ADE Exam, Fall 2011

Please do All 8 problems.

1. Let a,b be two points in B? and consider U(xz) : (B2 — {a,b}) — R be
a smooth function which satisfies limsup|,|_, [U(¢)}] = 1. Let us consider &
system of ODEs for (p(f),4(t)} € R? x (R? — {a, b}):

{ p(t) = VU(g(#))
¢(t) = p(t),
with initial data p(0) € R? and ¢(0) € R? ~ {a, b}.

{z) Show that if 0 < T < oo and if (p(t),g(?)) is a solution defined on [0,T)
then

sup |p(¢)], |q(t)] < co.

0,

{b} Let [0,7) be the maximal interval of existence for (p(t), ¢(t}) with T < oo,
Show that Hm; 7 q{} exists, and moreover

tl;n%, g(t) = a or b,

2. Let #(z) : R™ = R™ be a C! vector fleld. Let 8(z,f) : R™ x [0,00) = R
be a smooth function solving the following equation:

9, = A9 +V - (@),
and 6(z, D) is bounded from above and below.

(a) Show that # stays bounded, both from above and below, for all times ¢ > 0
if V. ¥ =0 for all times.

{(b) Now suppose that |V -d{z)] < M for all z € R™. I{ 8(z,0) < 1, show that
O(z,t) < eMt forall t > 0.

3. Suppose u(z, t} : B* — [0,7) — R is a smooth solution of
uy(2,8) = Ay +u,  u(z,0) = uglz) € LAHR™).

with
sup |u(-, t)fizzae) = M < o0.
0<tLT



(a} Present u(z,?) in the form of

u(z, t) = ug(z) +f0 . Glz — y)uly, s)dyds

for0 <t < T

(b) Show that the integral formula in {(a) is well-defined in L?*{dz) by showing
that

H fR Gz — v)uly, s)dyds|lzaas < M,
forany 0 < s <7

(c) Using (b), evaluate M in terms of the L2-norm of ug(x).

4. Show that all solutions of the nonlinear heat equation
=AM in [z <1, w=0on|z/=1
vanishes \to ZETO a8 T — 00,
5. Consider the intial value problem
u+ (f(u)), =0, zeR, t>0
u(@,0) = ¢(z).

Assume that f is smooth and uniformly convex (f”{z) > & > 0 ¥z for some
8> 0)

(a) Show that if ¢(z) = —=z, then there is a point at which |u,| — oo in finite
time.

(b) Consider the Riemann initial data:

u”, <0
qb(av),—{ ut, >0

Compute the entropy solution (show that entropy condition is satisfled).
Consider hoth cases; u~ > ot and v~ < ut.

6. Consider the initial value problem

Upp + 2Ugpt — SUge =0, xR, £>0
w(z,0) = o(x)
w2, 0) = ¥(x)



(a) Use energy methods to prove the value of the solution w at the point
{wg,t0) depends at most on the values of the initial data in the interval
(xq — 3o, To + to}.

(b) Use energy methods to prove uniqueness of solutions if the initial data has
compact support.

7. Let © be an open, bounded set in B?, Tet u = ( g ) € & and let

f:OQ -3 R%f= ( filw,v) ) and consider the problem

fg(u,l})
du
— =f{u).
o = flu)
{a} Show that all stationary points are saddles f V- f = 0 and V x f =
%40

(b} Show that f :  — R? must be C* on .

8. Let £ be an open set in B"™, and suppose there exists a nonzero function
u satisfying
—Au =2y inQ,
w=10 on ot

for some A.
{a) Show that A is positive.

(b} Let Az be the smallest positive such A. Show that

M = min{f |Duldz  u c HOI(U),] W2 (z)dz = 1.}
14 u



