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Abstract. Neural networks are one tool for approximating non-linear differential equations used in scientific
computing tasks such as surrogate modeling, real-time predictions, and optimal control. PDE foundation
models utilize neural networks to train approximations to multiple differential equations simultaneously and
are thus a general purpose solver that can be adapted to downstream tasks. Current PDE foundation models
focus on either learning general solution operators and/or the governing system of equations, and thus only
handle numerical or symbolic modalities. However, real-world applications may require more flexible data
modalities, e.g. text analysis or descriptive outputs. To address this gap, we propose a novel multimodal
deep learning approach that leverages a transformer-based architecture to approximate solution operators for
a wide variety of ODEs and PDEs. Our method integrates numerical inputs, such as equation parameters and
initial conditions, with text descriptions of physical processes or system dynamics. This enables our model
to handle settings where symbolic representations may be incomplete or unavailable. In addition to provid-
ing accurate numerical predictions, our approach generates interpretable scientific text descriptions, offering
deeper insights into the underlying dynamics and solution properties. The numerical experiments show that
our model provides accurate solutions for in-distribution data (with average relative error less than 3.3%) and
out-of-distribution data (average relative error less than 7.8%) together with precise text descriptions (with
correct descriptions generated 100% of times). In certain tests, the model is also shown to be capable of ex-
trapolating solutions in time.

Keywords: Article Info.: Article History:
Multimodal AI Volume: 1 Received: xx/xx/2022
Generative Al Number: 2 Accepted: xx/xx/2022
PDE Foundation Model Pages: 1- xx
Transformer-Based Operator Learning Date: June/2022 Communicated by:
Scientific Text Generation doi.org/10.4208 /jml.ox XXX

1 Introduction

Neural networks have become increasingly important for solving non-linear differential
equations, with applications in climate modeling, financial forecasting, biological systems
analysis, and structural optimization (see for instance [8,32,36]). Their ability to model
complex, non-linear relationships allows for efficient and accurate predictions for various
scientific computing tasks such as surrogate modeling, real-time predictions, and opti-
mal control. Previous work in deep learning for partial differential equations (PDE) have
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focused on learning either the solution operator, which maps input functions to their solu-
tions, or the governing system of equations, which describes the constitutive model based
on observations of state variables [6,21,22,29,35,51]. These approaches, however, tackle
one task at a time and are limited to the use of numerical data.

Building on the observation that families of differential equations frequently share fun-
damental characteristics, recent work has introduced transformer-based architectures to
enable simultaneous encoding of various parametric differential equations [5,[17,24}25,39),
46-48]. Although effective, these methods require structured input and output data, with
vanilla ICON [46] focusing on numerical data and PROSE utilizing numerical and sym-
bolic data [25,39]. In this work, we consider additional modalities as both inputs and out-
puts to the model. Often, one has access or would like to produce heuristic descriptions of
the observed dynamics that are neither in symbolic nor numerical form, but instead come
as text descriptions. For example, consider modeling the dynamics of a complex ecological
system: the numerical inputs can include measured population levels, while text inputs
could describe key processes such as predator-prey interactions or migration patterns.
Similarly, in material science, numerical data could represent experimental results, while
text inputs provide the governing equation or describe the experimental setup. By com-
bining these modalities, the model may better capture the underlying rules and provide
more accurate and contextually informed predictions. The use of mathematical formulae,
text descriptions, and numerical values can provide a more robust development toward a
PDE foundation model. Note that in ICON-LM [47] both textual and numerical prompts
were provided as inputs; however, the model does not generate text descriptions since the
outputs of ICON-LM are the numerical predictions.

Consider the following parametrized differential equation:

F(u(x,t;c)) =0 (x,t) € Qx[0,T]
B(u(x,t;c)) =0 (x,t) € 9Q x [0, T] (1.1)
x;¢), x€Q,;c~D

where F denotes the governing equation, B denotes boundary conditions. The initial con-
dition G is a generating function, and c denotes the parameters that determine the initial
conditions from distribution D. The objective is to develop a single neural network model
capable of approximating numerically and describing in text the solution operators for a
range of governing equations F in (1.1)), which can include ODEs and PDEs. For simplicity
in experiments and data design, for the PDE dataset, we restrict our attention to periodic
boundary conditions. However, we note that the model would be able to handle different
boundary conditions simply by augmenting or extending the input by either providing
these conditions as numerical values or analytic formulae. We leave the interesting and
potentially more complex case of higher-dimensional PDEs for future work, as we expect
this to also require a novel data processing as in [24].

The text input may contain either the equation to solve or a text description of the system.
This is important in applications where one may only have a partial model or a description
of the underlying process. The numerical data includes the equation’s parameters and ini-
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tial conditions. For instance, suppose we want to solve the heat equation with parameter
¢ = 0.003 and initial condition u(x,0) = ug(x). The input to our model could be:

* A formal description: “The given equation is u; = Cilyy where ¢ = 0.003 and u(x,0) =
uo (x) . 7

* A more general description: “Solve the heat equation with parameter 0.003 and initial
condition ug(x).”

In our experiments, we primarily used the first type of input, where the equation is ex-
plicitly provided as a formula. However, given sufficient training examples, we expect
the model to also perform well when only a descriptive name or general description of
the equation is provided. In particular, the textual input description serves to disam-
biguate which parameters are being specified for the equation. For example, in equations
with multiple parameters (such as Burgers” equation with advection strength and viscos-
ity coefficients), the text input should explicitly name them (e.g., “advection strength =
1.0, viscosity coefficient = 0.01”), allowing the model to map the values to the correct com-
ponents of the equation.

With the input “The given equation is uy = cuyx where ¢ = 0.003 and u(x,0) = up(x),
model outputs:

7,

7
our

1. Numerical Predictions: The solution to the PDE at user-defined query locations.

2. Scientific Text Descriptions: A sentence or more that describes the scientific proper-
ties of the equation or the solution. For instance:

¢ Physical process modeled by the equation: “The heat equation is a parabolic PDE
that models the spread of heat in a material over time.”

¢ Alternative numerical methods to approximate the solution: “The heat equation
can be numerically solved using a combination of forward-time and central-space finite
difference methods.”

The generality of the generated text descriptions depends on the training set. For instance,
descriptions of other properties of interest may be included in the training set, such as the
long-term behavior of solutions, the presence of shocks or rarefactions, etc. We refer to
Section 4.4 Table [£.4] for various examples of generated text. The text is collaboratively
trained in the neural network with the goal of generalizing text descriptions to new sys-
tems.

As a representative example of our model’s capabilities, in Section ] we show that our
model can determine whether the solution to a given conservation law from the conser-
vation laws dataset will exhibit no shocks, shocks, or rarefactions. Specifically, on this
dataset the numerical output achieves a test error of 1.41% (see Table [4.2). In Figure
the last three rows illustrate that, when present, the locations and intensities of rarefac-
tions and shocks are correctly identified. Finally, Table[#.4]shows that the text descriptions
accurately capture shocks and rarefactions when present, with an F1 score greater than
0.94.
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1.1 Main Contributions.

We proposes a novel multimodal framework that integrates numerical and textual in-
put and output data for PDE foundation modeling. Our key contributions are as fol-
lows:

* Multimodal Framework: Our model integrates numerical inputs (e.g., initial con-
ditions and parameters) with text descriptions of physical processes, allowing us to
encode contextual information about the underlying dynamics. Moreover, by com-
bining multimodal inputs with multimodal outputs (numerical solutions and text
descriptions), our framework provides a novel, comprehensive, and interpretable
modeling approach.

¢ Custom Tokenization and Encoding: Recognizing the potential limitations of GPT
models in numerical tasks, we enhance the approach with a custom tokenizer to
encode multimodal inputs into a unified token sequence. Textual data are tokenized
using a pretrained GPT-2 backbone, while numerical data is encoded through a small
multilayer perceptron (MLP). Continuous numerical encodings have also been pro-
posed in [13], but without the use of an MLP. This encoding approach ensures com-
patibility between modalities and supports operator learning tasks sensitive to nu-
merical accuracy.

¢ Transformer-Based Operator Learning: We employ a cross-attention-based trans-
former for numerical output generation, allowing the model to approximate solution
operators efficiently. The numerical output decoder is designed to evaluate solutions
at independent query points, ensuring scalability with respect to both time and space
complexity.

¢ Scientific Description Generation: The model generates textual outputs using the
GPT-2 backbone in an autoregressive manner. This enables the generation of descrip-
tive and interpretable explanations of the system’s behavior, including properties of
the equation, of the solution, possible alternative methods to approximate the solu-
tion, etc.

2 Related Works

2.1 Foundation Models

Foundation models are large-scale, pre-trained models that can be fine-tuned for various
downstream tasks in natural language processing [3|42], computer vision [34], and other
domains including robotics and biology [12,/50]. Despite their versatility, these models are
not inherently suitable for number-sensitive tasks, such as scientific computing [44], PDE
discovery [35], and time series forecasting [41]], where high-precision solutions are criti-
cal. Early attempts have been made to adapt foundation models or similar transformer-
based structures for scientific computing tasks. Some approaches utilize pre-training and
fine-tuning techniques [7,/15], though these methods often require additional computa-
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tional cost for downstream tasks. The In-Context Operator Network (ICON) [5,46-48]
uses in-context learning to learn operators through example input-output pairs, which are
few-shot learners and have demonstrated generalization capabilities for various differen-
tial equations [48]. Zero-shot PDE foundation models integrate additional information
to aid the prediction process. ICON-LM [47] enables in-context learning with both text
descriptions of governing physics and numerical data in the model inputs, but outputs
are numerical only. In this way, text is used as a label to signal which PDE or task is
needed. The PROSE framework [17,24}25,39] is a multimodal approach that encodes
numerical data along with symbolic representations of the PDE. In recent work, PROSE
has been shown capable of extrapolation [39] and improved generalization through fine-
tuning [38]]. Other methods achieve zero- or few-shot generalization by embedding PDE
structures within the network architecture [26,49].

2.2 Multimodal Machine Learning

Multimodal machine learning focuses on models capable of integrating data from various
modalities [27,37,40,45]. A key area of interest in this field is developing methods for infor-
mation fusion across modalities, analyzing their interactions, and designing appropriate
models and algorithms. For instance, in visual-language reasoning [20}37,40], combin-
ing visual data like images or videos and linguistic information such as captions or text
descriptions [40] facilitates the development of models with enhanced multimodal under-
standing [20]. Similarly, Al robots utilize multimodal sensors, including cameras, radar,
and ultrasound, to interpret their environments and make well-informed decisions [11,23].
Notably, the concept of a multimodal sentence was introduced in PaLM-E [10], where im-
age and text can appear anywhere in the sentence and be processed in a flexible man-
ner.

2.3 Transfer Learning

Transfer learning has become a cornerstone of modern machine learning, enabling the
adaptation of pre-trained models to specialized tasks with relatively limited data [31].
In the context of large language models (LLMs), such as GPT and BERT, fine-tuning on
domain-specific data allows the model to leverage its extensive pre-trained knowledge
while focusing on the nuances of a target domain [18,33]. For instance, fine-tuning GPT-
2 or GPT-3 models on scientific texts has shown improved performance in tasks such
as equation generation, technical summarization, and scientific question answering [3].
In our work, which follows the operator learning paradigm, we fine-tune an LLM with
examples of numerical equations, symbolic representations, and descriptive text to en-
hance its ability to generate meaningful and contextually relevant outputs. The inclu-
sion of this step in our framework, aligns well with recent advancements in multimodal
tasks [14,25,139], demonstrating the importance of adapting pre-trained LLMs to special-
ized contexts.
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The equation is u_t = ... The initial condition is u_0=(0.6, 1.2, ..., 1.6)
MLP
{ Large Language Model (GPT2) ]
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I Multi-head
Attention
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Figure 3.1: Model Illustration. Our model processes multimodal input, where textual prompts describe equations,
and numerical values represent initial conditions and parameters. A custom tokenizer encodes text using a GPT-2
tokenizer and numerical inputs via an MLP. The tokenized sequence is processed by an LLM backbone, followed
by two decoding pathways: a transformer decoder for text generation and a data decoder with cross-attention to
construct the operator.

3 Methodology

3.1 Model Overview

The model consists of two main components: (1) pretrained GPT-2 backbone [33], and (2)
cross-attention-based transformer for operator-style output evaluation similar to the one
used in [25]. An illustration of the model is provided in Figure Given multimodal
input data containing textual prompts describing the equation and numerical values rep-
resenting initial conditions and parameters, our custom tokenizer first encodes the input
data into a multimodal sequence of mixed tokens. The text input is encoded similarly to
language models, where the GPT-2 tokenizer is used. For the numerical inputs, a small
multilayer perceptron (MLP) is used to encode the numerical data into feature vectors.
This continuous encoding strategy similar to the one proposed in [13], demonstrates im-
proved generalization, and is more suitable for number-sensitive tasks. The tokenized
sequence is fed into the LLM backbone, which processes the input sequence and performs
token mixing. Two different decoding methods are used to generate bi-modality output,
and we discuss them in the following sections.

3.2 Transformers

Transformers are attention-based models that excel in tasks involving sequential data [43].
The attention mechanism [2] is the key component of transformers, which is used to weigh
the importance of different elements in a sequence, allowing efficient parallelization and
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capture of long-range dependencies. This architecture has been highly successful in vari-
ous domains, including natural language processing [33]], computer vision [9], and more
recently scientific computing [4,[25,46]. It is also the building block of the GPT-2 backbone
used in our model. Each layer in standard decoder-only transformers such as GPT-2 con-
sists of two sub-layers: self-attention and feedforward layers. Given the input sequence
X = (x1,x2,...,%y) € R"*4 each transformer layer processes the input as follows:

X" = LayerNorm(X) (3.1)
Y = X + Multihead Attention(X’, X', X") (3.2)
Output = Y + FeedForward(LayerNorm(Y)) € R™*4. (3.3)

The feedforward layer is a 2-layer multilayer perceptron (MLP), and the multihead atten-
tion mechanism (with & heads) is defined as follows:

Attention(Q, K, V) = softmax (QKT> Vv (3.4)
7 4 \/@ 7 .
Multihead Attention(Q, K, V') = Concat(heady, . . .,headh)WO, (3.5)

where dg is the number of columns of K, softmax is computed along each row, and each
head is computed via

head; = Attention(QWZ, KWK, Vi) € R™ (/). (3.6)

Here, Q, K, and V the input are the query, key, and value matrices of dimension n x d,
respectively (for self-attention, Q = K = V = X). WZ.Q, WK, WY e R¥*(@/7) are the learned
projection matrices for the i-th head, and WC € R%*4 is the output projection matrix.

3.3 Operator Evaluation

We generate numerical outputs representing equation solutions in the operator style. The
Data Decoder in Figure [3.1| employs a cross-attention mechanism to construct the oper-
ator, creating a connection between the LLM-processed input sequence and the output
functions. The query locations, which represent the independent variables of these out-
put functions, act as evaluation points. Notably, these query locations are independent of
each other, meaning that evaluating the operator at one point does not influence its eval-
uation at another point. Consequently, the time and space complexity scale linearly with
the number of query locations. Furthermore, since the evaluation points are decoupled
from the network’s encoding process, this approach resembles the principles underlying
branch and trunk networks in DeepONet [28]].

3.4 Autoregressive Text Generation

To generate text output, we use the standard autoregressive next-token prediction ap-
proach with the LLM backbone [43]. To generate the complete text output, we iteratively
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predict the next token in the sequence until a special end-of-sequence token is generated.
At each step, the LLM generates the probability distribution for the next token, and we
greedily select the token with the highest probability. Note that other decoding strate-
gies such as beam search or sampling can be used to improve the quality of the generated
text [19,30]. During training time, to enable parallelization, we input the complete text
sequence and explicitly mask out the future tokens for text generation and output tokens
for Data Decoder.

3.5 Loss Function

For the operator evaluation, we use the relative squared error £,,, which makes learning
more uniform among different families of equations with various data scales as shown
in [16]. We also pad the equation solution to unify the data dimension so that the padded
positions are not included in the loss calculation. For text generation, we use the standard
cross-entropy loss L; between the generated text and the ground truth text. The total loss
is the sum of the two losses:

L= £(( s),(#,8)) = aLly(u, i)+ BLi(s,8)

B
« Z (i — ulHZ é Z CrossEntropy(s;, §;),
B&  ||luil3 "B i=1

where the weights «, B are hyperparameters to balance the two losses, i is the index for
i-th element in the batch of size B, u is the ground truth numerical output, # is the model
numerical output, s is the text output ground truth, and $ is the model text output log-
its.

4 Results and Discussion

This section presents the results of numerical experiments. In the first section, we de-
scribe the evaluation metrics, then we conduct four studies. First, we show the results on
test data sampled from the same distribution as the training data. Second, we study the
text generation performance for each equation class. Then we perform a study on out-of-
distribution data. Finally, we test the ability of our network to extrapolate dynamics in
time.

In all numerical experiments (Sections [.6), the model receives a multimodal input,
combining textual and numerical initial conditions and parameters, and is tasked with
producing the numerical solution over the full time interval. While the model generates
both numerical solutions and text descriptions, these sections only evaluate the model’s
numerical prediction capabilities. The text description output is evaluated separately in
Section In the first two numerical studies (in-distribution and out-of-distribution test
data) we provide the initial condition (solution at time 0) and task the model to predict
the solution on the time interval [0,5]. For the extrapolation in time study,the model is
given its prediction of the solution at time 5 as the initial condition and asked to predict
the solution on the longer time interval [5, 10].
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The results in this section demonstrate that our model not only provides accurate solutions
for equations where parameters are sampled within the same intervals as the training data,
but also that it maintains a reasonable predictive accuracy for out-of-distribution (OOD)
cases where parameters are sampled from larger intervals and, in some cases, is capable
of extrapolating solutions in time. Furthermore, Section 4.4/ demonstrates that our model
is also able to produce accurate and consistent text descriptions.

4.1 Dataset Overview

We generate a synthetic dataset consisting of 52 parametric differential equations, in-
cluding both ODEs and PDEs of varying dimensions. The dataset is designed to cover
a wide range of dynamics, including linear and non-linear systems, conservation laws,
and reaction-diffusion equations. For each of the 52 parametric equations, we sample
100 parameters in the range [Q — 0.1Q, Q + 0.1Q], where Q denotes the value of interest,
resulting in a total of 5200 distinct equations. In addition to solution trajectories, each
family of equations also comes with a set of text descriptions that describe the dynamics
and properties of the system, generated using GPT-4 [1]. We enumerate all 52 parametric
equations in Table For more details about the dataset, we refer to Appendix

4.2 Evaluation Metrics

We evaluate performance using a relative error for numerical outputs and the BERTScore
for text outputs. These metrics are defined as follows:

1. Given a numerical prediction # and ground truth solution u, the relative error is
defined as:
% — u]

]

Relative Error =

where || - || denotes the Euclidean norm.

This metric measures the accuracy of the numerical solution generated by the model
over the time interval compared to the true solution. The structure of # depends on
the problem dimension:

e For 1D ODEs, u is a vector containing solution values at discrete query time
points.

¢ For higher-dimensional ODEs, u is a matrix where each row corresponds to a
different component of the solution, and each column represents a query time
point.

¢ For 1D PDEs, the solution u has spatial structure. We discretize the spatial do-
main into 128 points and treat each spatial point as an independent dimension.
Thus, the solution is represented as a matrix of size 128 x (number of query time
points), where each row corresponds to a specific spatial location, and each col-
umn represents a different query time.
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Type Equation Index
uy = asin(27t)u 1
uy =aexp(—t)+b 2
1D ODE up = at® cos(u) + bu 3
uy = asin(exp(—0.5¢) sin(3 - t)) + bu 4
uy = atsin(u) 5
Van der Pol 8
Lotka-Volterra 9
2D ODE FitzHugh-Nagumo 10
Brusselator 11
Duffing 12
SIR Model 6
3D ODE Neural Dynamics 7
Heat 13
Porous Medium 14
Klein Gordon 15
Sine Gordon 16
Cahn Hilliard 17
Korteweg De Vries 18
PDE Advection 19
Wave 20
Diffusion-reaction Logistic 21
Diffusion-reaction Linear 22
Diffusion-reaction Bistable 23
Diffusion-reaction Square Logistic 24
Fokker-Plank 34
Burgers 25
Inviscid Burgers 26
Conservation law Linear Flux 27
Conservation law Cubic Flux 28
Inviscid Conservation law Cubic Flux 29
Conservation law Sine Flux 30
Inviscid Conservation law Sine Flux 31
Conservation law Cosine Flux 32
Conservation Laws Inviscid Conservation law Cosine Flux 33
Burgers-Inviscid Conservation law Cosine Flux with one shock | 35-43
Burgers-Inviscid Conservation law Cosine Flux with rarefaction | 44-52

Table 4.1: Equations by type with corresponding indices. Each equation has parameters (such as a and b in the
1D ODE set) that are sampled during the data generation process.

2. BERTScore evaluates sentence similarity by comparing token-level representations
using a pre-trained BERT model. Precision, recall, and F1 scores are calculated based
on token alignments between two sentences. Precision measures the proportion of
tokens in the generated sentence £ that are relevant to the reference sentence x, in-
dicating how much of the generated content matches the reference. Recall measures
the proportion of tokens in the reference sentence x that are found in the generated
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sentence £, reflecting how well the generated sentence captures the content of the
reference. The F1 score is the harmonic mean of precision and recall, balancing rel-
evance and coverage. An F1 score of 1 indicates perfect precision and recall, while
lower scores suggest imbalances between the two. Precision, recall, and Fl-score are
computed as follows:

_ 1 Tg _ 1 Te
BERTScore-R = T Lyex Maxgcs X; Xj, BERTScore-P = Il Zf]@? maxyex X; %

2 - BERTScore-P - BERTScore-R

BERT -F1 =
Score BERTScore-P + BERTScore-R

where x; and £; are the token embeddings from the reference x and candidate £,
respectively, and x?ﬁj represents their dot product.

4.3 Numerical Predictions on Test Data

In this section, we present numerical results on test data sampled from the same dis-
tribution as the training data. As detailed in Section to generate the training data,
we uniformly sample the parameters of each differential equation within the range [Q —
0.1Q, Q +0.1Q], where Q denotes the parameter value of interest. This range corresponds
to a 10% relative variation around each parameter’s nominal value. In this section, we
evaluate the in-distribution performance of our method, i.e., its performance on test data
where the parameters are also uniformly sampled from the range [Q — 0.1Q, Q+0.1Q)].

Table 4.2|shows the results for each equation class. We can see that in all cases the low rel-
ative error is achieved (< 5.4%) with errors especially low for the PDEs and Conservation
Laws classes (< 1.9%). This discrepancy between ODE and PDE sets can be explained by
the fact that low-dimensional systems often have simpler dynamics, making them more
sensitive to perturbations and modeling inaccuracies. This sensitivity can make small
deviations more pronounced and result in larger relative errors. Figure shows one
prediction example per class. As explained above, for testing the only numerical data
provided to the model was the initial condition and the equation parameters in the mul-
timodal input sentence and the model was tasked to predict the solution on [0,5]. From
the figure, we see that the prediction is almost indistinguishable from the ground truth.
For the PDE and Conservation laws examples the largest error is observed where there
is a sharp transition in the dynamics. However, in all cases, the main features of the so-
lutions are correctly predicted. Notably, in the case of conservation laws with rarefaction
and shocks (rows 4 and 5 of the figure), the location of both the rarefaction and shock are
correctly identified.

4.4 Scientific Text Description Generation

Each equation in our dataset was associated with 50 different text descriptions. During
training, given the equation in text form and the initial condition as numerical data, the
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Class Relative Test Error (%)
1D ODE 3.00%
2D ODE 5.36%
3D ODE 4.43%
PDE 1.85%
Conservation Laws 1.41%
Total Average 3.21%

Table 4.2: Relative Errors on Test Data per Class

model produces a text description. In this work, the text descriptions for training were
generated using GPT-4 and described multiple properties of the equation to be solved.
Some descriptions focus on the equation and its properties (such as order, linearity, and
main equation terms), some focus on classical numerical methods which may be used as
an alternative to produce an approximate solution, and some focus on the natural dy-
namics that the equation describe (for example the Lotka Volterra system describes the
interactions between prey and predators in an ecosystem). For evaluation, we accept as
“correct” any description that is consistent with the corresponding equation.

To evaluate the accuracy of generated text descriptions, we use BERTScore to measure
sentence similarity. Specifically, for a given input, we generate an output text description
and compare it with a randomly selected text description from the set of 50 associated with
the equation. The results of this comparison on test data for each class are shown in Table
From the table, we see that the average BERTscore is high (> 0.935) for all classes. Note
that the BERTScore is slightly below a perfect match because of the inherent variability in
the text descriptions. When we randomly select a description for comparison, it may focus
on a different property of the equation than the one described by the generated output.
For example, one description may emphasize the order of the equation, while another
focuses on a classical numerical method used to approximate its solution. Although both
descriptions are consistent and correct for the given equation, their semantic similarity
would be low due to the differences in focus. This discrepancy leads to slightly reduced
BERTScores, even when the generated descriptions are valid. For 100 test examples, we
manually verified that the text descriptions were consistent with the provided multimodal
input and found them to be accurate 100% of the time.

Table 4.4/ shows the input data, example description for that class, generated text, and cor-
responding BERTscore-F1 for the numerical results from Section Figure We see
that in all cases the generated description is consistent with the input data, i.e., it correctly
describes the equation or the properties of the solution. However, the BERTScore-F1 is not
perfect because of small semantic discrepancies between the example and generated de-
scriptions. For example in the 1D ODE case the example description mentions “a decaying
exponential term” while the generated text mentions “a time-varying control term”. Both of
these descriptions are consistent and correct with respect to the input data (“The ODE is
uy = asin(exp(—0.5¢t) sin(3t)) + bu we have initial data u = ... and coefficients [a,b] = ...”),
but semantically they are different, hence the reduced BERTScore of 0.911.
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Figure 4.1: Comparison of Outputs: For PDE examples, we show from left to right the ground truth solution, the
predicted solution, and the absolute difference. First row: from left to right 1D ODE (index 4), 2D ODE (index
12, Duffing system), 3D ODE (index 7, Neural Dynamics). Second row: PDE (index 18, Korteweg De Vries
equation). Third row: Conservation Law (index 25, Burgers' equation). Fourth row: Conservation Law with
rarefaction (index 47, Inviscid Conservation law Cubic Flux); Fifth row: Conservation Law with shock (index 43,
Inviscid Conservation law Cosine Flux)

An interesting scientific application of our method can be seen when we apply it to con-
servation laws (see the last 3 rows of Table . In that case, we are interested in gener-
ating text descriptions that can characterize the solution behavior and determine whether
shocks or rarefactions are likely to form based solely on the input data. This capabil-
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ity of our method is particularly significant as being able to predict whether shocks or
rarefactions will form directly from input data is crucial for understanding and control-
ling systems governed by conservation laws, especially when dealing with complex, non-
linear dynamics arising for example in fluid dynamics, traffic flow, and material science
applications. This example shows that our multimodal LLM method is able to leverage
physical knowledge encoded in equation structures (text input data) alongside numerical
data (such as initial conditions and parameters) to produce informed conclusions (deter-
mining the presence of shocks or rarefactions). Finally, the ability of our model to produce
as output simultaneously a numerical solution (see Figure and a text description (see
Table allows for a deeper understanding of the problem and more interpretable re-
sults.

These examples demonstrated the ability of our model to produce any description coher-
ent with the input data without requiring the description to focus on a specific property
of the equation or of the solution. A simple modification of this model could be to include
in the input data a short text prompt that specifies what property of the problem the out-
put text description should focus on. For example, we could require a description of the
long-time behavior of the solution, a possible discretization of the equation, or if the given
equation can be used to model real-world dynamics. We leave this as future work as this
would require a more general example description set.

Class BERTScore - Precision | BERTScore - Recall | BERTScore - F1
1D ODE 0.919 0.915 0.917
2D ODE 0.950 0.950 0.950
3D ODE 0.918 0.915 0.916
PDE 0.947 0.949 0.948
Conservation Laws 0.952 0.952 0.952
Total Average 0.937 0.936 0.937

Table 4.3: BERTScore results per class

4.5 Out-of-distribution Testing Performance

In the previous section, the train and test datasets were generated with parameters uni-
formly sampled from the range [Q — 0.1Q, Q + 0.1Q] where Q was the quantity of inter-
est. In this section, we test our algorithm on out-of-distribution data, specifically, the test
data parameters are sampled from [Q — 0.2Q, Q + 0.2Q] (20% relative range) and from
[Q —0.3Q,Q + 0.3Q] (30% relative range). Table shows the test errors respectively
for 10% relative range (in-distribution test data), 20%, and 30% relative range (out-of-
distribution test data). As expected, we observe an increase in the relative error as we
increase the parameter’s relative range; however, the error remains low for most equation
classes. The average error is < 3.3% for the 10% range, < 7.8% for the 20% range, and
< 12.0% for the 30% range.

We note that the 2D ODE class exhibits the largest increase in error as we expand the pa-
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rameter range. This behavior is due to the sensitivity of these systems to changes in their
parameters. Many of these equations, such as the Van der Pol oscillator, Lotka-Volterra
model, FitzHugh-Nagumo model, Brusselator, and Duffing oscillator, exhibit highly non-
linear and often oscillatory dynamics. In such systems, even small deviations in parameter
values can result in significant changes in the amplitude, frequency, or overall trajectory of
the solutions leading to dynamics that deviate substantially from those seen during train-
ing. For example, for the Duffing oscillator small parameter shifts can move the system
between periodic and chaotic behaviors while for Van der Pol small changes in parameters
can shift the system between weakly and strongly oscillatory regimes.

As the relative parameter range increases, we observe that the error roughly doubles.
Since our model relies solely on the initial condition as numerical input, it must infer
the entire trajectory based on limited information, which can amplify errors when the sys-
tem’s behavior deviates significantly from the training data. A possible way to mitigate
this issue is to provide the model with additional time steps of the solution as input. In-
cluding more time steps offers the model a richer context about the dynamics, allowing it
to identify trends and patterns that remain consistent even as parameters vary. This addi-
tional information can stabilize and regularize the learning process, reducing the model’s
reliance on extrapolation from the initial condition and improving its ability to adapt to
unseen parameter values [25]. We leave the addition of multiple time steps as input as a
future work.

4.6 Extrapolation in time

In this section, we study the ability of our method to extrapolate the dynamics in time.
As explained in Section the model is trained on data generated on the time interval
[0,5]. In the previous sections, the trained model received as numerical input the solution
at time ¢ = 0 (the initial condition) and was tasked with producing the solution over the
entire time interval [0,5]. In contrast, in this section, we investigate the model’s capacity
for temporal extrapolation by providing, as the initial condition, its own approximation
of the solution at time ¢+ = 5. The model is then tasked with generating the solution on
the time interval [5,10]. Note that we only show extrapolation results for certain classes
of equations where the solution at time t = 5 is similar to the initial condition used for
training. This is because if the solution at t = 5 differs significantly from the training data
the new input may be an OOD example.

Table shows extrapolation results for heat equation, advection equation, diffusion-
reaction equation, inviscid conservation law with cubic flux and conservation law with
sine flux. For each class, we sample 70 different parameters and initial conditions and
report the average relative error in the numerical solutions over the time interval [5,10].
We see that the extrapolation error is < 13% for most equation classes showing the ability
of our model to extrapolate in time in most cases. For the advection equation class, the
error is quite high (around 30%) due to the nature of the solution, which often includes
sharp changes. While the general shape of the solution can often be predicted, if the initial
approximation at t = 5 is slightly shifted or inaccurate, these sharp transitions cause a sig-
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Table 4.4: Example and generated text descriptions and BERTScore-F1 similarity with corresponding input data
for different equations.
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Class 10% Relative Range (Training) | 20% Relative Range | 30% Relative Range
1D ODE 3.00% 7.19% 12.56%
2D ODE 5.36% 15.15% 25.71%
3D ODE 4.43% 6.46% 8.86%
PDE 1.85% 3.56% 5.82%
Conservation Laws 1.41% 3.54% 6.66%
Total Average 3.21% 7.78% 11.92%

Table 4.5: Relative Errors on out-of-distribution test data. From left to right, results on 10% relative range
(in-distribution data), and results from 20% and 30% relative range for each equation class.

nificant increase in the error on the time interval [5, 10] (see Figure[.2]row 2 for an example
of an advection equation extrapolated solution with sharp intensity changes).

Figure[4.2shows one example of extrapolated solution per class on the time interval [5, 10].
By comparing the ground truth (first column of the figure) with the prediction (second
column of the figure) we can see that in all cases the general dynamic is correctly extrapo-
lated. The absolute error (last column in the figure) indicates that the largest errors occurs
where the solution exhibits sharp changes in intensity. This is expected, as even a minor
deviation in the solution at t = 5 can lead to a shift in the prediction, resulting in a large
absolute difference. This occurs even when the average error remains small and the main
features of the dynamics are accurately captured.

We note explicitly that larger errors for extrapolation in time are expected. This setting
presents two main challenges for our model. First, it relies solely on the initial condition
to generate the entire trajectory. Second, this initial condition is not exact, but rather the
model’s own prediction at t = 5. As such, it already contains some degree of error or
noise. This compounds the difficulty, as the model must now predict future states based
on a single data point that is itself inexact. One possible way to mitigate this issue is to
provide the model with the solution at multiple time steps to give a broader temporal
context. However, when these additional steps are themselves generated by the model,
they may still carry accumulated inaccuracies. Despite this, incorporating multiple past
predictions could help the model recognize trends and reduce error growth. This would
be similar to the numerical input used in [25].

Equation Relative Error (%)
Heat Equation 8.65%
Advection Equation 29.3%
Diffusion-Reaction Square Logistic 9.08%
Inviscid Conservation Law Cubic Flux 7.94%
Conservation Law Sine Flux 12.9%

Table 4.6: Relative Errors for extrapolation in time for different equations classes. The model is given as numerical
input its approximation of the solution at time f = 5 and tasked to produce the solution on the time interval
[5,10].
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Figure 4.2: Example of extrapolation in time. The model is trained on data generated for ¢ € [0,5] and tasked
to predict the solution for t € [5,10]. From left to right, ground truth solution, predicted solution, absolute
difference. First row: Heat Equation (index 13), Second row: Advection Equation (index 19). Third row:
Diffusion-reaction Square Logistic (index 24). Fourth row: Inviscid Conservation law Cubic Flux (index 29) ;
Fifth row: Conservation law Sine Flux (index 30)

4.7 Comparison with other methods

Comparison with Standard Operator Learning: Popular operator learning methods, such
as Fourier Neural Operators (FNO) and DeepONet [29], assume a fixed underlying
equation across training samples and learn mappings from function spaces to function
spaces using only numerical inputs. In contrast, our network encodes multiple equations
simultaneously, with only initial conditions and equation parameters provided as numer-
ical data (while equations are encoded in the text input). This yields a problem ill-posed
for standard operator learning methods, which would have to infer solely from the nu-
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merical input both the solution operator and governing equation (including unknown
forces), making a fair comparison not feasible. As a baseline test, [25] (Table 5) compared
FNO and DeepONet with the PROSE model applied to ODE examples, where historical
context is provided, i.e., multiple input snapshots of the solution are available instead of
only the initial condition. Even with this additional information, DeepONet and FNO
produced relative errors respectively of 8.51% and 9.40%. Similarly, in [39] (Table 5), FNO
and DeepONet are compared to the PROSE-PDE model on the same PDE dataset used in
this paper (noting that [39] uses multiple input snapshots, while we only use the initial
condition). For the PDE examples, the relative errors for DeepONet and FNO were re-
spectively 32.07% and 34.86%, while for our model the relative error was 1.85%. Finally
in Table 4.7lwe summarize the differences and similarities between our method and other
state-of-the-art methods in terms of model capabilities, inputs and outputs.

Multi-operator
Method Input Type Output Type Learning
numeric numeric
Our method text text v
symbolic (LaTeX) symbolic (LaTeX)
numeric numeric
PROSE symbolic (Polish Notation) | symbolic (Polish Notation) v
numeric
ICON-LM text numeric v
in-context
FNO, DeepONet numeric numeric X

Table 4.7: Comparison of methods by input/output types and multi-operator learning capability.

Comparison with ICON-LM and PROSE: While our work shares some high-level goals
with ICON-LM [47] and PROSE [25], the underlying methodology is fundamentally dif-
ferent in key aspects. ICON-LM relies on in-context learning by providing the model
with multiple input-output pairs (e.g., initial conditions and their corresponding solu-
tions) during inference. In contrast, our model uses a fixed architecture trained across
systems and does not rely on in-context examples at inference time, making a direct com-
parison with ICON-LM not meaningful. Similarly, PROSE encodes PDEs using symbolic
forms in Polish notation and does not use natural language text as input. Our model,
on the other hand, takes textual descriptions, including analytic LaTeX formulas, as in-
put, which allows us to leverage pretrained language models such as GPT-2 for encoding.
Rather than training a text encoder entirely from scratch, as done in PROSE, we use GPT-
2’s pretrained representations of language and mathematical tokens and only fine-tune it
on our domain-specific data using a small learning rate. This design provides flexibility
in how equations and parameters can be described, since GPT-2 already has a rich prior
over natural and formal language, and efficiency, as it eliminates the need to retrain the
entire model end-to-end. In contrast, PROSE requires training the full model from scratch
for symbolic reasoning over equations. Furthermore, a key novelty of our method lies in
its ability to generate textual output descriptions of the dynamics, which neither ICON-
LM nor PROSE are designed to do. These similarities and differences are summarized in
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Table Although, as explained above, a comparison of our method with PROSE may
not be fair, we provide a comparison of the numerical accuracy obtained by our method
and PROSE-PDE [39] on the PDE dataset when only the initial condition is provided as
numerical data. Specifically, we use the PROSE-PDE 2-to-1 model with the default hy-
perparameters (introduced in Section 5.1 of [39]), where the symbol decoder is omitted,
thus the model only produces the numerical solution. As input for the PROSE-PDE 2-to-1
model we provide the full equation in symbolic form (which includes the equation coeffi-
cients) and the initial condition. For our model the input provided contains the equation
in text format, the initial condition and equation coefficients as in our previous examples.
We then compare the numerical outputs of these two models on the time interval [0, 5]. For
this data our method produced an error of 1.35% while PROSE-PDE produced a relative
error of 2.27%. We believe this performance difference is due to two main factors. First, the
use in our approach of pre-trained GPT-2: the textual input is encoded using pretrained
GPT-2 which already contains rich representations of natural language and mathematical
tokens. We only fine-tune it (using a small learning rate) for our specific setting. This
transfer learning reduces the burden of learning text representations from scratch and al-
lows the model to generalize more effectively to diverse PDE descriptions. In contrast,
PROSE-PDE trains its symbol encoder from scratch using Polish notation, which requires
learning both the syntactic and semantic structure of the symbolic representation without
any pretrained priors. Second, PROSE-PDE has fewer parameters overall (approximately
71.5 million) than our model (approximately 150 million), which limits its ability to cap-
ture both textual and numerical dependencies with the same accuracy.

Comparison with ChatGPT: While large language models like ChatGPT are capable of
generating textual descriptions from prompts such as the name of a PDE or its equation,
they lack the ability to combine the text input to the numerical context which is necessary
to produce accurate and physically meaningful classifications of solution behavior. Our
method differs significantly from language models such as ChatGPT in that it combines
both textual input and numerical data to generate output descriptions. This multimodal
approach connects the textual descriptions with the observed data, which is particularly
valuable in cases where the same equation name alone may refer to multiple dynamics.
For instance, in our experiments on conservation laws, for the same equation, different
initial conditions may result in different solution behaviors such as shock formation or
rarefaction patterns so a simple strategy like providing the equation name as a prompt to
ChatGPT would not provide an accurate dynamics description. Moreover, because of the
tokenization used by these methods, even adding numerical data to the ChatGPT prompt
would not result in the same accuracy as our model. To explore the ability of ChatGPT
(version 3.5) to produce meaningful textual descriptions we manually provided it with
the same input as our model and asked to classify the equation, the initial condition and
determine if no shocks, shocks or rarefactions formed in the solution. In particular, an
example of a prompt given (omitting for brevity the numerical data) is:

The equation is ut = -q1(f(uw))x + 92/pi uxx where f(u) = 1/3 u"3.
Initial condition are = [...] and coefficients [...].
With one sentence describe the equation, the initial condition and



J. Mach. Learn., 1(2):1-xx 21

if there are shocks or rarefactions in the solution.

Table[4.8]shows the results of this comparison on 8 different conservation laws inputs. The
misclassifications are highlighted in red. For these inputs our model was correct 100% of
the times in identifying the equation, initial condition and solution behavior. ChatGPT
gave completely correct answers for 2 out of 8 examples, it misclassified the equation in 1
out of 8 examples and incorrectly classified solution behavior in 6 out of 8 examples.

5 Conclusion

This work introduces a multimodal transformer-based framework for operator learning
that integrates numerical and textual data to approximate solution operators for a diverse
class of ODEs and PDEs. By incorporating both types of data, our model bridges the gap
between numerical predictions and scientific interpretability, making it well-suited for ap-
plications where numerical and textual inputs/outputs are required. The framework’s
ability to output both numerical solutions at query locations and scientifically meaningful
text descriptions of system dynamics represents a step toward interpretable and compre-
hensive PDE foundation modeling.

Our experiments demonstrated that the proposed approach is able to produce accurate
solutions for in-distribution data, with average relative error less than 3.3%, and out-of-
distribution data, with average relative error less than 7.8%, showcasing its robustness
and generalization capabilities. Notably, the model can also extrapolate solutions over
extended time intervals. Finally, the generated text descriptions are both accurate and
informative, with coherent descriptions generated 100% of times, covering diverse aspects
of the equations and their solutions, including physical interpretations and alternative
numerical methods to approximate solutions. Future work could explore extending the
framework to more complex systems, incorporating additional data modalities, scalability
for high-dimensional systems, and expanding the text description scope.
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Table 4.8: Comparison table with input equations, true description, ChatGPT-generated answer, and our output.
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A Dataset Details

We list below the parametric equations and the corresponding paramters used to gen-
erated the data. For ordinary differential equations (ODEs), we use SciPy’s solve_ivp
function to compute solutions. All ODEs solutions are generated for t € [0,5]. Partial
differential equations (PDEs) and conservation laws are generated following the method-
ology described in [39], to which we refer for detailed information on specific solvers. All
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PDEs and conservation laws solutions are generated for (t,x) € [0,5] x [0,2] except oth-
erwise stated below. To create the dataset, we sample 100 parameter values in the range
[Q—0.1Q,Q + 0.1Q)] for each of the 52 parametric equations, resulting in a total of 5200
unique equations. For the ODE set we sample 50 initial conditions per equation, while for
the PDE set we sample 100 initial conditions per equation. Additionally, for each of the
equations, we generate 50 text descriptions using GPT-4. These descriptions focus on a va-
riety of properties of the dynamics. In particular, some focus on scientific properties of the
equation and its solution, such as order, linearity, main equation terms, or the presence of
shocks or rarefactions in the solution. Others describe classical numerical methods which
may be used to produce an approximate solution. Other focus on the natural dynamics
that the equation describes, for example, the Lotka Volterra system describes the interac-
tions between prey and predators in an ecosystem. Below is a complete list of equations
with the corresponding parameters of interest.

ODE 1 (index 1):

u . _
i asin(27tt)u, a=1
ODE 2 (index 2): J
au _ —
=ae b (o] =12]
ODE 3 (index 3): p
di: = at® cos(u) + bu [a,b] = [1,3/10]

ODE 4 (index 4):

du _ (05t _
o = asin (e sm(3t)> + bu [a,b] =[2,1/2]

ODE 5 (index 5):

du . -
I = atsin(u) a=23/2

SIR System (index 6):

45 — —BSI
4 =pBSI—9l [B,7] =[0.3,0.1]
% =11

Neural Dynamics System (index 7):

%5 = aE — BEI — vE + 0.01 sin(#)

4l _ §F — el [, B,,9] = [0.2,0.1,0.05,0.5]
4 — 9] — pH
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Van der Pol Oscillator (index 8):

dx _
?—]/
A

Lotka-Volterra System (index 9):

{Zd’;:ocx—ﬁxy
F=oxy—y

FitzHugh-Nagumo System (index 10):

U
{dt—v 3 w+ 1

o —1(p+a—bw)

Brusselator System (index 11):

4 — A+x%y — (B+1)x

{‘2 = Bx —x%y

Duffing System (index 12):

dat

Heat Equation (index 13):

ou %u

o 1ox2

Porous Medium Equation (index 14):

ou 02
o = 2 (1)

Klein-Gordon Equation (index 15):

azu 2 4 2821/[
32 + gaqiu = N32

Sine-Gordon Equation (index 16):
82

u .
E) + gsin(u)

=y
v — —6y — ax — B3

28

u=2

[a,B,7v,6] =[1.5,1,3,1]

[1,a,b,7] = [0,0.7,0.8,0.8]

[A, B] = [2,4]

[, B,8] = [1,02,0.3]

g =3x1073

m = 2, 3,4, tfinal =01

[qll qZ] = [110-1], tfinal =1

ou

~ a2

q=1, tfinal =1
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Cahn-Hilliard Equation (index 17):
0%u otu ou
7‘{‘5]27—1-6 <Mx>x =0, qZO‘Ol, tfinal =05

Korteweg-De Vries (KdV) Equation (index 18):

au a3u au
g_’_qzaix?)_f_uaizo g =0.022, t final =1

Advection Equation (index 19):

ou ou
o Tl =Y 4=03
Wave Equation (index 20):
u  du
ar ~ 52 9705 brina =1

Reaction-Diffusion Equation Logistic (index 21):

ou 0%u _
o =155 +02Rw), R@)=ul-u) [g,0]=[3x1071]
ot ox

Reaction-Diffusion Equation Linear (index 22):

ou ou _3
5 — M3 +q2R(u), R(u)=u [91,92) = [3 x107°,0.1]
Reaction-Diffusion Equation Bistable (index 23):
ou 0%u

_ _ .2 _ -3
S =mo s+ @R, R =w(1—u)  [g,q]=[3x10731]

Reaction-Diffusion Equation Square Logistic (index 24):

ou ou

5 = M52 TR, R@)=w?1-u)®  |g,q]=[3x1071]

Burgers’ Equation (index 25):

ou 0%u 1

=m0+ 25 fw) =2 [gr,a2] = [1,001
Inviscid Burgers (index 26):

W=k (f)e f) =gk

I
—_
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Conservation law Linear Flux (index 27):

2
?9? - m <f<u>>x+q§§x§‘, flu)y=u  [q1,92] = [1,0.01]

Conservation law Cubic Flux (index 28):

u ZM
= —n ), + BL5 f) =3 gl = 1,001

Jou 1
o = KU@),, fy=zv® k=1

Conservation law Sine Flux (index 30):

u 2y
Ec)"it =~ (f(w)), + ngxw f(u) = sin(u) [91,92] = [1,0.01]

Inviscid Conservation law Sine Flux (index 31):

W k() f)=sin() k=1

Conservation law Cosine Flux (index 32):

u 2y
aat =~ (f(u)), + ‘Zigxz Flu) =cos(u)  [q1,q2) = [1,0.01]

Inviscid Conservation law Cosine Flux (index 33):

W — K (f@),, f)=cos(w) k=1

Fokker-Plank (index 34):

ou ou D

o “oz kT (VU(x)u),

where D = kBTT where kg ~ 1.380649 x 10~2 is the Boltzmann constant, T = 300 is

absolute temperature and v = 6717 represents the drag coefficient. = 0.1 x 107°. The
parameter of interest (randomized) is the fluid viscosity # = 10~3. The potential is defined

as U(x) = 5 x 107?! cos (
1076,

W), and the values are set to tf,, = 0.1, Xfip = 2 ¥
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