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Chapter 1

Introduction

My reasearch works focus on the development of mathematics and physics based
models for the computer simulations of defects and crack propagation in materi-
als, exo-electricity phenomena at nano-scale, and the coupled thermo-mechanical
behaviors of composite and metallic materials. I emphasize the development of
experimentally validated state-of-the art analytic tools and computational meth-
ods based on generalized continuum mechanics and multidisciplinary approaches
to predict the behaviors of materials in normal and extreme environments. I am
interested in the constitutive modeling of failure in metals, exo-electricity phe-
nomena in nanomaterials, the e�ects of dislocations and disclinations defects in
polycrystals, and the phase transformations in metals. This report is a synthesis
of my recent current and future research activities. The report is subdivided as
follows.

1.1 Scope of the report

� Next, Chapter 2 presents the most successful results among my research
activities, which I got alone or in collaboration with Jean-Baptiste Leblond
and Douglas J. Bammann and his Ph.D. student Ahad Fazle concerning the
solution of the problem of in�nite localization of deformation and damage
in ductile materials. More precisely, with the aforementioned collaborators,
I critically examined two non-local models for ductile failure in metals. The
�rst is a non-local variant of the Gurson model, which consists in delocaliz-
ing the damage evolution equation in the Gurson's model and the second is
a 'micromorphic' type model. The study of these two models allowed estab-
lishing the independence of their numerical predictions vis--vis of the mesh
size discretization and their capacities to reproduce the results of typical
ductile rupture experiments. Therefore, these two models are viable solu-
tions to the problem of the in�nite localization of damage and deformation
in porous ductile solids.

Because of its generic nature, I applied the method of the delocalization
of the damage to a dynamic ductile failure model developed by Douglas
Bammann at Sandia National Laboratories and which takes into account the
coupling of the damage with the e�ects of dislocations. Here also, the damage
delocalization method made it possible to get independent results regarding
the mesh and to reproduce typical experiments of dynamic ductile failure
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of metals, which was not possible with the standard models. The chapter
also includes my future works in this area of research. They concern the
extensions of the results got on generalized continuum modeling of failure to
include inertial e�ects based homogenization methods with dynamic e�ects.
I plan to develop numerical schemes for the computer implementation of the
new formulation to enable its coupling with an existing meshfree software to
simulate of problems involving a high rate fracture, such as fragmentation
of metals.

� Next, Chapter 3 presents a model of exo-electricity in metals which I
developed with Ivan Giorgio at the Sapienza University of Rome. The model
is based on a variational formulation inspired by that of Toupin to get the
constitutive relations, equilibrium equations and boundary conditions. This
model includes three di�erent electro-mechanical forces. I applied this model
to solve the problems of the polarization induced by a hydrostatic loading on
a thin hollow sphere and a cylindrical tube and got very satisfactory results.
The research project plan which immediately follows the description of the
key element of the model concerns the extension of the exo-electricity model
to account for nonlinearities that many experimental works have evidenced
and develop numerical algorithms for the numerical implementation of the
newly developed models into FE codes. I also plan to use atomistic and
quantum simulations to determine some model parameters and for a better
understanding of exo-electricity in metallic and non-metallic materials.

� Chapter 4 concerns my research work on modeling dislocation and disclina-
tion at �nite strain. In this topic, Along with D. Bammann and A. Adedoyin
I developed a model for dislocation and disclination defects in metals using
the framework of the theory of large transformations with multiplicative de-
composition of the deformation gradient. These two defects lead to complex
expressions in the constitutive equations of the model, sometimes including
the bi-rotational operator whose implementation in a �nite element code is
heavy. To overcome this di�culty, we proposed to model the geometrically
necessary dislocations by the curl of the inelastic part of the velocity gra-
dient and the disclinations by the curl of the latter, extending heuristically
deWitt's modeling of disclocation and disclination in small strain to �nite
strain. We performed micromechanical simulations of classical analytic prob-
lems based on this formulation to get results in accordance with dislocations
theory. I plan to model these two defects using some geometric arguments,
the framework of which has already been suggested by Douglas J. Bammann.
A proposal describing this modeling strategy and its practical applications
is described in the form a research project at the end of the chapter.

� In Chapter 5, I present a recent extension of a model for ceramic matrix
composite (CMC) materials to account for coupled thermo-mechanical ef-
fects. Namely, I have extended a model for the damage and mechanical
behaviors previously proposed by Ladeveze for CMCs by including thermo-
mechanical coupling e�ects that is got by assuming that the internal heat
comes from the e�ects of residual deformations. I performed a numerical im-
plementation of the new model in a �nite element (FE) code and calibrated
its parameters on a typical CMC. This model reproduces well the thermo-
mechanical behavior of typical specimens under cyclic or simple loadings.
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A plan to extend the model to include fatigue and chemistry behaviors in-
evitable in high temperature applications of CMC is presented at the end
the work summary on CMC materials as a research project.

� In Chapter 6, I present and extension a model of plasticity and evolution of
microstructures for single-phase steels developed by Bammann to multiple
phases by supposing that the interactions between phases are taken into
account through interface constraints. This model is described in the context
of the thermodynamics of irreversible processes and takes into account the
partition of the deformation associated with each of the phases based on a
self-consistent model for polycrystalline materials. The predictions of this
model are in a good agreement with the experiments. A proposal to improve
some features of the model is also presented at the end of the chapter as a
research project on this speci�c topic.
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Chapter 2

Nonlocal Modeling in Ductile
Failure of Metals

Constitutive models involving softening all predict unlimited strain localization.
This generates undesired consequences, such as bifurcations with an in�nite num-
ber of bifurcated branches and mesh dependence in �nite element computations.
Gursons [17] model of ductile rupture, which was derived from approximate limit-
analysis of some representative cell in a porous plastic material, is no exception.
Softening arises in this model from the gradual increase of the porosity, and this
induces unlimited localization.

Two proposals of modi�cation of the Gurson model have been made by Leblond
et al. (1994) and Gologanu et al. [15] to solve the problem. The aim of my PhD
dissertation work was to assess the practical applicability of these proposals. The
essential criteria used are mesh independence and satisfactory reproduction of the
results of some ductile fracture experiments.

The �rst, purely heuristic proposal comprised adopting a nonlocal evolution equa-
tion for the porosity which involves a convolution integral of the local porosity
rate. Numerical experiences show that this does not allow matching experimental
load-displacement curves of pre-cracked specimens, because of excessive smooth-
ing of the porosity in the ligament ahead of the crack tip. A theoretical analysis
of this phenomenon suggested a simple remedy comprising adopting a nonlocal
evolution equation for the logarithm of the porosity instead of the porosity itself.
No excessive smoothing of the porosity is then predicted, and experimental load-
displacement curves are then satisfactorily reproduced by the model.

The second, more theoretically based proposal was derived from some re�nement
of Gursons original homogenization procedure. The homogenized model got in
this way was complex and involved both the second gradient of the macroscopic
velocity and generalized macroscopic stresses of \moment" type. Its numerical
implementation is also involved because of the clear need for C1 elements, which
must be obviated through introduction of some new nodal variable representing
the strain rate. Application of this second model to simulation of pre-cracked
specimens also yields a satisfactory match of experimental and numerical load-
displacement curves. The conclusion is that both proposals represent viable so-
lutions to the problem of unlimited strain localization in porous ductile solids
undergoing monotonic loading conditions.
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The �rst proposal of modi�cation of Gurson model is generic and can be extended
to any local constitutive model involving damage evolution equation. Therefore, I
used this proposal in an internal state variable damage model to predict dynamic
ductile failure in metals. The aim here also is to circumvent numerical instabilities
arising from an ill-posed modeling of the post-bifurcation regime of metals. The
characteristic length scale in the non-local damage is of a mathematical nature and
is calibrated using a series of notch tensile tests. Then the same length scale from
the notch tests is used in solving the more complex problem of a high-velocity (be-
tween 89 and 107m/s) rigid projectile colliding against a 6061-T6 aluminum-disk.
The utilization of non-local formulation to solve the latter problem is opportune
since high-velocity impact problems exhibit softening because of the increase of
damage. The results show that incorporating a characteristic length scale into the
constitutive model does eliminate the pathological mesh-dependency associated
with material instabilities. The numerical calculations mirror well experimental
results.

In the research project on ductile fracture in porous metals, I mainly present how
I plan to extend the knowledge gained on modeling ductile failure to include in-
ertial e�ects to simulate problems involving dynamic ductile failure. The mains
theoretical foundations of the proposal are the homogenization and limit analy-
sis of a representative volume element for porous metals in a dynamic failure of
metals. The proposal also considered other modeling framework that are rather
phenomenological based.
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2.1 Nonlocal Gurson Model

2.1.1 Introduction

A common feature of all constitutive models involving softening is the prediction
of unlimited strain localization. This phenomenon has several consequences unde-
sired from both the physical and mathematical points of view. Such consequences
include bifurcations with an in�nite number of bifurcated branches, absence of
energy dissipation during crack propagation, and dependence of �nite element re-
sults upon mesh size. These phenomena are clear symptoms of the same basic
shortcoming of such models: their use is limited to some minimum scale, but
when strain localizes, as they predict it must, they are in fact abusively applied
at �ner and �ner scales. The prediction of localization is contradictory with the
macroscopic character of the models.

Gurson's [57] famous model of ductile rupture, which was derived from approx-
imate homogenization of some representative elementary cell in a plastic porous
material, is no exception. In this model, unlimited localization arises from the
softening because of the gradual increase of the porosity. Localization implies ap-
plying the model to elementary volumes too small to contain at least one void, for
which it becomes meaningless.

We assessed the practical applicability of a proposal made by Leblond it et al. [58]
to solve these problems. This heuristic proposal was inspired from a similar one
made by Pijaudier-Cabot and Bazant [59] in damage of concrete. It comprised
adopting a nonlocal evolution equation for the porosity (softening parameter)
within an otherwise unmodi�ed Gurson model. Nonlocality was introduced in the
form of a convolution integral of some \local porosity rate". This proposal has
been adopted by several authors, notably Tvergaard and Needleman (see [60] and
subsequent works). Although Leblond et al.'s [58] nonlocal evolution equation for
the porosity eliminates mesh size e�ects, it unfortunately also results in consid-
erable degradation of the agreement between the experimental load-displacement
curve and that got numerically using Gurson's original model. Detailed inspection
of the numerical results shows that this is because of excessive smoothing of the
porosity in the ligament ahead of the crack tip.

A theoretical analysis of this phenomenon is presented. Although this analysis
is based on crude simplifying hypotheses such as unboundedness of the body
and homogeneity of the mechanical �elds, it su�ces to explain the failure of the
nonlocal model considered and to suggest a very simple remedy suggested based
on the previous analysis. This remedy comprises adopting a nonlocal evolution
equation for the logarithm of the porosity instead of the porosity itself. The
mathematical character of the equation then changes and no excessive smoothing
is to be expected. This is con�rmed by repeating the same numerical simulation as
before but with the new evolution equation for the porosity. The new simulation
now reveals satisfactory agreement of numerical and experimental results.
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2.1.2 Nonlocal Gurson Model I

There are four main elements in Gurson's model. The �rst one is a \homogenized"
yield criterion for porous plastic media which reads

Φ(σ, f) � σ2eq
�σ2

+ 2p cosh

 
3

2

σm

�σ

!
− 1− p2 = 0. (2.1)

In this expression,

� σeq �
�
3
2
σ 0
ijσ

0
ij

�1/2
(σ 0 � deviator of σ) is the von Mises equivalent stress;

� σm � 1
3
tr σ is the mean stress;

� �σ represents a kind of average value of the yield stress in the heterogeneous
metallic matrix, the evolution equation of which is given below;

� p is a parameter connected to the porosity (void volume fraction) f through
the relation (Tvergaard [61], Tvergaard and Needleman [62]):

p � qf� , f� �
{
f if f � fc
fc + δ(f− fc) if f > fc

(2.2)

where q is \Tvergaard's parameter", fc the \critical" porosity at the on-
set of coalescence of voids, and δ (> 1) a factor describing the accelerated
degradation of the material during coalescence.

The second element of Gurson's model is a plastic ow rule associated to the yield
criterion (2.33) through normality1:

Dp = η
∂Φ

∂σ
(σ, f) , η

{
= 0 if Φ(σ, f) < 0

� 0 if Φ(σ, f) = 0
(2.3)

where Dp is the (Eulerian) plastic strain rate.

The third element is an evolution equation for the porosity which derives from
approximate incompressibility of the metallic matrix and reads

_f = (1− f) tr Dp. (2.4)

The fourth element is an evolution equation for the parameter �σ. This parameter
is given by

�σ � σ(�ε) (2.5)

1It has been shown by Gurson [57] that the normality property is preserved in the homogeniza-
tion process.



2.1 Nonlocal Gurson Model 5

where σ(ε) is the function providing the yield stress of the matrix material as a
function of the equivalent cumulated plastic strain ε, and �ε is the average value of
this equivalent strain in the heterogeneous matrix. The evolution of �ε is governed
by the following equation:

(1− f)�σ _�ε = σ : Dp. (2.6)

Leblond et al.'s [58] proposal consists of replacing the evolution equation (2.4) of
the porosity by

_f(x) =
1

A(x)

∫
Ω

φ(x − y) _f loc(y)dVy (2.7)

where Ω denotes the body considered, φ is some \smoothing function", and the
factor A(x) and the \local porosity rate" _f loc are given by

A(x) �
∫
Ω

φ(x − y)dVy (2.8)

and
_f loc(x) � (1− f(x)) tr [Dp(x)]. (2.9)

The term 1/A(x) is introduced in equation (2.7) in order to avoid spurious bound-

ary e�ects. Indeed it is obviously necessary that _f be identical to _f loc if the latter
quantity is spatially uniform. This would not be the case in the vicinity of the
external boundary in the absence of the term 1/A(x).

The underlying physical idea in equation (2.7) is that the porosity is in essence a
nonlocal parameter, since it makes sense only for \elementary volumes" su�ciently
large to contain at least one void. However, it must be frankly acknowledged that
equation (2.7) is purely heuristic and lacks any serious theoretical justi�cation.

The convolution integral in equation (2.7) can be performed on either the initial
con�guration or the present one according to whether the vectors x and y are
interpreted as initial or present positions. The choice of the initial con�guration
is made in the present work. Also, the smoothing function is taken in the form of
a Gaussian:

φ(x) � exp(−kxk2/b2) (2.10)

where b is a \characteristic microstructural length" of the order of the mean void
spacing.

2.1.3 Numerical implementation of the model

The key point of the numerical implementation of any plasticity model lies in the
necessary operation of \projection" onto the yield locus. The projection problem
comprises deriving, at a given Gauss point and for a time-interval [t, t + ∆t], the
values of all unknowns σ, f, �σ, etc., at t + ∆t from their values at t and that of
the increment of total strain. The ingredients to be used are the yield criterion at
time t + ∆t and discretized forms of the ow rule and the evolution equations of
internal parameters between instants t and t+ ∆t.
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It has been shown by Nguyen [63] that provided that the constitutive equations
de�ne a \standard generalized material" (Halphen and Nguyen [64]) and the ow
rule and the evolution equations of internal parameters are discretized in time
with an implicit (backward Euler) scheme, the projection problem is equivalent
to minimizing some strictly convex function. Existence and uniqueness of the so-
lution follow from there.

It can be shown that for the Gurson criterion (2.33) considered here, the equations
of the projection problem �t into the framework of standard generalized materials
provided that the porosity may not vary. This is one good reason for discretizing
the evolution equation (2.4) or (2.7) of f with an explicit scheme; f is then �xed
during the whole procedure of solution between instants t and t+∆t and updated
only at the end, for the next time step. Another argument in favor of an explicit
scheme for the porosity is that numerical experience reveals that it allows for eas-
ier convergence of the global elastoplastic iterations. Use of an implicit scheme
for the ow rule (2.37) and the evolution equation (2.41) of the parameter �ε then
warrants, by Nguyen's work [63], existence and uniqueness of the solution of the
projection problem.

Replacing the local evolution equation (2.4) by the nonlocal one (2.7) raises none
particular problem as long as, again, it is discretized with an explicit scheme. Once
the convergence of the global elastoplastic iterations are obtained, the values of
the local porosity rate _f loc are tested at all Gauss points of the structure. A double
loop on Gauss points then allows to compute the convolution integrals of equation
(2.7).

The projection algorithm uses the following parametrization of the yield criterion
(2.33): 

σeq � (1− p) �σ cosφ

σm � 2

3
�σ sgn(φ) arg cosh

"
1+

(1− p)2 sin2φ

2p

#
(2.11)

where φ is a parameter in the interval
h
−π
2
, π
2

i
. Elimination of the other unknowns

then allows to reduce the problem to the search for the values of two scalar un-
knowns only, the angle φ and the increment of equivalent strain ∆�ε.

For �xed ∆�ε, φ is found to obey a complex nonlinear equation which is solved
by Newton's method. This makes φ a function of ∆�ε. The value of ∆�ε is itself
derived from a �xed point algorithm using a discretized form of the evolution
equation (2.41). The core of the procedure of solution thus consists of two coupled
iterative loops, an \external" one on ∆�ε and an \internal" one on φ. The numerical
algorithm just sketched has been implemented into the SYSTUSr �nite element
code developed by ESI Group.

2.1.4 Comparison experimental and numerical results

Numerical experience reveals that use of the nonlocal evolution equation (2.7) of
the porosity instead of the local one (2.4) allows to greatly reduce, if not com-
pletely eliminate, mesh size e�ects in �nite element computations. This con�rms
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Tvergaard and Needleman's [60] earlier �ndings.

We consider a pre-cracked axisymmetric tensile specimen made of A508 Cl.3 steel,
for which experimental results of fracture tests are available [67]. A mesh of this
specimen is shown in Figure 2.1. Advantage is taken of symmetry about the
horizontal mid-plane to mesh only the upper half of the structure. The semi-
height and radius are 45 mm and 15 mm, respectively. The half-opening angle
and depth of the central V-shaped notch are 30� and 5 mm, respectively. A fatigue
pre-crack of length 1.7 mm (invisible in the �gure) originates from the notch root.
Calculations are performed with both the local and nonlocal versions of Gurson's
model, a value of 400 µm being used for the characteristic microstructural length
b in the nonlocal computation.

Figure 2.1: Finite element mesh of axisymmetric pre-cracked specimen

Figure 2.2 compares the experimental load-displacement curve to those got numer-
ically. The local model can be seen to yield fantastic (although mesh-dependent)
results. The results of the nonlocal model are mediocre (although mesh-independent):
the predicted force remains quasi stationary for too long a period and decreases
too abruptly afterwards.

A detailed analysis (not shown here) of the distribution of porosity in the ligament
ahead of the crack tip reveals the origin of the problem. Whereas the porosity
distribution predicted by the local model becomes highly heterogeneous in time,
that predicted by the nonlocal model remains almost homogeneous at all instants.
The result is that whereas the failure of the ligament is gradual with the local
model; it is abrupt with the nonlocal one, the critical porosity fc marking the
onset of coalescence of voids being reached almost simultaneously at all points.

2.1.5 Anslysis of smoothing of porosity

The aim of this Section is to theoretically explain the phenomenon of excessive
smoothing of the porosity resulting from the nonlocal evolution equation (2.7).
Although crude and qualitative, this explanation will prove su�cient to suggest
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Figure 2.2: Comparison of experimental and numerical load-displacement curves
- Local Gurson model and nonlocal one, �rst version

an e�cient remedy.

Considering the \mean" and deviatoric parts of the ow rule (2.37)1 and elimi-
nating the plastic multiplier η, one gets

Dp
m

D
p
eq

=
p

2

�σ

σeq
sinh

 
3

2

σm

�σ

!
(2.12)

where Dp
m � 1

3
tr Dp and Dp

eq �
�
2
3
D
p
ij
0
D
p
ij
0
�1/2

(Dp 0 � deviator of Dp) are

the mean and equivalent plastic strain rate, respectively. If the local evolution
equation (2.4) is used for the porosity, combination of this equation and relation
(2.12) yields (considering for simplicity only the pre-coalescence phase, during
which f� = f and p = qf):

_f = kfDp
eq , k � 3q

2
(1− f)

�σ

σeq
sinh

 
3

2

σm

�σ

!
. (2.13)

Replacing the local equation (2.4) by the nonlocal one (2.7) means replacing equa-
tion (2.13)1 by

_f(x, t) =
1

A(x)

h
φ � (kfDp

eq)
i
(x, t) (2.14)

where the symbol � denotes the convolution product and indications of depen-
dence upon position and time have been introduced for clarity.

We now idealize the body considered as an in�nite medium and introduce the
crude approximation that the quantities k and Dp

eq in equation (2.14) are spatially
uniform. The factor A(x) is then uniform and may be incorporated into the
smoothing function φ, and the quantities k and Dp

eq may be extracted from the
convolution product. Taking the spatial Fourier transform of equation (2.14), we
then get

∂f̂

∂t
(p, t) = k(t)Dp

eq(t)φ̂(p)f̂(p, t) (2.15)
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or equivalently
∂f̂

∂ε
p
eq
(p, εpeq) = k(ε

p
eq)φ̂(p)f̂(p, ε

p
eq) (2.16)

where εpeq denotes the cumulated equivalent plastic strain (time-integral of Dp
eq).

Equation (2.16) makes it clear that the growth rate of f̂(p, εpeq) is governed by

the factor k(εpeq)φ̂(p). Now the Fourier transform φ̂(p) of a typical smoothing
function (for instance a Gaussian) is positive and maximum for p = 0. Thus,
the growth rate of f̂(p, εpeq) is maximum for p = 0, that is, when the wavelength
λ � 2π/kpk is in�nite. This means that Fourier components of f with large wave-
lengths grow more quickly than Fourier components with small wavelengths, that
is, spatial variations of the porosity are gradually smoothed out.

To be more speci�c, introduce the (again very crude) assumption that the quantity
k is not only uniform in space but constant in time. Integration of equation (2.16)
then yields

f̂(p, εpeq) = f̂(p, 0) exp
h
kφ̂(p)εpeq

i
. (2.17)

Thus the development of f̂(p, εpeq) in time is governed by the \growth factor"

exp
h
kφ̂(p)εpeq

i
. The ratio of the growth factors corresponding to p = 0 and p 6= 0

is given by
f̂(0, εpeq)/f̂(0, 0)

f̂(p, εpeq)/f̂(p, 0)
= exp

{
k
h
φ̂(0) − φ̂(p)

i
εpeq

}
. (2.18)

The function φ̂(p) being maximum for p = 0, the term {...} here is positive. Thus
the ratio considered is greater than unity, and can become very large in the limit
of long times (large values of εpeq), because of the extremely quick growth of the
exponential function. This con�rms that the development of Fourier components
of f with large wavelengths is greatly favored with respect to that of Fourier com-
ponents with small wavelengths.

The evolution equation (2.16) is not a di�usion equation, but does exhibit fea-
tures rather similar to such an equation. Indeed, consider some imaginary dif-
fusion equation for the porosity (the role of time being played by the cumulated
equivalent plastic strain εpeq),

∂f

∂ε
p
eq
(x, εpeq) = D∆f(x, ε

p
eq), (2.19)

where D is a constant and the symbol ∆ denotes the Laplace operator. Taking
the Fourier transform of such an equation, one gets

∂f̂

∂ε
p
eq
(p, εpeq) = −D kpk2f̂(p, εpeq), (2.20)

which yields upon integration

f̂(p, εpeq) = f̂(p, 0) exp(−D kpk2εpeq). (2.21)
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The ratio of the growth factors corresponding to p = 0 and p 6= 0 is then given
by

f̂(0, εpeq)/f̂(0, 0)

f̂(p, εpeq)/f̂(p, 0)
= exp(D kpk2εpeq). (2.22)

This is exactly the result that one would get by expanding the term {...} in the
right-hand side of equation (2.18) to second order in p.

2.1.6 Nonlocal Gurson Model II

The analogy between equation (2.16) and a di�usion equation such as (2.19) is
helpful in the search for a remedy to the problem of excessive smoothing of the
porosity. Indeed, the smoothing character of equation (2.19) clearly arises from
the presence of f in the right-hand side in the form of its Laplacian: if ∆f were
not present, (2.19) would not be a di�usion equation and no smoothing would
occur. This suggests eliminating the porosity from the right-hand side of the local
evolution equation (2.4) through division of both sides by f, that is, considering
this equation in the form

d(lnf)

dt
= (1− f)

tr Dp

f
. (2.23)

(The presence of f in the denominator of the right-hand side here is only apparent
since tr Dp = 3Dp

m is proportional to f, see equations (2.12) and (2.34)). This
local equation can then be transformed into a nonlocal one in the same way as
equation (2.4) was transformed into equation (2.7); that is, one may postulate
that

d(lnf)

dt
(x) =

1

A(x)

∫
Ω

φ(x − y)

"
d(lnf)

dt

# loc

(y)dVy (2.24)

where "
d(lnf)

dt

# loc

(x) � (1− f(x))
tr [Dp(x)]

f(x)
. (2.25)

The calculations of Section 2.1.4 have been repeated using the new form (2.24) of
the nonlocal evolution equation of f. Figure 2.3 shows the results obtained with
this second version of the nonlocal model, together with those corresponding to
the �rst version (equation (2.7)) and the experimental ones. One can see that
replacing equation (2.7) by equation (2.24) results in considerable improvement
of the agreement between experimental and numerical results. The model now
correctly captures the gradual decrease of the force beyond its maximum. Also,
detailed inspection of the porosity distribution in the ligament ahead of the crack
tip (not shown here) no longer reveals excessive smoothing of the porosity.

2.1.7 Conclusion

With the modi�cation proposed, Leblond et al.'s [58] proposal of use of some non-
local evolution equation for the porosity within an otherwise unmodi�ed Gurson
model, appears as a solution to the problem of unlimited localization of strain and
damage in this model. There are several drawbacks to the new model. The most
conspicuous one is its purely heuristic character. Boundary e�ects also entail some
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Figure 2.3: Comparison of experimental and numerical load-displacement curves
- Nonlocal Gurson models, �rst and second versions

shortcomings.

These are good reasons to consider less directly applicable, but more theoretically
satisfactory solutions to the problem of unlimited localization. An example is
Gologanu et al.'s [68] micromorphic model of ductile rupture, which was derived
from some extension of Gurson's [57] original homogenization procedure, based on
conditions of homogeneous boundary strain rate, to conditions of inhomogeneous
boundary strain rate.



12 Nonlocal Modeling in Ductile Failure of Metals

2.2 The GLPD model of ductile rupture

2.2.1 Introduction

Constitutive models involving softening all predict unlimited localization of strain
and damage. This feature generates such undesired phenomena as absence of
energy dissipation during crack propagation and mesh size sensitivity in �nite el-
ement computations. Gurson [17]'s famous model for porous ductile materials,
which was derived from approximate limit-analysis of some elementary voided cell
in a plastic solid, is no exception. In this model, unlimited localization arises from
the softening because of the gradual increase of the porosity.

Several proposals have been made to solve this problem. One of these, due to
Leblond et al. [43] but based on a previous suggestion made by Pijaudier et
al. [50] in damage of concrete, comprises adopting a nonlocal evolution equation
for the porosity involving some spatial convolution of some \local porosity rate"
within an otherwise unmodi�ed Gurson model. This simple proposal has attracted
the attention of several authors (Tvergaard and Needleman [54], Tvergaard and
Needleman [55], Tvergaard and Needleman [48], Enakoutsa et al. [11]). It was
notably checked by Tvergaard and Needleman [54] that it allows to eliminate mesh
size e�ects. Also, Enakoutsa et al. [11] showed that with a minor modi�cation,
it leads to great numerical reproduction of the results of typical experiments of
ductile rupture.

One shortcoming of Leblond et al. [43]'s proposal, however, is that it is purely
heuristic and lacks any serious theoretical justi�cation. This was the motiva-
tion for a later, more elaborate and physically based proposal of Gologanu et al.
[15]. These authors derived an improved variant of Gurson's model (the GLPD
model2) through some re�nement of this author's original homogenization pro-
cedure based on Mandel [21]'s and Hill [19]'s classical conditions of homogeneous
boundary strain rate. In the approach of Gologanu et al. [15], the boundary veloc-
ity is assumed to be a quadratic, rather than linear, a function of the coordinates.
The physical idea is to account in this way for the possibility of quick variations of
the macroscopic strain rate, such as encountered during strain localization, over
short distances of the order of the size of the elementary cell considered. The
output of the homogenization procedure is a model of \micromorphic" nature
involving the second gradient of the macroscopic velocity and generalized macro-
scopic stresses of \moment" type (homogeneous to the product of a stress and a
distance), together with some \microstructural distance" connected to the mean
spacing between neighboring voids.

The aim of this work was to assess the practical relevance of the GLPD model
through implementation into some FE code and to study of its numerical pre-
dictions. The assessment is based on two criteria. First, numerical computations
using the new model must no longer exhibit any pathological dependence upon the
mesh size. Second, it must be able to reproduce the results of typical experiments
of ductile rupture.

2GLPD: Gologanu-Leblond-Perrin-Devaux.
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2.2.2 The GLPD micromorphic model for porous ductile solids

Since the original reference Gologanu et al. ([15]) for the GLPD model is not
easily accessible, a summary of the equations of this model is given here.

Generalities In the GLPD model, internal forces are represented through some or-
dinary second-rank symmetric Cauchy stress tensor Σ plus some additional third-
rank \moment tensor" M symmetric in its �rst two indices only3. The components
of M are related through the three conditions

Mijj = 0. (2.26)

(These conditions may be compared to the condition of plane stress in the theory
of thin plates or shells).

The virtual power of internal forces is given by the expression

P (i) � −

∫
Ω

(Σ : D + M
...rD)dΩ (2.27)

where Ω denotes the domain considered, D � 1
2

h
rV + (rV)T

i
(V: material ve-

locity) the Eulerian strain rate, rD its gradient, Σ : D the double inner product

ΣijDij and M
...rD the triple inner product MijkDij,k.

The virtual power of external forces is given by

P (e) �
∫
∂Ω

T.V dS (2.28)

where T represents some surface traction4.

The hypothesis of additivity of elastic and plastic strain rates reads{
D � De + Dp

rD � (rD)e + (rD)p. (2.29)

The elastic and plastic parts (rD)e, (rD)p of the gradient of the strain rate here
do not coincide in general with the gradients r(De), r(Dp) of the elastic and
plastic parts of the strain rate.

Hypoelasticity law The elastic parts of the strain rate and its gradient are related
to the rates of the stress and moment tensors through the following hypoelasticity

3The component Mijk is noted Mk|ij in Gologanu et al. [15]'s original paper. The present
notation leads to more natural-looking expressions.

4The general equilibrium equations and boundary conditions corresponding to the expressions
(2.27) and (2.28) of the virtual powers of internal and external forces need not be given since they
are not necessary for the numerical implementation.
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law:
DΣij

Dt
= λ δijD

e
kk + 2µD

e
ij

DMijk

Dt
=

b2

5

h
λ δij(rD)ehhk + 2µ(rD)eijk − 2λ δijU

e
k − 2µ

�
δikU

e
j + δjkU

e
i

�i
.

(2.30)
In these expressions λ and µ denote the Lam�e coe�cients and b the mean half-
spacing between neighboring voids. (In the homogenization procedure, b is the

radius of the spherical elementary cell considered). Also, DΣij
Dt

and DMijk
Dt

are the
Jaumann (objective) time-derivatives of Σij and Mijk, given by

DΣij

Dt
� _Σij +ΩkiΣkj +ΩkjΣik

DMijk

Dt
� _Mijk +ΩhiMhjk +ΩhjMihk +ΩhkMijh

(2.31)

where Ω � 1
2

h
rV − (rV)T

i
is the antisymmetric part of the velocity gradient.

Finally Ue is a vector the value of which is �xed by equations (2.26) (written in

rate form, DMijj
Dt

= 0):

Uei =
λ(rD)ehhi + 2µ(rD)eihh

2λ+ 8µ
. (2.32)

Yield criterion The plastic behavior is governed by the following Gurson-like
criterion:

Φ(Σ,M, Σ, f) � 1

Σ2

 
Σ2eq +

Q2

b2

!
+ 2p cosh

 
3

2

Σm

Σ

!
− 1− p2 � 0. (2.33)

In this expression:

� Σeq �
�
3
2
Σ 0 : Σ 0

�1/2
(Σ 0: deviator of Σ) is the von Mises equivalent stress.

� Σm � 1
3
trΣ is the mean stress.

� Σ represents a kind of average value of the yield stress in the heterogeneous
metallic matrix, the evolution equation of which is given below.

� p is a parameter connected to the porosity (void volume fraction) f through
the relation:

p � qf� , f� �
{
f if f � fc
fc + δ(f− fc) if f > fc

(2.34)

where q is Tvergaard's parameter, fc the critical porosity at the onset
of coalescence of voids, and δ (> 1) a factor describing the accelerated
degradation of the material during coalescence (Tvergaard [52], Tvergaard
and Needleman [53]).
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� Q2 is a quadratic form of the components of the moment tensor given by

Q2 � A1M1 +A2M2 ,

{
A1 = 0.194
A2 = 6.108

(2.35)

where M1 and M2 are the quadratic invariants of M de�ned by:{ M1 � MmiMmi

M2 � 3
2
M 0

ijkM
0
ijk,

(2.36)

Mmi � 1
3
Mhhi and M 0 denoting the mean and deviatoric parts of M, taken

over its �rst two indices.

� Again, b is the mean half-spacing between neighboring voids.

Flow rule The plastic parts of the strain rate and its gradient are given by the
ow rule associated to the criterion (2.33) through normality:
D
p
ij = H

∂Φ

∂Σij
(Σ,M, Σ, f)

(rD)pijk = H
∂Φ

∂Mijk

(Σ,M, Σ, f) + δikU
p
j + δjkU

p
i

, H

{
= 0 if Φ(Σ,M, Σ, f) < 0
� 0 if Φ(Σ,M, Σ, f) = 0.

(2.37)
The term δikU

p
j + δjkU

p
i in equation (2.37)2 represents a rigid-body motion of the

elementary cell, which is left unspeci�ed by the ow rule but �xed in practice by
conditions (2.26).
The values of the derivatives of the yield function Φ(Σ,M, Σ, f) in equations (2.37)
are readily calculated to be

∂Φ

∂Σij
(Σ,M, Σ, f) = 3

Σ 0
ij

Σ2
+
p

Σ
δij sinh

 
3

2

Σm

Σ

!

∂Φ

∂Mijk

(Σ,M, Σ, f) =
1

Σ2b2

 
2

3
A1δijMmk + 3A2M

0
ijk

!
.

(2.38)

Evolution of internal parameters The evolution of the porosity is governed by
the classical equation resulting from approximate incompressibility of the metallic
matrix:

_f = (1− f) trDp. (2.39)

The parameter Σ is given by
Σ � σ(E) (2.40)

where σ(ε) is the function which provides the yield stress of the matrix material
in terms of the local equivalent cumulated plastic strain ε, and E represents some
average value of this equivalent strain in the heterogeneous matrix. The evolution
of E is governed by the following equation:

(1− f)Σ _E = Σ : Dp + M
... (rD)p. (2.41)
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2.2.3 Numerical implementation

The GLPDmodel described in Section 2.2.2 has been incorporated into the SYSTUSr

FE code developed by ESI Group, in the 2D case. The trickiest features of the
numerical implementation, which stands as an extension of those proposed by Ar-
avas [40] and Enakoutsa et al. [11] for the original Gurson model, are presented
here. Emphasis is mainly placed on the complex problem of projection of the
(supposedly known) elastic stress predictor onto the yield locus de�ned by the
yield function (2.33). (This problem will be called the projection problem for
shortness in the sequel).

The GLPD model and the class of generalized standard materials The class of
generalized standard materials, as de�ned by Halphen and Nguyen [18], consists
of elastic-plastic materials for which the plastic strain plus the internal parame-
ters collectively obey some \extended normality rule". This class is remarkable
in that as shown by Nguyen [49], for such materials, provided that the ow rule
is discretized in time with an implicit (backward Euler) scheme, the projection
problem is equivalent to minimizing some strictly convex function, which warrants
existence and uniqueness of its solution.

It so happens that the GLPD model �ts into the framework of generalized stan-
dard materials for a �xed porosity. This property is tied to the special evolution
equation (2.41) obeyed by the hardening parameter E. The proof is provided in
Enakoutsa's[10] thesis and is in fact a straightforward extension of that given by
Enakoutsa et al. [11] for the original Gurson model.

This property strongly suggests adopting an implicit algorithm to solve the pro-
jection problem, to take advantage of the guaranteed existence and uniqueness of
the solution. However, since the porosity f must not be allowed to vary for the
GLPD model to be \generalized standard", it appears necessary, to bene�t from
this property, to use an explicit scheme regarding this speci�c parameter. Then f
will be �xed during the whole calculation of the values of �eld quantities at time
t + ∆t from their values at time t, and updated (using a discretized version of
equation (2.39)) only at the end upon the convergence; the projection algorithm
will then be exactly the same as if the porosity were a constant.

We shall therefore use the explicit estimate of the porosity at time t+∆t given by

f(t+ ∆t) ' f(t) + _f(t)∆t, (2.42)

and the explicit estimate of the parameter p(t+ ∆t) resulting from there, during
the whole \transition from time t to time t + ∆t", but the projection algorithm
developed will otherwise be fully implicit with respect to all other parameters,
that is the components of the plastic strain and the plastic strain gradient and the
hardening parameter E. From now on, all quantities will implicitly be considered
at time t+ ∆t.

Parametrization of the yield locus One key point of the procedure of solution
of the projection problem, aimed at reducing the number of unknowns, lies in a
suitable partial parametrization of the yield locus de�ned by the yield function
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(2.33). This parametrization is inspired from the classical one for an ellipse and
obtained by looking for the maximum possible value of the quantity Σ2eq +Q

2/b2,

namely (1 − p)2Σ2, and then writing this quantity in the form (1 − p)2 Σ2 cos2φ
for some angle φ and solving the equation Φ(Σ,M, Σ, f) = 0 with respect to Σm.
One thus gets
Σ2eq +
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(2.43)
The sign of the parameter φ is introduced into equation (2.43)2 in order to allow
for negative as well as positive values of Σm.

2.2.4 Solution of the projection problem for a �xed hardening parameter

Momentarily assuming the value of the current yield stress Σ to be known, we
shall now show how the projection problem can be solved through combination of
the yield criterion and the ow rule. This problem will be reduced to a system of
two coupled equations on the unknowns φ and Σeq, which are solved numerically
to get
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and
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= (1− p)2 Σ2 cos2φ.

(2.45)
This is the second equation of the system looked for on the unknowns φ and
Σeq. The left-hand side depends only on Σeq and the right-hand side only on φ.

The simplest way to solve the system of equations (2.44, 2.45) on φ and Σeq may
comprise using equation (2.44) to express Σeq as a function of φ, and inserting its
expression into equation (2.45) to get an equation on the single unknown φ, to
be solved by Newton's method. But numerical experience reveal that the conver-
gence of the Newton iterations is then often problematic. An alternative method
comprises solving equation (2.44) on φ through Newton iterations, Σeq being cal-
culated as a function of φ at each step by solving equation (2.45) through Newton
sub-iterations.

Iterations on the hardening parameter The value of the current yield stress Σ has
been assumed to be known up to now. In reality, it is not and must be determined
iteratively. This is done using a �xed point algorithm, starting from the value at
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time t, solving the projection problem with this value, updating it using a dis-
cretized form of the evolution equation (2.41), re-solving the projection problem
with the new value, etc. up to convergence.

The discretized form of equation (2.41) leads to the following expression of the
increment of the hardening parameter E:

∆E =
1

(1− f)Σ

"
Σ 0
ij(Σ

0
ij
� − Σ 0

ij)
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3Σm(Σm

� − Σm)

3λ+ 2µ

+
M 0

ijk(M
0
ijk

� −M 0
ijk)

2µb2/5
+
3Mmk(Mmk

� −Mmk)
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(2.46)

Other features of the numerical implementation The numerical implementation
of the GLPD model, just like that of all second-gradient models, raises a di�culty
tied to the clear necessary use of the second derivatives of the shape functions.
This seems to require elements of class C1 which are never available in standard FE
codes. This di�culty is circumvented through some trick suggested by Gologanu
et al. [15] themselves and used since in several works (see, for instance, Shu et al.
[51], Forest et al. [42], Matsushima et al. [47]) for the numerical implementation
of various second-gradient models. This trick comprises introducing a new nodal
variable in the form of a symmetric second-rank tensor W, replacing the gradient
of the strain rate D by the gradient of W in all equations and imposing the approx-
imate coincidence of W and D at the Gauss points through some penalty method.

The advantage is that the components of rD are then got from the nodal values
of the new variable W and the sole �rst derivatives of the shape functions; thus,
classical elements of class C0 are su�cient. The price to pay is an increased number
of nodal degrees of freedom: six (V1, V2,W11,W22,W12,W33) instead of two (V1, V2)
in 2D. Also, Imposing the internal constraints Wij −Dij = 0 by a penalty method
may give rise to locking phenomena, for which sub integration is there natural
remedy. In practice, 8-node quadratic elements are used with 4-Gauss points
integration. Numerical experience reveals that this su�ces to prevent locking.

2.2.5 Numerical applications

Veri�cation of absence of mesh size e�ects The �rst task is to check that use of
the GLPD model allows to eliminate mesh size e�ects observed in numerical com-
putations based on Gurson's standard model. No comparison with experimental
results is needed for this purpose. A simple imaginary pre-notched axisymmetric
tensile specimen made of A508 Cl.3 steel is therefore considered. A �ne mesh of
this specimen consisting of quadratic triangles and quadratic subintegrated quad-
rangles is shown in Figure 2.4; a cruder mesh with twice as big elements in the
central region of the notch is also used. Advantage is taken of symmetry about
the horizontal mid-plane to mesh only the upper half of the structure. The semi-
height and radius are 5 mm and 4 mm respectively. The shape of the central notch
is rectangular in a meridian plane, with semi-width 0.3 mm and depth 1 mm. The
values of the material parameters are E = 203, 000 MPa, ν = 0.3, σ0 (initial yield
stress) = 450 MPa, q = 1.47, f0 (initial porosity) = 0.00016, fc = 0.0005 and
δ = 2.8.
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Figure 2.4: Fine mesh of a pre-notched specimen

Figure 2.5 shows the load-displacement curve obtained with both meshes, using
the standard Gurson model and the GLPD model. The numbers in the upper
right corner refer to the size of the square elements used in the region ahead of
the notch root. There is a notable e�ect of mesh size in the softening region of
the curves with the results with the standard Gurson model.

Figure 2.5: E�ect of mesh size upon the load-displacement curve of a pre-notched
specimen - with Gurson and GLPD models

Figure ?? also shows the results obtained with the GLPD model in a similar way.
The value of the microstructural distance used is b = 2 mm. This is admittedly
a very large value for a \microstructural" length, but this is of little importance
here since no experimental results are available for comparison. The discrepancy
between the two curves is greatly reduced, as desired, if not completely eliminated.
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Numerical simulation of typical ductile fracture tests The question of agreement
of the model predictions with experiments is investigated here. To do so we con-
sider a pre-cracked axisymmetric tensile specimens TA30, where the number refers
to the diameter), again made of A508 Cl.3 steel, for which experimental results
of fracture tests have been provided by Rousselier and Murdhy [56]. The mesh is
shown in Figure ??. Again, advantage is taken of symmetry about the horizontal
mid-plane to mesh only the upper half of the specimens. Their semi-height and
radius are 45 mm and 15 mm. The shape of the central notch is triangular in
a meridian plane; its half-opening angle is 30� and its depth is 5 mm (TA30).
A fatigue pre-crack (invisible in the �gure) of length 1.7 mm originates from the
notch root. The material parameters are the same as in Section 2.2.5, except that
a more realistic value of 0.55 mm is used for the microstructural distance b.

Figure 2.6 shows the experimental load-displacement curves (in the form of discrete
points) together with the numerical predictions (in the form of full lines) for a
single pre-cracked specimens. The agreement is quite acceptable in view of the
experimental errors. It is worth mentioning that in such simulations of cracked

Figure 2.6: Comparison of experimental and numerical load-displacement curves
of a pre-cracked TA30 specimen

structures, convergence of the global iterations (aimed at simultaneously satisfying
the equilibrium equations, the yield criterion and the plastic ow rule) is often
di�cult. Some of the results just presented could only be obtained by replacing
the true, unknown plastic parts of the increment of strain and its gradient between
times t and t + ∆t by explicit estimates deduced from the values of the plastic
parts of the strain and its gradient at times t− ∆t and t.

2.2.6 Conclusion

The GLPD micromorphic model of ductile rupture has been implemented into
some FE programme. The major ingredient of the implementation consists of an
implicit (backward Euler) algorithm used to solve the problem of projection of
the elastic stress predictor onto the complex GLPD yield locus. This algorithm
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ensures existence and uniqueness of the solution provided that an explicit scheme
is adopted for the porosity. The problem is reduced to numerically solving a
system of two equations on two scalar unknowns. Numerical applications have
�nally been presented with a double aim: (i) check that mesh size e�ects are
no longer present in FE computations when the GLPD model is used instead of
Gurson's; (ii) examine the quality of the agreement between numerical predictions
and experimental results for some typical ductile rupture tests. The conclusion is
that the GLPD model passes the two tests. It may thus be regarded as a viable
solution to the problem of unlimited localization of strain and damage in Gurson's
model. However numerical computations using the GLPD model are quite time-
consuming, obviously because of the increased number of nodal degrees of freedom.
Also, convergence of the global iterations often reveals di�cult. A proposal to solve
these numerical di�culties was suggested recently by Bergheau et al. [41] a few
years after I defended my Ph.D. thesis. What follows summarizes the predictions
of this algorithm which the authors, Bergheau et al., kindly allowed me to report
in this dissertation.

2.2.7 Bergheau et al.' s new algorithm for the GLPD model

Bergheau et al. [41] have proposed a new numerical implementation of the GLDP
model aimed to address the di�culties observed in the numerical implementation
of the GLPD model in Enakoutsa [10] and Enakoutsa and Leblond [12]. The main
point of Bergheau et al. [41]'s algorithm was a trick to eliminate the additional
variables using equality in a weak sense of nodal strains and strains de�ned by
velocity �elds, this has permitted to reduce the number of DOF from 6 per node
in 2D �nite calculations to its standard one. The trick comprises writing a con-
strained equation between the new nodal DOF and the strain components in a
weak form as it is the usage the numerical implementation of FE problems in-
volving dynamic e�ects, a \mass-matrix" thus appears on the left-hand side of
the vectorial relation. Following the standard procedure adopted in the numer-
ical implementation of dynamic problems, this matrix is lumped and inverted
straightforwardly, to connect the new DOF to the nodal displacement explicitly.
As expected, the reduction of the number DOF facilitated the convergence of the
global elastoplastic iterations. For more details about the derivation of the algo-
rithm the reader is referred to the works of Bergheau et al. [41].

Bergheau et al. [41]'s algorithm was validated using an analytical solution of the
problem of circular bending of a beam in plane strain which we developed as a
reference analytical solution during my Ph.D. thesis and which has validated the
�rst version of the numerical implementation of the GLDP model into SYSTUS©
�nite element code developed by ESI Group, see Enakoutsa [10] and Enakoutsa
and Leblond [12]. Let me mention briey here that I also developed the analyt-
ical solution of an analogous model problem in Enakoutsa [13], the beam being
modeled by a second gradient elasticity law I proposed following a previous sug-
gestion of dell'Isola et al. [9]. An illustration of the problem model is presented
in Figure 2.7. The �rst version of the GLPD numerical algorithm of Enakoutsa
[10] and Enakoutsa and Leblond [12] and Bergheau et al. [41]'s modi�ed version
satisfactorily mirrored well the analytical predictions of the problem. Figure 2.8
compare the analytical and numerical results got with both Enakoutsa [10] and
Enakoutsa and Leblond [12]'s as well as Bergheau et al. [41]'s GLPD numerical
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Figure 2.7: Circular bending of beam in plane strain

Figure 2.8: Stress and Moment Distributions in the Beam with [10] and Enakoutsa
and Leblond [12]'s as well as Bergheau et al. [41]'s GLPD Numerical Algorithm

programmes at an instant for the components σxx of the Cauchy stress and Mxxy.
The two distributions are given as a function of y. With no surprise, the numeri-
cal repartition of the stress linearly depends on y and reproduced accurately the
analytical results for the two numerical programmes. Figure 2.8 also show that
the moment is constant within the elastic zone and falls down to zero in the plastic
zones which both numerical programmes predictions mirror well. However, some
minor numerical oscillations resulting from numerical imperfections were observed
using Enakoutsa [10] and Enakoutsa and Leblond [12]'s algorithm but as showed
by ductile fracture test applications reported in Enakoutsa [10] and Enakoutsa and
Leblond [12], these oscillations have no e�ects on the general results. The numer-
ical oscillations disappeared with the use of Bergheau et al. [41]'s algorithm and
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the agreement with the analytical solution is almost perfect. The improvement
brought by Bergheau et al. [41]'s algorithm upon the results is got thanks to the
interpolation scheme: quadratic for the displacement like with Enakoutsa [10] and
Enakoutsa and Leblond [12]'s algorithm, but linear instead of quadratic for the
strains. Given the results, the numerical implementation is accurate and elasticity
(or the hypo-elasticity) and the plasticity in the GLDP model were well accounted
for.

As an application, 2D numerical simulations of experiments of ductile rupture
of a pre-notched and pre-cracked axisymmetric specimen and a CT specimen are
performed. The calculations are pursued without di�culties up to a late stage
of the rupture process, and the results are mesh-independent as it is expected in
non-local models' predictions. Also, a good agreement between experimental and
computed loaddisplacement curves is got for values of the parameters governing
void coalescence compatible with those suggested by micromechanical numerical
simulations, this could never be achieved in calculations based on Gurson [17]'s
standard model, see Figure 2.9 The GLPD model was used to simulate ductile

Figure 2.9: Comparison of experimental and computed loaddisplacement curves
of the TA30 and CT specimen, Bergheau et al. [41] and Yang et al. [65]

rupture of the bimetallic (low-alloy/stainless) steel which is a surrogate of steel
materials used in the nuclear industry, see Yang et al. [65]. These simulations
were compared with the experimental fracture process of an interface between a
ferritic (18MND5) steel and a stainless (309L) steel, joined by a Submerged Arc
Welding (SAW) process, as reported in the works of Mas et al. [44, 46, 45]. The
GLPD model predicted that the crack starts at the intersection of the cylindri-
cal and planar free outer surfaces, on the fusion line (see Figure (2.11, 2.12) and
Figure 2.10). It then propagates toward the interior of the specimen, in the decar-
burized zone. It remains stuck to the martensitic layer except in the immediate
vicinity of the central axis of symmetry, at the end of its propagation. These
results were compared with the simulation of the same structure using Gurson's
model. In the simulation with Gurson's model the crack starts at the centre of
the notched section of the specimen, at a distance in the deformed con�guration.
The crack then extends toward the free surface. It gets closer to the fusion line
while propagating but never reaches it, remaining at a minimum distance in the
deformed con�guration, see Figure 2.10. The di�erence between the predictions
of the two models is appealing and even though none of the two agreed with Mas
et al. [44, 46, 45]'s experiments. Other detailed observations from Mas et al.
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[44, 46, 45]'s work show that crack initiated near the martensitic layer which the
GLPD model predicted well.

Figure 2.10: Photo of the bimetallic specimen and schematic picture showing
dimensions and metallurgical structures, Bergheau et al. [41] and Yang et al. [65]

Figure 2.11: Crack paths in the bimetallic joint - External view, Bergheau et al.
[41] and Yang et al. [65]
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Figure 2.12: Crack paths in the bimetallic joint - View of the plane of symmetry,
Bergheau et al. [41] and Yang et al. [65]
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2.3 Nonlocal modeling in high velocity impact failure of metals

2.3.1 Introduction

Numerical simulations of high velocity impact related problems include classical
constitutive models, which can not address the post-bifurcation mesh dependence
issues, unless, they include a characteristic length scale, either in the form of
spatial gradients, or integral nonlocal terms, Pijaudier-Cabot and Bazant [5] Such
a length scale is added to the Bammann et al.'s [1] model through a manner
suggested a long time ago by Pijaudier-Cabot and Bazant [5] to describe the
response of aluminum (6061-T6) and steel (HY-130) disks impacted by a rigid
projectile moving at various velocities. The motivation is to assess the robustness
of Pijaudier-Cabot and Bazant [5]'s suggestion through the ability of the method to
predict a numerical propagation of the damage free of the mesh size discretization,
and to match available experimental results.

2.3.2 Nonlocal BCJ model and numerical applications

The BCJ model is a physically based plasticity/damage model rooted in J2 de-
viatoric plasticity theory. The constitutive equations of this model are widely
discussed in Bammann et al. 's [1] and has been widly used to predict dynamic
ductile failure of metals and structures. Its formulation classically involves the
following rate dependent yield surface:

Dp = sinh
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where n is a model parameter. Following a previous suggestion of Pijaudier-Cabot
and Bazant [5], we introduce the nonlocal concept in the BCJ model by delocal-
izing only the equation of the damage evolution equation through the use of a
convolution integral, including a Lorentz's weighting function the width of which
introduces a characteristic length scale aimed at solving pathological mesh depen-
dence issues encountered in simulations with the local BCJ model.
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In the subsequent, we applied the local and nonlocal BCJ models to the numerical
simulations of a high velocity impact induced damage problem using LS-DYNA©

FE code. Two cases were considered, the simulations using the 6061-T6 aluminum
and HY-130 steel. In the �rst case, a 6061-T6 aluminum circular disk of thick-
ness 3.2mm and 57.2mm diameter is impacted by a rigid penetrator with a given
initial velocity. The disk obeyed both the local and nonlocal BCJ material model
behaviors, while the penetrator was assumed to be rigid. Four di�erent mesh den-
sities for the disk, a coarse, medium, �ne and very re�ne mesh sizes for which the
minimum element size in the impact zone is 0.24, 0.18, 0.12and0.08mm, respec-
tively, were considered. The material model parameters for 6061-T6 aluminum,
determined from tensile, compressive and notch tests in Horstemeyer et al.'s [3]
work, are used along with a characteristic length scale l = 0.4mm.

Figure 2.13: Contour plots for the damage at impact velocity 107m/s at a given
time of the impact event. The simulations were performed with the local BCJ
model.

Figure 2.13 illustrates, for the four di�erent mesh sizes, the damage contours at
the impact velocity of 107m/s at a time of the impact. These �gures show that
after the initiation of failure, the failed zone propagates through the thickness of
the disk from its backside to the top side within a layer of width one element
size. Also, once the failed zone reaches the top side of the disk, a plug is fully cut
from the disk through the one element size damaged layer.

Figure 2.14 is the analogous of Figure 2.13 for the nonlocal BCJ model for a length
scale l = 0.4mm. The localization of the damage still take place after the initiation
of the damage, but the localization zone does not shrink for re�ne element sizes
as it was the case for the computations with the local BCJ model. Also, these
predictions agree well with the aluminum 6062-T6 failure experiments performed
at Sandia National Laboratories and reported in Bammann et al. [2], see Figure
2.15.

The thickness of the disk used in the simulations with the HY-130 steel is smaller
than the case with the aluminum disk and worths 2.54mm whereas, the radius re-
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Figure 2.14: Contour plots for the damage at impact velocity of 107 m/s at a given
time for the four meshes considered, using the nonlocal BCJ model with a length
scale l=0.4 mm

Figure 2.15: Comparison of Sandia National Laboratory experiments with the FE
analyses using the nonlocal BCJ model for a length scale l=0.4 mm and a 107
m/s impact velocity.

mains the same. Here, only three di�erent mesh densities are considered; the mini-
mum element size in the impact region of the disk is given by 0.12, 0.08and0.03mm
for the �ne, medium and coarse meshes, respectively. The constitutive parameters
used in the simulations for the HY-130 steel are obtained from a series of simple
experiments and are provided by Johnson and Holmquist [4].

Figure 2.16: Contour plots of the damage predicted by the local BCJ model with
HY-130 steel for three mesh densities in the case of the HY-130 steel and an initial
velocity of 200 m/s.
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Figure 2.16 illustrates the distribution of the damage predicted by the local BCJ
model with the HY-130 steel for the three mesh densities and an initial veloc-
ity of 200m/s. The damage concentrates in a narrow shear band the width of
which depends on the mesh discretization. The shear failure mode predicted by
the calculations match the experimental observations reported by Weingarten and
Revelli [6] where the steel disk failed in the diagonal. Note the di�erence with the
aluminum disk which exhibits a tensile type failure mode.

Figure 2.17: Contour plots of the damage predicted by the nonlocal BCJ model for
three di�erent mesh densities in the case of the HY-130 steel. The characteristic
length scale used in the calculations l and the initial velocity are 0.25 mm and
200 m/s, respectively.

Figure 2.17 is the analogous of Figure 2.16 for a characteristic length scale l =
0.25mm. Here, the distribution of the damage for the three meshes, spread over
several elements, are almost similar. However, these numerical predictions do not
match the experimental observations of Weingarten and Revelli [6]. A distinct
shear localization band does not form and the distribution of the damage follows
a diagonal which is, curiously enough, in the opposite direction to the one observed
experimentally. The origin of this drawback is still unclear and its investigation
is left for future work.

2.3.3 Conclusion

A Pijaudier-Cabot and Bazant [5]-like nonlocal BCJ model is used to describe the
response of aluminum (6061-T6) and steel (HY-130) disks impacted by a rigid
projectile. Numerical results are checked to be independent of the �nite element
size and agreed well with the experiments for aluminum disk.
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2.4 Research Project-Dynamic ductile fracture

Failure of ductile material results from voids nucleation, growth and coalescence at
the microscopic scale. Under dynamic loads conditions, the cavities growth is sped
up resulting in strong accelerations of matter near the internal surface of the voids.
These accelerations will play a key role in the fracture's process of the material,
but also on the macroscopic behavior. Molinari and co-workers (see [33], [34],
[35], [36], [37], [38], [39]) used a multi-scale approach to model dynamic ductile
damage. In their approach the macroscopic stress is the sum of a quasi-static
contribution and a dynamic contribution. The quasi-static contribution comes
from Gursons or Gologanus model. The dynamic contribution of the stress is got
analytically by relying on an elementary representative volume (a hollow sphere of
a spheroidal shape) and on a kinematically admissible velocity �eld as proposed by
Gologanu (1993). These theoretical developments were incorporated into FE codes
and predicted correctly problems involving dynamic loads. However, to be best of
my knowledge, the post-bifurcation problems which always occur in constitutive
models involving softening based on local approaches was not included in Molinari
theoretical framework for dynamic fracture of materials.

2.4.1 Extension of the GLDP theory to include inertial e�ects

One aim of my research proposal is to address these issues by extending Molinari
and co-workers theoretical framework to model dynamic ductile fracture by in-
cluding one or several characteristic length scales. To do so, I am proposing to
extend the Gologanu's ([15]) homogenization of a representative volume element
(RVE) subjected to non-linear boundary strain rate (which has led to a micro-
morphic model type and has been successfully applied predict failure in several
metallic structure components under static loading conditions) to include inertial
e�ects as suggested by Molinari and co-workers. The outcome of the procedure I
am proposing shall involve a third rank tensor besides the usual symmetric second
rank Cauchy stress tensor. I will develop explicit relations between the macro-
scopic Cauchy stress and strain rate, and a third order rank tensor and strain
rate gradient thanks to the application of the principle of virtual work. The third
rank tensor will involve a characteristic length scale which represents the size of
the RVE. I already developed some preliminary results for this procedure. I will
complete the procedure by performing a limit analysis of the RVE from which
a yield criterion that depends on inertial e�ects will be deduced. This criterion
will include a parameter related to the void volume fraction (the porosity) which
evolution equation will be got by assuming incompressibility of the matrix of the
RVE just like with the Gurson' [17] model. The instantaneous rate of change of
the plastic deformation will be related to the criterion trough normality property.
Other phenomena such as strain hardening will be phenomenologically accounted
for. Finally, as high rate deformation problems involve thermal e�ects (adiabatic
shear bands in tiny localization region), I will couple the proposed mechanical
model with thermal e�ects using both the strong and weak coupling forms.

Once the analytical model is got, I will develop numerical schemes based on a ra-
dial return algorithm (which has favored the numerical implementation of several
inelastic models) to incorporate the model into a FE code (preferably LS-DYNA
which is well known to be used for the numerical simulations of problems involving
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dynamics fracture). Optimization routines based on experimental data available
in the literature will be developed to �nd the proposed model parameters. Other
methods such as molecular dynamics simulations can also �nd some model pa-
rameters and to characterize the fracture behaviors at lower length scales. The
experimental data will include stress-strain curves got from tensile and compres-
sion tests on various metallic materials under di�erent temperatures and strain
rates. Along with Dr. Douglas Bammann and his students at Mississippi State
University I performed a few of such experiments on a tank car body material
(TC-128B Steel) in the context of the United States Department of Transporta-
tion project on V irtual Accident and Injury Reconstruction which are shown in
Figure 5.4, 2.19, 2.20, and 2.21 below. The �gures show that at room tempera-

Figure 2.18: TC-128B steel round specimen tension tests at ambient temperature
for di�erent strain rates. The experimental data show that an increase in the strain
rate applied to the specimen yields an increase in the strength and hardening of
the material until the softening regime. Also, note that the initially high yield
stress is followed immediately by a sudden drop in the stress.

ture an increase in the strain rate is followed by an increase in the hardening and
strength of the TC-128B steel until the beginning of the softening regime of the
material. In the softening regime of the TC-128B steel the picture is di�erent: the
curves representing the stress-strain for 0.1s−1 and 0.01s−1 strain rates are quasi
similar, while the stress-strain curve corresponding to 1s−1 fall under the two oth-
ers, contrary to the situation in the hardening regime. The curve also shows that
the upper and lower yield strengths and yield point extension that occur on the
stress-strain curve corresponding to the lower strain rate. This feature is char-
acterized by an initially high yield stress followed immediately by a sudden drop
in stress. With continuing straining the stress stays nearly constant for several
percent strains before normal strain hardening begins.

I plan to augment the data base of experiment on the TC-128 B steel by perform-
ing high rate experiments under compression, tension, and torsion at high strain
rates (103 to 105/ sec) on other lightweight materials. I will also consider a criti-
cal set of experiments representing fracture mechanisms that occur in engineering
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Figure 2.19: TC-128B steel tensile tests for di�erent strain rates at 310C.The
experimental data show that an increase in the strain rate yields a decrease in
the strength and the hardening of material during all the loading history of the
material. This might be related to a dynamic aging e�ects. Note that, unlike
the ambient temperature tensile tests, the decrease of the material strength and
hardening still hold.

Figure 2.20: TC-128B steel round specimen compression tests at ambient temper-
ature for di�erent strain rates. As in the tensile tests, these �gures demonstrate
that an increase in the strain rate yields an increase in the strength and hardening
of the material; however, the material does not show any softening regime.

applications. These experiments will validate the analytic tools I am proposing
to develop. All material characterization and evaluation will require the use of
high strain rate tension-compression-torsion, low and high strain rate, variable
temperature environment, multiaxial fatigue loading frame, together with TEM



2.4 Research Project-Dynamic ductile fracture 33

Figure 2.21: TC-128B steel round specimen compression tests at ambient temper-
ature for di�erent strain rates. As in the tensile tests, these �gures demonstrate
that an increase in the strain rate yields an increase in the strength and hardening
of the material; however, the material does not show any softening regime.

(nanoscale), SEM (meso-scale), and optical microscopic (microscale) tests. Equip-
ments required to perform these tests are available at Mississippi State University
where I have a partnership with Dr. Youssef Hammi with whom I have a decade
of collaborative works on material models development.

Once the dynamic ductile failure model is developed, I plan to use it to conduct
post fracture fragmentation analyses of mesh free and �nite element methods by
explicitly calculating fragmentation projection at the structure scale of the models.
The stability of the solutions will be a part of the investigation. The fragmen-
tation analysis should allow the designers to predict fragmentation trajectory of
various fracture parts got from �nite element simulations, and to develop a new
visualization method for use with reconstruction methods for vehicles accidents
for instance.

2.4.2 Crack propagation with meshfree method

For fracture and crack propagation, I plan to develop two novel methods to as-
sess the computational cost and an increase in accuracy over existing methods.
Both methods will use FE to discretize the structure up to the point of incipient
fracture, but di�er in the simplicity of their implementation and the accuracy
a�orded by each method. The �rst and simplest to implement in existing FE
codes, augments the FE domain by splitting element edges, allowing the crack
to propagate through the FE domain with no element erosion. While working
at K&C, I actively took part in implementing this approach for calculations con-
ducted to predict the debris cloud generated by projectiles impacting quasi-brittle
structures. This method, which was made for e�cient large-scale calculations,
provided results that compared well with debris test data.
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In the second approach, the FE domain is enriched by coupling it with a Meshfree
Reproducing Kernel Particle Method (RKPM) domain, which provides a robust
formulation in regions where fractures are propagating or material is undergoing
massive levels of deformation. This method is much more complex to implement,
but can be far more accurate and robust. While working at K&C I was an active
member of the development of an innovative coupled FE/RKPM algorithm and
have got fantastic results that compared with penetration test data. Examples il-
lustrating the predictions of the FE/RKPM method are displayed in Figures 2.22
and 2.23. This method evolves a FE domain dynamically into a Meshfree domain
using triggering criteria provided by a dynamic fracture model using point-wise
nodal coupling. The advantages of this approach that is in contrast to existing
methods that convert �nite elements to Smooth Particle Hydrodynamic (SPH)
particles (for example, in codes like LS DYNA and ABAQUS), are the increase in
accuracy a�orded by RKPM in the cracked regions (to avoid mesh re�nement), the
use of evolution triggers natural to physics-based material models (to avoid mesh
sensitivity), and the computationally e�ciency provided by using FE in regions
that do not fracture (to limit computational cost).

Figure 2.22: Schematic demonstration of node splitting and FE/RKPM methods
coupled with BCJ model. (left) Use of element erosion with the BCJ. (right)
Evolutionary FE/RKPM with the BCJ.

Both proposed methodologies will make use of damage indicators provided by the
material model to evolve the element-splitting or conversion from FE to RKPM
dynamically and automatically. The method is general and can be used with
any validated dynamic failure model as the one I described above. The current
homogenization methods these models are based do not seem to be advanced
enough to build a non-local macroscopic law from microscopic hypotheses only.
That is why other gradient based damage models that are thermodynamically
sounds can also be considered. In this sense, I will establish a partnership with
Douglas Bammann to propose a gradient-based model inspired from a recent work
of Solanki and Bammann [170] to address numerical instabilities associated with
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Figure 2.23: Experimental observations of the debris cloud formation during the
shot of an Al1100 spherical projectile impacting an Al2024 target at a velocity
4050m/s compared with numerical simulation of fracture, fragmentation and de-
bris formation with FE/RKPM methods, experiments adapted from Plassard et
al. [69]

modeling the post-bifurcation regime of the material.

2.4.3 Solanki and Bammann gradient ductile damage theory

The theory will be routed in the coupling of micro force balance laws of Gurtin [16]
along with a consistent thermodynamic approach; as a result, evolution equations
of state variables with physical length scales consistent with both the kinematics
and the thermodynamic will be obtained. The evolution equation of the damage
will naturally account for the e�ects of damage nucleation, growth and coales-
cence. Extension of the thermodynamic to include other material defects (such as
dislocation and disclination) and the e�ects of species such as hydrogen and car-
bon will also be considered. The framework will provide a consistent structure for
multi-scale events. Once developed the model will be included into FE code with
a higher number of DOF (because of gradient terms in the model) and applied to
simple structures to better understand their properties, identify their limits and
propose study methodologies. This last point includes in particular the question
of the identi�cation of the characteristic internal length of the material.
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Chapter 3

Continuum modeling of
flexoelectricity

3.1 Introduction

With the rapid developement of nanoscale technologies, there is a revival of inter-
est in the study of exoelectric phenomena in solid materials. The exoelectric
e�ect describes the generation of an electric polarization under mechanical strain
or stress gradient or the reverse, that is, the mechanical �eld response to an elec-
tric �eld gradient. Early studies of this topic mostly look at liquid crystals and
biomembranes. However, recently development in the nanoscale characterization
of hard materials have revealed its importance also in solid structures, including
exible electronics, thin �lms, and energy harvesters. From a theoretical stand-
point, exoelectric e�ects were �rst predicted for crystalline dielectrics by Maske-
vich and Tolpygo [104], and later observed and described from a phenomenological
standpoint by Kogan [97].

The theory of exoelectricity is analogous to the polarization-gradient approach
suggested by Mindlin [108] which links the polarization gradient to the strain
�eld, see Askar and co-workers [73], Bursian and Trunov [74], and Catalan and
co-workers [76] to name few. More generally, most of the works on the theoretical
modeling of the exoelectric e�ect result from generalized continuum approaches.
The later comes from the seminal works by Lord Kelvin, the Cosserat brothers
and before them by the (maybe not so universally known) Italian mathematician
Gabrio Piola, and has recently (mainly due to the increase of the power of the com-
puters) been object of intensive study in the works of Sciarra and co-workers [117],
Sedov [115], Madeo and co-workers [102, 101], Rosi and co-workers [113], Pideri
and Seppecher [110], Placidi and co-workers [111], dell'Isola and co-workers [80]
among others. Generalized continuum theories such as micropolar and micromor-
phic approaches of Eringen [90] and Eringen and Suburi [91, 92] were applied to
model exoelectric e�ect in materials, see for instance Chen [77] and Romeo [112].

Other fundamental models of exoelectric e�ects based on generalized continuum
approaches result from the application of Toupin [120]-like variational principle.
Among them we can mention the works of Mao and Purohit [103] and of Sharma
and co-workers [119]. The governing equations of the exoelectric e�ect in the
works of Mao and Purohit are analagous to those of Mindlin [105, 106] strain
gradient elasticity theory. The constitutive relations of the exoelectricity model
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presented by Sharma and co-workers are inspired from a previous work by Sahin
and Dost [114] and include both the polarization and the second gradient of the
displacement �eld; the contributions of the higher order terms (�fth and higher
order tensors) in the internal energy were not accounted for. These approxima-
tions were necessary to reduce the number of parameters involved in Sharma and
co-workers model so that practical numerical nanoscale electromechanical coupling
applications based on this model are amenable.

Recent works by Enakoutsa and co-workers [87, 88] went beyond these approxima-
tions. Namely, these authors proposed a model for exoelectric e�ect in materials
resulting from Toupin [120] and Gao and Park [93]-like variational approaches.
This model is based on an internal energy density function which generalizes the
one suggested by Mao and Purohit [103] by accounting for a �fth-order tensor
which represents the coupling between �rst and second order gradient e�ects (as
a general rule these e�ects exist in all non-centrosymmetric materials) following
an earlier suggestion by dell'Isola et al. [81, 83, 82, 84]. Enakoutsa and co-workers
[87, 88]'s proposal was recently studied by Enakoutsa [86, 89]. In the latter works, a
benchmark analytical solution of the problem of a thin-walled cylinder deformed
in plane strain based on the proposed model for exoelectric e�ect was devel-
oped as an application of this model. The outcome of the solution developed has
clearly evidenced the correlation between the strain gradient and the electrical po-
larization generated, establishing thus some analytical foundations of exoelectric
based nanodevices, especially nanogenerators and nanopiezotronics devices. Also,
Enakoutsa and co-workers [87, 88]'s works are in the same vein of the previous ones
of Wang and co-workers [121, 122] who developed a nanogenerator system which
has the potential to convert the mechanical energy produced by the mechanical
bending of a zinc oxide nanowire into an electricical energy, see [78].

Similar studies aimed at designing nanoscale piezoelectric based devices exit.
Among them, we can mention the works of Gao and Wang [95] where a per-
turbation theory was used to derive an analytical solution for the piezoelectric
potential repartition in the cross section of a bending nanowire; also, Shao and
co-workers [118] presented a simpli�ed but e�cient constitutive model to calcu-
late the piezoelectric potential in a bending nanowire. Furthermore, Moemeni and
co-workers [109] fabricated a nano-composite generator which consits of an array
of zinc oxide nanowires based on some analytical solution. The contributions of
the exoelectric e�ects, which is known to be tremendous at the material lower
level length scales, were neglected in the studies mentioned above, perhaps as a
�rst step.

In this work we propose to rectify this drawback and/or to complete the very
few exsiting studies that account for the exoelectric e�ects in their proposed
exoelectric based nanodevice prototypes. To do so we proposed a new consti-
tuive model for exoelectric materials, see for instance Enakoutsa and co-workers
[87, 88]. The advantage of this model over its few competitors is that it accounts
for more detailed physics description, which is by now required by both theoretical
and applicative reasons. This model will be used to solve a few boundary value
problems as part of its assessment. Problems of polarization of cylindrical tubes
and hollow spheres subjected to axisymmetrical loads are solved. The chapter is
organized as follows.
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In Section 3.2, we present a brief review the governing equations of the exolectric
e�ect model as presented by Enakoutsa and co-workers [87, 88]. This model is
derived from Toupin [120]-like variational formulation for electromechanical prob-
lems. The model consists of three independent constitutive relations, each of
them de�ning some electromechanical \stress" which results from a postulated in-
ternal energy density function. A simpli�ed version of Enakoutsa and co-workers
[87, 88]'s model for the exoelectric e�ect in material, which di�ers from the sim-
pli�cations introduced by Sharma and co-workers [119], is also presented. Next,
in Section ?? the simpli�ed version of Enakoutsa and co-workers [87, 88]'s model
is used to predict analytically the polarization induced over a thin spherical shell
and a thick walled cylindrical tube subjected to axisymmetric loading conditions.
The procedure of the solution of these problems is analogous to those developed
in Gao [94], Gao and Park [93], Collins and co-workers [79]. The solutions of
these simple problems o�er not only a direct comparison to classical elasticity and
strain gradient elasticity but also some insights into the polarization �elds near
point defects in exoelectric materials

3.2 Constitutive equations

This section presents the governing equations of Enakoutsa and co-workers [87,
88]'s model for exoelectric e�ect in materials as well as its simpli�ed version.

3.2.1 Generalities

The constitutive relations of Enakoutsa and co-workers [87, 88]'s model are de-
rived from a postulated internal energy density function W wich depends on
the strain and its gradient as well as the polarization and its gradient, that is,
W � W (Dij, Dij,k, Pi, Pi,j) in the context of small displacement and deformation
assumptions. The proposed internal energy density function generalizes the one
suggested by Sahin and Dost [114] and adopted by Sharma and co-workers [119];
this function is de�ned as

W �


1
2
CijklDijDkl +

1
2
HijklmnDij,kDlm,n +

1
2
χijPiPj

+ eijkPiDjk +GijklmDijDkl,m + KijklPiDjk,l + aijPi,j
+ 1

2
bijklPi,jPk,l + dijklPi,jDkl + gijkPiPk,j

with

� C � Cijkl,1�i,j,k,l�3 is the usual fourth-rank \simple" elastic (sti�ness) con-
stants tensor;

� e � eijk,1�i,j,k�3 represents the third-rank piezoelectric constants tensor;

� H � Hijklmn,1�i,j,k,l,m,n�3 and G � Gijklm,1�i,j,k,l,m�3 denote the sixth-rank and
�fth-rank SGE elastic constants as suggested by dell'Isola and co-workers
[81, 83, 82, 84];

� K � Kijkl,1�i,j,k,l�3 is the fourth-rank exoelectric constants tensor;

� χ � χij,1�i,j�3 is the familiar second order reciprocal dielectric susceptibility
tensor;
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� d � dijkl,1�i,j,k,l�3 is a Mindlin [107]'s fourth-order tensor which connects the
gradient of polarization to the strain;

� b � bijkl,1�i,j,k,l�3 is the polarization gradient-polarization gradient coupling
fourth order tensor;

� the material constant tensor g � gijk,1�i,j,k�3, which was introduced by
Mindlin [107], links the polarization with the gradient of the polarization;

� the material constant tensor a � aij,1�i,j�3, which was also introduced by
Mindlin [107], is linked to the gradient of the polarization and is introduced
to avoid strain and polarization localization at the surface of the body, see
Mindlin [107];

� the vector P � Pi,1�i�3 is the polarization vector �eld while Pi,j1�i,j�3 is a
second order tensor representing the gradient of the polarization vector;

� the comma denotes the di�erentiation with respect to spatial variables;

� D � Dij,1�i,j�3 is the second-rank symmetric strain tensor which is de�ned
as

Dij = 1/2 (ui,j + uj,i) ,

with u � ui,1�i�3 denoting the displacement vector �eld.

The elastic constants tensor C, and the SGE constants tensors H and G in Eq.(3.1)
obey the following symmetry properties{

Cijkl = Cklij
Gijklp = Glpijkl
Hijklpq = Hlpqijk.

(3.1)

Using the symmetry properties of the strain tensor D we obtained some additional
symmetry properties upon the tensors C, H, and G de�ned as{

Cijkl = Cijlk = Cjikl
Gijklp = Gjiklp = Gijkpl
Hijklpq = Hjiklpq = Hijkplq.

(3.2)

Details on the symmetry properties of the material constant tensors b and d are
provided, for instance, in Mindlin [108], while Kogan [96, 97] can be consulted
for the exoelectric e�ect constants tensor K. Details studies of the mathematical
properties of the exoelectric e�ect constants tensor can be found in Le Quang and
He [98]. The piezoelectric constants tensor e obeys the usual symmetry properties
given by

eijk = ejik.
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3.2.2 Governing equations

The internal energy density function (3.1) is used to de�ne an internal energy E i as

E i =
∫
Ω

Wdv = 1

2

∫
Ω

(ΣijDij +MijkDij,k − EiPi + EijPi,j)dv (3.3)

with the components of the Cauchy stress, Σij, the hyperstress, Mijk, the local
electric force, Ei, the higher order local electric force, Eij, and the gradient of the
strain, Dij,k, given by

Σij =
∂W
∂Dij

= CijklDjk +GijklmDkl,m + eijkPl

Mijk =
∂W
∂Dij,k

= GijklpDlp +HijklpqDlp,q + KijklPl

Ei = −
∂W
∂Pi

= eijkDjk + KijklDjk,l + χijPj

Eij =
∂W
∂Pi,j

= bijklPk,l + dijklDkl + gijkPk,j + aij

(3.4)

and

Dij,k =
1

2
(ui,jk + uj,ik) , (3.5)

ui,1�i�3 being the displacement vector �eld.

The work done by the external forces Ee is de�ned as

Ee =
∫
Ω

�
fiui + E

0
iPi
�
dv+

∫
∂Ω

(tiui + qiDui)da (3.6)

where

� fi is the external body force;

� E0i denotes the external electric body force;

� ti is the Cauchy traction vector;

� qi is the double stress traction vector;

� ∂Ω is the closed smooth bounding surface of Ω;

� Dui is the normal (directional) derivative of the displacement component ui
de�ned by

Dui = nlui,l (3.7)

with nl being the outward unit normal vector to the surface ∂Ω. Let us
mention that the integrand (tiui + qiDui) in the right-hand of Eq.(3.6) was
also adopted by Gao and Park [93].
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We shall now apply Toupin and Mindlin [120, 107]-like variational approaches to
obtain both the balance equations and the boundary conditions. To do so, an
additional term is needed in the integrand (the energy density function) of the
energy density (3.1) to be consistent with Toupin [120] and Mindlin [107] varia-
tional approaches; thus, the new energy density function is given by

W =

{
1
2
(ΣijDij +MijkDij,k − EiPi + EijPi,j)

− 1
2
ε0 (rΦ)i (rΦ)i + (rΦ)i Pi

with Φ being an electric potential which is related to the local electric force Ei as

Ei = (rΦ)i (3.8)

With this new expression of the density function, the variational approaches of
Toupin and Mindlin [120, 107] as well as Gao and Park [93] can be applied to the
internal energy (3.8) and the external energy (3.6) in a body occupying a volume
Ω bounded by a surface ∂Ω, separating Ω from the external environement Ω? to
obtain, in the context of quasi-static analyses, the following balance equations

Σij,j −Mijk,jk + fi = 0

Ei + Eij,j − (rΦ)i + E
0
i = 0

−ε0 (rΦ)ii + Pi,i = 0 in Ω

(rΦ)ii = 0 in Ω?

(3.9)

and the boundary conditions

Σijnj − (Mijknk),j + (Mijknknj),lnj = ti

Mijknjnk = qi

ni (−ε0 [[(rΦ)i]] + Pi) = 0

niEij = 0

(3.10)

where [[(rΦ)i]] is the jump in (rΦ)i across the bounding surface of the body Ω.

Eqs.(3.5) and (3.4) along with the boundary conditions (3.10) constitute the gov-
erning equations for the model proposed by Enakoutsa [87, 88] for elastic exo-
electric materials under small deformation assumptions.
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3.2.3 Simpli�ed version

This section presents a version of Enakoutsa and co-workers [87, 88]'s model
when the material is centrosymetric where the classical piezoelectric e�ect is ab-
sent. In this case, according to Mindlin [107], the piezoelectric coe�cients tensor
eijk,1�i,j,k�3, the \Mindlin constants" tensor gijkl,1�i,j,k,l�3 which links polarization
with the gradient of the polarization as well as the �fth rank strain gradient elas-
tic tensor Gijklm,1�i,j,k,l,m�3 vanish. Therefore, the electromechanical forces (3.4)
reduce to 

Σij = CijklDjk

Mijk = HijklpqDlp,q + KijklPl

Ei = KijklDjk,l + χijPj

Eij = bijklPk,l + dijklDkl + aij

(3.11)

For the particular case of linear isotropic materials, the strain gradient elastic con-
stants in the reduced electromechanical forces relations Eq.(3.11) are reduced to
those of dell'Isola and co-workers [81] which result from some material symme-
try arguments previously proposed by Suicker and Chang [116]. Also, the elec-
tromechanical coupling coe�cients tensors χij,1�i,j�3, Kijkl,1�i,j,k,l�3, dijkl,1�i,j,k,l�3
and bijkl,1�i,j,k,l�3 simpli�ed to those obtained by Masson [99] and Mindlin [107]
and used in Maranganti and coworkers [100] so that the electromechanical stress
relations (3.11) become:

Σij = λDkkδij + 2µDij

Mijk = 2c1Dkp,pδij + c1Dpp,jδik + c1Dpp,iδjk + c2Dll,kδij

+ 2c3(Djq,qδik +Diq,qδjk) + 2c4Dij,k + 2c5(Dik,j +Djk,i)

+ δijk12Pk + k44 (δikPj + δjkPi)

Ei = k12Dik,k + k44 (Dji,j +Djj,i) + χPi

Eij = b12δijPk,k + b44(Pj,i + Pi,j) + b77(Pj,i − Pi,j)

+ d12δijDkk + 2d44Dij + aδij

(3.12)

where

� the symbol δij denote the Kronecker delta tensor;

� the coe�cients ci,1�i�5 are the strain gradient elastic material constants of
dell'Isola and co-workers [81];

� the constants kij represent the non-zero exoelectric coupling e�ect moduli;
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� the constants bij and dij are the Masson [99] and Mindlin [107] non-zero
electromechanical coupling e�ect modulii;

� λ and µ denote the usual Lame elastic sti�ness tensor

The relations (3.12) include sixteen constitutive constants; along with the balance
equations and boundary conditions Eqs.(3.9, 3.10), these relations de�ne a sim-
pli�ed version of Enakoutsa and co-workers [87, 88]'s model for the exoelectric
e�ect in linear elastic solids. The practical used of this version of the model is
demonstrated in the two following sections.

3.2.4 Application of the model: the thin-walled nanowire problem

In this section, I present a closed form analytical solution for the problem of
a thin-walled cylindrical nanowire made of zinc oxide subjected to some exter-
nal pressure. The nanowire is of inner and outer radii ri and re, respectively and
obeys the constitutive relations (3.12) where the strain gradient elastic coe�cients
ci,1�i�5 are given as functions of the Lame elastic coe�cients λ and µ, following
a suggestion made by Gologanu and co-workers [15] and studied by Enakoutsa
[10] and Enakoutsa and Leblond [12] some years ago. In Gologanu and co-workers
[15]'s proposal, the strain gradient elastic constants are related to the Lame elastic
coe�cients as 

c1/(b
2/5) = −λ

4

c2/(b
2/5) = λ

c3/(b
2/5) =

�
λ
16
− µ

4

�
c4/(b

2/5) = µ
c5 = 0

(3.13)

with the parameter b representing some material charateristic length scale. The
problem is assumed to be a plane strain problem and for this reason the compo-
nent of the displacement in the z-direction is assumed to be equals to zero. Use
is made of the classical cylindrical coordinates r, θ and z and the corresponding
orthogonal basis er, eθ, ez and the following property on a radial vector W � ∆U:

(rD)hhi = Uh,hi =Wi and (rD)ihh = Ui,hh = ∆Ui,

that is,
(rD)hhi = (rD)ihh =Wi. (3.14)

The canonic decomposition Eq.(3.14) was invented by Enakoutsa [10] and later
used in the solution of several boundary problems involving curvilinear coordi-
nates, see Enakoutsa [85, 86] to name few. Figures (3.1,3.2) illustrate this model
problem.

We want to �nd axi-symmetric solutions where the displacement vector �eld U,
the polarization vector �eld P and the electric potential �eld Φ are assumed to
be radial, which means that U � U(r)er, P � P(r)er and Φ � Φ(r). The pro-
cedure of solution of the thin-walled cylindrical problem consists of �nding the
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Figure 3.1: Cylindrical coordinates associated with the problem model

Figure 3.2: Polarization of the cylindrical tube undergoing axisymmetric loading
model problem

radial displacement �eld and deduces the polarization vector �eld using the bal-
ance equations Eqs.(3.9)1,2 and then calculate the electric potential Φ. We start
by taking the spatial derivatives of the stress and the higher order electric force
as well as the second spatial derivatives of the hyperstress in Eq.(3.12)1,2. Using
the properties (3.14) and the constitutive constants (3.13) we get, after derivation
and application of the Kronecker delta symbol:

Σij,j = (λ+ 2µ)Wi

Mijk,jk = 2
µb2

5

λ+ 2µ

λ+ 4µ
(∆W)i + (k12 + k44)Pk,ik + k44(∆P)i

Ei = (k12 + 2k44)Wi + aPi

Eij,j = (d12 + 2d44 + b12 + 2b44)Wi.

(3.15)

Using the relations (3.15) in the balance equations (3.9) we get the following re-
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duced system of equations:
Wi −

2µ

λ+ 4µ

b2

5
(∆W)i +

k12 + k44
λ+ 2µ

Pk,ik +
k44

λ+ 2µ
(∆P)i = 0

(k12 + 2k44 + d12 + 2d44 + b12 + 2b44)Wi + aPi − (rΦ)i = 0

(3.16)

in the absence of body external mechanical and electrical forces, that is, fi = E
0
i =

0. The system of equations (3.16) then reduces
Wi −

2µ

λ+ 4µ

b2

5
(∆W)i + k

2Pk,ik + k
3(∆P)i = 0

k4Wi − (rΦ)i + χPi = 0

(3.17)

where 

k2 =
k12 + k44
λ+ 2µ

k3 =
k44

λ+ 2µ

k4 = k12 + d12 + b12 + 2 (k44 + d44 + b44) .

(3.18)

Using the component (3.9)3 of the balance equations (3.9), Eqs.(3.19, 3.18) reduce
to 

Wi − 2
µb2

5

λ+ 2µ

λ+ 4µ
(∆W)i + k

2Pk,ik + k
3(∆P)i = 0

k4Wi − χ
0Pi = 0

(3.19)

Upon substituting of (3.19)2 into Eq.(3.19)1, we �nd

Wi − 2
µb2

5

λ+ 2µ

λ+ 4µ
(∆W)i + k

2Pk,ik −
k3k4

χ 0
(∆Wi) = 0. (3.20)

Remembering that both the displacement and polarization vector �elds only de-
pend on the radial coordinate r, Eq.(3.20) becomes

Wr −

0
@2µb2

5

λ+ 2µ

λ+ 4µ
+

�
k2 + k3

�
k4

χ 0

1
A (∆W)r = 0 (3.21)

or in compact form

W − k(∆W) = 0; k = 2
µb2

5

λ+ 2µ

λ+ 4µ
+

�
k2 + k3

�
k4

χ 0
(3.22)
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The solution of the di�erential equation Eq.(3.22) is well-known and yields

U(ρ) = D1I1(ρ) +D2K1(ρ) +D3ρ+
D4

ρ
. (3.23)

In Eq.(3.23)

� ρ =
p
kr and the de�nitions of the constants Di,1�i�4 (the values of these

constants will be �xed by the boundary conditions of this problem) have
been changed

� I1 and K1 are the modi�ed Bessel functions of the �rst and second kinds of
order one, respectively.

3.2.5 Application of the model: polarization of a thin spherical shell

This section is devoted to the solution of a polarization problem for a thin spherical
shell deformed under axisymmetric loading conditions problem, the deformation
being inhomogeneous. The matrix of the shell is supposed to be linear elastic,
obeying the constitutive relations decribed above. The model problem is illus-
trated in Figure (3.3). The problem under consideration involves spherical sym-

Figure 3.3: Polarization of a thin spherical shell undergoing axisymmetric loading
model problem

metries, hence the displacement and polarization vector �elds (denoted here by
U � Ur and P � Pr, respectively) in the spherical shell are radial. The derivation
of the solution of this problem is analogous to the case of the polarization of the
cylindrical shell problem; the balance equations are combined with the consitutive
laws as de�ned above to get the radial displacement and polarization �elds as:

U(x) = α
�
1/x− 1/x2

�
ex + β

�
1/x+ 1/x2

�
e−x + γx+ δ/x2. (3.24)

P(x) = α1
�
1/x− 1/x2

�
ex + β1

�
1/x+ 1/x2

�
e−x (3.25)
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Figure 3.4: Polar coordinates associated with the problem model

In Eqs.(3.24,eqn:PoleVect) the variable x � kr, and α, β, γ, δ, α1, and β1 represent
integration constants which are �xed through constitutive boundary conditions
and imposed boundary conditions.

The analytical solutions developed raise several points of interest which are pre-
sented as follows.

� The displacement vector �eld includes the combined e�ects of strain gradi-
ent elasticity and exoelectricity. The magnitude of the displacement �eld
vector is substantially reduced with respect to the classical elasticity and
strain gradient elasticity solutions. The explanation is that in exoelectric
materials some part of the external forces work is employed to polarize the
material, unlike in elastic materials where all the work produced by the
external forces is stored in the material as an elastic energy.

� The polarization vector �eld is also signi�cantly a�ected by the exoelectric
e�ects. The polarization in the spherical shell and cylinder is determined
by the combined e�ects of strain gradient through the constants and the
exoelectric constants.

� When the strain gradient constants vanish, the spherical shell is still polar-
ized (strain gradient-polarization couplings) according to the formula (3.25)
through the exoelectric constants. Eq.(3.25) also shows that the polar-
ization vector �eld can be controlled by the mechanical loading parameters.
However, it is not clear from this equation how mechanical loading will a�ect
the polarization of the spherical shell.

3.3 Research project

Along with partners at the Sapienza University of Rome, I proposed a contin-
uum mechanics based model to predict exoelectricity in materials at nanoscale
and applied the model to various small scale structure problems under di�erent
mechanical and electrical loads. The model can describe how exoelectricity in-
uences the electromechanical coupling behaviors of the materials; however, there
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are several limitations and other aspects of the model that require further devel-
opments. These areas of improvement are as follows.

� When deriving the governing equations and the boundary conditions, we
considered simpli�cations in the formulation process, including higher order
couplings between the strain and strain gradients and the strain gradient
and the polarization gradient. These coupling e�ects, however, may have
a signi�cant inuence on the size e�ects in nano piezoelectric materials for
instance. Inelastic behaviors and large strains e�ects were also disregarded
in the model.

� Also, surface e�ects such as surface piezoelectricity, surface electricity and
surface stress were neglected in the model even though it is well established
that these e�ects, from experimental view points, inuence several nanoscale
piezoelectric materials' properties, including the size dependent e�ects.

� The exoelectricity model does not include dynamic e�ects which are critical
when considering vibrational behaviors. I plan to study how exoelectricity
a�ects wave propagation, especially in structures with periodic cells. The
failure mechanisms and material defects e�ects (dislocations and disclina-
tions) were also neglected. I plan to investigate dynamic crack growth in
exoelectric materials which yields electro-magnetic radiation because of the
time dependent electrical �eld. Problems in which exoelectricity inuences
nano-scale structures' stabiity (buckling) will also be considered.

In this research proposal, I plan to augment the predictive capabilities of the model
we developed by incorporating all the features listed above. I will also develop nu-
merical algorithms based on �nite-di�erence or �nite element method with a high
order DOF or their variants and applied to several problems of interest to predict
the behavior of complicated structures. For instance, I plan to develop a mixed
formulation based on a suggestion of Amanatidou and Aravas [72] to address the
higher-order di�erential governing equations because of the exoelectricity in the
constitutive equation of the model. Other numerical framework such as the one
we used to implement the GLPD model which introduced the penalization of the
gradient term will also be explored.

Another phenomenon of interest which is directly related to exoelectricity is the
pyro-paraelectricity. Chin et al. [75] have proposed to use the gradient e�ects
through exoelectricity to create thermal-electric sensor devices. This area of
research is at infancy and new modeling development are required to complete
the available experimental work, which are also new. In this research e�ort, I
will explore di�erent modeling methods for this phenomenon based on general-
ized continuum modeling approach of Toupin. I hope that this research e�ort will
lead to a better understanding of pyro-paraelectricity from a modeling standpoint
point.

The new capabilities for exoelectric and pyro-paraelectric materials will include
several constitutive material model parameters which I plan to �nd through molec-
ular dynamic simulations or homogenization methods. The results will be useful
for developing a virtual electromechanical functional materials laboratory (which
will include electromechanical material models, experimental data, model parame-
ters, and high performance numerical algorithms.) The �ndings of this laboratory
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will be enabled rationalized design, optimization and scaleup of sensors, actuators
and energy harvesters based on the principle of exoelectricity.



Chapter 4

Modeling dislocations and
disclinations defects

4.1 Introduction

A polycrystalline material deforms upon exposure to an external load, and sub-
sequently, its grains rotate to align themselves to the direction of the imposed
boundary conditions. At large strains, geometrical necessary dislocations (GNDs),
boundaries (GNBs) and disclinations (GNDcls) are started in the material as an
energetically favorable alternative to the formation of gaps, overlaps and holes. In a
continuum modeling of the behavior of polycrystalline materials this is described
by geometrically necessary dislocation densities (the torsion of the space) and
disclination densities (curvature of the space), as showed in Clayton et al. [134].
The main reason for which dislocation and disclination defects are to be introduced
in the continuum modeling is that such defects convey important implications re-
garding size e�ects and self-organization of dislocation substructure which has
become increasingly clear in experimental characterization at �ner length scales,
see here also the work of Clayton et al. [134]. For example, in the bending of
thin nickel beams, Stolken and Evans [174] observed that plastic work hardening
increases sharply with a decrease in the thickness of the thin beams. In torsion
tests, Fleck et al. [142] found that the torque normalized by the twist of a thin
wire of copper of diameter 12 microns was at least three times as high of that in a
wire with a diameter of 120 microns. Tests performed at the micro or nano scale,
such as a nano-indentation (see the works of Ma and Clarke [154], McEkhaney et
al. [157], Pool et al. [164], and Stelmashenko et al. [171]), showed that the micro-
hardness of materials is considerably higher than the macro-hardness. It is widely
accepted that hardness and strength increase as the specimen size is decreased,
a phenomenon that many researchers have related to dislocation motion in the
materials.

In the description of the polycrystalline material as a continuum, geometrically
necessary dislocation and disclination defects lead to incompatibilities resulting
in internal stresses that are described by higher order spatial gradients of the
deformation which are not always easy to deploy numerically into �nite element
codes. Traditionally, there have been several approaches to handle the numerical
formulation of models including higher-order gradient of �elds and/or of inter-
nal variables. Such an implementation can di�er signi�cantly depending on the
gradient model type (Laplacian of an internal variable, �rst and/or second-order
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spatial gradient of internal variable or �eld, curl of internal variable or �eld, etc.).
Vector elements method can be used in the numerical implementation of curl-
based plasticity model. These types of elements were originally introduced to
solve Maxwells equations (see the work of Ndlec [160] and Jin [146] for more in-
sights) to interpolate the magnetic �eld. The interpolated �eld of such elements
is characteristically divergence-free, i.e., its curl is non zero. The vector �eld el-
ement method has been transferred into computational plasticity to interpolate
the plastic part of the deformation gradient for a three-dimensional version of a
plasticity model including elastic curvature, see Regueiro et al. [167]. Let mention
that other methods were reported in the literature to solve curl related type equa-
tions using the Stokes-Helmholtz decomposition. Similar methods based on �nite
element analysis and spectral Fast Fourrier Transform are reported by Roy and
Acharya [166, 169], respectively. An extensive report on the vector �nite element
method can be consulted in Regueiro et al. [167].

As a �rst order approximation, the curl of the inelastic velocity gradient is often
used to represent the geometrically necessary dislocations and the curl of this the
disclination density in large deformation theory with multiplicative decomposition
of the deformation gradient. In this work we present the distribution of geometri-
cally necessary dislocation and disclination densities as described by the curl and
the curl of the curl of the plastic part of the velocity gradient for many classical
micromechanical benchmark problems. While a formal inclusion of calculating
the curl within this model will be implemented into �nite element codes, useful
information can be got by using elasticity solutions of far �eld stress applied to
the boundary of a body containing defects as voids, cracks, disclinationd, and
dislocations. Since at any instant the direction of impending plastic ow depends
only upon the current stress state and the current state of the material, these solu-
tions are viewed as \snapshots" at an instant in time of an evolving process. This
\snapshots" method was also used by Yong-Shin and Dawson [176] in modeling
void growth in visco-plastic materials for applications in metal forming processes
and molecular dynamics simulations of a material behavior at small length scales.

We calculate the plastic part of the velocity gradient using an existing strain rate
and temperature dependent dislocation based plasticity model, the evolving micro-
structural model for inelasticity, so-called EMMI model and outlined in Marin et
al. [153]. The EMMI model uses a hyperbolic sine dependence upon the second
invariant of the deviatoric stress to describe the symmetric part of the plastic part
of the velocity gradient. The skew symmetric portion of the inelastic velocity
gradient (plastic spin) is described in terms of the skew-symmetric tensor product
of the plastic ow and a second order structure tensor that is the second order
truncation of the orientation distribution function (ODF), which are introduced to
represent the directional dislocation slip on the active slip systems. Using ODFs
to describe plastic anisotropy has been previously explored by other authors. The
details of the approach and examples of the predictive capability of the current
model is described in Ning and Aifantis [161]. The plastic part of the velocity gra-
dient is calculated using MATHEMATICA© from this stress �eld and is explored
for various states of the material in terms of assumed values of the internal state
variable, including the structure tensor. The full �eld state of inelastic ow is then
calculated at that instant and the spatial dependence of the GNDs (curl of plas-
tic velocity gradient) and the geometrically necessary disclination are determined.
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The chapter is structured as follows.

1. Sections 2, 3 and 4 describe the main elements of the constitutive relations
of the modi�ed EMMI model to include anisotropy. In the EMMI model the
material anisotropy is modeled using a second order orientation tensor and
incorporated in the ow rule via a scalar variable describing the coaxiality
between the second order orientation tensor and the direction of plastic de-
formation. The representation of material anisotropy using a second order
orientation tensor allows for evolution of anisotropy independently of the
kinematics hardening. In the modi�ed model the skew symmetric portion
of the plastic part of the velocity gradient (plastic spin) is a function of
the plastic stretching and a second order structure tensor resulting from the
truncation of the ODF for dislocations on multiple slip systems in crystal
plasticity that has been used in the description of the material texture. The
closure properties of this truncation yield an equation describing the evolu-
tion of the structure tensor.

2. In Section 5 we present an approximated continuum modeling of dislocation
and disclination densities as tensor variables.

3. Next, Section 6 presents the solutions of benchmark micromechanical prob-
lems including a plate with a hole, the geometry of the hole varying from
circular to ellipsoidal, subjected to uniaxial loading conditions. The numer-
ical calculations were performed using MATHEMATICA.

4. Finally, Section 7 discusses the results got along with potential avenues for
further improvements of the EMMI model accounting for void nucleation
e�ects.

4.2 The original EMMI model

The constitutive model used in this study is the Evolving Micro-structural Model
of Inelasticity (EMMI) outlined in Marin et al. [153]. It consists of the following
elements.

4.2.1 Kinematics

The model equations are derived in the intermediate con�guration which results
from the multiplicative split of the deformation gradient as presented in Lee [152]
and Lee and Liu [151]. The deformation gradient (F) is given by:

F = FeFp (4.1)

where Fp is the plastic part of the total deformation gradient that facilitates
mapping relevant variables from the reference material con�guration to the in-
termediate. Similarly, Fe is the elastic part of the total deformation gradient
that aids in mapping relevant variables from the intermediate con�guration to
the current. The intermediate con�guration is a load-free con�guration associated
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with permanent deformation due to internal defects while the current con�gu-
ration represents a material con�guration with an applied load. An illustration
of the multiplicative deformation gradient into its elastic and inelastic parts is
presented in Fig.(4.1). Following the thermodynamics for materials with internal

 

Figure 4.1: Finite strain decomposition of the deformation gradient F = FeFp

state variables presented by Coleman and Noll [136] and Coleman et al. [135],
the model equations are derived in a compatible load free intermediate con�gura-
tion and then pushed forward to the current con�guration. The velocity gradient
determined using Eq.(4.1) is:

l = _FF−1. (4.2)

The symmetric and skew symmetric portions of the velocity gradient are therefore:

d =
1

2

h
l + lT

i
, w =

1

2

h
l − lT

i
. (4.3)

Both portions of the velocity gradient can further be decomposed into elastic and
plastic parts such that:

d = de + dp, w = we + wp. (4.4)

In addition, the velocity gradient in the current con�guration is written as

l = _FF−1 = _FeF
−1
e + Fe

_FpF
−1
p F−1

e (4.5)

where the plastic velocity gradient in the intermediate con�guration is de�ned by

Lp = _FpF
−1
p . (4.6)

Eq.(4.6) will be useful to de�ne the dislocation and disclination densities' tensors
in the subsequent.
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The velocity gradient in the intermediate con�guration is given by

L = F−1
e lFe = F−1

e
_Fe + _Fp

_Fp−1 = Le + Lp (4.7)

where the elastic velocity gradient in the intermediate con�guration reads F−1
e

_Fe.
Therefore, the velocity gradients in the current con�guration are written in terms
of the velocity gradients in the intermediate con�guration as

l = FeLF−1
e ; le = FeLeF

−1
e ; lp = FeLpF

−1
e . (4.8)

The velocity gradient may be additively decomposed into the deformation tensor
d and spin tensor w in the current con�guration as follows:

l = d + w. (4.9)

Furthermore, the plastic deformation rate tensor dp and plastic spin tensor wp

can be written in terms of their intermediate con�guration counterparts as

dp = sym(lp) = sym
�
FeLpF

−1
e

�
, wp = skew(lp) = skew

�
FeLpF

−1
e

�
(4.10)

4.2.2 Internal State Variables Evolution Laws

With the assumption of linear elasticity, given a homogeneous isotropic material
the Cauchy stress rate is:

�

σ= _σ− weσ+ σwe =
σ

µ (T)

dµ (T)

d T
_T + 2µ (T) �de + λ (T) tr(de)I (4.11)

where µ (T) and λ (T) are the temperature dependent Lame coe�cients; �de is the
deviatoric part of the symmetric portion of the velocity gradient that is determined
by:

�de = �d − dp. (4.12)

Isotropic Hardening The isotropic hardening internal state variable is associated
with the annihilation and generation of statistically stored dislocations (SSD)
where its evolution equation is cast in a hardening minus recovery format. The
dynamic recovery portion was introduced by Kocks and Mecking [148] and Estrin
and Mecking [141], while the static recovery portion was presented by Nes [159].
The evolution equation is given by:

_κ = [(1− Cκ)H(T) + CκH(T)η− Rdκ] _�εp − Rsκ sinh

"
Qs

2µcκ
κ

#
(4.13)

where Rd (T) is the dynamic recovery parameter, Rs (T) is the static recovery pa-
rameter, Qs determines the order of the static recovery, Cκ and cκ are isotropic
hardening constants, and H(T) is a temperature dependent isotropic hardening
constant. The isotropic hardening parameter η is the scalar coaxiality term de-
�ned as in Eq.(4.23). The isotropic hardening modulus Hκ is reduced to a single
variable given by:

Hκ = 2µ (T)CκH(T) (4.14)
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Kinematic Hardening The back-stress is a stress-like internal state variable associ-
ated with the annihilation and generation of geometrically necessary dislocations.
In a similar approach, the evolution equation for the back-stress α is cast in a
hardening minus recovery format given by:

�

α= _α− weα+ αwe =
h
h(T)e(Ca(1−η)

i
dp − rd _�ε

p

s
2

3
kαkα (4.15)

rd (T) is the recovery parameter, Ca, h(T) are the kinematic hardening modulii.

4.2.3 Plastic Flow

The plastic ow rule is given by:

_�εp = f ( T) sinh
�
σeq
κ+ Y0

− 1
�n( T)

(4.16)

where n ( T) and f ( T) are temperature dependent constants associated with the
rate sensitivity of the material, Y0 is the initial yield stress of the material, and
T is the temperature variable. κ and α are internal state variables associated
with annihilation and generation of SSDs and GNDs, respectively. The equivalent
stress is given by:

σeq =

s
3

2
kξk (4.17)

where ξ is:

ξ = �σ−
2

3
α (4.18)

and �σ is the deviatoric portion of the Cauchy stress.

A modi�cation of the original EMMI model to account for the evolution of re-
crystallization and grain growth can be suggested. This proposal shall involve
internal state variables representing dislocation density tensor and the spacing be-
tween geometrically necessary sub-grain boundaries. To describe both single and
multiple peak recrystallizations, the model will enable tracking of the evolution
of recrystallized volume fraction. These suggestions were included and validated
in an old version of the original EMMI model, so-called the Bammann-Chiesa-
Johnson (BCJ) model, see for instance Bammann et al. [129]. The validations of
the extented BCJ model to include recrystallization are reported in the works of
Brown and Bammann [133] and can serve as baseline for a modi�ed EMMI model
that account for recrystallization e�ects.

4.3 Anisotropy law

The evolution of anisotropy is represented by a second order orientation tensor
outlined by Advani et al. [125, 126] and applied to polycrystalline materials by
Prantil et al. [165], in which the orientation tensor is de�ned by the orientation
distribution function of a unit vector bisecting two active slip systems. The rate
of change of material anisotropy is captured using the orientation tensor given by:

�

A= _A − weA + Awe = λg (Adp + dpA + dp) − 2λg [B : dp] (4.19)



4.3 Anisotropy law 57

where λg is a �tted parameter associated with the orientation of active slip sys-
tems and B is a fourth order orientation tensor. The parameter λg is associated
with the �bers or particles shape and can be determined by microstructure char-
acterization of the materials. A closure approximation is required to reduce the
fourth order orientation tensor to a function of the second order orientation tensor
while maintaining all required symmetries of the higher order tensor. Linear and
quadratic closure approximations are two commonly used closure approximations
in which Advani et al. [125, 126] showed that the linear closure approximation is
exact for completely random orientations and the quadratic closure approximation
is exact for highly aligned orientations. To maintain a higher degree of accuracy
through all orientations, they recommended a hybrid closure approximation that
is a linear combination of the linear and quadratic closure approximations using
a scalar measure of orientation. The contraction operation B : dp is given by:

B : dp =
1

7
[1− fA] [(A : dp)I + 2Adp + 2dpA] +

2

35
[fA − 1]dp + fA [A : dp]A(4.20)

where fA is a scalar measure of orientation given by:

fA =
3

2
A : AT −

1

2
. (4.21)

Evolving anisotropy is incorporated into the ow-rule through a scalar coaxiality
term used to describe the degree of alignment between the direction of plastic ow
and anisotropy. A simple formulation yields

η (φ) = cos (φ) , (4.22)

while a more re�ned one is given by:

η (φ) = C1 cos (φ) + C2 cos (2φ) + C3 cos (3φ) + C4 cos (4φ) (4.23)

where C1, C2, C3 and C4 are �tted anisotropic parameters. In Eqs.(4.22,4.23) the
variable φ is de�ned by:

φ = cos−1

2
4 �A �A :

dp
kdpk

3
5 (4.24)

where �A is the deviatoric portion of the orientation tensor. The form of the
coaxiality term is extended from the work presented by Lubarda and Krajcinovic
[155] where they solved for the ODF equation by expanding the dot product of
various damage orientation tensors with random direction tensors. This technique
was later applied to polycrystalline materials by Marin et al. [128]. Similar forms
of φ were presented in the works of Wegener and Schlegel [175], Bammann et al.
[129], and Miller et al. [130], and Fran�cois [143] where φ was de�ned using the
direction of the back-stress and the plastic ow. The anisotropic parameters must
sum up to unity, that is:

4∑
n=1

Ci = 1, (4.25)



58 Modeling dislocations and disclinations defects

this ensures that η = 1 when the direction of plastic ow is coaxial with the
direction of developed anisotropy. The symmetric portion of the velocity gradient
is given by:

dp =

s
2

3
_�εpN (4.26)

where np is the modi�ed direction of plastic ow. _�εp is the equivalent plastic
strain rate modi�ed to account for anisotropic behavior proposed by Marin et al.
[128] given by:

_�εp = f ( T) sinh

"
σeq

η (φ) κ+ Y0
− 1

#n( T)
(4.27)

where n ( T) and f ( T) are constants associated with the rate sensitivity of the
material, η (φ) is the scalar coaxiality term and Y0 is the initial yield stress of
the material, and T is the temperature variable. κ and α are the isotropic and
kinematic internal state variables, respectively. The equivalent stress is given by:

σeq =

s
3

2
kξk (4.28)

where ξ is:

ξ = �σ−
2

3
α (4.29)

and �σ is the deviatoric portion of the Cauchy stress. The modi�ed direction of
plastic ow must account for the directional e�ects of material anisotropy and is
therefore given by:

N =
nT
knTk (4.30)

where nT is de�ned as:
nT = nσ − CσηnA (4.31)

where nσ is the direction of the equivalent stress given by:

nσ =
ξ

kξk . (4.32)

The scalar Cση is the ratio given by:

Cση =
σeq
η (φ)

. (4.33)

The direction of plastic ow imposed by the anisotropy nA is given by:

nA = ζ (φ)

 
�A − CξA

ξ

kξk

!
(4.34)

where the scalar ζ (φ) is given by:

ζ (φ) = m
h
C1 + 4C2 cos (φ) + 3C3

�
4 cos (φ)2 − 1

�i
+m

h
16C4 cos (φ)

�
2 cos (φ)2 − 1

�i
(4.35)
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where m is di�ned by:

m =
h
kξk

 �Ai−1 . (4.36)

The scalar CξA is given by:

CξA =
ξ : �A

kξk . (4.37)

The plastic part of the skew symmetric portion of the velocity gradient which
follows from a constitutive de�nition presented by Prantil [165] is de�ned as:

wp =
1

λg

�
�Adp − dp �A

�
(4.38)

where λg is a �tted constant associated with the angle between active slip systems.
Bammann and Aifantis [132] proposed a similar form of the plastic spin based on
the micromechanics of single slip. Other forms were proposed by Dafalias [137]
using representation theorem.

4.4 Dislocation and disclination modeling

4.4.1 Overview

The classical continuum theory of dislocation systems dates back to Kroner [149].
This theory describes the dislocation system as a function of a second-order tensor
eld which is dened as the curl of the plastic distortion, see, for instance, deWit
[138]. Later, the framework of the multiplicative decomposition of the deforma-
tion gradient was introduced to model dislocations' e�ects in metals under large
deformations. An important feature of the multiplicative decomposition of the
deformation gradient is that, while F is compatible, Fe and Fp are incompatible;
this property is related to the formation of dislocations and disclinations defects in
the material. When the strain becomes large enough, geometrical necessary dislo-
cations, geometrically necessary boundaries, and geometrically necessary disclina-
tions are accounted for as an energetically favorable alternative to the formation
of several types of defects including gaps, overlaps and holes. In the material's
description as a continuum eld, the GNDs and geometrically necessary disclina-
tions lead to incompatibilities resulting in internal stresses that can be modeled
by higher order spatial gradients of the deformation. Hence, the resulting models
of the polycrystalline material include natural, physical length scales.

Other types of modeling continuum media including dislocation and disclination
defects exist, especially in small strain formulation. Eringen and Clauss [140]
solved the elasticity problem of internal stresses in a micropolar body containing
both dislocations and disclinations. The disclination density tensor in this formu-
lation results from the non-vanishing of the RiemannChristo�el curvature tensor;
in the small strain theory Eringen and Claus represented the disclination tensor
density by the curl of the curvature (which is the gradient of the extra rotational
DOF in the micropolar theory). In other crystal plasticity theories, the disclina-
tion density tensor becomes another state variable with a conjugate internal stress.
The balance of angular and linear momentum in the theory of Eringen and Claus
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are the meso-scale momentum balance laws for the meso-scale internal stresses
and moments. This results in an additional backs-tress on the slip system and
the fact that internal stresses are self equilibrated at the meso-scale level, leav-
ing the macroscopic momentum balance laws unchanged and the Cauchy stress
symmetric. Some recent theories introduced an additional length scale to be de-
termined from experimental data, atomistic or micromechanical simulations. This
can easily be extended to nite deformation, but the multi-length scale concept is
unchanged. While this approach will require a reformulation of some numerical
schemes, it may be necessary for certain problems.

4.4.2 The Model

. Failure in crystals starts when misorientation at a point in the continuum become
too large to support further rotation. In a continuum modeling of damage in
the crystals this is described by geometrically necessary dislocation densities and
disclination densities. deWit [138] proposed a theory to model dislocations and
disclinations density tensors based on small deformations hypothesis. In deWit's
proposal, the dislocation density tensor is the curl of the plastic distortion which
includes a contribution from the usual plastic strain and a plastic rotation; the
disclination density tensor is modeled by the curl of the plastic-bend twist, the
plastic bend-twist being described itself as the curl of the plastic distortion, see
Fig.(4.2). In this work, we propose to extend deWit's suggestion to the case of

Figure 4.2: Volterra's defects: (a) reference cylinder with defect line ξ0 and cut
surface S; (b,c) edge dislocations and (d) screw dislocation with Burgers vector b;
(e,f) twist disclinations and (g) wedge disclination with Frank vector w, Clayton
et al. [134]

�nite strains with multiplicative decomposition of the deformation gradient theory.
In our proposal, the plastic distortion tensor is represented by the plastic part of
the velocity gradient, the bend-twist variable the curl of the plastic part of the
velocity gradient. The curl of the plastic part of the velocity gradient is used to
represent the geometrically necessary dislocations density tensor and the curl of
this the disclination density tensor. With these assumptions, we get{

θ � r� (r� lp)
β � r� lp
lp � dp + wp

(4.39)
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These two approximations will be su�cient since the main aim of this study is
to demonstrate that material texture orientation plays a key role in the damage
of polycrystalline materials and should be accounted for in constitutive damage
models of polycrystals; such feature is missing many current damage models for
these materials.

4.5 Problem de�nition and methodology

The aim of this section is to present analytical predictions of the distributions of
the dislocation and disclination densities in a plate containing a circular, and then
ellipsoidal hole and subjected to uniaxial tension loading conditions. To meet this
aim, we use the spatial stress distributions solutions of these classical benchmark
problems for the case where the plate material obeys a simple elasticity law; these
problems are abundant in the literature, see Timoshenko [173], Inglis [145], and
Kirch [150]. It is well known that a thin rectangular plate subjected to a uniaxial
tension load yields a uniform stress distribution in the plate. Introducing a hole
in the plate disturbs the uniform stress distribution near the hole, resulting in a
signi�cantly higher stress than the average stress in the plate, especially around
the hole. The plate subjected to a compression loading can be analyzed as a 2-D
plane strain elasticity problem. In theory, if the plate is in�nite, then the stress
near the hole is three times higher than the far �eld stress, as showed by the
contour plot of the component "2,2" of the stress �eld in the plate in Figure 4.5.
Figure 4.3 illustrate the two problem models under consideration, the �rst one on
the left side, and the second one on the right side. A comprehensive review of

Figure 4.3: (Left)Circular hole in in�nite plate. (Right) Elliptical hole in in�nite
plate.

the analytical solutions of the benchmark problems (involving elasticity behavior)
used in this work can be found in the works of [173, 145, 150].

The constitutive relations of the EMMI model accounting for anisotropy e�ects
have been incorporated into MATHEMATICA as a material point simulator to
capture the texture of a rolled material. The EMMI model is used to compute
each of the component of the structure tensor. Since at any instant the direction of
impending plastic ow depends only upon the current stress state and the current
state of the material, these solutions can be viewed as \snapshots" at an instant
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Figure 4.4: Evolution of the structure tensor (A) as a function of the time showing
the predicted texture of the material after 20% of deformation for the case of a
plain strain compression test.

in time of an evolving process. We determine the structure tensor texture of the
material after 20% of deformation, see Figure 4.4. Then, using the velocity gra-
dient as a forcing function, we integrate all the constitutive di�erential equations
of the model (stress rate, isotropic rate, kinematic rate and structure tensor rate)
for the case of a plane strain compression.

The plastic part of the velocity gradient is calculated from this stress �eld and
is analyzed for various states of the material in terms of assumed values of the
internal state variable of the EMMI model, including the structure tensor. The
full �eld state of inelastic ow is then calculated at that instant and the spatial
dependence of the geometrically necessary dislocation (curl of plastic velocity gra-
dient lp = dp+wp) and the disclination (curl of the curl of the plastic part of the
velocity gradient) are determined.

Using the results predicted by the changed EMMI model for a thin at plate
containing a circular, then an ellipsoidal hole, with a constant distributed far
�eld stress, the plastic ow and plastic spin are calculated assuming an initially
isotropic texture. Then various inclination angles of the material texture regarding
the horizontal are considered for the case where the hole in the plate is circular:
γi = [0�, 20�, 40�, 60�].

To simulate the reorientation of the texture of the material, we rotate the structure
tensor using the following expression:

A0 (γi) = R (γi)A Rt (γi) (4.40)

4.6 Results and discussion

The solutions of various distributions for geometrically necessary dislocation and
disclination density tensor components are presented in the �gures appended to
the paper for both the cases where the hole has a circular and elliptical shapes.
Figure 4.6 displays the contour plots of the 1,1 component of the disclination
density tensor distribution in the plate for di�erent angles of orientation of the
material texture (0, 20, 40, and 60� ). We recall that these plots are based upon
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a distributed far �eld stress that is applied at the top and bottom of a thin plate
containing a circular hole, the hole simulating a crack in the plate material.

The major observation from these �gures is that the change of the angle of orien-
tation of the material texture in the plate a�ects the density of the disclination
defects (per unit area for a speci�c zone) and their locations. This feature appears
better in Figure 4.7 which represents the distribution of the "3,2" components
of the disclination density tensor in the plate for the material texture oriented
60� regarding the horizontal line. Here, the disclination defects originate near the
circular hole; the highest defects concentration is horizontally distributed in the
plate, while the highest concentration of the disclination defects follows a direc-
tion 45� inclined with horizontal line of the plate when the texture orientation of
the material is 0�. This inclination reduces when the material texture orientation
varies from 0 to 60�. Similar features are observed for the distribution of the com-
ponents "2,3" of the disclination density tensor. However, these e�ects are related
to the lowest concentration of the disclination defects, the highest concentration
being con�ned in small zones near the vicinity of the circular hole. The size of the
highest concentration zone reduces when the orientation angle changes from 0 to
60�. The orientation angle for the material texture does not a�ect the distribution
of the remaining components of the disclination density tensor since distribution of
the disclination remains the same for any material texture orientation considered.

Figure 4.8 represent the distribution of the components of the dislocation density
tensor for the case of the plate with a circular hole and is the analogous of Figure
4.6 for the disclination density tensor when the angle of orientation of the ma-
terial texture changes from 0 to 60�. In these plots, the density of geometrically
necessary dislocations are emitted from the corners, which is in good agreement
with the dislocation theory. Figure 4.5 shows the stress triaxiality at each point
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Figure 4.5: Cauchy stress for the case of the plate with circular hole. (Left) "2,2"
component of the stress. (Right) stress triaxiality.

of the plate based on the EMMI model. This �gure shows that the stress triaxi-
ality distribution in the plate is not uniform; the magnitude of the concentrated
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stress does not exceed the material's theoretical cohesive strength to yield fracture
of the plate; however, it is enough to cause a mismatch of the material internal
texture. Also, dislocations and/or disclinations defects nucleate in the polycrys-
talline material from the vicinity of the hole where the concentration of the stress
is maximum as showed in Figure 4.5. This feature is universal and was observed in
many numerical and experimental tests. Among these works, let us mention the
works of Rice [168] which investigated dislocation emission from a crack tip based
on Peierls-Nabarro model, [163, 158]. Rice suggested that a stressed slip plane
from the crack tip developed; this allows some small slip displacement to occur
near the tip as a response to small applied loading, and as the load increases, the
emerging dislocation con�guration becomes unstable and yields to form dicloca-
tion that is driven away from the crack. The experimental works of Ohr [162] have
showed that the nucleation of a dislocation from a crack tip yields crack blunting
and when the crack is blunted to a certain extent, the emission of dislocations
from a crack tip can be interrupted. In addition, Figure 4.5 shows that the stress
triaxiality concentration around the hole is independent of the material texture
orientation, which a�ects, however, both the repartition of the disclination and
dislocation defects around the hole.

The simulations for the plate with the elliptical hole are time consuming, the main
reason being the complexity of the stress �eld for the solution of the elastic prob-
lem this geometry involves. We represent half of the contour plots in the plate
even though the distribution of the dislocation and disclination densities in the
plate is not symmetric because of the non-symmetric nature of the curl of the
plastic part of velocity gradient and its curl.This approximation is reasonable in
view of the aim of to this study.

Figure 4.9 displays the distribution of the disclination density tensor components
in the plate with the elliptical hole, while Figure 4.10 presents that of the dislo-
cation density tensor components for the same model problem. In the two cases,
the densities of the dislocation and disclination defects tensor components are not
uniform in the plate: the maximum density occurs around the hole, while this
density remains homogeneous at the points in the plate that are near its upper
and lower boundaries.

The �gures also show that both the dislocation and disclination defects nucleate
near the vertices of the elliptical hole. In addition, similar to the case of the plate
with a circular hole, the distribution of the dislocation and disclination densities'
tensors become homogeneous at locations of the plate far from the hole. The
�gures also demonstrate that the distribution of the dislocation and disclination
densities expand in a direction perpendicular to the loading direction.

The correlation between the high density of the dislocation and disclination defects
near the (ellipsoidal and circular) hole is expected since dislocation and disclina-
tion densities exhibit great e�ects on the strain and stress �elds around the hole,
as several previous independent studies have showed. Therefore, these defects
must be accounted for in a re�ned modeling of the mechanisms that govern void
nucleation, growth, and coalescence in polycrystalline materials.
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Figure 4.6: Distribution of the disclination density tensor component \1,1" in the
plate for the case of the plate with a circular hole and di�erent angles of orientation
of the material texture: 0, 20, 40, and 60�

4.7 Conclusion

A representation of the dislocation and disclination incompatibility e�ects were
introduced into an evolving micro-structural model for inelasticity by represent-
ing the geometrically necessary dislocations and disclinations as the curl of the
plastic part of the velocity gradient and the curl of the curl of the plastic part
of the velocity gradient. The proposed formulation was assessed based on clas-
sical elasticity solutions of some benchmark micromechanical problems: a plate
containing a circular and an elliptical hole that is loaded in uniaxial tension and
involving far �eld stress applied at the boundaries of the of plate. These solutions
are used to predict the distribution of the GNDs and disclination densities and the
stress distribution in the plate. The results got show that GNDs and disclination
defects originate from the corners of the hole, which mirrors well results got form
dislocation et disclination theories. The results also show that the stress triaxility
distribution around the hole in the plate is not a�ected by the material texture
orientation. This suggests that further explorations are needed to understand the
role played by a combination of the stress triaxiality e�ects and the concentration
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Figure 4.7: Distribution of the disclination density tensor component \2,3" in the
plate for the case of the plate with a circular hole and di�erent angles of orientation
of the material texture: 0, 20, 40, and 60�

of dislocation and disclination defects on voids nucleation, growth and coalescence
in polycrystalline materials for an accurate prediction of failure in such materials.

4.8 Research Project-Modeling Dislocations and Disclinations E�ects at Finite
Strain

The dislocation and disclination model I proposed along with A. Adedoyin and
D. J. Bammann, two of my collaborators, was based on deWitt's proposal which
we adopted in a �nite deformation theory for inelasticity with no further justi-
�cations. Another more elaborated framework was developed by Bamman et al.
to model crystalline metals including dislocations and disclinations defects. In
Bammann et al.'s formulation the kinematics and balance laws are developed sim-
ulataneously at two scales of observations: at the macroscopic level a kinematics
with a multiplicative decomposition of the deformation gradient and the meso-
scale an additive decomposition of some a�ne connection into contributions from
dislocations and disclinations defects. The standard angular momentum is en-
forced at the macroscopic level while at the meso-scale and \ad hoc" momentum
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Figure 4.8: Distribution of the GNDs tensor component \1,1" for the case of the
plate with a circular hole and di�erent angles of orientation of the material texture:
0, 20, 40, and 60�

on the dislocations and disclinations densities are adopted.

My research proposal on this topic is rooted in Bamman et al. previous formu-
lation. This proposal is to present the macroscopic formulation of a multi-scale
�nite plasticity model containing length scales due the presence of geometrically
necessary dislocations and disclinations. The Coleman-Gurtin thermodynamics of
ISVs motivated from the physics occurring at the meso-scale will be used. This
approach will result in the development of an ISV �nite micro-polar crystal plastic-
ity model accounting for dislocations and disclinations and assuming a three-term
multiplicative decomposition of the deformation gradient. A micro-polar term
related to lattice defects rotation will also be introduced. The free energy will in-
clude a set of internal variables: elastic strains associated with statistically stored
dislocations and disclinations, the disclination curvature tensor and the disloca-
tion torsion tensor. The latter will be connected to spatial gradients, the curl of
some components of the deformation gradient, introducing therefore two di�erent
length scales, to arrive at a dimensionally consistent strain measure. To complete
the model, evolution equations for the ISVs will be provided.
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Figure 4.9: Distribution of the components of the disclination density tensor in
the plate for the case of the plate with an elliptic hole.

The resulting micro-polar �nite crystal plasticity model will require a special nu-
merical implementation treatment because it involves the curl of some components
of the deformation gradient, leading to a partial di�erential equation to solve for
the plastic vector, rather than an ordinary di�erential equation for standard crys-
tal plasticity models. Along with the linear momentum balance, this will lead
to a coupled system of PDEs for which to solve numerically by a coupled �nite
element implementation, this is another challenge of our work. To address this
challenge, I will use the vector elements method in the �nite element formulation
of the model. These types of elements were introduced to solve Maxwells equa-
tions to interpolate the magnetic �eld. The interpolated �eld of such elements is
characteristically divergence-free, i.e. its curl is non zero. Douglas J. Bammann,
my former posdoc mentor, has transferred the idea to plasticity, using the vector
�eld element method to interpolate the plastic part of the deformation gradient for
a 3-D version of the plasticity model with elastic curvature. I plan to leverage this
experience in my numerical implementation of the proposed theory. I propose to



4.8 Research Project-Modeling Dislocations and Disclinations Effects at

Finite Strain 69

Figure 4.10: Distribution of the components of the dislocation density tensor in
the plate for the case of the plate with an elliptic hole.

design new experimental techniques capable of identifying the underlying physical
mechanism related to each length scale the model involved.

The proposed work will provide several contributions to material scientists and the
mechanical engineering community. These contributions are summarized below:

� Robust computational physically based multi-length scale �nite plasticity
model containing dislocation and disclination defects.

� Physical mechanisms related to the length scales in the model.

Once the model is developed, boundary value problems at tiny length scales will
be solved accurately in the cases outside the range of local continuum plasticity.
Also, the solution of boundary value problems at the macroscopic scale will be
mesh-independent. Such information is pertinent to current nanotechnology and
structural engineering applications. If I am successful, the model will be extended
to include damage and temperature e�ects.
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The developed tool will be useful for the engineering community to investigate
the plastic deformation of metals, especially in the post-bifurcation regime, and
to solve boundary value problems at tiny length scales. Also, the underlying
physical mechanisms behind length scales introduced in the model will be inves-
tigated through the design of challenging experiments. The work carried out on
the physical mechanisms behind the length scales will be of high interest for the
material science community. For the engineering community, a robust computa-
tional tool will be available to (i) investigate the post-bifurcation regime behavior,
and (ii) accurately solve boundary value problems at tiny length scales. The end
production of this project will include (i) presentations to national and interna-
tional conferences, (ii) refereed papers, (iii) a framework and the corresponding
modeling to link geometrically necessary dislocations and a macroscopic material
model. Such a framework will be helpful for our mechanical engineering students
to understand the role played by the geometrically necessary dislocations and the
disclinations on the plastic deformation of metals.



Chapter 5

Modeling of ceramic matrix
composites under extreme
loadings

5.1 Introduction

Current challenges in aeronautical industries include the need to realize a reduction
in fuel consumption and/or increases in the aircraft performance in extreme en-
vironments. Using high performance composite materials, such as ceramic matrix
composites (CMCs), a�ords a means to meet these challenges. CMC materials
have a lower density, o�er an excellent resistance to thermo-mechanical fatigue
loadings, and are valuable for gas turbine hot section components and hyper-
sonic leading edge materials. CMC materials have a longer service life and make
up an excellent alternative to metallic alloys in several aeronautical applications:
combustion chambers, turbines shrouds, gas turbines, and nozzles where sharp
temperature gradients are present.

To support the use of CMCs requires that analytic methods (i.e., material mod-
els) be developed to compute their thermal, mechanical, and coupled thermo-
mechanical behavior/responses. These models include considerations pertaining
to computing responses under extreme environments that induce severe thermal
gradients and that must be able to capture degradation and failure of CMCs in
such environments. Experimental approaches to understand CMC material in-
elastic behavior are very expensive. Also, the study of lower level systems failures
resulting from extreme external conditions, such as those encountered for instance,
during hypersonic ights, propulsion stages, for large scale complex systems is a
primary research area that requires additional investigations. Alternatively, the
use of validated predictive computational physics-based models which can describe
accurately the di�erent stages of CMCs behavior until failure are preferred. Such a
predictive tool could enable the virtual study of structural behavior under extreme
conditions and allows parametric studies to be performed to test opportunities to
prevent and mitigate these issues. Current �nite element (FE) models used to
analyze structures composed of CMCs are often limited in scope to linear elastic
regime which does not capture the strain and stress localization zones which are
precursors of damage and fracture in a material under extreme thermo-mechanical
loadings. Therefore, there is a need to develop a predictive tool that accounts for
the progressive accumulation of such damage and assess whether the inuence
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this localized damage on the overall performance of the system within which it is
a part which inevitably leads to material failure when the latter is subjected to
extreme conditions.

The initiation of mechanical degradation in CMCs is attributed to the formation
of various networks of matrix cracks; a hierarchy of such networks is presented
in Forio and Lomon [178]. Several damage mechanisms could occur: matrix
micro-cracking, �ber/matrix debonding, and �ber breakage. These mechanisms
are strongly anisotropic: cracks could be normal to the loading direction or partly
deviated by the reinforcement orientation. These cracks could be opened or closed
depending on the loading and on the thermal residual stresses induced by cure
processing. More precisely, under tensile loading, CMCs present a linear elastic
response until the initiation and propagation of matrix micro-cracks and the par-
tial re-opening of thermal cracks. These cracks mainly start at the singularity
of macro-pores and propagate normally to the applied load direction. In a sec-
ond stage, multiplication of matrix micro-cracks and the associated �ber/matrix
debonding are propagating until matrix crack saturation, see [180]. Composites
with a weak interface exhibit a \plateau-like behavior", see Naslain [181]. The ma-
trix crack saturation is rapidly achieved (load transfer being poor) and the total
failure occurred almost immediately after this saturation point. For composites
that present high strain to rupture, after matrix saturation, a signi�cant domain
corresponding to a progressive load transfer to the �bers, which then fracture pro-
gressively, is observed, see El Bouazzaoui R. et al. [182]. Another set of cracks
corresponding to multiple cracking of the bundle could occur, Bale et al. [183].
These composites present a broad non-linear domain and higher stresses with no
plateau-like domain.

Several micro-mechanics analyses have been developed for predicting the onset
and progression of failure within brittle composites, see Curtin [184], Lee and
Daniel [185], Weitsman and Zhu [186], and Hedgepeth [187]. In what is now con-
sidered a classical analysis, Aveston et al. [188] discussed the \energetics of
multiple fracture" in brittle composites, see Curtin [184]. This work has fueled
similar studies for over several years. Many of the models presented over this time
period are based upon the classical shear-lag formulation presented by Hedgepeth
[187]. The approach parallels the method used by Cox [189] who �rst investigated
the inuence of a single short �ber embedded in an in�nite medium, Carrere and
Lamon [190], but can be adapted to investigate the response of unidirectional
and cross-ply laminates if an equivalent damage state for the laminate can be
determined. Unfortunately, this can be quite a di�cult task. The complexities
of brittle failure in composite materials have forced many researchers to rely on
empirical data which has reduced the utility of the analytical models. In addition,
many existing analytical solutions use failure criteria which over-predict the rate
of matrix cracking. The most obvious case is the original ACK-model in which
all the matrix cracks were assumed to form at a single applied stress, see Curtin
[184]. This resulted in a \stepped" or \plateaued" stress-strain response where
the material response curve is initially linear followed by a single large jump in
strain during matrix failure then the response becomes linear again albeit with
a smaller slope. Hence, even though the micro-mechanics approach is appealing
because of its simplicity, solutions from many of the existing models do not mirror
experimental data, see Weitsman and Zhu [186] and Evans et al.[191] and, there-
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fore, alternate approaches are sought.

Within the literature, there are several more detailed analyses which avoid some
simplifying assumptions used under the micro-mechanics approach, see Nairn [192]
and Larson [193]. For example, several solutions use traditional fracture mechan-
ics techniques to investigate the conditions for crack growth near a bi-material
(�ber/matrix) interface, see Chawla [194] and Han et al. [195]. These models
are useful since the development of valid design and failure criteria are contingent
upon a full understanding of the micro-structural behavior of the laminate during
loading. Unfortunately, modeling the behavior of an individual crack in this man-
ner may require integration of many complex theories, e.g. linear elastic fracture
mechanics, statistical analysis and variational mechanics; therefore, when consid-
ering the large number of cracks which are continuously developing and growing in
a CMC, the analysis can be complex. To further compound the problem, the crack
formation within the composite is dependent not only on the lamina properties
but also on laminate and component geometries. In addition, matrix cracking is
not the only damage mode observed in CMCs. Cracks can also develop within the
�bers or along the �ber/matrix interface. Since the evolution of all these damages
depends on the magnitude and type of loading, the operating environment must
also be accounted for in the analysis. When considering all these e�ects, the prob-
lem quickly becomes overwhelming. Perhaps this explains why many �rst-order
models have been reported in the literature, Pryce and Smith [196], Spearing and
Zok[197], Ladeveze [198], and Ladeveze [199].

In addition, di�erent macroscopic damage models based on the inuence of the ma-
jor microscopic mechanisms on the macroscopic behavior of the material were also
proposed. In these models, the crack closing/opening phenomena can be accounted
for by decomposing the tensile/compression elastic density energy, Ladeveze [200],
Ladeveze [201], and Hild et al. [202].The crack micro-mechanisms of satin based
CMCs manifest themselves at the macroscopic scale by some complex anisotropic
damage. Each network of cracks induced a speci�c evolution law for the damage.
Some models (for instance, Evans and Marshall [203]) were developed based on
microscopic models. However, one di�culty lays in the damage's description for
complex loadings or outside of the �bers axis, since the micro-models used only
represent the behavior toward the �bers. In fact, one major modeling di�culty is
to account for the complex cracks network because it is oriented by either the di-
rection of the loading or that of the �bers. Models the kinematics of the damage of
which is �xed by a referential related to the composite allows an easy description
of the cracks networks oriented by the �bers, Camus [204], Gasser [205], Gasser et
al. [206], and Gasser and Ladeveze [207], while models described in a referential
related to the loading enable a better description of the whole network, Rouby
and Reynaud [208].

Mechanical tests under cyclic loadings have evidenced a fatigue phenomenon which
manifests itself by an evolution of the damage, a residual deformation and an evo-
lution of the hysteresis loops of loading and unloading. An explanation of this
phenomenon was given in Evans [209], Burr et al., and [210] based on a ruin
mechanism of the interfacial �bers/matrix debonding toward the �bers. These
authors show that the fatigue damage of CMCs is partially driven by mechanical
cycling. In addition, the ruin mechanism allows explaining the di�erence of the
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fatigue behavior of some CMCs in the presence of temperature. A description of
the ruin mechanism at the interface �bers/matrix was used in [211] to de�ne a
fatigue damage evolution law for a macroscopic model.

An outline for the development of a new form of CMC material model is described
here. The intent is to obtain a formulation for a robust method for predicting
the thermo-mechanical behaviors of these materials, particularly related to the
cracking of the matrix (i.e., fracture responses) that might result in aerospace ap-
plications.

The CMC material model proposed relies on the classical modeling framework of
the thermodynamics of irreversible processes with internal state variables, see for
instance Letombe [213], Letombe [212], Baranger et al.[214], and Baranger et al.
[215]. The di�erent steps of the formulation are:

� selection of the state variables and of a potential (i.e., interpreting these
variables is given by a potential form);

� computation of the associated thermo-dynamical forces by duality with state
variables;

� computation of the state laws; and

� de�nition of the damage evolution laws and ‘‘ad hoc" failure criterion.

The proposed model formulation takes into account the crack networks and the
associated �ber-matrix debonding through damage and inelastic strains. The in-
elastic part is relatively classical and the damage part is based on anisotropic and
unilateral damage theory, a powerful approach introduced in Ladeveze [200], [201],
and Hild et al. [202] which applied to SiC/SiC composites (see Camus [204] and
Gasser and Ladeveze [207]) and concrete, see Baranger et al., [214], Baranger et
al., and [215]. An extension of Ladeveze [200] and Ladeveze [201] formulation for
CMCs to account for thermo-mechanical coupling e�ects is introduced in a way
that the stress analysis depends on the temperature distribution and the temper-
ature distribution depends on the stress solution.

5.2 CMC material model

The CMC model extends the one developed by Ladeveze [198] and [199] and to
incorporate thermal expansion and coupled thermo-mechanical e�ects. In Lade-
vezes model, damage e�ects are coupled with the inelastic behavior of the CMC
and thermal and coupled thermal and mechanical e�ects were disregarded. A de-
tailed description of the procedure leading to the constitutive relations of Ladeveze
et al.s model can be consulted in Cluzel et al., [216], Baranger et al., [214], and
Letombe [213].

5.2.1 Extension of Ladeveze damage model for CMCs

This section presents the extension of Ladeveze et al. model for damage in CMC
materials to incorporate thermal expansion and coupled thermal and mechanical
e�ects. In the new model a linear thermal expansion coe�cient is added to an
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equation of state to account for the thermal and mechanical coupling e�ects. The
mechanical to thermal e�ects are introduced by assuming an internal heat genera-
tion because of residual strain e�ects. The constitutive relations of the newly got
model comprise two parts, a part related to the thermal e�ects, and the other one
refers to temperature dependent physics based constitutive relations for cracking
in CMCs.

5.2.2 Thermal E�ects

The evolution of the temperature during thermo-mechanical deformation is as-
sumed to be governed by a linear heat equation using the assumption of transverse
heat transfer:

ρC
dθ

dt
− k∆θ = Q (5.1)

where ρ is the density, C is the speci�c heat capacity, k is the heat conductivity,
∆ denotes the Laplacian operator symbol, and Q is the energy dissipated per unit
time and volume, which is de�ned by

Q = ωσ : Dr = σ : (Dr1 +Dr2) (5.2)

where σ is the Cauchy stress, Dr is the residual strain tensor which includes both
the e�ects of residual strain associated to each of the direction of the tows of the
woven composite, and ω is the fraction of the dissipation energy that is converted
into heat.

5.2.3 CMC damage model

The constitutive equations of the material model are written in linearized elastic-
ity, in Lagrangian formulation. They comprise temperature dependent expressions
for the elastic and residual deformations (‘‘yield criterion" and associated ow rule)
and the evolution equation of the internal parameters (matrix and �ber damage
evolution laws and hardening parameters evolution laws).

The starting point of the theoretical equations of the extended CMC material
model is the classical additive decomposition of the total strain:

D = De +Dr +Dth (5.3)

where Dth is the thermal strain, De and Dr are the elastic and residual strains.

Each of the term in this decomposition is de�ned as below.

Thermal strain part The thermal strain part is de�ned by the classical rela-
tionship

Dth = α (θ− θref) I (5.4)
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where α, θ , θref , and I are the scalar thermal expansion coe�cient, the current
temperature, the reference temperature, and the second order identity tensor, re-
spectively.

Elastic strain part The elastic strain term in Eq. (5.3) is given by a nonlinear
expression relating the strain with the Cauchy stress. We assume that the elastic
modulii , A0 , and B are independent of the temperature, which is a rather crude
assumption since the temperature rise can degrade the material sti�ness (with
CMCs, this is only true when the temperature is high). The elastic strain part is
given as:

De = A : σ+ +A0 : σ
− + B : σ (5.5)

Residual strain part The residual strain is described using two uncoupled clas-
sical formulations of ‘‘associated plasticity" with isotropic hardening (one for each
tow direction of the composite: the longitudinal and the transversal directions):

Dr = Dr1 +Dr2 (5.6)

Residual strain term in the longitudinal direction In the longitudinal tow,
the following e�ective and equivalent stresses are assumed (as de�ned in Ladeveze's
original model) {

σ1 = P1AA
−1
0 σ

+

σ
eq
1 =

r
tr
�
σ21

� (5.7)

with P1 =
1 0 0
0 0 0
0 0 β

where β is the material model parameter de�ning the

inuence of the shear on the inelastic deformation. The temperature-depend yield
surface is de�ned as

f = σeq1 − R (r1, θ) − R0 (θ) (5.8)

where r1 is the cumulative residual strain and R is the temperature-dependent

hardening function which must be calibrated experimentally, the latter is de�ned
by:

R (θ, p) = K (θ)p
1

m(θ) (5.9)
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with {
K (θ) = C1 (θ− θref) + C2
m (θ) = C3 (θ− θref) + C4
R0 (θ) = C5 (θ− θref) + C6

(5.10)

Note that Arrhenius temperature dependence-type functions could have been
adopted in Eq.(5.10). However, for the CMC material of interest to this work,
experimental observations have showed that the hardening regime does not dras-
tically increase with temperature rise (at least up to 1200� C), which may other-
wise have justi�ed the choice of Arrhenius type of hardening dependent functions.
Based on this observation, the proposed temperature dependence functions were
chosen.

The inelastic ow rule de�nes the following evolution law: Dr1 = µ ∂f
∂σ

= µ σ1q
tr(σ21)

r1 = −µ ∂f
∂R

= µ
(5.11)

where Dr1 is the e�ective residual strain rate and µ is the residual multiplier rate,
which can be calculated through the consistency condition. Finally, to keep the
dissipation constant, the actual residual strain rate is given by:

Dr1 = P1AA
−1
0 D

r1 (5.12)

Residual strain term in the transverse direction The formulation for the
transverse tow (of the composite material) is similar as in the longitudinal direc-
tion. The e�ective and equivalent stresses are de�ned as below:{

σ2 = P2AA
−1
0 σ

+

σ
eq
2 =

r
tr
�
σ22

� (5.13)

with P2 =
0 1 0
0 0 0
0 0 β

Here also β represents the inuence of shear on the inelastic deformation. The
temperature-depend yield surface in this case is also de�ned by:

g = σeq2 − R (r2, θ) − R0 (θ) (5.14)

where r2 , cumulative residual strain, and R , the temperature-dependent hard-

ening function are given as in the case of the residual strain in the longitudinal
direction. The associated plasticity ow rule yields the following evolution laws: Dr2 = µ ∂g

∂σ
= µ σ2q

tr(σ22)

r2 = −µ ∂g
∂R

= µ
(5.15)
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where Dr2 is the e�ective residual strain rate and µ is the residual multiplier rate,
which can be calculated through some consistency condition. Finally, to keep the
dissipation constant, the actual residual strain rate is given by:

Dr2 = P2AA
−1
0 D

r2 (5.16)

The remaining elements of the constitutive relations of the CMC material model
comprise (i) temperature-dependent relations for the Young and shear moduli
which are used to de�ne the sti�ness of the material (ii) temperature dependent
damage hardening coe�cient as in the original model of Ladeveze. The equations
for the evolution of the matrix and �bers damage law remain formally the same
as in the original CMC material model.

Temperature dependent Young and shear Modulus The temperature de-
pendent orthotropic Young and Shear moduli are de�ned as:

Ei = Ei (1− Etemp (θ− θref)) (5.17)

Gi = Gi (1− Etemp (θ− θref)) , (5.18)

for i = 1, i = 2, and i = 3

Temperature damage hardening coefficient The temperature-dependent ma-
trix and �ber degradation yield stress limits are given as:

σm0 = σm0 (1− Cθm (θ− θref))
σm1 = σm1 (1− Cθm (θ− θref))
σf0 = σf0 (1− Cθf (θ− θref))
σf1 = σf1 (1− Cθf (θ− θref))
σf2 = σf2 (1− Cθf (θ− θref))

(5.19)

5.2.4 CMC-chemistry model

The chemistry part of the CMC model, which is because of high-temperature
oxidation, involves two mechanisms. In the �rst one, the oxygen di�uses in the
matrix cracks to the interface of the �ber/matrix; then, the oxygen reacts with the
interface to create an oxide plug which slows the oxygen di�usion. This physio-
chemical process can be described in the classical di�usion-reaction framework.
The geometry being considered is that of a single reference crack. The output
of this model is an evolution law for oxygen concentration around the �ber as a
function of the time, damage state, stress, and temperature �elds. The second
mechanism is the �ber degradation, which is modeled in a more phenomenological
way at the scale of the �ber. To model the degradation of the �bers, Ladeveze
and Genet [179]'s suggestion that accounts for the �bers environment changes and
uses a changed fatigue law is used, which is given by the relations:
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{
θ (t)σR1 (t)

m = P

θ (t) =
∫
Cf (τ) e

(− Q
RT )dτ

(5.20)

where the variable Cf is the evolving concentration of oxygen around the �ber
(which contains information about the crack opening parameter and the tempera-
ture). P and Q are two model parameters that needed to be determined. Finally,
the evolution of the strength of the �ber for variable loading of the �bers (temper-
ature, crack opening, and oxygen concentration) can be got after di�erentiation
by

dσR1
dt

= −
1

m

h
P−1Cf (t) e

− Q
RT

i h
σR1

im+1
(5.21)

Again, Cf is the concentration of oxygen on the �ber, which can be determined
from the solution of a di�usion-reaction problem using a semi-analytical method.
The di�usion-reaction problem is near the oxygen input on the �ber, which means
the e�ects of the cracks geometry and the �ber size are tiny and can be ignored.
Therefore, the problem can be written over a unidirectional space, Ladeveze and
Genet [179].

The calculation of the oxygen concentration Cf follows a method proposed in Lade-
veze and Genet [179] and is based on the assumption that the di�usion-reaction
problem is quasi-stationary and thus it is uncoupled from the mechanical and
chemical �elds, so the reaction-di�usion coe�cients are independent of the stress
state.

Assuming that φ(x, t and C (x, t) denote the oxygen ux and concentration in
the oxide plug, respectively, Ficks di�usion equation and the conservation law are
written as: {

∂φ
∂x

= 0
φ = −D∂C

∂x

(5.22)

for any arbitrary time t. The solution of this system of partial derivative equations
can be got using appropriate boundary conditions, that is, the system{

φ (−e (t) , t) = kC (−e (t) , t)
C (0, t) = C0 (t)

(5.23)

where k is the reaction coe�cient with the interface, C0 is the concentration at
the crack initial position, and e (t) represents the thickness of the oxide layer,
provides the analytical expression for the oxygen ux φ and concentration C.
The oxide layer e (t) growth equation is given by the system of equations{

∂e
∂t
(t) = − ρ

M
φ (−e (t) , t)

e (0) = 0
(5.24)

where ρ and M represent the density and the molar mass of the oxide created
by the reaction. The reaction rate at the crack tip calculated here is useful to
determine the oxygen concentration C on the �ber, which is used to calculate
the critical stress at which the �ber (of the CMC) breaks up. This provides
a mean to bridge the chemistry part of the CMC model with its mechanical
part since the same critical value is used to de�ne a failure criterion for the
composite.
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5.3 Validation and veri�cation of the CMC material model

A numerical implementation of the newly got CMC model which bears some re-
semblance to Genet et al., [217], Cluzel et al., [216] and Genet et al. [217],
Genet et al., and [218]s numerical algorithm is proposed and incorporated into
ABAQUS© FE software as a UMAT. Just like in Genet et al., [217], Genet et
al. , and [218], the numerical algorithm comprises local loop made of nested
�xed-point iterations and Newton-Raphson iterations, the former to compute the
damage state and the latter to invert the state which is non-linear, even when all
the state variables are �xed. However, the implementation departs from Genet et
al.s algorithm in the numerical implementation of the residual strain part of the
total strain where a radial return-like algorithm was applied.

An extension of a method presented in Letombe [213] is used to calibrate the
parameters of the CMC material model. The calculation is based on a SiC/SiC
material developed by SAFRAN Group for which experimental data are available
in the open literature. Simpli�ed material response (i.e., for tension-compression,
tension-tension cyclic, simple tension tests) are shown to show the capability of
the CMC material model. They are based on dog bone and open hole specimen
tests, which showed a good capturing of the non-linear material behavior in the
SiC/SiC material.

5.3.1 Model calibration veri�cation

The model parameters were calibrated primarily using tensile and tensile load-
unload test data at RT (room temperatures) and ET (elevated temperatures).
Veri�cation calculations were performed using single solid elements and multi-
element models of the test specimens. Figure 5.1 shows the ABAQUS FE model
of the specimen geometry used in the veri�cation calculations. The geometry rep-
resents the geometry used in the lab tests. An example comparison of the results
for the simple tension and tensile load-unload calculations and tests are shown in
Figure 5.2 for RTs and ETs. The results show an excellent agreement between the
tests and the computations with the CMC material model for the single elements.
For the multi-element specimen models, the results also show good comparisons
but the stress is over-predicted.

The stress in the stress vs. strain curve predicted by the CMC damage model
for the dog-bone specimen loaded in tension was obtained by summing up the
reaction forces at all the nodes located on the edge face of the specimen where the
displacement load was applied and dividing the resulting total force by the cross-
section area of the specimen. The strain was obtained based on a 25-mm long
section located in the specimen gauge section. The strain was computed from the
displacement of two symmetric nodes located on the opposite sides of the chosen
section of the specimen gauge. The section length computed from the two nodes
was then divided by the initial section length to obtain the strain at each time
increment.

For the rectangular specimens (with and without an open-hole), the stress in the
stress vs. strain curve for the open hole tests was computed by summing up the
reaction forces at all the nodes located at the face of the specimen where the dis-
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placement load was applied and dividing the obtained force by the area of this
face. The strain was obtained by choosing two symmetrical nodes in the longitu-
dinal diameter (of the hole) direction. Initially, the distance between these two
nodes is 40-mm. The displacement of each of the two nodes is stored at each time
increment and used to update the distance between the two chosen nodes. The
newly computed distance between the two nodes is then divided by the initial
distance between the two nodes at each time increment gives the strain.

Figure 5.1 provides a comparison between the results predicted by the CMC ma-
terial model and the experimental data for a dog bone specimen subjected to an
incremental tension and compression loads. The comparisons show a reasonable
agreement between the simulation results and the data.

Figure 5.1: ABAQUS FE model of test specimen used for tension and load-unload
computations

5.3.2 Model validation

A limited validation of the model was performed using test data for an open-hole
test. The test comprised a rectangular-shaped specimen subjected to a monotonic
tension force. Three variations of the test were conducted: 1) no hole, 2) with
a 4-mm hole, and 3) with a 6-mm hole. The SAFRAN material used in these
tests may not have been identical to the material used in the calibration e�ort but
the material appears to display similar properties. The geometry and stress con-
tours of the specimens are illustrated in Figure 5.4. The stress contours show the
σ22 stress. Predictions with the CMC model showed relatively similar results and
a similar pattern as the hole size increases, see the stress-strain plots in Figure 5.4.
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Figure 5.2: Tension load-unload comparisons

These results would likely improve (see Figure 5.5) if better CMC data was avail-
able, but show that the model captures the nonlinearity exhibited by these tests.
These results also show the clear need for a consistent and well-characterized set of
CMC data to both calibrate the CMC material models parameters and to validate
its capability. This need is addressed in my research plan for CMC materials.

5.3.3 CMC chemistry model validation

The constitutive relations of the chemistry part of the CMC model were inte-
grated into MATLAB code. A semi-analytical-numerical method was adopted.
The oxygen concentration near the �bers was calculated analytically, while a �rst-
order di�erential equation was used to �nd the evolution of the �ber strength as
a function of the time. I assumed that the material used is a SiC/SiC CMC; the
chemistry parameters and the model parameters are available in the open liter-
ature for this material, see Ladeveze and Genet [179]. Using these parameters,
it was possible to simulate the change of the oxide plug thickness created by the
reaction of the oxygen over the time.

Figure 5.3 represent the predicted oxide plug near the �ber growth based on
the data provided in Ladeveze and Genet [179] for a SiC/SiC CMC for various
temperature regimes. The growth for the oxide plug at intermediate temperatures
(800 to 1000 �C), shown in Figure 5.3, is very slow. This was expected since the
oxide plug plays no role in this range of temperatures. At elevated temperatures,
however, the growth of the oxide plug layer thickness becomes important, see
Figure 5.3.

5.4 Conclusion

A model for CMC materials including thermo-mechanical coupling e�ects that
extends the one develop by Ladeveze and co-workers is presented and incorporated
into ABAQUS FE code as a user material software. A veri�cation and validation
processes were conducted to check the ability of the model to represent typical
thermo-mechanical behaviors of CMC materials.
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Figure 5.3: Thickness of the oxide layer growth as a function of time at various
temperatures

Figure 5.4: Open-hole ABAQUS FE predictions

5.5 Research project

The CMC-damage model will continue to be the primary focus of the proposed
research e�ort. While improvements are proposed, the bulk of the e�ort will be
tailored toward the usability of the model and further veri�cation and validation
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Figure 5.5: Prediction of open-hole tensile tests

for CMC materials of interest. Using the UMAT developed for the CMC-material
model as a starting point, I plan to further study the performance of the model,
especially related to the importance and sensitivity of each of the model parameters
related to the speci�c forms of behaviors exhibited by the CMC that are to be
characterized by the CMC material model. The goal here is to facilitate the use of
the model, its �tting (i.e., calibration) to data, identify the capability a�orded by
the speci�c features of the model, all of which serve of generating a user guide that
informs the user how to use and calibrate the material model. Also, software will be
developed to aid the user in �tting model parameters. I will propose improvements
to CMC-damage model formulation. These improvements are discussed in the
work plan below.

� To enable the simulation of CMCs problems involving fracture, I propose
to use an integral nonlocal formulation. In this integral nonlocal formula-
tion, the constitutive relations of the material model are the same, except
one which is replaced by its nonlocal counterpart. For instance, in damage-
based models, the mechanical �elds are kept the same, except the damage
variable which is replaced by a convolution integral of the local damage vari-
able. Doing so introduces a characteristic length scale in the material model.
This length scale is related to the physics that occur at scales that are lower
than the macroscale at which material models are derived.

� Fatigue of CMC structures is of growing interest and leads the industry and
end-users to develop accurate fatigue modeling, and a better prediction of
delamination in laminates during fatigue loading. High-temperature fatigue
and thermo-mechanical fatigue studies represent an ongoing area of research.
At high temperatures, the modeling of fatigue damage is complicated by
time-dependent oxidation, di�usion, and creep. Special consideration will
be allocated to the modeling of several of the fundamental damage mecha-
nisms, such as for creep, fatigue, and dwell fatigue. The intent here is to link
these mechanisms to the distributed microstructure attributes (e.g., �ber di-
ameter, �ber spacing, coating thickness, �ber strengths, matrix porosity,
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matrix phase composition, phase volume fraction, phase grain boundaries,
�lm thickness, coating deformability). E�orts will be devoted to addressing
the e�ects of environment, residual stresses, temperature gradients and mul-
tiaxial stress states on the various damage mechanisms in current and future
modeling e�orts.

A preliminary version of the CMC model including some simple fatigue
model was implemented in an existing ABAQUS UMAT subroutine and we
got the Figure 5.6 below.

Figure 5.6: Fatigue behaviors in CMC-Preliminary results

� An inherent characteristic of composite materials, which must be taken into
account, is the variability in strength and fatigue life data, and therefore,
fatigue life prediction. This variability is higher than that observed in met-
als. The structural reliability provided by the conventional deterministic
design approach (using safety factors) is di�erent for composite and metal
structures. Composite structures have to be designed with the same level of
con�dence as metallic structures and, therefore, uncertainty and sensitivity
methodologies are of interest. Besides the scatter in strength and life data,
the uncertainties of the applied loads also a�ect the reliability of a structure.
To deal with these uncertainties, a safety factor of 1.5, traditionally used
in aircraft structural design provides a high level of reliability although not
quanti�able. A probabilistic certi�cation method can provide additional and
useful information for a more e�cient structural design.

The following sub-sections provide additional information about the model en-
hancements and testing to be conducted.

5.5.1 The coupled chemo-mechanical CMC model

The chemistry component of the CMC material model covers the physicochemical
behaviors exhibited by CMCs. This model was developed separately from the
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CMC-damage model. Later on, the CMC-chemistry model will be incorporated
directly into the ABAQUS implementation. In the current CMC-chem model, I
considered the formation of an oxide layer on the �ber, oxygen di�usion through
the oxide layer, and the oxygen concentration around the �ber to determine the
degradation of the �bers. This formulation was implemented in MATLAB and re-
quires the solution of the reaction and di�usion di�erential equations. While this
approach is relatively realistic, it may be too di�cult and cumbersome for users
of the model. As a result, I propose to implement a more simpli�ed version of this
model, which considers the �ber's surface in direct contact with the ambient air
without accounting for the growth of an oxide layer and oxygen di�usion through
the oxide layer. Thus, the CMC chemistry will provide a means to address both
the more complex situations and the simpler situations associated with matrix
cracking and �ber oxidation.

With my students Joshuer Loper, Mari Martinez, and Jacob Pollak at California
State Polytechnic University, Pomona I simulated the stress induced on a crack
on the �ber based on the CMC chemistry model described in section above to get
the Figure 5.7 below. This �gure shows that as time goes by the �ber is loosing
its bearing capacity. Future works will improve the accuracy and quality of these
�gures and compared them with available experimental data.

5.5.2 Algorithm optimization

In terms of discretization of constitutive equations, stress integration algorithms
are a key component of FE routines implementing complex nonlinear elastoplastic-
damage models formulated in a di�erential form. During an FE computation, the
stress state is updated at each Gauss point by numerical integration of the relevant
constitutive model. Given that such operations are repeated many times during
one analysis, the accuracy, robustness and e�ciency of the integration algorithm
are crucially important to the overall performance of the material model. Sev-
eral alternative approaches are available for numerical integration of elastoplastic-
damage models. The constitutive equations are solved using two sequential itera-
tive algorithms: a �xed-point solver to determine the damage-dependent compli-
ance tensors, and a Newton-Raphson to calculate the stress. This approach has
not shown numerical instabilities in the current CMC user material subroutine but
for more complicated loading and structures, some instabilities may be expected.
First order implicit schemes can be linearized exactly yielding the so called con-
sistent tangent matrix. Using such a matrix, the Newton-Raphson method o�ers
a quadratic rate of convergence at the global level once the solution is su�ciently
close to the correct solution.

5.5.3 Parameter sensitivity and �tting procedure

The CMC material model uses several material constants that may be di�cult to
calibrate without intuitive initial guess solutions. Developing a �tting procedure
and software (that considers the experimental data, initial model parameter values
and parameter constraints, i.e., allowable ranges, and solution settings) can be very
helpful in calibrating material constants, particularly related to achieving optimal
values related to the results desired. The �tting procedure will invoke the CMC
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user material subroutine that will use the material constants as input and then
generate output variables to gauge the e�ects of input variations. An optimization
module will be designed to �nd values for a user-speci�ed set of parameters/ranges,
which will generate model points close to the experimental data.

5.5.4 Automating parameter selection

As part of a research e�ort, I plan to automate the selection process for the CMC-
damage and CMC chemistry models so that the user will have an easy means
to use the CMC material model. I used this approach for other material models
that have large numbers of parameters that needed to be calibrated, especially
when complex behaviors are to be captured. This is accomplished by developing
software speci�cally for �tting the model to test data.

5.5.5 Material testing for calibration, veri�cation, and validation

In the feasibility study of the CMC-damage model, it was di�cult to do an accurate
material model calibration, veri�cation, and validation since many details about
the tests and the data collected (i.e., boundary conditions, initial conditions, input
loads, strain gage placement, post-processing etc.) were not reported in the papers
found in the open literature. The goal in this research e�ort is to perform high
quality lab tests in collaboration with my partners at di�erent Universities and
research centers for which I will have a detailed knowledge about the test setup
and results. The comprehensive and precise material testing to be done will focus
on determining the mechanical and thermal properties of the CMC material to
be characterized by CMC-damage model. The test data will calibrate parameters
in the model related to capturing such behaviors as material anisotropy, thermal
e�ects on the properties of the �ber and matrix, and interface friction between
the �bers and the matrix material.
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Figure 5.7: Stress induced on a crack in a typical CMC at elevated temepratures



Chapter 6

Modeling of phase transformation
plasticity

6.1 Overview of the model

In this research topic I collaborated with Adetokunbo A. during his PhD disser-
tation (which he performed under the direction of Dr. Douglas Bammann) to
develop a complete non-linear thermoplastic-mechanical theory for the �nite de-
formation response of multi-phase materials with application to TRIP steels. The
research project is motivated by the need for a better understanding of heat treat-
ment and quenching of metal alloys. In the model, a continuum based evolving
material model for inelasticity (so called EMMI) developed by Bammann's frame-
work has been extended to capture the occurrence of more than a single phase
coexisting in a polycrystalline material. We also combined the EMMI framework
with thermodynamic ideas of Gurtin and coworkers on micro-forces, a new treat-
ment of interfacial stresses, and transformation kinetic laws because of Lusk et al.
The model parameters are identi�ed from the literature and optimization routines
calibrated at di�erent strain rates and temperatures.

A self-consistent model is used to account for phase interactions. The model
is then applied towards the stress-strain response of 5120 steel at various tem-
peratures, strain rates, and carbon content. Finally, a thermo-mechanical BVP
involving quenching of a hollow rod is tested numerically. The e�ect of including
transformation plasticity in the model is quanti�ed, as are the evolution of stress
and volume fractions of the martensite and austenite phases.

6.2 The model predictions

Figure 6.1 is an example of the model predictions illustrating the phase frac-
tion evolution; it shows that there is a full conversion from the austenitic to the
martensitic phase, see Figure 6.2-(a). However, in Figure 6.2-(b) the TRIP strain
is dramatically decreasing after full conversion. We are still looking for experimen-
tal results in the literature to validate Figure 6.2 shows our phase transformation
model �tted to the mechanical response of 5120 austenite and martensite steel to
experimental data.

Our work provides a valuable new contribution to the literature on theoretical
and computational modeling of transformation plasticity at �nite strains and high
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Figure 6.1: Numerical evaluation of e�ects carbon content. Multiphase EMMI
model coupled with phase transformation kinetics model evaluated at 0.05%, 0.1%
and 0.2% carbon content and 100C/s. Figure (left): Showing the kinetics of
transformation from austenite to martensite. Figure (right): Showing the TRIP
strain computed using the interfacial stress acting in the austenite and martensite
phases, respectively.

Figure 6.2: Comparison of experimental and numerical mechanical response of
5120 steel at various strain rates and temperatures for austenite and martensite.

temperatures. The theory has some novel aspects and is of suitable sophistication.
The numerical results show accuracy of the model and provide new insights into
the material response and importance of model features. The �ndings of this
project are summarized as a paper which has been accepted for publication into
the International Journal of Plasticity.

6.3 Research project

Model improvements. The model we proposed for transformation induced
plasticity is at infancy and this opens the door for further improvements. One
of these improvements is the interfacial stress formulation. In the current ver-
sion of the model, the formulation of the interfacial stress is based on a scalar
quantity as typical scalar strain hardening internal state variable. Our formula-
tion is similar to the one proposed by Mller and Seelecke [70], but accounts for a
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proportionality coe�cient z(z − 1), where z is the respetive phase fraction. The
proportionality constant is termed as a coherency factor and is aligned to coherent
interfaces between the martensitic and the austenitic phase. I plan to compare
the model's predictions with the one proposed by Mller and Seelecke [70] and ex-
plain how interfaces which are not coherent anymore (after a certain amount of
deformation), as this is the case in TRIP, are considered in our framework.

The other area of improvement is the transformation kinetics. In the current ver-
sion of the model we used the kinetics modeling of Lusk et al. It is known that
the transformation kinetics also depends on respective internal stress states which
our model has disregarded. I plan to develop an improved version of the transfor-
mation kinetics, where even internal stress is considered.

The scale transition in our model needs to be improved. The current version
of the model is based on a linear self-consistent scale transition rule. I shall
consider in future works non-linear scale transition rules which has been applied
successfully to perform the transition from macro-to meso-level and consequently
predict macroscopic mechanical responses because of a martensitic transformation
in steels, see for instance in Mller and Seelecke [70] for more insights on this speci�c
topic.

Numerical implementation, verification and validation. Future works also
include the incorporation of the current version of the model and its future im-
provement as presented above into a FE code (such as ABAQUS which is well-
known to be a good solver for coupled thermo-mechanical problems) and the
version and validate and numerical implementation. Quenching and other bench-
mark boundary value problems based on steel material of interests and found in
the open literature will be used for this purpose.
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Chapter 7

General conclusion

The report presents a summary of my past and current research activities which
consist of modeling of ductile fracture in porous metals under static and dynamic
loads based on nonlocal modeling methods, modeling of exoelectricity phenomena
at nanoscale, and dislocation and disclination defects in polycrystalline materials
using generalized continuum approach. I am also interested in modeling of ce-
ramic matrix composites under extreme temperatures and phase transformation
induced plasticity. One important result of my research work is that it has solved
the problem of unlimited localization of deformation and damage in porous duc-
tile metals impossible with standard ductile fracture models such as the Gurson
model (in the static case) or the Johnson and Cook model (for the dynamic case).
Another interesting result concerns the invention of a predictive capability for
CMC materials behavior in high temperatures which is of interest to aerospace
industries. Topics on modeling dislocations and disclinations defects and trans-
formation plasticity in steels are works in progress and have not yet matured to
useable tools.

I solved several boundary value problems based on the now well known but com-
plex GLPD model of porous ductile metals to help the user to grasp the physics
behind the GLPD model and to assess the accuracy of the computer implementa-
tion of this model into a FE code. I used successfully some of these problems to
assess the robustness of the projection algorithm the numerical implementation I
developed was based on.

Each topic of my research interests is described followed by a detailed plan of future
works and the practical usefulness for the engineering and science communities.
The report closes on a list of selected publications which support the various
research topics covered in this dissertation.


