ADE Qual Spring 2008
1. Consider the eigenvalue problem
y + y=0, z€(0,0)
v () +y(@) =0
y(0)=0

(a) Show that if f and g satisfy the boundary conditions, that (f (z)g(z) —
g () f(2))15=6=0.

(b) Use this property of the boundary conditions to prove that all eigenfunctions
u; and u, are orthogonal in the L? sense

¢
/ ujugdr = 0.
0

(c) Find an equation satisfied by the eigenvalues, and find the corresponding
eigenfunctions. (Note: You may not be able to find an explicit formula for these
eigenvalues.) Show graphically that there are an infinite number of positive eigen-
values {\,} with A, — +o0.

2. Use the method of characteristics to solve the Eikonal equation (u;)? + (uy)? =1
with initial values u|p = 1 on the unit circle I = {(z,y)|z® + v* = 1}.

3. Use energy methods to prove uniqueness of solutions to the following IVP, assuming
that the initial data has compact support

Here, u: R® x [0,00) — R™, A; € R™*™ and A; are constant and symmetric.

4. Solve the following IVP
Ugp + Ugs — 20Uzy = 0

u(z, 0) = ¢(z)
us(z, 0) = ¢¥(x).

5. Let K,(z—y) and Ky(z—y) be the kernels of the operators (A—al)~! and (A—bI)~}
on L?(R"), where 0 < a < b. Show that (A—al)(A—bI) has a fundamental solution
of the form ¢; K, + c2K),. Compute the constants ¢; and ¢y in terms of a and b.

6. Consider the differential equation
uy = —eAu + Adu

on the interval [0, 27] with periodic boundary conditions. Find the largest value of
€0 so that the solution of the PDE always stays bounded as t — 00, if € < €. Justify
your answer.



7. Consider the spatially dependent logistic equation
uy = Au + Pu(l — u)

on the N-torus TV.

(a) Consider a smooth solution with positive bounded initial data. Prove the solu-
tion stays positive on any time interval of existence.

(b) Derive an a priori upper bound for the solution from (a) depending on the
maximum of the initial data M = maz u(-,0). Hint: consider separately the case
M>1land 0 <M < 1.

8. Consider the phase plane problem

—aHy(CE» y) — bHy(z,y),
= a’Hﬂf(xvy) - bHy($7y)a

where H is a smooth function in the plane with a local minimum at the origin.

(a) for a = 0 and b > 0 prove that (0,0) is a stable equilibrium of the dynamical
system.

(b) for a > 0 and b = 0 prove that the function H is conserved along any forward
or backward time trajectory.

(c) Consider the case b > 0 and assume that A hasa local minimum with the Hessian
matrix H positive definite at the origin. Prove that there exists a neighborhood of
(0,0) such that all forward time trajectories converge towards the origin. Recall

that the Hessian matrix is
H zz H. Ty
ny Hyy




