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Abstract

We propose a scalable preconditioned primal-dual hybrid gradient algorithm for solving
partial differential equations (PDEs). We multiply the PDE with a dual test function to
obtain an inf-sup problem whose loss functional involves lower-order differential operators.
The Primal-Dual Hybrid Gradient (PDHG) algorithm is then leveraged for this saddle
point problem. By introducing suitable precondition operators to the proximal steps in
the PDHG algorithm, we obtain an alternative natural gradient ascent-descent optimiza-
tion scheme for updating the neural network parameters. We apply the Krylov subspace
method (MINRES) to evaluate the natural gradients efficiently. Such treatment readily
handles the inversion of precondition matrices via matrix-vector multiplication. A pos-
terior convergence analysis is established for the time-continuous version of the proposed
method. The algorithm is tested on various types of PDEs with dimensions ranging from
1 to 50, including linear and nonlinear elliptic equations, reaction-diffusion equations, and
Monge-Ampére equations stemming from the L? optimal transport problems. We com-
pare the performance of the proposed method with several commonly used deep learning
algorithms such as physics-informed neural networks (PINNs), the DeepRitz method, weak
adversarial networks (WANS), etc, for solving PDEs using the Adam and L-BFGS opti-
mizers. The numerical results suggest that the proposed method performs efficiently and
robustly and converges more stably.

Keywords: Deep learning for solving PDEs; Neural Networks; Inf-sup problem; Primal-
Dual Hybrid Gradient (PDHG) algorithm; Natural Gradient; Convergence analysis; Monge-
Ampére equation.
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NPDHG METHOD FOR ADVERSARIAL NEURAL NETWORK TRAINING ON SOLVING PDES

1 Introduction

Machine learning, particularly deep learning, is a fast-developing direction with modern
computational technologies Amari (1998) and applications Goodfellow et al. (2020); Ar-
jovsky et al. (2017). Typical examples of applications often come from computer science,
including creating new images, videos, and voices and generating languages. During the
development of applications, machine learning also introduces several nonlinear methods,
consisting of computational nonlinear models, such as neural network functions, and opti-
mization variational formulations, such as generative adversary neural networks Goodfellow
et al. (2020). One cannot overestimate the applications of machine learning methods in
scientific computing.

In recent years, deep learning algorithms have been developed to solve partial differen-
tial equations (PDEs). The Physics-Informed Neural Networks (PINN) method Raissi et al.
(2019) employs neural networks to approximate PDE solutions by minimizing the discrep-
ancy between observed data and the equation’s residual. The DeepRitz method Yu et al.
(2018) computes neural network surrogate solutions for PDEs using a variational approach,
minimizing the associated energy functional. The Forward-Backward Stochastic Differential
Equation (FBSDE) method Han et al. (2017) makes use of the nonlinear Feynman-Kac for-
mula for semilinear parabolic equations to derive numerical solutions at specific time-space
points. Additionally, the Weak Adversarial Network (WAN) Zang et al. (2020) leverages
the weak formulation of PDEs by multiplying the original equation with a test function and
integrating by parts, resulting in an inf-sup saddle point problem for solving PDEs. The
approach applies to many equations and is scalable to compute solutions of PDEs in high
dimensions.

While these methods demonstrate the potential of applying machine learning techniques
in solving PDEs, challenges such as hyperparameter tuning, loss function design, and con-
vergence guarantees remain unresolved. More critically, due to the nonlinearity of neural
networks, conventional optimizers such as Adam Kingma (2014) or RMSProp Tieleman and
Hinton (2012) suffer from strong fluctuations and do not achieve stable convergence, which
complicates the implementation of current algorithms.

In this research, we aim to tackle these challenges by adopting the adversarial training
strategy and propose a designed optimizer that takes advantage of the primal-dual hybrid
gradient (PDHG) algorithm Zhu and Chan (2008); Chambolle and Pock (2011). We utilize
suitable preconditioned gradients known as natural gradients Miiller and Zeinhofer (2023) to
update the parameters of the neural networks. The proposed algorithm, named the Natural
Primal-Dual Hybrid Gradient (NPDHG) method, performs efficiently and converges more
stably than classical machine learning-based PDE solvers. In addition, we also provide a
theoretical convergence guarantee for the proposed algorithm.

To illustrate the main idea, we consider the following linear equation posed with suitable
boundary condition,

Lu= fon§, Bu=gon 0N. (1)

Here Q C R? is a bounded open region, 92 denotes the boundary of 2, f: Q = R, g: 0Q —
R are L? functions. and u: © — R belongs to H?(£2). We assume L as a second-order elliptic
operator and B as a linear boundary operator, which indicates the Dirichlet or Neumann
boundary conditions. Here we assume that £ can be split as £ = M3LM,, with M, My
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are first-order differential operators, L is a well-conditioned bounded linear operator, and
M, denotes the L? adjoint of M. Suppose this equation admits a unique classical solution
us € H?(Q2). The goal is to efficiently compute .

By introducing the test functions (dual variables) ¢ € H}(2) and ¢ € L?(d9) into the
equation (1), we consider the following inf-sup problem with quadratic regularization terms.
Here, € > 0 denotes the regularization coefficient,

. ~ €
12f (SUE) & (u, (¢, 9)) ::<£Mpu7 Md@)B(Q) —(f, 90>L2(Q) - §HMd<P”%2(Q)
> (2)

€
+ (Bu — g,Y) 12(90) — §||1/f||%2(aﬂ)-

Note that v = us, ¢ = 0,9 = 0 form the saddle point of &. We apply the preconditioned
PDHG algorithm Jacobs et al. (2019); Liu et al. (2024a) to compute inf-sup problem (2),
thus solving the solution of PDE (1). The algorithm utilizes alternative proximal point steps
and intermediate extrapolation to solve the inf-sup problem with selected preconditioning
metrics. More specifically, the algorithm repeats the following three-line iteration

(1
(Pn+1, Ynt1) = argmin {m(!de — Magnl|Z20) + ¥ = YnllZ200) — € (tns (9, wn))}
@5

Onyl = Pni1 + w(‘Pn+1 - @n)a Jn—i-l = pt1 + w(wn—&-l - l/Jn)
. 1 ~ ~
Up+1 = argimin {QT(HMW - Mp”n”%%m + [[Bu — Bunniz(ag)) + & (un, (¢n+1,¢n+1))} :
(3)

Here 7,,7, > 0 are the step sizes of the algorithm. And w > 0 denotes the extrapolation
coefficient. We briefly illustrate the motivation of preconditioning steps (3). In general,
the differential operator £ is usually ill-conditioned. As shown in Liu et al. (2024a), the
convergence rate of the un-preconditioned dynamic equals 1 — O(%) with x denoting the
condition number of the space discretization of £. The convergence speed decreases fast as k
gets larger. To mitigate the slow convergence, we introduce preconditioning in the proximal
steps of (12) (i.e., the 1st and the 3rd line of (3)).

So far, the algorithm we have developed remains at the functional level, which is gen-
erally intractable for practical implementation. To realize the proposed PDHG algorithm,
we parameterize u(-), ¢(-) and ¥(-) as ug(-), p,(-) and 9¢(-) with the tunable parameters
€ © CR"™ neO, CR™ and £ € O C R™. A straightforward parameteriza-
tion approach involves expressing these functions as linear combinations of predefined basis
functions—a method traditionally employed in finite element methods. However, as the
problem’s dimensionality increases, such parameterization becomes computationally pro-
hibitive due to the curse of dimensionality. Since it requires a significant number of basis
functions to maintain accuracy Hu et al. (2024). Recent advances in deep learning have
highlighted the potential of neural networks as computational tools to solve PDEs. Given
their flexibilities and expressive powers, we adopt three neural network functions, such as
Multi-Layer Perceptrons (MLPs, see Appendix A), to represent ug, ¢, and 1¢. Therefore,
we reduce the original algorithm in functional spaces to a time-discrete dynamic in which
the parameters 6, 0", £™ evolve together.
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We replace the implicit proximal step for updating 7, £, 6 with an explicit scheme known
as the linearized PDHG algorithm. We come up with the following algorithm:

[n”“ ] :[n" } 7 [ My(n")' V6 (g, o ter) }
gt 3 7| Mpaa(€") Vel (ugn, oy, then) |7

‘EnJrl _ | Py O+t || g (4)
Rl B b R (R B bl )}
0n+1 =0" - T’MMP(Hn)TVQCga(UH"a QETLJrl’ JTHJ)'

Here My,(n) € R™>™1 Mpgq(§) € R™eX™e Mpy(0) € R™*™0 are Gram type matrices.
They are derived from the bilinear form approximation of the proximal steps in the PDHG
algorithm (3). Here, we denote “T” as the Moore-Penrose inverse of matrix. The precon-
dition matrix Mgy(n™) contains the information of the precondition operator M,, which is
built in the original operator £, we call Md(n”)Tvng (ugn , @yn, Yen) the natural gradient of
& (ug, pn, e) with respect to 7. Similarly, we can define the natural gradient ascent and
descent directions for variables £ and 6. The algorithm alternatively updates the primal and
dual parameters along the natural gradient directions. An additional extrapolation step in
the functional space is introduced to enhance the convergence of the method. We denote the
above updates as the Natural Primal-Dual Hybrid Gradient (NPDHG) algorithm.
For simplicity, we also call it the NPDG algorithm. We refer the readers to section 2 for a
detailed derivation of the algorithm.

While the NPDG algorithm is designed around linear PDEs, it effectively accommodates
equations with nonlinear terms. Additionally, it can be extended to address fully nonlinear
equations, such as the Monge-Ampére equation, which emerges in the context of the L?
optimal transport (OT) problem Villani (2021); De Philippis and Figalli (2014). Since the
optimal transport (OT) problem can be formulated as a constrained optimization problem,
introducing the Lagrange multiplier method leads to a saddle point scheme. This scheme
involves adversarial training with the pushforward map and the dual potential function to
solve the Monge-Ampére equation, substituting both the map and potential function with
neural network approximations and applying the NPDG algorithm with precondition ma-
trices. The L? Gram type matrices lead to stable and efficient numerical results. Further
analysis around the saddle point of the loss function suggests the other canonical precon-
ditioning approach, where the mapping uses the L? Gram type matrix while the potential
uses the H' Gram type matrix. For a detailed discussion, readers are referred to section 2.5.

In this research, we provide a posterior convergence analysis for the time-continuous
version of the NPDG algorithm when applied to the linear PDE (1). Let (64, m:,&:) be the
solution obtained from the time-continuous NPDG algorithm for 0 < ¢ <T'. Under specific
conditions regarding the approximation capabilities of the tangent spaces generated by the
partial derivatives of wy,, ¢y,, and ¢, with respect to parameters 6,7,, we establish the
linear convergence of the solution in the sense of

| Mp(ug, — u*)H%g(Q) + | B(ug, — u*)||%2(89) < C-exp(—rt) for0<t<T.

Here C' > 0 is a constant, r > 0 is the convergence rate depending on the PDE (1), the
hyperparameters of the NPDG algorithm, and the neural network parameters. The readers
are referred to section 3 for detailed discussion.
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In the implementations, we apply the Monte-Carlo algorithm Caflisch (1998) to ap-
proximate & (ug, ¢y, v¢); we use automatic differentiation to compute the derivatives of
& (up, pn, e) with respect to the parameters 6,7, . It is usually prohibitively expensive to
explicitly evaluate M, (), Ma(n), Mpqa(§) given that mg, m,, me might be very large. To
cope with this, we evaluate the pseudo-inverse in (4) via the iterative solver such as the
Minimal residual method (MINRES) Paige and Saunders (1975), which, instead of forming
entire matrices, only requires matrix-vector multiplication. Further details of our treatment
can be found in section 4.

Numerical examples of linear PDEs (1), nonlinear PDEs (25), and Monge-Ampére equa-
tions (26) in section 5 illustrate the accuracy, efficiency, and robustness of the NPDG method
compared to classical methods, including the Physics-Informed Neural Network (PINN), the
DeepRitz method, and the Weak Adversarial Network (WAN). Based on these numerical
results, the algorithm demonstrates linear convergence for the high-dimensional PDEs tested
in this section. Additionally, the proposed method achieves higher accuracy in both L? and
H' norms compared to the other tested methods.

1.1 Related references

In recent years, machine learning algorithms have attracted increasing attention from the sci-
entific computing community due to their flexibility and scalability. A considerable amount
of these investigations are based on the Physics-Informed Neural Network (PINN) algorithm
Raissi et al. (2019); Lu et al. (2021a); further approaches that address the pathologies during
PINN training include calibration of interior-boundary loss coefficients Wang et al. (2022),
and variable splitting techniques Basir (2022); Park et al. (2024). The adaptive sampling
methods Tang et al. (2022, 2023) are introduced to gain better accuracy of the neural net-
work approximation. In addition to PINN, a series of deep learning-based algorithms are
introduced for PDEs of various types, including the Deep Galerkin Method Sirignano and
Spiliopoulos (2018), Deep Ritz method Yu et al. (2018); Lu et al. (2021b); Liu et al. (2023a),
Forward-Backward Stochastic Differential Equation (FBSDE) approaches Han et al. (2017,
2018); Hutzenthaler et al. (2021), Extreme Learning Machines Dong and Li (2021); Ni and
Dong (2023); Wang and Dong (2024), etc.

Recent research trends leverage adversarial training strategies Goodfellow et al. (2020);
Arjovsky et al. (2017) to improve algorithm performance. In the Weak Adversarial Network
(WAN) algorithm, discriminator neural networks are used to enhance training efficiency by
employing the weak formulation of PDEs Zang et al. (2020); Bao et al. (2020). Additionally, a
residual-attention-based approach has been introduced in McClenny and Braga-Neto (2020,
2023); Anagnostopoulos et al. (2023); Zeng et al. (2022) for seeking numerical solutions with
higher precision.

The Primal-Dual Hybrid Gradient (PDHG) method, which is widely used in image
processing problems Zhu and Chan (2008); Chambolle and Pock (2011), has been introduced
to handle nonlinear PDEs on classical numerical schemes Liu et al. (2023b, 2024a); Meng
et al. (2023). Suitable preconditionings are introduced to improve the convergence of the
algorithm significantly. The method is shown to converge linearly in Liu et al. (2024b).

Large-scale optimization algorithms play a crucial role in machine learning research.
Stochastic gradient descent (SGD) is a widely used first-order optimization method Rob-
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bins and Monro (1951); Saad (1998); Bottou and Bousquet (2008). One can improve the
SGD’s performance by incorporating momentum terms Rumelhart et al. (1986); Nesterov
(1983); Su et al. (2016). Various modified versions of SGD with per-parameter learning
rates—such as AdaGrad Duchi et al. (2011), Adadelta Zeiler (2012), RMSProp Tieleman
and Hinton (2012), and Adam Kingma (2014)—are popular optimizers in deep learning
Paszke et al. (2019). Additionally, second-order algorithms like the BFGS method Fletcher
(2000), LBFGS method Liu and Nocedal (1989), and inexact-Newton methods Dembo et al.
(1982); Brown and Saad (1990, 1994); Eisenstat and Walker (1994); Martens (2010); Roosta
et al. (2022); Rathore et al. (2024) are also widely explored in machine learning research.

The natural gradient method is another critical category of second-order optimizers, ini-
tially introduced in Amari (1998) with further developments in Amari (2016); Thomas et al.
(2016); Song et al. (2018). An efficient, scalable variant known as the K-FAC (Kronecker-
factored Approximate Curvature) method was proposed in Martens and Grosse (2015).
The natural gradient method finds its application under different scenarios, including op-
timization involving combined loss functionals Ying (2021), PDE-constrained optimization
Nurbekyan et al. (2023), simulation and acceleration of Wasserstein gradient flows Li and
Montufar (2018); Chen and Li (2018); Wang and Li (2020); Shen et al. (2020); Liu et al.
(2022). A series of research that utilizes the concept of the natural gradient to solve general
time-dependent PDEs have been conducted, as detailed in Du and Zaki (2021); Bruna et al.
(2024); Gaby et al. (2023); Chen et al. (2024) and the references therein.

The natural gradient algorithm has recently been applied to training PINNs, achieving
highly accurate solutions Miiller and Zeinhofer (2023). The K-FAC method is exploited in
the follow-up work Dangel et al. (2024) to enable scalability in high-dimensional settings.
Beyond natural gradients, the Gauss-Newton method has been introduced in Hao et al.
(2024) for computing variational PDEs. Additional preconditioning techniques for solving
PDEs include the multigrid-augmented method Azulay and Treister (2022), domain de-
composition strategies Kopanic¢akova et al. (2024), and incomplete LU preconditioning Liu
et al. (2024c). However, these methods typically need to scale more effectively to compute
high-dimensional problems.

Compared to these methods, we summarize the advantages of the proposed approach in
two key aspects: the primal-dual hybrid gradient algorithmic framework and the application
of natural gradients in neural network functions.

» On the primal-dual framework:

e By applying integration by parts, we reduce the order of the differential opera-
tor £ in the primal-dual formulation, lowering computational complexity when
performing automatic differentiation on the neural networks.

e The primal-dual training scheme is versatile and adaptable, making the algorithm
suitable for a wide range of PDEs, including the fully nonlinear Monge-Ampére
equation.

» On the primal-dual hybrid natural gradients:

e Unlike other second-order optimization algorithms, such as L-BFGS, which are
unable to handle the training involving random batches, the proposed algorithm
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is well-suited to data stochasticity, performing robustly under stochastic approx-
imation.

e To address the computation of large-scale linear systems (specifically, the pseudo-
inverse of preconditioning matrices), we introduce the iterative method (MIN-
RES). Consequently, our approach readily accommodates high-dimensional PDEs
requiring neural networks with a large number of parameters. In experiments, we
handle neural networks with parameter counts ranging from 20,000 to 300,000.

Generally, the proposed algorithm converges smoothly, avoiding the intense fluctuations
and spikes commonly observed in the loss decay curves of classical momentum-based opti-
mizers such as Adam and RMSProp. With appropriate preconditioning, theoretical analysis
(Theorem 5) indicates linear convergence of the method. In practice, the approach performs
more efficiently than classical machine learning methods and achieves higher precision in
the norms L? and H'. Furthermore, as reflected in later Table 4, the method demonstrates
robustness to its hyperparameters, including regularization coefficient e, step sizes 7, 7y,
and the extrapolation coefficient w. Typically, a standard configuration of € = 0.1, 7, = 0.05,
Ty = 0.095, and w = 1 yields satisfactory performances.

This paper is organized as follows. In section 2, we provide a detailed derivation of the
algorithm. Supplementary discussions on treating nonlinear PDEs are provided in subsec-
tion 2.5. Then, in section 3, we prove a posterior convergence result for the time-continuous
version of the algorithm. Implementation details are demonstrated in section 4. We demon-
strate a series of numerical examples in section 5. We also provide further materials related
to algorithms and numerical examples in the Appendix.

2 Derivation of Natural Primal-Dual Hybrid Gradient (NPDHG) method

In this section, we provide a detailed derivation of the proposed method by first introducing
the Primal-Dual Hybrid Gradient algorithm for root-finding problems. We then apply this
algorithm to solving PDEs in the functional space. We improve the algorithm’s performance
by introducing suitable preconditioning. We last discuss how we realize the algorithm by
substituting the functions with neural networks and introduce the Natural Primal-Dual
Hybrid Gradient (NPDHG) algorithm for adversarial training of the neural networks for
solving PDEs.

2.1 Primal-Dual algorithm for root-finding problem
We first consider a root-finding problem defined on Hilbert space X,

F(z)=0.

Here, we assume that F : X — Y is a function from X to another Hilbert space Y. The
goal is to find a solution x € X. For a certain convex functional ¢ : Y — R that satisfies
t(y) > 0iff y # 0 and ¢(y) = 0 whenever y = 0. The root-finding problem is equivalent to
the following minimization problem

inf o(F(z)). (5)

zeX
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We denote the Legendre dual of ¢(-) as ¢*(-) which is defined as ¢*(y) = sup,ey (¥, w)y —t(w).
Here, we denote (-,-)y as the inner product defined in the space Y. Then

u(z) = "(2) =sup (z,y)y — " (y). (6)
yeY

Substituting (6) into (5) yields the following saddle point problem

inf sup &(z,y) := (F(z). y)y — " (y)- (7)
TEA yevY

We now apply the PDHG algorithm to deal with the inf-sup problem (7), yielding

o2
s =argmin VNG g0 ) = (10— 0,80 ) )
yeY Ty

Un+1 =Yn+1 + @W(Ynt1 — Yn),

2
Tp41 =argmin lle =zl + &2, Pns1) = Ad + 02 E (-, Yns1)) " . 9)
z€X 27y

Here 7,,7, > 0 are the step sizes of the PDHG algorithm, w > 0 denotes the extrapolation
coefficient. The proximal steps (8), (9) can be interpreted as the implicit update of the
gradient ascent/descent algorithm of functional & as 7,7, are small enough. In practice,
one can choose ¢(-) = x(+), where x is the indicator function defined as x(y) = +oo for y # 0
and x(0) = 0. In this case, the Legendre dual satisfies ¢*(-) = 0. Another popular choice is
1(-) = 5| - |3 with ¢*(-) = §|| - [|3. Here, € > 0 is a tunable hyperparameter. We will mainly
focus on the latter throughout the subsequent discussion of the paper.

2.2 Primal-Dual Hybrid Gradient algorithm for PDE

From now on, we assume that  C R is a bounded open set. Denote B as the Borel algebra
on © inherited from that of R%. We denote u as a Borel measure on . Furthermore, we let
L?(2) represent L2(2,B, u); and L2(£;R") denote L2(Q, B, u; R"), the L? space of vector-
valued functions on 2. We denote Byq as the Borel algebra on the boundary 92, and paq
as a Borel measure on 9. We write L?(99) as L?(09, Byq, paq) for shorthand.

Consider the linear equation defined on the Hilbert space H C L?(Q),

Lu= fon €, with boundary condition(b.c.) Bu = g on 0f. (10)

Here £ : H — K C L?(f) is a linear differential operator, and B : H — Kgq C L?(09) is a
linear boundary operator. We assume that u, € H is the classical solution to (10).

We now set F : H — K x Kpq,u +— (Lu— f, Bu—g). By introducing the dual variable ¢
belonging to the Hilbert space K C L?(Q), and v from the Hilbert space Kg}*{‘l C L?(09),
and setting L2 = L?(Q) x L?(99), we come up with the saddle point problem

inf sup  (u (p,9) = (F (W), (0 0Dz — 82 (1)
s06Kdual

ek

€ €
=(Lu — f,¢)r200) — 5”90”%2(9) + (Bu — g,%) 12(90) — 5”1#”%2(39)-
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It is not hard to verify that u = u,, ¢ = 0,9 = 0 form the saddle point of the inf-sup problem
(11). We refer Huo and Liu (2024) for further discussion of the saddle point structure of
related inf-sup formulations. We propose the following PDHG algorithm to deal with the
inf-sup problem (11),

n . 1
|: ;z +1 :| = argimin {2(”90_90n||%2(ﬂ) + Hw_wn‘|%2(ag)) —(O@O(U,n,(gpnﬂ/}n))}j
n+1 ((,O,’LZJ)EKd“‘al XK(%?{” 7-90

9571-&-1 Pn+1 Pn+1 ©n
~ — + w — ,
[ ¢n+1 :| |: zﬂn—i—l :| <[ 77b7z+1 :| [ % :|>
. 1 ~ ~
Un+1 = argr%m {(”U - Un”%%g) + [|Bu — BUnH%%aQ)) + &0 (Un, (Pn+1, ¢n+1)>} .
ue

27y,
(12)

To develop an intuitive understanding of why the algorithm (12) has difficulties in approach-
ing the PDE solution, we consider the square region  and discretize it into N lattices.
We apply the finite difference scheme to (10). This yields a linear equation Ax — b = 0.
Here A is the matrix obtained upon discretizing £. Roughly speaking, A is self-adjoint and
non-singular, x € RV: denotes the numerical solution on the grid points, b is the vector
encoding f and the boundary condition. The proposed PDHG algorithm yields
— T

Yni1 =argmin ———— —

y Ty

(A.fn - b)Tya

Un+1 =2Yn+1 — Yn,

e T
ZTpt1 =argmin + (Az —b) ' Ynt1-
T 27y
Here, we set € = 0 and w = 1 to simplify the discussion. And || - || denotes the ¢5 norm of

RN It is not hard to verify that the above algorithm is equivalent to the following update:

[ Tt } B [ I— QTxTyATA —, AT } [ Tn ]
Yn+1 7—yA I Un ’

denote as T’

Here, we denote x4 as the solution to Az — b = 0 and Z,, = x,, — z«. The convergence rate
of the PDHG algorithm depends on the spectrum radius p(I') of I'. The minimum value of
p(T') equals /1 — -5, where ¢ € [1, %) and x denotes the condition number of A Liu et al.
(2024a). If £ equals the Laplace operator A, the matrix A obtained via central difference
scheme takes condition number x = O(N2) Kulkarni et al. (1999). This indicates that
the convergence rate of the PDHG method is /1 — 5 =1 — O(N%%), which becomes very

inefficient as N, increases.

2.3 Preconditioning of the primal-dual damping algorithm

The discussion in section 1 suggests that we should introduce preconditioning to the original
algorithm (12). As mentioned previously, we assume that £ can be split as £ = M3LM,



NPDHG METHOD FOR ADVERSARIAL NEURAL NETWORK TRAINING ON SOLVING PDES

with M, Z, M,, are linear differential operators whose domain and image spaces are denoted
as follows.

L*(R") L*(;R")
Ul Ul
~ ~ ~ M*
L2 oH — L, f c K 1, K CL2(Q)

Here we assume }ﬁl,]K are Hilbert spaces. Moreover, suppose My : Kdual _, Kdual C
L?(;R") is a linear operator with K% as a Hilbert space. We assume that M} is the
“adjoint” of My in the sense of

(Mo, 0) 120y = (W, Ma@) r2(rry, ¥V 0 € K%l 4 e K.
Now recall that u, € H is the solution to (10). For any u € H, ¢ € K% we have
(Lu— f,0)r2i) = (Lu—us),9) 12(0) = (MELMp(u — us), ) 12(0)
= (L Mp(u — ux), Map) 2(0;rr)- (13)

Example 1 Taking the negative Laplace operator L = —A as an example, we can split
—A = -V -V. By setting H = H*(Q),H = K = HY(Q,R%),K = L*(Q), and K& =

H(Q), Kdual — [2(Q; RY), and choosing My = M, =V and L = 1d, we obtain
(=Au — f,0)p2q) =(—A(u — us), 9) 12(0)
O(u — uy
:—/ Ofu = u.) goda—l—/V(u—m)-V«p dp
o0 on Q

:<V(u - U*), V‘P)[P(Q;Rd):
for any u € H = H*(Q), p € Kl = H}(Q).
Example 2 Similarly, for the elliptic operator L =1Id — A, by setting the functional spaces

the same as the previous ezample but letting H = H2(Q) x H(;R?), and Kl = H'(Q) x
L?(;RY), we can split as

a-amia o[ ][] ($] [ ] [4] s

Here we denote (by abuse of notation) 1d as the identity map defined on its associated space.
We have

((Id = A)u— f,0)r20) = ((Id = A)(u — us), p) 12(0)
= (u — s, ) r2() + (VU — us), Vo) 120y

= ([oii 9% Dsans

for any u € H*(2),p € HY(Q).

10
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More examples can be found in section 5. Similar to (13), recall that B is linear, for any
uw €M,y e Kg}‘fl, we have

(Bu — g,9) L2(00) = (B(u — ux), ) 2(90)-

As mentioned in section 1, we substitute u, ¢ in the proximal steps of (12) with My, (u—wu,),
B(u — uy) and Myyp. Correspondingly, we use the following modified functional & : H x
Kdual x Kgg‘)al — R in our algorithm

~ €
& (u, @, ) =(LMp(u — ux), Ma) L2(qrry + (B(u — 1), ¥) 12(00) — §(||Md<PH2L2<Q;Rr) + ||7/)||i2(9))
~ €
=(LMpu, Map) L2rry — (L, 9) L2(0) + (B(u — us), ) 2 (50) — §(|\Md90||2L2(Q;Rr) + 1911720

~ €
:<£Mpu7Md<p>L2(Q;]RT‘) - (f7 <P>L2(Q) + <BU - ng>L2(8Q) - E(HMdQOHi?(Q;RT) + \|¢||2L2(Q))~
(14)

We now treat (Mp(u—uy), B(u—uy)), together with (Mg, 1), as the new primal and dual
variables of our algorithm. By doing so, we substitute (u, Bu), (¢, 1) in the proximal steps
(the 1st and the 3rd line) of (12) with (Mp(u — uy), B(u — uy)), (Map, ). Therefore, we
come up with the following preconditioned version of the PDHG algorithm. This treatment
is also known as the G-prox PDHG algorithm introduced in Jacobs et al. (2019).

Ont1 | . 1 2 2
[ - } = argmin {m(HMdSO — Magnlz2rr) T 19 = ¥nllT200)) — & (un, so,w)} ,

pekdual
¢n+1 ©n+1 ©n+1 Pn
. — + _ ,
[wnﬂ} [wnﬂ] w<|:¢n+1:| [?l)n})
. 1 ~ ~
Up4+1 = argmin {Q(HMP’U‘ — MpunH%z(Q;Rr) + ||Bu — BunH%Q(am) —+ é?(u, On+1, ¢n+1)} s
u€eH Tu
(15)

Remark 1 [t is worth noting that the space H mentioned earlier can be extended to a broader
functional space. For instance, as illustrated in Example 1 with L = —A, the domain
of Mg = V can be extended to H'(R), allowing the range for the variable u to also be
expand to this functional space. Since our primary objective in this research is to compute
the classical solution us of the equation, it is reasonable to confine our discussion to H.
Moreover, in implementing our algorithm, as illustrated in sections 5.1 and 5.2, we model
u(-) as a Multi-Layer Perceptron with tanh or Softplus activation functions, which belong
to H = H%(Q). Thus, we restrict our analysis to H in this study, with the extension of our
theory to broader functional spaces planned as future work.

2.4 Natural Primal-Dual Hybrid Gradient (NPDHG) algorithm for neural
networks

At the beginning of this section, we briefly introduce the idea of the Natural Gradient
method Amari (1998, 2016); Martens (2020).

11
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2.4.1 NATURAL GRADIENT METHOD

For a wide range of machine learning problems, we assume that the loss function J(0) =
F (ug) where ¢ : U — R denotes the loss functional and uy is the parametrized function
on the metric space U with the parameter § € © C R™ to be determined. The essential
idea of the natural gradient algorithm is to conduct gradient descent on the parametrized
function ug as an entity rather than on its parameter §. This can be realized by considering
the proximal algorithm ,

o d*(ug, ugn)

ulenet]‘U — + J(0). (16)
The preconditioning matrix G () can thus be obtained by investigating the infetsimal dis-
tance d2(ug,ugn) ~ (0 — 0™")TG(0)(6 — ™), where d(-,-) is a distance function enriches the
Hessian information of the loss functional ¢. By sending 7 — 0, the implicit scheme (16)
reduces to the natural gradient flow

0 = —G(0)"1V,yJ(0).

As aresult, viewing from the parameter space, the natural gradient algorithm can be realized
by applying G(0)-preconditioned gradient descent steps to loss function J(#). We refer the
interested readers to Amari (2016) for a comprehensive illustration of the Natural Gradient

methods.

Let us continue the discussion on the derivation of NPDG algorithm. We substitute
u(-), ¢(-),%(-) with neural networks ug(-), p,(-) and v¢(-) with tunable parameters 6 €
©p C R™,n € ©, CR™ e O CR™. Here, we assume that the parameter spaces
©9,0,;, O¢ are open sets of the Euclidean space. Then, algorithm (15) becomes

n+1 1
n .
T | = e { L (1Mapy — Mg i + e = v [om) = 8umm i )}
©

pER™nN
PHeER™E
EIRCANEIRES
Ynt1 Yen+1 Yen+1 Yen |)7
. 1 ~ ~
9n+1 = aéregﬂil;lnlen {27_(|Mpu9 - Mpugn H%Q(Q;RT) + ||BUO - Bugn ||%2(8Q)> + éa(ue, Pn+1; '(/Jn+]_>} 5

Let us take a closer look at the first line of (17). Since ¢ and 1 are separable in &, it is not
hard to verify that the updating rule of n”*! can be formulated as

. 1
7! = argmin {2||Mdson — Mapy) s gy — € s o, w)} S ()
nER™N Ty

As suggested in section 1, we approximate Mgp, () — Mapyn (z) with -2 B (Mapgn () - (n =

n")) = andgon n(x)(n—n"). Here, we denote (%/\/ldgon(x) € R™™Mn as the Jacobian matrix
of Mgpy () with respect to the parameter 1 at . We therefore have

9 .
| Mgy — Magge oz ~ / I Mo (@) = I du(e)

mn mn

8 n n
- ; ; < den ; %Md¢"”>L2(Q;Rr)(ni =0 )(nj —nj)
=(n—n")" Ma(n™)(n —n"), (19)

12
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as an R™»*™¢ symmetric, semi-positive definite Gram matrix that encodes the information
of Md.
Replacing the proximal term in (18) with the quadratic term (19) yields

?AWTMd( n")An — E(0", 0" + An, &"). (21)
©
Here we denote An =1n —n™ and E(G”, n,&) = & (ugn, gy, Y¢) for shorthand. By linearizing
E0™,n,&™) at n = n™, minimizing the quantity (21) is equivalent to minimizing

1 ~ ~
§A77TMd(77”)A77 — To(E(0", 0" + An,&") — E(0", 1", &"))

1
R A M)A = 7,V E@™, 7™, An + O(1,An%).

We further omit the term O(7,An?) to obtain

. 1 T T
A;g]lgr}'m {2A77 My(n™)An —1,V, E( 1" n) AW} (22)

This is a least square problem with optimal solution denoted as
An =71, Ma(n") 'V, E@O", 0", ).

The resulting formula suggests that we explicitly update n along the gradient ascent direction
preconditioned by the Gram matrix My(n™),

W=t T Ma(") IV, E0" 0", €.
By doing so, we exchange some of the numerical stability enjoyed by the proximal step for
computational feasibility and efficacy.

Remark 2 [t is worth mentioning that the Moore-Penrose inverse used here is generally
not necessary. According to Lemma 4 proved in the next section, we have VnE(G”, ", hn) €
Ran(My(n™)). Thus, in order to determine a solution v to (22), one only need to guaran-

tee that My(n™)v = VnE(O”, n",4n). Consider any pseudo-inverse matriz M5 (n™) such that
My(n"™) M, (™) maps the column vectors of My(n™) to themselves, i.e., My(n™) M5 (n"™) Mp(n™) =
M,(n™). Then, v = M;(nn)vnﬁ(an,nn,%) will be a solution to (22). Thus, we can also

set

An = M} 0"\ E0" 0", ).

In this research, we pick M;(nn) as the unique Moore-Penrose inverse to simplify our dis-
CUSSION.

13
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Moreover, we utilize the same idea to update the parameters & and 6
§n+1 :én + Tp - Mbdd(fn)TVEE(9n7 77”7 gn)7
6" =0" — 7y - My(0") V& (ugn, Brt1, Y1),

where Qn 1 = @pnt1 +w(@pntt — @), U1 = Yen+1 +wW(Pent1 — Yen) are obtained via the
extrapolation. The Gram type matrices M,(6), Myqq(§) are computed as

0 0 0 0
M,0) = [ SiMynla)” g Myata) dnt [ SoBuala)" 5 Buato) dpn. (23)

00 90
0 o
Myaa(€) = /8 ) T/}gg(y) wgg(y)

This yields our NPDG algorithm (4).

In practice, choosing the stepsize 7, (as well as 7, 7,) ranging from 102 to 10~ ! usually
yields stable and efficient performance of this explicit scheme. The study on the optimal
choice of the stepsizes, as well as the application of more meticulous line search strategies
will serve as the future research directions.

dpag, (24)

2.5 Nonlinear Equations

A similar treatment can be applied to the nonlinear equation taking the form of
Lu+Nu=Ff, onQ, Bu=g ond, (25)

where £, N denote the linear and nonlinear operators, respectively. B is the boundary
operator. f : Q — R, g : 02 — R. Suppose that L splits as £ = MZZMP. We then
multiply the equation and its boundary condition with the dual variables ¢, and derive
the functional

E(u, 9, 9) = (LMpu, Map) r2(mry + N (), ) 120y — (f, ©)r2(0) + (Bu, 1) 12(00)
€
—3 (HMd@HQLQ(Q;Rr) + WH%Z(@Q))‘

We can now apply algorithm (4) with preconditioning matrices My, Mgy, Mp4q mentioned
above in (23), (20), (24) to solve the equation. Related numerical examples and more
detailed descriptions of our treatment can be found in section 5.3 and 5.4.

2.5.1 MONGE-AMPERE EQUATION

Our algorithm can readily handle some fully nonlinear equation that possesses a saddle point

formulation, such as the Monge-Ampére equation.

det(D?u(z :M, dxr —a.e., wu is conve on R%. 26
det(DPu(x)] = LTS oo vex (26)

Here, po, p1 are probability density functions. D?u denotes the Hessian matrix of the po-
tential function w. This equation takes an equivalent form of

Vugpo = p1, u is convex on R,

14
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where pg, p1 are probability distributions. We assume pgq, p11 are absolutely continuous with
respect to the Lebesgue measure on R%, with density functions pg, p1. And # denotes the
“pushforward” of probability distribution pg by the map Vu in the sense of

/d h(Vu(z)) dpo(x) = /d h(y) dui(y), for any measurable function h defined on RY.
R R
There is already adequate research on the classical numerical methods for the Monge-Ampére
equation. We refer the readers to Benamou et al. (2010); Froese and Oberman (2011);
Benamou et al. (2014); Neilan et al. (2020) and the references therein for further discussion.
In this research, we aim to propose a mesh-free algorithm based on the data samples
drawn from po and p; to evaluate Vu(-) of the equation. We should first point out that the
Monge-Ampére equation is closely related to the following Optimal Transport (OT) problem
(also known as the Monge problem)Villani et al. (2009)De Philippis and Figalli (2014),

. 1
min / Le = 7@ dpola). (27)
TeM(RERY) Jrd 2
Typo=p1

Here M(R? R?) denotes the space of measurable maps from R? to R?. We aim at computing
for the optimal map T that transport the probability distribution pg to p; by minimizing
the L? transportation cost. One can show that the optimal map 7} of (27) exists uniquely as
long as jug, j11 possesses densities pg, p1, and there exists a convex function u : R¢ — R such
that Ti(z) = Vu(x) for pp-a.e. z € RL Furthermore, if yig, i1 are supported on bounded
smooth open sets X, Y C R%, and pg, p1 are bounded away from zero and infinity on X and
Y, then the potential u solves the Monge-Ampére equation (26).

Given the connection between the Monge-Ampére equation and the OT problem, we
mainly focus on computing (27) instead of (26). The goal is to compute for the OT map T}
(or Vu). Notice that (27) is a constrained optimization problem. By denoting Cy(R?) as the
space of bounded continuous functions, it is natural to introduce the Lagrange multiplier
¢ € Cp(R?) (also known as the Kantorovich potential of the OT problem) to the constraint
Typo = p1, and obtain

s1.)= [ Gle=T@I dua(o)+ [ o) duota) = [ o) dmlo). 29

R
Upon solving (27), we consider the sup-inf saddle point problem
sup inf E(T, ). (29)
©EC,(RY) TeM(RE,R)
It is shown in Fan and Liu (2023) that, as long as po, 11 are compactly supported, and g
is absolutely continuous w.r.t. Lebesgue measure, the saddle point (7%, p,) of (29) exists,
and the map T, (-) equals to the OT map T, (-) po—almost surely.

In the computation, we substitute T', ¢ with neural networks Ty, ¢,. A natural way of
preconditioning this problem is to set M, =Id and Mg = Id for M,(0), M4(n), i.e.,

.
my() = [ TR T o) do.

-
My(n; 6) :/Rd &Pn(aj;f(x)) &Pn(a];?@(x)) po(z) dz.

15
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However, a more canonical choice is to set M, = Id and My = V. To motivate this
preconditioning technique, we carry out the following calculation. Suppose (7%, ¢y) is the
saddle point of the above problem (29). As Ty (-) = Tx(-) po—almost surely; one can show
that Tiypo = p1, and

To(x) —x 4+ Ve, (Ti(z)) =0, po— a.s. (31)

Now assume that (T, ¢) is close to the optimal solution (7%, ¢,). We have

ET¢) = [ FIT@) = Tuo) + Ta) —alPmla) de+ [ (o(T(0) = (T oo
= [ GIT@) = alP + (7(a) = 1.0, To(a) =) + 5 T(@) = T.() Pl
+ [ (FolT@).T(w) = T@)po(o)id
+ [ 5@ - @), Pe(T@) - T@)(e)ds
= [ (@) = L.(0). Tu(0) = ) + (Vo(T(@). Tla) = Tula))po(o)d
+ [ 5IT@) = alPpoayte + (T = T

= /Rd<T*(x) —xz+ V(T (x)),T(x) — Ti(x))po(z)dx + Const + O(||T — T*\|2).(32)

Here we denote £ = (1 — 0)T'(z) + 0T (z) with 0 <0 < 1.
Now recall the optimal relation (31), we can reformulate the first term of (32) as

/Rd (= Vou(Tu(x)) — 2+ Vo(T'(x)), T(x) — Tu(x))po(x) dx
Z/Rd<V90(T(ﬂf)) = Vou(Ti(2)), T(x) — Ti(x)) po(x) da. (33)
Now (33) suggests that as (7', ¢) approaches the optimal solution (7%, ¢y ), the loss functional

&(T, ) is roughly the L?(pg) inner product between V(T'(+)) — Vi, (Ti(+)) and T(+) — Ty ().
This suggests setting M, = Id, Mg = V as the preconditioning of (29), i.e.,

]
my) = [ T T (o) ds,

00 00
a5 5 (34)
M) = [ 3 o 10nenTo@)] 5 Dreion(To()) o) d
k=1

Applying (4) to the adversarial training of Ty, ¢, leads to a faster, and more robust algorithm
for approaching the saddle point (7%, ¢4), which also yields the desired OT map (solution
to Monge Ampére equation) T, (Vu). We refer the readers to section 5.5 for details on
implementation and numerical examples.
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Remark 3 It is worth mentioning that the idea of optimizing @ with respect to the H' metric
has already been introduced in Jacobs and Léger (2020), in which the authors introduce a
back-and-forth algorithm with the H'-natural gradients to deal with the Kantorovich dual
problem of (27).

3 Convergence Analysis of the NPDHG flow

In this section, we are inspired by the research conducted in Liu et al. (2024b) to provide a
posterior convergence analysis on the time-continuous version of the NPDHG algorithm (4)
as 7p, 74 — 0 and wrg — v > 0.

Recall that (4) can be reformulated as

n+1 n

(T2 (1)) fro= (2Tt o) )

gt g v Myaa(§") V& (ugn, pyn, en) )7
%n—i—l _ Ppn+1 ©pn+1 _ Pyn

(Cam )= (o )reme (o) - (50 )

gr1 — g

Tu

— M, (0™) V& (ugn, Brs1, Unt1)-

By replacing the finite differences by the time derivatives, we verify that (4) converges to

ﬁt :Md(ﬁt)Tvnég(Ueh (/077t) 1/)516))
&t :Mbdd(ft)Tv£@ﬁ(u6’ta Pnes 1/}&)7 (35)
ét = - Mp(et)Tveg(uet; Q’Bta ,th)a
where we denote
at _ Qo’f]t > ( SbT]t >
) = + . 36
< wt ) ( ¢§t 7 ¢& ( )

as Ty, T, — 0 and wr, — 7. We call the above time-continuous dynamic (35) as the
NPDHG flow. In this section, we analyze the convergence of the numerical solution {ug, }
along (35).

3.1 Natural gradient induces orthogonal projection of Fréchet derivative

Before our discussion, we need the following lemma. Similar results have already been proved
in several references, including Liu et al. (2022); Nurbekyan et al. (2023); Wu et al. (2023);
Miiller and Zeinhofer (2023); Zuo et al. (2024). We restate the lemma here for the sake of
completeness.

Lemma 4 Given a certain Hilbert space X, we consider a Fréchet differentiable functional
F : X = R. Suppose © C R™ denotes the parameter space, we consider a parametrized
family of functions {ug}ece which belong to X. We denote D,.7 (u) € (X)* = X as the
Fréchet derivative at u. Assume that ug is differentiable with respect to 6 and g—gf e X for
arbitraty 1 <i <m, 0 € ©. We define the m x m Gram matriz M(0) as

(M(0));; = ( )

Oug Oug

_— <i,7<m.
00, 96; nr=m
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Furthermore, we denote F(0) = % (ug). Then one can show that
e VoF(0) € Ran(M(0)),

e For any v € R™ such that M(0)v = VgF(0), we can show that v is the solution to
the following least square problem?.

: Oug |2 . = Oug ()2
v e argmm{HD F(ug) — —CH } = argmin HD Fug) — Y GCGi—=r .
Cerm ) 00 °lx S cerml,gmer | I ; " 90; I1x
One can also verify that
811,9
D% (ug) — —-v
uF (u0) = 5
as a vector in X, is orthogonal (w.r.t. inner product defined on X) to the subspace
spanned by {g—g‘f,...,gﬁ}. Or equivalently, aa%v is the orthogonal projection of
D% (ug) on span{g—léf,...,%}.

We defer the proof of this lemma to Appendix B.
We should mention that the Moore-Penrose inverse M (0)TV,F(6) yields a solution to
the least square problem mentioned above. For the convenience of our future discussion, we

denote the orthogonal projection (w.r.t. inner product on X) onto span{g—léf, el ge%} as
Mpyy, : X — X, we thus have

Ouyg

—g M(O)VoF (0) = Tlayu, [DuF (up)]
Correspondingly, we denote the orthogonal projection onto the orthogonal complement of
span{g—z,f, ce 889%} as Hagué‘ : X — X, we have,

OUQ t
D, (ug) — %M(G) VoF(0) = Hagué‘ [DyF (ug)] .

3.2 Convergence analysis of the time-continuous version of the algorithm for
linear PDEs

At first, we assume that Q C R? is a bounded open set. Denote B as the Borel algebra
on € inherited from that of R?. We denote y as a Borel measure on €. Furthermore,
L2(2) denotes L2(2,B, u); L2(;R") denotes L*(Q,B, u; R™) for simplicity. We suppose
the boundary 092 € C'. We denote By as the Borel algebra on 99, and ppo as a Borel
measure on 9§2. We denote L?(9Q) as L%(952, Baq, taq) for shorthand.

Recall that we consider the linear equation (10) defined on H. We assume u, as a real
solution to (10). We will adopt the notations used in previous section 2.2 and 2.3. In our
discussion, we always assume that the operator L is bounded from both above and below in
the sense of

L£ul|r2pr L£ul|12(pr
0< Lo < inf [£ul| 2 0;rr I1£ul| L2 (0:rm) <L <o

(37)
ucH HUHL?(Q;RQ

uch ”uHL?(Q;R")

1. It is worth mentioning that for fixed =, 6"5’7651) is a k X m matrix.
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We denote Ly V1 =max{L;,1} and Lo A 1 = min{Lg, 1}, and

~ I1v1
K =
LoAN1

(38)

for shorthand.
Suppose that we perform the NPDHG flow up to time 7', we denote «, 31,52 € [0,1]
as coeflicients quantifying the approximation power of the subspaces spanned by the basis

{(aﬂggf‘”,ﬁag;f:t)}me , {M}Zz and {8%} :E for t € [0,T]. To be more specific,

k=1 Oy
2
L2(0Q)

« is a constant satisfying
(| Myp(ug, = ue) 2.z + IVAB(ug, — ws)llf2(an)),  for all t € [0,7].

HZCk aBue’ — VAB(ug, — u.)

¢ER™O
Cl ;;;;; Chge

min {H Z Cp—>t—t 6./\/lqut — My (ug, — u*)

L2(Q,RT)

Recall that L2 = L2(Q;R") x L?(99), we denote the subspace

B OMpuyg O0Bug 9
agUg—span{( a6, fﬁQk)}k 1C1L.

Then, a quantifies the relative L2 norm of the 9pU g, -orthogonal component of (M (ug, —
uy), B(ug, — us)) for t € [0, T]. Similarly, we denote the subspace

oM " 0
Oy, @y, = span { ( 5 df” 0) } P span { <0 fa?,f) } c L2

k=1

Then, B1, 32 denote the relative L2 norm of the components of (EMpuet, VABug,) and
(Mapn,, \F)\wgt) orthogonal to 0, ¢®,, ¢,, respectively. The detailed definitions of «, 81, 32
can be found later in (56), (57) and (58).

The following Theorem analyzes the convergence of the numerical solution ug, solved
from (35) on [0,T7].

Theorem 5 (A posterior convergence analysis of NPDHG flow) Suppose {(0¢,n:,&:)}
solves the NPDHG flow (35) on [0,T]. Recall that e, By, B2 quantifies the approxzimation qual-
ity of neural networks ug,, pp,, Ve, through [0,T], and Kk denotes the condition number (38).
Suppose a+ (1 < %, Bo < 1, if we further assume that the hyperparameters of the NPDHG
flow v, e > 0 satisfies

( =h <a+ﬂl>) (1 - ) > (LA +4i2€+ alt —el)* .

Then there exists v > 0 whose definition can be found in (59) such that
M (ug, — u*)H%g(Q;RT) + || B(ug, — u*)||%2(69) <2exp(—rt)-Cy for0<t<T.

Here Cy > 0 is a constant depending on the initial value (6g,m0,&0) of the NPDHG flow.
r > 0 is the convergence rate depending on the equation (10), the hyperparameter v, and the
neural network parameters. The explicit form of v is provided in (59).
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The proof of Theorem 5 is provided in Appendix B.

It is also worth mentioning that as ¢ increases, ug, will approach the real solution u.;
however, as the approximation gets better, the error term (M (ug, — u), B(ug, — ux)) also
erects orthogonally away from the exploration space 9pUyp,. Consequently, the quantity a
will approach 1, so as f; — 1. That may prevent condition a + 81 < %2 at a certain time ¢
along the NPDHG flow (recall that K > 1). As a result, the convergence analysis presented
in Theorem 5 is only applicable on a finite time interval. We leave the analysis of the largest
time T that guarantees the convergence of {uy,} as the future research direction.

Remark 6 If we assume that ug(-), oy (-), Ye(-) are linear combinations of basis functions,
1.e.,

me my me
ug(x) =Y Orur(x),  on(@) = mepr(x), Yelw) =D &Gbr(x),
k=1 k=1 k=1

with 0,7, & serving as the coefficients of the basis functions and ug, o, Wi being given basis
functions in their corresponding spaces. If u,. can further be represented by linear combination
of {u}py, we will have o = By = 0. And the inequality (39) reduces to

4(%_2 — ﬁl)

T A

4 Algorithm

In this section, we provide a detailed description of how we implement the NPDG algorithm
(4). We take the linear PDE (10) as an illustrative example.

4.1 Loss functional and the precondition matrices

Recall our discussions in section 2.3. We introduce the pair of dual neural networks (¢, ¥¢)
to equation (10) and consider the loss functional

Slup.) = ( [ EMpua) - Map(o) ~ F(@)o(o) duto) ~ § [ Maple) - Magla) dute)

+A </89(BU(y) —9W) - () duoa(y) — ;/m P(y) - P(y) duag(y)> ,

We denote u, uaq as the uniform probability distribution on 2 and 9€2. Sometimes, it also
helps if we add the L? boundary loss

1B =912y = [ (Bu=9)® duon

to &(u, v, 1) and consider

& (u,0,0) = &(u, 0,9) + NBu — gl 72(,,.,)-

We also recall that the precondition matrices M, (0) € R™0*™¢ My(n) € R Myqq(§) €
R™e*™s are defined in (48), (49) and (50).
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4.2 Monte-Carlo approximation

We apply the Monte Carlo algorithm to approximate the loss function & (ug; ¢y, 1¢) through-
out our computation. Assume that {X;}i<i<n,,, {Yjti<j<n,, are samples uniformly
drawn from the domain Q and its boundary 0f) respectively. Under the scenario of lin-
ear PDE (10), we compute

N,
1 Nin .
& (uos oy, Ye) ~ 47 > LMuu(X;) - Map(X,) — f(Xi)p(Xs) — gMapn(Xi) - Mawy(Xi)
wm i=1
Nyaa
1 €
+A > (Bu(Y ;) = g(Y;)) - ve(Y;) — stbe(Y ;) - e (Y5)
Noda 2
Here, “-” denotes the multiplication of scalars or the inner product of vectors. For example,

if L= A, B is the restriction of v on 92, and we set M, = Mg =V, L =1d, then
LMyu(X;) - Map(Xi) = Va(X) - Vo(Xi),  Mapy(Xs) - Maoy(Xi) = Vo (X)II%,

(Bu(Y ;) = g(¥ ;) - ¥e(Y ) = 5ue(Y ;) - ve(Y ) = (u(Y ) = g(¥ )ee(¥ ;) = SUR(Y ).

For general nonlinear PDE, the loss function & (ug; ¢y, 1¢) can also be approximated via
the Monte-Carlo algorithm.

Furthermore, it is also straightforward to evaluate the preconditioning matrices M,y ()
via Monte Carlo method, for example M, (#) can be computed as *

1 Nin a T 8 )\ Nbdd a T a
M,(0) ~ N, %(MpUG(Xz‘)) %(Mpue(Xi)) + N, Z @UG(YJ) @UG(YJ'),
mo_q m j=1
N; N
. 1 Q2 OMyug(X:) OMpug(X;) A % Oug(Y;) dug(Y ;) o
o - : <i,j<m.
1e Y (Mp(g))lj Nin P 891 aej + Nbdd Z 80L 69] ’ V]' — Z?J — m

Jj=1

It is worth mentioning that we use the same set of samples for computation of both the
loss function and the preconditioning matrices.

4.3 Inverting the preconditioning matrices via Krylov iterative solver

We then solve the least square problem (22) for v. As mentioned in Remark 2, this is
equivalent to solve the linear equation

My(0)v = 58 s o). (10)
However, this may suffer from the limitation on scalabity: The method always computes
and records the entire preconditioning matrix M, () at each optimization step. For neural
networks such as Multi-Layer Perceptron, M, (0) is generally non-sparse, which suggests that
forming this m x m matrix will occupy immense memory space of the computing resources
as the number of parameters of the neural networks increases. For example, in numerical

2. Recall that we denote %Mpue (X;) as the Jacobian of Myup at X ;. For example, if one sets M, = V,

then %Mpug (X;) is a d x m matrix. Similarly, we assume W is1xd.
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experiment 5.2, we deal with MLP wg(-) with d;, = 50,dp, = 256,doy: = 1 and n; = 6,
this neural network contains mg = 279090 parameters. Forming such mg X my matrix is
generally infeasible.

As a mitigation, instead of the direct evaluation of the preconditioning matrices, we
apply the MINRES algorithm, which is an iterative solver, to solve (40). The MINRES
iterative solver only requires matrix-vector multiplications that can readily avoid the direct
formation of the preconditioning matrices. Similar treatment is also utilized in Dembo et al.
(1982); Martens (2010); Roosta et al. (2022); Rathore et al. (2024) and the references therein
in optimization problems. The same technique is also used in Wu et al. (2023); Jin et al.
(2024) to handle the computation of Wasserstein geometric flows.

We briefly describe how we evaluate M,(0)v for arbitrary vector v.€ R™ under the deep
learning framework. Given neural network ug(-) : R? — R with parameter § € R™, we
make a copy up,"” (-) by inheriting the architecture of uy(-) and by setting ¢’ = 6. We apply

auto-differentiation to evaluate {M,ug(X;)}Yn and {Mpug™ (X5 )}Nim we also evaluate

{ue(Yj)}Nl’dd {ug™ (Y )}Nbdd Then we compute the scalar

Jj=1> J
A Nyad
uS™ (X X))+ — COPY(Y ug(Y ;). 41
- ZM ) My (X0 + gD () )

Now, by applying auto-differentiation again, we take the partial derivative of T';,(6',0)
w.r.t. 6, and making an inner product with v, this yields 9pI';,,(¢’,6) " v. Finally, taking the
partial derivative w.r.t. 0’ yields

39 (36T(0',0)v)

([
wCOPY =u, 0= (

= M,(0)v.

co 9 co 9
Z::Mp ug™ (X i) 5g Mpue (X)) + Noms ; Uefpy(Yj)aguo(Yj)) V)

B A g B
289 pua(X;)) " 89(M ug(X;)) + Noit 2 aaue(Yj)ague(Yj)) v

This suggests an effective way of evaluating M,(6)v without forming M,(6) explicitly. We
summarize this in the following Algorithm 1. Similarly, the matrix-vector multiplication

Algorithm 1 Evaluating M, (0)v

Input: Preconditioning operators M,, M . Neural network uy(-), samples {X z}iv:”f c O,
{YJ}N”‘“ C 09, Vector v e R™.

Make a copy ug (+) of the given ug(-) with ' = 6.

. Evaluate T'(¢/,6) as defined in (41).

Apply auto-differentiation to evaluate 9pI'(8’,0)v.

Apply auto-differentiation to evaluate u = 9y (9p'(0',0)v).

Return: u

involving the preconditioning matrices My(n), and Mpyq(£) can be computed by similar
technique.
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Remark 7 Calculating My(0)v can be further simplified by using the finite-difference ap-
proximation, which may lead to faster speed and lower memory cost. This technique has been
conducted in several Hessian-free optimization algorithms Martens (2010); Knoll and Keyes
(2004); Rathore et al. (2024). This possible improvement will serve as the future research
directions.

4.4 Sketch of main algorithm

We summarize the proposed method in Algorithm 2.

Algorithm 2 Natural Primal-Dual Gradient method (NPDG)

Input: The equation F(u, Vu, VZu,...) = 0 on Q with (if any) boundary condition Bu = g
on 0f). Preconditioning operators M,,, My. The functional & (u, ¢,1)). Stepsizes 7y, 7y,
7y of the NPDG algorithm; extrapolation coefficient w; Total iteration number of the
NPDG algorithm Njte. Number of samples drawn from € and 9€Q: N;,, Npgg. Max
iteration number nynres and tolerance of relative residual tolyngrs of the MINRES
algorithm.

1: Initialize the primal neural network ug(-), dual neural network(s) ¢,(-) and ¢ (-) if the
equation is equipped with boundary condition(s).
2: for iter = 1 to Njte, do
Set o =n,8 =¢

Apply Monte-Carlo algorithm and auto-differentiation to evaluate (wg,wl—g)T =

Ot (ug, Pn, V)
5: Apply the MINRES algorithm (nMINRESa tOZMINRES) together with Algorithm 1 to
solve

Ma(n)ve = W, Myaa(§) vy = Wy
6: Update n =n+ 1,vy,, { =&+ TyVy > Natural gradient ascent

7: Set @ = @y +w(py — ©ny), ¥ = Ve + w(e — g,) > Extrpolation in functional space
: Apply Monte-Carlo algorithm and auto-differentiation to evaluate w, =

06 (ug, G, D)

9: Apply MINRES algorithm (nyiNges, tolminges) together with Algorithm 1 to solve
M,(0)vy, = wy,

10: Update 8 = 0 — 1, vy > Natural gradient descent

11: end for

Return: wy(+)

5 Numerical Examples

In this section, we apply the proposed Natural Primal-Dual Hybrid Gradient (NPDHG) al-
gorithm to various types of PDEs, including linear and nonlinear, static, and time-dependent
equations.
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Throughout numerical experiments, we set neural networks as Multi-Layer Perceptron
(MLP). That is the fully connected neural network with the input dimension dj,, the hidden
dimension dpjqden, the output dimension dy,¢, and the number of layers nyp. We denote
such MLP with activation function f as MLP;(din, dhidden, dout, PmLp). Readers are referred
to Appendix A for further details on MLP.

We compare the proposed algorithm with a series of commonly used deep-learning
solvers, namely, Physics-Informed Neural Network (PINN) Raissi et al. (2019), Deep Ritz
method Yu et al. (2018), and primal-dual-type algorithms for PDEs/optimal transport Zang
et al. (2020) Fan and Liu (2023). We apply Adam Kingma (2014); Paszke et al. (2019) and
(or) L-BFGS Liu and Nocedal (1989); Paszke et al. (2019) algorithms to PINN. When we
use the L-BFGS method, we choose Ir = 1.0 as the default. The L-BFGS method does
not perform stably with the Deep Ritz and primal-dual type methods. We will only apply
the Adam algorithm to these two methods. To keep the comparison fair, we keep the same
neural network architecture for all the methods tested. We justify the computational ef-
ficiency of the proposed methods by summarizing the GPU-time costs of each method for
different PDEs with various dimensions in Table 4. The robustness of the proposed method
is reflected in the semi-log plots of the relative L2-loss for different equations. Necessary
plots are also provided to visualize the numerical results produced by the proposed method.

5.1 Poisson’s equation (10D, 50D)
We consider the following Poisson’s equation defined on the region Q = [0, 1]¢.
—Au=f onQ, wu=g, on . (42)

where we define f(z) = S¢_, %sin(%xk), and v = Y4, sin(§xy) on 0Q. The exact
solution of this equation is

d
uy(z) = Z sin(ga:k).
k=1

In this example, by multiplying the dual functions ¢ and ¥ to the equation —Au = f, and
its boundary condition u|gg = g, we introduce the loss functional & : H?(Q) x H}(2) x
L2(092) — R as

& (u; 4, 1)) Z/Q(—Au — flpdp — % /Q IVeolPdp + A (/m(u — g)thdpag — % /89 wzduag>

€ €
=/ Vu-Vo— fodu— 2/ IVl *du + A </ (u — g)Ydpan — 2/ ¢2duag>-
Q Q o0 o0

The second equality in the above derivation is due to the fact that fQ —Aup dxr =

—fag % do + fQ Vu - Ve dx, and ¢ = 0 on 0. In practice, we discover that it is

helpful to add the L?(92) loss functional to & (u, ¢,). Thus, we obtain
g(uv P, W = éa(ua P, ¢) + )\HU - g”%ﬂ(p@g)‘

In short, we use the functional &. Let us first consider d = 10. We substitute u, @, Y with
MLPs with tanh as activation functions,

g = MLPyanh (d, 256,1,4), @y = MLPyann(d, 256,1,4) - ¢, 1 = MLPyu,(d, 64, 1, 4).
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Here, we multiply the MLP with the truncation function

= mi 1—
¢() lglkngld{ka, T},

in order to enforce ¢, € H}(S2). Furthermore, based on the definition of &, we set

as discussed in section 3. And recall the definition (48), (49) and (50), we define the
preconditioning matrices in the proposed NPDG algorithm as

.
M) = [ o (Toualo) 3 (Toa) T ) 4 [ L0 i)

Maln) = | 25 (Vai@)) g5 (Topa()) T di(o). Moaa€) = A | el sve(s) T don).
In this example, we pick N;;, = 2000 and Npzgy = 80d = 800. We choose A\ = 10
and € = 1 in the loss function. For the hyper parameters of our algorithm, we set the
extrapolation coefficient w = 1, and the stepsizes 7, = 0.5- 1071, T, =Ty = 0.95- 1071, We
set the maximum iteration number nynres = 1000 for the MINRES algorithm. We test
the thresholds tolyinges = 1072,107% in our algorithm. We compare our algorithms with
the PINN, DeepRitz, and WAN methods. The detailed settings for these three methods
are provided in Table 2. We run each method for 150 seconds and make semi-log plots of
relative error vs. computational time for all the methods tested. Throughout this research,
we consider the relative L? error of uy and Vug. The error plots are presented in Figure 1.
The plot of MINRES iteration numbers at each NPDG step is also provided in Figure 1
We investigate the effectiveness of our natural(preconditioned)-gradient method by com-
paring it with the same algorithm using flat gradients. That is, we replace line 6, line 10
in Algorithm 2 by n = n + 7,w,, { = { + 74wy, and 6 = 0 — 7,w,. This is demonstrated
in Figure 2, 2a. In the same plot, it is also observed that the extrapolation step (line 7 of
Algorithm 2) will slightly enhance the convergence of our proposed algorithm. Furthermore,
choosing suitable preconditioning matrices compatible with the mathematical nature of the
PDE is crucial for the proposed method. In Figure 2, 2b, we compare our treatment with the
NPDG algorithm with M,(6), M4(n) obtained by setting M, = M, = Id. Asreflected in the
plot, unreasonable preconditioning may lead to instabilities in our optimization procedure.
In addition, we also test the same example with d = 50. We set

up = MLPgann(d, 256,1,6), ¢, = MLPiann(d,256,1,6) - ¢, ¢ = MLPyann(d, 128,1,6).

We choose the tolerance tolynrrs = 10~% to ensure higher accuracy in computing the nat-
ural gradient. We keep all the remaining hyperparameters unchanged. Figure 3 presents the
associated numerical results. The loss plot 3c suggests that our proposed NPDG algorithm
converges faster and more stably compared with the algorithms based on the Adam opti-
mizer. We also record the GPU time spent by each method to achieve a certain accuracy
for various dimensions d = 5,10, 20, 50. Details are provided in Table 4 of the Appendix D.
the proposed method performs more efficiently than the other methods as the dimension d
increases.
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10D, Poisson equation

*‘ —— DeepRitz
l PINN(Adam)
NPDG, tol MINRES=1e-3
—— NPDG, tol MINRES=1e-4

log_10(L2 relative )
- f/

Figure 1: (10D Poisson equation) Left: Semi-log plot of relative L2 error (
Vg —Vunl| 2

10D, Poisson equation

log_10(][grad u_theta - grad u_*||_2 / ||grad u_*||_2)

—— DeepRitz
PINN(Adam)
NPDG, tol MINRES=1e-3
—— NPDG, tol_ MINRES=1e-4

computational time (seconds); Middle: Semi-log plot of

IV ||L2(u)

Number of MINRES iteration vs NPDG iterations

Number of MINRES iteration

— u_theta
—— phieta
psixi

g

e} w0
NPDG iteration

()

llwo—uxll 2
Tuo - Nu2guy y o,
flu ”LQ(H)

) vs. computational

time (seconds). The values of ||u«| z2(,) and |[Vu.| 12, are provided in Table 3. Right:
Numbers of iterations required by the MINRES algorithm for updating 6,7, £ at each NPDG
step vs. NPDG iteration.

10D, Poisson equation

10D, Poisson equation

log_10(L2

PD with flat grad omega=1
NPDG omega=0
—— NPDG with omega=1

log_10(relative L2 error)
R

NPDG (M_d=M_p=1d)
—— NPDG (M_d=M_p=grad)

\\‘”WJWWWWMM‘W~WMWW
7

Eg 7 100
Computation time (seconds)

(a)

EJ 7w 35 150
Computation time (seconds)

(b)

Figure 2: (10D Poisson equation) Left: Comparison with the same algorithm using flat
gradients instead (pink), and with the same algorithm without extrapolation (w = 0) (light
red); Right: Comparison with our NPDG method, but using M, (0), M4(n) obtained by
M, = My = Id as our preconditioning (orange). All the plots in these two figures are
relative L2 error vs. computational time (seconds).

5.2 Elliptic equation with variable coefficients (10D, 20D, 50D)

We consider the following elliptic equation with variable coefficient

=V (k@) Vu(z)) = f(z), uly) = g(y) on IQ. (43)
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Graph of u 50D, Poisson equation

Heatmap of |u_theta - u_*| on 20-40 plane
(with all remaining coordinates=0.5) o0f WAN

i — DeepRitz
PINN(Adam)

—— NPDG, tol_MINRES=1e-4

l0g_10(L2 relative error)

(a) (b) (c)

Figure 3: (50D Poisson equation) Left: Graph of learned uy and real solution u, on the
20-40 coordinate plane (with remaining coordinates equal to %) in R°%; Middle: Heatmap
of |ug(x) — u«(z)| on the same plane. Right: Semi-log plot of relative L2 error vs. compu-
tational time (seconds). The values of |lu.| 2,y and ||Vus|[z2(,) are provided in Table 3.

Here we assume Q = [—1,1]¢ with even dimension d. We set

TAz+1
k() = % with A = diag(Ao, M, - - -, Aoy A1),

where Ag, A1 > 0 appeared alternatively for %l times, and choose

Tr(A! 1+,
f) = @A 1) ol and gly) = LTy, y e 00

The solution to this equation is u.(z) = 22T A~ 1z.
Similar to the previous example, we introduce ¢, to the equation and its boundary
condition. Integration by parts yields the functional & : H?(Q) x H}(Q2) x L*(Q) — R:

&) = [ w(a)Vipla) - Vuta) = (@)@ du—3 [ [Viola)|? d

€ 2
([ w0 duon =5 [ 0 duon).

Similarly, we add the boundary loss function to & (u, ¢, 1) to obtain

& (u;0,0) = E(w;0,9) + M — gl 2100
We use & In the computation. We set

for the preconditioning matrices My(6), Mq(n), Mpqq(€)as defined in (48), (49) and (50). We
test this example with d = 10,20,50. We substitute u, ¢, 1 with MLPs with softplus(-)
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as activation functions. Here, softplus(-) is a smooth approximation of the ReLU function
defined as?

softplus(z) = ;log(l + exp(fSx))

with 8 = i. We summarize the neural net architecture of our experiments in Table 1. Similar
to our treatment for the Poisson’s equation, we multiply ¢, by the truncation function ((-)
to enforce ¢, € HL ().

Primal & Dual Neural Networks
Nin, N w, T MINRES tol
g (MLPsoftplus) [ ©n (MLPsoftplus * §) [ e MLPsoftplus bdd Tus Toy Ty o
d=10 (d,256,1,4) (d,256,1,4) (d,128,1,4) 4000, 40d 0.1,0.19,0.19 0.5-1073
d =20 0.05,0.095,0.095
d =50 (d,256,1,6) (d,256,1,6) (d,128,1,6) 6000, 40d o 10°*

Table 1: Basic setting of our experiments on computing (43).

In this example, for all dimensions d = 10, 20,50, we set A = 10 and ¢ = 1 in the loss
function; we set the extrapolation coefficient w = 1. The stepsizes 7, 7,, 7y, the number of
samples N;y,, Npqa, as well as the tolerance of MINRES used In all tests , are also summarized
in Table 1. We improve the tolerance of the MINRES algorithm from 1073 to 10™% as the
dimension d increases to 50. We run the proposed method for 500 and 1500 seconds for 10-D
and 20-D problems respectively. For the 50-D problem, we perform the proposed method for
36000 iterations. For all d = 10, 20, 50, we compare our algorithm with the PINN, DeepRitz,
and WAN methods. The detailed settings for these three methods are provided in Table
2. We make semi-log/log-log plots of relative error vs. computational time for all methods.
The error plots are presented in Figure 5. The plots justify the linear convergence of the
proposed method. Compared with the other algorithms based on Adam optimizers, the
proposed method performs more stably and achieves higher accuracy in this example. We
also record the GPU time spent by each method to achieve a certain accuracy. One can
find the details in Table 4 of Appendix D. It turns out that only the proposed method can

7”“5_“*“% < 0.005.
wellL2

For d = 20, we visualize the solution ug learned by the NPDG algorithm by plotting
the graph of up on the 9 — 10 plane while fixing the remaining coordinates to 0 and 0.5 for
d = 20 in Figure 5. The associated heatmaps of |ug(z) — u«(x)| on the 9 — 10 plane are
also provided in Figure 5. To investigate the accuracy of ug over the entire space of 2, we
separate () = U?ﬂl Q; into 50 square shells with gradually increasing sizes,

achieve an accuracy such that

Y ={z=(21,...,2q9)" € RY(I—1)/50 < |zx| < 1/50, 1 <i<d}.

We plot the average L? error of uy computed via different methods on €; with respect to
the size [/50 of each square shell €; in Figure 4, 5e.

Different MINRES tolerances: Slightly improving (i.e., decreasing) the tolerance tolyNRES
of the MINRES algorithm yields more accurate directions of the natural gradients and en-

3. In PyTorch, for numerical stability, the implementation of softplus(-) reverts to the linear function when
T > w, The default value for the threshold equals 20.
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10D, Variable coefficient 20D, Variable coefficient 50D, Variable coefficient
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Figure 4: Left column (4a) (4d): Semi-log plot (up) of relative L2 error vs. computational

||VUG_VU*HL2(H)

time(seconds) and semi-log plot (down) of vs. computational time. Dimen-

Hvu*”]ﬁ(u)
sion d = 10; Middle column (4b) (4e): The same plots for d = 20; Right column (4c) (4f):
The same plots (but in Log-log form) for d = 50. The values of [|u.|[12(,) and ||V || 2(,
are provided in Table 3.

hances the convergence of the NPDG algorithm. However, selecting tolyingrs too small
makes our algorithm sensitive with respect to data stochasticity and thus may introduce
instability to the method. This is reflected in Figure 6a and 6b.

Comparing with L-BFGS optimizer: We apply the L-BFGS optimizer to PINN and
compare its convergence speed with the proposed method. L-BFGS utilizes the second-
order information from the loss function in optimization. However, L-BFGS is known to be
unstable in stochastic setting—using random batches is not a feasible strategy for L-BFGS
method. In this example, we fix the Monte-Carlo samples in our algorithm and optimize the
PINN loss function with L-BFGS method. For d = 20, as shown in Figure 6¢c, our NPDG
algorithm with tolyinges = 107* converges faster than the L-BFGS method. Moreover,
the L-BFGS method faces instability even without data stochasticity. As demonstrated
in Figure 6d, the L-BFGS method always blows up given a long enough running time for
dimensions d = 20 and d = 50.
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Error heatmap Error heatmap

;4 | | p—

(a) (b) (c) (d) (e)

Figure 5: Plots for d = 20. 5a: Graph of uy obtained by NPDG method (blue) with real
solution (red) plotted on 9 — 10 plane with remaining coordinateds fixed to 0; 5b Heatmap of
error |ug(z) — us(z)| plotted on 9 — 10 plane with remaining coordinateds fixed to 0. 5¢, 5d:
Same plots plotted on 9 — 10 plane with remaining coordinateds fixed to 0.5; 5e: Semi-log

plot of log; (ﬁHVua - VU*HLZ(QZ)) vs. size of each square shell €.

20D, NPDG with different tol_MINRES 20D, NPDG with different tol_MINRES 20D, NPDG vs LBFGS PINN(L-BFGS), 20D and 50D

grad vl 2/ llgrad 1L 2)

Figure 6: Caption

5.3 Nonlinear elliptic equation (5D)

We consider the following nonlinear elliptic equation equipped with Dirichlet boundary
condition on a d-dimensional ball with radius R = 3

Bar={vcR'| o] <R}.

1
§||Vu(a:)\|2 +V(x) = Au(z), wulop,, =0. (44)
Here we set
2 2
T (P = T cos(Fpy = T T
V(z) = sin (2r) 1 cos(zr) 5 sm(2r)

with 7 = ||z||. The solution to this equation is the radial function
ug(x) = cos(gr).
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Similar to the previous examples, we introduce ¢, 1 to the equation and its boundary con-
dition. We obtain & : H2(Q) x H}(Q) x L*(Q) — R as:

Slu..0) = ( [ Volo) Vata) + 319u@)|Pote) + Viodola) du— 5 [ V(@I ai)

€
+A</ w do — 5 [ ¢J2duag>-
o0 o0

And we consider solving inf,, SUP 1) {5 (u, ,v)} in this computation, where

It is still unclear what the optimal way is to precondition the nonlinear term in this equation.
Our treatment only focuses on the linear part Au. Thus we set

for the preconditioning matrices M, (0), Mq(n), Mpga(§).
We test this example with d = 5, we set

g = MLP oy (d, 256, 1,4), @ = MLPynn (d, 256,1,4),  1he = MLP o (d, 128, 1, 4).

Similar to the previous examples, we choose A = 10 and w = 1 for the NPDG algorithm. We
apply Monte-Carlo method to evaluate the loss function, in order to sample uniformly from

By R, we first randomly sample Ny, points p1,. .., pn,, from the interval [0, R] following the
density function p(p) = diRl (%)d ,p € [0, R]*. Then we sample N;, points wy, ..., wy, from

the standard Gaussian distribution N (0, I4). Thus, we obtain N;,, sample points in By g by
forming x; = p,-lwn’ﬁ, 1 < i< Nj,. Weadd ey = 1078 to prevent zero denominators. We
run the proposed method for Ny, = 10000 iterations.

In this example, we also test the PINN(Adam/L-BFGS) and WAN methods. The hy-
perparameters for these methods are provided in Table 2. Log-log plots of the relative error
vs. the computation time among the methods are provided in Figure 7. We plot the graph
of ug obtained by our algorithm on the 1 — 2 coordinate plane in Figure 8a. We also plot
the heat maps of the error function |ug(-) — u«(-)| on various coordinate planes in Figures
8b-8e. Similar to previous examples, we record the GPU times spent by different methods
for achieving certain accuracy in Table 4 of Appendix D. Furthermore, we also consider the
following equation on the same region By r (d =5, R = 3) with a weaker nonlinear term,

FIVu@)|P + Aue) = V(w), ulop,, = 0. (45)

Here we set € = %0 and

2 2
€N . o, T T m(d—-1) . =«
Vix) = Sm-(—=7r)— —COS\ 7)) — ——S1In(—_Tr).
(0) = 2 sin?(5r) — T eos(5r) ~ N sin(Er)
4. This can be done by first sampling n, points r1,...,7y, uniformly from [0,1] and then transform each

1
ri to ps =717 CR¥™d for 1 <i<np.
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5D, nonlinear elliptic equationl 5D, nonlinear elliptic equationl 5D, nonlinear elliptic equation2

— LBF

Gs
—— NPDG, tol_MINRES=1e-4

log_10(relative L2 error)

waAN
PINN(Adam)

—— PINN(LEFGS)
’ NPDG, tol MINRES=1e-3
—— NPDG, tol MINRES=1e-4

log_10(lgrad u_theta - grad u_*[|_2 /||grad u_*]|_2)

PINN(Adam)
59— PINN(L-BFGS)

NPDG, tol_MINRES=1e-3
—— NPDG, tol_MINRES=1e-4.

& T T ™ T w W T T ™ 3 T ] B
Computation time (s) Computation time (s) Computation time (s)

(a) (b) ()
Figure 7: Equation (44): Left: Log-log plot of relative L2 error vs. computational time
. . . HVUG*V“*”L%M)
(seconds); Middle: Log-log plot of T,

values of [[u.|r2(,) and ||V 12(,,) are provided in Table 3. Equation (45): Right: Semi-log
plot of relative L2 error vs. computational time.

vs. computational time (seconds). The

(a) (b) () (d) ()

Figure 8: Figure 8a: Graph of ug on the 1—2 coordinate plane (that is, the plane spanned by
the first and second components with the remaining coordinates fixed to 0). The parameter
0 is obtained by the NPDG method after 10000 iterations; Figures 8b-8e: Heatmaps of
lug(-) — u«(-)| plotted on 1 — 2, 2 -3, 3 —4, 4 — 5 coordinate planes.

The solution to this equation is still u.(x) = cos(5r). We apply the NPDG algorithm
with exactly the same neural network architecture and hyperparameters as in (44) to solve
equation (45). We also test the L-BFGS optimizer to minimize the PINN loss of equation
(45). Figure 7c indicates that the proposed method achieves performance that is compatible
with L-BFGS in this example.

5.4 Allen-Cahn equation

We have discussed several examples of time-independent PDEs. We now briefly show how
the proposed method is applied to resolve the time-implicit, semi-discrete schemes of the
time-dependent equations. In this section, we primarily focus on the 1D and 2D Allen-Cahn
equations to illustrate our idea. Future research will explore additional approaches, such as
adaptive sampling techniques Wight and Zhao (2020) and extensions to higher dimensions.
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We consider the Allen-Cahn equation on a bounded domain €2 posed with the homoge-
neous Neumann boundary condition on time interval [0, 7).

ou(z,t) B B 1__, ou B B
5 eoAu(z,t) %W (u), e 0on 09, wu(-,0)=up(-).

Here we define the double-well potential function W (u) = (1 —u?)?, with W' (u) = v® — u.
In this research, we focus on resolving the time-implicit, semi-discrete numerical scheme of
this equation. We divide the time interval into Ny subintervals and consider

ut(z) —ut(z) ' 1 ., 4 out
» = eoAu'(z) — %W (u'(x)), o 0 on OS2

sequentially for 1 < t < N; with u"(:) set as ug(-). That is, we need to solve the N;
consecutive elliptic equations with a cubic term as shown below,

Mt (@) — @) = ' (), 22

toy t ou”
u'(z) — eohtAu’ (z) + - 0

=0o0n 0, 1<t< N (46)
We can tame the nonlinear term W'(u) = u3 — u by subtracting its linear approximation at
the equilibrium state o = £1, i.e., we consider R(u) = W' (u) — (W'(a) + W"(a)(u — u)).
We then absorb the linear term W”(@)u of W' (@) + W”(@)(u — @) to the linear portion of
(46) to obtain

heW" (1 h h
+ M)Id — hieoA) u+ —R(u) = ul~t = =
€0 €0 €0

D Const

(¢! (W' (@) — W (w)a) .

It is reasonable to precondition on the linear differential operator D for this equation. We
introduce the operators

My = My s ( I+ RV (@) feou ) |

veohtVu

It is not difficult to verify that (Mpu, Map) 2 = (Du, )2 for arbitrary ¢ € H} (). Thus,
we introduce ¢ € H}(Q),1 € L%(9Q) for the equation and its boundary condition and
design the loss functional

_ h _ €
g(uv 2 ¢| ut 1) :<Du + :;R(’LL) - ut ! + COHSt, (p>L2(Q) - §||Md()0H%2(,LL)

ou €
(P L

= /Q(u(x) —u' T (z) + Zj(ug(ﬂf) —u(z)))p(r) + coh:Vu(z) - Vo(z) dp

-5 (1= 2@ ) [ ) dute) = e [ 1901 an)
M ettt duont) ~ § [ 0%0) duon )
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In practice, we found that it makes the optimization more stable if we add the PINN loss
function as a regularization term to & (u;p, 1), i.e., we denote the PINN loss

2 2
é”pINN(u|ut_1) :/ ‘u—ut_l —eohtAu—kE(u?’—u)‘ du—k)\/ ‘@) dusa,
Q €0 o0 1On

and consider
E(us o, 0| ') = E(us o, 0| wb ) + Eprn (us o, 9| wt ).

In the implementation, we substitute u, ¢, with neural networks with tanh as activation
functions,

up = MLPiann(d, 128,1,5), ¢, = MLPaun(d, 128,1,5) - ¢,  %¢ = MLPgann(d, 64, 1,5).

We set the precondition matrices

"(= T
Mp(G) _ <1+ hW (u)) A 8UG($) 8u9($) d/,L—i—htEo/ Q(VIUQ(JJ))E

(vaQ (x))T d/L

€0 00 00 q 00 00
a2 Ouup(@)) 2 (Onus(a))T d
o0 90 nUg T 99 nUg\T Ko,
_ hW" (1) Opn(x) Opy(x) ' 9 9 T
My = (14 MO [ OLADOGE) it [ (Faon(o) g (Tanta)

0 0
Myaal€) = A /8 e 5 ve) duon.

1D example We first test our algorithm on the 1D example with Q = [0,2], ¢p = 0.1 and
the initial data ug(x) = (1 — cos(w(z — 1))) cos(m(x — 1)). We set T' = 1, N; = 10. In this
example, we treat the distribution pgg = %((50 + &2) with &, denotes the Dirac measure®
concentrated on the point x € R.

For our algorithm, we set A = 10, w = 1, Ny, = 2000, Npgq = 2 (since 9Q = {0,2},
we assign one sample for each end point). We remian the stepsizes unchanged as 7, =
0.5 x 1071, 7, = 0.95 x 1071, 7, = 0.95 - 10~1. We set Ny, = 3000.

In Figure 9, we plot the graphs of our numerical solution ug, obtained at different time
nodes t = Nﬁ (1 < k < N;) with the numerical solution {U* }fc\il solved from the following

t
time-implicit, finite difference scheme

uf-uft . Ub, —20f+UF, 1
hy 0 h2 €

Uk =Uk, Uk =UL, YO<i< N, for 1<k<N,.

UF — Uk, (47)

In the computation, we set N, = 400, h, = 2/N,, U? = uo(ﬁ,—i). We also plot the

3
error term |ug, — U¥|, as well as the semi-log curve of the square root of MSE error

(\/NLI ZZNQ (up, (z;) — UF)2) vs. the computation time in the same figure.

5. That is, 0;(E) = 1 for any measurable set £ C R that contains z, and §,(E) = 0 for measurable sets
that do not contain x.
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Graphs of u(t) from t=0 to 1.0 with h_t=0.1 Graphs of error |u(x,t)-u*(x,t)| from t=0 to 1.0 with h_t=0.1 log_10(sqrt(MSE)) vs iteration at various physical time

10g_10(sqrt(MSE))

Figure 9: Left: The graph of ug, (-) (blue) obtained from the NPDG algorithm for ¢, = N%,
1 < k < Ny together with the benchmark solution (red, dashed line) solved via (47). Middle:
Plot of |ug(-,t) — U¥| for ¢}, = Nﬁt, 1 < k < N;. Right: Semi-log plots of the vV MSE loss
vs. computation time (seconds) at physical time 0.1, 0.3, 0.5, 1.0.

Graphs of u(t) from t=0 to 1.5 (h_t=0.1. Graphs of u(t) from t=0 to 1.5 (h_t=0.1) Plot of log_10(L2 relative error) vs iteration at various physical time

z-axis
z-axis

log_10(sart(MSE))

Figure 10: 10a & 10b: Comparison of neural network solution ug(-) (blue) and finite differ-
ence solution U* (red) along the x and y axis at time ¢, 1 < k < 15. 10c: Semi-log plots of
VMSE loss vs computation time (seconds) at physical time 0.2,0.6,1.0,1.4.

2D example We further consider a 2D Allen-Cahn equation with = [0,2]?, ¢p = 0.1 and
the initial condition
Nl — ol - R>

1%

up(z) = tanh <

with zg = (1,1)T, R = 0.5 and v = 0.1. We set T = 1.5 and N; = 15. We keep the
hyperparameters of the NPDG algorithm the same as the previous example except we set
Niter = 1000.

In Figure 10 and 11, we plot the graphs of the neural network solution ug, together with
the numerical solution {UZ»’;} obtained via the time-implicit finite difference scheme. The
semi-log curves for vMSE loss versus training time is provided in Figure 10; The heatmaps
of the error term |ug, (-) — U¥| are presented in Figure 11.
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|

Figure 11: Up row: plots of ug, (blue) together with the numerical solution {UZIE} solved
from implicit finite-difference scheme (red) on € at physical time 0.2,0.6,0.8,1.0,1.2. The
initial function ug is marked with green color; Down row: heatmaps of the error term
|lug, (-) — U¥| at physical time 0.2,0.6,0.8,1.0,1.2.

! | '

5.5 Monge-Ampére equation for the L?-Optimal Transport problem

In this section, we focus on the computation of the Monge-Ampére equation (26). A PINN
solver for this equation is proposed in Singh et al. (2021). Deep learning algorithms from the
optimal transport perspective are discussed in Korotin et al. (2019); Makkuva et al. (2020);
Fan and Liu (2023), among other references.

As discussed in section 2.5.1, solving the equation is equivalent to solving the L?—optimal
transport problem. This can be further reduced to a sup-inf saddle point problem (29). In
this research, we assume that the samples of ug, 41 are available. In order to evaluate the
functional &(Ty, p;), we generate samples {X;} ~ po = podz and {Y;}Y | ~ 1 = prdy
and apply the Monte-Carlo algorithm,

N
8T on) ~ 1 3 51X = To(XD) | + 0y (To(X)) — (Y.
i=1
By applying Algorithm 1, we calculate the natural (preconditioned) gradients of & (Ty, ¢y)
with respect to 8,7. We then apply the NPDG algorithm 2 to solve the saddle point problem
(29) for T.(+) (Vu(-)).

In experiments, we use the Primal-Dual algorithm with the Adam optimizer (PD-Adam)
proposed in Fan and Liu (2023) as a benchmark for the proposed method. A brief description
of this method, as well as its hyperparameters used In all tests , are provided in Appendix
E. We test three numerical examples as a demonstration. The first two examples possess
explicit formulas for the OT maps. In the third example, we compute the OT map from
standard Gaussian to mixed Gaussian distributions embedded in 10D and 50D spaces. In
the implementation, we set Ty(-), ¢, (-) as MLP with PReLU activation function

x, ifx>0

ax, otherwise,

PReLU(x) = {
where a € R is a learnable parameter. The Input Convex Neural Networks (ICNN) archi-

tecture Amos et al. (2017) advocated in Makkuva et al. (2020) will be considered in future
research.
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5.5.1 1D GAUSSIAN TO MIXED GAUSSIAN

We set pg = N(0,1), p1 = 3 pq MeN(pg, 0F) with A, > 0, Y00 A\ = 1, g € R, o > 0.
The optimal transport map takes the explicit form,

z) = F! T a::mﬁ er Rl THy) = erf ! —1).
o) = ), Foe) = 35 e (T2 ) =)

In the example, we consider m = 2, A\; =
We set Tp(-) and ¢, as

i1 = —1,01 = 0.5; g = %7”2 = 1,09 = 0.5.

win

T@ = MLPPReLU(L 50; ]-a 3)7 Pn = MLPPRQLU(17 505 ]-7 3)

We set the sample size N = 800, w =1, and 7, = 7, = 1.5 - 10~'. We perform the NPDG
algorithm for 6000 iterations. Figure 12a demonstrates the semi-log plots of the L2(po)
error || Ty —Ti|[12(,,) versus the computation time. We make comparisons among the NPDG
algorithms with different preconditioners ((30) and (34)), as well as the PD-Adam method.

5.5.2 5D GAUSSIAN TO GAUSSIAN

For g, 11 € R5 and positive-definite symmetric matrices g, X1 € R>*5, we set pg =
N(po, Xo), pr = N(u1,%1). One can verify that the OT map takes the affine form Ty (x) =

Ax + b with . .
A= vV EQ (\/ 2021\/ 20)1/2\/ ZQ 5 b:,ul —A[Lo.

For simplicity, we set po = 1 = 0 in the test example. The cases in which pg # @1 can
be readily handled by the pre-translating technique introduced in Kuang and Tabak (2017),
which reduces the problem to the case in which pg = p1. We define

1
i L
1 1
5 = 1 S S 1
: 3
1 8 8
2
1
2
Then the OT map is given by Ti(x) = \/251211’, with \/26121 = 1
3 1
4 4
13
4 4

We set Tp(-) and ¢, as
Ty = MLPpReLu (5, 80,5,4), ¢ = MLPpRreLu (5,80, 1,4).

We set the sample size N = 2000, w =1, and 7, = 0.5 - 10_1,710 =0.95-10"". We perform
the NPDG algorithm for 20000 iterations. Similar to the previous example, we present
the semi-log plots of L?(pg) error vs computation time in Figure (12b). The plots of the
computed transportation map Ty(-) together with 7, () are provided in Figure (12¢) and
(12d).

37



NPDHG METHOD FOR ADVERSARIAL NEURAL NETWORK TRAINING ON SOLVING PDES

log_10(L2 error) vs. computation time (seconds) log_10(L2 error) vs. computation time (seconds)

Figure 12: OT problem (1D, 5D): 12a: Semi-log plots of ||Tp — Tk||12(,,) Vs computation
time (seconds) for the 1D problem discussed in section 5.5.1; 12b: Semi-log plots of ||Tp —
T £2(py) Vs computation time (seconds) for the 5D problem discussed in section 5.5.2; 12c:
Plot of the computed transport map Ty(-) (blue) with real OT map T(-) (red) on 1-2 plane;
12d: Plot of the computed transport map (blue) with real OT map (red) on 4-5 plane.

5.5.3 HIGH DIMENSIONAL GAUSSIAN TO MIXED GAUSSIAN (10D, 50D)

We consider the mixed-Gaussian distribution >-3_; M (g, o71) defined on R?, where

=10 R E Rsi ﬁ 0 ! ith R =3 _ 4
pr=10,...,Rcos 7)o sin 7)o wi =3, ak—%.

We assume that the two nonzero entries of uy are located in the ig and i1 entries. We denote
pa as equal mixed-Gaussian

8
Pa :Z)\k/\[(ﬂkaUzI)y A=<, 1<k<S8;
k=1

we denote pp as a non-equally distributed mixed-Gaussian distribution with

8 1 .
= k is even
= MN(ui,02I), Ag=17° 1< k<8,
ph ; WN (i o)y A {210 k is odd. ==

Consider pg = N (0, 1), we compute the optimal transport from pg to p,, as well as pg to
Pp, by solving the sup-inf problem (29) using the NPDG algorithm. In the implementation,
we always set

U@() = MLPPReLU(da 120, d, 6), (pn(~) = MLPPReLU(d, 120, 1, 6)

We first test our algorithm by setting d = 10, and ig = 4,i; = 8. We choose (30) as
preconditioners for NPDG algorithm. We set nynres = 1000, tolyinres = 1074 we choose
the sample size N = 2000, w = 1, and 7, = 0.5-1072, 7, = 0.95-10~%; We perform the NPDG
algorithm for 15000 iterations. We compute the optimal transport maps from pg to p, and
po to pp by applying our NPDG algorithm and the PD-Adam method. We compare the
computational results in Figure 13. The pushforwarded distribution Tyspo of the proposed
method outperforms PD-Adam in terms of homogenity and shape of the mixed Gaussians.
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(a) NPDG (b) PD-Adam (¢) NPDG (d) PD-Adam

Figure 13: OT problem (10D): Plots of the pushforwarded density Tp3po by using Kernel
Density Estimation (KDE), together with the optimal transport map (red segments). Left
two figures: OT from pg to p,, 13a: Numerical result obtained by NPDG, 13b Numerical
result obtained by PD-Adam; Right two figures: OT from pg to pp, 13c: Numerical result
obtained by NPDG, 13d: Numerical result obtained by PD-Adam. All figures are plotted
on the 4 — 8 plane.

We further consider the OT problem with dimension d = 50 with iy = 10,7; = 20 in
which the NPDG algorithm performs more robustly and achieves more accurate solutions
compared to the PD-Adam algorithm. We set nyinres = 1000 and tolyinges = 1074
We choose the sample size N = 2000, the extrapolation coefficient w = 5 and stepsizes
Tu=Tp=0.5" 1072, We perform the NPDG algorithm for 20000 iterations.

We first test the case of transporting pg to equally distributed mixed-Gaussian distri-
bution p,. We test the NPDG algorithm with various preconditioning (30), (34), as well
as the PD-Adam method. The results are presented in Figure 14. It is worth mentioning
that upon comparing the transport maps shown in Figure 14a and 14b, the more canonical
precondition (34) yields solution with higher accuracy. We then test the case of transport-
ing pg to non-equal mixed-Gaussian distribution p,. The results are presented in Figure 15.
Again, our NPDG algorithm with precondition (34) produces the transport map with better
quality. Further plots on the numerical solutions can be found in Appendix 5.5.3. PD-Adam
method does not behave as robustly as the NPDG algorithm in this 50D example.

6 Discussions

In this paper, we design a preconditioned adversarial training algorithm called Natural Pri-
mal Dual Hybrid Gradients (NPDHG) for solving various PDEs. We distill the information
of the precondition operators M, Mg, and construct them in the precondition matrices
M,(0), M4(n) for computing the natural gradients. Alternative gradient descent and as-
cent algorithms, together with suitable extrapolation, are utilized to update the primal and
dual neural network parameters. A posterior linear convergence guarantee is established
for the time-continuous version of the NPDHG algorithm. In practice, we apply the MIN-
RES iterative solver to handle natural gradients efficiently. The algorithm performs stably
and outperforms classical machine learning methods for (especially high-dimensional) PDEs,
including PINN(Adam/LBFGS), DeepRitz method, and Weak Adversarial Network /Primal-
Dual Adam algorithm.
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(a) NPDG with (30) (b) NPDG with (34) (c) PD-Adam (d) Heat graph of ¢, (-)

Figure 14: OT problem from pg to p, (50D): Plots of the pushforwarded density Tpspo
by using Kernel Density Estimation (KDE). 14a-14c: Numerical results produced by NPDG
method and PD-Adam method. 14d: heat graph of the Kantorovich dual function ¢, (-)
learned from NPDG algorithm with precondition (34). All figures are plotted on the 10 — 20
coordinate plane.

(a) NPDG with (30) (b) NPDG with (34) (c) PD-Adam (d) Heat graph of ¢, (-)

Figure 15: OT problem from py to p, (50D): Plots of the pushforwarded density Tpspo
by using Kernel Density Estimation (KDE). 15a-15¢: Numerical results produced by NPDG
method and PD-Adam method. 15d: heat graph of the Kantorovich dual function ¢, (-)
learned from NPDG algorithm with precondition (34). All figures are plotted on the 10 — 20
coordinate plane.

Based on the numerical experiments, we also observe some critical questions about the
proposed algorithm. We summarize some of them for future research directions.

e Convergence analysis for the time-discrete NPDG algorithm. What will be the optimal
stepsize 7y, Ty, 7?7 Is it possible to improve the convergence speed by using adaptive
stepsizes?

e Quantitative investigation of how the tolerance of MINRES tolyiinres affects the con-
vergence of the NPDG algorithm.

e Detailed analysis of coefficients a, 81, B2 (cf. (56), (57), (58)) for Multi-Layer Percep-
trons.

e Further reduce the computational burden and improve the accuracy of the NPDG
solver by considering a more meticulous way of evaluating natural gradients such as
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the Kronecker-factored Approximate Curvature and its variants Martens and Grosse
(2015); George et al. (2018); Martens (2020); Dangel et al. (2024).

e Convergence analysis on the NPDG algorithm applied to different types of nonlinear
PDE.

e The proposed research paves the way for the future application of natural gradient
algorithms in adversarial training of neural networks, including Generative Adversarial
Networks (GANs) Goodfellow et al. (2020); Arjovsky et al. (2017) and large-scale
optimal transport problems Fan and Liu (2023); Korotin et al. (2022).

e Apply the approach to the time-dependent PDEs and the mean-field control or games
from a temporal-space unified perspective.
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Appendix A. Multiple Layer Perceptron (MLP)

In this research, we denote a Multiple Layer Perceptron (MLP) with activation function f,
input dimension d;,, hidden dimension dj,, output dimension d,;, and number of layers n;
as MLP ¢ (din, dp, dout,1). Such MLP takes the form

MLPf(dina dhvdoutanl)(m) = hnl O0:++0 h2 o hl(x)v
where each hy(+) is defined as

f(Wiz 4 by) here Wi € R9>din p c Rdin  if g =1
hg(z) =  f(Wya +bg) here Wy € R%Xdh hc R if2 <k <n—1
Wp,x 4 by, here W, € Rout xdn_ b, € Réout  if | = n,
The parameters of the MLP are (Wy,, by, ..., Wi, bo). The number of the parameters equals
(dout + 1)dp + (ng — 2) - dp(dp, + 1) + (dp + 1)dipn. The activation function f of the MLP is
usually chosen as a nonlinear function such as ReLU(+), tanh(-), etc. Recall that ReLU(z) =

max{z,0}, tanh(z) = Zﬁ;i:i

Appendix B. Proof of Lemma 4 and Theorem 5
B.1 Proof of Lemma 4
Proof We first prove that Vo F(6) € Ran(M(6)). We can first calculate

VoF(6) = <Duff(ue), 801;9>x‘

By decomposing D,,.% (ug) as
D7 (ug) = gy, [DyF (ug)] + 1P [Dy.Z (ug)].

The first term can be written as the linear combination of {g—ZZ}lel, ie. oy, [F (ug)] = %u

for certain u € R™. The inner product between L1 [Dy-F (up)] and % equals 0. As a

result, we have
8u9 aUQ

VeF(0) = (G5 5y

>X = M(6)u € Ran(M (0)).
On the other hand, we write
0
f(¢) = HDuﬁ(Ue) - %CH:{ = CTM(H)C — QCTVQF(Q) + Const.

Recall that M (#) is a Gram matrix, it is non-negative positive definite, thus f(¢) is a convex
function. Thus, v is a minima of f({) iff V f({) = 0, which is equivalent to M (0)v = Vg F(0).

To show the orthogonality, consider arbitrary w € R™, for any s € R, f(v+sw) > f(v).
This yields

d 0 0
0= %ﬂv + swW) T <Duﬁ(u9) — %v, %w>X for any w € R™.
This verifies the fact that Dy,.% (ug)— %V is orthogonal to the subspace span{a—zf, e 880%}
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B.2 Proof of Theorem 5
Proof We first recall the functional & : H x K®ual x Kg@‘fl — R defined in (14),

& (u, 0,9) =(Lu — f,0)r2(0) + MBu — g,9) 12(90)
€
- i(HMdSDH%?(Q;RT) + WH%?(@Q))

=<M§£~Mp(u — Uy), cp>L2(Q) + )\<B(u — Uy ), w>

L2(69)
Q(HMdsDHLz(Q 2y + A Z200))
:<£M (u =), Ma >L2(Q ®) " <\F)\B f¢>L2 (09)
€
= 5 (IMael 2 + MY L2(00)

:<<£~ >< Mp(u — uy) ) (Md<P>> H(MM)H

Id VAB(u—uy) )7\ VA L2 2 L2’

We now substitute u,p,1 with parametrized functions wug, @y, e, with 6 € 0Oy C
R™0. 1€ 0, CR"™ {c O CR™. Recall that we define as E’(G;n,{) = & (up; oy, Y¢). In
our discussion, we assume that M, (ug—u.), B (ue uy), Mgy, and 1¢ are differentiable w.r.t.
parameters 6,7,&; and & (M, (up — us)) € H, aan (Mapy) € Kl and 2 (\fwg) € Kdual
for arbitrary 6 € ©g,n € ©,,§ € O¢.

Now recall the preconditioning matrices introduced in (20), (24) and (23), they can be
formulated as:

(Myp(0))i5 = < J ( \Af/llg(gife__t)) )’ a(zj < %ﬁ?jgif*)) >>L2 “8)

(s = (G (Ma). o (M) (19)
(Muaa(€))ss = (- (V). 5 M ) ooy (50)

To alleviate our notation, we denote Mg pqa(n, &) = Ma(n)®Mpaa(§) = [ Ma(n)
We further denote

Mp<u9 ) T 2 Md(Pn rrdual dual 2
C - .
U, (fzs(ue—u*) eHxKog CL2, @, T ) € xR e L

By slightly abusing the notation, we denote &:L2 xL2 - R as

~ €
EUs Bye) = (L& 1)Us, Bye) , = S|Pl

Myqq(€) ] '

which equals to the previous functional & (ua7 ©n, YPe).
Notice that (36) is denoted as ®,, ¢, + 7Py, ¢, by using our new notation, the NPDHG
flow (35) can be formulated as

(77157 gt)—r :Md,bdd(nta gt)Tvn,Eg(UGta ':I’nt,&)

. : (51)
0 = — Mp(9t>Tv0£(U9ta ¢T]t,£t =+ 7¢nt,£t)'
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Now suppose (0, m¢, &) solves (51), we compute

. 0%,
Pouss = 5,

By treating X = L2 and .Z (-) as &(Uy, -) in Lemma 4, the right-hand side of (52) is nothing
but the orthogonal projection of Dg&' (Uy,, ®y, ¢,) = (LDId)Uyp, — Py, ¢, onto the tangent
space Oy ¢ Py, ¢, that is,

Mapaa(ni, &)V e Ug,, @1, ¢,). (52)

0P
Wm;)th,bdd(ntagt)Tv%ﬁg(UGw D, ¢.) =y, c®,, ¢, (D& (Uo,, o,.c.)]

n.& Py & KE@ Id)Ugt - Eq)nt»&]‘

Similarly
oUy,

00

By denoting L* as the adjoint operator® of Z, we have

Ugt = - Md,bdd(ntaét)Tvﬂaf(go(Uﬁw @qut + ’y'i)ntyﬁt)' (53)

_ ~ . E 2 _ o - E 2
&U,®) = <(£ @ 1)U, «1>>L2 Sl <U, (L* @ Id)q>>L2 Sl@2.
the right-hand side of (53) equals

_Hanet [DU@@(UGN 'I)m,& + 7<i)77m§t)] = _Hanat [(‘C* ® Id)(q)m,& + ’Yq.)ﬁt,ﬁt)L

Thus the corresponding dynamic of (51) in the functional space can be formulated as
@6 =1p, 0,  [(LOIUy — By, ¢,
U9t = _Hane[(‘C* D Id)(@nt,ft + ’Y(I)nt,ﬁt)]'
We now consider the Lyapunov functional
1
(U, ®) = (| Mp(u — w) L2 ey + AIB = w) L2 00) + IMatll L2y + MY L2 (00)
1 1
ST + 51l (54

We shall study the decay of this Lyapunov functional along {(Usg,, ®,,¢,)}. We calculate

d . .
&I(UGt’ Dy c) = <U9t’ U9z>L2 + <(I)77t7£t7 q)nt75t>L2

<U9t7 —Hangt [(L* @ Id)(q)m,ﬁt + 7§nt7§t)]>
(1)
+ <(I)77t,§tv Han,g‘ﬁnt,gt [(E ©® Id)U9t - 6q)77u§t]>

2)

]LZ

]LQ

6. In the sense that

w> . Vouel, weR™!,
L2(Q;R™)
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We further compute (I) as:
V) = = (s o, [(£* @ 1)(Rye, + 110w, . [(£ & 1)U, — e ))])
= —(Iow,, U], (£ @1)(®yq, + (L & 1)Uy, —7ePys))

+ (Mow,, W), V(L@ 1)y, (L&1)Us, — e@ye,)) |

N8t

= —(Us, (£ 010)((1=16)@ye +7(£OTTy,) )

]L2

(4)
+ (W Ua), (£ @ 1)((L=10@y.6 +1(£1)U)) |

~/

(R1)

+9((£ 0 1d) Mow, [Us). Upgs [(£&1)Uy, — cyel)

nt,Et

(R2)

For the second equality, we use the fact that the orthogonal projection HaUet is self-adjoint
on L2
Furthermore, the term (II) equals

nt,8t

_ <<1>m7&, (E@Id)U(;t—e@%g» <H8q,l [B,,c]. (E@Id)Uet—eq>m,gt>L2

nt,Et

(2) = <q:)77t7§t7 (Z@ 1)Uy, — Eq)nt,ﬁt> , T <(I)77t,€t7 Mgt [(E ®1d)Uy, — 77u§t]>1L

(B) (R3)
Then one can calculate

(4) + (B)
= (U, (£ & 10)((1 = 1)@y, + WL & 1)UR,))) , + (Bys (L& 1)U, — @y, )

= —(Us (C @10 1)U | +76(By (ESTNUs,) |~ (B, B) | (55)
Recall the assumption (37), we have:

I(£ @)U |F2 = [LullZ2qmm + 1wl 00,
< Lillull2 @) + lwlZ2o0)
< LIV ) - ([ullFzmn + 1wlZ2p0) = (LF V1) - U]

That is, ||[(LBI)U |12 < (L1V1)-||U||L2. Similarly, we have ||(£®IA)U ||z > (LoAD)||U||L2-
We can verify that (55) yields

(4) + (B) < =4(Lo AL)?|[Up, 2 +ve(L1 V 1)|| @y, g, lli2 - [Us, Iz — €| @y, g, 72
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Moreover, by Cauchy-Schwarz inequality, we estimate the remainder terms (R1), (R2), (R3)
as

(B1) < [Hpprg [Uoi]lle - (L1 V DL = vel[| @y, g, Iz + (L1 v 21T, l1.2)

< a|[Ug,lle2 - (L1 V DL = e[| @y, g, l|L2 + (L1 vV 1) Up, [l12)
= o (L1V1) 1=yl [Up, | - |y llz + -y (L1 V1) [Upg,[2.

(R2) < v (L1V D)Moy, Ue,JllLz - [Mpgs (£ @1d)Ug, — @y, z,]llL2
<7 (LavD)-[[Uellee - (IMpg s (€@ 1d)UsJllL2 + €lllow,, , [Py g ]li2)
<y (Lv 1) - [Ug e - (Bill(£ @ 1d)Us, |2 + €B2] B, . 1)
<y (LiV1)?- Bl Ug T +ve- (L1 V1) - Bo- [[Up,lliz - @y, gz

(R3) < [Mpgs [yl (L& 10T, — By, v

< B2 - [Py llz - (La VDU, L2 + €| Py, g, [l12)
= Bo - (LiV 1) |Ug, Iz - [|Boe g lle + B2 - € - [| By, 172

Here, we denote

”HaUgt [U(%]H]L? '

G — Imax 56
t€[0.7] U, |2 o
Moq: . [(£&TA)Tp,]|lL2
1 = max e ; (57)
t€[0,7] (£ I1d)Us, |
”Halﬁi [(I)nt,&”‘]]ﬂ
_ nt,Et (58)

ax
t€[0,77] H q)nt,Et ”]L2

It is not hard to tell that 0 < a, 81, B2 < 1.
Now, recall (B.2) and (55), together with the estimates on the remainder terms (R1), (R2), (R3)
we obtain

d
— LU, ®pe,) < — 7 (Lo AL)? = (L1 V1)*(a+ B1)) - |[Ug, It

dt
+ (Lo V- ((L+ Br)ye+ Ba + ol —vel) - [[ @y, g, llL2 - [|Up, |2
—e (1= B2) - ||y, e, lIf2-

I'vu Taeu/2 Ug, |2
< —[1Ug, Iz, |®n,.¢. I1.2] / Us, Iz |

F'su/2 Tas [, & |12
T

Here we denote

FUU:’y'((LQ/\l)Q—(Ll\/1)2(Oé+,81)), I'sa :6(1—ﬂ2),
ey = —(L1 V 1) . ((1 + 61)76 + 52 + a\l — 'ye[).
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Since we assumed that ?12 > « + (1, this yields I'yy > 0; and 2 < 1 yields I'ggp > O;
moreover, (39) is equivalent to det(I') = F'yyless — %Fpr > 0. In conclusion, these lead to
the fact that I is positive definite. Further, we denote the smaller eigenvalue of I' as

1
r=3 <FUU +lep — \/(FUU —lsa)? + F?{:U) : (59)

Thus, r > 0, and we obtain

d
@I(Uﬁwq)m,&) < —r 'I(Ugt,{)m’&), t e [O,T].

Applying the Gréwall’s inequality yields
Z(Uy,, ®y,c,) <exp(—rt) - T(Ugy, Ppy ),
for t € [0,T]. Recall definition (54), we have proven the theorem
[ My (atg, — 102)2 gy + MBuo, — )220 < 2exp(—1t) - T(Upy, B o), 0 <t <T.

Appendix C. Basic settings for the methods tested in section 5

We provide the loss function, as well as the hyperparameters of the three methods PINN,
Deep Ritz, and WAN tested In experiments in the following Table 2. In the following Table
3, we summarize the real solutions and their norms for equation (42), (43) and 44 tested in
our experiments.

Appendix D. Comparison among different methods

In the following Table 4, we test four different methods with various step sizes on different
equations. The step sizes used for each method are summarized below.

e NPDG (74,7, 7p): A(1.5-1071,1.5-1071,1.5-1071), B.(107*,1071,1071), C.(0.5 -
1071,0.95-1071,0.95-1071), D.(0.5-107%,0.5 - 107,0.5 - 1071);
We fix tolyanres = 1073 for d = 5, 10, 20, and tolyinges = 1074 for d = 50.

e PINN(Adam) (Ir): A.(0.5-1072) B.(1073) C.(0.5-1073) D.(107%) E.(0.5- 107%);
e DeepRitz (Ir): A.(0.5-1072) B.(1073) C.(0.5-1073) D.(107%) E.(0.5 - 10~%);

e WAN (79,7,): A.(0.5-1072,0.5 - 1071), B.(1073,1072), C.(0.5 - 1073,0.5 - 1072),
D.(107%,1073), E.(0.5-107%,0.5 - 1073).

We record the computation time (seconds) spent by each method to achieve accuracy ¢ in
Table 4, we only present the time for the most efficient step size(s).
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PINN [ Deep Ritz [ WAN /Primal-Dual using Adam ]
\ log (| Jo Vug - Vo — fondz|?
loss Ja| = dug — f|2da Ja 31IVuol® - fugda ( “rog (Jo p3de) )
Poisson (42) function +A]agz |ug — g|“do +A IBQ |lug — g|“do .g Q ¥Pn :
(d = 10, 50) +2A Jpg lug — gl7do
Y 107 107 10%
= 10-9
ir Ir=10"% Ir =104 179 = 0.5 1()72
Ty = 0.5- 10
Niter Tterate till GPU time reaches 200s (d = 10)/8000s (d = 50)
WNins Noad) (2000, 80d) (2000, 80d) (10000, 60d)
NN up = MLPyanh (d, 256, 1, 4), Pn = MLP¢q n(d, 256,1,4) - ¢
log (| [q kVug - Ve da|?
loss fQ|7V~(HVu9)7f\2 dx Ja k|| Vug|? dz ( §2 ) 5 K )
function 2 Joq lup — 912 do X g lug — 912 do —log (fo ¢} dz)
VarCoeff (43) 2 Jag lug — g1 do
(d = 10, 20, 50) X 107 10° 107
— 10-2
(d=10) 70 = 82 18,1
Ir Ir=10"4 Ir=0.5-10"3 s 10-8
79 = 0.5 -
d = 20, 50
( ’ >-r,7:045~10*2
Niter Tterate till GPU time reaches 500s (d = 10)/1500s (d = 20)
14000 (d = 50) I 10000 (d = 50) I 12000 (d = 50)
WNims Noad) (4000, 80d) I {4000, 80d) I (4000, 80d)
NN ug = MLPSOftpll‘lS(‘i! 256, 1,4), ¢n = MLPsoftplus(dv 256,1,4) - ¢ for d =10, 20
ug = MLPyqptplus (d, 256, 1,6), ¢y = MLPyopiplus (d, 256, 1, 6) - ¢ for d = 50
L log([ Jg Vug - Vn R
loss Jo |31IVugll? + V — Aug|?da NA +31IVug P ey + Venda|?)
] o function +A fo0 ugda o —log ([ (Pz,dm)
Nonlinear Elliptic y 2
(44)d =5 A [yg ugdo
- Y 107 N.A. 107
Ir 102 N.A. 0.5-102,0.5-10 2
Niter 200000 NA. 200000
Nins Noad) (4000, 40d) N.A (2000, 40d)
NN

ug = MLPtanp(d, 256, 1,4), ¢y = MLPyanp(d,256,1,4) - ¢

Table 2: Loss functions and hyperparameters of the different methods tested In experiments.
For Poisson equation (42), we perform each method for 200s; For the equation with variable
coefficient (43) in 10d and 20d, we perform each method for 500s and 1500s respectively.

[ DomainQ [ Solution ux | llwxll g2 ) = lluxll 20y /VIQI [ 1Vusllp2, = 1Vuslip2 ) /VIOL |
0, 1] P T 5d : 3.2566 . 5d : 2.48363
Poisson (42) Iﬂf - Sd_ysin(Zay) ( - ) 4 4 10d : 6.4402 x2d 10d : 3.5124
= ™ 20d : 12.8066 20d : 4.9673
50d : 31.9052 50d : 7.8539
1,1 EEN 10d : 1.0969 10d : 1.4434
VarCoeff (43) P laTAa 1 Y REEY: 20d : 2.1392 (= ++3)2 20d : 2.0412
12 =2 = . — 50d : 5.2647 o 50d : 3.2275
Nonli Ba,s "V 1ad T 90 T TN z
onlinear d x . 1 10 20 . 7 20 40 ~
Blliptic (44) | [a] = 2350 cos(Z lI=ll) 5d: \/3 = gu + goeT N 0.6285 5y F (L4 2 = 5ilp) ~ 1.2218
2

Table 3: Solutions and their norms to some of the PDEs tested In experiments.

Appendix E. Primal-Dual algorithm using Adam optimizer for Optimal
Transport problem

In this section, we briefly describe the PD-Adam algorithm tested in section 5.5. Recall
the loss functional L(T, ) defined in (28), we parametrize both the map 7" and the dual
function ¢ by neural networks Tp, ;. We aim at solving the following saddle point problem
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Equ | 0 | d |PINN(Adam) [ Deep Ritz [ WAN | NPDG |

5D 26.22 (a) 25.11 (a) 51.14 () 68.87 (a)
Poisson 0.005 10D 44.83 (a) 43.45 B) 51.65 (o) 40.98 B)
’ 20D 160.82 (c¢) 183.49 (B) 460.12 (D) 110.42 B)

50D 1989.06 (c) 1452.29 ) | 2117.24 (D) 821.24 (o)
10D - 105.2 (¢) — 238.34 (o)
0.01 | 20D - 228.55 (¢) - 795.32 (©)

50D 774.70 (p) - - 10250.21 (c)

VarCoeft 10D - - - 281.26 ()
0.005 | 20D - - - 998.09 (o)

50D - - - 13731.33 ()

. .. 0.1 5D 2805.92 (B) N.A. 1130.76 (c) 1086.35 (¢)

Nonlinear Elliptic | —555——=5 - NA. - 1894.89 (o)

Table 4: GPU time (seconds) spent by different methods upon achieving the designated
accuracy . The uppercase letters inside each parenthesis indicate the optimal learning
rate(s) used in the algorithm. We apply the Monte-Carlo method with sample size 10°
to evaluate the relative L? error of ug. “~’ denotes that the method does not achieve the
designated accuracy in a given time.

% Relative L? error is used for Poisson and Variable coefficient equations; Average L? error is used for

nonlinear elliptic equation.

maxuin £(Th. )= [ Slle = T@IE po(o) do+ [ o(T@) mia) o= [ o0) o) dy

N
R%Z%H)Q—Te(Xi)IIQ — on(Ty(X3)) + oy(Y3), (60)
i=1

where N is the size of the datasets, {X;}Y,,{Y;}¥, are samples drawn by py and p;. The
PD-Adam algorithm is summarized in Algorithm 3.

Algorithm 3 Computing optimal Monge map from p, to pp

Input: Marginal distributions pg and pi, learning rate Ir,,[r, of the Adam algorithm;
Batch size N, total iteration number Ne,.
Initialize Tj, ).
for iter =1 to Njter do

Sample { X}V, ~ ps. Sample {Y;}}¥, ~ pp.

Update 8 to decrease (60) by using Adam algorithm with learning rate Ilr, for K;
steps.

Update 7 to increase (60) by using Adam algorithm with learning rate Ir, for K3 steps.
end for
Output: The transport map Tp.

In all tests , we always set K1 = Ko = 1. We summarize all the other hyperparameters
of the PD-Adam algorithm in section 5.5 in Table 5.
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‘ Iry,lry Niter ‘ N ‘ NN architecture ‘

5.5.1 (ID) [ 0.5-1073,0.5-1072 | 40000 | 800 | MLPpgreLu(1,50,1,3)
552 (5D) | 0.5-107%,0.5-10~% | 200000 | 2000 | MLPpgreru(5,80,5,4)
£ = | (10D) 0.5-107%,0.5-10~* | 100000 | 2000 | MLPpReru (10, 120, 10, 6)
7 [ (50D) 107°,107° 300000 | 2000 | MLPpRery (50,120, 50, 6)

Table 5: Some hyperparameters used in the PD-Adam algorithm tested in section 5.5.

Appendix F. Further numerical results regarding section 5.5.3

For the OT problem from py to p,, we sample {X Z}{V ~ po, and plot the pushforwarded
samples {Tp(X;)} in Figure 16. We use the Ty obtained at the end of each algorithm.

(a) NPDG with (30) (b) NPDG with (34) (¢c) PD-Adam

Figure 16: OT problem from pg to p,: Plots of samples pushforwarded by the computed
map Ty. All figures are plotted on the 10 — 20 coordinate plane.

For the OT problem from py to py, we plot the pushforwarded samples {Tp(X;)} in
Figure 17. We use the Ty obtained at the end of each algorithm. Furthermore, we provide the
intermediate results obtained by the NPDG algorithms as well as the PD-Adam algorithms
in Figure 18. The PD-Adam method behaves unstable in this example, while the proposed
NPDG method performs robustly for both preconditions.

L
P ,—\
/

(a) NPDG with (30) (b) NPDG with (34) (¢) PD-Adam

Figure 17: OT problem from pg to pp: Plots of samples pushforwarded by the computed
map Ty. All figures are plotted on the 10 — 20 coordinate plane.
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(a) NPDG with (30) at (b) NPDG with (30) at (c¢) NPDG with (30) at (d) NPDG with (30) at
iteration 5000 iteration 10000 iteration 15000 iteration 20000

(e) NPDG with (34) at (f) NPDG with (34) at (g) NPDG with (34) at (h) NPDG with (34) at
iteration 5000 iteration 10000 iteration 15000 iteration 20000

(i) PD-Adam at (j) PD-Adam at (k) PD-Adam at (1) PD-Adam at
iteration 150000 iteration 200000 iteration 250000 iteration 300000

Figure 18: OT problem from pg to pp: Plots of the pushforwarded densities Tyypo of the
computed Ty obtained by NPDG method (1st row & 2nd row) and PD-Adam method (3rd
row). All figures are plotted on the 10 — 20 coordinate plane.
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