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Abstract

Conventional Mean-field games/control study the behavior of a large number of rational
agents moving in FKuclidean spaces. In this work, we explore the mean-field games on Rie-
mannian manifolds. We formulate the mean-field game Nash Equilibrium on manifolds. We
also establish the equivalence between the PDE system and the optimality conditions of
the associated variational form on manifolds. Based on the triangular mesh representation
of two-dimensional manifolds, we design a proximal gradient method for variational mean-
field games. Our comprehensive numerical experiments on various manifolds illustrate the
effectiveness and flexibility of the proposed model and numerical methods.
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1. Introduction

Mean-field games (MFG) [27, 28| [31] study the behavior of a large number of rational
agents in a non-cooperative game. It has wide applications in various fields, such as economics
[T, 23], engineering [18, 50] as well as machine learning and reinforcement learning [16] [49]
51, 19]. Recently, mean field control problems have been extended into chemistry, biology,
pandemic control, traffic flow models, and social dynamics |35, 36, 37, 38, 22]. An important
task in mean-field games is to study the flow of all the agents in the state space and to
understand the behavior of mean-field Nash equilibrium.

Conventional studies of MFG focus on the choice of the state space as a Euclidean
flat domain, for instance, [0,1]? with periodic boundary conditions. Besides research on
Euclidean flat domains, there are existing works focusing MFGs on graphs [21] or graphon
state spaces [24], 26l 12]. However, such spaces may not be adequate to reflect the metric
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structure of state spaces in many applications. For instance, the problems of population
flows or resource distributions on the Earth are actually defined on a sphere. In machine
learning, the manifold hypothesis is commonly used [I7], 20], since many real-world data sets
are actually samples from low-dimensional manifolds in a high-dimensional ambient space.
Therefore, it is quite natural and necessary to explore mean-field game/control problems on
manifolds. In this work, we would like to generalize the concepts of finite horizon mean-field
games and mean-field Nash Equilibrium from Fuclidean spaces to manifolds and propose a
numerical method to compute the Nash Equilibrium.

In this study, we consider a game with infinitely many indistinguishable agents on a
finite-dimensional compact and connected smooth Riemannian manifold M within the time
interval [0, 1]. At any time ¢ € [0, 1], each agent is in a certain state x € M and the state of
all agents forms a distribution p(-,t) € P(M). For each agent at ¢, given its current state
x and the anticipation of future state distribution p(-,s), s € [¢, 1], the game is to optimize
a control v(x(s), s) to guide its future trajectory x(s), s € (¢, 1] in order to minimize a cost
JP(x,t,v). Therefore the optimal control v depends on the state distribution p. Although
the state change of any single agent does not change p(-,t), when all the agents take the
same control, the state distribution p changes accordingly. Thus the optimal control v and
the state distribution p are interdependent, and the Nash Equilibrium [44] [14], the special
pair of (v, p), is an especially interesting topic in mean-field game.

In the conventional Euclidean setup, it has been shown that the mean-field Nash Equi-
librium is the solution of a forward-backward PDE system [31], 28, 27]. We generalize this
result to MFG on manifolds. Meanwhile, for a potential mean-field game on a Euclidean
domain [311, [13] @, [10], its optimality condition is exactly the forward-backward PDE system
under mild conditions. Thus, the Nash Equilibrium can be obtained by searching for the
stationary point of the optimization problem. In this work, we show that the equivalence
between the PDE formulation and variational formulation of mean-field games still holds on
manifolds. It is worth mentioning that [48] studies dynamic optimal transport, a special form
of potential mean-field games, on manifolds. In this work, we consider more general forms
of mean-field games on manifolds, and we are interested in both the PDE and variational
formulations.

There are different approaches to numerically solve mean-field games on Euclidean do-
mains, such as finite difference methods [3, 2], monotone flows 5], 25], optimization algorithms
[8, 111, [52] and neural networks [15] 39 47]. We refer readers to the surveys [4], 32] for more
details of the numerical methods on Euclidean domains. In our manifold setting, we focus on
the variational formulation to compute the Nash Equilibrium numerically. With the help of
triangular mesh and computational geometry strategies [43], we approximate the manifold,
probability space, and vector field space and formulate the discrete optimization problem.
Once the discretization is provided, most of the existing optimization-based algorithms can
be adapted to solve the proposed discretization problem. In this work, we specifically use an
optimization-based algorithm proposed in [52] since it is flexible and efficient. This algorithm
is adapted from the proximal gradient descent method considered in [46), [, [7].

Contributions: As far as we know, we are the first to study mean-field games on man-
ifolds and propose computational methods for manifold mean-field games. We summarize
our contributions as follows:



(i) We generalize the concept of mean-field games to manifolds and derive the correspond-
ing geometric PDE formulation of the Nash Equilibrium.
(ii) We show the equivalence of the PDE formulation and variational formulation of mean-
field games on manifolds.
(iii) We propose a numerical method for solving the variational problem based on a proximal
gradient descent method. Comprehensive experiments demonstrate the effectiveness
of the proposed method.

Organization: Our paper is organized as follows. In section [2, we derive the PDE
formulation of mean-field Nash Equilibrium on manifolds. We also show that the PDE system
is the optimality condition of an optimization problem, the potential mean-field game, on the
manifold. We discretize the potential MFG problems in space and time domain in section 3]
and adapt a proximal gradient method to solve the discrete counterparts in section [l In
section [5, we provide numerical experiments that solve potential mean-field games with local
or non-local interaction costs on different manifolds.

2. Mean-field games on manifolds

In this section, we generalize the concepts of finite horizon mean-field games (MFGs)
and their variational forms from conventional Euclidean domains to smooth and compact
Riemannian manifolds.

2.1. Mean-field games on manifold

Let’s begin with some notations for convenience. We consider MFG on (M,g), a d-
dimensional compact and connected smooth Riemannian manifold with a metric g. As a
natural extension of MFG on Euclidean domains, controls at the state x € M are defined as
elements in Ty M, the tangent space of M at x € M. We further denote TM = {(x,p) | p €
TxM} for the tangent bundle of M; use I'(TM) for the set of continuous vector fields on
M; and write P(M) for all probability density on (M, g) under the volume measurement
induced by the metric g.

To derive a first-order MF'G system on M, we consider a finite horizon game on the time
interval [0, 1] with the state space M. More specifically, we assume that there is a continuum
number of agents, and each agent takes a state x € M at any time ¢ € [0,1]. We write the
state density of all the agents along ¢t € [0,1] as p € C([0,1]; P(M)); and assume that the
impact of any single agent to p is negligible. Since all the agents have the same goal in a
mean-field game, it is sufficient to take a representative agent as an example. Suppose that
an agent is in state x at time ¢, the agent aims at choosing a control v € C((¢,1];T'(TM))
to guide the trajectory

dx(t) = v(x, t)dt, (1)

in order to minimize the cost
JP(x,t,v) = /t [L(x(s), v(x(s), s) + F(x(s), p(-, s))] ds + Fr(x(1), p(-, 1)). (2)

Here L : TM — [0, +00) is the dynamic cost, F': M x P(M) — [0, +00) is the interaction
cost, p(-, s) € P(M) is the density of all agents at time s, and Fr : M xP(M) — [0, +00) is
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the terminal cost. Note that the control v and the state distribution p are involved interac-
tively. The optimal control v# := argmin, J?(x,t,v) generally depends on the evolution of
the state distribution p. Meanwhile, with given initial distribution p(-,0) := py € P(M), the
distribution of agents p is determined by the control v € C([0, 1]; I'(TM)) through equation
. The mean-field game problem is especially interested in a special pair of them, the Nash
Equilibrium, which is the same as the conventional Euclidean case [44. [14],

Definition 2.1 (Nash Equilibrium). A pair of control and state distribution (v, p) is called
a Nash Equilibrium if the following two conditions hold,

1. (Optimality) For any t € [0,1],x € M, J*(x,t,v) < J°(x,t,u), Vu € C([0,1]; T(TM)).
2. (Consistency) p(-,0) = pg where py is the state distribution of all the agents at ¢ = 0.
And p(-,t) is the state distribution of all the agents at time ¢ following the control v.

With the definition, if (v, p) is a Nash Equilibrium of a MFG on (M, g). The optimal-
ity condition ensures that v is the optimal control for given state distribution p, and the
consistency requires that v lead to the state distribution p.

According to [31, 28], in Euclidean space, a Nash Equilibrium can be described by a
PDE system, which includes a backward Hamiltonian-Jacobi-Bellman (HJB) equation by
the optimality condition and a forward continuity equation by the consistency condition. In
the rest, we will establish a similar PDE description of a Nash Equilibrium on manifolds.

Similar as the Euclidean case [31, 28], let the value function ¢ be the cost with the
optimal control,

p — ; P
¢ (Xa t) T veC([O,lln];fF(TM)) J <X7 t> V)' (3)

and H be the manifold Hamiltonian defined on the tangent bundle of M [34]

H:TM —R, H(x,q):= sup {—(q, P)ox) — L(x, p)} (4)

peTXM
we have the following theorem.

Theorem 2.2. If p,¢,v are Ct int, v is Ct in x, p,¢ are C? in x, and (v, p) is a Nash
Equilibrium of the aforementioned mean-field game on (M, g), then

v(x,t) = ?;I;grm/{ftl {L(X, p) + (Vmo(x,1), p)g(x)} = —0qH (x, Vpmo(x,1)), (5)

and p, ¢ solve
— 0i(x,1) + H(x, Vpo(x, 1) = F(x, p(-, 1)),
Oup(3,1) = Vg - ({36, )0 H (x, Vaa(x, 1)) =
¢(Xa1) :FT(Xap('>1))> p(',O) = po-

0, (6)

Before proving the theorem, we give several remarks to explain notations.

Remark 2.3. We emphasize that the metrics (-, )4(x), and operators V g, V o+ are based on
the manifold metric g as a generalization of the conventional equations which only depend
on the flat Euclidean metric. More details on differential geometry can be refereed in [33].
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For example, let M be a two-dimensional manifold embedded in R*® with an induced
metric g on the manifold. To be precise, consider X : = C R? - M C R3, (£, €?) —
X (&1, €%) as a local chart of M, then for any x = X (¢!, £%) on the chart, the tangent space
is TyM = span{0aX,02X}. The matrix representation of the induced metric g in the
coordinate chart X is provided as:

(00 X) 00 X (agl)()TaggX) | )

gx(x) = ((aQX)Tang (02 X) T 0 X

Any tangent vectors p,q € TyM have the corresponding coordinate decomposition p =
PO X + px 02X, q = qx0s X + ¢ 02X, and the metric g on each point x is

g(x) : TeM x TeM = R, (p, d)ge0 i= (Px  Pk) 9x(X) (g@ : (8)

Based on this metric, we have the following definitions of gradient and divergence operators:
1 [0aX
Vaiol) = (uox 2e0x) (st (55 )

Vi v(x) = (Vaetlgx G ) (10)

S N ik
Vdet(gx (x)) 4= 9¢°
where ¢y (€1, €2) = ¢(X (€1, £?)) is the local representation of ¢ under the coordinate chart X,

and the tangent vector field v € I'(TM) has the local coordinate representation v(X (&%, £%)) =
v (€4, 62)0a X 4+ 0% (£, €%)02 X . While the above definitions are provided in terms of a spe-

cific coordinate representation X, the definitions g(x), V¢ and V- v are invariant to

coordinates.

Remark 2.4. Following the settings and notations in the previous remark, we take the
quadratic dynamic cost function as an example,

1

1
L(x,p) == 5[l = 5(P: P)gix)- (11)
2 2

By definition, the Hamiltonian is

H(x,q):= sup {—<q,p>g<x>—%<p,p>g<x>}

peTxM
O XT '
= IS%ER{(—(& — o 0k~ ap’) (8§2XT) (O X O X) (gz)} (12)
p-,p
Loy oy (0aXT Ix
S ) an(l
1

Now we view TyxM = span{0:1.X, 02X} as a manifold and consider the nature coordinate



representation q = ¢ 0a X +¢% 02X and the induced metric gx(x). Then H(x,-) : TxM —
R has the coordinate form

1 1
Hyld' ) = B0 X +#00X) = 3 (0 ?)axt0 (%) (09)

and by definition of manifold gradient

OqH(x,q) = (Op Hx 92Hx) (gx(x)) ™! (ggﬁ) = (ax a%) 9x(x)(gx(x)) " (§§§) =

(14)
Remark 2.5. With manifold-metric-based notations explained in remarks 2.3 and [2.4] the
PDE system @ is a generalization of the PDE system in a Euclidean space. To see the
difference, we state the system @ in a coordinate chart X. Denoting px, ¢x, Hx and g

as the local coordinate representations of p, ¢, H and gx under X, respectively, we have the
coordinate representation of @

— Oox (€1, t) + Hy (X (51 &%), (Ogpx  Oe2px) ggl(fl &) = F(X(E, ), p(, 1)),

Qipx (§',€%,) — \/WZ o€ (Z\/det 9¢)px (9¢)y; ) 0,
ox (8,65 1) = Fr(X(£,¢7).p(+ 1)), px(&1,€%,0) = po(X (£, 6%)),

with 8, Hx evaluated at (X, (Op¢x Oe2dx) ggl) (€1,€2.1).

It is clear to see that the above system is consistent with the formula in the Euclidean case
by choosing M = R? and g as the conventional flat Euclidean metric. Though converts
a manifold PDE system to a Euclidean PDE system, in practice, we do not directly work with
it. Because the coordinate chart of a manifold is not easy to compute. Moreover, besides
its forward-backward and nonlinear structure, the PDE system becomes more complicated
under the coordinate chart.

(15)

Next, we prove theorem

Proof. By definition, the terminal boundary condition of ¢ is

¢(X’1) = FT(va('>1))' (16)

For t € [0,1), by optimality of ¢ and dynamic programming principle, for any A > 0

t+h
o) =m0 V(990 + PO, o) ds 4 olxtt-+ 1+
(17)
where x(t + h) )+ th s)ds. Assume that ¢ is C? in x and C" in ¢. Then by

Leibniz mtegral rule
t+h
d(x(t+h),t+h)=p(x,t) + /t [8@(){(3), s) + (Vamo(x(s), ), v(x(s), 3)>g(x)] ds. (18)
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Combining and , we have
t+h
| 100(x(s).5) + Plxs). o)) s
o o [ )60 0) 4 (T, ¥, )] s | = o
19

Dividing both sides by h and letting h — 0 shows that ¢ satisfies the HJB equation ([20))
on M.

- at¢(xv t) - peir}"lf/\/l {L(Xa p) + <VM¢<X, t)7 p>g(x)} - F(X7 p(’ t)) (20)

Plugging in the definition of manifold Hamiltonian
H:TM =R, H(x,q)= sup {—L(x,p) = (d;P)gx)} - (21)

pPETxM

we show that ¢ satisfies the HJB equation

- at¢<xa t) + H(Xv VM¢(X7 t)) - F(X,p(', t))v
¢(X7 1) = FT<X7p('7 1))

And by properties of the convex conjugate, we obtain the optimal control

v(x,t) = a:)reng/lVrll {L(x,p) + (VMmo(x,1), P)gx) } = —OgH (%, V d(x,1)). (23)

On the other hand, by consistency condition of a Nash Equilibrium, with initial density
po, p satisfies the continuity equation driven by v(x,t),

atp(xv t) +Vm- (p(X7 t)V(X, t)) =0,
(24)
,0<'7 0) = pPo-
And v being the optimal control v(x,t) = —0qH (x, Vamo(x, 1)) implies that p satisfies
atp(xa t) - VM ’ (p(X7 t)aqH(X7 VM¢(X, t))) = 07 (25)
P(', 0) = Po-

To summarize, the solution (¢, p) to the following PDE system gives us a Nash Equilib-
rium (v, p) with v = —04H (x, VMo (x, 1)),

- atgb(xa t) + H(Xv VM¢(X7 t)) = F(X7 p('? t))’
Oep(x, 1) — Vs - (p(x, )0 H (%, V (%, 1)) =
¢<X7 1) = FT(X> p(': 1))7 P(', 0) = po-

0, (26)



At the end of this part, we present some common examples.

Example 2.6 (Local mean-field games). When the interaction cost and terminal cost func-
tions take the local form. i.e. the cost at x only depends on the density at x. the corre-
sponding mean-field game is called a local mean-field game.

We list some common choices of F' and F7r here.

e F(x,p(-,t)) = B(x) with B: M — R. This interaction function gives a preference of
states. The agents tend to stay at x where the cost B(x) is low.

o F(x,p(-t)) = log(p(x,t)) + 1 and F(x,p(-,t)) = (p(x,t))?,p > 0. These interaction
functions discourage the aggregation of densities.

o Fr(x,p(-,1)) = (p(x,1) = pi1(x))* and Fr(x,p(-,1)) = log(p(x,1)) — log(p:(x)) + 1
with a given p;. These terminal functions encourage p(-, 1) to approach to the desired
terminal density p;.

Example 2.7 (Non-local mean-field games). The interaction cost function F' or terminal
cost function Frr can also take non-local forms. Take F' as an example. If K : M x M — R
is a convolutional kernel, and

F(x, p(-.t)) == /M K(x,y)0(, )duy, (27)

then the mean-field game is non-local. Symmetric kernel functions K with K(x,y) = K(y,x)
are of special interest to us. When K is symmetric, the PDE system is the optimality
condition of a variational problem [45] [40]. We provide detailed discussions in the following
section.

2.2. Potential mean-field games on manifold

According to [31], (I3]0, 10], when the state space is Euclidean, with H(x,q) convex in q,
oF OF

F= 5 , Fr = 5, =T , the local minimizer of an optimization problem and the corresponding
p p

dual variable is a weak solution to the MFG PDE system. In this part, we establish the

parallel results on manifolds. We formulate the potential MFG on a manifold and show that

the necessary optimality condition of this variational problem is exactly the PDE system @

under similar conditions on manifolds.

Theorem 2.8. Assume that L(x,p) is convezr in p € TxM at any x € M, and there exist
F : P(M) = [0,+00), Fr : P(M) — [0,+00) such that 5 (x) = F(x, p), TEE (x) =
Fr(x,p). Consider the optimization problem,

1nf Y(p,m // (x,t)L ( p(( )))dedt+/F J0)dt + Fr(p(-, 1))

subject to Op+ V- -m=0,p(-0) = po,
p € C([0,1]; P(M)), m € C([0,1}; '(TM)).

(28)



When p(x,t) =0, we take the conventional definition of L

L (X, M) _ {07 i mix,1) =0, (29)

p(x,t) +oo, if m(x,t) #0.

The following statements hold

1. If (p,m) is a local minimizer of (28)), then there exists ¢ such thatm = —pdqH (-, V pmP(x, 1))
and (p, ¢) is the weak solution to the MFG PDE system (0)), i.e. (p,¢) solves

- at¢(x> t) + H(Xv VM¢(Xv t)) < F(X> p('? t))a
p(x,t) — Var - (p(x,1)0qH (%, V pud(x,1))) =
¢(X71> < FT(Xap('71>>? p('70) = Po-

In addition, if p > 0, then (p, ¢) solves the PDE system ().

2. If for any (p1,m4), (p2, my) € C([0,1]; P(M))xC((0, 1;T(TM)), [5 [0, 6,V (p1, m01)(p2—
p1) + 0mV(p1,my) - (my — my)dyxdt > 0 implies Y(pa, my) > V(py,my), i.e. Y is
pseudo-convez in (p,m), and (¢, p) is a solution to the MFG PDE system @, then
m = —pdqH (-, Vmd(x,t)), and (p, m) is the minimizer of (28).

0, (30)

Proof. We first derive the KKT system of based on the theory of constrained opti-
mization [29]. We denote ¢ € C([0, 1] x M) as the Lagrangian multiplier for the continuity
equation, and then the Lagrangian of is,

Alp.mn.o) = | 1 [ sen (x 22 ) duxa + [ Flx, o )0t + Fr(x, ol 1)

_ /0 /M O(x,t) (Op + Vg - m) (x, ) pgxdt (31)

_ /0 1 /M p(x, 1)L (x, r;((}z’;)) dyxdt + /0 1.7:(X, p(-,1))dt

n /0 /M (%, )06 (x, 1) + (m(x, 1), Vard(x, £))] d ot

T Frxp(a 1) + /M —6(x, 1)p(x, 1) + B(x, 0)po(x)] dex. (32)

Since p > 0, p(+,0) = po, the KKT system of is

5PA(p7 m7 (b) Z 07 p(SpA<IO7 m7 ¢) = OJ
SmA(p, m, ¢) =0, (33)
8tp(xu t) + VM ’ m<X7 t) =0, :0<7 0) = Po-

Among the system (33)), dmA(p, m, ¢) = 0 yields

m(x,t)

O, L (x, T ) + Vao(x,t) =0, (34)
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and consequently m = —p0dqH (-, V) by convexity of L. Plugging in and simplifying

8, A(p, m, @) > 0 then gives

- at¢(X7 t) +H<X7 VM¢(X7 t)) S F(X7p<'7t))a (35)
¢<X7 1) < FT(Xv p(? 1))7

and the equality holds when p(x,t) > 0. Combining above, we see is exactly the KKT
system (33)).

According to optimization theory [29], because the constraints of are linear in (p, m),
the KKT conditions are necessary for the local minimizer, and thus the first statement
holds. In addition, when ) is pseudo-convex, the KKT conditions are sufficient for the
minimizer [42]. Since the PDE system () implies the KKT system of (28], the second
statement holds. O]

With the above theorem, the forward-backward system @ can be solved by searching
for the local minimizer of variational problem . In this study, we majorly focus on the
variational problem ([28]).

In the rest part of this section, we present some examples of potential mean-field games
as well as their corresponding PDE systems.

Example 2.9 (Quadratic dynamic cost with local interaction). Let L(x,p) = %||p||3(x) and
the local interaction and terminal costs
Flo.) = | plx.t)log(plx, 1) duex.
~ (36)

Frlpte ) = [ plx.1)1og (%) dpex.

where p;(x) is a given density. With these choices of costs, L(x, -) is convex in p € TxM and
the objective function ) is pseudo-convex in (p, m). According to theorem , searching for
the optimizer is equivalent to solving a mean-field game PDE system. To be precise, if the
optimizer p > 0, then the KKT system of this potential game is

01006, 1) + 5 V065, ) ) = loB (oo, 1)) + 1,
Op(x,t) = Vour - (p(x, 1)V o (x,1)) = 0, (37)

o) =tog (22 ) 11 00 =

and v = —V y¢(x,t). It is easy to check that this system is the PDE formulation of the
mean-field game with

Fx, p(,)) = ”;/ﬁp) (x) = log(p(x, 1) + 1,
- (38)
Frlxple ) = “ZE ) = tog (2 ) 1



Example 2.10 (Quadratic dynamic cost with non-local interaction cost). Let L(x,p) =
%||p||§(x) and the local terminal costs be

Frlple1)) = [ 5loloe.1) = 1) (39)

with a given density p;. We consider a non-local interaction cost

1

Floe) =5 [ Kixyloe oty iduxduy. (40)

where K(x,y) = pexp (—25d2(x,y)) is a Gaussian kernel based on the geodesic distance d,
of (M, g). The KKT system of this variational problem is

— 0u0(.t)+ 5 Va0l g = [ KGy)olydaey

dp(x,t) — V- (p(x, 1) Vamo(x, 1)) = 0,
P(x,1) = p(x,1) — p1(x), p(-,0) = po.

(41)

and v = —V y¢(x,t). This system is the PDE formulation of the mean-field game with

0F(p
Flxipte ) = 5200 = [ KOx vty tidaey
; (42)
3 Fr(p)
FT(X7p<’71)) = 5/) (X) :p(Xu]-) _PI(X)‘
= JuK y, t)dapy holds because K is symmetric, i.e. K(x,y) =
K(y,x). For general non symmetmc kernels the corresponding interaction cost function can
be written as F(x, p(-,1)) = [, GK + 1K (y,x)) p(y, t)dumy.

3. Discretization on Manifolds

The optimization problem is defined in an infinite-dimension space and in general
is solved approximately using appropriate discretization. Although with coordinate charts,
we can recast a manifold mean-field game to a Euclidean mean-field game, it is neither
practical nor efficient, because it is not easy to compute the global coordinate chart of a
manifold and the formulation of the problem under a coordinate chart can be extremely
complicated. Therefore, we directly work on the manifold. In addition, our intrinsic method
can be combined with conventional optimization methods naturally to handle the control
problems on manifolds. Different from conventional MFG problems in Euclidean space,
we need to approximate the ground manifold as well as functions and vector fields on the
manifold. In this section, we focus on two-dimensional manifolds and discuss the discrete
counterpart of . We first approximate the manifold with a triangular mesh. This leads
to a semi-discrete version of and its associated KKT system. After that, we derive
a fully discretized version for our numerical implementation by equally splitting the time
interval.
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3.1. Space discretization

We follow a conventional approach [43], 30] to approximate a two-dimensional manifold
M by a triangular mesh M, which is a set of non-overlapping non-degenerate triangles
with no vertex of one triangle on edge (excluding both endpoints) of another triangle. For
simplicity of notations, we assume that M C R? and represent the triangular mesh M with
the set of vertices V = {V; € R*}]; and the set of triangles T = {T;}5_,. We would like
to remark that our model and numerical methods can be straightforwardly extended on
two-dimensional manifolds embedded in higher-dimensional spaces as long as a reasonable
good triangular mesh approximation of the manifold is available. In section [5.3] we conduct
a numerical experiment on a two-dimensional unit sphere in R%.  Figure [1| shows several
triangular meshes used in our numerical experiments later. For convenience, we also abuse
our notation M for the piecewise linear approximation of M obtained from the given
triangular mesh.

kitten homer

t

Figure 1: Triangular mesh approximation of some manifolds.

-

For a real-valued function ¢ : M — R, we approximate it with a piece-wise linear
function ¥ : M — R, where on vertices ¥(V;) := ¢(V;) and on each triangle ¥(x)

A~

is linear. In this way, any piece-wise linear function on M is fully represented by its
(1)
values on vertices. With a slight abuse of notations, we denote ¥ := : as a
U(Vh)
vector in R". By piece-wise linearity, the gradient of W is a piece-wise constant vector
field. For consistency, we let TM := U3_, spanT; mimic the tangent bundle, I'(TM) =
. UNT})
U:T— TM,U(Ty) = | U*(T;) | €spanT} p denote the set of piece-wise constant vec-
U3(T;)
tor field. Similar to the function discretization, we use the matrix U = (U LU U 3) =
()’
: € R**3 to fully describe the vector field.
W)’

12



Y (V)

I |
Dual cell of V;
L ‘1

Figure 2: Tlustration of definition of areas, functions and vector field on triangular meshes. (Left: gradient
operator on one triangular face, right: dual cell of V;.)

Given any ¥ : M — R, its gradient V¥ € F(T/\/Z) can be written as VWU =
(G'U G?U G*V), where G*,G?,G® € R**" provides a discretization of V. To see this,
take a triangle 77 with vertices Vi, V5, V3 as an example (see the left image in Figure . We
first parameterise T} by

V(ELE) =g (le-N)+&(Va - W), 0<¢,¢<1¢ +8<1 (43)

Thus the induced metric on 7] is the constant matrix

:(<v2—v1,v2—v1> <v2—v1,v3—v1>) (44)
I\ - ve—vi) (-W,s-W))
Because W restricted on 77 is linear, we have

V(€)= (V(Vo) — U(Y)) + E(U(V3) — U (V1)) (45)

The definition of gradient gives us

w(Vh)
(Vo= Vi, (Vg @)(T)) _ (®(Va) = ¥(VA)) _ (=1 1 0
(<v3—v1,<Vﬁ§wD><T1>>)‘(\If(vg)—m(vl))—(—l 0 1) iEQ - (46)

Since (V V)(T1) € spanTy, it is clear that the gradient of ¥ on T; has the decomposition
1

(Va)(T) = (Vo —Vi, V5—V) <52) and therefore we have

(b ) =9 (). o

13



Because the triangle is non-degenerative, (46)) and together solves p!, p?

Ge) = (5o 1) ) 9

And this implies

. ¥(Vi)
Va0 = (G- Vi =g (1) g ) g (19)

Assigning G4(T,V;) = 0 for V; € V\{V4, Vo, V3},d =1,2,3 and

Gl(Tla‘/l) GI(TD‘/Z) Gl(Tb%) -1 1 0
G(1) TV GV | = (- vt (2] 1)) 60
G3(T17‘/1> G3(T17‘/2> G3(T1"/3>

assures (VgU)(Th) = ((G'O)(T1) (G*V)(T1) (G*V¥)(Ty)). Following the same approach
to define G4(T},V;) on T; € T, we have V ¥ = (G'U  G*¥ G30).

Next, we define the discretization of the divergence operator based on its adjoint relation
to the gradient operator. Consider the following discretization of surface area and inner
product. Let Az, be the area of triangle T; and Ay, := %Zj:‘/ieTj Ar, be the area of the
barycentric dual cell of V; (Figure[2right), and denote Ay := diag(Ay;, - , Ay;) € R"" and
Arp = diag(Agq,, -+, Ar,) € R%*° be the mass matrices of vertices and of triangles. We then
define the inner products of vector fields as (Uy, Up)p = tr(U] ApUs) = S25_ (UHT ApUY
and of functions as (W, Wy)y := \IflTAV\IJQ. To preserve the adjoint relation between negative
gradient and divergence under the above inner products, i.e. (=V 5V, U)r = (¥, V- U)v,
we assign V- U= — S5 AN (G T ArU? € R,

We use P, M to represent the discretization of p,m on the triangular mesh M. ~With
the notations of area, we write the set of probability density functions on M as P(M) :=
{P eRY : AyP = 1}. If the the initial density is given as Py € 77(//\2), the semi-discrete
constraint is then

d
T PVat) + (V- M) (Vi) = 0, P(-,0) = P,

P e C([0,1;P(V)), M € C([0,1]; T(TM)).

For the objective function, let W : R* — R* : U — U, W(T)) = w({p(V;) : V; € T}})
average the density values on each triangle. Below, we list some typical choices of w :=
w ({p(V1), p(V2), p(V3)}).

(i) Arithmetic mean:

(51)
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(ii) Geometric mean:

(iii) Harmonic mean:

. -1
w::3<zi:m) )

We remark that these choices of average functions are useful in defining the related discrete
mean-field variational problems. They connect with the gradient flow studies of Markov pro-
cesses on discrete states. See related studies in [41]. For simplicity, we select the arithmetic
mean (i) in this work.

We evaluate the dynamic cost on At;iangleg.\:Lv CTM — R, and the interaction and terminal
cost on vertices F : P(M) — R, Fr : P(M) — R. With a suitable choice of triangular
mesh and discrete cost functions, the continuous cost is approximated by

~ . — ~ M(T;, e ~
V(P, M) ::/0 ;AT].P(Tj,t)L (TJ%) dt+/0 F(P(,t))dt + Fr(P(-,1)), (52)

where P(-,t) = W(P(-,t)). The semi-discrete formulation of on triangular mesh M is
then

min  Y(P, M)
P,M
, d (53)
subject to &P(Vi,t) + (V- M) (Vi t) =0, P(-,0) = B,

P e C([0,1; P(M)), M € C([0,1); T(TM)).

Remark 3.1. Recall that in the continuous setting, we show that the local minimizer of the

optimization problem (28] solves the PDE system with F(x, p(-,t)) = %{g’m(x) and

Fr(x,p(-,1)) = %’;}”m(x). Since the constraint of remains linear, the local minimizer
of this semi-discrete problem also solves a KKT-based ODE system

( d Ap, OP(T;,t) ~ 1 ~
- — , A S LA , — A < : .
2t +Z 4o (T (Va®)(T5,0) < G-0ewy F(P(, 1),
d — ~
SP(Vit) + (Vg M) (Viot) =0, M(T;,t) = =P(T3, )0 H (T, (V i) (T;, 1), OV

1 —_—
(I)(‘/“ ].) S E@p(m}}(P(, 1))7 P(,O) - Po,

\

where

H:TM =R HT;,Q) = sup {~L(T;,U(Ty) - (Q.UT;)}.

U(T;)espan T}
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Note that A, 8P(Tj’ t)

gvze::r Ay, P (Vi t)
If in addition, Jp V).F(P( ,t)) /Ay, and Op V).FT( (+,1))/Ay; approximate the costs F'(x) and
Fr(x) evaluated at x = V;, then (H4) is a semi-discrete formulation of and is therefore
consistent with (6]).

H (T}, (V 5®)(T}, 1)) is an approximation of H(V;, V.o (V;, t)).

Before discretizing the time interval, we discuss the semi-discrete formulations of exam-

ples 2.9 and [2.10]

Example 3.2 (Quadratic dynamic cost with local interaction). This is a discretized coun-
terpart of example [2.9] Recall that in the continuous domain, Since we choose the surface
metric as the 1nduced metrlc, then for U(T}) € spanTj, the dynamic cost is provided as

= S S WUm) = S U@ (5)

d=1

L(Ty, U(T;

[\:)I)—l

And we approximate the interaction and terminal costs F, Fr by

ZAV V;,t log(P(‘/lat))u

S (H52)

With w being the arithmetic average, if the optimizer P > 0, then the discrete KKT system
is

(56)

¢ d Ar; 1 2
7:Vi€Ty i

d
dt

o(V;,1) =1o (

PV t)+ (Vg - M) (Vi t) =0, M(Tj,t) = —P(T;, t)(V g®) (T, 1),  (O7)

PV;,1)
iy )

P(-,0) = P,.

\

Example 3.3 (Quadratic dynamic cost with non-local interaction cost). This is a discretized
counterpart of example [2.10f, On triangular meshes, we use the following dynamic and
terminal costs,

LT, U(Ty) = 5 10T

(58)
ZAV P(V;,1) — Pi(Vi)*.

And for the discrete interaction cost, we choose d7(V1,V2) being the length of the shortest
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path connecting Vi, V5 to approximate the geodesic distance,

. ||V; Z 1||R3 n_oalv"' V ‘/17‘/1” _‘/27
d7(Vi,V2) = min ,; L . (59)
Vk =1,---,n, there exists T}, such that V;, ,,V;, € T},

And we define the kernel as K(V4, Va) = prexp (—%dfq(vl, Vg)) and the interaction cost as

ZZAV K(V;, Vi) Ay, P (V):%P(-,t)TAV[?AVP(-,t). (60)

Similarly, if w is the arithmetic average and the optimizer P > 0, the discrete KKT system
is

(d At 1 2 ~
— a2Vt D s NVRDT Dl = D K (Vi Vo) Av, P(V).

J:VieT; i/

%P(Vi?t) + (vﬂ ) M) (Viat) =0, M<Tj>t> = _I_D(jyvt)(vﬂq))(ﬂvt)> (61>

kq)(‘/;>1):P(‘/i’1)_Pl(‘/;)v P('>0):PO-

3.2. Time discretization

To numerically solve , we fully discretize the problem by dividing the time interval
[0, 1] into n segments and let ¢, = % Now we consider the density on central time steps P =

{P(,tg) }k=1,...0 € (P(M))" and the flux on staggered time steps M = {M (., tk—%)}k:Lm n €
(I(TM))".

Let the time differential operator be
~ 1
(8tp)('atk—%) = {Ui

/

Then the discrete constraint set C(Fy) is

Epy {(P, M) (OP)(Visty1) + (Vg M) (Vi ty 1) =0,V € Vik =1, n}
v P e P(M))", M € (T(TM))" '

(63)

Additionally, letting

Pty 1) i= %W(P(-,tk)) FSWPC6), k=1

M<Tj>tk—%) 1 e ~
;;AT Gy b 1L<E’F<Evtk—é)>+gk:1F(P( )+ Fr(P(-,t,))

(64)



we formulate the discrete optimization problem as

tnin V(P, M) + X (P. M). (65)

0, xeC
+o0, x¢°C
In the next section, we focus on solving the optimization problem ([65]).

Here x is the indicator function x¢(x) = { of a convex set C.

4. Algorithm for Solving Variational MFGs on Triangular Meshes

In this section, we adapt the fast algorithm proposed in [52] to solve the discretized
potential mean-field game (65). This algorithm is based on a proximal gradient method
(PGD) [46], [7].

To solve , we conduct gradient descent on the smooth component Y of the objective
function and proximal descent on the non-smooth component Xé(ry)- The gradient descent
step is trivially

(p(“r%)?M(l%)) = (PO, MW - NV pn Y PV, M©) (66)

with stepsize n). The proximal descent is exactly the projection to C| (Py). The projection
guarantees that the continuity equation is satisfied and therefore the total mass does not
change over time. To conduct the projection step, let the inner product in discrete spaces

be
Uy, U, € (P(M))", (U1, Wa)y,y = —Z (5 te)v,s

U, U; € (F(TMV))”7 <U17U2>T,t = ﬁ E <U1('vtk—%)7U2('atk—%)>T’
k=1
Then

(P(Hl),M(lH)) —pr03~( )(p(l+ 3 U+ )) = argmin HP pl+3)

o=
(P,M)eC(Py

Tt

(67)
To solve the optimization problem (67)), we introduce a dual variable ¥ = {¥(-, tkfé)}kzly... n €

(P(M ))™ on vertices and the staggered time steps. The Lagrangian is therefore

A(P, M, ) ; ’

Tt
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If we define 5; as

~ (Wt )= V(1) k=1,2,--- ,n—1,
Gy b = L Ol T O ) (69
I/—n\I}(’,tn_%), ]{? =n,
then the Lagrangian is also
1 whl? L (i+3)
AP M, W) = ||P = PO o —
2 vie 2 Tyt
N
+ n kz«at W) (s te), P i) v — <\Ij('?t%)’ Po)v (70)
=1
1 n
STt y), M b))
k=1
Thus the saddle point (P, M, V) satisfies the linear system
(OP) (s ty1) + Vg M( 1 1) =0, k=1, ,n. (71)
and ) _
{ P(7t/€) = P(H_?)("tk) - (8:\11)(7tk)a k= 17 e, N, (72)
1
M('vtk—%) = M(Zﬂ)(-,tk_%) + Vﬂ‘l’(wtk—;)a k=1,---.n.
Note that 575 is a full rank operator, for k =1,--- ,n, ¥(:, tk_%) is the unique solution to

Since this linear solver is invariant to the data and the iteration number, in practice, we
precompute it to save cost in the main iteration.

To make sure the density is positive, we conduct the following safeguard step with a small
positive value € after the proximal descent step.

pl+s) = maX(P(H%), €). (74)

We summarize our algorithm in Alg. [I

5. Numerical Examples

In this section, we conduct various experiments to show the effectiveness and flexibility
of our mean-field game models on manifolds and the proposed numerical method. We pro-
vide numerical results on different manifolds. Most of these manifolds are non-Euclidean,
thus conventional settings of mean-field games cannot handle them. In all of our experi-
ments, we choose the induced metric for the manifold geometry, the quadratic dynamic cost
L(T;,U(T},1)) == 3>, (Ud(Tj,t))Q, and the arithmetic average w. The interaction and
terminal cost terms vary from examples and will be specified later. All of our numerical
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Algorithm 1 PGD for MFG on discrete mesh
Parameters P, .
Initialization P©) € (P(M))", and M© € (T(TM))".
for [=0,1,2,... do
gradient descent

(p(l+%),M(l+%)> _ (p() MO ) VPMy( M(l))
proximal descent for k=1, ---,n, solve ¥ for

(B0 tys) = Vig - Vig®leta) = @GP 2) (1) + Vg MUTD (-, 0);
and conduct

PUD( 4,) = p(l+%)(.’tk) _ (52‘\11)(-7%), k=1,---.n
M(H_l)('atk—%) _ M(l+%)(~,tk_%) + vﬂqj(.,tk_%% k=1,---,n

safeguard pU+3) — max(P(”%), ).
end for

experiments are implemented in Matlab on a PC with an Intel(R) i7-8550U 1.80GHz CPU
and 16 GB memory.

5.1. Numerical convergence analysis

In section [3|, we derive the semi-discrete PDE system from the optimality condition
of the semi-discrete problem and show that it is consistent with the PDE system of the
continuous mean-field game (@ In this section, we conduct a numerical experiment to show
that the discrete minimizer of approaches the continuous minimizer of when the
mesh is refined. A theoretical convergence proof of the optimizer is out of the scope of this
paper and will be explored in the future.

Consider a Euclidean subspace M := [0,1]*> C R? and its uniform equilateral triangula-
tion. Let the dynamic cost be L(x, p) = 3||p[|3, the interaction cost F = 0 and the terminal
cost Fr = t,,, an indicator function of a given density p;. Then the problem becomes an
optimal transport problem. Taking p(x,0) = 27 + % and p(x,1) = 1 gives a closed-form
solution of the optimizer and the corresponding minimal objective value. As computed in

[52], the ground truth are Y* = 3= and
1
Tt 3 t=0,
prxt) = )+t —1
s Ft=1 g oy
ts(x,t)
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1

Lo - (2 1), =0
mi(x,t) = { . 3=ty DW= 34,

2 s(x,t) — o .

2 o T\ 8t3s(x, 1) 26> -

with s(x,t) = \/Ztatl + (& - 1)2 and mj = 0.. Let n be the number of discretization

points in time and % be the length of the triangles on the mesh. For given (n,n,),
we apply our algorithm to find the minimizer of the discrete problem and compare
the objective value and numerical minimizer with the ground truth. We pick (n,n,) =
(8,16), (16, 32), (32,64), (64,128) and plot the error in figf3] It shows that when the space
and time discretizations are refined, the numerical minimizer approaches the continuous
minimizer and minimal objective value approaches the ground truth.

412~ 5 004 '
o 0.04¢
3 £ ol
B P 0.035¢ N~
27 ] N\
o S 003} =
[} = N
= g N
84l ‘5 0.025| g
S £ N
2 i N
S oo -
10’ 102 10’ 102
n n

Figure 3: The error of discrete objective values and optimizers with the continuous ground truth as the
triangular mesh is refined.

5.2. MFGs with local interactions

In this part, both F and Fr take local forms for all experiments.

The U.S. map based triangular mesh. We first consider a U.S. map based triangular mesh,
which is the discretization of a subdomain on a spherical manifold. Assume that there are
two obstacles on the map and it takes extra effort for masses (agents) to pass through the
obstacle region Cp C M. We define B : M — R be the piece-wise linear indicator of the
obstacle with B(V;) = 1, VieCp (see Figure || obstacle).
0, Vi, e CB

We pick the initial density Py shown in Figure ] ¢ = 0. The mass concentrates in
California. We let the mass move freely during the time interval. To reflect the impact
of the obstacle, we choose the interaction cost F(P(-,t)) = 50 Z?:l Ay, P(V,,t)B(V;). We
also encourage the mass to stop in the central and eastern parts at the end. To achieve
this, we define the terminal cost Fr(P(-,t)) = 15 S Ay, P(Vi, t,)Bp(V;) with Bp(V;) =
{1, 105°W < the longitude of V; < 130°W,

0, otherwise.
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Our numerical results in Figure [] show that the density in the obstacle region remains
low. This means the mass circumvents those areas very well. In addition, at ¢t = 1, the
density in the central and eastern areas is generally denser than that in the western, which
meets our expectations.

obstacle t=0.1875 t=0.40625
100 10
80 8
60 6
0.5 a0 .
20 2
0
25
6 20
4 15
) 10

Figure 4: Nlustration of obstacle indicator B (column 1) and snapshots of a MFG on the US map (column
2.4).

“87-shape with obstacles. In this example, we demonstrate that our model and algorithm can
successfully handle manifolds with complicated topology. We consider a “8” shape surface.
Similarly as before, we assume there are obstacles on the manifold and the indicator of
the obstacle B : M — R is shown in Figure . In plots afterwards, we indicate the
obstacle region with a different transparency. We pick the initial density P, aggregating on
the one end of “8” and the desired terminal density P; on the other end (Figure [5(a)). For
the interaction cost, we still choose F(P(-,t)) = 50 S Ay, P(Vi, 1) B(V;) to avoid obstacle.
And we write the terminal cost as }:;(P(-, t) =5 Z?:l Ay (P(V;, 1) — Py(V;))? to push the
terminal density P(-,1) to the desired P;.

We list the snapshots of resulting density evolution in Figure . These results show
that the mass produced by our model successfully circumvents the obstacle on this genus-2
manifold. Additionally, the terminal density mainly aggregated in the support of P; as we
expect.

Irregular Euclidean domain. Besides introducing B to impose a soft constraint of the ob-
stacle, the general setup on manifolds enables us to have a different implementation for the
hard obstacle constraints.

For example, consider an irregular Euclidean domain shown in Figure[6|with white regions
punctured. Instead of handling the complicated boundary conditions when conducting mean-
field game problems using conventional methods in Euclidean spaces, We view the region as
a two-dimensional manifold and use a triangular mesh to approximate it. Then we directly
apply our algorithm to the mesh without the shape complexity concern.

The initial density P, and desired terminal density P; are approximations of two Gaussian

distributions. And we choose terminal cost as Fp(P(-,t)) = 10 S Ay P(Vi, 1) log (i%f;)
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manifold obstacle

§ &8 & 8

) Illustration of the manifold, obstacle, initial density and terminal density

w

t=0.125 t=0.21875 t=0.34375 t=0.4375
25
25
20 30 30 20 =
15 20 20 15 20
10 10
5 10 10 = 10
t=0.5625 t=0.65625 t=0.78125 t=0.875

t=1
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30
30 v 20
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20 10
10 10
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(b) Snapshots of the evolution

Figure 5: Illustration of the model and snapshots of the density evolution.

to push P(-,1) to P. In Figure @ we compare the results with a vanilla interaction cost
Fo(P(-,1)) =0 ( Flgure and with a disperse cost Fy(P(-,t)) = S Ay, P(Vi, t) log(P(V;, 1))
(Figure . We see that with ]-"d, the mass is prone to segregate during the evolution.
To understand this, we refer to the original game description. With ]T"d, we actually solve

a mean-field game with F(x, p(-,t)) = log(p(x,t)) + 1. To reduce the cost .J, agents prefer
locations with lower F(x, p(-,t)), i.e. lower density p(x).

Homer surface. As the last example with local cost, we work with the surface of homer. We
pick the initial density F% concentrating on the belly and the desired terminal density P
on the end of hands and feet. Fixing the terminal cost Fr(P(-,1)) = 32?:1 Av.(P(V;, 1) —
Pl(V)) we compare the vanilla interaction cost F,(P(-,t)) = 0 and congested F,(P(-,t)) =
ol Zl | Ay, \/ PV, t)+ }O 4, The choice of }" actually corresponds to the mean-field game
with F(p(-,t)) = W/ ETTS To reduce the cost during evolution, the agents tend to

aggregate for a larger density value.

We solve the games with F,, F. to obtain the local minimizers (o, My), (P, M.) and
report the corresponding dynamic cost, terminal cost and value of ]-"c in Table I We also
show and compare P,(-,t), P.(-,t) at several time steps in Figure |7, The costs in Table |1
show that our algorithm effectively reduces the interaction cost. From the snapshots, we
observe that with the congested interaction cost, the mass move in a more compact manner.
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t=0.25 t=0.5 t=0.75

(a) MFG with vanilla F,(P(-,t)) = 0

t=0.25 t=0.5 t=0.75

10 =a

(b) MFG with disperse Fq(P(-,t)) = Z?zl Ay, P(V;,t) log(P(V;,t))

—
(=]

(RS S = R e ]
N B3

Figure 6: Snapshots of MFGs with different interactions on constrained Euclidean space.

t=0
1
0.8
0.6
0.4
0.2

t=0.25 t=0.5 t=0.75 t=1

0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2

) MFG with vanilla f =

t=0 t=0.5 £=0.75 t=
1.5
1 1.2 0.6
0.8 1 1 _
0.6 0.8 0.4
0.4 0.6 -
A 0.4 %
0.2 0.2 0.2
(b) MFG with congested F(P =15 ZZ LAy, /P(Vi,t) + 10—

Figure 7: Snapshots of a MFG on the homer surface.

Table 1: Comparison of dynamic, interaction and terminal costs for experiments on the homer surface.

‘ dynamic cost %ZZ;; Fo(P(-, 1)) terminal cost

vanilla 0.0079 0.0393 5.5 x 107°
congested 0.0084 0.0378 8.2 x 1075
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5.3. MFGs with non-local interactions

In this part, we show some mean-field games with non-local interaction costs.

The unit Sphere. In this example, we work on the triangular mesh of the unit sphere in five-
dimensional space. We first generate the mesh in three-dimensional space and then patch
zero to put the vertices in R5. After that, we apply a rigid transformation to the sphere by
multiplying the coordinates of the vertices with an orthogonal matrix. The initial density
Py and desired terminal density P; are spherical Gaussian. Again, we use the terminal cost

.%;(P(-, t)) =0.5 Z?:l Ay, P(V;, 1) log (1;(1‘&1))) . We then compute the game with vanilla in-

teraction cost F,(P(-,t)) = 0 and non-local F, (P(-,t)) = 25 S S APV, VK (Vi Vi JAv, P(Vir).
The kernel is defined as

[?(V;, Vi) = exp (—(arccos ViTVi/)Q/Uz) .

Here 0 = 0.1 and V;'Vy is the inner product of the two vectors in Euclidean space and
arccos V; ' Vi is the geodesic distance between V; and V; on the sphere. We use the ground
truth geodesic distance for simplicity. One can also compute the shortest path on the mesh
and store it when pre-processing the manifold. We conduct the quantitative and snapshot
comparison in Table 2] and in Figure [§] To view the result, we inversely transform the
sphere in R® to R? and plot the mesh therein. The table shows our algorithm effectively
leverages the dynamic, interaction and terminal cost when taking the non-local cost ;,. And
the comparison in Figure [§ clearly illustrates that the non-local cost Fon encourages Mmass
dispersion.

t=0 t=0.25 t=0.5 t=0.75
0.3

0.1

(a) MFG with vanilla F,(P(-,t)) = 0.

t= t=0.25 t=0.5 t=0.75 t=

0.1

(b) MFG with non-local F,,(P(-,t)) = 25 1" | 3., Ay, P(V;) K (Vi, Vir) Ay, P(Vir).

Figure 8: Snapshots of MFGs with different interactions on the sphere.

Kitten. In the last example, we work with the kitten surface (Figure E[) Let the initial
density F, concentrate on the paws and the desired terminal density on the ears. We

25



Table 2: Comparison of dynamic, interaction and terminal costs for experiments on the sphere.

‘ dynamic cost - Sy Fu(P(-,t;)) terminal cost

vanilla 0.0267 0.1220 0.0023
non-local 0.0292 0.1152 0.0036

take the terminal cost Fr(P(-,1)) = S Ay, (P(Vi, 1) — Pi(V;))? to push the mass mov-
ing from bottom to top. We also compare the non-local interaction cost F,(P(-,1)) =
LS Sy AvP(Vi K (Vi Vi) Ay, P(Vir,t) with the vanilla F,(P(-,t)) = 0 in Figure [J
The kernel is chosen as a weighted Laplacian matrix on the triangular mesh

3 s

RV Vi) = = SOS Ay GUT, V) GAT, Vi),

With this choice, the interaction cost is exactly

Fu(P(-,1)) = %ZATJ. (V& P) (T )l

and approximates £ [ |V up(x, t)H2 dapx. To reduce this cost, the density at each time
step P(-,t;) tends to be ~smooth on the space domain. The quantitative result in Table
shows the value £ /") F,(P(:,t5)) is reduced by adding F,, to the objective function. And
the comparisons of densfmes and colorbars in Figure |§| show that with F, in the objective
function, at each time step, the density distributes more uniformly on the manifold.

t=0 t=0.25 t=0.5 t=0. 75 t=1
5 2
4 15
3 4
5 1
1 0.5 =
(vanilla) MFG with ]-"
t=0 t=0.25 t=0.5 t=0.75 t=1
. ’
0.9 5
4 0.8
; 0.8 0.75 4
0.7 0.7 0.6 :
0.6
1 0.65 y
0.5 0.4

(non-local) MFG with F,,(P(-,t)) = 1 S0 S, Ay, P(Vi, ) K (Vi, Vir) Ay, P(Vir, )

Figure 9: Snapshots of MFGs with different interactions on “kitten”.
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Table 3: Comparison of dynamic, interaction and terminal costs for experiments on “kitten”.
: 1 n—1 7= .
‘ dynamic cost >~ Fn(P(,t;)) terminal cost

vanilla 0.5998 213.6033 0.0312
non-local 1.2429 0.6678 0.1710

5.4. Computation time and accuracy

At the end of this numerical section, we report the computation time and accuracy of the
above experiments in Table [d] As the computational complexity of our algorithm depends
on the number of vertices h and number of triangles s on the mesh, we also include h, s in
the table.

As we mentioned in section 4] the proximal descent step requires solving a linear system
(73). And since the linear solver is invariant to iteration numbers, we precompute it to
reduce the total cost in the main iteration. The times reported in Table [4] include both the
precomputation and the main iteration.

To show that our numerical result is close to the local minimizer of the fully discretized
problem (65)), we report the KKT residue in Table To compute the KKT residue for a

given output (P, M), we first solve for W = {U(-,t,_1)}i=1...n € (P(M))" such that

0,0, — V7 VgV = 0(A' 0pY (P, M)) + Vi1 - (A7 0y Y(P, M)). (75)
Then let
( 1 ~ ~
Ep(‘/;,tk) = min {A—VP(V“tk)y(P, M) — (0;*\11)(V,,tk),P(V;,tk)} ,V‘/l € V, k’ = 1, N 1
Vi

1 ~
En(Tj t) = =V oY M) + (Vg W)(Tht1) = OV € Tk =1, n

T 2

kE’C(V;,tk_%) = (8,5P)(V,~,tk_%) + (VMM)(V;,tk_%),VV; eVk=1,---.,n.

(76)
The KKT residue is defined as min{||Ep||ve, || Erml|1t, || Eellvi}. And P, M is the local mini-
mizer of (67)), if and only if the KKT residue is 0.

6. Conclusion

In this work, we generalize mean-field games from Euclidean space to manifolds, design an
optimization-based algorithm to solve variational mean-field games, and conduct numerical
experiments on various manifolds with triangular mesh representation. We first propose both
the PDE formulation and the variational formulation of the Nash Equilibrium of a mean-field
game. We also establish their equivalence on manifolds. To solve the potential mean-field
games on manifolds, we use triangular meshes, piece-wise linear functions, and piece-wise
constant vector fields for discretization. Then we apply the proximal gradient method to solve
the corresponding discrete optimization problems. We conduct comprehensive numerical
experiments to demonstrate the flexibility of the model in handling different MFG problems
on various manifolds.
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Table 4: Computation time and accuracy

Triangle mesh L time(s) number of time(s) KKT
and interaction cost 5 oS iteration  per iteration residue
U.S. map 2900 5431 199.4813 3000 0.0665 3.15e-02
“8”-shape 766 1536 97.5769 5000 0.0195 1.70e-01
[rregular vanilla 250.6317 0.0501 1.49e-01
Euclidean disperse 2473 4627 274.1786 H000 0.0548 1.42e-01
vanilla 163.2711 0.0544 2.62e-03

Homer — sested | 2373 4702 1656195 3000 0.0562 2.75¢-03
. vanilla 132.0967 0.0660 8.42e-03
Unit shpere o jocal | 2792 9120 147 9476 2000 0.0740 8.256-03
. vanilla 213.8950 0.0713 2.99e-02
Ritten onlocal | 2881 5708 960 6147 3000 0.0869 1.10e-01

References

1]

Yves Achdou, Francisco J Buera, Jean-Michel Lasry, Pierre-Louis Lions, and Ben-
jamin Moll. Partial differential equation models in macroeconomics. Philosophical
Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences,
372(2028):20130397, 2014.

Yves Achdou, Fabio Camilli, and Italo Capuzzo-Dolcetta. Mean field games: conver-
gence of a finite difference method. SIAM Journal on Numerical Analysis, 51(5):2585—
2612, 2013.

Yves Achdou and Italo Capuzzo-Dolcetta. Mean field games: numerical methods. SIAM
Journal on Numerical Analysis, 48(3):1136-1162, 2010.

Yves Achdou and Mathieu Lauriere. Mean field games and applications: Numerical
aspects. arXw preprint arXiv:2003.04444, 2020.

Noha Almulla, Rita Ferreira, and Diogo Gomes. Two numerical approaches to stationary
mean-field games. Dynamic Games and Applications, 7(4):657-682, 2017.

Heinz H Bauschke, Regina S Burachik, Patrick L. Combettes, Veit Elser, D Russell
Luke, and Henry Wolkowicz. Fized-point algorithms for inverse problems in science and
engineering, volume 49. Springer Science & Business Media, 2011.

Amir Beck and Marc Teboulle. A fast iterative shrinkage-thresholding algorithm for
linear inverse problems. SIAM journal on imaging sciences, 2(1):183-202, 2009.

Jean-David Benamou and Guillaume Carlier. Augmented lagrangian methods for trans-
port optimization, mean field games and degenerate elliptic equations. Journal of Op-
timization Theory and Applications, 167(1):1-26, 2015.

28



[9]
[10]

[11]

[14]
[15]

[16]

Jean-David Benamou, Guillaume Carlier, and Filippo Santambrogio. Variational mean
field games. In Active Particles, Volume 1, pages 141-171. Springer, 2017.

Ariela Briani and Pierre Cardaliaguet. Stable solutions in potential mean field game
systems. Nonlinear Differential Equations and Applications NoDEA, 25(1):1-26, 2018.

Luis Briceno-Arias, Dante Kalise, Ziad Kobeissi, Mathieu Lauriere, A Mateos Gonzalez,
and Francisco J Silva. On the implementation of a primal-dual algorithm for second
order time-dependent mean field games with local couplings. ESAIM: Proceedings and
Surveys, 65:330-348, 2019.

Peter E Caines and Minyi Huang. Graphon mean field games and the gmfg equations.
In 2018 IEEE Conference on Decision and Control (CDC), pages 4129-4134. IEEE,
2018.

Pierre Cardaliaguet, P Jameson Graber, Alessio Porretta, and Daniela Tonon. Sec-

ond order mean field games with degenerate diffusion and local coupling. Nonlinear
Differential Equations and Applications NoDEA, 22(5):1287-1317, 2015.

Guilherme Carmona. Nash equilibria of games with a continuum of players. 2004.

René Carmona and Mathieu Lauriere. Convergence analysis of machine learning algo-
rithms for the numerical solution of mean field control and games: Ii-the finite horizon
case. arXiv preprint arXw:1908.01613, 2019.

René Carmona, Mathieu Lauriere, and Zongjun Tan. Model-free mean-field re-
inforcement learning: mean-field mdp and mean-field g-learning. arXiv preprint
arXiv:1910.12802, 2019.

Lawrence Cayton. Algorithms for manifold learning. Univ. of California at San Diego
Tech. Rep, 12(1-17):1, 2005.

Antonio De Paola, Vincenzo Trovato, David Angeli, and Goran Strbac. A mean field
game approach for distributed control of thermostatic loads acting in simultaneous
energy-frequency response markets. IEEE Transactions on Smart Grid, 10(6):5987—
5999, 2019.

Romuald Elie, Julien Perolat, Mathieu Lauriere, Matthieu Geist, and Olivier Pietquin.
On the convergence of model free learning in mean field games. In Proceedings of the
AAAI Conference on Artificial Intelligence, volume 34, pages 7143-7150, 2020.

Charles Fefferman, Sanjoy Mitter, and Hariharan Narayanan. Testing the manifold
hypothesis. Journal of the American Mathematical Society, 29(4):983-1049, 2016.

Wilfrid Gangbo, Wuchen Li, and Chenchen Mou. Geodesics of minimal length in the
set of probability measures on graphs. ESAIM: COCYV, 2019.

Hao Gao, Wuchen Li, Miao Pan, Zhu Han, and H Vincent Poor. Modeling covid-19
with mean field evolutionary dynamics: Social distancing and seasonality. Journal of
Communications and Networks, 23(5):314-325, 2021.

29



[23]

[24]

[25]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Diogo Gomes and Joao Saide. A mean-field game approach to price formation in
electricity markets. arXiw preprint arXiv:1807.07088, 2018.

Diogo A Gomes, Joana Mohr, and Rafael Rigao Souza. Continuous time finite state
mean field games. Applied Mathematics € Optimization, 68(1):99-143, 2013.

Diogo A Gomes and Joao Satude. Numerical methods for finite-state mean-field games
satisfying a monotonicity condition. Applied Mathematics € Optimization, 83(1):51-82,
2021.

Olivier Guéant. Existence and uniqueness result for mean field games with congestion
effect on graphs. Applied Mathematics € Optimization, 72(2):291-303, 2015.

Minyi Huang, Peter E Caines, and Roland P Malhamé. Large-population cost-coupled
lqg problems with nonuniform agents: individual-mass behavior and decentralized e-
nash equilibria. IEEFE transactions on automatic control, 52(9):1560-1571, 2007.

Minyi Huang, Roland P Malhamé, Peter E Caines, et al. Large population stochastic
dynamic games: closed-loop mckean-vlasov systems and the nash certainty equivalence
principle. Communications in Information & Systems, 6(3):221-252, 2006.

H. W. Kuhn and A. W. Tucker. Nonlinear programming. In Proceedings of the Sec-
ond Berkeley Symposium on Mathematical Statistics and Probability, pages 481-492.
University of California Press, 1951.

Rongjie Lai and Tony F Chan. A framework for intrinsic image processing on surfaces.
Computer vision and image understanding, 115(12):1647-1661, 2011.

Jean-Michel Lasry and Pierre-Louis Lions. Mean field games. Japanese journal of
mathematics, 2(1):229-260, 2007.

Mathieu Lauriere. Numerical methods for mean field games and mean field type control.
arXw preprint arXw:2106.06251, 2021.

John M Lee. Smooth manifolds. In Introduction to Smooth Manifolds, pages 1-31.
Springer, 2013.

Taeyoung Lee, Melvin Leok, and N Harris McClamroch. Global formulations of la-
grangian and hamiltonian dynamics on manifolds. Springer, 13:31, 2017.

Wonjun Lee, Wuchen Li, and Stanley Osher. Mean field control problems for vaccine
distribution. arXiv:2104.11887, 2021.

Wonjun Lee, Siting Liu, Hamidou Tembine, Wuchen Li, and Stanley Osher. Controlling
propagation of epidemics via mean-field control. SIAM Journal on Applied Mathematics,
81(1):190-207, 2021.

Wuchen Li, Wonjun Lee, and Stanley Osher. Computational mean-field information
dynamics associated with reaction diffusion equations. arXiv:2107.11501, 2021.

30



[38]

[39]

[40]

[41]

[42]

[43]

Wuchen Li, Siting Liu, and Stanley Osher. Controlling conservation laws i: entropy-
entropy flux. arXiw:2111.05473, 2021.

Alex Tong Lin, Samy Wu Fung, Wuchen Li, Levon Nurbekyan, and Stanley J Osher.
Apac-net: Alternating the population and agent control via two neural networks to
solve high-dimensional stochastic mean field games. PNAS, 2021.

Siting Liu, Matthew Jacobs, Wuchen Li, Levon Nurbekyan, and Stanley J Osher. Com-
putational methods for first-order nonlocal mean field games with applications. SIAM
Journal on Numerical Analysis, 59(5):2639-2668, 2021.

Jan Maas. Gradient flows of the entropy for finite markov chains. Journal of Functional
Analysis, 261(8):2250-2292, 2011.

Olvi L Mangasarian. Pseudo-convex functions. In Stochastic optimization models in
finance, pages 23-32. Elsevier, 1975.

Mark Meyer, Mathieu Desbrun, Peter Schroder, and Alan H Barr. Discrete differential-
geometry operators for triangulated 2-manifolds. In Visualization and mathematics 111,
pages 35-57. Springer, 2003.

John Nash. Non-cooperative games. Annals of mathematics, pages 286-295, 1951.

Levon Nurbekyan and Saude Joao. Fourier approximation methods for first-order non-
local mean-field games. Portugaliae Mathematica, 75(3):367-396, 2019.

R Tyrrell Rockafellar. Conver analysis, volume 36. Princeton university press, 1970.

Lars Ruthotto, Stanley J Osher, Wuchen Li, Levon Nurbekyan, and Samy Wu Fung.
A machine learning framework for solving high-dimensional mean field game and mean
field control problems. Proceedings of the National Academy of Sciences, 117(17):9183~
9193, 2020.

Justin Solomon, Gabriel Peyré, Vladimir G Kim, and Suvrit Sra. Entropic metric align-
ment for correspondence problems. ACM Transactions on Graphics (TOG), 35(4):1-13,
2016.

E Weinan, Jiequn Han, and Qianxiao Li. A mean-field optimal control formulation of
deep learning. Research in the Mathematical Sciences, 6(1):10, 2019.

Chungang Yang, Jiandong Li, Min Sheng, Alagan Anpalagan, and Jia Xiao. Mean field
game-theoretic framework for interference and energy-aware control in 5g ultra-dense
networks. IEEE Wireless Communications, 25(1):114-121, 2017.

Yaodong Yang, Rui Luo, Minne Li, Ming Zhou, Weinan Zhang, and Jun Wang. Mean
field multi-agent reinforcement learning. In International Conference on Machine Learn-
1ng, pages 5571-5580. PMLR, 2018.

Jiajia Yu, Rongjie Lai, Wuchen Li, and Stanley Osher. A fast proximal gradient
method and convergence analysis for dynamic mean field planning. arXiw preprint
arXiw:2102.15260, 2021.

31



	Introduction
	Mean-field games on manifolds
	Mean-field games on manifold
	Potential mean-field games on manifold

	Discretization on Manifolds
	Space discretization
	Time discretization

	Algorithm for Solving Variational MFGs on Triangular Meshes
	Numerical Examples
	Numerical convergence analysis
	MFGs with local interactions
	MFGs with non-local interactions
	Computation time and accuracy

	Conclusion

