Preconditioned Regularized Wasserstein Proximal Sampling Methods
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Abstract. We consider sampling from a Gibbs distribution by evolving finitely many particles. We propose a
preconditioned version of a recently proposed noise-free sampling method, governed by approximating
the score function with the numerically tractable score of a regularized Wasserstein proximal operator.
This is derived by a Cole—Hopf transformation on coupled anisotropic heat equations, yielding a
kernel formulation for the preconditioned regularized Wasserstein proximal. The diffusion component
of the proposed method is also interpreted as a modified self-attention block, as in transformer
architectures. For quadratic potentials, we provide a discrete-time non-asymptotic convergence
analysis and explicitly characterize the bias, which is dependent on regularization and independent of
step-size. Experiments demonstrate acceleration and particle-level stability on various log-concave
and non-log-concave toy examples to Bayesian total-variation regularized image deconvolution, and
competitive/better performance on non-convex Bayesian neural network training when utilizing
variable preconditioning matrices.
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1. Introduction. We are interested in sampling from a Gibbs distribution
(1.1) m(x) o exp(—pV (x)),

where V : R? — R is some C! potential, and 3 > 0 is a constant. Such problems arise frequently
in data science, such as uncertainty quantification in imaging [28|, Bayesian statistical inference
[12], inverse problems [42], and computational physics [25]. Methods for sampling have also
been connected to recent machine learning methods, such as simulating stochastic differential
equations (SDEs) for diffusion models [40], unsupervised learning [44], and Bayesian neural
networks [31].

Current popular sampling methods to solve this are Monte Carlo Markov chain (MCMC)
methods, which bypass the usual difficulty arising from the intractability of the normalizing
constant [pq exp(—AV (z))dz. There is a wide variety of Monte Carlo methods each with
different convergence rates and conditions on the potential V. Notable examples include
the unadjusted Langevin algorithm and the Metropolis-adjusted Langevin algorithm [36, 10],
with recent algorithms considering proximal operators and Moreau—Yosida envelopes [11],
subgradients [16], and annealed Moreau regularization [15]. The theoretical core of MCMC is
to construct a Markov chain with some invariant distribution 7 that approximates the target
distribution 7.

To construct such a Markov chain, a crucial theoretical component is exponential or
geometric ergodicity of the chain. In typical Langevin methods, this is given by the Wiener
diffusion term, which adds random noise at every step of the chain [35]. These chains can
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be interpreted as particular discretizations of SDEs, such as Euler{Maruyama in the case of
the unadjusted Langevin algorithm. These SDEs correspond to Fokker{Planck equations34],
which are ODEs in density space, which in turn correspond to score-based particle evolutions
based on Liouville equations P€]. Here, the score function is de ned by the gradient of the log
density.

Deviating from MCMC methods, score-based methods which crucially require knowledge
of the score of the distribution at any given time-step. The di culty manifests as at each
time step, only an empirical measure is known, from which the score has to be approximated.
Various methods of score approximation include kernel density estimationq, 49], adaptive
kernels B0, 47, 5], and approximation using neural networks H§, 8, 32]. However, many such
methods su er from mode collapse and parameter/initialization sensitivity [41, 30, 14].

Recently, [45] proposed a noise-free sampling based on the regularized Wasserstein proximal
operator (RWPO), called the backwards regularized Wasserstein proximal (BRWP) method.
In this case, the score is approximated using the score of the RWPO, which is shown to
correspond to a semi-implicit discretization of a Fokker{Planck equation. Similarly to the
unadjusted Langevin algorithm (ULA), and unlike Langevin algorithms involving Metropolis
steps (such as the Metropolis-adjusted Langevin algorithm MALA), BRWP can be shown to
preserve the Gaussianity of a distribution at each iteration for quadratic target potentials. In
particular, in continuous time, the mixing time dependency on dimensiond in the Gaussian
case scales only a®(log(d)), whereas ULA scales a$)(d®) and MALA as O(d?). For low
dimensional distributions, the particles evolved through BRWP were found to be structured,
with the outermost particles appearing to lie on level-set contours.

The BRWP method has also been extended with tensor-train techniquesl[9], as well as
to the non-smooth Bayesian LASSO problem by usingL 1-splittings based on the Laplace
approximation [18]. On the theoretical side, {45] originally demonstrate linear convergence
in total variation for quadratic potentials in the continuous case. [17] further extend this to
strongly log-concave distributions and smooth initial distributions, showing that the BRWP
iterations with equal regularization parameter and time-step indeed form a rst-order method
for the Fokker{Planck equation.

In this work, we aim to accelerate convergence of BRWP by utilizing preconditioners. The
contributions of this work are as follows:

1. In Section 3, we derive the coupled PDE system that we wish to subsequently discretize.
Utilizing similar techniques to [29], we demonstrate that the Laplacian regularizations
in the Benamou{Brenier formulation of the Wasserstein proximal may be suitably
replaced with second-order terms involving the preconditioning matrix. This is derived
using a Cole{Hopf transform on a pair of forward-backward anisotropic heat equations.

2. In Section 4 we propose the preconditioned BRWP (PBRWP) method in Algorithm 1.
This is given by taking a backwards Euler discretization on the Fokker{Planck compo-
nent of the PDE derived in the previous section. This yields a semi-implicit discretiza-
tion of the Liouville equation. We provide expressions for the score approximation in
the case of nitely many particles as an interacting particle system. Subsection 4.1
interprets the interactions as a modi ed self-attention block, which implicitly allows
for e cient parallel computation using common GPU libraries.

3. In the case of Gaussian initial and target measures (corresponding to the in nite-
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particle limit), Section 5 provides a non-asymptotic analysis of the convergence rate
in the discrete step-size regime. This characterizes the convergence rates in terms of
the regularization parameter and the preconditioning matrix. We additionally provide
various properties such as maximum allowable regularization parameters, Wasserstein
contraction, a mean-variance contraction-di usion inequality, and a maximum norm
bound based on the number of particles.

4. In Section 6, the proposed PBRWP method is compared on a variety of toy examples,
a Bayesian imaging problem, and Bayesian neural network training. We additionally
introduce some heuristic modi cations to improve the performance of PBRWP in high
dimension scenarios, corresponding to scaling laws in attention-based models. We
observe in low dimensions that the proposed method converges faster and stably in
KL divergence and maintains the structured particle phenomenon of BRWP. We nd
rapid convergence to the MAP estimator in while maintaining deviations between
particles for Bayesian image deconvolution, and convergence to better trained networks
compared to other score-based MCMC methods.

2. Background and Notation. This section covers some basic de nitions, including
Wasserstein spaces, the Benamou{Brenier PDE formulation, and the non-preconditioned
regularized Wasserstein proximal.

Throughout, M 2 RY 9 is a symmetric positive de nite matrix M 2 Sym,, (RY). We
de ne the scaled norms and inner product onRY as

(2.1) tu;viy = "M Yv; k k& = h;iy:

De nition 2.1 ([39]). Let Po(RY) be the of probability densities with nite second moment.
For ; 2P,(RY), the Wasserstein-2distance Wa(; ) is
z

(2.2) Wa(; )= 2|er ) kx  ykid (x;y);
where the in mum is taken over couplings 2 ( ; ), i.e. probability measures onRY RY
satisfying

Z z
(2.3) (xy)dy = (x); (xy)dx = (y):

Rd Rd

Consider a probability density ¢ 2 P»(RY) and V 2 C}(RY) be a bounded potential function.
For a scalar T > 0O, the Wasserstein proximalof ¢ is de ned as
Z
. W( 0;0)°2
(2.4) WProx .y ( o) := arg min V(x)g(x) dx + M:
q2P2(Rd) Rd 2T

The Wasserstein proximal can be equivalently reformulated as a coupled PDE system,
sometimes known as the Benamou{Brenier or dynamical formulation §]. Using this, [29]
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de nes the regularized Wasserstein proximalby adding a di usive term to the continuity
equation of the Benamou{Brenier formulation. The resulting mean- eld control problem is
Z,Z 1 z
(2.5a) inf “kv(t; x)k? (t;x)dx dt + V (x)g(x) dx;
vid g Rd 2 Rd
25b) @ (Ex)+ 1 ((EXVEX)D= P EX); (0x)= ox); (T;x) = q(x):

From this problem, the regularized Wasserstein proximal operator (RWPO) WProxr.y is
de ned as the solution density function of (2.5). Taking the regularization parameter =0
recovers the Wasserstein proximal (2.4) through the Benamou{Brenier formulation of the
Wasserstein distance. The RWPO admits the following coupled PDE formulation, consisting
of a forward-time Fokker-Planck equation in , and a backward-time viscous Hamilton-Jacobi
equation in a dual variable ,

(2.6a) g @ tx)+ry ((EX))rx(tx)= Lo x);
(2.60) L @(E+ Sk (EOKR= T ()
(2.6c) COx)= o(x); (Tix)= V(X):
Consider the Cole{Hopf transformation
(t;x)= e (tX)=2 ( (tx)=2 llog (t;x)
NEx) = (Ex)e (=27 (tx) = (6EX)N(EX):

This transforms the coupled PDEs (2.6) to the coupled forward-backward heat equations

8
2 @\(tx)= 17 (tx);
2.7) S @ (tx)= Lo(tx);
0;x)M0;x) = o(x); (T;x)=e (TXZ=¢g V=2

which may be solved using the heat kernel [29]

G . - 1 M . =G =G V=2.
(X y) = me a (Ex)=Gr ¢ 1=Gr ¢ e :
Translating back, the terminal solution t = T to the coupled PDEs (2.6) is given by
Z
(2.8) (T:x) = " K(xy) o(y)dy;
2
exp 5 (V(X)+ )
(2.9) KXy)= R Kz yK2 :
€D (V(2)+ ) dz

3. Preconditioned Regularized Wasserstein Proximal. We have seen that the regularized
Wasserstein proximal is a particular Laplacian regularization of the Benamou{Brenier formula-
tion, corresponding to coupled heat equations and computable using a kernel formul&$]. In
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this section, we de ne a geometry-aware elliptic regularization to the Benamou{Brenier formu-
lation, corresponding to coupled anisotropic heat equations under a Cole{Hopf transformation.
This manifests as computation with a scaled heat kernel, allowing for more generality in the
proximal operator.
From here onwards, letM 2 RY 9 be a symmetric positive de nite matrix M 2 Sym,, (R9Y).
De ne the anisotropic heat kernel
1 xy)”M tx oy

(3.1) Gem (Gy) = 4 1t)d=2jMJ'1=Ze )

This is a scaled version of the standard heat kernel, and it is also a Green's function for an
anisotropic heat equation.

Proposition 3.1. The anisotropic kernel Gy is a Green's function for the following PDE:

@u r (Mru)=0;

u@;x) = (y):
Proof. This is from a direct computation. The boundary condition arises from a change of
variables with the standard heat kernel. The derivation can be found in A.1. [ ]

We now de ne the preconditioned regularized Wasserstein proximal operator as the terminal
time solution to a particular set of PDEs. Then, we show that it is equivalently a convolution
involving another inhomogeneous kernel, with the kernel itself de ned as a convolution with
the anisotropic heat kernel.

De nition 3.2. For a symmetric positive de nite matrix M, de ne the preconditioned
regularized Wasserstein proximal operator(PRWPO) WProx#";V . o 7! 7 to be the terminal
density of the following PDE system

g @ (txX)+r () (&M )=t (Mr ) (tx);
B2 | @(tMm )+ ke (tM IX)KZ = Tt ™M H(r2)( M x);
0:;x)= o(x); (T:M )= V(x):

Equivalently, the density ofWProx#"N o is given by
Z
(3.3) (T;x) = KXy, ;M;T;V ) (0y)dy;
Rd

where the normalized kernel is given by

kx yk2
e z(VOO+ SN

z 2 :
RRd e z(V@* ) o

K(xy; ;M;T;V ) =

Compared to (2.9), the preconditioned kernel replaces the Euclidean nornkx  yk? with the
scaled normkx  ykZ , which is by construction. We show that the terminal density and the
kernel formula are equivalent in the following section.
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3.1. Proof of equivalence. Like in [29)], the kernel formula (3.3) arises from a Cole{Hopf
transformation to the underlying coupled PDE system. We consider the following coupled
forward-backward anisotropic heat equations, which admit the kernelGg.y ,

8
2 @\tx)= 1 (Mr Atx));
(3.4) . @ (tx)= Ir (Mr (tx));
0;)M0;x) = o(x); (T;x)=e (TXZ=¢ V=2

We now transform this back into a set of coupled PDEs with the following Cole{Hopf transform,

(tx)= e (tM 10)=2 ( (t;x)=2 llog (t;Mx)

(3:5) At x) = (tbx)e (M ho=2 7 (tx) = (tx)N(t;x)

The boundary conditions transform to yield the desired (0;x) = o(x); ( T;:M x)= V(x).
We rst compute the second (backwards) heat equation, dealing solely in the dual variable :

@ (tx)= z@(tM 'xje (M 0
ro(Ex)= M I (&M Ix)e (tM "0=2,
The RHS of the second heat equation yields
r (Mr (t;x))
=1 o (tM Ix)e (tM 1)=2
= ST M r2(eEM ) +42r (tEM %) M r (M x) e (M 202
Therefore the backwards heat equation evolving from timet = T tot =0
@ (t;x) = T (Mr (t;x))
becomes a PDE in the dual variable

(3.6) @(tM x)+ %kr (tM X)kE = rm r2)(eM )

This is the desired Hamilton{Jacobi equation in (3.2). Now computing the transformation for
the forward heat equation

@A(t,X) = @ E @ ( t: M lx) e ( tM 1X):2;

rMgx)= r EM I (g™ x) e (tM =2
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The RHS can be computed as
roMr AEx) =T (Mr )e (BM 022 >p gy Iy)e (M 1022

—TrM (M x)e (WM =2
2 1)
2

ot (tM XM T (M Ix)e (WM "0=2

Applying the transformation to the forward heat equation in ~ yields

@ E@(t;M = Y Mr ) hr ;r (tM )i
1

5T M r2eMm ) + g kr (tM %) km

Simplifying with the Hamilton{Jacobi equation for (3.6), we obtain

@ +hr;r (tM i+ TTM r2(eM x) = Ir (Mr )
) @ +r (&) (tM X)= I Mr ):

This is the desired (modi ed) Fokker{Planck equation in (3.2). We have demonstrated that the
Cole{Hopf transformation (3.5) transforms the coupled anisotropic heat equations (3.4) into a
di usive coupled PDE system: a forward-time Fokker{Planck equation, and a backward-time
Hamilton{Jacobi equation. Going backwards, we may infer that the coupled system admits a
kernel solution corresponding to the anisotropic heat equation, and showing equivalence in
De nition 3.2. We summarize this in the following proposition.

Proposition 3.3. The coupled PDE system
8
2@ @EX)+r ((Gx)r (tM )= I (Mr )(tx);
@7, @(tM M)+ ke (M kG = T M O 2)(EM )
0:;x)= o(x); (T:M )= V(x);

admits the following kernel formulation, whereGi.y (X;y) is given in (3.1):

(3.8) (tx)= Grem e Y72 (x) Gim W (x);

(ttx)=2 llog Gr «m e V=2 (Mx):

Proof. The PDEs under the change of variables (3.5) becomes the decoupled anisotropic
heat equations (3.4). Using the Green's function, the solutions are given by

(EXx)=Gr gm  T=(Gr tm € Y7A)(X):
From the initial boundary conditions,

o(x)

00 G e a0
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From the Green's function again,

0

NEx) = G
(£ M (Grm e VEY

(x):

Since = ~from (3.5),

(3.9) )= G eV (0 Gw gty (O .

In particular, plugging in t = T, we have the following kernel formula for the PRWPO which
is de ned as the terminal solution.

Corollary 3.4.The preconditioned regularized Wasserstein proximal admits the kernel for-
mula:

Z
V (x)=2 Grm (Y X) oly)

WProxM X)= e
Tv o) w (Grw € V22)(y)

dy

Z
(3.10) = RdK(X;y; M;T;V ) (0ry)dy;
where
e 2(V00+ PH)
(3.11) KXy, ;M T,V ) =

z 2 .
R e 2= g,

Note that the PRWPO operator is well de ned. The parabolic heat equations given by the
Cole{Hopf transform are well de ned for all time. Therefore, any probability density will map
to a unique output, and moreover the mapping is continuous according to the regularity of the
heat equations.

For notation purposes, we §horten the kernel (3.11) toK v (X;y). We may interpret Ky
as a Markov kernel: for anyy, , Ky (x;y)dx =1, and moreover K\ is measurable. This is
useful to determine how each patrticle a ects the score, given by applyindK s to a Dirac mass.

4. Preconditioned Backwards Regularized Wasserstein Proximal Method. Equipped
with a preconditioned version of the regularized Wasserstein proximal operator, we can proceed
like in [45] and devise a sampling algorithm based on the Fokker{Planck component of the
coupled PDEs. The Fokker{Planck component can be written as

4.1) @ (tx)+r tx)r (M 1x) M r (log )(t;x) =0:

Using Liouville's equation with the Hamiltonian r ( ttM x) IMr (log )(x), the corre-
sponding particle formulation with density satisfying (4.1) is

4.2) dd)fzr (M 1X) IMr log (t;X):
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This can be seen to approximate the original Liouville equation sincer ( ;M 1x)
MV (x). Performing a backwards Euler discretization on this ODE, we de ne the following
preconditioned backward regularized Wasserstein proximalPBRWP) method:

(4.3) Xis1 = X+ Mr V(X) Mr logWProx®, «(Xx) ;

where WProx#";V k is the PRWPO of the distribution of Xy as given in (3.7). As in 45, this
can be evaluated using the kernel formula (3.11).
Note that the formal limitas T! Oand ! 0 is the score-based ODE with potentialV,

dXx

(4.4) o

= Mr V(X) IMr log (X);

which has a stationary solution / exp( V).

Based on (4.3) and the kernel formulation (3.11), we proceed as imp] and consider the
case where the input i to the regularized Fokker{Planck equation is given by an empirical
measure. This arises when updating a collection of points that together approximate the
underlying distribution.

Suppose that g is a uniform mixture of Dirac masses at pointsfx(lk); I xf\lk)g. From the
kernel formulation (3.11), we have the following expressions to compute the score (dropping
the k superscripts):

X X exph 5 V(i) + o xi iy
@53)  wProxM, «(x)= = Ku(xiix)= — 2 LN
: N N Z(xj)

XN 5 TVEG)+M B exp o V(xg)+ Kk

Z(x}) ;

1
r WProx¥, «(xi) = N

j=1

Z
k2
kz X]kM

4.5¢ Z(xi) = e zV@* —)dz:
( j
Rd

We may observe the score log = ~— as a particular weighted sum. Recall the de nition

of the softmax function: for a vector v 2 RY, the softmax is the vector given by
!
exp(vi)

a ;

softmax(v) =
j=1 EXp(Vj) i=1:::d

P
satisfying j softmax(v); = 1. We may rewrite the score in terms of the softmax function,
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which makes it clear that it acts as an inter-particle di usive term:

r WProx¥,,

r logWProx¥,, (i) = Xi
g Tv k(Xi) WP, (xi)
P 7 I'V(Xi)+M 1% exp 5 V(xi)+kxiz+k'%/'
- _i= Z(x)
- ) KX j Xjk%ll
P N exp 5 V(Xi)t ——5—
=1 Z(xj)
r V(Xi) 1 M 1 X
— =M X+ softmax(U;; ) X;;
2 2T o (Ui i
where we de ne the interaction kernel U = Uj;j (X1;:::;Xn ) as the matrix
_ kXi Xj k%/l )
(4.6) Uj = 5 Vi)+ ——F—  1ogZ(x):

From (4.3) we can write the particle-wise PBRWP iterations

K= Meve®) M logWerodtly (x()

X!
— (K (k) (k) (K)y. (k)
=X M V) + ﬁ@xi softmax(U;; ) x; A

j=1

0 1

X
=x® MV 2@ sofmax(U®); (¥ x(9)A
j=1

We note that since U;; is only used in the softmax function, it is possible to add a constant
for each column without changing the dynamics. In particular, we de ne a simpler matrix
Wi; such that

softmax(U;; ); = softmax( Wi, );;
de ned by adding constants depending only on the rowi:

V (i)
2
kXi Xj kﬁﬂ

4T

Wij = Uij +
(4.7) = logZ (xj):

This has the advantage of avoiding one computation ofV, which is already implicitly used in
the normalizing constants Z. To further simplify, let X be the matrix of particles

X= x; 1 xy 2RYN:
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The above iteration can thus be written as

(48) X(k+l) = X(k) E|\/|r' V(X(k))+ ﬁ X(k) x(k)softmax(w(k))> ’

wherer V(X) = r V(x1) @@ rV(xn), W is dened in (4.7), and softmax(W);; =
softmax(Wi;; ); is a row-stochastic matrix (and therefore, softmax(W)~ is a column-stochastic
matrix). This formulation has the advantage of being easily parallelizable (or serially computed,
depending on memory restrictions), assuming that the normalizing constant can be easily
computed. Summarizing, the PBRWP update is given in Algorithm 1, which details the steps
used in practice.

Algorithm 1. PBRWP: Preconditioned Backwards Regularized Wasserstein Proximal
Data: Initial points x(ll); :::;xﬁ) 2 RY, potential V : RY! R, preconditioner
M 2 Sym,, (RY), regularization parameter T > 0, diusion > 0, step-size
> 0, itefation count K .

Result: X(K) = hx(lK) o x{) sampling from exp( V)
[
1 TensorizeX® = x® . @ 2RI N,
for k=1;::;;K do
3 Approximate normalizing constants Z(xi(k)); i =1;::; N using Monte
Carlo/Laplace method;

N

. L K2
Compute interaction matrix Wij = XX jogz (x;);
Compute row-wise softmax interaction matrix softmax(W);; = softmax(W; );;
6 | Evolve XD = x® o Mmrv(x®)+ — x®©  x®softmax(w )

7 end

Remark 4.1. The corresponding limit of (4.3)as ! 0 satis es the modi ed Fokker{Planck
equation

!
WProx ¥y, ()

(4.9) @ = M r log oxp( V)

A stationary solution is ~ satis es WProx¥;V(A) [/ exp( V). This is a semi-implicit dis-
cretization of (4.1), where r log (t;x) is replaced with r log WProx¥;V( ), and the dual
variable is also replaced with the terminal condition ( T;M x)= V(x).

4.1. Transformer reformulation. We may connect (4.8) to self-attention mechanisms,
which are commonly employed in transformers 48], and have recently attracted interpretations
as particle evolutions [38, 18]. Recall that an attention block takes the following form: for
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queriesQ 2 RY N keysK 2 R4 N and valuesV 2 R% N of the prescribed dimensions,

> >
(4.10) Attn( Q; K;V ) = Vsoftmax 39% 2 RV N:
We may connect this with the softmax term in (4.8). The argument of the softmax (4.7) is
_ kXi Xj k2
Wiy = == logZ (%))
XM Ix _ kxikZ, + kx;jkz,
= T logZ (xj) aT :

Discarding the P d scaling of (4.10) and the constant-in term kx;kZ, , the di usion term
XK softmax(W ®)> for N particles takes the form of masked attention

>

(4.11) Vsoftmax QK 1z

- 1 N i = ,
Wrefj Q*K = +X"M !X, z2 R" is the vector of normalizing constantsz; = logZ (x;) +
Xj Km

T and V = X.

For an input H 2 RY N the self-attention framework imposes the particular forms
V = WyH; K = WkH; V = WyH, whereWy ;Wi 2 RY 9, Wy 2 R% 9 are some admissible
matrices. By taking H = X, the preconditioning arises asWy; Wx = M Land Wy = 1,
making the di usion in PBRWP interpretable as a modi ed self-attention.

Remark 4.2. In the other direction, modeling transformers as interacting particle systems,
[38] consider self-attention transformers with symmetric interaction and an additional condition
WS Wk = WZWgq = Wy, demonstrating that transformers can be interpreted as a particular
Wasserstein gradient ow, converging to a nonlinear PDE. [L3] consider transformers acting
on the spheres® 1 in the special caseWg = Wk = |, presenting various conditions on
the dimension, number of particles, and temperature such that particles will cluster. T[]
demonstrate well-posedness of the induced PDE for various forms of self-attention, as well as
a continuous-time analysis of the Gaussian-preserving properties. These works consider the
continuous limit of the transformers to obtain these links.

5. Analysis in Gaussian distributions. In the particular case whereV (x) = X 5 X je.
the target distribution is N (0; 1), the PRWPO and PBRWP iterations can be computed
in closed form. SupposeM is now such that cM CM, where 0O<c C< 1, and

T < c¢. For Gaussian distributions, the PRWPO admits a closed form as follows.

Proposition 5.1. For a Gaussian density xk = N ( k; k) and the quadratic potentialV (x) =
x> 1x=2, the PRWPO operator satis es

(5.1) WProx¥y, ( ) = N (~; "k);

1The matrices are transposed compared to the literature in order to be consistent with the convention in
this work. The usual form is Attn (Q; K;V ) = softmax %a—) V, where the softmax is taken row-wise as in

this work. Both forms are equivalent.
2This will be reintroduced in Subsection 6.4 as a heuristic modi cation in high dimensions.
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where ~; T are given by

(5.2) «=(1+TM ) 1y

653 %=2 T T f+M P+ T tam MM IT temth

Moreover, the kernelKy (x;y) in (3.11) takes the form of a Gaussian density

|
1 M 1 1M 1 1 M 1L 1
54 K X N + ; +
(5.4) M (5Y) 2 T oT T ) 2 2T

Proof Sketch. The kernel formula can be computed in closed form for Gaussians, and the
product of two Gaussian densities is again proportional to a Gaussian density. The full proof
is given in B.2. |

Since the PRWPO maps Gaussian distributions to Gaussian distributions, the score function
is linear, and the PBRWP iterations also preserve Gaussianity.

Corollary 5.2.For a Gaussian density x = N (0; ), the PBRWP iteration satis es the
update y+1 = N(O; k+1), where

(5.5) 1 =(1 M 1+ M-YH a0 M e M~ h:

Proof. Follows from using Proposition 5.1 in the PBRWP update (4.3). |

Now that we have shown that the PBRWP iteration preserves Gaussianity, we wish to
consider the convergence for discrete time-steps. In the case where the initial and target
distributions are both Gaussian, we can show that the distributions generated by PBRWP
with discrete step-sizes converge to a Gaussian. Moreover, the terminal distributions are
independent of step-size, only depending o, the terminal Gaussian and the preconditioner.
The following result extends the result of 5] from continuous time to discrete time, as well
as adding generality by working in the preconditioned setting. We consider the zero-mean
initialization case for brevity, as the covariances do not depend on the mean; moreover, it can
be shown that the means of the iterates converge linearly to the target mean.

Theorem 5.3.SupposeV (x) = x> x=2, and xa > 0. For the target distribution
= N(0; ') and positive de nite preconditioner M, let ¢c;C > 0 be such thatcM
CM. Let T 2 (0;c) so that the inverse PRWPO is well-de ned. Then there exists a stationary
distribution to the discrete-time PBRWP iterations, and it is Gaussian ~ = N (0; "), satisfying
WProx¥;V N = . Moreover, it is unique within distributions with su ciently decaying Fourier
transforms.
Suppose further that the initial Gaussian distribution ¢ = N (0; ) has its covariance

commuting with . Let  be the iterations generated by PBRWP, and lety = WProx¥;V( K)-

Further let  be such thatpﬁ ! kpﬁ ' are uniformly bounded below by some (which

holds as ¢! ). Let the step-size be bounded by

1 min((max j (T 7D =23 min(Tk)=32)
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Then the exact discrete-time PBRWP method has the following decay in KL divergence:

(5.6) Dk (~x+1k ) Dkr(~«k)

2Cl +2 T@+TC ) 1@+ 1oz goxe (xk):
Sketch Proof. From the condition, there exists a (Gaussian) distribution N (0; *) such that
WProx¥;V(N (0;™)= N(0; 1). Uniqueness comes from the closed-form kernel (5.4) and
the invertibility of Gaussian convolution on the range of WProx#";V. Moreover, the PBRWP
iterations generate Gaussian distributions, with closed-form covariance updates. The KL
divergence between two Gaussians has a closed form in terms of the means and covariances,
from which the decay comes using a Taylor expansion. The full proof is given in B.3. [ |

5.1. Additional properties. We briey list some properties of the PRWPO and PBRWP,
and refer to appendix C for more detailed statements and proofs.

1. Conditions for PRWPO invertibility. For a density , there exists a unigue distribution

osuchthat = WProx},, oifandonlyif (x)e" =2 has Fourier transform decaying

atleastas fastthane T ' "M _ Inthe Gaussian case/ = x>  1x=2, this is equivalent
to ™.
2. The rengjlarized Wasserstein proximal is aW, contraction. For quadratic V, let
=( CT + % 1(%) < 1, whereC is as in Theorem 5.3. For any; in Wasserstein-
2 space,

(5.7) Wo(WProx ¥y, ; WProx¥, ) Wa(; ):

3. Mean-variance tradeo . For strongly convex V and any > 0, the particles move
together towards the minimizer, at a rate balanced between the inter-particle variance
and the distances to the minimizer. In particular, let ® be the minimizer of V, and
letX= R 1 R = R1Y 2 RY N In particular, suppose V is -relatively strongly
convex with respect toM . Then forany X 2 R4 N,

h :M (X Riro |
p _ H
a+ N) +2T ND kx Nix1N 13 ko

k X kkz;M Ekx ka;M +

4. Di usion is bounded based on number of particles. For quadratic V = x> 1x=2,

supposeM = (and T < 1). Suppose thatxi is an exterior point of the convex hull
of fx;g, and further that > 0 is such that for all j 6 1,

(5.8) XIM I xIM Ixg o kxgky:

Then, if x1 has su ciently large norm, in particular assuming,
2(N 1

(5.9) kxiky 2 Tlog % ;

then for small step-size, the updated point satis eskx(1k+1) kv < kx(lk) kv . In other

words, the norm of the outermost particle scales at most a®(logN).
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Iterations 1 10 20 100

Figure 1. Evolution of the preconditioned regularized Wasserstein proximal WProx'Tzo:z;I for the 2-
dimensional standard Gaussian, done with 5 particles and step-size of = 0:1. The bandwidth is automatically
determined by the regularization. As suggested by theory, the PRWPO of the particles approaches the standard
Gaussian.

6. Experiments. In this section, we present various two-dimensional toy examples to
demonstrate the e ects of adding a preconditioning matrix on the sampling behavior, followed
by high-dimensional Bayesian total-variation regularized image deconvolution, and Bayesian
neural network training. We compare against the MCMC-based baselines ULA, MALA and
the mirror Langevin algorithm (MLA) [ 21, 23] for the low-dimensional examples, and various
kernel-based methods to be detailed for the Bayesian neural network experiment. Throughout,
we x =1

6.1. Gaussian low particle regime. We rst consider the evolution of (P)BRWP for the
two-dimensional standard GaussianN (0O;12), with the identity preconditioner M = 1. In
this case, for a xed T 2 (0;1), Theorem 5.3 gives that the RWPO (with parameter T) of
the iterated distributions should approach N (0;1,). Moreover, the RWPO for this quadratic
distribution is given by the closed-form Gaussian kernel (5.4). In particular, each point gets
mapped into a Gaussian with covariance § + &) I.

Figure 1 demonstrates the density evolution of the RWPO of the (P)BRWP iterations,
evaluated with 5 particles, regularization T = 0:2 and step-size = 0:1. We observe as expected
from Theorem 5.3 that the RWPO converges to that of the standard Gaussian, even in the
nite particle setting. Figure 2 demonstrates the e ect of the number of particles from 3 to 6,
evaluated at convergence at iteration 100 and with the same parameters above. In particular,
we observe that the contours of the RWPO are initially triangular, then square and pentagonal,
gradually becoming smoother and better approximating the standard Gaussian. We observe
as well in the 6-particle case that while the contour is pentagonal, the density is more rounded
at the origin, indicating that there is one particle there surrounded by 5 other particles.

6.2. Bimodal distribution. As a non-convex potential, we consider the two-moons bimodal
distribution as given in [50, 45],
p(x)/ exp 2(kxk 3)> exp 2(x; 3)*> +exp 2(x1+3)2
This is generated by the potential V with corresponding gradientr V as follows:
(6.1a) V(x)=2(kxk 3)> 2log exp 2(x1 3)°> +exp 2(x1+3)? ;

(kxk 3)x+ 4(x1 3)exp 2(x1 3)® +4(x1+3)exp 2(x1+3)?
kxk exp( 2(x1z  3)2) +exp( 2(xp+3)2) e

(6.1b) r V(x) =4
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Particles 3 4 5 6

Figure 2. Densities of the PRWPO WProx §., for the 2-dimensional standard Gaussian at iteration 100,
done with n 2 f 3; 4; 5; 6g particles and a step-size of =0:1. We observe that the density of the Wasserstein
proximal gradually becomes more spherical and Gaussian-like.

Figure 3. Evolution of the KL divergence between baselines and BRWP-based methods for the bimodal
distribution. Applied with 100 particles with initial distribution N (0;1), xed step-size = 0:1 and regularization
parameter T = 0:05. We observe that the BRWP-based methods converge more smoothly even in later iterations,
and the particles better approximate the target distribution.

where g is the rst standard basis vector. We consider a low-variance initialization and a
high-variance initialization. For the low-variance initialization, we consider the same setup as
[45], where the particles are initially distributed as N (0;1); for the high-variance setup, the
initial distribution is N (0; 6l ). Figure 3 demonstrates that in this case, adding preconditioning
has minimal e ect on the convergence rate of BRWP and PBRWP, and indeed leads to a
slightly higher bias. The bias can be seen qualitatively in Figure 4, which demonstrates that
the particles retain the same structured behavior at convergence, but takes a di erent path at
small iterations.

We observe a di erent compression phenomenon with the high-variance initialization, when
the samples are initially distributed around the modes instead of between the modes. Figure 5
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ULA MALA MLA BRWP PBRWP

Figure 4. Evolution of the various methods for the bimodal distribution at di erent iterations, with initial
distribution N (0;1), which is contained between the moons. Evaluated with 100 particles, at iterations 2, 5 and
10 in the top, middle, and bottom rows respectively. Observe the stable behavior of BRWP and PBRWP, as
opposed to the randomness of the Langevin methods.

demonstrates that in this case, the preconditioning has a signi cant acceleration e ect, where
the KL divergence decreases faster than BRWP. Moreover, Figure 6 demonstrates that PBRWP
particles are less noisy than BRWP particles at low iterations.

6.3. Annulus. Consider the two-dimensional annulus de ned with the potential
0
2 X 3 2

1
2 0 0%
5 X

X 3 ; rvx)=2

(6.2) V(x) =

o
N O

1
10 « 0
0 2

We considerM = diag([4;1]), which takes into account the scaling of the annulus in
both directions. The initialization is taken to be the o -center Gaussian N ((2;2);1), and
the particles should di use along the elliptical potential well. Figure 7 shows the evolution
of various methods from this initialization, evaluated with 100 particles. We observe that
the preconditioned methods MLA and PBRWP are able to di use faster than their non-
preconditioned counterparts, namely covering the annulus at iteration 50. Figure 8 veri es
this quantitatively, where the PBRWP patrticles converge signi cantly faster than BRWP, and
to a lower minimum than the Langevin methods.

6.4. High dimensional examples and modi cations. In high dimensions, approximating
the normalizing constant with a Monte Carlo integral is highly inaccurate [45). This manifests
empirically as non-interaction between particles, or excessive interaction leading to diverging
particles. Therefore, we require another approximation using Laplace's methodd], similarly to
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Figure 5. Evolution of the KL divergence between baselines and BRWP-based methods for the bimodal

distribution, initialized with large variance N (0;6l). Applied with 100 particles, xed step-size = 0:1 and
regularization parameter T = 0:05. In this case, the preconditioning accelerates the convergence.
ULA MALA MLA BRWP PBRWP

Figure 6. Evolution of the various methods for the bimodal distribution, with large initial variance N (0; 6l ),
which surrounds the moons. Evaluated with 100 particles, at iterations 2, 5 and 10 in the top to bottom rows
respectively. We observe again the structure behavior at convergence of the noise-free BRWP and PBRWP
methods. Moreover, the preconditioning a ects the empirical covariance of the particles in di erent directions,
which can be seen in the semicircular artifacts between the modes at low iterations.
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ULA MALA MLA BRWP PBRWP

Figure 7. Evolution of the various methods for the scaled annulus. Evaluated with 100 particles, at iterations
10, 50, and 200 from top to bottom respectively. We observe that PBRWP and MLA di use faster than their
non-preconditioned counterparts. Moreover, PBRWP retains a similar level-set structure to BRWP.

[18, 17]. This approximation has also been used in the other direction, e.g.46] using integrals
to approximate in mal convolutions.

Laplace's method consists of the following approximation: for aC? function f and a
continuous function g, assume thatf has a unique global minimizerx and satis es some
coercivity condition. Then, we have the following approximation:

. Z
W Rdg(x)exp( f(x)=T)dx! g(x) asT! 0":

p__
(6.3) det(r 2f (x ))
Applying this with f(x) = kx x; kﬁ,, =4 and g(x) = exp( V (x)=2), we obtain the
approximation
z

k k2
(6.4) Z(xj)=  exp Kz XjKwm
Rd

2T dz

> V(2)

(6.5) P deth exp SV04g) CT);

where C = C( ;T ) is a constant independent ofx;. We note that actually only a Helder
type condition is required for a similar asymptotic to hold, albeit with a di erent normalizing
factor [46, Thm. 2]. Using this, the logZ (xj) term may be approximated by V (xj)=2+
logC(;T )+ %Iog detM . For constant M, the latter two terms will disappear in the softmax.
We refer to this as the Laplace approximation in the following section.

In high dimensions, the matching termkx; Xx;ku can be large fori 6 j, leading to the
interaction matrix softmax(U;; ); being close to identity. Similarly to the seminal work on
transformers [48], we additionally propose to set the di usion parameter as = d 72, which
increases the di usion. We refer to this as scaling in the following section.
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Figure 8. Evolution of the KL divergence between baselines and BRWP-based methods for the scaled annulus.
Applied with 100 particles, xed step-size = 0:1 and regularization parameter T = 0:05. We observe that the
BRWP-based methods converge more smoothly.

The resulting modi ed iteration using scaling and the Laplace approximation is as follows,
where = d 72

(6.6a) XK+ = x (k) SMr V(XK + 5 X®  x W softmax(w ®)>

ORI

M k
’ + EV(Xj( ).

) _
(6.6b) w9 = T

6.5. High-dimensional Gaussian distributions. We demonstrate the e ect of taking =
d ¥ instead of =1, as well as the Laplace approximation in Figure 9. We test on a 50-
dimensional Gaussian with diagonal covariance = diag(0:1;0:2;:::;5) and condition number
50. We let M = be the preconditioner as before, and plot the particles projected onto the
rst and last dimensions in the horizontal and vertical directions respectively. Recall that in
the Gaussian case, the normalizing constant can be computed exactly in the nite particle
setting. We compare PBRWP with step-size =0:1, T =0:02 0:2; 0:9, with and without both
the scaling and Laplace approximation after convergence at 1000 iteration.

We observe that the Laplace approximation does not seem to qualitatively a ect the
di usion behavior of the particles, with or without the = d ' scaling modi cation.
However, the scaling is able to counter the mode-collapse phenomenon that comes with high
dimensions. By reducing the scale of the interaction matrix, the particles are able to repel
each other from further away. Motivated by this, we use the scaling for high dimensions to
avoid mode collapse.
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=1 =d 172 =1, Laplace = d 2, Laplace

Figure 9. Evolution of the high-dimensional modi cations for the 50-dimensional Gaussian, at convergence
in 1000 iterations. Evaluated with 50 particles, step-size = 0:1 and regularizations T = 0:02;0:2;0:9 in the
top, middle and bottom rows respectively. We observe little di erence when using the Laplace approximation
compared to the ground-truth, suggesting this is reasonable. The = d 2 scaling increases the di usion, which
is crucial for reducing mode-collapse in high dimensions.

6.6. Deconvolution. We consider the Bayesian problem corresponding to the (convex)
total-variation regularized (TV) objective [37],

(6.7) V(x) = 2—12kAx yk3+ TV(X);

where A is a convolution operator, y is a corrupted image, andTV (x) = kDxk; denotes the
discrete total variation functional. For image deconvolution, the forward operator A takes the
form A= F F, whereF is the (complex, unitary) matrix of the discrete Fourier transform,
F s its inverse, and is a diagonal matrix. In this case, the Hessian of the rst term takes
the simple form 2A A= ?F F. Similarly to SALSA [ 1], we may use a regularized
version as a preconditionerM = (A A+ 1) 1, where > 0 is some constant, taken to be
= 0:5. We note that sampling from the distribution N (0; M) is possible using the equation
M =F ( + 1) ¥F, which allows for the use of MLA. We further note that using the
regularized Hessian (2A A+ 1) ! does not provide adequate preconditioning for PBRWP
or MLA, likely due to the ill-conditioning of the TV term with respect to this metric.
We compare the mean and (norm of the channel-wise) standard deviation of the TV-
regularized objective. In addition, we compute the PSNR of the nite-particle posterior mean
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