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NEURAL IMPLICIT SOLUTION FORMULA FOR EFFICIENTLY
SOLVING HAMILTON-JACOBI EQUATIONS*

YESOM PARK! AND STANLEY OSHER?

Abstract. This paper presents an implicit solution formula for the Hamilton-Jacobi partial
differential equation (HJ PDE). The formula is derived using the method of characteristics and is
shown to coincide with the Hopf and Lax formulas in the case where either the Hamiltonian or the
initial function is convex. It provides a simple and efficient numerical approach for computing the
viscosity solution of HJ PDEs, bypassing the need for the Legendre transform of the Hamiltonian
or the initial condition, and the explicit computation of individual characteristic trajectories. A
deep learning-based methodology is proposed to learn this implicit solution formula, leveraging the
mesh-free nature of deep learning to ensure scalability for high-dimensional problems. Building upon
this framework, an algorithm is developed that approximates the characteristic curves piecewise
linearly for state-dependent Hamiltonians. Extensive experimental results demonstrate that the
proposed method delivers highly accurate solutions, even for nonconvex Hamiltonians, and exhibits
remarkable scalability, achieving computational efficiency for problems up to 40 dimensions.
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1. Introduction. Hamilton-Jacobi partial differential equations (HJ PDEs) are
of paramount importance in various fields of mathematics, physics, and engineering,
including optimal control [27, 66, 4], mechanics [23, 21|, and the study of dynamic
systems [41, 65]. As they provide a powerful framework for modeling systems governed
by physical laws, HJ PDEs have a wide range of applications in diverse areas such as
geometric optics [56, 53], computer vision [8, 32, 58], robotics [48, 46, 3], trajectory
optimization [22, 61], traffic flow modeling [34, 45], and financial strategies [31, 7].
These applications illustrate the versatility and significance of HJ PDEs, emphasizing
the necessity for effective methods to solve them in both theoretical and practical
contexts. It is well-known that the solutions to HJ PDEs are typically continuous
but exhibit discontinuous derivatives, irrespective of the smoothness of the initial
conditions or the Hamiltonian. Moreover, such solutions are typically non-unique.
In this regard, viscosity solutions [14] are commonly considered as the appropriate
notion of solution, as they reflect the physical characteristics inherent to the problem.

Numerical methods for solving HJ PDEs have been extensively developed, with
numerous practical applications across various fields. The most prominent methods
include essentially non-oscillatory (ENO) and weighted ENO (WENO) type schemes
[60, 35, 6, 63], semi-Lagrangian methods [28, 15, 29|, and level set approaches [59,
56, 57, 54, 2]. However, they encounter significant scalability challenges as the di-
mensionality of the state space increases. These methods rely on discretization of
the state space with a grid and approximating the Hamiltonian in a discrete form.
Consequently, the number of grid points required to obtain accurate solutions grows
exponentially with the dimensionality of the problem, resulting in prohibitive compu-
tational costs. In high-dimensional settings, particularly those involving more than
four dimensions, this scaling issue renders the classical methods impractical for many
real-world applications, where high-dimensional state spaces are prevalent.
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2 Y. PARK AND S. OSHER

Several approaches have been proposed to address the curse of dimensionality in
solving HJ PDEs. Methods based on max-plus algebra [52, 1, 30] show promise but
are restricted to specific classes of optimal control problems and encounter significant
challenges in practical implementation due to their complexity. Another promising
approach involves the use of Hopf or Lax formulas to represent solutions to HJ PDEs
[20, 12, 13, 10]. These formulas offer a causality-free approach, where solutions at
each spatial and temporal point can be computed by solving an optimization problem,
thus enabling parallel computation. This approach eliminates the reliance on grid-
based discretization, making it particularly well-suited for high-dimensional problems.
However, these methods require computing the Legendre transform of the Hamiltonian
or initial function and are generally applicable only under specific assumptions, such as
convexity, or when the problem can be framed as a particular type of control problem.
In parallel, algorithms based on Pontryagin’s Maximum Principle [38, 39, 73], which
employ the method of characteristics, have been proposed. Despite their potential,
the practical effectiveness of these methods is often limited by the need to solve a
system of ordinary differential equations (ODEs) at each point. Additionally, some
of these methods assume that multiple characteristics do not intersect, a condition
that may not hold in general scenarios. Furthermore, alternative techniques, such as
tensor decomposition [24] and polynomial approximation [37, 36], have been studied
for specific control problems.

Recent advancements in deep learning have given rise to a growing interest in
leveraging the extensive representational capabilities of neural networks to solve PDEs
[67, 74, 64, 51, 47, 72]. The viscosity solution of HJ PDEs is challenging to ob-
tain directly from the PDE itself, which underscores the development of alternative
approaches beyond the established methods like physics-informed neural networks
(PINNs) [64]. In response, data-driven methods have been proposed for solving HJ
PDEs [55, 25, 16]; however, these methods face several challenges, including the need
for large amounts of training data, the limitation that their performance cannot ex-
ceed the accuracy of the numerical methods used to generate the data, and concerns
regarding their ability to generalize to unseen scenarios. Moreover, the integration of
reinforcement learning techniques to solve HJ PDEs related to control problems has
been studied [76, 49]. Another line of research has focused on the development of spe-
cialized neural network architectures that express representation formulas to specific
HJ PDEs [18, 19, 17]. One of the most closely related prior works introduces a deep
learning approach for learning implicit solution formulas along with characteristics
for scalar conservation laws associated with one-dimensional HJ PDEs [75]. However,
this method does not ensure the attainment of an entropy solution.

This study presents a novel implicit solution formula for HJ PDEs. The proposed
implicit formula is derived through the characteristics of the HJ PDE, with the costate
identified as the gradient of the solution at the current spatio-temporal point, lead-
ing to an implicit representation formula for the solution. We demonstrate that this
new formula coincides with the classical Hopf and Lax formulas, which provides the
viscosity solution for HJ PDEs in the case where either the Hamiltonian or the initial
function is convex. Notably, the implicit formula is simpler than both the Hopf and
Lax formulas, as it does not require the Legendre transform of either the Hamiltonian
or the initial function, thereby broadening its practical applicability. Furthermore, al-
though being based on characteristics, the implicit formula alleviates the need to solve
the system of characteristic ODEs from the initial state to the present time. From
an optimal control perspective, we further explore the connection of the proposed
formula with the Pontryagin’s maximum principle and Bellman’s principle, showing
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that the proposed implicit solution formula serves as an implicit representation of
Bellman’s principle.

Building on this foundation, we propose a deep learning-based approach to solve
HJ PDEs by learning the implicit solution formula. This method approximates the
solution as a Lipschitz continuous function, leveraging the powerful expressive capac-
ity of neural networks. Unlike traditional grid-based methods, our approach does not
require discretization of the domain, making it highly scalable and efficient, especially
for high-dimensional problems. This effectively mitigates the curse of dimensionality,
ensuring that computational time and memory usage scale efficiently with dimension-
ality. Thanks to the inherent simplicity of the implicit solution formula, it obviates
the need for computing the Legendre transform and individual characteristic trajec-
tories, thereby enhancing both its applicability and computational efficiency across a
wide range of problems. Through extensive and rigorous experimentation, we show
that the proposed algorithm provides accurate solutions even for problems with up
to 40 dimensions with negligible increases in computational cost. Importantly, the
method also shows robust performance on various nonconvex HJ PDEs, for which
mathematical demonstration has not been established, underscoring its versatility
and potential.

We extend our approach to handle HJ PDEs with state-dependent Hamiltonians.
In such cases, where the characteristic curves are no longer linear, deriving an im-
plicit solution formula becomes more intricate. To address this, we approximate the
characteristic curves as piecewise linear segments over short time intervals, applying
the proposed implicit solution formula at each interval. This leads to an efficient
time-marching algorithm that can handle state-dependent Hamiltonians, which we
validate through a series of experiments involving high-dimensional optimal control
problems. The results demonstrate that the proposed method is not only simple and
efficient but also effectively solving a wide range of high-dimensional, nonconvex HJ
PDEs, highlighting its potential as a valuable tool for addressing complex optimal
control problems and dynamic systems.

2. Implicit Solution formula of Hamilton-Jacobi Equations.

2.1. Implicit Solution Formula along Characteristics. In this subsection,
we introduce a novel implicit solution formula for the Hamilton-Jacobi partial differ-
ential equation (HJ PDE) defined in a domain Q C R%:

2.1) us+H (Vu)=0 in Qx (0,7)
’ u=g on Q x {t =0},

where H : R? — R is the Hamiltonian and g : Q — R is the initial function. System
of characteristic ODEs for (2.1), also known as Hamilton’s system, is given by the
following:

(2.2a) x=VH
(2.2b) W=q+p'VH=-H+p'VH
(2.2¢) ¢g=0
(2.2d) p=0,

where the variables ¢ and p are shorthand for the partial derivatives ¢ = u; and
p = Vu. From (2.2d) it is clear that the value of p, which is the sole argument of the
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4 Y. PARK AND S. OSHER

Hamiltonian, remains constant along the characteristic. Therefore, the characteristic
emanated from x (0) = xg € € is a straight line

x (1) = £V H (p) + o,
and
u(t,x(t)) = —tH (p) + tp" VH (p) + u (xo,0)
= —tH (p) +tp"VH (p) + g (o) -

Given the constant nature of p along each characteristic line, its value can be deter-
mined at any intermediate time between the initial and current times. In this context,
we adopt p as the gradient of the solution at the current time. Substituting p = Vu
and expressing x (t) = x € Q) induces that

xo =x —tVH (Vu(x,t)),
and hence we attain the following implicit solution formula for HJ PDEs (2.1):
(2.3) u(x,t) = —tH (Vu) + tVuTVH (Vu) + g (x — tVH (Vu)) .

It is worth noting that this implicit formula expresses the solution without requiring
the Legendre transform of the Hamiltonian H or the initial function g. Moreover, it
does not require to compute individual characteristic trajectories by solving the system
of characteristic ODEs. Therefore, it provides a highly practical and straightforward
approach to solving HJ PDEs. Building upon this formula, we propose a highly simple
and effective deep learning-based methodology for solving HJ PDEs in section 3.

A key distinction between conventional approaches based on characteristics and
the proposed implicit solution formula lies in the treatment of p, which is chosen
as the gradient of the solution Vu at the current time ¢. Since p remains constant
along each characteristic line, it can be readily determined from the initial data.
Consequently, conventional methods typically express p in terms of Vg (x¢). However,
these approaches are limited in situations where no characteristic traces back to the
initial time ¢ = 0, resulting in the gradient at the current time not being accessible
from the initial data. In contrast, our approach employs the current value of p (t) =
Vu (x,t), allowing the implicit solution formula to effectively handle such scenarios.

It is well-established that under certain assumptions on the Hamiltonian H and
the initial function g, a representation formula for the viscosity solution can be derived.
The first is the Hopf-Laz formula

(2.4) w(x,t) = irylf{tH* (X;y) +g (y)},

which holds for convex (or concave) H and Lipschitz g [33, 5, 50], or for Lipschitz and
convex H and continuous g [68], or also for strictly convex H and lower semicontinuous
(Ls.c.) g [42, 43]. Here, where H* is the Legendre transforms of H. On the other
hand, Hopf formula

(2.5) u(x,t) = — iIzlf{g* (z) + tH (z) — XTZ}

is valid for Lipschitz and convex (or concave) g and merely continuous H [33, 5], or for
convex ¢ and Lipschitz H [68]. In the following, we demonstrate that the proposed
implicit solution formula (2.3) represents these two respective formulas under the
conditions under which they hold.
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THEOREM 2.1. Assume the Hamiltonian H is differentiable and satisfies

2.6
(2:6) 1im|p 00 b‘ll(;lj) = 400,

{p — H (p) is strictly convex,

and the initial function g is l.s.c. Then, the continuous function w that satisfies the
implicit solution formula (2.3) is the viscosity solution of (2.1) a.e.

Proof. First, we can observe that the implicit solution formula (2.3) exactly sat-
isfies the initial condition v = g of (2.1) at the initial time ¢ = 0.

Under the assumptions, the viscosity solution of the HJ PDE is described by
the Hopf-Lax formula (2.4). By expanding the Legendre transform in the Hopf-Lax
formula (2.1), the viscosity solution is expressed as follows

(2.7) u(x,t) = inf sup{t(zT <){t},) —H (z)) +g (y)}

Y =z
(2.8) = infsu {zT (x—y)—tH(z)+g (y)},
Y =z
The Euler-Lagrange equation of Hopf-Lax formula leads to
(2.9) y = argmin{tH* (x;y) +g (y)} =x—tVH (Vu).
y

Furthermore, differentiating (2.8) with respect to z provides that the optimal z*
satisfies

x—y*—tVH (z*) = 0.
Together with (2.9), we have
(2.10) z* =Vu.

Substituting these (2.9) and (2.10) into (2.8) results in the implicit formula (2.3). 0O

THEOREM 2.2. Assume the initial function g satisfies

2.11

{x — g (x) is conver,

that the Hamiltonian H is continuous, and that either the H or g s Lipschitz con-
tinuous. Then, the continuous function u that satisfies the implicit solution formula
(2.3) is the viscosity solution of (2.1) a.e.

Proof. Since the viscosity solution is described by the Hopf formula (2.4) under
these assumptions, it can be written as follows:

(2.12) u(x,t) = —g* (z*) — tH (z*) + x" z*
(2.13) - irylf{z*T (x—y)—tH (z) + g (y)}
(2.14) =z (x—y") —tH (z") + g (y") .

Differentiating the both side of (2.12) with respect to x induces

*

ox

O DLy ) ()

* _ x
+z" =z,
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6 Y. PARK AND S. OSHER

where the last equality follows from the optimality of z*. Consequently, we have
z* = Vu. Furthermore, differentiating (2.13) with respect to z provides that the
optimal y* satisfies

x—y* VI (2) = 0,
that is,
y*=x—tVH (z*) =x—tVH (Vu),

which concludes the proof. 0

Theorems 2.1 and 2.2 offers the theoretical validation of the implicit solution formula
(2.3) under the assumption of convexity of the Hamiltonian H or the initial function g.
However, this result has not yet been extended to the nonconvex case. Nonetheless, as
illustrated in Subsubsection 4.2, we present robust empirical evidence demonstrating
the performance of the proposed approach through extensive experiments on a diverse
range of nonconvex examples, where neither the Hamiltonian nor the initial function is
convex. These results suggest the potential applicability and validity of the proposed
formula in such scenarios.

To facilitate comprehension of the implicit solution formula, a simple example is
presented.

ExampLE 2.1. Consider a one-dimensional example with a quadratic Hamilton-
ian and a homogeneous initial condition:

(2.15) ug+u2 =0 inRx (0,00)
u=0 on R x {t = 0}.

The wviscosity solution to this problem is u* = 0. Note that there are infinitely many
Lipschitz functions satisfying (2.15) a.e. [26], for instance,

0 if o=t
v(z,t)=<z—t f0<zx<t
z—t if —t<zx<0.

This example shows that, although there are infinitely many Lipschitz functions that
satisfy the HJ PDE, the implicit solution formula uniquely characterizes the viscosity
solution. The implicit solution formula (2.3) corresponding to (2.15) is written as

(2.16) u = tuy.

Fort =0, (2.16) satisfies the initial condition w = 0. For a fized time t > 0, (2.16)
represents an ordinary differential equation (ODE) with a coefficient that depends on
t, and the ODE admits infinitely many solutions

u=Ce', VO €R.
However, in order to satisfy the initial condition uw = 0 at t = 0, it follows that C' must

be zero. Therefore, the viscosity solution u* = 0 is the unique continuous function
that satisfies the implicit solution formula (2.16).
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NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 7

This example illustrates that, despite the existence of an infinitely many weak
solutions to the governing HJ PDE, the continuous function that satisfies the implicit
solution formula (2.3) is the unique viscosity solution. However, it also suggests that,
at a fixed time t > 0, the implicit formula may admit multiple solutions. For a fixed
t > 0, the implicit solution formula (2.3) describes a first-order nonlinear static PDE
(or an ODE in the one-dimensional case) in x, where the time variable ¢ appears as
coefficients. The absence of boundary conditions in this static PDE at fixed ¢ > 0
naturally leads to the ill-posedness of the PDE with multiple solutions. Therefore,
the condition that the implicit formula (2.3) satisfies the initial condition at ¢ = 0 is
crucial, and finding a continuous function that satisfies the implicit solution formula
across the entire spacetime domain from the initial data is essential for obtaining the
unique viscosity solution. It is noteworthy, however, that the above example is taken
in the unbounded spatial domain R. For the general case of HJ PDEs on a bounded
domain €2, boundary conditions are specified. In such cases, the given boundary
condition serves as the boundary condition for the static PDE described by (2.3) at
a fixed time, thereby ensuring the uniqueness of the solution.

Remark 2.3. (Level set propagation) If the Hamiltonian H is homogeneous of
degree one in its gradient argument, i.e., H takes of the form with a function v :
R? — R9

(2.17) H(Vu) = v (llgzllf vu,

then the implicit formula (2.3) comes down to the following simple formula a.e.

(2.18) u(x,t)=g (X_tv (Igz»

where the solution u is constant along the characteristics.

2.2. Control Perspectives on the Implicit Solution Formula. In this sub-
section, we revisit the implicit solution formula (2.3) from the perspective of control
theory, elucidating that it represents an implicit formulation of Bellman’s principle.
This perspective also enables a comprehensive exploration of the relationships be-
tween the implicit solution formula and Pontryagin’s Maximum Principle (PMP) and
the Hopf-Lax formula (2.4), while also highlighting the distinctions between these
established approaches and the proposed implicit formula.

Let L = L(q) : R — R be the corresponding Lagrangian, that is, L = H*,
the Legendre transform of H. Under the assumption (2.6) on the Hamiltonian H, it
satisfies

L(a)

q— L(q) is convex,
hmlq‘_ﬂX) W = +OO,

and H (p) = L* (p) =sup {p"q— L(q)}.
q
It is well-known that the viscosity solution u of the HJ PDE

ug + H (Vu) = u; +sup {Vu'q — L(q)} =0,
a

u(x,0) = g(x)

(2.19)
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8 Y. PARK AND S. OSHER

is represented by the value function of the following corresponding optimal control
problem:

(220) u(x,t) = igf{ / L(q(s)ds+g(y(0) : ¥ (1) =x,¥(s) = q(s).0 < s < t}.

Pontryagin’s maximum principle (PMP) states that the optimal trajectory of
state y (t) arriving at y () = x and costate p (¢) satisfies

(2.21a) y=a y(t)=x,
(2.21b) p =0, p(0) = Vg (y(0))
(2.21¢) q= argf,nax {p"v-L(v)}.

Note that this is identical to the characteristic ODEs for the state x (2.2a) and
the gradient of the solution (2.2d) of the HJ PDEs. Therefore, PMP implies that the
characteristic of the HJ PDE corresponds to the optimal trajectory.

We now establish that both the Hopf-Lax formula and the implicit solution for-
mula can be derived from the PMP in conjunction with the definition of the value
function. This facilitates a comprehensive understanding of their relationships and
differences.

Hopf-Lax Formula. Since the costate p is constant along the optimal trajectory
(2.21b), the last condition (2.21c) of the PMP implies that q is also constant. There-
fore, from (2.21a), it follows that the optimal trajectory of y is a straight line, whose
solution is given by

(2.22) y(0)=y(t) —tg=x—tq.

Therefore, the optimal q is expressed by y (0) as follows:
-y (0

(2.23) q=""7" f( ),

and hence, the minimization with respect to q can be transformed into a minimization
with respect to y (0) € R?. Substituting this relation (2.23) into the definition of the
value function (2.20) leads to the following Hopf-Lax formula:

s {[1(7)0)
yigﬂgd {tL (X_ty> +g (Y)}
o (552) o}

In other words, the Hopf-Lax formula is derived by substituting the control q in terms
of the initial state y (0) =y, leveraging the fact that the optimal trajectory is linear
(2.23), as determined by the characteristic ODE of the PMP.

Implicit Solution formula. The implicit solution formula (2.3) is derived in a
manner analogous to the Hopf-Lax formula, but it differs by expressing p as the
gradient of the value function Vu and additionally removing the Legendre transform.
From the optimality of q in (2.21c), the Hamiltonian is written as

(2.24) H(p)=p"qa+L(q).

u(x,t)
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It follows that

OH 0HOq OH
where % = 0 is induced from (2.21c). Let gq* be the optimal control. Putting (2.21c),

(2.22), and (2.23) to the definition of the value function in (2.20) leads to the following
formula of the value function:

u(x,t) =tL(q") +g(x —tq")
(2.26) =t(H(p)-p'qa") +g(x—tq")
=t(H (p) —p"VpH (p)) + g (x —tVpH (p)),

where the second and third equalities are derived from (2.24) and (2.25), respectively.
In other words, by substituting these two expressions (2.24) and (2.25), we derive the
formula for the value function u that is independent of both the control q and the
Legendre transform. Since the optimal p is the gradient of the value function Vu, the
solution formula (2.26) derived from PMP is identical to the implicit solution formula
(2.3). Furthermore, it is important to note that the definition of the value function
(2.20) precisely encapsulates the integral of the characteristic ODE of u (2.2b); that
is, it directly represents the solution to the characteristic ODE of u (2.2b). In other
words, the characteristic ODE of w (2.2b), which is not explicitly included in the
PMP formula (2.21), is inherently embedded within the construction of Bellman’s
value function.

Consequently, the PMP (2.21a)-(2.21c), the Bellman’s value function (2.20), the
Hopf-Lax formula (2.4), and the proposed implicit solution formula (2.3) are all in-
terconnected. The PMP states that the characteristics of the HJ PDE correspond to
the optimal trajectory, and Bellman’s principle expresses the value function in terms
of the solution to the characteristic ODE of u (2.2b). Together, they imply that the
viscosity solution to the HJ PDE (2.1) is defined along the characteristics.

However, there are notable differences in how these formulas yield the solution to
(2.1) from a practical perspective. The PMP necessitates the solution of a single tra-
jectory of the characteristic ODEs, which implies that, when attempting to compute
the value function, one must solve a system of ODEs for each trajectory, introducing
significant computational complexity. The Hopf-Lax formula, by exploiting the lin-
earity of the optimal trajectory, eliminates the need to solve such ODEs. However, it
involves the computation of the Legendre transform of the Hamiltonian H, ultimately
leading to a challenging min-max problem. In contrast, the implicit solution formula
(2.3) alleviates both the ODE solving of PMP and the min-max problem from the
Hopf-Lax formula by leveraging the fact that the optimal costate p is the gradient of
the solution Vu. Consequently, compared to the PMP and the Hopf-Lax formula, the
proposed implicit formula provides a more practical and widely applicable approach
for solving HJ PDEs.

3. Learning Implicit Solution with Neural Networks. In this section, we
introduce a deep learning-based approach for solving the implicit solution formula
(2.3). Building upon the implicit solution formula, we propose the following mini-
mization problem:

(3.1) muinﬁ (u) = /OT/Q(u+tH (Vu)—tVu'VH (Vu)—g (x — tVH (Vu)))de dt.
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10 Y. PARK AND S. OSHER

The minimization problem (3.1) is inherently complex to be efficiently solved using
classical numerical methods. To address this challenge, we propose a deep learning
framework that has shown significant effectiveness in optimizing complex problems.
This approach enables the scalable learning of the implicit solution formula, even in
high-dimensional settings, thereby allowing the solution of the HJ PDEs (2.1) to be
represented by a neural network, which is a Lipschitz function.

3.1. Implicit Neural Representation. We represent the solution u of the
HJ PDE (2.1) using a standard artificial neural network architecture, a multi-layer
perceptron (MLP). The MLP is a function up : R? xR — R defined as the composition
of functions, which can be expressed as follows:

(3.2) ug (x,t) =W (hpo---0ohg(x,t)) + b, (x,t) € R" xR,

where L € N is a given depth, W € R'¥9~ is a weight of the output layer, b € R is
an output bias and the perceptron (also known as the hidden layer) h, : R%-1 — Rd
is defined by

he(y) =0 Wiy +by), y €R¥1 forall {=0,...,L,

for weight matrices W, € R%*%-1 with the input dimension d_; = d+ 1, bias vectors
b, € R%, and a non-linear activation function o. The dimensions d; of the hidden
layers are also called by the width of the network. A shorthand notation 6 is used
to refer to all the parameters of the network, including the weights {W, Wy, -+, W}
and biases {b,bg,---,br}. Since Lipschitz continuous activation functions o are
used, the MLP fy is a Lipschitz function and is also bounded on a bounded domain.
Given the current parameter configuration, the parameters 6 are successively adapted
by minimizing an assigned loss function explained in the subsequent section.

Representing the solution of HJ PDEs using neural networks offers a scalable
and efficient approach for modeling the spatio-temporal dependencies of the solution,
offering several advantages over classical numerical schemes. Classical methods dis-
cretize the spatial vector field using primitives such as meshes, which scale poorly
with the number of spatial samples. In contrast, representing the spatio-temporal
function through networks known as implicit neural representations (INRs) encodes
spatial and temporal dependencies through neural network parameters 6, each globally
influencing the function. Consequently, the memory usage of INRs remains indepen-
dent of the spatial sample size, being determined solely by the number of network
parameters, which enables scalability in high-dimensional settings as evidenced in
Table 1 for the proposed method. Additionally, INRs are adaptive, leveraging their
capacity to represent arbitrary spatio-temporal locations of interest without requiring
memory expansion or structural modifications. The expressivity of non-linear neu-
ral networks enables INRs to achieve superior accuracy compared to mesh-based and
meshless methods, even under the same memory constraints [69, 9]. Furthermore,
INRs represent the solution as a continuous function rather than at discrete points,
with activation functions that can be tailored to the solution’s regularity. Thanks
to the architecture of MLPs, exact derivatives can be computed via the chain rule,
eliminating the need for numerical differentiation methods such as finite differences.
The partial derivatives of ug are efficiently computed using automatic differentiation
library (autograd) [62].

3.2. Training. Given that the solution u is represented by the neural network
ug, the minimization problem (3.1) reduces to finding the network parameters 6 that
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minimize £ in (3.1). For notational convenience, we denote

S (u) =u+tH (Vu) —tVurVH (Vu) — g (x — tVH (Vu)).
The integral of £ is approximated using Monte Carlo methods

1 M
(3:3) L(O) = 57 228 (wo (x,15))°,

with the M collocation points {(x;, tj)}j]\il
bution U (€ x [0,T]). This empirical loss £ serves as the loss function for training
the neural network. The current network parameters are updated using a gradient-
based optimizer to minimize the loss function L. During training, different random
collocation points are employed in each iteration to ensure accurate learning across
the entire domain. The partial derivatives of the network ug are computed through
autograd when calculating the loss. The training procedure for optimization using
gradient descent is summarized in Algorithm 3.1.

randomly sampled from a uniform distri-

Algorithm 3.1 Algorithm for Learning Implicit Solution of HJ PDEs

1: Initialize the network ug with an initial network parameter 6.

2: forn=20,---,N do

3:  Randomly sample M collocations points {(xj,tj)}jjvil ~U (2 x[0,77).
4:  Calculate the loss by Monte Carlo integration

. 1 X
L(0,)= i ZS(W" (x5,t5))°.

5. Update 6,, by gradient descent with a step size a > 0
Oni1 < O — VoLl (6,).

end for
7: return wug, as the predicted viscosity solution to the HJ PDE (2.1).

@

This algorithm is considerably simpler than existing methodologies in several
respects and yields remarkable results, as demonstrated in section 4. Previous ap-
proaches [20, 12, 13, 10], which aimed to obtain the viscosity solution via the Hopf
or Lax formula, involved calculating the Legendre transform of the Hamiltonian or
the initial function. Therefore, these methods were restricted to problems where the
Legendre transform was easily computable or required solving numerically intensive
min-max problems for each spatio-temporal point, limiting their general applicabil-
ity. In contrast, our approach bypasses the Legendre transform by using an implicit
formula, enabling us to handle a broader class of Hamiltonians and initial functions.
Moreover, while prior methods based on characteristics or PMP [38, 39, 73] necessi-
tated solving a system of ODEs to track individual trajectories, the proposed method
eliminates the requirement for explicit trajectory computation.

The proposed method also overcomes the limitations of classical grid-based nu-
merical methods, which face challenges when dealing with high-dimensional or large-
scale problems due to the increasing number of grid points required as the dimension
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or domain size grows. Unlike classical methods, the deep learning approach is charac-
terized by its mesh-free nature, which precludes the necessity for a grid discretization
of the computational domain. The mesh-free approach allows for the random selection
of collocation points in each iteration, with the selected points gradually covering the
domain as iterations proceed. Consequently, the computational and memory require-
ments do not increase significantly with higher dimensions, as evidenced in Table 1
for the proposed method. Furthermore, under certain mild assumptions, it has been
demonstrated that this stochastic gradient descent applied using randomly sampled
collocation points converges to the minimizer of the original expectation loss [40].
The absence of mesh generation also simplifies the practical implementation of the
method.

This approach also offers distinct advantages over existing deep learning methods
for solving PDEs. As an unsupervised learning method, it solves HJ PDEs given the
Hamiltonian and initial condition, without requiring solution data for training. This
addresses the limitations of supervised learning methods [55, 25, 16], which rely on
extensive solution data and do not guarantee generalization to unseen problems. The
proposed approach also offers strengths compared to the established unsupervised
methods, such as PINNs [64] and the DeepRitz method [74]. DeepRitz, which is
based on a variational formulation, is not suitable for HJ PDEs. PINNs, on the
other hand, use the residual of the PDE itself as the loss function, which cannot
guarantee obtaining the viscosity solution for HJ PDEs among multiple solutions.
Since the viscosity solution cannot be directly derived from the PDE itself, there are
inherent challenges in obtaining it from the PDE residual loss used in PINNs. In
comparison, the proposed method learns an implicit formula for the solution that
naturally inherits the properties of the viscosity solution through the characteristic
equation, enabling effective solutions to HJ PDEs. Furthermore, most deep learning
methods for solving PDEs, including PINNs and DeepRitz method, use a training
loss function that is the linear sum of the loss term corresponding to the PDE and
the loss term for the initial condition. This requires a regularization parameter to
balance the two loss terms, which is highly sensitive and difficult to optimize [70].
In contrast, the proposed method employs an implicit solution formula, whereby the
initial condition is automatically incorporated by substituting ¢ = 0 into (3.3). As a
result, our approach eliminates the need for a regularization parameter, using only
a single loss function and obviating the distinction between the initial condition and
the PDE.

When boundary conditions are specified in the spatial domain 2, we incorporate
additional loss terms to enforce these conditions. For instance, when a Dirichlet
boundary condition is imposed with the boundary function i : 9Q — [0,T] — R, the
following loss function is used:

1 W 2
ﬁb > (u (xs,tb-) —h (x?t?)) ,
=

where the M boundary collocation points (x?,té’») € 9Q x [0,T] are randomly sam-

pled from a uniform distribution. Similarly, for a periodic boundary condition, the
boundary loss term is given as follows:

My,

1 2
T3 ()~ )’

j=1

This manuscript is for review purposes only.



169
470
471
172
473
474
475
476
47T
178
479
480
481
482
183
484
485
186

187

488

489

490

491
492
493
494
195
196
497
498

499

NEURAL IMPLICIT SOLUTION FORMULA FOR HJ PDES 13

where y? € 9Q represents the point on the opposite side of the domain 2 correspond-
ing to x?. This boundary loss, weighted by the regularization parameter A > 0, is
then added to the implicit solution loss £ (3.3) to form the total training loss.

Remark 3.1. If the goal is to obtain a solution at a specific time ¢ = T rather than
over the entire temporal evolution, integrating over time in the loss function may not
be necessary. However, as shown in Example 2.1 in subsection 2.1, when the PDE
lacks boundary conditions, at a fixed time ¢ > 0, the the implicit solution formula
at a fixed t results in a differential equation without boundary conditions, leading
to the possibility of multiple spurious solutions. To address this, it is preferable to
incorporate an integral over the entire temporal domain in the loss function, thereby
training a continuous network to find a continuous solution that satisfies (2.3) across
the entire spacetime domain. On the other hand, when boundary conditions are given
in the HJ PDE (2.1), these can serve as the boundary condition for the differential
equation (2.3) at the fixed time, ensuring the uniqueness of the solution. In such
cases, training the model exclusively with respect to the terminal time ¢ = T may
suffice.

3.3. State-dependent Hamiltonian. In this subsection, we propose an algo-
rithm for the case of a state-dependent Hamiltonian, inspired by the implicit solution
formula (2.3). Consider the state-dependent HJ PDE defined in a domain Q C R?

(3.4)

us+ H (x,Vu) =0 in Qx(0,T)
u=g on Q x {t =0}.

The system of characteristic ODEs of (3.6) is given by

3.5a x=VpH

P
(3.5b) =—H+p'VpoH
(3.5¢) p=—V,H,

where p = Vu. Given that p is no longer a constant along the characteristic (3.5¢),
the characteristics are not linear but instead curves. Consequently, computing the
integral along these curves becomes highly challenging, making the derivation of an
implicit solution formulation difficult.

Piecewise Linear Approximation of Characteristic Curves. We assume that p
remains relatively constant over short time intervals. In other words, we approximate
the characteristic curve as linear over short time segments. To this end, we discretize
the temporal domain by

t0=O<t1=At<t2=2At<'”,tNZNAt:T.
For each k =0,--- , N — 1, we can write the solution as follows: for t € [ty, ) + At],
w(x,t) = u(x,ty +7) = u" (x,7)

with t = tp+7, 7 € [0, At]. Then u* can be regarded as the solution of the following HJ
PDE for time 0 < t < At with the initial function u” (-,0) = u*~1 (-, At) = u (-, kAt):

(3.6)

uf + H (x, Vu¥) =0 in Q x (0, At)
uF (x,0) = uF~1 (x,At) on Q.
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)6 Assuming that p remains constant within each short time interval [tg, tx + At], similar
)7 to the state-independent Hamiltonian discussed in subsection 2.1, we can derive the
08 following implicit solution formula for (3.6):

509 (3.7) u¥ (x,7) = —7H (x,Vu" (x,7)) + 7V (x, )7’ VoH (x, Vu* (x,7))
510 (3.8) +ub ! (x —7VpH (x, Vuk) ,At) .

511  This can be regarded as an implicit Euler discretization of the characteristic ODE
512 (3.5a):

513 x (1) =x(0)+7VpH (x(7),Vu(x(1),7)) + O (7'2)

514 for small 7 € [0, At]. For notational simplicity, let us denote

515 S [uF, b (x,7) =ut (x,7) — TVUF (%, ) VpH (x, VuF (x,7))
516 +7H (x, Vu (x,7)) — uk1 (x —7VpH (x, Vuk) AL
517 Time Marching Algorithm. Based on these, we propose the following time march-

518 ing method that solves the HJ PDE (3.6) with the state dependent H sequentially
519 over short time intervals [tg, t, + At]:

520 1. Set the initial condition u° = g.
521 2. Fork=1,--- N,
At 2
522 (3.9) ub = arg min/ / (S [v,u" 1] (X,T)) dx dt.
v 0o Jo
523 For each k, the predicted function u* approximates the solution u of (3.6) on t; <
524

t < tk+la i'e',

[@3
)
at

ub (x,7) ~u(x, kAt +7), Vr €[0,At],x € Q.

It is important to note that rather than using separate neural networks for each
u”, the model is trained using a single network, ensuring memory efficiency. After
training the network for the solution ©*~! on the time interval [ty_1,tp_1 + At], the
network parameters are saved. These saved parameters are then used as the initial
function to train the same network for the subsequent solution u* by (3.9). As a
result, when training «*, the network is initialized with «*~!, which accelerates the
training process. Consequently, although the learning process is divided for time
marching, the rapid convergence for each u* ensures that the overall training time
does not increase significantly.

0
S © o

ot Ou Ot QU Ut Ut Ut Ot Ot
W W W W W N NN

FNGERIUE

535 4. Numerical Results. In this section, we evaluate the performance of the pro-
536 posed deep learning-based method for learning the implicit solution formula through a
537 series of diverse examples and high-dimensional problems. Experiments are conducted
538 on up to 40 dimensions, and both qualitative and quantitative results are presented.
539  Although theoretical verification has not yet been established, extensive experiments

540 on nonconvex Hamiltonians are also included, demonstrating the effectiveness of the
541 proposed method in learning viscosity solutions.

542 To assess the scalability of the proposed method, we maintain the same exper-
543 imental configurations across all cases, regardless of dimensionality or domain size.
544

All experiments are conducted using an MLP (3.2) of a depth L = 5 and a width
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64 with the softplus activation function o (r) = %log (1+ €'%7). The network is
trained for for N = 200, 000 epochs using the gradient descent with an initial learning
rate of 102 decayed by a factor of 0.99 whenever the loss decreased. In each epoch,
M = 5,000 collocation points were uniformly randomly sampled from the domain.
When boundary conditions are given, the regularization parameter A is set to 0.1 and
the number of boundary collocation points M, is set to 200. All experiments are
implemented on a single NVIDIA GV100 (TITAN V) GPU.

4.1. Convex Hamiltonians. We begin by measuring the error with respect to
the true solution for the theoretically validated convex Hamiltonian. Experiments
are conducted in up to 40 dimensions. In addition to accuracy, we also measure
computational time and memory consumption to assess the efficiency of the approach
for high-dimensional problems.

EXAMPLE 4.1 (Burgers’ equation). Consider the Burgers’ equation with the
quadratic Hamiltonian H (p) = 3 ||p||§ and initial function g (x) = ||x||,. Ezperiments
were conducted on the 1, 10, and 40 dimensions. The Mean Squared Error (MSE)
with respect to the exact solution is summarized in the first row of Table 1.

To assess how the computational cost increases with dimension, we measure both
computational time and memory consumption. The time taken for each training epoch
was averaged over the total 10,000 training epochs, while the memory consumption is
recorded as the mazimum memory usage during a single epoch. The average values
for these measurements across the three examples, including the two provided below,
are reported in Table 1. It can be observed that neither computational time nor mem-
ory consumption increases sharply with dimension. It is important to emphasize that
the computational time reported in Table 1 refers to the time required to obtain the
solution function over the entire spatio-temporal domain, rather than the time taken
to compute the solution at discrete points or on a grid. Moreover, as discussed in
subsubsection 3.1, the memory requirements of implicit neural representations are
primarily determined by the size of the metwork. Increasing the dimension does not
significantly alter the overall network size, except for the increase in the input di-
mension of the input layer. Consequently, the results in Table 1 demonstrate that
memory usage is nearly independent of dimensionality. These findings demonstrate
that deep learning methods are highly scalable with respect to dimensionality, making
them well-suited for addressing high-dimensional problems.

EXAMPLE 4.2 (Concave Hamiltonian). Consider the quadratic Hamiltonian
H(p)=—3% ||p||§ and initial function g (x) = ||x||;. Ezperiments were conducted on
the 1, 10, and 40 dimensions until time T = 1. MSE with respect to the exact solution
is reported in the second row of Table 1.

EXAMPLE 4.3 (Level set Propagation). We consider the level set equation [57]
that governs the collision of two spheres, initially separated and moving along their
respective normal directions, which ultimately results in a collision. The level set
propagation is written by

u + [|[Vull, =0,

where the initial function g is given as the signed distance function for two circles
with centers at (—0.3,0,---,0) and (0.3,0,---,0), and radius of 0.2. Experiments
were conducted on the 1, 10, and 40 dimensions with T = 1. MSE with respect to
the exact solution is summarized in the bottom row of Table 1. Figure 1 depicts the
obtained solution for the two-dimensional case.
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TABLE 1
The mean squared errors with the exact solution, the average computational time per epoch, and
the memory usage for Examples 4.1, 4.2, and 4.3 across dimensions d = 1,10, 40 are presented. The
computational time is measured as the average across three examples over a total of 10,000 epochs.
Mazimum memory consumption per iteration is measured. It is observed that the computational
time and memory usage do not increase significantly as the dimension increases.

Problem d=1 d=10 d=40
Example 4.1 1.14E-7 2.56E-5 1.30E-3
Example 4.2 8.59E-6 1.63E-4 1.23E-3
Example 4.3 7.08E-6 5.57E-5 1.13E-3
Time (s) per Epoch  0.01518 0.01630 0.01864
Memory (MB) 42.648  42.648  43.623
£=0 t=T/4 t=1/2 ¢ =3T/4 e=T

Fi1G. 1. Iso-contours of the numerical solution to two-dimensional collision of circles in Exam-
ple 4.3. The predicted zero leve lsets are represented by red curves.

4.2. Nonconvex Hamiltonians. In this subsection, we present experimental
results for various Hamiltonians that are neither convex nor concave. While the the-
oretical proof for the proposed implicit solution formula has not yet been established
in the nonconvex case, the experiments show that the proposed method effectively
yields viscosity solutions.

EXAMPLE 4.4. We solve the nonlinear equation with a nonconvexr Hamiltonian

d
U; — COS Zuz +1] =0,
i=1
with the initial function g (x) = — cos (g Z?:l xi>, and periodic boundary conditions.

The results for d = 1,2 are depicted in Figure 2. The results are plotted up to time
T = 0.2, at which point kinks have already emerged in the solution.

EXAMPLE 4.5. The two-dimensional Riemann problem with a nonconvez flux

ug + sin (ug +uy) =0,
u(x,y,0) = (Jy| — [x]).
The predicted solution up to T =1 is depicted in Figure 3.

EXAMPLE 4.6. The above nonconvexr examples are actually one-dimensional along
the diagonal. To evaluate the performance of the proposed method on fully two-
dimensional problems, we solve

Us + Ugty = 0,
w(2,9,0) = sin(x) + cos(y),
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t=0 t=T/4 t=T/2 t=3T/4 t=T

t=0 t=T/4

t=3T/4 t=T

(b) d=2

FiG. 2. The numerical results for Example 4.4.

t=T/4 t=T/2 ) t=3T/4 |

Fic. 3. The numerical solution for Example 4.5

with periodic boundary condition and T = 1.125. The solution is smooth for t < 1
and has kinks for t > 1. Results are shown in Figure 4.

EXAMPLE 4.7 (Eikonal equation). Consider a two-dimensional nonconvex prob-
lem that arises in geometric optics:

Up + y/Ug +uy +1 =0,

u(z,y,0) = I (cos (2mz) — 1) (cos (2my) — 1) — 1.
The results up to time T = 0.45 are shown in Figure 5, where we can observe the
sharp corners in the solution.

EXAMPLE 4.8. Consider the combustion problem [{4]:

Ut — uz+uy+1:O,
u(z,y,0) = cos (2mx) — cos (2my) .
Results up to time 0.27 are given in Figure 6.

EXAMPLE 4.9. Consider the one-dimensional nonconvexr problem

up +ud —uy =0,
u(2,0) = —15 cos (5z) .

The results up to time T = 0.7 are shown in Figure 7, where we can observe can
observe that the sinusoidal wave becomes progressively sharper.
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| t=T/4 t=T/2 t=3T/4 ' t=T '

FiG. 4. The numerical solution for Example 4.6

t=T/4 t=T/2 t=3T/4

o ¢| &‘&

Fic. 5. The numerical solution for Example 4.7

+|

4.3. State-dependent Hamiltonians. This subsection provides experimen-
tal validation of the methodology proposed for the state-dependent Hamiltonian in
subsubsection 3.3. It includes error analyses with respect to At and addresses various
state-dependent Hamiltonians, including a 10-dimensional optimal control problem.

EXAMPLE 4.10. We solve the following variable coefficient linear equation [71]:

{ut + sin (z) uy =0,
u(x,0) = sin(z),

with periodic boundary condition. The exact solution is expressed by

u(z,t) = sin (2 arctan (e_t tan (g))) .

We compute the solution up to T = 1. Since the characteristic curve for the state-
dependent Hamiltonian is approximated linearly, the accuracy of the algorithm is in-
fluenced by the size of At. To verify this, we conducted experiments for various values
of At =0.5,0.25,0.1, and the results are summarized in the top row of Table 2. The
results show that the linear approximation of the proposed algorithm yields first-order
accuracy with respect to At.

EXAMPLE 4.11. We solve the following the two-dimensional linear equation which
describes a solid body rotation around the origin [11]:

— yuy +2uy =0, (z,y) € (-1, 1)2

where the initial condition is given by

0 03<r,
g(z,y) =<03—-7r 01<7r<03
0.2 r<0.1,

where 7 = +/(z — 0.4)2 + (y — 0.4)2. We also impose the periodic boundary condition.
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t=0 t=T/4 t=T/2 t=3T/4

R dhdhdhd

FiG. 6. The numerical solution for Example 4.8

t=0 t=T/4 t=T/2 t=3T/4 t=T

Fic. 7. The numerical solution for Example 4.9.

The exact solution is

u(x,y,t) = g(xcost+ysint, —xsint + ycost).

We compute the solution up to T =1 and the numerical errors for At = 0.5,0.25,0.1
are reported in the second row of Table 2. As in the previous example, we observe
that the error increases linearly as At increases.

EXAMPLE 4.12. We solve an optimal control problem related to cost determina-
tion [60]:

Up + Uy siny + (siny + sign (uy)) uy — 3 sin®y — (1 — cosz) = 0,
u(‘r7y70) = 0’

with periodic conditions. The result at T =1 is presented in Figure 8 and is qualita-
tively in agreement with [60].

EXAMPLE 4.13. We solve the problem associated with the state-dependent Hamil-
tonian well-known as the harmonic oscillator:

1 2 2
1 (x,p) = 5 (|xI3 + IpI3) -

We consider the two-dimensional problem where the initial function is the level set
function of an ellipsoid

(4.1) g(x,y)—;<;;+y2—1>.

The results up to T = 0.4 are depicted in Figure 9.

EXAMPLE 4.14. We consider a state-dependent nonconvexr Hamiltonian of the fol-
lowing form given in [15]:

H (x,p) = —c(x)p1 + 2|p2| + [P, — 1,
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TABLE 2
The mean squared errors (MSE) and relative mean square errors (RMSE) with the exact solu-
tion for Examples 4.10 and 4.11 with At = 0.5,0.25,0.1.

Problem At=0.1 At =0.25 At =0.5
MSE RMSE | MSE RMSE | MSE RMSE

Example 4.10 | 3.27E-6 6.57E-6 | 8.82E-6 1.61E-5 | 1.26E-5 2.26E-5
Example 4.11 | 6.29E-7 1.25E-3 | 3.88E-6 2.10E-3 | 6.12E-6 4.32E-3

10
08
25
20
15 06
10
05
04
2
02
00

Fic. 8. The numerical solution for Example 4.12.

where p = (p1,p2) and

(4.2) ¢(x) =2 (1+39Xp (—4||x_ (1,1)||§)).

We employ the initial function as presented in Example 4.13. The results up toT =1
are presented in Figure 10, which are consistent with those reported in [13].
EXAMPLE 4.15. We test the proposed method for a state-dependent nonconvex
Hamiltonian of the following form given in [13]:
H(x,p) = —c(x) p1] — ¢ (=x) [p2],

where we write p = (p1,p2) and c(z) is a coefficient function as given in (4.2). The
initial function g (4.1) presented in Example 4.13 is employed in this instance. The
results up to T = 0.3 are presented in Figure 11 and the results are in agreement with
those reported in [15].

ExXaMPLE 4.16. We solve the following optimal control problem:
wxt) = inf{g (x (0)) 5% (1) = £ (x(0)a (), x (1) = Ja(®)l, <1},

where g is defined by
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t=0 t="T/4 t=T/2 t=3T/4 t=T

t=0 ‘ t=T/4 t=T/2 t=3T/4 ; t=T

(b) H™
Fi1c. 9. The numerical results for Example 4.13.

t=0 t="T/4 t=T/2 t=3T/4 t=T

Fic. 10. The numerical solution for Example 4.14.

678 with A = diag(0.25,1) and f is given by
679 £(x) =1+ 3exp (—4||x_ (1,1)||§).
680  This corresponds to the HJ PDE given in [13]:

681 {ut+f(X)|Vu|2:(]
. U(Xao):g(x)

682  When solving the mazimization problem sup ¢ (x (T)) with the same constraints, we
683 obtain the following HJ PDE:

684

{ut — (%) [Vully =0
u(x,0) =g (x).

685 The results for both the minimization (at T = 0.2) and mazimization (at T = 0.5)
686 problems are presented in Figure 12 and are consistent with the results in [15].

687 ExampLE 4.17. Consider the following 10-dimensional quadratic optimal control
688 problem presented in [10]:

659 wxw:mﬂénx@W—ww@»m+g@mmxm:x}

This manuscript is for review purposes only.



690
691

692

693
694

695

696
697
698
699
700

702
703
704
705
706
707
708

22 Y. PARK AND S. OSHER

t=0 t=T/4 t=T/2 t=3T/4 t=T

[TTTTITITTTITITT

(a) Minimization (b) Maximization

Fic. 12. The numerical solution for Example 4.16 with At = 0.1.

where the potential function v : RT — (—00,0] is 9 (x) = Z?Zl ¥; (x;), where each
function ¢; : R — (—00,0] is a positively 1-homogeneous concave function given by

i (z) = {—alm x>0,

bi(E x < 0,

with parameters (ay,--+ ,aq) = (4,6,5,---,5) and (b1, - ,bq) = (3,9,6,---,6). The
corresponding HJ PDE reads:

{ut + 3 IVl + ¢ (x) =0
u(x,0) =g (x).

We conduct experiments for the two initial cost functions:
o A quadratic initial function gy (x) = 3 [x— 1||§, where 1 denotes the d-
dimensional vector whose elements are all one.

e A nonconvez initial function

) 1 2
g2 (x) = min g;(x)= S lx = yill; — oy,

= min
je{1,2,3} j€{1,2,3} 2
where Y1 = (_230) 30)7 Y2 = (2)_27_1,0,”' 70)f Y3 = (0,2703"' 70);
a; = —0.5, ap =0, and ag = —1.

Figure 13 presents two-dimensional slices of the solutions in the xy plane for both
cases up to time T'= 0.5. The results demonstrate that the evolution of the solution
is non-trivial, as evidenced by the nonlinear progression of the level sets over time,
exhibiting multiple kinks. These findings are consistent with the experimental results
presented in [10].
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t=0 t=T/4 t=T/2 t=3T/4 t=T
(a) g1
t=0 t="T/4 t=T/2 t=3T/4 t=T
||
(b) g2

Fi1c. 13. The numerical results for Example 4.17.

5. Conclusion. We have introduced a novel implicit solution method for HJ
PDEs derived from the characteristics of the PDE. This formula aligns with the
Hopf-Lax formula for convex Hamiltonians but simplifies it by removing the need
for Legendre transforms, thereby enhancing computational efficiency and broadening
its practical applicability. The proposed formula not only bridges the method of
characteristics, the Hopf-Lax formula, and Bellman’s principle from control theory
but also offers a simple and effective numerical approach for solving HJ PDEs. By
integrating deep learning, the formula provides a scalable method that effectively
mitigates the curse of dimensionality. Experimental results demonstrate its robustness
and effectiveness across various high-dimensional and nonconvex problems without
tuning the configuration of the deep learning model. These findings validate the
method as a versatile and computationally efficient tool for solving high-dimensional,
nonconvex dynamic systems and optimal control problems governed by HJ PDEs.

An important direction for future work includes a rigorous analysis of the pro-
posed implicit solution formula. While experimental results demonstrate the method’s
effectiveness on various nonconvex problems, a comprehensive analysis is needed to
confirm whether the proposed formula describes the viscosity solution of HJ PDEs in
nonconvex problems. Since the formula involves the first derivatives and is a compos-
ite of multiple terms, the proposed minimization problem (3.1) is nonconvex, making
the convergence of gradient descent non-trivial. Consequently, a convergence analysis
would be an important future endeavor.

Regarding the deep learning approach, we approximate the expectation loss (3.1)
using Monte Carlo integration (3.3), which introduces a discrepancy between the
empirical and expectation losses. A valuable research direction could involve investi-
gating whether the stochastic gradient descent process, with its random collocation
points at each epoch, converges to the global minimum of the expectation loss in the
context of stochastic approximation. Although we focused on scalability by maintain-
ing a fixed model configuration across experiments, future research should explore the
optimal selection of collocation points and network size for different problem dimen-
sions. Furthermore, the investigation of using automatic differentiation to compute
exact derivatives of the network, rather than finite differences such as ENO/WENO,
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presents an intriguing avenue for future research, particularly in its ability to capture
shocks. For state-dependent Hamiltonians, the development of higher-order methods
beyond the proposed first-order linear approximation of the characteristic curve would
be a promising direction. Finally, the simplicity and efficiency of the proposed method
open up avenues for its application to a wide range of problems, including level set
evolutions, optimal transport, mean field games, and inverse problems, which would
constitute valuable extensions of this work.
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