem on €2 with the smallest eigenvalue. Use the result in (a) to
show that ¢(z) = ¢(—x).

3. The function

MX,T) = (47T) % exp(—X2/4T)
satisfies (you do not need to show this)
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hT = hX)(.

Using this result, verify that for any smooth function U

u(@, ) = exp (%t:* - :ct) |7 v©hta - ~ & 1)de (5)
satisfies
U + TU = Ugy- (6)

Given that U(z) is bounded and continuous everywhere on —oco < z < 00,
establish that

lim [~ U©)h(z - & 1)dé = U(z) (7)

t—0 J_o0o

and show that u(z,t) — U(z) as t — 0. (You may use the fact that
oo g2
oo et dE = %ﬁ )
4. Find the characteristics of the partial differential equation
TUzg + (T — Y)Uzy — YUy, =0, >0, y >0, (8)

and then show that it can be transformed into the canonical form

(&% + 4n)ugy + §uy = 0 9

whence £ and 7 are suitably chosen canonical coordinates. Use this to obtain
the general solution in the form

n_g(n)dn’
u(é,n) = + | ———— 10
=10+ G (10)
where f and g are arbitrary functions of £ and 7.

5. State Parseval’s relation for Fourier transforms. Find the Fourier

transform f(¢) of .
s ={ oV s ()

in which y and o are constants. Use this in Parseval’s relation to show that

% sin?(a — &)y -
/. g k= (12)
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What does the transform f(£) become in the limit y — co?
Use Parseval’s relation to show that

sinla ~ By 1 /°° sin(a — &)y sin(B — &)

Yy
"B rlew @®) (of © (13)

6.(a) For the cubic equation

e32® —2ex®? +22-6=0 (14)

write the solutions z in the asymptotic expansion z = z¢ + ez; + O(e?) as
€ — 0. Find the first two terms zy and z; for all solutions x.
(b) For the ODE

u = u—eu (15)
u(0) = 1 (16)

write u = ug(t) +euy () +2uz(t) + O(e3) as e — 0. Find the first three terms
Up, Ui and Usg.



