Analysis Qualifying Exam, September 25, 2015, 2:00 p.m. — 6:00 p.m.

Students should solve four real analysis problems (numbered 1-6) and four complex
analysis problems (numbered 7-12).

Problem 1. Let g, be a sequence of measurahle furctions on R, such that |g,{z}] <1
for all z, and assume that g, — 0 almost everywhere. Let f € LYRY). Show that the
sequence

frgnl(z) = ff(ﬂ7 —y)galy)dy — 0

uniformly on each compact subset of RY, as n — oco.

Problem 2. Let f € LP(R), 1 < p < o0, and let a € R be such that @ > 1 — % Show

that the series
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converges for almost all z € R.

Problem 3. Let f ¢ L] {(R%) be such that for some 0 < p < 1, we have

< ([t dm)% ,

for all g € Cy(R™Y). Show that f(z) = 0 ae. Here Cy{R%) is the space of continuous
functions with compact support on R
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Problem 4. Let H be a separable infinite-dimensional Hilbert space and assume that
(€,) is an orthonormal system in #H. Let (f,) be another orthonormal system which is
complete, i.e. the closure of the span of the (f,) is all of H.

o Show that if 307 || fa — e |]* < 1 then the orthonormal system (e,) is also
complete.

o Assume that we only have > o0 1| fn — e ||* < co. Prove that it is still true that

(€,) is complete.

Problem 5. A function f € C({0,1]) is called Holder continuous of order & > 0 if there
is & constant ¢ > 0 such that | f{z) — f(¥)] < Clz —y|°, =,y € [0,1]. Show that the
Hélder continuous functions form a set of the first category (a meager set) in C([0,1]).

Problem 6. Let u € L2(R%) and let us say that u € H/2(R?) (a Sobolev space) if

(14 16") ) € (R,



Here @ is the Fourier transform of u. Show that v € HV/*(R%) if and only if

f ju(z +y) — ufz)|

2
|yid+1 dx dy < co.

Problem 7. Assume that f(z) is analytic in {# : |z] < 1} and continuous on {z : |z| <
1} If f{z) = f(1/z) when |z} = 1, prove that f(z) is constant.

Problem 8. Assume that f{z) is an entire function that is 2x—periodic in the sense
that f(z + 2n) = f(z), and
| ' |f(z +iy)| < Ce,

for some C' > 0, where 0 < & < 1. Prove that f is constant.

Problem 9. Let (f;) be a sequence of entire functions such that, writing z = = + iy,
we have

| ff 1@ e dedy < ¢, §=1,2,...,
C

for some constant ' > 0. Show that there exists a subsequence (f;,} and an entire
function f such that we have

/f i (2) — f(z)!2 e g dy — 0, k— oo
C

Problem 10. Use the Residue Theorem to prove that
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Use a large semicircle as part of the contour.
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Problem 11. Let Q = {(z,y) € R?%x > Oy > 0} and let u be subharmonic in £,
continuzous in €2, such that '
u(z,y) < fo+iyl,

for large (z,y) € Q. Assume that
for some a,b > 0. Show that
w(z,y) <ax+by, (z,y)c .
Problem 12. Find a function u{z, ) harmonic in the region between the circles |z| = 2

and |z -~ 1| = 1 which equals 1 on the outer circle and 0 on the inner circle (except at
the point where the circles are tangent to each other).




