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Abstract

Classical neural ordinary differential equations (ODEs) are powerful tools for approximating the log-density functions
in high-dimensional spaces along trajectories, where neural networks parameterize the velocity fields. We specify a
system of neural differential equations representing first- and second-order score functions along trajectories based
on deep neural networks. We reformulate the mean field control (MFC) problem with individual noises into an un-
constrained optimization problem framed by the proposed neural ODE system. Additionally, we introduce a novel
regularization term to enforce characteristics of viscous Hamilton—Jacobi-Bellman (HJB) equations to be satisfied
based on the evolution of the second-order score function. Examples include regularized Wasserstein proximal opera-
tors (RWPOs), probability flow matching of Fokker—Planck (FP) equations, and linear quadratic (LQ) MFC problems,
which demonstrate the effectiveness and accuracy of the proposed method.
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1. Introduction

Score functions have been widely used in modern machine learning algorithms, particularly generative models
through time-reversible diffusion [1]. The score function can be viewed as a deterministic representation of diffusion
in stochastic trajectories [2]. In this representation, one reformulates the Brownian motion by the gradient of the
logarithm of the density function, after which deterministic trajectories involving score functions can approximate the
probability density function. These properties have inspired algorithms for simulating stochastic trajectories or sam-
pling problems that converge to target distributions [3, 4]. Typical applications include modeling the time evolution
of probability densities for stochastic dynamics and solving control problems constrained by such dynamics.

While score functions provide powerful tools for modeling stochastic trajectories, their computations are often
inefficient, especially in high-dimensional spaces. Classical methods, such as kernel density estimation (KDE) [5],
tend to perform poorly in such settings due to the curse of dimensionality [6].

Recently, neural ODEs have emerged as efficient ways of estimating densities. In particular, one uses neural
networks to parameterize the velocity fields and then approximates the logarithm of density function along trajectories.
The time discretizations of neural ODEs can be viewed as normalization flows in generative models.

Several natural questions arise. Can we approximate the trajectory of score functions by constructing a set of
neural ODEs (in continuous time) or normalization flows (in discrete time)? Furthermore, can we efficiently solve
stochastic control problems with these neural ODEs or normalization flows?

In this paper, we propose a formulation for the first- and second-order score functions using two additional neural
ODE:s involving high-order derivatives of the velocity fields. We also develop a class of high-order normalizing flows
in the discrete-time update of these neural ODEs. As an application, we use this high-order normalizing flow to solve
the MFC problem with individual noises. The MFC problem generalizes stochastic control problems by incorporating
a running cost that depends on the state distribution, thus capturing the interaction between individual agents and the
population density. In our reformulation, the MFC problem is recast into an optimal control problem involving state
trajectories, densities, and score functions, which can be efficiently approximated using the proposed neural ODE
system. Additionally, a regularization term from the Karush-Kuhn-Tucker (KKT) system of the MFC problem is
proposed to enhance the optimization. In this regularization, we approximate the viscous HJB equations using the
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first- and second-order score dynamics. Numerical examples in various MFC problems demonstrate the effectiveness
of the proposed optimization method with high-order neural differential equations.

Related work. The normalizing flow has emerged as a powerful technique for solving inference problems, allowing
for the construction of complex probability distributions in a tractable manner. This approach was popularized by
works such as [7, 8]. The advent of Neural ODEs [9] has attracted considerable attention in the community, opening
up a new paradigm for continuous-time deep learning models. Following this breakthrough, numerous extensions
have been proposed to enhance the expressiveness and flexibility of these models, such as the augmented Neural
ODEs in [10].

Regarding score-based models, [1] studies the score-based reversible time diffusion models in generative model-
ing. In this case, the score function often comes from the OU process. One needs to solve the score-matching problem
to learn the time-dependent score function. In addition, the first-order score dynamic from neural ODEs has been
introduced in [11] to work on the simulation of the Fokker-Planck (FP) equation. Rather than using score dynamics
directly to compute the probability flow ODEs associated with FP equations, they employed score-matching methods
to achieve efficient computations.

The study of MFC problems has become crucial in the last decade [12, 13, 14]. MFC studies strategic decision-
making in large populations where individual players interact through specific mean-field quantities. This control
formulation is also useful in generative models [15]. For example, neural network-based methods have been employed
to solve MFC problems. [16] provided a comprehensive review of neural network approaches for MFC. For first-order
MEC problems, [17, 18] developed Neural ODE-based methods. In parallel, [17] introduced numerical algorithms
based on the characteristic lines of the Hamilton-Jacobi-Bellman (HJB) equation. For second-order MFC problems,
neural networks have also been employed. [19] utilized generative adversarial networks (GANSs) to approximate
minimization systems for MFC problems, where one neural network models the population density, and the other
parameterizes the value function. [20] proposed a PDE-based iterative algorithm to tackle MFC problems. Along
this line, MFC problems are generalizations of dynamical optimal transport problems, known as Benamou-Brenier’s
formulas [21]. A famous example is the Jordan-Kinderlehrer-Otto (JKO) scheme [22], a variational time discretization
in approximating the gradient drift FP equation. The one-step iteration of the JKO scheme can be viewed as an MFC
problem. In machine learning computations, the neural JKO scheme [23, 24] was introduced to compute the FP
equation, and [25] extended this to approximate general nonlinear gradient flows through a generalized deep neural
JKO scheme. This scheme approximates a deterministic MFC problem in each time interval. Other works that use
machine learning methods to solve MFC problems include [26, 27]. Different from previous results, our work designs
first- and second-order score dynamics to compute second-order MFC problems.

The organization of this paper is as follows. In section 2, we formulate the neural dynamical system involving
first- and second-order score functions, with a specific example based on the Gaussian distribution in terms of linear
mapping equations. Section 3 discusses the discrete time evolution of the neural ODE system, which can be viewed
as a system of normalization flows for approximating first- and second-order score functions. In section 4, we design
an algorithm using a score-based ODE system to solve the second-order MFC problem. Several numerical examples
are presented in section 5 to demonstrate the accuracy and effectiveness of the proposed algorithm.

2. Score-based neural ODE in continuous time

In this section, we propose a neural dynamical system that evolves along a trajectory of a random variable. The
system outputs the logarithm of the density function, as well as its gradient vector and Hessian matrix. We show that
these neural dynamics are crucial for efficiently computing the score functions in high-dimensional density estimation
problems, which are key in generative models and MFC problems.

We first clarify the notations. Denote a variable x € R?. V, denotes the gradient or Jacobian matrix of a function
w.r.t. the variable x. The gradient is always a column vector. V,- and V2 are divergence and Hessian w.r.t. the variable
x. || is the absolute value of a scalar, the /, norm of a vector, or the Frobenius norm of a matrix. Tr(-) denotes the trace
of a squared matrix.

Let z, € R? be a flow of random variable for ¢ > 0 with initialization z, = x, which is obtained from a pushforward
map z; = T(t, x) in Lagrangian coordinates. For simplicity, we denote 7, := T(t,-), so that Ty is an identity map.
Throughout this paper, we assume that 7'(-, -) is smooth and 7 is invertible for all # > 0. We denote the probability
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distribution of z; by p, or p(t, -), then p, = Tupo, where 4 is the pushforward operator for distributions. By the change
of variable formula, p satisfies
p(t, T(1, x)) det(V,T(1,x)) = p(0,x) . (H

Let f(t,-) : R? — R? be the vector field of the state dynamic z, in Eulerian coordinates, given by f(t, T(t, x)) =
0,T(t, x) for all t and x. Then, the state z, satisfies the ODE dynamic d,z; = f(t, z;). The density function hence satisfies
the continuity equation (also known as the transport equation):

9p(t,2) + Vi - (p(1,2)f(1,2)) = 0. ©))

We denote the logarithm of density along the state trajectory z; by [, := logp(t,z;). We also denote the first-
and second-order score functions along the state trajectory by s, := V. logp(t,z,) and H, := VZlogp(t,z). These
score functions are useful in density estimation problems, particularly for applications such as generative models and
MEFC problems. However, their efficient computations in high-dimensional spaces are challenging problems. In this
work, we propose a system of high-order neural ODEs to compute these score functions, formalized in the following
proposition. Here, the initial state zp = x is fixed and we present the material derivative for the density and score
functions along the trajectory z,(x). For notational simplicity, we will omit the explicit dependence on x in the
expressions that follow.

Proposition 1 (Neural ODE system). The functions z,, I,, s,, and H, satisfy the following ODE dynamics.

Bz = fit,2), (3a)
d
o= 7 logp(t,z) = V- f(1.2), (3b)
d
Brsi= 3 V:logp(t.z) = ~Vof(t.2) s = VoV - f(1.20)). (30)
d
d 2 2 2
OiH= LV logp(t.a) = = ) suVEfilt.z0) = VAV - f(t.2) (3d)

i=1
- H/\V f(t,2) -V f(1, z) Hy,
where s;; and f; are the i-th component of s; and f respectively.

We leave the proofs for these equations and all propositions afterwards in Appendix A. One corollary of this
proposition is that, if we denote the density along the trajectory by [, := p(t, z;), then [; satisfies the following ODE:

- d -
0= ap(t, ) ==V - f(t,z2) ;. 4)

We note that the first and second order score functions satisfy the following information equality.

Proposition 2 (Information equality). The following equality holds for all t > 0,
E[Tr(H)] = ~E [IsF] -

Example: Centered Gaussian distributions. To illustrate the ODE dynamics (3), we consider a concrete ex-
ample where the random variable follows a centered Gaussian distribution. Let the pushforward map be linear in
x, ie. T(t,x) = T(t)x, where T(¢) : R, — R is a time-dependent matrix. If we define A(r) : R, — R% by
0,T(t) = A(t)T(¢), then the vector field of the state dynamics is f(z, x) = A(f)x. Now, let the initial state z follow a
centered Gaussian distribution N(0, £(0)) with covariance matrix £(0). Under this linear map 7'(¢), the state z, remains
a Gaussian distribution, with a time-dependent covariance matrix X(¢). In this case, z; ~ N(0,X(¢)), and the time
evolution of the covariance matrix follows the matrix ODE (with the derivation in Appendix A.l)

8,2(t) = A(DX() + Z(DAD)T .
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In this case, V. f(t, x) = A(f) and V,. - f(#, x) = Tr(A(¢)), and all higher-order spatial derivatives of f vanish. Therefore,
the ODE system (3) simplifies to

01z = Az, 0id; = —Tr(AQ®)),
05y = _A(t)TSt s 0.H; = —H,A(1) _A(t)THz-

3. Score-based normalization flows

In this section, we introduce the time discretization of the proposed neural ODE system. This discretized system
can be interpreted as a normalization flow. This means that we can efficiently estimate the first- and second-order
score functions using a deep neural network function.

3.1. A generalization of normalizing flow

We recall that [9] interpreted the deep residual neural network as an ODE, with each layer representing one step
of the forward Euler scheme. Similar ideas have also been proposed in [28]. In this section, we extend these concepts
and demonstrate how the first- and second-order score functions can be computed efficiently using the proposed neural
ODE system.

We partition the time interval [0, ze,q] into N; subintervals with the length At = 7.,4/N; and denote the time stamps
by t; = jAt. We apply the forward Euler scheme to discretize the ODE system (3). We parametrize the vector field
f(t,z;0) as a neural network with parameter 6. Here, 6 = [wg, wy, w2, by, by] € RkHkxdrdxktk+d apq

f(t,2,0) = wro(wot + wiz+ by) + by, ©)

where o-: R¥ — R* is a vector function with elementwise activation functions, and k is the width of the network. This
is the typical structure of a neural network with one hidden layer. Then, we discretize the state dynamic z, through

2t = 2 +Atf(tj,zt,-;9)~ (6)

Similarly, numerical simulations for functions /,, 1., s,, and H, are given by

L, =1y = ALY, - f(t},2,30). @)

Dy = by = MV, - f(t,20) 1, ®)

St = 81, = A (Vo (.20 s, + Vo(Ve - f(t,2030)) 5 ©)
d

Hyy, = Hy = | 5 V2 £t 200) + V2V - f(t,2,36)) (10)

i=1
FH Vo f(t,2:0) + Vof (62, H)TH,j) ,
where the derivatives of f are obtained from auto-differentiations of the neural network. V_ - f(#;,z,;6) is the diver-
gence taken with respect to the network input z; .

In this way, the map from zy, /oy, I, so, Hy to %) l,j, lN,f, s, Hys for any j > 2, can be viewed as deep residual neural
networks, with each layer given by a forward Euler time step. For example,

2y, = (id + At f(ty,-1,560)) 0 -~ 0 (id + At f(to, 3 6)) (20),

ly, = (id — AV fN-1s 20 9)) o---o(id— AtV - f(to,z0;6)) (lo),

1y, = (id = At (Vo or, 2100 - +V(V, - flt -1 2-1:0)) 0 -+
(id — At (Vo f(t0,20:0)" - +Vo(V: - f(t0,20:0)))) (50).

QY

where id is the identity mapping function and o represents compositions of functions.

4



3.2. Different algorithms for computing the score function
The expression (3c) or (9) provides a way to compute the score function. In this section, we compare several
algorithms for computing the score function, and demonstrate the potential efficiency of using formulas (3c) or (9).
One method is to derive the score function from the pushforward map 7'(¢, x) and the MA equation directly. To
be more specific, we apply the operator V, and the logarithm on both sides of the MA equation (1). We obtain

V. T(t,x)"Vr logp(t, T(t, x)) + V, log (det(V,T'(1, x))) = V, log p(0, x) .
Recall that s, = V7 log p(¢, T (¢, x)), so the score function can be computed through
s; =V, T(t,x)"" [V,1logp(0, x) — V. log (det(V, T(t, x)))] . (12)

This formulation requires computing the inverse of Jacobian or solving related linear systems, resulting in a cost of
O(d®) for a single s;. As a consequence, the total cost for computing one score trajectory {Sf/}?io is O(N; d%).

As an alternative, we can compute the score s, through the normalizing flow [, i.e., differentiating /, = log p(t, z,)
w.r.t ;. We assume that the width of the neural network (5) is k = O(d). The score function can be reformulated as
0z, )‘T ol,

St = VT logp(t’ T(t’ x)) = VXT(t’ x)iTVx logp(t’ T(L x)) = (_ aZO >

0zp (13

0 ol
where a—zt and ﬁ_t are obtained from auto-differentiations of deep neural network functions in (11). Using the chain
20 20

rule, the total computational computational cost for computing one trajectory of the score function is still O(N; d°).
Both (12) and (13) require computing the inverse Jacobian of T or solving related linear systems, resulting in a cubic
cost in the spatial dimension. As mentioned in [9] (section 4), this is the bottleneck of these methods. We leave more
detailed discussions of both methods (12) and (13), and two other methods, to Appendix C.

In contrast, the high-order normalizing flow (9) only requires discretizing the ODE dynamics (3a) and (3c),
with a total cost of O(N; d?) for computing one score trajectory {sy; }N’O. As is shown in table 1, our formulation is
more efficient compared with (12) and (13), especially in high dimensions. Additionally, we are able to compute the
second-order score function through 10.

pushforward map (12) ON, d%)
normalizing flow (13) ON, d%)
high-order normalizing flow (9) (ours) | O(N; d?)

Table 1: Complexity for different algorithms to compute a score trajectory.

Example: Gaussian distribution. Our formulation for the second-order score function also has advantages in the
example of Gaussian distributions, where H, = X(f)"! is exactly the inverse of the covariance matrix. Traditionally,
estimating X(¢)~! involves several steps. One needs to sample sufficiently many points z(()"), simulate the state dynamic
to obtain zﬁ"), estimate the covariance matrix from these samples, and finally compute the inverse of this estimation. To
achieve an error of &, at least O(&™2) samples are required for accurate covariance estimation. Compared to our second-
order score dynamic (3d), we only need to pick At = O(¢) and compute H; through (10), with a total cost of O(s7").

This results in a more efficient algorithm for estimating score functions in time-dependent Gaussian distributions.

4. Solving second-order MFC problems

In this section, we apply the score-based normalizing flow to solve the second-order MFC problem. In particular,
we demonstrate that the MFC problem can be represented by the optimal control problem of the neural dynamical
system in Proposition 1. For readers interested in the connection between MFC problems and generative Al, we refer
to the work of [15]. In the context of machine learning, [29] also studies similar problems, in which they compute
Wasserstein Lagrangian flows. In this work, we can deal with the diffusion term in MFC problems using proposed
neural normalization flows. From this point on, we adopt the Eulerian perspective and use x to denote the spatial
variable in differential equations. The trajectory variable will still be written as z,, with x now interpreted as a
spatial coordinate rather than a fixed initial condition in Lagrangian coordinate.

5



4.1. Formulation of MFC problem
We consider the following MFC problem

inf f " f [L(t, x,v(t, x)) + F(t, x, p(t, x))] p(t, x) dx d¢
v Jo R

(14)
+ f] G()C, p(tend, x))p(tend, X) dx s
]R[
where the density p(z, x) satisfies the FP equation with a given initialization
Gp(t, x) + Vi - (p(t, X)v(1, X)) = yAcp(t, %), p(0, %) = po(x). as)

The corresponding stochastic dynamic is
dX; = v(t, X)) dt + 42y dW,, Xo ~ po -

Here L : RxRYxR? — R is the running cost function, and we assume that it is strongly convex inv. F : RXRIxR —
R is the cost that involves the density, which distinguishes the MFC problem from the optimal control. G : RYxR — R
is the terminal cost, which may also involve the density.

Given the density function p(-, -), we define the composed velocity field f as

f(t,x) =v(t, x) — yV,logp(t, x). (16)

Let zo = xo, under the vector field f, we obtain the probability flow [30] of the stochastic dynamic x;, given by
0,7, = f(t,z,), which coincides with (3a). This deterministic dynamic characterizes the probability distribution p(z, x).
If zo ~ po, then the probability distribution for z, is exactly p(z, -). With this transformation, the velocity v(¢, x) becomes
f(t, x) + vV, logp(t, x), and the MFC problem follows

inf f " f [L(t,x, £(t,%) + YV, log p(t, x)) + F(t, x, p(t, x))] p(t, x) dx d
rJo RY a7

+ [ G DDpltese )
R
subject to the transport equation
Op(t, x) + Vi - (1, ) f (£, %)) =0, p(0,x) = po(x). (18)

4.2. Modified HIB equation for MFC

In this section, we present a system of two PDEs that characterize the optimal solution for the MFC problem.
Different from the traditional FP-HJB pair (see [13, Chapter 4]), our system consists of a transport equation obtained
from (18), and a modified HIB equation, tailored for the modified MFC problem (17). This characterization could
serve as a regularizer to enhance the loss function in numerical algorithms. We define the Hamiltonian H : R x R¢ x
R? — R by

H(t, x, p) = sup (va - L(t, x, v)) )
veRd
This definition aligns with classical control theory and is closely related to the maximum principle [31]. The solution
of the MFC problem is summarized by the following proposition.

Proposition 3. Let L be strongly convex in v, then the solution to the MFC problem (17) is as follows. Consider a
function : [0, teng] X RY = R, such that

f(t,x) =D,H(t, x, V(t, x) + YV, log p(t, x)) — yV,log p(t, x), (19)



where the density function p(t, x) and i : [0, t.q] X R? — R satisfy the following system of equations

(e x) + V.. - (p(t, YD, H) = yAyp(t, x)
O(t, x) + Vi(t, X)"D,H — yV, - D, H + yAi(t, x) — L(t, x, D, H) 0
— Ft, x,p(t, x)) + 2/*A, Jog p(1, %) + ¥* |V log p(t, )| = 0,

p0,x) = po(x),  Yltena, X) = —E(X,P(tend, x)) —ylog p(tena, x)

~ 0 oF
Here, D,H is short for D,H(t, x, V. y(t, x) + yV,log p(t, x)), F(t,x,p) = %(F(t, X, p)p) = %O’ x,p)p + F(t,x,p),
~ oG
and G(x,p) = %(x,p)p +G(x,p).

In the LQ problem, we let L(t, x,v) = %Ivl2 and F(t, x,p) = 0. The MFC problem becomes

Tend l
inff f - |f(t, x) + ¥V, logp(t, x)|2 p(t, x)dxdr
FJo Jae2 @1)

+ fd G(x, p(tend, X))p(fena, X) dx,
R

subject to (18). In this case, the result becomes the Corollary below.

Corollary 1. In the LQ problem where L(t, x,v) = %Ivl2 and F(t, x,p) = O, the solution of the MFC problem (21) is
given by
f(t’ X) = wa(t’ )C) ’

and
0p(t, x) + V. - (o(t, x)V(t,x)) =0,

1 1 2
Ip(t, ) + 5 IV, 0 + YA log p(t, x) + 5)/2 V. logp(r, )| =0, (22)
(0, %) = po(x),  Yltend: X) = =G(x, pltena> X)) = Y108 pltena, ¥)

If we further define the Fisher information as I[p] := fRd |Vx log ,o(x)l2 p(x) dx, then the equation for  in (22) becomes

l 2 61[p(t’ )]

27 —(Sp(t, 5 (x)=0.

1
Ot ) + 5 [V, X -

Let z; be the characteristic line of the state trajectory, satisfying d;z; = f(¢,z;) where f is given by (19). Then, a
residual of the HJB equation along the trajectory z; can be computed to enhance the objective function. For example,
in the LQ example in Corollary 1, we know that y satisfies

1 1
Op(t,z) + 5 IVt + 7 (Tr(H:) + §|s,|2) =0. (23)
Also, by (16), we can recover the optimal velocity field v through

v(t,z;) = f(t,z) + s,

where f is the optimal vector field of the modified MFC problem. This regularization technique could be extended to
a more general setting, such as the flow matching problem for overdamped Langevin dynamics. See Corollary 2 in
Appendix A for details.



4.3. Numerical algorithms

In this section, we present numerical algorithms to solve the MFC problem. We minimize the objective (17) to
obtain the optimal vector field f. Additionally, we can incorporate the residual of the HIB equation as a regularizer to
enhance the loss functional, as discussed after Corollary 1.

The composed velocity field f is parametrized as a neural network, as defined in (5). In order to simulate the cost
functional numerically, we sample multiple initial points z ~ po with a batch size N,. Then, we can simulate the
dynamics of 2\, [, I, s\, and H" numerically for each particle through (6), (7), (8), (9), and (10) respectively,
where the denvatlves of f are obtained via auto-differentiation. Then, we simulate the cost functional (17) by

N. N

1 z z n n n
Leost = t_/a Zi )9f(tj9 ¢ )’9) ( ))
Z n= j:() (24)

FF (1,20, 7)) At + G, E)]

—

With this simulation cost, we minimize this loss Lo using the Adam method. The algorithm is summarized in
Algorithm 1.

Algorithm 1 Score-based normalizing flow solver for the MFC problem
Input: MFC problem (14) (15), N;, N, network structure (5), learning rate, number of iterations
Output: the solution to the MFC problem
Initialize 6
for index = 1 to index.p,q do
Sample N, points {z(”)}n , from the initial distribution po
Compute 7(”) = p(0, z(")) s(”) V. log p(0, z("))
Initialize loss Leost =0
for j=0to N, — 1 do

N.
1 - Y 7
update 10ss Lo += - > (L3 (1.5 0) = ys,)) + F (1.5 1)) At
< =1

compute (V,, V.-, V.(V_.)) f(z}, zﬁ"), 6) according to (5)

compute z,"f], ZEZ)], s§">l through the forward Euler scheme (6), (8), and (9)
end for

add terminal cost Leog += — Z G(z (") i("))

update the parameters 6 through Adam method to minimize the loss Lo
end for

To further improve performance, we can add a penalty of the residual of the HIB equation, denoted by Lyg, to
enhance the loss function. This regularization technique is detailed in Appendix B.1. The total loss function is hence
given by

Liotar = Leost + LB » (25)

where A4 > 0 is a weight parameter.

5. Numerical results

We present numerical results for several examples in this section, including the regularized Wasserstein proximal
operator (RWPO), the flow matching problem, a linear-quadratic (LQ) problem with an entropy potential cost, and an
example with double well potential. For examples with exact solutions, we present all errors for the density (err,),
velocity field (erry), and score function (err,). These errors are calculated as averages over 10 independent runs, see
(B.9) in Appendix B.3 for details. The parameters used for all numerical examples are provided in Appendix B.4.
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5.1. Regularized Wasserstein proximal operator

In the RWPO problem, the objective is a regularized Benamou-Brenier formulation for optimal transportation
[21]. We minimize the cost functional

! 1
inf f f — |v(t, x)l2 p(t, x)dxdr + f G(x)p(1, x)dx,
v 0 d 2 R4

subject to the FP equation d,p(t, x) + V, - (o(t, )v(t,x)) = yAp(t,x). Here we set G(x) = |x|*/2 and po(x) =

Bry) /2 exp (-1 /(87)).
After the transformation to probability flow through (16), the problem becomes

1
inf f f L1030+ ¥, loglp(e, 1) plt. 1) dxdr + f Gp(l,x)dx,
fFJo Jre 2 R

subject to the transport equation
Op(t, x) + V- (p(t, ) f(1, %)) = 0.

The optimal density evolution is given by

_d Jf?
p(t,x) = (4n(2 - 1)y)"2 exp “H2-n)’

and the optimal velocity field is

X
22-1)
We test Algorithm 1 on this problem in 1, 2, and 10 dimensions. These errors are summarized in Table 2. Detailed

definitions for err,, erry, and err, are given in Appendix B.3. Additionally, we report the cost gap, which represents
the difference between the computed cost and the optimal cost, averaged over 10 independent runs. The results are also

ft,x) =

errors ‘ err, erry eI, cost gap
1d 352x107% 345x1072 852x107° 1.33x1072

2d | 6.53x107% 340x 1072 449%x1072 1.24x1072
10d | 1.68x 1073 3.15%x102 642x102 1.69x 107!

Table 2: Errors for the RWPO problem.

visualized in Figure 1. The plot on the left shows the cost functional through training in 1 dimension, which becomes
close to the optimal cost in red. The plot in the middle compares the evolution of the density function computed
through (8) under trained velocity with the true density evolution. Our density dynamic (4) accurately captures the
density evolution. The plot on the right shows the particle trajectories of z; in 2 dimensions and compares them with
the stochastic dynamics. Our probability flow ODE demonstrates a structured behavior.

We present additional numerical results in Figure 2. The first, second, and third rows of Figure 2 show numerical
results in 1, 2, and 10 dimensions, respectively. The first column shows the curves of the cost function through
training. The light blue shadows plot the standard deviation observed during 10 independent test runs. The red dashed
lines represent the cost under the optimal control field. We observe that our algorithm nearly reaches the optimal cost.

The second column in Figure 2 plots the first dimension of the velocity field at 1 = 0. Our neural networks (in
blue) accurately captures the true velocity (in orange). The third column presents similar plots for the velocity fields,
but at # = t.ng = 1. Our algorithm also computes the velocity fields accurately.

The fourth column in the first row of Figure 2 plots the score function (in blue) at + = 1 using the data points
{(zﬁ?, sﬁ,"v))}i:’;l. This curve coincides with the true score function in orange. Note that the score function at ¢t = 0 is
givén, SO We only plot the score at a terminal time. The second and third figures in the fourth column of Figure 2
show a density plot of the first dimension of the velocity field. These are probability density functions of f(0, zo; 6)
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Figure 1: Numerical results for the RWPO problem. Left: cost functional through training with optimal cost in 1d. Middle: density evolution
through (4) and comparison with true density in 1d. Right: trajectories of z; and comparison with the stochastic dynamic in 2d. The score dynamic
demonstrates a structured behavior compared with the corresponding stochastic trajectory simulated by stochastic differential equations.
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Figure 2: The first, second and third row: numerical results for RWPO in 1d, 2d, and 10d. First column: cost functional through training. Second
and third columns: first dimension of the velocity field at # = 0 and # = 1. Fourth column: the first row is the score function at # = 1, the second and
third rows are the density plots for the first dimension of the velocity field. Our numerical results accurately capture the true solutions.

10



and f(0, z9), where zg ~ po. The density functions are further approximated by the histogram of samples. Such
techniques for visualization of high dimensional functions have been applied in [32]. We observe that our neural
network accurately captures the velocity fields.

Adding HJB regularizer. We also test the regularized Algorithm 2 for this example. We compare all results with
weight parameters 1 = 1 X 1073 and A = 0 in (25) to study the effect of this regularization. All results are presented in
table 3. The errors for the regularized algorithm are significantly smaller.

regularization ‘ A1=1x1073 ‘ 1=0
errors | erry errg | erry errg
1d 233x 107 3.03x1073 | 1.36x 1072 1.00x 1072
2d 330x 1072 4.10x 1073 | 1.74x 1072 1.70x 1072
10d 7.52x 1073 4.45%x1073 | 8.34x 1072 4.02x 1072

Table 3: Errors for regularized MFC solver of RWPO problem. The errors for the regularized algorithm are significantly smaller.

5.2. Flow matching for solving FP equations

Flow matching has emerged as an important problem, which is closely related to generative models [33, 11]. The
problem is to simulate the probability density function of a stochastic dynamics:

dX, = b(t, X;)dt + 2y dW,, X, ~ po (26)

where b: R* x R? — R is a known drift vector field, and py: RY — R is an initial value probability density function.
In this example, we also assume the drift function satisfies b(z, x) = —VV(x), which is the negative gradient of some
potential function V(x) € Cﬁ)c(Rd ). In this case, SDE (26) is the overdamped Langevin dynamic. To simulate the
density function of stochastic process X; in (26), we design the following MFC problem. We minimize the objective

functional (loss function) as
fend 1
inff f — |v(t, x) — b(t, x)l2 p(t, x)dxdr,
v Jo Re 2

subject to the FP equation (15). After the score transformation (16), the above second order MFC problem becomes

Tend 1
inf f f = |F(t, ) = b(t, x) + ¥V log p(t, x)|2 p(t, x)dxdr,
f 0 Rd 2

subject to the transport equation (18). The state dynamic hence becomes d;z; = —V,V(z;) — ys;. This transformation
(16) seems to complicate the problem. However, we are able to learn the whole FP equation of the overdamped
Langevin dynamic with a given initial distribution pg or samples {z(()")}"": |- More importantly, we can record all inter-

mediate time steps and compute the density function during the entire time domain [0, zepq]-

Flow matching for OU process. We first present the flow matching problem for an Ornstein—Uhlenbeck (OU)
process, where the explicit solution is given in Appendix A.3. The algorithm is described with details in Appendix
B.1 and summarized in Algorithm 3. Similar to the previous section, we compare the numerical results for a direct
method and the regularized method in Table 4. The errors for the regularized algorithm are significantly smaller.

The numerical results of flow matching for OU process are shown in Figure 3 and 4. Figure 3 shows the density
evolution of the process in 1 dimension, which is similar to the second plot in Figure 1. Our algorithm captures both
the change of mean value and the shrink of variance accurately. Figure 4 shows the particle dynamic under the trained
probability flow in 2 dimensions and its comparison with the stochastic OU process. We add level sets of the density
function with center u(#) and radius }la'(t), %o-(t), and o (¢) for better visualization, where o (¢) := det(E(t))i denotes
the standard deviation. We pick points that are initialized within the circle with center ¢(0) and radius 07(0), and record
the trajectories of these particles. According to Figure 4, our algorithm accurately captures the change of mean and
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—— learned p
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Figure 3: Flow matching for OU process in 1 dimension. Our algorithm accurately captures the density evolution of the state dynamic, including
the change of mean and variance.

probability flow

OU process

Figure 4: Flow matching for OU process in 2 dimension. First line: particle evolution under the probability flow z, with trained velocity field.
Second line: simulation of the stochastic OU process. The circles in the figure are centered at u(r), with radius }‘(T(I), %o-(t), and o(¢). Our algorithm
accurately captures the density evolution of the state dynamic, including the change of mean and variance. The probability flow demonstrates more
structured behavior compared with the stochastic OU process.
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regularization | A=1x1073 | 1=0

errors ‘ erry errp ‘ erry errp
1d 9.81x10™* 858x107* | 7.89x 1073 747x1073
2d 1.50x 1073 1.37x1073 | 2.02x 1072  1.40x 1072
10d 408x1073 6.73x1073 | 7.86x 1072 3.89 x 1072

Table 4: Errors for the regularized MFC solver of flow matching for OU processes. The errors for the regularized algorithm are significantly
smaller.

variance of the OU process. Additionally, compared with the OU process, our probability flow ODE demonstrates
structured behaviors.

Double moon example. The example with double moon potential is given by
V(x) = 2(x - 3)? - 2log [exp (-2 (x1 = 3)%) + exp (=2 (x1 +3)?)] .

This example has been computed in [34, 35]. We aim to learn the probability flow ODE of the overdamped Langevin
dynamic
9ip(t, x) = Vi - (p(t, )V V(1, X)) = yAxp(t, x) ,

where the initial distribution pg is N(0, 1). There are two moon-shaped patterns from this potential function. Therefore,
the state dynamic has a bifurcation phenomenon, which is usually hard to capture.

We design an algorithm that partitions the time interval into several sub-intervals, which could potentially resolve
the issue of long time horizon. The model is trained consecutively over each sub-interval, referred to as the multi-
stage splicing method.

We set the total time span as ¢ € [0,0.4]. The overdamped Langevin dynamic is already close to its stable
distribution at # = 0.4; see the last scattered plot in Figure 5. Also, our algorithm has demonstrated its ability to learn
the dynamic accurately within a longer interval in other examples.

Next, we present the detailed implementation of the multi-stage splicing method for our double moon example. In
this toy example, we partition the interval into two stages (sub-intervals) [0, 0.2] and [0.2,0.4]. We apply Algorithm
1 within the first interval. After training, we save the trained network as a warm-start (initialization) for the training
in the next stage. We also record the particles zﬁ") at terminal time 7 = 0.2 in the first stage, which serves as the initial
distribution for training in the next stage.

In the second stage ¢t € [0.2,0.4], the training process is similar. We inherit the network parameter 6 from the
previous stage as initialization. Also, the state particles zﬁ") at terminal time from the last stage are utilized as initial-
ization distribution for the new stage. Note that starting from the second stage, there is no longer resampling because
we only have finite samples at # = 0.2. As a consequence, we may encounter the problem of overfitting, which is also
known as model collapse. In this work, we apply a L? regularization with weight 0.1 to avoid this issue. If we only
have finite samples for the initial distribution, then regularization should also be added in the first stage of training.
We summarize this multi-stage splicing method in Algorithm 4.

The numerical result for the splicing method is shown in Figure 5. The first row shows the particle dynamic of
state z; under the trained velocity field within the first stage, which coincides with an overdamped Langevin dynamic
in the second row. The third row shows the particle dynamic in the second stage after training, coinciding with the
overdamped Langevin dynamic in the fourth row. We also add the level sets for the density function of the stationary
distribution for better visualization. These results confirm that our multistage splicing method can capture the Fokker-
Planck equation of an overdamped Langevin dynamic in a total time span.

13



t=0.0 t=0.05 t=01 t=0.15 t=0.2

probability flow

-4

Langevin
°

probability flow

Langevin
°

-4

Figure 5: 2D flow matching double moon. First row: evolution of particles under the trained probability flow z; in the first stage [0, 0.2]. Second
row: evolution of particles under the overdamped Langevin dynamic in the first stage [0, 0.2]. Third row: evolution of particles under the trained
probability flow z; in the second stage [0.2, 0.4]. Fourth row: evolution of particles under the overdamped Langevin dynamic in the second stage
[0.2,0.4]. Our multi-stage splicing method captures the overdamped Langevin dynamic correctly.
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5.3. An LQ example with an entropy potential cost

We consider an LQ example in this section. This example was also studied in [19]. We minimize the cost
functional

Tend 1 1
inf f f (— e, I + =|x? + Blog(p(t, x))) o(t, x)dxdt
v 0 R4 2 2

. f GOP(fenas ) dx,
Rd

subject to
9p(t, x) + V- (p(t, (1, X)) = Aep(t, x), p(0,x) = po(x).

With a score substitution, the problem is equivalent to

inf f " f (1 |£(t, %) + V. Jog(p(, )| + L 1u + Blog(o(r, x)))p(t,x)dxdt
fJo Re 2 2
+ f G(x)p(tend, ) dx,
R4

subject to

0p(t,x)+ V- (o(t,x)f(t,x)) =0, (0, x) = po(x) .
We define a := (\/,82 +4 - ﬁ) /2. The initial distribution pg is Gaussian N(0, éld) and the terminal cost is G(x) =
%|x|2. The optimal density evolution is given by

2 2
pt,x) = (%) exp(—a|2x| ) .

We set 8 = 0.1 and test Algorithm 1 on this example. We remark that we have a term Slog p(t, x) in the running
cost F. Therefore, it is better to compute [, = log p(t, z,) instead of [, = p(t,z;) in algorithm 1. Similar to the WPO
example, we test our algorithm in 1, 2, and 10 dimensions. The errors are summarized in Table 5, which is similar to
the results in Table 2. Our algorithm is able to solve the MFC problem accurately.

€Irors €17, CIT s CIT cost gap

ld | 991x107 261x107% 2.88x1072 1.07x107?
2d | 7.39x 107 374x107% 3.58x1072 1.97x107?
10d | 1.15x 1072 249x1072 237x10% 1.64x107"

Table 5: Errors for LQ problem.

The numerical results are also presented in Figure 6. The first, second, and third rows show the results in 1, 2,
and 10 dimensions, respectively. The first column is the training curve for the cost functional, which is similar to
the first column in Figure 2. Our algorithm gives the correct objective. The second column visualize the density
function at terminal time #.,q4 using the data points {zﬁzr), ZEZ?}::’;I. In the 1 dimension (first row), we plot the density and
compare it with true densities directly. In 2 dimensions, we interpolate the data points and plot the density function
X1 = p(fend, (x1,0)) in the figure. In 10 dimensions, an interpolation is very hard to obtain, so we plot the density
in term of the norm of x. Our algorithm captures the density function accurately. The third column visualize the
score function at terminal time f.,q using the data points {(zﬁ,"vl), SEZ,))},,NQV Again, we plot the score function directly in
1 dimension. In 2 and 10 dimensions, we present a density plot for the first dimension of the score, which gives the
probability density function of V., log p(fend, 2s.,,)- We observe that our algorithm captures the true density and score

functions accurately.
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Figure 6: Numerical results for the LQ problem. The first, second, and third rows shows the results in 1, 2, and 10 dimensions respectively. First
column: cost functional through training. Second column: visualization for the density function. Third column: visualization for the score function.
Our algorithm accurately captures the solution to the problem.
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5.4. Double well potential

In this section we present an MFC example where the terminal cost is a potential function with the double well
shape. The formulation is similar to RWPO, with the terminal cost given by

Gx)=clx—ciIx-cl*, 27)

where ¢ € R* and c;,c; € R? are the minimizers of G. This function G does not depend on the density p. The
initial distribution is still a standard Gaussian distribution, i.e., zop ~ N(0, ;). As mentioned before, such problem
will demonstrate a bifurcation phenomenon, which is hard to capture. We compute this example in 1, 2, and 10
dimensions, and compute all errors in 1 and 2 dimensions. We take ¢ = % in (27) and set two centers as an all —1
vector for ¢y and an all 1 vector for c,.

Computing the reference solution. Unlike the example in section 5.1, we do not have an explicit solution. But
fortunately, we are able to obtain a reference solution using the kernel formula proposed in [36] (equation (10), (11),
and (14)). According to their derivations, the optimal density function is given by

d
2

(tend t) )
d

en

p(t,x) = (47r7
(28)

p(0,y)dydz.

f f exXp [_QL»)/ (G(Z) + 2&_?4) + Ixz'l‘ )]
w et fexp[=5 (G + 520)] @7

Specifically, the density function as terminal time fe,q 1S

p(0,y)dy. (29)

. f exp |- (G + 522
Jo

exp[ (G( ) + 'g:yf )] dz

In addition, the solution to the classic HIB equation (cf. (A.13)) is given by

‘ 1 —yP?
o(t, x) = 2ylog (f (4ry(tena — t))’f/ exp [—— (G(y) + &)] dy) ,
R4 2y 2(tend — 1)
with a terminal condition ¢(7,x) = —G(x). With these expressions, we are able to obtain the score function via
V,logp(t, x) = V,p(t, x)/p(t, x). Then, by Corollary 1 and (A.14), the optimal velocity is

S, x) = Vip(t, x) = yV. log p(t, x) . (30)

However, when 7 € (0, z.pq), the numerical implementation for p(z, x) and V,p(¢, x) through (28) involves three nested
integrations in R?, which could potentially result in large errors. Therefore, we instead consider the errors at t = 0
and #.pg, where all expressions are relatively easy. At ¢ = 0, by (30), we have

£(0.x) = f]R‘/ : [_ZL (G(y) * ‘;f yd )] dy _’yvxpo(x) 31
[5G0+ 5E)[de T oA

At t = tenq, We can compute the score function through

- L.

(VG )exp[——((}() i

2iend )J
f]Rd exp[— 77((;(Z)+ 2 »Ij )] 4z P(O Y) dy

o] o2

V. log p(fend, x) = (32)

fR fwz exp[—f((;( )+ i\ )] dZ,O(O,y) dy

2Uend
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Also, the terminal velocity is given by
J(tena, X) = =VG(x) = ¥V 10g p(fena; X) - (33)

Next, we apply the Riemann sum to approximate the expressions (31), (32), and (33) to obtain a reference solution
in 1 and 2 dimensions. First, we define the following function

_ 1 o -y
h(y) = fRd exp [—Z/ (G(z) + o )} dz,

which has appeared multiple times. We approximated /(y) numerically from the Riemann sum. In 1 dimension, we
use the trapezoid rule with step size Az = 0.01 to approximate the integrations and truncate the integration within
7 € [-6, 6] when we compute the reference solution. In 2 dimensions, similarly, we use a box with size Az} X Az, =
0.01 x 0.01 for Riemann sum and truncate the integration within the box z € [-6, 6] X [—-6, 6]. We compute the value
of h(y) on all grid points within [—4, 4] in 1 dimension and [—4,4] X [—4, 4] in 2 dimensions, and store the values. In
this way, integrations w.r.t. z in (31) and (32) are simulated numerically. Next, we further apply Riemann sum for
integrations w.r.t. y with the same step size, truncated for y € [—4,4] or[-4,4] X [—4,4]. In this way, we obtain the
function for all x on the grid points. The two bounds 6 and 4, and the step size 0.01, are chosen such that the Riemann
sums provide reasonable reference solutions for the problem. Finally, we make an interpolation in the dimensions 1
or 2, giving us the desired reference solution.

Results in 1 dimension. The errors for 1 dimensional example are err, = 1.17 x 1072, erry, = 8.56 x 1073, erry,, =
2.39 x 1072, and erry = 1.65 X 10~!. The numerical results are illustrated in Figure 7. The two plots in the first row
show the velocity fields at ¢+ = 0 and ¢ = #,q = 1, which nicely approximate the true velocities. In the second row,
the figure on the left compares the reference terminal density and the histogram of particles z;,,, which match well.
The plot in the middle shows the evolution of the density, which is obtained using data points { (zg_l), Zgj))}iflz”(ﬁ’zl. These
red lines coincide with the blue dashed lines, which are the true densities. This result demonstrates that our algorithm
is able to capture the evaluation from a simple distribution to a complicated double well distribution accurately. The
figure on the right plots the score function using data points {(zgz[), Zgjl) )}nN; 1+ It successfully captures the S-shape of the
true score function.

Results in 2 dimensions. It is hard to compute the nested integrations in [36]’s paper using Riemann sums in 2
dimensions. Therefore, instead of computing err; in (B.9), we compute the errors for the velocity field at # = 0 and
t = fena = | using the expressions in (B.10). The errors are err, = 2.62x 1072, erry, = 5.11x 1072, erry,,, = 4.77x1072,
and erry = 2.4 x 107!,

The results are also shown in Figure 8 and 9. Our learned network successfully captures the velocity field f and
the score function which is shown in Figure 8. The first and second rows show each dimension of the velocity field
att = 0 and r = fn,g = 1 and compare them with the true values. The third row shows the score function. The
approximated score function is plotted using the data { (zng, sﬁzr))}nNil, where we made a non-uniform 2d interpolation
using the build-in function in Scipy. The reference solution is obtained through differentiation of equations (10) (11)
and (14) given in [36] and then apply Riemann sum approximation. We observe that our algorithm correctly captures
the velocity field and the score function.

The left plot in Figure 9 shows the scattered points at terminal time # = 1, which concentrate at the two wells of
the potential. We also add the level sets of p(1, -) at {0.01,0.05,0.1,0.2, 0.4, 0.6} for better visualization. Note that the
expression for p(1, ) is given by (29) instead of % exp(—G(x)/y). The plot in the middle shows the particle trajectories
under the trained velocity field, which shows a bifurcation phenomenon.

Results in 10 dimensions. Finally, we also test our algorithm in 10 dimensions. We do not have a reference solution
in this case, but we observe that the particles go into two piles, as is shown in the right plot of Figure 9. In this plot,
we project the 10 dimensional particles into 2 dimensions for visualization.

6. Conclusion

In this paper, we propose a neural ODE system to compute evolutions of first- and second-order score functions
along trajectories. The forward Euler discretization of neural ODE system satisfies a system of normalization flows
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Figure 7: double well 1d. Left: true density and particle histogram at z.p,q; middle: density evolution compared with true density; right: score
function at fepq.

along a deep neural network. We then apply the proposed neural ODE system to solve second-order MFC problems.
The effectiveness and accuracy of our method are validated through numerical examples of RWPO problems, score-
based flow matching problems for FP equations, LQ problems, and the double well potential problems, providing
reassurance of its reliability and effectiveness.

In future work, we shall conduct a thorough numerical analysis of the optimal control problem within the neural
ODE system. Specifically, for second-order MFC problems, error analysis for the score estimations is necessary.
Although we observe some numerical advantages in using the score function to approximate the solution of viscous
HIJB equation, the underlying error in the current numerical scheme remains unclear. Additionally, exploring neural
ODE systems for inverse problems presents an exciting avenue for future research. This direction involves learning
and approximating stochastic trajectories from data using the neural ODE system.
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Appendix A. Technical details for score-based normalizing flows and MFC problems

We present detailed proofs of all propositions about normalization flows and MFC problems in this section.

Appendix A.l. Proofs for score-based normalizing flow

Continuity equation for density. Let T (¢, x) be smooth and 7'(¢, -) be invertible for all # > 0. Let f(¢,-) : R? —» R?
be the vector field of the state dynamic z, i.e., f(¢, T(t, x)) = 9,T(t, x) for all ¢ and x. Then, the probability density
function satisfies the continuity equation

9ip(t, x) + Vs - (p(t, ) f(£, ) = 0
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Figure 8: Image plot for f(0, -) (first row), f(tend, -) (second row), and score function V log p(fend, -). Columns one to four represent the true value
in the first dimension, approximated value in the first dimension, true value in the second dimension, and the approximated value in the second
dimension. Our algorithm correctly captures the velocity field and score function.

Scatter plot of z; and level set of p(1, x) Projected scatter plot of z; in 10d
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Figure 9: Left: scattered plot for particles at t = fenq and the level sets of the density for 2 dimensional example. Middle: particle trajectory plots for
2 dimensional example, which demonstrates a bifurcation phenomenon. Right: projected scattered plot of particles at ¢ = fepq for 10 dimensional
example.
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Proof. Using the chain rule, we have
0V, T(t,x) =V, 0,T(t,x) =V f(t,T(t,x))=Vrf(t, Tt x)V,T(t x),

which implies
Tr [a,VxT(t, 0V, T(, x)*l] = Tr [V f(t, T(t, )] = Vr - f(t,T(t, %)). (A1)

If we compute the derivative of the MA equation (1) w.r.t. ¢, we obtain
d
0=+ lo@, T (2, x)) det (V. T(z, x))]

- %p(t, T(t,%)) det (VT (1, x)) + p(t, T (1, x)) d% det (V. T'(7, )
= [0ip(t, T(, X)) + Vrp(t, T(t, %)) ,T(t, x)] det (VT (t, x))
+ p(t, T (1, ) Te [0,V T (6, x) V,T (2, x)" | det (V. T(r, x))

= [0t T(1, ) + Ve, T(t 0)T (2, T (1, %))
+p(t, T(t, X))V - f(1, T(t, x))] - det (V. T(t, x))
= [0ip(t,T(2,)) + V7 - (p(t, T (1, ) f (1, T (2, )))] - det (VT (1, x))

where we have used (A.1) in the fourth equality. Since 7'(z, -) is invertible, det (V, T (¢, x)) # 0, which implies

O, T(t, %)) + V- (o0, T(t, ) f(t,T(1,x)) =0,

for all ¢ and x. Therefore,
0ip(t, x) + V- (p(t, ) f(£,x)) = 0.

Proposition 1 (Neural ODE system). Functions z;, l;, s,, and H, satisfy the following ODE dynamics.

01z = ft.z),
0l; = _Vz . f(t, ),

05 = =V f(t,2) s, = VAV, - f(t, 7)),
d
OH, = - > syVifit,z)) = V(Y. - f(t,2))) = HV f(t,z) — V.f(t,z) H,,

i=1
where si; and f; are the i-th component of s, and f respectively. Also, I, = p(t, z,) satisfies
ody ==V, f(t,z)1; .
Proof. The dynamic for z; (3a) comes from the definition directly:
01zt = 0,T(t,20) = f(1,T(t,20)) = f(t,21) -
We next show (4) and (3b).

- d
Oil; = aﬂ(l’ 2) = 0p(t,2) + Vop(t,2))" D1z = B,p(t,2) + Vop(t,2)" f(t,2,)
= V.- [f(t.z) p(t.2)] + Vop(t,2) " f(t.2) = =V - f(t.2) p(t.2) = =V - f(t,2,) I
where we have used the continuity equation (2) in the fourth equality. Consequently,

d
al‘lt = 5p(t’ Zl‘)/p(tvzt) = _VZ ' f(t’ Zl‘) = _VZ : f(t,Zt)-
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We next show (3c). We will use the fact frequently that V_ logp(t,z,) = V.o(t,2,)/p(t,z;). We first compute
d
d—t(Vzp(t, Z))

d% [V:p(t,20] = OV )p(t,20) + Vip(t,2) iz
= V.0,0(t,2) + Vip(t,z,) f(t,2,)
= V. [V. - (ot 20) f(t,2))] + Vip(t,2) f (2, 2,) (A-2)
= =V.|Vep(t,2)" £(1,2) + p(t,2) Ve - (2,2 + V2p(t,2) £ (2, 2)

=-V.f(t,z)" V.p(t,z) — (V. - f(t,2)) Vop(t,20) — p(t,2) V. (V. - f(1,2)) .
Therefore,

d d
0r8; = & [V logp(t,z)] = & [Voo(t,20)/p(t, 24)]

_d _ 4 2
P (Voo(t,20) [p(t, 2) = Vop(t, 2) dar (o(t,z0) [p(t, 21)

= V. f(t,z)" V.logp(t,2) = V. - f(t,2) V:1og p(t,z)
=V (Vo f(t,2)) + V 1ogp(t,2) V. - f(t,2:)

= -V f(, )" V.logp(t,z) =V (V.- f(t,z))

==V f(t,z2)" 5, = V. (V.- f(t,2) ,

where we have used (A.2) and (4) in the third inequality.
Finally we prove (3d). In order to simplify notation, we will omit (#, z;) when there is no confusion and rewrite
p(t,z,) and f(t,z;) as p and f. We also denote 0; as the partial derivative w.r.t. the i-th variable in z. We first compute

d
d—tpr(t, Zt).

d
g Vep=Vi0p+Vip- f==VIIVe- (pf)+ Vip- f

=-VIVp f+pV. - f1+Vip-f

d
2w fi+pVe-f

i=1

2 3
=-V; +Vip-f

d
== D (V0w i+ 0ipVifi + VO VofT + VofiVdipT) + Vip- f (A-3)
i=1
~ (V2o (Ve N+ p VAV )+ Vop VoV T + VoAV - ) VopT)
d
== > 0PV fi= V2PV f = (Vo) V2= V2p (Ve f) = pVAV. - )

i=1
- Vzp VZ(VZ : f)T - Vz(vz : f)Vsz .

We also have

v Vo V.pVp'
V2 log(p) = V. (—Zp) - £ PP (A4)
p P p
which implies
VZ
P H ot st (A.5)
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Dividing (A.3) by p, we obtain

2V2

d 2

\%
——Z PV fim =RV (VT

—-VAV.- f) - V(V -

(A.6)

d
== siVifi- (H, + 5087 ) Vof = (V)T (H + si57)

i=1

— (Voo ) (Hi+ 5,57) = V2V ) = VoV )T = VuAVe- s/

where we have used equation (A.5) in the second equality. Finally, we get

d d (V2 P VpVp'
6 H — V21 Z Z Z
TS dt( T
d T
_ 8V Vipgp (V)Y +V(§V0) 290V gp
R 0 T

d
== > 5V fi = (Ho+ 08T ) Vof = (Vo) (Hy + 5057) = (Vo ) (Hy + 5,57 )

i=1
— VAo )= V(Yo )T = V(Yo )s] + (H+ s05T) (V- f)
+(Vof s+ (Voo s+ VoAVo- ) 5]
50 (Vef T+ (Vo f) 50+ VeVe ) = 2587 (Ve f)

d
== > sV fi= V2V )= HV.f = (V) H,.
i=1

We have used (A.4) in the second equality and used (A.6), (A.5), (4), and (A.2) in the fourth equality. This finishes
the proof. O

Proposition 2 (Information equality). The following equality holds:
E[Tr(H)] = -E|lsi?] . forallt 2 0.
Proof. Forall t > 0, we have
2
E [Tr(H,) + Is,*] = E [vz (V. logp(1,2)) + |V. log p(1,2,)| ]

f (V - (Vxlogp(t, x)) + |V log p(t, x)|) (, x) dx

P(t, %) V.0, )12
\[l;d [ ( o(t, x) )P(t, X) + p(t,—x)zp(t’ x)] dx

P, T V.po(t, 2
-[ [ T e DO
R p(t, x p(t, x)
where we have used the integration by part in the second last equality. O
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Covariance evolution of centered Gaussian distributions. Let 7y follow a centered Gaussian distribution
N(0,%(0)) and 0;z; = A(t)z;. Then z; is also a centered Gaussian distribution N(0, Z(¢)), where the covariance X(r)

satisfies a matrix ODE:
0,2(1) = A(DZ(t) + Z(HA@D) T .

Proof. We write down the density function p(z, x) for N(0, X(¢))
1
p(t, x) = (2m)"2 det(X(f))"? exp (—ExTZ(t)_lx) .

It is sufficient to check that p(z, x) satisfies the transport equation
0ip(t,x) + V- (A(Dxp(t,x)) =0,

if equation (A.7) holds. We first compute

% det(X(r)) = det(X(1) Tr (2() ™' 6,2(1))
= det(Z(1) Tr (Z()™' (A(Z() + Z(DADT))
= det(X(1) Tr (X(1) " ADZ() + A@)") = 2 det(Z(1)) Tr(A(D)).
which implies
d 1 1 3 d
o (det(z(r)~2) = —5 det(2(n)F — det(Z(n)
= —det(X(£)) "2 Tr(A(®D)).
We also have d
3 (E07) =204z 0™ = -207AW - AOTED ™

which implies

% exp (—%xTE(t)_lx) = —%xT% (E(t)_l) X exp (—%XTE(t)_lx)

= %xT (z(t)—lA(t) + A(z)TZ(t)-l) X exp (—%xTZ(I)_Ix)
= xTA(N)TZ() ' x exp (—%xTE(t)_lx) )
Combining (A.8) and (A.9), we obtain
dip(t,x) = (27) "¢ d% (det(x(1) 7 ) exp (—%xTZ(I)lx)
-4 R e
+ (2m)" 2 det(X(1)) O exp( 2x (1) x)

= p(t, %) [ Tr(A®) + x"A@®)TE(0) %] .

Finally, we obtain
V. - (ADx p(t, x)) = Tr(A(D)) p(t, x) + xTA@®) T Vp(t, x)

= Tr(A(1) p(t, x) + xTAWT (-2 %) p(t, ) = ~0,p(t, ),
which finishes the proof.
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Appendix A.2. Details for the MFC problems
We recall the formulation of the MFC problem

Tend
inf f f [L(t, x,v(t, x)) + F(t, x, p(t, x))] p(t, x) dx d¢
v Jo R4
+ f] G(x, p(fends X))p(tend, X) dx,
]RL
where the density p(z, x) satisfies the FP equation with a given initialization

0ip(t, x) + Vi - (p(t, x)v(t, X)) = yAp(t, x),  p(0,x) = po(x).

This FP equation has a stochastic characterization

dx, = v(t, x;) dt + 2y dW,

where W; is a standard Brownian motion. For the well-posedness of the problem, we assume that the running cost L
is strongly convex in v, then the Hamiltonian, i.e. the Legendre transform (convex conjugate) of L, is well defined,
given by

H(t,x,p) = supv'p— L(t,x,v).

veRd

According to standard results in convex analysis, D, L and D,H are the inverse functions to each other, in the sense
that

D,H(t, x,D,L(t, x,v)) =v, Vv,

D,L(z, x, DpH(ts X, P)) =P, Vp B

We recall that the composed velocity is

(A.10)

f(t,x) = v(t,x) = yVlogp(t, x),

and the probability flow z; is given by
0z = f(t,20).

Note that the stochastic dynamic x; and the probability flow z; share the same probability distribution, while they
are different dynamics. This z; serves as a characteristic line for the system. Along this line, a forward Euler scheme
gives O(At) error, while a direct discretization of the stochastic dynamic has an error term O( \/Kt).

Next, we present the an analysis for the modified HIB equation of MFC problem, tailored for the probability flow
dynamic.

Proposition 3. Let L be strongly convex in v, then solution to the MFC problem (17) is as follows. Consider a function
W1 [0, tg] X RY = R, such that

J(t,x) = DpH(t, x, Vap(t, x) + YV log p(t, x)) — vV log p(t, x),
where the density function p(t, x) and i [0, toq] X R? — R satisfy the following system of equations
ap(t, %) + V.- (p(t, YD, H) = yAp(1, ),
o(t, x) + V., u(t, x)TDpH — YV, DpH + yAu(t, x) — L(t, x,D,H)
— F(t, x, p(t, x)) + 2y A log p(t, x) + ¥* |V, log p(t, x)|2 =0,
p(0,2) = po(x),  Yltena, X) = ~G(x, pltends X)) = ¥ 108 pltend ),

— 0 oF
Here, D,H is short for D, H(t, x, V.y(t, x) + yV,logp(t, x)), F(t,x,p) = %(F(t, X, 0)p) = %(t, x,p)p + F(t, x,p),

~ G
and G(x,p) = %(x,p)p + G(x, p).
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Proof. We start by adding a Lagrange multiplier ¢(¢, x) and obtain the augmented objective

fo fR, [(L(z, x, f(2, %) + ¥V log p(t, x)) + F(t, x, p(t, x))) p(t, X)
+6(t, %) (3,01, X) + V.. - (f (2, ¥)p(t, x))] dxdt

+ fd G(X, p([end7 x))p([end’ )C) dx
R

= fo fR L, 5,20 + 9V clog (e, 1) + F(t, x, p(4, ) pl2,)
—-0,0(t, x)p(t, x) — V,(t, x)" f(t, x)p(t, x)] dxdt (A.11)

+ LI(G(X’ Ptend, X)) + d(fend, X))P(fend, X) dx — j};d #(0, x)p(0, x) dx.

Taking the variation of (A.11) w.r.t. p(feng, -), We get @(fend, X) = —5(x,p(tend, x)). Taking the variation w.r.t. f, we
obtain

D,L(z, x, f(t, x) + yV.logp(t, x)) = V,(t, x) ,
which implies
f@, x)+yVilogp(t,x) = D,H(t, x, V,$(t, X)), (A.12)

due to (A.10). Next, we denote D, H(t, x, V,¢(t, x)) by D, H for short. We then observe that
D,L:=D,L(t,x, f(t,x) + yV,log p(t, x)) = D,L(t, x, D, H) = V (2, x).
Taking the variation of (A.11) w.r.t. p(-,-), we get

0= —yV,-[D,Lp(t,x)] /p(t, x) + L(t, x, f(t, x) + YV log p(t, x))
+ F(t, x,p(t, x)) = (1, X) = V. (1, )" f (1, x)
= —yV,-D,L-yD,L"V,logp(t, x) + L(t, x, D,H)
+ F(t, x,p(t, X)) = 0,6(1, %) = V1(t, x)" (D, H = ¥V, log p(t, x))
= —yAP(t, x) + L(t, x, D, H) + F(t, x, p(t, x))
— 0i¢(t,x) = V.(t,x) 'D,H , (A.13)

where we have used D, L = V,¢(¢, x) in the last inequality. Equation (A.13) is the classical HIB equation correspond-
ing to the MFC problem, which coincide with equation (4.6) in [13] after a sign flip, where our D, H is their . Please
note that, throughout our derivation, p(z, x) is not a general density, but the density under the optimal control.

We next present the modified HIB equation. We define

U(t, x) = ¢(t, x) —ylogp(t, x) . (A.14)

This definition seems to complicate the system, but eventually gives us an elegant characterization, especially in the
case of LQ problem (see Corollary 1). We then observe that

0PN Ve (ol 0f ()
Ologpt ) =0y = o(t, 1)

==V, f(t,x) = V,logp(t,x)" f(t, x) (A.15)

= -V, -D,H +yA,logp(t, x) - V. log p(t, ) D, H +7 |V, log p(z, x)[
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where the last equality is due to (A.12). Therefore, the HIB equation (A.13) is transformed into

0= —yAy(t, x) - yzAx log p(t, x) + L(t,x,D,H) + F(t, x, p(t, X)) — O(t, x)
=y, log p(t, x) = (Y1, x) + YV log p(t, x)) D, H
= —yAY(t, x) — yzAx log p(t, x) + L(t,x,D,H) + F(t, x, p(t, x)) — 0 (t, x)
+yV,-D,H - y*A, log p(t, x) + YV, log p(t, x) "D, H — ¥ 'Vx log p(t, x)|2
~ (Vap(t,x) + yVy log p(t, 1)) "D, H
= =3(t,x) = Vp(t,x) ' DpH + ¥V, - DpH — yA(t, x) + L(t, x, D, H)

+ F(t, x, p(t, x)) — 2)/2A,C log p(t, x) — 72 |V,C log p(t, )c)|2 .

Here, D, H is short for D,H(t, x, V(t, x) + ¥V log p(t, x)). We plug in the shift (A.14) in the first equality; we plug
in (A.15) in the second equality. Therefore, we have recovered Proposition 3. U

Corollary 1. In the LQ problem where L(t, x,v) = %Ivl2 and F(t, x,p) = O, the solution of the MFC problem (17) is
characterized by

Jft,x) =Vt x),

and
0p(t, x) + V- (p(t, )V,h(t, x)) = 0

1 1 2
o(t, x) + 3 IV (t, ¥)* +y* A, log p(t, x) + 5)/2 |Vx log p(t, x)| =0,
000, %) = po(x),  YWlleonds X) = =G (X, PLengs X)) = Y108 Lo X) -

If we further define the Fisher information as I[p] := fRd |Vx log ,o(x)|2 p(x) dx, then the equation for  becomes

1 251[P(f )]

27 5(z)()_

(t, x) + = mw X -

Proof. When L(t, x,v) = %Ivlz, we have D, L(¢, x,v) = vand D, H(¢, x, p) = p. So
D,H(t, x,Vap(t, x) + yVilogp(t, x)) = Vay(t, x) + vV, log p(t, x) .
Hence, the equation for ¢ becomes
0 = (e, ) + Vb1, ) (Va(t, %) + ¥V, log plt, 1) = YA W1, x)
—¥*Aclog p(t, x) + YA (1, x) — % V.2, ) + ¥V log p(t, )|
+ Z'yzAx logp(t, x) + 72 |Vx log p(t, )c)|2
= d(t, %) + % Ve, 0P +*A, log p(t, ) + %yz V. logpt, ) .

A direct computation gives

ol
ﬁ( ) = ~24, log p(x) - |V, log p()[” .

which implies

a0+ 5 Wt P - 57 28 < g

27 op(t,-)
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Appendix A.3. Formulation for flow matching of overdamped Langevin dynamic

In this section, we present the flow matching problem of overdamped Langevin dynamic
dX, = b(t, X,)dt + \2ydW,,  Xo ~ po.
Here we assume that the drift is the negative gradient of some potential function
b(t,x) = =V,V(x),

so that the stationary distribution for the overdamped Langevin dynamic is proportional to exp(—V(x)/y). The goal
for flow matching is to learn a velocity field v(x) that matches b(¢, x). One minimizes the objective functional

Tend ]
inf f f — (1, x) — b(t, x)]* p(t, x) dx dt , (A.16)
v Jo Jre 2
subject to the FP equation

9p(t, x) + Vi - (p(t, ))v(t, X)) = yAp(t, x),  p(0,x) = po(x). (A.17)
The following corollary gives the exact formulation for the solution.

Corollary 2. Forflow matching problem of overdamped Langevin dynamic where L(t, x,v) = %Iv—b(t, X% F(t,x,p) =
0 and G(x,p) = 0, the solution of the MFC problem (17) is characterized by

f(t,x) =Vt x)+ bt, x),

and
9ip(t, x) + Vi - (o, )V (2, x) + b(t, X)) = 0,

Op(t, x) + % IVt 0P + Vo8, )T b1, x) = ¥V, - (2, x)

1 2
+y* A, log p(t, x) + Eyz [V logp(t,x)| =0,

p(Oa -x) = p()(-x) ’ 'ﬁ(tend, .X) = _7 logp(tenda -x) .

Proof. Through direct computation, the convex conjugate of L is

1
H(t,x,p) = Elpl2 +p'b(t,x),

and D,H(t, x, p) = p + b(t, x). Plugging these expressions into Proposition 3, we recover the results for this corollary.
O

Appendix B. Details for numerical implementation

Appendix B.1. HJB regularizer for MFC

In addition to the numerical algorithm in section 4.3, we can add the residual of the HIB equation (20) into the
loss function. First, let us consider the HIB regularizer in the LQ Gaussian case, as presented in Corollary 1. Here the
Gaussian case means that pg is also given as a Gaussian distribution, in which the solution of density function in LQ
MEC problem stays in a time dependent Gaussian distribution.

In the LQ scenario, parametrizing the vector field f directly as a neural network complicates the system, as terms
like 0,4 in (22) are hard to implement. A more feasible approach is to parametrize ¢ as a neural network, allowing
the vector field f to be computed as f(z, x) = V,(¢, x).

This parametrization, however, requires two additional orders of auto-differentiations compared to the original
algorithm. First, if ¢ is parametrized as a neural network as in (5), then f(z, x) = V (¢, x) must be obtained through
auto-differentiation. Second, the term A p(?, x) in (22) requires computing the dynamic for H, through (10), which
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requires another order of derivative. This term H, is not required in the original Algorithm 1. These two additional
differentiations could potentially complicate the optimization landscape.

Therefore, in order to make a clean and fair comparison in studying the effect of the HIB regularizer, we consider
the specific parametrization for i, given by

w(t, x) = %xTA(t)x + B x +C), (B.1)

where A(t) : [0, fena] = R4, B(t) : [0, tena]l — R?, and C(¢) : [0, fena] — R. These three functions can be further
parametrized into trainable variables 6 = [, 6, 6€] with 8 € Ri]yvr’; Dxdxd "B ¢ RWN+Dxd and g€ ¢ RN+ after time
discretizations. Le., we only evaluate v whent =¢; (j = 0,1,...,N,). Here, M e Rﬁ’yv;; Dxdxd 1 eans that each slice of
matrix 8¢ € R is symmetric. This parametrization is different from (5), but the numerical implementation for the

ODE discretization (6)-(10) and loss cost (24) remain unchanged, with the vector field defined by
f(tj,x:0) = Vay(t, x; 0) = ¢ x + 67 . (B.2)

In the LQ example with Gaussian distribution, the solution is indeed of this form; see [13] Chapter 6 for details.

With such parametrizations, we can compute the residual of the HIB equation through (23) as a regularizer. Here,
the term 9,¢/(t, z,) in (23) could be approximated using the finite difference scheme. In this work, we use the central
difference scheme

1
Oty x:6) = o (U(tje1, 3:6) = Y11, 2:6))

(1 B B T (B-3)
=55 (Ex (@, =6} Dx+ (0%, =67 )T x+ (65, - 95_1)) :
With this discretization, the numerical residual of the HIB equation at ¢; (cf. (23)) is given by
1 &1
Luyp:, = . Z [E (¢(tj+1,z§;1);0) - lﬁ(tj_l,zﬁjf’);@))
n=l (B.4)
ey aaof + 7 () + ST
and the total regularization loss is 1
N,—
Ly = Z |-£HJBtj| At. (B.5)
j=1

Finally, we can minimize Lo = Leost + ALy W.I.t. 6 to solve the MFC problem, where A > 0 is a weight parameter.
We summarize the regularized method in Appendix B.2 Algorithm 2.

Regularized algorithm for flow matching of overdamped Langevin dynamics. This regularized algorithm could
be extended to a more general setting, such as the flow matching problem for an OU process. The formulation for this
problem is presented in Appendix A.3.

We consider the flow matching of OU process with a linear drift function b(¢, x) = —ax and an initial Gaussian
distribution N(u(0), £(0)) where (0) € R? and %(0) € R%xd. Then the stochastic state dynamic is given by

dx, = —ax, dr + \2ydW,,  xo ~ N(u(0),%(0)).
Standard calculations inform us that x, ~ (u(¢), 2(¢)) remains to be Gaussian, where the mean and variance evolve as
u(r) = exp(—at) u(0),

and
()= L1+ (2(0) - Zld)exp(—Zat) .
a a
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This expression provides a reference solution in the numerical test. In this work, we set a = 1, x(0) to be an all-one
vector in RY, and 2(0) = 41,.

Similar to the algorithm presented above, we parametrize ¢ through (B.1). Please note that the solution i to the
MEC problem is given by Corollary 2. So, the vector field is

[, x:60) = V.ap(t), x;:0) + (1, x) = 6} x + 0% — ax. (B.6)
Also, the HIB equation along the state trajectory is written as
1
Ip(t,20) + 5 V(e 20 + Vetp(t,2) b1, 2,)

1 (B.7)
=YV - b(t,) + 72 (Tr(Ht) + §|Sr|2) =

One can view (B.7) as an analog of (23) in the flow matching example.
The time discretization for the HIB equation is the same as (B.3), and the residual of the HIB equation at ¢; is

given by
N,

Ly = — Z [2 o (000.27:0) = wtj21.27:0)

2
L [arta 2500 + Vet 220712 ®5)

i

n n 1
-yV, - b(tj,z;/_)) + y2 (Tr (Ht(,- )> + 3 8,

and the total regularization loss is still
N1

Lup = Z |£HJBrj| At.

J=1

And the total loss is again Lo = Leost + ALpyp. We summarize this method in Algorithm 3 Appendix B.2.

Appendix B.2. Pseudo-code for algorithms

We present all pseudo-codes for all algorithms in this section. Recall that the standard version of the MFC solver
Algorithm 1 is presented in the main text. We present the regularized MFC solver for LQ problem Algorithm 2;
the regularized MFC solver for the flow matching of OU process Algorithm 3; and the multi-stage splicing method
Algorithm 4.

Appendix B.3. The errors in the numerical examples

The errors for the standard Algorithm 1. For examples with exact solutions, we present the errors for the
density, the velocity field, and the score function. These numerical expressions are given by

N.
T
_ 7(n) (n)
err, = ﬁz Z by, = PN 20
N. N,
erry = — t e "),9 f(t ,z(")) , (B.9)
N N pr J Jo %t
N.
erry = . Z sM v, logp(tN ,z(")) .
Nz N, Z 2 %ty

1l
—_

n

The errors we present in the tables in section 5 are the average errors over 10 independent runs. Note that there are
two sources that contribute to these three errors err,, erry, and err,. We take the terminal time #,, = f.,q as an example.
The first source is the discretization error for the state dynamic, characterized by z,, — z,, where z,, is the end
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Algorithm 2 Regularized score-based normalizing flow solver for the MFC problem

Input: MFC problem (21) (18), N;, N,, learning rate, weight parameter A, number of iterations
Output: the solution to the MFC problem
Initialize 6
for index = 1 to indexyq do
Sample N, points {z (”)} from the initial distribution pg
Compute I = p(0, z(")) s(") V. log p(0,20"), H)" = V2 log p(0,z\")
Initialize losses Leost =0 and Ly =0
for j=0toN,—1do

update loss Lot +— 2 | 1, (n)’ 0) +y s(”) At

compute (V,, V) f(¢;, z(") 9) through auto-differentiation
if j >= 1 then
Compute Lyjp,; through (B.4)
Lup += |-EHJB:,|
end if
compute 2, [ | 5™ H(") through the forward Euler scheme (6), (8), (9), and (10)

tjw1? “tjv1? f,+1’
end for
ZG( (n) Z(")

Total loss Ltotal = Lcost + JLHJB
update the parameters 6 through Adam method to minimize the loss Liotal
end for

add terminal cost Lo +=

Algorithm 3 Regularized score-based normalizing flow solver for flow matching of OU process

Input: MFC problem (A.16) (A.17), N;, N,, learning rate, weight parameter A, number of iterations
Output: the solution to the MFC problem
Initialize 6
for index = 1 to index.p,q do
Sample N, points {z (”)}Nz from the initial distribution pg
Compute s(") V.log p(0, z(”)) H(") V2 log p(0, z(”))
Initialize losses Leost = 0and LHJB =0
for j=0to N, — 1 do

2
update loss Lo = 2 ‘ f;, ("), ) + ys(") b(t.,-,zx’)) At

compute (V,, V. f(z;, zﬁ"), 0) through auto-differentiation
if j >=1 then
Compute Lyjp;, through (B.8)
Ly += |-£HJB1,-|
end if
compute zﬁ")] sﬁ”f] , H,(’_i)l through the forward Euler scheme (6), (9), and (10)
end for '
Total loss Ltotal = Leost + /LEHJB
update the parameters 6 through Adam method to minimize the loss Lo
end for
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Algorithm 4 Multi-stage splicing algorithm for MFC problems

Input: MFC problem (14) (15), N;, N_, network structure (5), learning rate, number of iterations, partition of the total
time interval {I,W}Z“:‘;ge

Output: the solution to the MFC problem
Initialize 6, for the neural network

Apply Algorithm 1 within the first interval 1; > first stage training
Save parameter of the network #; and the terminal states S; = {zgz)}n for the next stage
for m = 2 to Nyyg. do > follow-up stages training

Load parameter 6,,; for the network from the previous stage

Apply Algorithm 1 within the interval I,,, but with a fixed set of initialization points S,,_; from the previous
stage

Save the parameter 6,, for the network and the terminal states S, {zﬁg)}n for the next stage
end for

point of the continuous dynamic (3a) and z, is its time discretization. The second source comes from the training
error of the neural network f(:, -; ). When a function is steep, especially the score function V log p in a non-Gaussian
example, a small discretization error could be magnified by a large factor due to this large condition number. This is
the reason why the score errors for the double well potential function example in Section 5.4 are larger compared with
other results. Although we do not observe instability at the chosen step size, stiff dynamics may pose challenges
for stability and accuracy. Addressing this issue with adaptive time stepping or more stable integrators is an
important direction for future work.

The errors for the double well potential example. For the double well potential example, it is hard to obtain a
reference solution for t € (0, fnq) (see Section 5.4). As an alternative, we compute the error of the velocity field at
initial and terminal time ¢ = 0, . through

erry, = Z £ (0.2”:0) - £ (0.2")

[l

(B.10)

(
errfend - Z ’f tNr’ZtN f(tNr’ZfZ)) °

The errors for the regularized Algorithm 2 and 3. For modified algorithms with HIB regularizers, including
Algorithm 2 and 3, we compute the error of the parameter A and B directly, given by

1 &
oA = N1 ,Zf 07 = Ay .

1
= 7 197 - By
=0

where A(-) and B(-) denote the true solutions. Here, we do not present the error of 6 for two reasons. First, according
to (B.2) and (B.6), the velocity field does not depend on 6€. Second, we observe from (B.4) and (B.8) that a constant
shift of ¢ does not affect the regularization loss. Looking more carefully at (B.3), a constant shift of all the even (or
odd) indices of € also does not change the loss (B.4) or (B.8). Therefore, it is not meaningful to compute the error
for 6€.

Appendix B.4. Hyperparameters for the numerical examples

We present all the hyperparameters of the numerical tests in this section.

We set the diffusion coefficient y = 1 for all problems, except for the double well potential example, where y = 0.1.
The reason for this difference is because if we set y = 1 in the double well example, the terminal distribution p(1, -)
will be very flat and we will not have a clear bifurcation pattern. In the LQ example in Section 5.3, we set § = 0.1.
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For all the numerical tests, we use a step size At = 0.01. The terminal time f.,q = 1 for all the tests except for
the double moon example. In the double moon example, we have a multi-stage splicing algorithm, with the first stage
being ¢ € [0, 0.2] and the second stage being ¢ € [0.2,0.4].

For the neural network parametrization (5), we use tanh as the activation function. The widths of the network are
20, 50, and 200 in 1, 2, and 10 dimensions for the RWPO and LQ problems. For the double moon flow matching
problem (in 2 dimensions), the width is 200. For the double well example, the widths are 50, 100, and 200 in 1,
2, and 10 dimensions. The double moon flow matching problem and the double well problem are harder due to the
bifurcation pattern.

For the regularized algorithms (Algorithm 2 and 3), we set the weight parameter for the HIB loss as 1 = 1 x 1073.

For all the examples, we train the model using the built-in Adam optimizer in Pytorch, with a learning rate 0.01.
The number of training steps is set such that the training loss is roughly stable. The number of training steps are 200,
200, and 300 in 1, 2, and 10 dimensions for both RWPO and LQ problems with Algorithm 1, regularized WPO with
Algorithm 2, flow matching for OU process with Algorithm 3. The number of steps for flow matching double moon
example and the double well example in 1, 2, and 10 dimensions, the number of training steps is 500.

Appendix C. remarks

‘We make a few remarks in this section.

The score dynamic (3c). [11] proposed a similar equation (in equation (13)) before. The higher order equations
for the score function are also proposed in [37]. But we have concrete numerical examples. We believe that we are
the first to apply the ODE dynamic for the second-order score function (3d) in practice. This equation significantly
enhances the accuracy of the regularized MFC solver, as demonstrated in Table 3 and 4.

Parametrization of neural network. In this paper, we parametrize f as a neural network with a single (hidden)
layer. As a consequence, the whole map from zj to z;,, is slightly different from the typical structure of a deep neural
network, as described in [9]. The layer structure for f is affine-activation-affine, so the composition of multiple layers
becomes affine-activation-affine-affine-activation-affine. In contrast, a typical structure for a deep neural network is
affine-activation-affine-activation-affine. The composition of two affine functions is still an affine function, so it is not
a big difference.

Related work on theoretical MFC. From a theoretical perspective, convergence properties of MFC problems have
been extensively studied in [38, 39]. In addition, [40] investigated the limit behavior as the number of agents ap-
proaches infinity. The maximum principle, a crucial concept in optimal control, has also been extended to the mean
field setting in [41], offering an understanding of the theoretical underpinnings of MFC problems. The mean field
game (MFG) problem [42] is closely related to MFC. [12] generalize the HIB equation to the master equation, whose
properties have been further investigated in [43, 44]. [45] study the convergence of particle system on Wasserstein
space.

HJB regularization for MFC solver. For the HIB regularization technique in Appendix B.1, we used absolute value
instead of a squared residual in (B.5) because it performs slightly better. In fact, both forms of regularization could
significantly reduce errors.

As for the reason why it reduces errors, we recall that we minimize the discretized loss function in the original
Algorithm 1. As a consequence, there is a trend of overfitting to the discretized loss. Adding a regularizer could
resolve this overfitting issue. Such issues for discretizations are also discussed in [46].

Computational cost for the score function via (12) and (13). When we compute the score function through (12),
the term V, log (det(V,T (¢, x))) could be tricky. Note that V, log (det(V,T(¢, x))) = V,det(V,T(t, x))/ det(V, T (¢, x)),
and the i-th component of V, det(V, T (¢, x)) can be computed through

0y, det(V,T(t,x)) = det(V, T'(t, x)) Te(V, T(z, x)7! 0, VT (2, x)).
Therefore, the i-th component of V, log (det(V,T'(¢, x))) in (12) is

Tre(V, T(t,x)"" 8, V. T(t, x)).
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As a consequence, the cost for computing one single score function s, through (12) is either from computing the
inverse of Jacobi matrix or solving the related linear system for each dimension. Classical numerical linear algebra
methods suggest that the complexity is O(d?), and the cost for one score trajectory {s;, }?’z’ o 18 O(N, d).

We can also compute the score function through (13), where we assume that the width of the neural network
<t

I . i
— and a—t are computed from auto-differentiations of the
20 20

deep neural network functions in (11). The computational cost for a single score s;, is O(j d*), because we need to
compute the back propagation of the deep neural network (11) with depth j using chain rule. However, the total cost
for computing a whole trajectory {st/,}?’; o 18 O(N, d°) rather than O(Nt2 d*) because we can efficiently store intermediate
computations. For example, according to (6), we can compute

is O(d), i.e., proportional the dimension. In this way,

0z, 0z, 0z, 07,
== (I + AtV f(t, 250 .
GZQ 31,/. aZO ( d Zf( J Zt" )) @Zo

. .. . . aZz,
with additional O(d?) operations if 3

is stored. Similarly, by (7), we can compute

20
ol al, 9z \"

o= L A=) V (V.- f(ti, 220
0z 0z (BZO) Z( A ))

ol,. 07,
with additional O(d?) operations provided that a—l’ and a—t’ are stored. Note that computing the inverse of the
20 20

Jacobian matrix or solving the related linear systems requires O(d>) operations following classical numerical linear
algebra methods. Therefore, computing s, ,, through (13) requires additional O(d?) operations if we smartly record
the results at ;. Consequently, the total cost for computing a whole trajectory {s;, }?’:’ o 18 O(N; d*). We also remark that
[47] give a derivation similar to (13).

Other methods to compute the score function. For the KDE method, an approximation for the density function is
obtained through taking the kernel convolution with samples directly. Then, one compute its spatial derivative and
obtain the score function via V. logp(t, x) = V,p(t, x)/p(t, x). However, the choice of kernel and bandwidth could be
tricky, and the numerical error could be large, especially in high dimensions [48]. Score matching [49] is another
commonly used method. With a small trick of integration by part and dropping a constant term that includes the
integral with squared score functions, one only requires samples to train a network for the score function. However,
training a neural network could be expensive, compared with the KDE method, which evaluates the score function
directly.

Regularity for the MFC problem. Formula (3) requires third order derivatives for the velocity field f. As a con-
sequence, we need regularity assumption for the MFC problem to guarantee that the ODE system is meaningful. In
this work, we assume that L and F are C'?>? Holder continuous, and G is C*? Holder continuous. According to
Schauder estimates [50, Chapter 4], these regularity assumptions guarantee that the velocity field has up to third-order
derivatives, ensuring that the ODE system (3) is meaningful.

The multi-stage splicing method. For our multi-stage splicing method (cf. Section 5.2), we partition the total time
span evenly and pass the trained neural network from the previous stage into the next stage. When the dynamic
becomes complicated, the length of the time interval could also be adapted to suit the problem [51].

Also, the neural network from the previous stage is probably not an accurate velocity for the new stage, but it does
contain more information than a random initialization. Therefore, this nice initialization could serve as a warm-start
[52] for the training in the new stage, which could accelerate the convergence of this algorithm.

Different numerical schemes for time discretizations. In the numerical tests, we have also tried other schemes
besides the forward Euler scheme, such as the implicit Euler scheme, the mid-point scheme, and the Runge-Kutta
scheme. The numerical results for different schemes are similar. We believe that the time discretization error is not
the bottleneck of our algorithm at this moment. It is probably more important to train the neural network properly.

Comparison with existing methods for MFC problems. Existing approaches to solving mean field control
problems includes

34



1. Forward-backward PDE solvers based on solving the Hamilton—Jacobi—Bellman (HJB) and Fokker—Planck
(FP) equations [53], which can be computationally expensive in high dimensions and rely on grid-based
discretizations.

2. Finite-player approximations, where one solves a large but finite system of coupled control problems, which

approximates the mean field limit but may require solving many subproblems simultaneously [54].

3. Stochastic control-based reinforcement learning (RL) approaches such as actor-critic methods [55] which

typically parameterize the value function and policy separately. Additionally, many RL techniques are
designed for discrete-time settings and face structural challenges when extended to continuous-time for-
mulations.

In contrast, our approach is based on parameterizing the dynamics directly via a neural ODE and optimiz-

ing

a population-level objective. This formulation avoids solving backward PDEs, scales more easily to high-

dimensional problems, and allows flexible incorporation of data-driven priors or structure. Moreover, our method
naturally accommodates continuous-time dynamics and can be interpreted through the lens of flow-based gen-
erative modeling, offering a novel perspective for solving MFC problems.
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