Spring 2019, ADE Qual

You have four hours to complete this exam. Start each question on a new sheet of
paper, and write your UID on each answer sheet. Your name should not appear on

any of the work that you submit,
1. Let u(x, ) solve the initial value problem
Ut F Uge — QUge =0, zeR,E>0,
u(z,0) = g(x)
u(z, 0) = h{z)
(a) Derive a formula for » in terms of g and A, when g and 7 are C?.
(b) Next consider the boundary value probiem

Ugg + Upt — 2Uge =0, 021,00,
u(0,t) = u(l,1) =0;
ut(oat) = ut(lat) =0.

Show that a smooth solution u to above problem must he zevo if u{z, 0} = 0.

2. Consider p(z,t) solving the nonlinear diffusion equation with drift:
pr— AP = V- (zfz[?) =0 in (z,8) € R* x (0,00),

where the initial data p{z,0) = pa(z) > 0 is compactly supported and satisfies [ pp(z)dz = 1. Let
us assume that p(-, %) stays nonnegative and compactly supported for all times ¢ > 0. Using formal

calculations, show the following,
(a) Show that [ p(-,t)dz =1 for all £ > 0.
(b) Show that the energy

E{t) = jﬁ;g [p*(z, ) + p(z, t)% + Cp(z, t)]ds

non-increases in time for any constant C.

(c) Using {a)-(b} show that p(-,t) converges as t — oo to the stationary profile (Cy ~ |z]*/4), for
an appropriate constant Cj.

3. Let u € C3({|z| < 1}) n CH({|z] £ 1}) solve the elliptic equation
Au=1-4® in {|lz| < 1},
Vu-z=f(z) on {lz}=1}L

Show that uw < 1if f < 0.




4. Let 1 be the entropy satisfying weak solution of
up+ flu)y =0, xR, >0

Ug, <0
u(m,U):{ 'u,:, x>0

with f(u) = % with ug,up > 0.

{a) Show that

f u(z, t)dx — / u{z,0)dz =t (f(ua) — f(up))

[+

fort < T
(b) Give an expression for T" with 1, < us.

(c) Give an expression for 7' with 1o > up.

5. Consider the bi-harmonic boundary value problem

Ugpps = .f:m € (07 1)
u(0) = ug{1) = w(0) = u(l) = 0.

(a) Show that the Green’s function G(;&) : [0,1] — [0, 1] satisfies
.
f Vg (2) G (; £)dz = v{E).
0
for v that satisfy v-(0) = 2,(1} = v(0) = +{1) = 0.

(b) Show that the Green’s function satisfies

3 1 —“f N

Gz &) = Yo T, w8
H oayé "
ES bi(z—&) , >

=0 il

and derive a linear system for the coefficients a; and b;.

6. A heated plate lies along the positive z-axis, and air flows over the plate in the x-direction.
There is a simple shear flow above the plate. Assume that the plate surface is at a temperature To.
Thus for = > 0, y > 0, the temperature field above the plate is given by:

a1 8T
Wy = D"a?




Here «y (the shear rate), D (the diffusivity) and Tg are all positive constants. Assume that at z =10
the air is at ambient temperature T{0,y) = 0, while on the surface of the plate T'(z,0) = T,
and far from the plate: T'(z,00)) = 0. Construct a similarity solution of the PDE of the form:

T(z,y) = a(z)f (L> You should determine the functions: a(z), L{z) and f(-).

L(z)
7. Consider the ordinary differential equation
!
g+ 2y =0, y(0) =1, 5/(0) =0

By considering all possible dominant balances as 2 — 0, determine whether or not the equation
admits a unigue solution near z = (.

8. Let u be a solution of Poisson’s equation in a domain U:
-Viu = f(z)

for some smooth function f(z). The piecewise smooth boundary of U can be divided into two sub-
sets with measure 0 intersection, we call these sets 8Uy and 8Up. On AU}y, the normal derivative
g — N{z) is known, whereas on 8Up, u(x) = h{z) is prescribed.

(n) Show that u(z) minimizes the functional:

Elu] = fU (%nwnz— fu) qv — /6 . Nuds

among a set of C? functions that you should identify.

{b) Suppose that we are studying flow in a pipe whose cross-section is the unit square |z, |y} < 1.
The fow field solves the Poisson equation:

Vi =1

On three of the walls of the pipe: & = —1 and y = %1, we have v = 0. On the fourth wall (z=1)

2]
2% _ 0, Bxplain how you could use the minimization principle from part (a) to calculate optimal

i
constants A, £1,2, ¥1,2, in an approximation to the flow field of the form:
uw= Az — z)(z2 — ) — )2 — ) .

(You do not need to evaluate your integrals to calculate A explicitly, but you should identify the
constants 2 and y1,2).




