Applied Differential Equations — Fall 2010

1. Determine the constants A such that the differential equation

d*u

has a solution satisfying w(0) = u(x) = 0.

()G )E),

with the initial data (u(z, 0),v(z,0)) = (f(x), g(z))

(b) Find all boundary conditions of the form au(0,t) + bv(0,t) = 0 which make the
initial value problem in part (a) well-posed in xz > 0, £ > 0.

2. (a} Solve

3. Consider the competition with limited resources model
&= (a1 — b1 — ciy)x i = (ag — bz — cog)y

Here a;, b; and c¢; are positive constants with cias > a1¢2 and beaq > bias. Note
that this implies c1bs > coby.

a} Find the equilibria of this system in the closed quarter plane z > 0, y > 0.

b) Show that an equilibrium in the open quarter plane = > 0, ¥ > 0 must be a
saddle.

¢) Make a plausible phase plane diagram for trajectories in the closed quarter plane.

4. Use the method of characteristics to find a solution to
Ur + Uty = —I, t >0

with u(x,0) = f(z), —oo < z < co. You will not be able to find u(x,t) explicitly.
However, if f'{x) > 0, show that the solution will exist for ¢ € [0, 7/2).
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5. Assume that y = ¢(z) is a smooth, one-to-one mapping of the domain D C R?
onto the domain D ¢ R?. TLet ¢'(x) be the jacobian matrix of ¢, and assume
that A(z) = |det ¢'(x)] # 0. Use the weak form of the equation to show that the
boundary value problem

2.8 ou
B Z dx; [,8(3:) Ox;

=1

]:finD,u=Oon8D

is equivalent to

where 4(¢(2)) = u(x), f(¢plx)) = f(z), h{¢(x)) = h(z), and you need to find the
- matrix (85;)(y).

6. In this problem we have the domains in the (%1, z2)-plane
L ={lz— (1,0 <a}n{z1 2 0} and @ ={|z - (-1,0)[ < a} N {z; <O},
and set % = Q% U Q% . Consider the Neumann problem

Ay =f, z € Q" g—z=0, x € 00%,

where fﬂi fdr =1and [, fdz=—1.

(a) Prove the existence of a solution to this Neumann problem when a > 1 and the
nonexistence of a solution when 0 < a < 1.

(b) Show that maxqa |Vu| — oo as a | 1. Note that the length of the line segment
L =02 N5 goes to zero as a 4 1.

7. Consider the heat equation, u; — Au = 0, in a bounded domain D in R™ with
the initial condition u(z,0) == 0 and the boundary condition u(z,t) = f(z) on 8D.
Find an expansion for, the solution to this problem in terms of eigenfunctions of A
and the solution of the Dirichlet problem Aw = 01in D, w = f on 8D. What is
leading term in the asymptotic expansion of u(z,t) — w(x) as t — oo?

8. Let u(z,t) be the solution to
ugs + a®(z,t)us — Au=01in D, u(z,t) =0o0n 8D
with (u(z,0),u:(x,0)) = (f(z),9(z)). Prove that [,u*(z,t)dz is bounded for t €

[0,00). You may assume that D is a bounded domain with smooth boundary, f

and g are smooth functions vanishing on 6D, and that a is a smooth function on
s 10~



