ANALYSIS QUALIFYING EXAM: FALL 2016

Ten of the twelve problems will be counted for the total score, at least four from
Problems 1-6, and at least four from Problems 7-12. Please indicate on the front
of your exam which ten problems you wish to have graded.

Problem 1. We consider the space L!(u) of integrable functions on a measure
space (X, M, u1). For g € L*(p) let

lglls = / l9(a)] du

be the corresponding L!-norm. Suppose that f and f, for n € N are functions in
L' (u) such that

(i) fu(z) — f(z) for p-almost every z € X and

(i) ([ fnlls = (]
Show that then ||f, — f|]1 — 0.

Problem 2. Let u be a finite positive Borel measure on R that is singular to
Lebesgue measure. Show that

i Blle—rz )
r—0+ 2r

for p-almost every = € R.

Problem 3. If X is a compact metric space, we denote by P(X) be the set of
positive Borel measures p on X with pu(X) = 1.

(a) Let ¢p: X — [0, 00] be a lower-semicontinuous function on a compact metric
space X. Show that if p and p, for n € N are in P(X) and u,, — p with respect
to the weak-star topology on P(X), then

/qbd,u<hm1nf/¢dun

(b) Let K C R? be a compact set. For ,u € P(K), we define

= [ [ st

Here |z| denotes the Euclidean norm of z € R9.
Show that the function E: P(K) — [0, 00] attains its minimum on P(K) (which
could possibly be c0).

Problem 4. Let L' = L(]0, 1]) be the space of integrable and L? = L?([0,1]) be
the space of square-integrable functions on [0, 1]. Then L? C L. Show that L? is a
meager subset of L', i.e., L? can be written as a countable union of sets in L' that
are closed and have empty interior in L.
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Problem 5. Let X = C([0,1]) be the Banach space of real-valued continuous
functions on [0, 1] equipped with the norm

£l = max, £ ()]

z€[0,1

Let A be the Borel o-algebra on X.
Show that A is the smallest o-algebra on X that contains all sets of the form

S(t,B)={feX:[(t) € B},
where t € [0,1] and B C R is a Borel set in R.

Problem 6. Consider the Banach space ¢! consisting of all sequences u = {x;} in
R (i.e., z; € R for ¢ € N) with

oo

ully =) fa] < o0

i=1

and the Banach space £*° consisting of all sequences v = {y;} in R with

[v]loo = sup |yi] < oc.
1eN

There is a well-defined dual paring between ¢! and ¢ given by

oo
<uu U> = Z TiYi
=1

for u = {x;} € £* and v = {y;} € £°°. With this dual pairing, £~ = (¢!)* is the
dual space of ¢?.

(a) Show that there exists no sequence {u,} in ¢! such that (i) ||u,||; > 1 for all
n € N and (ii) (un,v) — 0 for each v € £>°.

(b) Show that every weakly convergent sequence {u,} in ¢! converges in the
norm topology of ¢1.

Problem 7. Let H be space of holomorphic functions f on the unit disc D = {z €
C : |z| < 1} such that

/|f(z)|2dA(z) < 0.
D

Here integration is with respect to Lebesgue measure A on . The vector space H
is a Hilbert space if equipped with the inner product

(19) = [ £)gGAC)
D
for f,g € H. Fix zp € D and define L, (f) = f(zo) for f € H.
(a) Show that L,,: H — C is a bounded linear functional on H.
(b) Find an explicit function g,, € H such that

Lzo(f) = f(ZO) = <fa gzo>
for all f € H.
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Problem 8. Let f be a continuous complex-valued function on the closed unit disk

D such that f is holomorphic on the open disk D = {z € C: |z] < 1} and f(0) # 0.
(a) Show that if 0 <7 < 1 and if inf|,|—, |f(2)| > 0, then

1 2m )
5 | Tomlrre)1d0 > 10g]7(0).

(b) Show that [{6# € [0,27] : f(e') = 0}| = 0, where |E| denotes the Lebesgue
measure of £ C [0, 27].

Problem 9. Let p be a positive Borel measure on [0, 1] with ([0, 1]) = 1.
(a) Show that the function f defined as

ﬂ@=i4ﬂe”dMﬂ

for z € C is holomorphic on C.
(b) Suppose that there exists n € N such that

limsup |f(2)]/|2]" < oo.

|z|—00

Show that then p is equal to the Dirac measure dg at 0.

Problem 10. Consider the quadratic polynomial f(z) = 2?2 — 1 on C. We are
interested in the iterates f™ of f defined to be f° = id¢ the identity on C for n =0
and as
fr=foof
—
n factors

for n € N.

(a) Find an explicit constant M > 0 such that the following dichotomy holds
for each point z € C: either (i) |f™(z)] — oo as n — oo or (ii) |f™(2)| < M for all
n € Np.

(b) Let U be the set of all z € C for which the first alternative (i) holds and K
be the set of all z € C for which the second alternative (ii) holds.

Show that U is an open set and K is a compact set without “holes”, i.e., C\ K
has no bounded connected components.

Problem 11. Suppose f: C — C is a holomorphic function such that the function
2 g(z) = f(2)f(1/2) is bounded on C\ {0}.

(a) Show that if f(0) # 0, then f is constant.

(b) Show that if f(0) = 0, then there exist n € N and a € C such that f(z) = az"
for all z € C.
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Problem 12. Let U C C be an open set and K C U be a compact subset of U.

(a) Prove that there exists a bounded open set V with K ¢ V C V C U such
that OV consists of finitely many closed line segments. Hint: Consider a fine square
grid.

(b) Let f be a holomorphic function on U. Show that there exists a sequence
{R,} of rational functions such that (i) R, — f uniformly on K and (ii) none of
the functions R,, has a pole in K. Hint: First represent f(z) for z € K as a suitable
integral over the set V and then notice that the integrand is equicontinuous in z.



