Qualifying Exam on Applied Differential Equations
Tuesday, March 23, 2010, 2PM-6PM.

Solve the following 8 problems. Provide clear and concise arguments. Draw a figure when necessary.

1. Consider the generalized eigenvalue problem
Y —y=-dP for0<z<l, y0)=y{1}=0"
Show that all eigenvalues A must be bigger than 1.

2. Let 2'C R™ be a bounded domain with smooth boundary. Let u be a C? solution of the following

problem
u=Au-u in £ x(0,00)

w(z,0) =¢g(z) in

u(z,t) =0 on 89 x(0,00).

Suppose g(x) is bounded and compactly supported in £2.
Using an appropriate energy, show that there exists C > 0 such that |u(z,t)] < Cexp™ as

t — o00.

3. Let § be a bounded region in R® with smooth boundary. Prove the uniqueness of C? solution

for the following problem:
{ ~Au+ta{z)u=0 in £

fu = f(x) on 89

when a(z) > 0,f(z) € C?({2), and v is the outward normal vector on 9 with respect to 2.

4. Let u solve the one-dimensional wave equation
-un — Uy = —u in R x (0, 00),
with continuous initial data u(z,0) = g(x), w(z,0) = h(z) which are both compactly supported.

(a) Find an energy associated with u

(b) Show that u(,t) is compactly supported at each ¢ > 0.

5. Consider the conservation laws (g{u)): + (h(u)): = 0. Define the notion of integral solution and
derive the jump (Rankine-Hugoniot) condition for a discontinuity (u-,u+) in an integral solution.
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6. Solve:
ui+yuy —u=70, (I)y) eRx (1=00)

72
u(z,1) = —+1

7. Let u : [0,1] — R be piecewise H! with a discontinuity at zr. That is, if u~ : [0,2r) = R
with w=(z) = u(z) for 0 < z < zr and u* : {zr,1] — R with u*(z) = u(z) for zr < z <1, then
u~€H(0,2r) and uT€H!(zr,1). Furthermore, define the jump in u at zr as

[u] = lim, u(z) — lim u(z)
:D"""II\ .'C-"mr.

and 7 as

'ﬁ=-;-(hm u(z) + lim u(:r))
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Show that if 5 ,
oz ()B(E)“ég) =0, z € (0,zr) U (zr, 1),
bu) _ du, . E
[ﬁgg] N ml_l.rfg ﬁ(z)a_:(”) - xl_lffF ﬁ(z)a—:(m) =b,

u(0) =u{l)=0and [ul=a

(where § is piecewise C'™ but discontinuous at zr and ﬁ(:c) > ¢ > 0) then e(u) < e(v) for all
piecewise H! functions v that also satisfy:

v{0) = v(1) =0 and [v] = a.

Here, e(u) is defined as

=3 [ R@p@ @i [ o e +a

8. Find a solution of the inhomogeneocus initial value problem
up + auy = f(z,t), € R

u(z, 0} = ¢(z).



