GEOMETRY/TOPOLOGY QUALIFYING EXAMINATION

January 18, 2003

MANIFOLD THEORY

1. Let M be a smooth compact manifold of dimension n. Show that there is no
immersion of M into R™.

2. The n-dimensional torus T is defined to be R*/Z", i. e. for any = and y
in R*, z ~y iff z —y € Z™. Let a and B be two functions on R™ such that (i)
a(z) = a(y) and B(z) = B(y) iff z —y € Z™ and (ii) a/B is an irrational constant.
Then 9 9

v=ale)g g+ ﬂ(l‘)@
is a vector field on R™ descending to T™, where

0 0 o
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are coordinate vector fields. Find all functions f on 7™ such that vf = 0.

3. Let M and N be smooth compact connected manifolds and f: M — N be a
smooth map such that, for any point m € M, rank(df,,) = dim(N). Show that (i)
for any n € N, f~!(n) is a submanifold of M and (ii) for any n; and ny in N, the
submanifolds f~'(n;) and f~!(ny) of M are diffeomorphic to each other.

4. Let
6= %{(mzdxl — ztdz?) + (ztdx® — 23dx?) + - - + (2 da® Tt — 22 dr?))
be a 1-form on R?" and 6 be its restriction to the unit sphere
Sl —fp = (..., 2™ |2 + -+ (2?2 =1}
The kernel K of § is a distribution on §27~1:
K = {vjv € TS*~1 4(v) = 0}.

Decide whether or not K is integrable.

5. Let T?™ = R?" /72" be torus of dimension 2n. Consider the 2-form
w = dz' Adz"T! + dz? Adz™ 2 4 .- 4 da™ A dz?

defined on R?” descending to T2".
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(i) Show that w is closed but not exact on 727,
(ii) Let 4: T™ — T2™ be the subtorus defined by the equation

n+41 — xn+2 _ 2n __ 0.

.’1; —"':.I.E =

What is +*w?
(iii) Let ¥ = S2\ {U, D;}, where D;, i = 1,...,m are m open disks in S? with

disjoint closures. Show that
[ ro= [ 50
b =

if f1, f2: (%,0%) — (T?",T™) are homotopic to each other, where 0% is the bound-
ary of .

ALGEBRAIC TOPOLOGY

1. Let X be a path connected space and let xzg,x; € X. Prove carefully that
71(X, Zo) is isomorphic to 71 (X, z1).

2. (i) Define what is meant by a “chain homotopy” P between chain maps
f#,94:C — D and prove that chain homotopic chain maps induce the same ho-
momorphism of homology. (ii) Let X and Y be spaces and let F: X x I — Y be a
homotopy between maps f and g. Define a chaim homotopy P between the induced
chain maps fg,g4:C(X) — C(Y) of singular chains. (iii) Verify that P satisfies
the definition of a chain homotopy ONLY for the restriction of P to C1(X).

3. Let X be alocally contractible space and H a subgroup of 71 (X, o). Describe
carefully how to construct a topological space Xz and a map p: Xz — X such that
P«(m1(XH,%0)) = H and show that it has the required property of p,. (Note:
Although Xy will be a covering space, you don’t have to verify this unless you
want to use some general properties of covering spaces.)

4. Prove that the real even-dimensional projective spaces RP?" have the fixed
point property, that is, every for every map f: RP?" — RP?" there is a solution to
f(z) = z. (Hint: Consider maps on the covering space S2".)

5. Use the Mayer-Vietoris sequence to calculate the homology of S x S2. You
may assume the homology calculations for S1, 5! x St and S2.




