Qualifying Exam
APPLIED DIFFERENTIAL EQUATIONS
Fall 2007

Please solve all 8 problems.
1. Let ¢(z) be continuous and bounded in R*. Assume that lim;|— ¢(z) =

¢o. Consider the Cauchy problem

ou(z,t)

ey —Au(z,t) = 0 for0<t,z € R

u(z,0) = o¢(z).
Prove that lim;—,. u(z,t) = ¢o.

2. Let A;(z), i = 1,2, be smooth functions in a bounded domain 2 C R"
such that A; = Ay on 02. Assume that

ANEY. S " (945)°
AA;, + (——) = AA, + <—
j; aa:j Jz::l 8.’11'3'
in . Prove that A;(z) = Az(z) in Q.
3. Let S be a strip {0 < 21 < a,—00 < z3 < o0}. Let u(z1,z2) be a
smooth solution of Au+Au = 0 in S satisfying the boundary conditions

u(0,z2) = 0, u(a,x2) = 0, —00 < z3 < co}. Here X is a real constant.
Prove that if fq |u(z1, 22)|?dz1dz2 < 00, then u(zy,z2) = 0in S.

4. Consider the initial boundary value problem:

u(z,t) 0%u(z,t) O*u(x,t) ou(z,t)
ot? +2 dzdt  Oa? +alz,?) or 0 (1)
for 0 <t <00, —00 < z < 00 with
Ou(z,0
u(z,0) = f(z), 2409 g0) (2

for —oo < & < 00, where f(z), g(z) are smooth functions having com-
pact supports and a is a smooth bounded function. Find an estimate
for the solution of (1), (2) that will imply uniqueness.
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5. Consider the initial value problem

du/dt = cul™®
u(0) = wup

in which ¢ > 0 and o > 0 are constants and 0 < ug < 1.

(a) Find the solution of this ODE.
(b) Find the blowup time ¢, at which u — oo.
(c) Find the value of o that minimizes ¢, for fixed values of ¢ and wuo.

6. Let u = u(x,t) in which u € R? and x € R?. Solve the following
problem by the method of characteristics

Ju
'5{+U-Vu = u

u(x,0) = x.

Note that the jth component of u- Vu is

(u-Vu); = Zfﬂui@xiuj.

7. Let v and A be the eigenfunction and eigenvalue of the two point bound-
ary value problemson 0 <z < L

Uee(7) — a(z)u(z) = —Au(z) (3)
uw(0) =u(L) = 0
in which A and L are constants. Assume that X is the lowest eigenvalue
for this problem
(a) Show that a > 0 implies A > 0.
(b) Find an example showing that a < 0 does not imply A < 0.

(c) Show that A is a decreasing function of L.

8 Fori=1,2and 0 <t < T, let Q;(¢) be an open smooth bounded
domain in R? for each ¢ with £;(0) = Q2(0) and 9Q(¢) C Qa(t) for




0<t<T (ie., Qi(t) is strictly contained in Q(t) for t = 0). Let u;
for i = 1,2 solve
8’(1@
ot

—Auy; = 0 forzeQ(t)and0<t<T
ui(z,0) = f(z) forze Q(0)
ui(z,t) = 0 for z € O(2)

in which the initial data f is independent of 7 with f > 0 in €;(0).

(a) Show that u; > 0 for z € Qi(t) and 0 <t < T
(b) Show that u; < ug for € M(t) and 0 <¢ <T.



