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SPLITTING REGULARIZED WASSERSTEIN PROXIMAL ALGORITHMS
FOR NONSMOOTH SAMPLING PROBLEMS

FUQUN HAN, STANLEY OSHER, AND WUCHEN LI

ABSTRACT. Sampling from nonsmooth target probability distributions is essential in various ap-
plications, including the Bayesian Lasso. We propose a splitting-based sampling algorithm for the
time-implicit discretization of the probability flow for the Fokker-Planck equation, where the score
function defined as the gradient logarithm of the current probability density function, is approxi-
mated by the regularized Wasserstein proximal. When the prior distribution is the Laplace prior,
our algorithm is explicitly formulated as a deterministic interacting particle system, incorporating
softmax operators and shrinkage operations to efficiently compute the gradient drift vector field and
the score function. The proposed formulation introduces a particular class of attention layers in
transformer structures, which can sample sparse target distributions. We verify the convergence
towards target distributions regarding Rényi divergences under suitable conditions. Numerical ex-
periments in high-dimensional nonsmooth sampling problems, such as sampling from mixed Gauss-
ian and Laplace distributions, logistic regressions, image restoration with Li-TV regularization,
and Bayesian neural networks, demonstrate the efficiency and robust performance of the proposed
method.

1. INTRODUCTION

Solving the Bayesian Lasso problem [28] involves sampling from the target distribution

p*() =  exp (~B(F(2) + 9())).

where 2 € R?, f : R? — R is the negative log-likelihood, g(x) = A||z||; is the log-density of the
Laplace prior for A > 0, 5 > 0 is a known parameter, and Z is an unknown normalization constant.
The Bayesian Lasso is widely used as it simultaneously conducts parameter estimation and variable
selection. It has broad applications in high-dimensional real-world data analysis, including cancer
prediction [10], depression symptom diagnosis [27], and Bayesian neural networks [34].

Most algorithms for sampling from p* rely on discretizing the overdamped Langevin dynamics.
In each iteration, these algorithms evaluate the gradient of the logarithm of target distribution
once and plus a Brownian motion perturbation to generate diffusion. However, the time-discretized
overdamped Langevin dynamics presents several challenges. First, the gradient of g may not be
well-defined, as in the case of g being a L; norm. Second, overdamped Langevin dynamics often
perform inefficiently in high-dimensional sampling problems due to the fact that the variance of
Brownian motion linearly depends on the dimension.

To address the first challenge, many proximal sampling algorithms, often with splitting tech-
niques, have been extensively studied. [29, 13 [3I] use proximal operators to approximate the gra-
dient of nonsmooth log-density. Extended works include methods leveraging a restricted Gaussian
oracle (RGO) [22, 8| 24], incorporating both sub-gradient and proximal operators [16], and solving
an inexact proximal map at each iteration [2]. For a recent review, see [21]. In these works, the
proximal map is often interpreted as a semi-implicit discretization of the Langevin dynamics with
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respect to the drift term. The present study also employs the proximal operator to approximate the
gradient of nonsmooth terms, however, the proposed algorithm is fully deterministic as described
below.

Furthermore, to handle the second challenge, instead of considering the time discretization of
the Langevin dynamic, we will analyze a deterministic interacting particle system obtained by the
time-discretized probability flow ODE. Here, the ODE involves the drift function and the gradient
logarithm of the current probability density function, named the score function, which induces the
diffusion. Since this approach avoids simulating Brownian motion, it is independent of the sample
space dimension. However, accurately approximating the score function presents a challenge of its
own.

To approximate the evolution of the score function, [32] derived a closed-form formula using
the regularized Wasserstein proximal operator (RWPQO). The RWPO is defined as the Wasserstein
proximal operator with a Laplacian regularization term (see Section [2] for details). By applying
Hopf-Cole transformations, the operator admits a closed-form kernel formula. It has been shown
that the RWPO provides a first-order approximation to the evolution of the Fokker—Planck equa-
tion [I7], leading to an effective score function approximation. The sampling algorithm based on
RWPO named backward regularized Wasserstein proximal (BRWP), has been implemented in sev-
eral studies [32] [I8] with different computational strategies. Its backward nature comes from the
implicit time discretization of the probability flow ODE for the score function term. However, a key
challenge in implementing the BRWP kernel lies in approximating an integral over R? to compute
the denominator term.

In this work, we derive a computationally efficient closed-form update for BRWP without evalu-
ating a high dimensional integral for special nonsmooth functions, such as the L norm. Following
the restricted Gaussian oracle of BRWP with L function, we derive an explicit formula of the sam-
pling algorithm, in which samples interact with each other following an interacting kernel function.
In particular, this kernel function is constructed by shrinkage operators and the softmax functions.
Moreover, we also apply the splitting method and proximal updates for sampling problems with
nonsmooth target density.

We sketch the algorithm below. For particles {z¥}¥ | in the k iteration, when g(z) = A||z||1, the
proposed iterative sampling scheme is

k+3 k+3 k+3

N
1
z;, 2 =af —nVf(k), okt = AL San(x; %) — Zsoftmax(U(z’,j)j)xj ,
j=1

where h > 0 is the time step size. The interacting kernel is defined as

k+i  k+39 ki k+3 19
. B Nl 2 =y 25 = (1Sl ) —a; 2l Rt
Ul(i,j) = 3 - ! o : : = AlSan(z; )l )

with
—exp(a:j) , T€E R?.
Sy exp(ae)

=1 1<j<N

The shrinkage operator S)j takes the form
Sin(z) = sign(z) ReLU(|z| — Ah),

with the rectified linear unit (ReLU) function ReLU(z) = max{z,0} for z € R. We remake that the
shrinkage operator is the proximal map of the L norm, i.e., Syp(z) = proxﬁngc”1 (x).

softmax(z) = (
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The iterative scheme exhibits an intriguing connection to recent Al methods, particularly trans-
former architectures, as explored in [0, [I5]. The proposed sampling algorithms can be viewed as
analogs of multi-attention transformers, incorporating generalized attention layers and the ReLLU
function. In this framework, each sample xf acts as a token, while the matrix operator U defines the
attention mechanism. A more detailed discussion of the connection between the proposed scheme
and attention mechanisms in transformer architectures is provided in Section [2.4]

Compared to algorithms based on splitting the overdamped Langevin dynamics with Brownian
motion, as studied in [29] 13| 3], 22}, [8 24], the proposed deterministic approach generally provides
a better approximation to the target density empirically, particularly with a small number of par-
ticles. It also demonstrates faster convergence in high-dimensional sample spaces, benefiting from
adapting the deterministic score function, as established in [I7]. Several other works have investi-
gated deterministic interacting particle systems for sampling, including Stein variational gradient
descent methods [25] and blob methods [11]. The proposed approach, however, leverages a kernel
formulation derived directly from the solution of the Fokker—Planck equation, naturally incorpo-
rating information about the underlying dynamics, as reflected in the definition of U(i,j) above.
Furthermore, the proposed kernel is closely related to the restricted Gaussian oracle [22] due to
the definition of the kernel formula for RWPO and our computational implementation provides an
approximation to the restricted Gaussian oracle.

The structure of this paper is as follows. Section [2 presents the derivation of the BRWP-splitting
sampling scheme with a detailed algorithm description. In particular, we introduce several kernels,
each corresponding to a different particle-based approximation of the initial density. Section [3]
demonstrates the convergence of the BRWP-splitting algorithm towards the target density for the
Rényi divergence under the Poincaré inequality and suitable conditions. This analysis is based on
an interpolation argument and provides a term-by-term bound on the discretization error. Section
M extends our approach to other regularization terms, specifically L1-TV regularization, which
integrates primal-dual hybrid gradient descent with the BRWP-splitting algorithm. Finally, Section
presents numerical experiments on mixture distributions, Bayesian logistic regression, several
imaging applications, and Bayesian neural network training. Proofs and detailed derivations are
included in the supplementary material.

2. REGULARIZED WASSERSTEIN PROXIMAL AND SPLITTING METHODS FOR SAMPLING

We are aiming to draw samples from probability distributions of the form

. 1
p(x) = Z exp(=B(f(z) + Alle|1) (1)
where z € R%, f : R* - R is L-smooth, 8 = (kpT)~! with a temperature constant 7' > 0 and the
Boltzmann constant kg, A is a regularization parameter, and Z = [pq exp(—=S(f(y) + Alyll1))dy <
400 is an unknown normalization constant.

Sampling from such a distribution is widely used in parameter estimation, particularly under
the framework of the Bayesian Lasso problem [28], which simultaneously performs estimation and
variable selection. However, the nonsmoothness of the L; norm poses significant challenges in
developing theoretically sound and numerically efficient sampling algorithms. Beyond the Bayesian
Lasso setting, we are also interested in more general cases where g(x) is a nonsmooth function whose
proximal operator is easy to compute. In this case, we consider sampling from the distribution

1

pr(z) = — exp(=B(f(z) + 9(2)))- (2)
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2.1. Langevin dynamic and regularized Wasserstein proximal operator. In this section,
we review the time discretization of the overdamped Langevin dynamic and regularized Wasserstein
proximal operator to motivate the proposed algorithm.

Denote V = f + g for simplicity. To sample from p* in (), a classical approach involves the
overdamped Langevin dynamics at time ¢

dXt = —VV(Xt)dt + vV 25_1(1315 s (3)

where X; € R? is a stochastic process, and By is the standard Brownian motion in R?. Denote p;
as the probability density function of X;. It is well known that the Kolmogorov forward equation
of stochastic process X; satisfies the following Fokker—Planck equation:

0
=V (V)45 = 57V (V10 2L ()

where we use the fact that p;Vlog p; = Vp; and Vlog p* = Vloge YV = —BVV.

From the stationary solution of the Fokker—Planck equation, we observe that the invariant dis-
tribution of the Langevin dynamics coincides with the target distribution p*. However, directly
applying the overdamped Langevin dynamics (3] to sample from (I]) presents several challenges.
Firstly, the function V' is nonsmooth which creates difficulties in the gradient computation. Sec-
ondly, the variance of the Brownian motion depends on the sample space dimension linearly which
slows down convergence, posing challenges for high-dimensional sampling tasks.

To address the first issue, for a small stepsize h > 0, one often utilizes the Moreau envelope

. 1
i) = it {ato) + 5o~ v} )
yeRd 2h
which provides a smooth approximation to the nonsmooth function g; and the proximal operator
h : 1 2
prox,(z) = argmin § g(y) + oz — gl ¢, (6)
y€ERd

which provides a smooth approximation to the gradient of g based on the relation

h
x — proxy(z)
Vou(e) = 220,

These tools have been widely applied in nonsmooth sampling problems [24] 36, [13]. In this work,
we also employ the proximal operator to approximate the gradient of nonsmooth functions.

for a convex function g . (7)

Furthermore, to tackle the second challenge which arises from the linear dependence of the
variance of Brownian motion and the dimension, we aim to avoid the simulation of Brownian
motions in the sampling algorithm. Instead, we consider the evolution of particles z; € R? governed
by the probability flow ODE:

dzy = —VV (z)dt — 871V log py(z)dt . (8)

Here, the diffusion is induced by the score function V log p;. While the individual particle trajectories
of equation (§) differ from those of stochastic dynamics (B]), the Liouville equation of (8] is still the
Fokker—Planck equation ().

The primary challenge in discretizing the probability flow ODE (8] in time is the accurate ap-
proximation of the score function. For each discretized time point, since we can only access N
particles obtained from the previous iteration, kernel density estimation-based particle methods
can be unstable and sensitive to the choice of bandwidth. To mitigate this, we consider a semi-
implicit discretization of (8]), where the score function at the next time step is utilized. This results
in the following iterative sampling scheme.
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Denote the time steps as t;, for k = 1,2,..., with a step size h =t —t;, > 0. Let z* represent a
particle at time tj, distributed according to the density py, i.e., ¥ ~ pj. Similarly, let 2*+1 ~ ppi1,
where pi1 is the density at the next time step 11 = tx + k. Then the semi-implicit discretization
of probability flow ODE in time is

aF =2k — hVV (aF) — hBIV log pryr (). (9)
To compute pi+1, one must approximate the evolution of density function following the Fokker—Planck
equation (). A classical approach is the JKO scheme [19]:

pr+1 = argmin 8Dk (pllp*) + = 5 Wz(ﬁ pr)? (10)

pEP2(RY) h

where Py(R?) is the set of probability measures in R? with a finite second-order moment and
Dx1,(p||p*) denotes the Kullback—Leibler (KL) divergence defined as

Dia (") = | plog Lodo.
Rd p

Moreover, Wa(p, pi.)? represents the squared Wasserstein-2 distance, which can be defined using
Benamou-Brenier formula [I]:

W
M = nf/ / —Hv (t,z)||*p(t, z)dxdt

where the minimization is taken over vector fields v: [0,h] x R? — R subject to the continuity
equation with fixed initial and terminal conditions:

%Jrv( v) =0, p(0,z) = po(z), p(h,x)=pn(r).

However, solving the JKO-type implicit scheme often requires high-dimensional optimization, which
can be computationally expensive. We remark that many existing sampling algorithms exploit
certain splitting of the JKO scheme [24] [3T], 3] and employ the implicit gradient descent for the drift
vector fields. This work considers the implicit update regarding both drift and the score functions
simultaneously.

To derive a closed-form update for the evolution of the Fokker—Planck equation, we start with the
Wasserstein proximal operator with linear energy, as introduced in [23]. By incorporating a Lapla-
cian regularization term into the Wasserstein proximal operator and applying the Benamou—Brenier
formula, we obtain the following regularized Wasserstein proximal operator (RWPO)

WProx ’B(pk) = argmlnlnf{/ /]Rd —|ju(t, ) ||3p(t, z) dxdt+/ V(z)q(z) daz} . (11)

q€P2(Re v

where the minimization is taken over all vector fields v and terminal density ¢, subject to the
continuity equation with an additional Laplacian term and the initial condition:

WV o) =70, pl0,2) = pue), plh) = ae). (12)

After introducing a Lagrange multiplier function ® : [0, 2] x RY — R, the RWPO is equivalent to the
following system of coupled PDEs consisting of a forward Fokker—Planck equation and a backward
Hamilton—Jacobi equation

Op+V - (pV®) = 571 Ap,
0P + 3| VO[5 = -7 AD, (13)
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By applying the Hopf-Cole transformation and using the heat kernel, one can derive a closed-form
solution for the RWPO:

pr(y)dy = Kirpr (), (14)

5 lo—y]2
WProx™ () — o[ -5 (V) + 2)]
v /R Jgaoxp [ = §(V(=) + F522)]dz

where the kernel K‘}} applied on the initial density pi depends on V' and step size h. The more
detailed derivation of (I4)) can be found in [23].

From (I3]), we observe that since ®(7T,z) = —V(x) and p satisfies a Fokker—Planck equation
with drift vector field V&, the solution of RWPO approximates the evolution of the Fokker—Planck
equation ({]) when h is small. Furthermore, [I7] rigorously justifies that K\}}Pk approximates pg41
with an error of order O(h?) when V is smooth. In summary, we use the kernel formula (I4) to
approximate the the evolution of the Fokker—Planck equation () with V' = f + g which further
approximates the score function in ().

2.2. Splitting with regularized Wasserstein proximal algorithms. We now return to the
composite sampling problem and examine the JKO scheme (I0) again to derive the splitting scheme.
For the case where p* = £ exp(—B(f + g)), we observe that

Dol =6 [ fpdo+ [ plog L do+log 2.
Re R4 exp(—fg)

Thus, the JKO scheme (I0) can be written as

: -1 p 1 2
Pr41 = arg min / fpde+p / plog ————dx + —Wal(p, pr)*,
peP(RY) JRd Rd exp(—09) 75" 2(p: )
where we omit the normalization constant log Z in the minimization step.
The idea of splitting JKO scheme is to introduce an intermediate density p, 1 and consider a
two-step squared Wasserstein distance. Then py,1 is given by the following optimization problem

Pk+1 = arg min min fp ;dm—i—/ gpda:—i—ﬂ_l/ plog pdx 15
+1 pEPz(Rd)Pk+%EP2(Rd) Rd k+2 Rd Rd ( )

1 2 1 2
+%W2(pk+%7pk) + %W2(P,Pk+%) .

Next, we proceed by decomposing the optimization problem into two steps
Py = AN, ep, ay Jpa £ AT + 35 Wa(p, pr)? (16)
Pr41 = AIGMIN e, (a) [pa 9p AT + 71 Jga plog pdz + 25 Wa(p, Pk+%)2 .

When pg(x) = % Zj\;l 596? (x) and p is also approximated by a sum of delta measures, the two-step

Wasserstein proximal operators yield the following particle update scheme:
1 .
252 = argmin,ega{f(2) + 3 |z — 2*|3},
‘ - 1
aF ! = argmin,ega{g(z) + B log p(x) + o |z — 2" +2 |3},

where the subindex j is omitted for the simplicity of notation.

(17)

For the first step, when A is small, we approximate the implicit proximal step for f by an explicit
gradient descent
akte = ok — AV f ().
For the second step in (I6]), we note that it corresponds to a single-step JKO scheme for the
Fokker—Planck equation with drift term Vg. Thus, we approximate pgi; using the regularized
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Wasserstein proximal operator WPI"OXZ’ﬁ in (I4). Moreover, when K gpk 1 is convex, the second
step in (I7) is equivalent to the implicit update:

2F L = g2 — pVg(aF ) — BV log Kypp 1 (2*). (18)

Finally, we replace the first two terms in (I8]) with the proximal operator of g to circumvent the
need to compute the gradient of a nonsmooth function. We also approximate the implicit update of
the score function with an explicit step by using K ;‘pk +1 (z*), which retains a semi-implicit nature

since K| gpk +1 R Prgl This results in the following iterative formula

= proxh(a3) — hTIV log Klipy 1 (a743). (19)

We remark that the convergence of the above splitting scheme under smooth assumption will be
demonstrated in Section Bl

2.3. Algorithm. To summarize the derivation in the previous section, the iterative formula for
particles {2¥*1} at the k + 1 iteration is expressed as

{m’”% =aF — hV f(2),

20

Next, we shall derive an explicit and computationally efficient formula for the second step in

k+1 . . . .
(20). We first replace a:i+2 by 2% for notational simplicity. Recalling that when g(z) = A||z|1, the
proximal operator is given by the shrinkage operator

San(z) == prox§||x”1 (x) = sign(z) max{|xz| — A\h,0} .

Then, we simplify the expression for K §\L||~|I1 pr, defined in (I4]). We recall the Laplace method: for
any smooth function ¢ € C*°(R% R) and a domain A C R?,
lim [ exp <—M> dx = Cexp <— min o )> ,
h—0 /)4 h zeA h
where C is a constant depending on h, d, and the Hessian of ¢. The domain A can be extended to R¢
if the integral is well-defined over the entire space. Applying this to the normalization term inside

the integral (I4]), recalling the definition of the proximal operator, and noting that the Hessian of
the exponent is 1 almost everywhere, we obtain the following approximation for sufficiently small

h:
—_ 2 S 12
/]Rd P [_g (A”Zul + L2 2hy”2>] der Coxp [_g (A”S”L(y)“l +1 Ah(gzl sz)] - (22)

where C is a constant depending on h and d almost everywhere, except at points where the exponent
is nonsmooth.

(21)

For the numerator of K §\L||~|I1 Pk, we approximate pg(x) by kernel density estimation with the sum
of delta measures

1
o)~ 5 30 @)
]:
In this case, the approximated density function at time txy; in (I4]) becomes

B
exp (~GAller) & 5 ( 1z — b3 — 1S (ak) — 52 )
o Zlexp -5 o ~ Sl | | - (23)

K} pi(x) =
j=
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Using Vlog K, gpk = VK, ;‘pk /K ;‘pk, the normalization constant C'N cancels out and we arrive

N k k
-9 - (x—a%)exp(U(x, x
VIOgKgpk(ﬂj)%—é (ZE )\h(ﬂj) i Zj_l( . ]) p( (k ]))) , (24)
2 h th:1 eXP(U(x7$j))
where U is given by
k|12 k k|12
k B ‘|$_:Ej‘|2_ HS)\h(xj)_:Ej‘b k
U(x,x5) = ) < o = AllSxn (@) | -
We then define the matrix operator A; ; and the normalized version M, ; as
A s
Aij = exp(U(:Ef,xf)) M, ; = Nij (25)
> e Aig
With this notation, the second step of the iterative scheme (20) can be rewritten as
1
o = ok 4 5 | S ZM,]:U : (26)

The above derivation leads to a deterministic sampling algorithm for the composite density
function

1

P (x) = Z exp (= B(f(z) + Mzllh)) ,

which is described below.

Algorithm 1 Splitting Regularized Wasserstein Proximal Algorithm (BRWP-splitting)

Require: Initial particles {:E Z 1, step size h.
1: for iteration k =1,2,... and each particle i =1,..., N do

2: Step 1: Compute the gradient descent with respect to smooth function f:
k41 k k
x, * =uai —hVf(z]).
3: Step 2: Perform the proximal update on g with the score function
k1 kty L k+2
z; =z, + 5 S)\h Z M,; ,]:E

Here, M; ; is defined as in (25)), replacing zF with :Ek+§.

4: end for

For a more general target density function p* as in (2)) containing a nonsmooth function g, the
Step 2 in Algorithm [l is replaced by

k+3
$f+1 =z, 2

+ prox Z M; J:E , (27)

DO =

where

B [ Nlaf — x¥||5 — [[proxf (k) — a¥|3
Ajj =exp [—5 - 57 7 ! —Q(PI"OXZ(SU?)) )

and M, ; is defined as in (25]). Intuitively, we note that the proximal term in ([27) corresponds
to a half-step of gradient descent depending on x¥. The first exponent ||z — 3:?”% in A; ; induces
diffusion as a heat kernel, while the last exponent involves g performs the second half-step of gradient
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descent via a weighted average of :179C similar to the idea used in consensus-based optimization [5].
This mechanism ensures that the set of points will concentrate in a high-probability region of the
target density and will not collapse to the local minimum of the log-density f + g.

2.4. Connections with attention functions in transformers. We now recall the interacting
particle system formulation for transformers, as discussed in [0, [15]. In a transformer, each data
point, represented as a vector, namely a token, is processed iteratively through a series of layers
with attention functions. A key component of each layer is the self-attention mechanism, which
enables interactions among all tokens.

More specifically, in the simplified single-headed softmax self-attention mechanism, define V' €
R4 (value), @ € R™*? (query), and K € R™*? (key) as learnable matrices, and define the softmax
function for w € RV as

softmax(w) = M) |
(w) (Zé\leexp(wz) 1<j<N

The tokens are updated as

N
b = ok 4 0y softmax((Qaf - Kak);)Vak,
j=1

where the softmax function is evaluated at index j.
This formulation naturally represents the transformer as an interacting particle system, where
the interaction kernel is given by me -K :179C . Various types of interaction kernels have been studied

and applied in different contexts; see [0] for a more detailed discussion. Leveraging this perspective,
we rewrite the proposed iterative sampling scheme in (27)) as

N
11 1 1
xf+1:xf+2+§ proxg(xf+2)—Zsoftmax(U(i,j))x?+2 , (28)
j=1
k+1 0 k+l k+1 k+3
vig o B (1 ol A e
7] - 2 2h g P g 7 ’

1
where xf+2 =z — WV f(zh).

Here, the interaction kernel is modified by the new matrix operator U, while the value matrix
is replaced by gradient descent updates regarding f. Additionally, the proximal term integrates
target distribution information into the dynamics, allowing convergence to the target distribution.
Especially, when g = \||z||1, the shrinkage operator automatically promotes the sparsity of the
variables. Since particle interactions are computed via the softmax function, the system (28]) can
be efficiently implemented on modern GPUs, making it well-suited for high-dimensional sampling
applications.

2.5. Different choices of kernels for particle interaction. In this section, we explore alterna-
tive formulations of the matrix operator M; ;, previously defined in (23]), based on different density
approximations of pg from particles. These alternatives may lead to improved numerical perfor-
mance in high—dimension1 sampling problems. Similar to the notation in the previous section, we
+32

. k o L .
continuously replace x; * with z7 to simplify notation.
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Proposition 1. Suppose the density function at the k-th iteration is approzimated using Gaussian

kernels as
o — 2%|3
pk(x) 27‘(’0’ d/2 Z < 2 )

wz’th bandwidth o > 0. Then, for the partzcle update scheme given by [26), let ¢ = 2h/(0?3) and
zk iy be the {-th component of the particle x , the matriz operator A;; and M; ; will be

2513\ 2
Aij =exp <—2+‘2 H {Sl(l’iev x?,e) + 52(955?,57 x?,z) + 53(35557 m?,e)] ) (29)
=1
Aij
N 2513\ 17 kook kook ko (o
ey exp | =5k ) [Ty |Th(@5 s 25 ) + To(ay s 2 ) + Taagy, (23))

where the terms 11,1, T3 and S1, 59,53 are given by

_ 4h 2 B 272 +ezt+Ah)?
(x,2) =4/ 310 foo/g(HC) [Ah stezdan] exp(—y~)dy exp <_H ()\ p? — lateztAh)” i:c ) )) ,
4 (411;:0) Ah— mtfi )ML] 2 B 272 (z+cz—Ah)?
=519 J-= exp(—y”)dy exp (—m (A L ))
/4h 2 B (z4cz)?
\/ﬁ AR (z+cz)} exp(—y )dy exp (E c ) )

cﬁ Ah (a:+cz)]
2
50,5 = $E )+ ok v (282 (- 2550) ) e (4 (0 — i)

M;; = , (30

2 h(ito) 1+c Th Ttc Ttc
So(x,2) = gi(xi(cﬁrsh)Tz (z,2) — 1+c exp | — B(}JC) (—)\h - 7“"”*;‘1;%)2 exp (—ﬁ ()\2h2 - 7@“11?\}”2)) )
S3(x,2) = g (zzfz)Tg(x,z) — % {exp (—% ()\h — (“"“L—CCZ))2) — exp (—% (—)\h — (C”+—CC‘Z))2)} exp (75(14222)2) ,
k+1/2

after replacing all x with x; . Here, the integral of exp(—y?) can be obtained by the value of

the error function

erf(z) \/_ / exp(— dy

The derivation of Proposition [l can be found in supplementary material [Al The Gaussian kernel
used in [I8] has been applied to eliminate asymptotic bias in the discretization of the probability
flow ODE when the target distribution is Gaussian. Moreover, Gaussian kernels with adaptively
computed bandwidths based on particle variance are also helpful for approximating density functions
in high dimensions. For further discussion in this direction, see [35].

Next, by comparing the results in Proposition [Il with the expression in (25]), we observe that the
matrix operator M; ; simplifies significantly when the kernel is approximated by delta measures.
However, in high-dimensional settings, kernel density estimation with delta measures suffers from
the curse of dimensionality, as the number of particles required to maintain a given level of accuracy
grows exponentially [14]. To address this issue, we propose an alternative and heuristic method for
efficiently approximating the score function while maintaining its representation as a sum of delta
measures. Specifically, we approximate the density function with an auxiliary set of points:

N
1 k- k k (T
o)~ g D Sa (), d=af = [ (1), @) (31)
Jiyesjd=1
Here, p; can be regarded as approximated by a separable density function. Due to the separability
of the L1 norm and the shrinkage operator, the proposed matrix operator takes the following form,
with its derivation provided in the supplementary material [Al
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Proposition 2. If the density function at the k-th iteration is approximated by [B1l), then for the
particle update scheme given by ([28)), the operator M; ; will be

xb —azk )2 —(S\p(zh ) —xF )2
exp | (G st )|

xk —xk )2—(Syp(xk ))—ak )2
5, exp [_g <( ne=%50) (22;1( 5.0~ 50) _)\’S)\h(x;g)’>:|

for £ =1,--- d where mfz denotes the £-th component of the particle mf The Step 2 in Algorithm
[ now becomes

(Mij)e = ) (32)

N
1
xiﬂ‘l = xf + B S,\h(a:f) — ZMZ'J . x? , (33)
j=1
k+1/2

after replacing all xf with x;

Our numerical experiments in Section [ show that the kernel in Proposition 2] usually has faster
convergence and more accurate estimation of the model variance than the kernel in (25]) in high
dimensional sampling problems.

Moreover, we remark that for more general log-density functions g and other choices of kernels
used to estimate p; that are not separable, tensor train approaches can be employed. Once the
density at time t; and the target density p* are approximated in tensor train format, an analog of
Algorithm (I]) remains computationally efficient. For further details, see [18].

3. CONVERGENCE ANALYSIS

In this section, we analyze the convergence of the proposed Algorithm [ for sampling from the
target distribution. For notational sake, we write p; to be the regularized density function defined
as

pi) = Zih exp(—B(F(x) + gn(2))) (34)

where gj, is the Moreau envelope of g and Zj, = fRd exp(—B(f(y) + gn(y)))dy.

We assume that the following conditions hold:

The function f is convex and Ly smooth, meaning its gradient V f is L Lipschitz continuous.
The function g is convex and L, Lipschitz. Also, gy, is Ly, smooth.
p;, satisfies the Poincare inequality with constant oy > 0, i.e., for any bounded smooth

function v,
2
[ oo~ ([ wrias) <aa [ V6l de.
R4 R4 Rd

The score function at time ¢, i.e., Vlog p; where p; satisfies the Fokker Plank equation at
time ¢ is convex and 3L, Lipshitz continuous.

We remark that the second condition ensures the proximal operator of g is single-valued and the
smooth assumption ensures the Hessian of g, is bounded to derive the asymptotic expression of the
kernel formula (I4). Regarding the Poincaré inequality in the third assumption, we note that it
follows from both the log-Sobolev inequality and the Talagrand inequality. Furthermore, it remains
valid even in cases where the log-Sobolev inequality does not apply, such as when g has a tail of
the form ||z|[;. Moreover, both the log-Sobolev and Poincaré inequalities are special cases of the
Latala—Oleszkiewicz inequality for @« = 2 and o = 1, respectively. These inequalities characterize
concentration properties for densities of the form exp(—||z||%), as discussed in [20]. Finally, the last
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condition is an assumption that appeared frequently in the analyses of the probability flow ODE
(9. 8].

Recalling the definition of the Moreau envelope of g in (fl), we first state two key properties of
the Moreau envelope.

Lemma 3 ([13]). If g is convex and L, Lipschitz continuous, then the following properties hold:
(1) For any x € RY,
0 < g(x) — gn(x) < Lyh.

(2) gn is convex, and the function —eXp( Bagn) defines a valid probability density function,
where

Zy, = [ expl(=an(v) dy.

Next, we show that the kernel formula for the regularized Wasserstein proximal operator used
in Section [2] approximates the evolution of the Fokker-Planck equation. We denote p; 1 as the

density function of S v/ f(z*), which can be obtained via kernel density estimation,
provided a sufficiently large number of particles. Then the following can be proved.

Lemma 4. For the approximation to the score function based on the kernel formula (I4), when
h < 1/(Lg,d?), we have

B« — prox(z)
VlogKng%(:ﬂ):—E fg

s e [_ (”x Vil g(proxg(y))ﬂpk_,_;(y)dy} 55)

B
2
x— roxh? 2
f]Rd eXp[ <|| y||2 ||y P (y)”z _g(proxg(y)))} pk+%(y)dy

which provides an approximation to the score function as follows

Vlog Kgpk+%(a¢) = Vlog p(z, ty, + h) + O(h?)

+

almost everywhere, where p(x,t) satisfies the Fokker—Planck equation with the initial condition at
te:
dp

%=V (0Van) + B~ Ap,  pla,ty) = Pryt ().

The proof is provided in the supplementary material [Bl Next, recalling the proposed particle
evolution scheme in (20)), the first step consists of a gradient descent step with respect to f. By
applying the change of variable formula for the probability density function, we obtain

Press = Pk + VY - (pxV f) + O(h?).

Consequently, after applying the kernel K ;‘ and using the result in Lemma [4], we have the approxi-
mation formula

Kgppys = pi+hV - (peV (f +gn)) + 8™ App + O(R?) . (36)

Thus, the density function K gpk +1 obtained from the kernel formula (I4]) provides a first-order
approximation to the evolution of the Fokker—Planck equation with drift term V(f + g).

Next, the iterative sampling scheme in (20) can be rewritten more compactly as

=2 — WV f(a*) — hVgn(a" — WV f(a*)) =BT Viog K py 1 (= hV S (). (37)
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Our convergence analysis will examine the convergence of the density pi to p* in terms of the
Rényi divergence R, for q € [2,00). The Rényi divergence is defined as

1 nl
Ry(pllv) = — log (Fy(ulv) . where Fy(ulv) = [ 2 do.
Next, we define the Rényi information G,4(p||v) as the time derivative of Fy(p||v)
_ (Y [ viog |
Gy (ullv) _/Rd (4) w182 | v (38)

A key consequence of the Poincaré inequality is the following relationship regarding the time deriv-
ative of the Rényi divergence along the Langevin dynamics.

Lemma 5 ([33]). Suppose pj, satisfies the Poincaré inequality with constant og > 0. Then, for any
q > 2, we have
Gq(pllpr) - 4oq

By employing the interpolation argument and establishing bounds for the discretization error,
we can prove the convergence of the proposed sampling scheme to the target density as follows.

Theorem 6. Let 2° ~ py be initial particles and L = Ly + Ly, + L,. When h < min{(v2 —
1)/L, 1/(Lg,d*)}, we have the following convergence of Algorithm [ with respect to the Rényi di-
vergence.

(1) For the convergence towards the regularized target density pj :
Ry(prllor) (40)

o 212 *
Ry(pollpy) = kh (2% (1 - (k) — aL2(L+ Ly)?h2d) + O(h), Ry(polloy) = 1:

« o 272 2L2(L+L¢)%h2%d %
Rylpollog) exp | —kh gt (1= @i )| + TR 1 O Ry(ollep) <1

d

(2) For the convergence towards the target density p*:

a 212
Rag—1(pollpy,) — tr [(2;1) (1 - (E_thg)2> —(2g — 1)L4h2d]
) +e(q)Lgh + O(h?), Ry(pollpy) > 1;
Rylpelle™) < Y er, ay 2L2h2 ! " (41)
R2q_1(p0th) exXp [_tkm (1 - m)}
+ QL () L2+ O(h?), Ry(pollp) < 1;
where ¢(q) = ‘(153‘1__1;2)

The proof is provided in the supplementary material [Bl We remark that for the convergence to
p;, when Ry(pollp}) < 1, the asymptotic bias induced by the discretization is of order O(h?), which
is smaller than that of sampling methods with Brownian motion, where the bias is of order O(h).

We note that the condition hL,, < 1/d* in Lemma [ and the second assumption in this section
are quite strong, restricting many nonsmooth cases. When ¢ is merely Lipschitz continuous, one
can still establish that V log Kgkar% = Ppyt t O(h), but the O(h?) term is lost due to the lack of

smoothness. If a rigorous approximation result for the kernel formula can be obtained, one could
follow the analysis in [3] to study the convergence of the gradient flow in the Wy metric, which
remains valid for general nonsmooth functions and does not require the Poincaré inequality. Another
approach to achieving exponential-type convergence is to use a strategy similar to that in [I3], where
the proximal operator proxg is applied with v # h. This ensures that the Lipschitz constant g,
remains independent of h, allowing for a rigorous convergence result toward the regularized density.
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However, our numerical experiments suggest that the proposed algorithm performs better than
using an alternative regularization parameter . Given the challenges in rigorously verifying the
kernel formula, we present our analysis in a smooth setting to illustrate the effectiveness of the
proposed approach while leaving a broader discussion of nonsmooth cases for future work.

4. GENERALIZATION TO SAMPLING WITH TV REGULARIZATION

An important practical application of Li-norm regularization is its combination with total vari-
ation (TV) regularization for image denoising and restoration [30]. In this context, we consider
sampling from the distribution

p*(u) = % exp(=V(u), V(u)=|l¢ = Ful3 + | Dul1, (42)
where u € R? represents the image or signal, ¢ € R™ is the noisy observation, and F € R¥™ is
a known forward operator with m < d. The matrix D € R%?? denotes the discretized gradient
operator for two-dimensional images. This formulation extends naturally to the more general setting
where V(u) = f(u) 4 ||Kul|; for an arbitrary function f and a linear operator K. For clarity, we
focus on sampling from ([42]). Compared to direct optimization of V' (u), sampling-based algorithms
provide a means to quantify uncertainty in the recovered image and facilitate Bayesian inference,
as demonstrated in Section Bl

A common approach to sampling from p* in ([42) is to compute the proximal operator of the TV
norm using Chambolle’s algorithm [7], as in [13]. However, this requires solving an optimization
problem at each iteration. Instead, we seek a more deterministic method by combining the BRWP-
splitting scheme with the primal-dual hybrid gradient (PDHG) method.

Since the proximal operator of the TV norm lacks a closed-form expression, we introduce an
auxiliary variable p = Du € R?? and reformulate the log-density as

V(u,p) = llé = Full3 + Allplls +llp — Dull1 (43)

where v > 0 is a large regularization parameter enforcing p &~ Du. This transforms the sampling
problem in u into a sampling task over v and p simultaneously. The last term in V' (u, p) still involves
the L; norm of p — Du, whose proximal operator is not explicit. To address this, we use the dual
formulation of the L; norm:

V(u,p) = [|¢ — Full3 + Allpll + max {v-(p—Du) = o<1 )} (44)

where y is the dual variable and the last term is the convex conjugate of the L; norm.

Writing « = [u, p]?, G(z) = ||¢ — Ful2 + \||p|l1, and L = [I, —D]? to simplify notation, we recall
the generalized PDHG scheme for sampling proposed in [16]:

XFH = proxt (X — hyLTY*} + /25-1¢F,
Ykl = proxj _AYF 4+ mLxhy

(45)

where ¢* is a 3d-dimensional Brownian motion added to the primal update, and 7, h > 0 are step
sizes for the primal and dual update. It is shown in [4] that this scheme has a unique invariant
distribution in continuous time. Moreover, coupling h and 7 such that 7/h — oo as h, 7 — 0 ensures
convergence to the target distribution % exp(—3V (u,p)).
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Next, we consider the discretization of the probability flow ODE for the primal variable. Replacing
the Brownian motion by the score function to have
{x’f“ =2 — hyL"y* — hVGy(a* — yLTy*) — B~ Vlog prsa(a*),

46
yk—i-l — prOXJTH_“oogl{yk + ,nyk+1} ) ( )

For the gradient of the Moreau envelope of G, we approximate it using an explicit gradient descent
for the smooth term of GG}, and a proximal step for the L1 norm term as
T
P —aDTy" — San(p* —yDTy")
h b

VG (z* — vKTy¥) ~ [VHqﬁ — P(uF — hyt))2, 2 (47)

which holds as h — 0.
Finally, as in Section 2, we apply the two-step splitting strategy to update the primal variables:

ukts = ok — hyy®, (48)
1 1 _ " 1
ubtt = M2 — hV| ¢ — FuFtz |3 — hp~1V log Kﬁb(b_p”%pk%(ukﬂ) .
1
e = pt = hy(=Dy"), 1 (49)
pk+1 = S)\h(pk+§) — hB3~'Vlog K§\L||.||1p£+%(pk+§) .

k+1 k+3
Here, u"*32 szJr% and p*T2 Np]’;Jr%.

Moreover, the score functions V log K |}|L¢>— P2 and Vlog K ;\‘”.”1 are defined analogously to (24)).
2

The proximal operator proxﬁl s p|2 CAN be computed explicitly as
2
prox|; por2(v) = (I + hETFY Y+ hFT¢) ~ (I — hFTF)(v + hFT¢) + O(h?). (50)

This splitting scheme decomposes the primal update into two sequential steps: (i) a gradient descent
step involving the inner product with y, and (ii) a gradient descent step for the smooth part and a
proximal step for the nonsmooth part of G} with explicit score functions.

The full algorithm, incorporating the dual update and primal splitting, is summarized in Al-
gorithm 2l We remark that the last step in the Algorithm is a common step used in the PDHG
scheme that takes an over-relaxation on the primal variable. Numerical experiments are presented
in Section [Bl

5. NUMERICAL EXPERIMENTS

In this section, we numerically verify the performance of the proposed sampling algorithm based
on the splitting of the regularized Wasserstein proximal operator (BRWP-splitting, or BRWP for
short). Specifically, we use the matrix operator constructed in Proposition 2] for the first four
examples, and the one defined in (25]) for the last example to achieve better numerical performance.
Numerical experiments include examples of sampling from mixture distribution, Bayesian logistic
regression, image restoration with L;_o TV regularization, uncertainty quantification with Bayesian
inference, and Bayesian neural network training. In particular, the performance of the proposed
algorithm will be compared with the Moreau-Yosida Unadjusted Langevin Algorithm (MYULA)
[13] and the Metropolis-adjusted Proximal Algorithm (PRGO) [26] where the appeared restricted
Gaussian oracle is sampled by the accelerated gradient method employed in [24].

1The code is in GitHub with the link https://github.com/fq-han/BRWP-splitting.
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Algorithm 2 Sampling Algorithm for Posterior Distribution with TV Regularization

Require: Initial particles {u?, p?, y9}¥,, step size h, 7, parameters v, A
1: for iteration kK =1,2,... and each particle ¢ =1,..., N do
2: Gradient descent for the inner product term:

k-i-l k+l
up P =uf +hy DTyl p T =yl
3: Semi-implicit discretization of the probability low ODE for the data fitting term:

k hFT( Z k+2Mu :

where M}, is defined in 27) with g(v) = [|¢ — Fol|3, proxg given in (B0)), and 253 replaced by
urts

4: Semi-implicit discretization of the probability low ODE for L; norm:

k+1 al k+3 . o
2 2
Shalp; *) — p; M),
j=1

k+1 1
pic—i-l =, 2 4 5

where M}, is defined in ([27)) is defined in (25) with o +s replaced by pFt2z
5: Gradient ascent for the dual variable:

2p. —p;
it = Plyes {yf+m[1,—D] |:2u}'€+1 B Zk:| };
1

U;

where P <1 is the projection to the Lo ball defined as
oy
P V=7
M1 = sl 1)

6: end for

5.1. Example 1. We consider the sampling from a mixture of Gaussian distribution and Laplace
distribution, where

with ¢ = 4 and centers y, randomly distributed in [—10, 10]d. To quantify the performance of

sampling algorithms, we consider the decay of KL divergence of the one-dimensional marginal
distribution, i.e., we plot Dxr(pjl|p}) where

piz;) = /d ) plx)dry - drj_idrjyr---deg.
Ri—

The explicit marginal distribution is detailed in the supplementary material.

We conduct numerical experiments for sampling from the mixture distribution in d = 20 and 50,
A =0.1, and M = 4. Results of the BRWP-splitting are compared with MYULA and PRGO. In
Fig.M and Fig.2 the decay of KL divergence of the marginal distribution when 7 = 1 and d, and
the kernel density estimation using Gaussian kernel from generated samples are plotted.

Both experiments in Fig.[Il and Fig.[2lshowed that the proposed BRWP-splitting scheme provides
a more accurate approximation to the target distribution in terms of KL divergence and the density
obtained from kernel density estimation.
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iteration iteration X

FiGURrE 1. Example 1: Results in d = 20, step size h = 0.02, and 50 particles. From
left to right: the decay of KL divergence in the first and the last dimension, density
approximated by particles generated by BRWP-splitting and MYULA in the first
spatial variable.

0
0 50 100 150 200 250 %00 350 400 0 50 100 150 20 250 300 350 400
iteration iteration

FIGURE 2. Example 1: Results in d = 50, step size h = 0.02, and 100 particles.
From left to right: the decay of KL divergence in the first and the last dimension,
density approximated by particles generated by BRWP-splitting and MYULA in the
first two spatial variables.

5.2. Example 2. The next experiment concerns the Bayesian logistic regression motivated by [12].
The task is to estimate unknown parameter § € RY. Given binary variable (label) y = {0, 1} under
features (covariate) = € R™, the logistic model for y given = can be modeled as

exp(6Tz)

ply=100,r) = THexp(07a)’ (51)

for some parameter 6 that we try to estimate.

Suppose now we obtain a set of data pairs {(z;,v;)}/~, where each y; conditioned on w; is drawn
from a logistic distribution with parameters #*. Then using the Bayes rule, we can construct the
posterior distribution of parameter € in terms of data {y;}. Denoting Y = [y, - ,yn], X =
[x1,--- ,x,] and writing mo(x) = exp(—A||z|1) to be the prior distribution, then the posterior
distribution for parameters 6 is computed as

N
p(0ly) = p(yl0, x)po(0) = %exp (YTX@ — > log(1 + exp(6”x;)) — AH9H1> :
=1

For our numerical experiments, x; is normalized where each component is sampled from Rademacher
distribution, i.e., which takes the values +1 with probability % Given x;, we then draw y; from the
logistic model (5I)) with # = §*. The parameter §* € RY contains only d/4 non-zero components
with value 1. We examine the performance of the algorithm by computing the L distance between
sample mean @ and the true parameter 6*

1 _
—160 —6%||1 .
A

The regularization parameter is chosen as A = 3d/(27?), and the results are presented in Fig.[l
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FICURE 3. Example 2: Logarithm of relative Ly error log (||6 — 6|1 /d) in Bayesian
logistic regression for 100 particles and h = 0.05 with d = 20 (left) and d = 50
(right).

FIGURE 4. Example 3: Left to right: exact image, noisy image, mean of all samples
after 100 iterations by BRWP-splitting and MYULA.

From Fig.[B it is clear that the proposed BRWP-splitting method provides a more accurate
estimate of the mean parameter in this Bayesian logistic regression.

5.3. Example 3. In this example, we apply the proposed sampling algorithm in image denoising
with Lj_o regularization as proposed in [37].

The posterior distribution under consideration is

() = e (- (314u =yl + (1Dl - 1Dul2)) ) (52)

the first term in the exponent is a data-fitting term and the second term is the difference between
Ly and Lo norm with the discrete gradient operator defined in section [4 which promotes the sparsity
of the image variation. Here, each u corresponds to one single image. To tackle this, the log-density
is split as

f=llAu—yl5 = A[Dull2, g=X|Dul;. (53)
To handle the second terms with L;-TV norm, we apply the algorithm proposed in Algorithm
We consider the case that A is a noisy measurement operator such that

A=1+c¢e,

where € is a sparse Gaussian noise with mean 0, variance 0.1, that has 3d non-zero entries. For the
exact image z.,, the noisy image z is taken as Az., + n where n is a Gaussian noise with mean 0
and variance 0.2. The results obtained with 20 samples and h = 0.1 are plotted in Fig.[d and Fig.[l
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F1cURrE 5. Example 3: Left to right: exact image, noisy image, mean of all samples
after 100 iterations by BRWP-splitting and MYULA.

From both Fig.M and Fig.[Bl the proposed sampling method recovers the original image from
noisy data properly with L;_o TV regularization.

5.4. Example 4. In the next example, we examine the application of the proposed sampling al-
gorithm for a compressive sensing application with L; regularization. The target function for this
problem is defined as

pi(x) = %exp(— (l[Az — 2113 + Xl ]l1)). (54)

where x € R?, A is a m x d circulant blurring matrix with m = d/4.

To quantify the uncertainty in the measurement data, we consider the concept of the highest
posterior density (HPD). For a given confidence level a € [0, 1], the HPD region C,, is defined as

/ pl)de =1—-a, Cu:={zecR*:V(z)<n.},
where 7, is a threshold corresponding to the confidence level. The integral can be numerically
approximated using samples we get from the BRWP-splitting algorithm. For an arbitrary test
image Z, by comparing V(Z) with 7, for various o, we can assess the confidence that & belongs
to the high-probability region of the posterior distribution. In particular, with the set of particles
generated from the BRWP-splitting scheme, the integral is computed numerically as

Z] XV(xj)<77a
/ pl)de e S

where N is the total number of samples, and XV (2j)<na 18 the indicator function equals to 1 if
V(x;) < 1o and 0 otherwise.

We test the algorithm on a brain MRI image of size d = 1282. The measurement model is assumed
to be Ax+ ¢, where € represents Gaussian noise with mean 0 and variance 0.2. The reconstruction is
estimated using a step size h = 0.02, with 100 samples and 100 iterations. Additionally, we compute
the HPD region threshold and plot the graph of 7, versus «, which is estimated using 1000 samples.
From Figlol we observe that the proposed algorithm yields a better reconstruction compared with
MYULA. Furthermore, the sampling approach allows us to compute the HPD region threshold,
facilitating practical Bayesian inference analysis.

5.5. Example 5. In this example, we apply the proposed method to Bayesian neural network
training. Specifically, the likelihood function is modeled as an isotropic Gaussian, and the prior
distribution is Laplace prior. We consider a two-layer neural network, where each layer consists of
50 hidden units with a ReLU activation function. For each dataset, 90% of the data is used for
training, while the remaining 10% is reserved for testing. Each algorithm is simulated using 200
particles over 500 iterations.
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FIGURE 6. Example 4: From left to right: exact MRI image, reconstructed MRI
image with BRWP-splitting, reconstructed MRI image with MYULA, HDP region
thresholds 7.

Dataset | BRWP-splitting BRWP MYULA SVGD
Boston | 3.78.1 93x10-1 | 4271200x10-2 | 6-2946.00x10-3 | 4.0546.93x10-2

Wine | 0.531254x10-1 | 0.614947510-1 | 0.724113x10-1 | 0-544364x10-1
Concrete 3.25:|:1_37><10—1 4.11:|:1_02><10—1 4.71:|:3_14><10—1 3.32:|:1_47><10—1
Kin8nm 0’093:|:7.99><1074 0.135:|:2_15><10—3 0’294:|:1.56><1073 0'092i7.93><1074

Power | 4.13.321x10-2 | 9-294842x10-2 | 8494087x10-1 | 41541 63x10-2
Protein | 4.23,5 175102 | 4.744432x10-2 | 5124739%10-2 | 4.614193x10-2

Energy | 1.541337x10-2 | 3.0046.06x10-2 4.5249 40 2.0044.13x10-2

TABLE 1. Example 5: Root-mean-square error for different datasets in Bayesian
neural network training with A = 1/d.

We compare the BRWP-splitting against MYULA, the original BRWP (non-splitting, without
proximal computation), and SVGD (Stein variational gradient descent). The step size for each
method is selected via grid search to achieve the best performance, and it remains consistent across
all experiments.

From Table [, we observe that, for most datasets tested, the proposed BRWP-splitting approach
achieves a lower root-mean-square error compared to the other methods.

6. DISCUSSIONS

In this work, we propose a sampling algorithm based on splitting methods and regularized Wasser-
stein proximal operators for sampling from nonsmooth distributions. When the log-density of the
prior distribution is the L; norm, the scheme is formulated as an interacting particle system incorpo-
rating shrinkage operators and the softmax function. The resulting iterative sampling scheme is sim-
ple to implement and naturally promotes sparsity. Theoretical convergence of the proposed scheme
is established under suitable conditions and the algorithm’s efficiency is demonstrated through ex-
tensive numerical experiments.

For future directions, we aim to extend our theoretical analysis to investigate the algorithm’s
convergence in the finite-particle approximation and explore its applicability beyond log-concave
sampling. On the computational side, we seek to enhance efficiency through GPU-based parallel
implementations and examine the impact of different kernel choices on the performance. Addition-
ally, as discussed in Section 2.4] regularized Wasserstein proximal operators share a close structural
connection with transformer architectures, motivating our interest in analyzing the self-attention
mechanism through the lens of interacting particle systems. More importantly, building on the
proposed algorithm, we plan to develop tailored transformer models for learning sparse data distri-
butions, which are only known by samples.
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APPENDIX A. DERIVATION IN SECTION [2]

Proof of proposition [l For the case py is approximated with Gaussian kernel, writing x, as the ¢-th
component of z € R?, we note (I4]) becomes

K:]ka(x) N( )d/2 exXp <—§)\”.Z'H1> :

N d 2 — w2 — (s — 2 )2
ZH/ exp[ <( ¢ = Yr) ;Z]/j Sxn(ye)) —/\|S>\h(yé)|>  (ye 202;,0 :|dyg

j=1/4=1

Hence, obtaining the closed-form formula reduces to evaluating a one-dimensional exponential
integral. This integral can be decomposed into three parts: [Ah, 00), (—Ah, Ah), and (—oo, —Ah], fol-
lowing the definition of the shrinking operator Sy,(y). Defining ¢ = 2h/(0?3), denoting ¢ (z,x;) =

2
exp <—g (x ;r;xJ >> to simplify notation, and omitting the index ¢ for simplicity, the integral over
[Ah, 00) is given by

Ylz,25) /:o exp <—% [(1+0)y? = 2y(a + ca; + Ah)]) dy exp <_ 512}1)

h

4h
B(1+c)

p —y? B 22_(33+C$j+)\h)2

Zw(iﬂaiﬂj)

1+c

Similarly, the integral on (—oo, —Ah] will be

T A2
w(ac,wj)/_oo exp < fh (1 +c)y® —2y(x + cz;j — Ah)]) dy exp (—ﬁ4 >
4h
:w($v$j) ﬁ(l—FC)
e _\h)2
/_Oo | e ]exp(—y2)dyexp< 4511 <)\2h2 (a:—i—cla:ic ) >> .

Finally the integral on [ Ah, Ah] can be computed as

Y(, :E; eXp ( (cy® —2y(z + ij))> dy

/M exp< 3o 2] Yo (220

,\h— (@eey)

U(x,z,;
J T cT
/ )\h_w

exp(—y?)dy exp ( i M) :

4h c
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Next, to compute the score function, we need to evaluate VK p hpi, on each sub-integral. For the
integral on [Ah,00), omitting the ¢ term, direct computation 1mphes the following

/ 9 B 9,9 (:13+c:13j+/\h)2
{ 1+c) /\/m ater; +Ah] exp(—y~)dy exp <_E <>\ h™ — T1c >>}

exp(—y?)dy

:{ h(1+ )(-Z'+Cf13j+)\h \/@[}\h £+c1m+j4lr>\h]

B (25,2 _ (ztcz;+Ah)?
B(1+c) )\h_a:+ca:j+)\h 2 &P <_E <>‘ h* — Tte >>
4h 1+c¢ 1+c¢ i

+exp | —

The gradient for the integral on (—oo, —Ah] can be evaluated similarly to the above by replacing
x+cx;+ Ah with 4 ¢; — Ah and change of signs. Finally, the gradient for the integral on (—Ah, Ah)
can be evaluated as

(_ /\h_ (Jc+§xj)
\/7 “\h (:L‘«H::v])
(£+cx )
— exp EM x+cx] / /\h_ }exp(—y2)dy
4h c 2h @ Ah_mcm])}
1 cB x+ ez’ cf x+ ez’
- [exp( m <)\h - ) ) exp< m Ah - .

Combining the above gives the desired result. O

B (z+ ca:j)2>

exp(—y®)dy exp <4h .

Proof of proposition [2. For the sum of A; ; defined in (25]), we have

gk S (3F) —
ZA ij = Zexp <—— (L 2}:: ”2>> exp (g <H Ah(w;; il + Al[San(Z )Hl))
N‘i d k =k \2 ~k ~k \2
_ B[ (xiy—25,) B [ (Sxn(Z5,) —25,) ~k
-3 {Ie (—5 (7% )) exp (5 ( D=5 st
N k k
IS (xi,Z - xjg,Z))
exp [ =2 [ Za_Tint ) ).
Ji=1 Ja—1=14=1 deZ:l ( 2 ( 2h

s 2k )2
o (3 (S5 51

Then, we can rearrange the terms to get

Nd d N kE k2 ky_ ok )2
=i (4 (5o (3522 )
j=1

(=1 j=1

which is the desired formula in the proposition. O
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APPENDIX B. POSTPONED PROOF IN SECTION [3]

Proof of Lemma[j] The proximal term in (35) can be rewritten using the property of the proximal

operator as

x— pron(:z:)

A = Vgh(a:) .

Thus, the formula ([B3]) is equivalent to
KQPH%(CC) (55)

- Vexp (~§9u(@)) [ exp [~ (llz = yl13 = lly = proxt (y) I3 — hg(prox}))) | oy s (w)dy

exp (~§an(@)) [ exp [~ 4; (e = yll§ = ly = prox}(u)I3 — hg(proxh))) | oy 2 (v)dy

Since gy, is gradient-Lipschitz, its Hessian exists and is bounded almost everywhere. Additionally,
as gp(z) = g(x) + O(h) by Lemma Bl we can substitute g for ¢ in (55]), introducing an additional
error term of O(h) in the exponent. Moreover, since the dominating term in the exponent is of order
1/h, the error resulting from replacing g with g, will be of order O(h?) after taking the quotient.

Applying the Laplace method (see [17] for details), we obtain

/R e <_§ <gh(z) + W)) d (56)

llprox® (5)—yl13
exp <—§ <9h(pr0XZh (y) + %))
_c +O(h?),

1+ 2 Agp(prox], (y))

for constant C' = (27h)%? almost everywhere. We note that the Laplacian term in the denominator
will be concealed after taking the quotient in (G5]).

Substituting (56]) into (G5]) leads to

[ —emlilo e )
2 fpaexp [ = § (on(=) + 551) Jaz

Thus, it remains to verify that K gpk 1 approximates the evolution of the Fokker—Planck equation
2

Klppy1(2) = Prs1 (y)dy + O(R?). (57)

with drift term Vg from ¢y to ¢y + h. This follows from the assumption on p, 15 9hy and Theorem
4 in [I7]. 0

Our proof of the convergence of Rényi divergence will rely on the interpolation argument by
considering the continuity equation of (B7) in time ¢ € [kh,(k + 1)h]. The particle at time t is
written as

Tt — Tkh (58)
= — (t — kh) [Vf(xkh) + Vgn(xrn — hV f(zrn)) + 7'V log Két_kh)ﬂmé(xkh - th(fﬂkh))]
= — (t = kh) [V f(z1) + Vgn(we) + 87 Viog pr(we) + Awe, )]

where

A(mt,azkh) = B_1Vlog %(azt) + ﬂ_1Vlog Z—:(fﬂkh — th(a:kh))
h h

+ Vf(@gn) = Vf(zen — WV f(zkn))
— BV log py(xpn — BV f(xn)) + B~V log Ké_thH% (Tkn — WV f(2kn)) -
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We note that when t = (k + 1)h, we have 2; = 2**1, i.e., the location of the particle in the next
time step.

Then the Fokker Planck equation corresponds to (B8) for ¢ € [kh, (k + 1)h] will be

o) = 519 () V0w 2@ ) + 9 - (oA ). (59)

We now state the following lemma on the time derivative of Rényi divergence along (59]).

Lemma 7. Fort € [kh,(k+1)h], the time derivative of the Rényi divergence between p; along (B9)
and pj;, satisfies

3 Gq(pillpy) q / 2 <Pt>q
+ Az, x — Y dxy . 60
ot Ry(pellpr) < Fy(odlon) " 2F,(pellpr) Jra [A(zt, TEn)|]3 o Ph Tt (60)

Proof. By the definition of the Rényi divergence, we have

q—1

a q Jga (p—i 3tpt dzxy

e 1>f’q;<ptupz> / (5 ) [(Wl"g_> M)
:_m/ (Z;) v;’; [(ptVlog—>+A(xt,xkh)pt} dz;

q—1
q Pt Pt Pt
D) *dx+/ <*> V- Ay, xpn)pp, day |
Fylpillez,) [/Rd 2<ph> praeer Lo\ o (e, Tn) pf, dace

The first term is precisely the Rényi information term defined in (38]), and the second term represents
the discretization error, which we need to bound. The second term can be further simplified as

follows:
o\ Pt pe] (o2
/ <—*> V= Ay, o) pj, doe =/ v [A(%xkh)—*] <—*> ph,
Rd \ P}, Ph Rd ph Py, Py,

Pt
P

1 / Pt <Pt ) -2 1 / o ()’
>— = V= prdre — 5 | A aen)l2 (| phdoe
2 Jrd P lla \Ph " 2 Jrd ? P, "
The final result is obtained by combining the above relations. ([l

Next, we will bound the discretization error using the Lipschitz continuity of the score function
and (f + gp)-

Lemma 8. The discretization error term A(xy, xpy) satisfies

q 212

p N 2L*h * .

[ 1813 (£ ) pidor < G5z Galorloi) + 2L3(E + LPIRaE (o) + O0). 61
h

where L = Ly + Lg, + L,.
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Proof. Firstly, using the gradient Lipschitz condition on f, g5, and log p;, and also the approximation
result in Lemma [l we can bound the discretization error as

[A(ze, zpn) ll2 < Lllwe — zin + hV f (@) |2 + Leh||V f(zrn) |2 + O(h?)
< L|lzy — zpnll2 + (L4 Lp)h||V f (i) |l2 + O(R?) (62)
< L|jxy — zpnlla + (L + L) LyVd 4+ O(h?).

For the first term of (62]), by the formula for x; in (58), we obtain

+ O(h?)
2

+h HVlog p—i(:zzt) — Vlog p—i(xkh)
Ph Ph

|z — axnlly <h v1og;’—:<xkh>
h

+ O(h?)
2

<h|Vieg ()
Ph

Pt
<h||Vlog —(x)

— *

Ph

2

+ Lh ||z — xthz + O(h2) .
2

The above leads to
+ O(h?).

2t — pnll2 <

*

HVlogg—;(xt)

h
1—hL
Substituting this back into A(xy, zgp), we get

q
[ I8 (2) ida
h

2L2h? / o || (,ot>q pe \?
< Vieg || (=) prdey+2L3(L + L 2h2d/ (—) rdry + O(h?
(1 — hL)? Jp ol \or ) Pree F(L+Ly) o \or ) it (h?)
2L2h? . .

Next, we are ready to prove Theorem [6l

Proof of Theorem [d part (1). By combining Lemma [ and [8] we have

0 q Gq(pellpy) q 5 (Pt
_R p p* = —= " " A Tty Tkh "
ot q( o h) 2Fq(PtHPh) 2Fq(PtHPh) R4 1A )H2 h

q
> phdzy

q 2L%h? > Gq(pillpy,) 2 272 3

<=(-1+ s 4+ qL5(L + Ly)*h*d + O(h°).
2 ( (1 —hL)? Fy(pelloy,) ! d

Using the result in Lemma [l i.e., when pj satisfies the Poincaré inequality with constant ag, we

have

Gq(pllpy) - 4ou *
E,Tszh) > —= (1 —exp(—Rqy(pllp}))) -

Hence, we arrive at
0 204 2L°h?

gr Ralerlloh) < =% (1= exp(=Ry(prllph)) (—1 + m) +qL*(L+ Ly)*h*d + O(h%)

when h < (v2 —1)/L.
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Writing pr = pir. Then when Ry(pol|p;) > 1, it follows 1 — exp(—Ry(pk||p})) > % In this case,
we can derive the linear convergence given by

. . Q@ 2L%h?
Ry(prllot) < Rylpolloh) — ki (f (1 -7

1—7hL)2> —qL*(L + Lf)2h2d> +0O(h3).

For the case Rq(pol|p};) < 1, we note that

. o Rypollpp)* _ 1 .
L= exp(=Ry(pollpp)) = Ro(pollo) = === = S Rolpollor) -

In this scenario, by integration with respect to ¢t from 0 to kh, we have
2L%h? @*L*(L + Ly)?h3d
1 —hL)?

+0(h?).

* * (07
Ra(pillot) < Ry(polloh) exp [—kh—d (1 -
q ( Qg

O

Proof of Theorem [@ part (2). The bound of Rényi divergence between p* and p; can be derived
using approximation results (b) in Lemma [Bl and Taylor expansion of log function which lead to

1 o* q qL2h
Ry(p*|lp}) = ——= 1o /<—> *dx>g I+ O(h?).
1) = ios ([ (&) phde) < 2225+ 0

Additionally, we recall the following decomposition theorem for Rényi divergence

1
>k q -2 £ >k *
Ry(prllp*) < (—q_ i) Raq(0"lpR) + Rag—1(pkllpr) -

Plug in the above two relations into part (1) of Theorem [6] and the desired result can be proved. [

APPENDIX C. DETAILS ABOUT NUMERICAL EXPERIMENTS

Evaluation of marginal distribution in Example 1. We can integrate the mixture of
Gaussian and Laplace models exactly. If Ei_l = 1/(20?)1,, the integral is given by

n=1j=1 n
EN: ’ = 212' yrzzj — (Ynj — Aop)?
= H / exp 502 dzjexp | —— 552
n=1j=1 [/ =(Wnj—AoR) On In
~(Yn,j+A07) 22 Y2 o — (ynj + Ao2)?
J n,j n,j n
+ /_OO exp (—ﬂ dzjexp | — 2072
N d 2 22
1 /OO 2 Ynjg — (yn,j - AO-n)
= .2, €XP (—z7) dzjexp | ——
(V20,)d ;]1;[1 [ — Lo 270) ’ 207,
_ g Hred) 2 22
+ / vaon exp (—zz) dz; exp _Ynj — (Yn,j + Aoyy)
oo 377 202

The above computation provides the normalization constant Z. By replacing the integration over
R? with an integration over R4~!, we obtain the formula for the marginal distribution Pl
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